
LECTURE NOTES ON TOPOLOGICAL QUANTUM FIELD THEORY
SPRING 2021

(VERY PRELIMINARY VERSION WITH MANY MISTAKES)

MINHYONG KIM

1. Preamble on physics

1.1. Generalities. Physics studies a system by postulating a model S of all of its possible states together
with a dynamical law describing how a system starting in state st0 ∈ S at a time t0 changes to a state st
at time t. The notion of a system is undefined, but intuitively, it can be the whole universe or any of its
parts, for example, a single particle, a glass of water, you, or the galaxy. To recall a simple case of S that
everyone knows, a classical particle moving freely is described by a state space R3 × R3, parametrising
pairs (x, v) consisting of a position and a velocity. The fact that it’s a product indicates that the velocity
and position are independent of each other–a particle having any position can have any velocity and vice
versa. The dynamical law is Newton’s equation

d2x/dt2 = 0.

Another way of writing this that is more clear is

dx/dt = v; dv/dt = 0.

(Among other consequences, this means position and velocity become linked in the dynamical law.) Thus,
if we started at time t0 at (x, v), at time t, the state would change to

(x+ v(t− t0), v).

A small modification might be to allow a potential V (x) that has a singularity that we may as well assume
is as the origin, in which case one changes the state space to

(R3 \ 0)× R3

and the law of motion to
md2x/dt2 = −∇V.

These cases already show that the model of the state space has already taken the dynamical law into
account, since, for example, it is the latter that tells us it’s sufficient to focus on position and velocity as
states. That is, the state space is also thought of as the space of initial conditions that are in bijection
with the space of solutions to the dynamical law.

In the theory of fields, the states of the system are states of a field, such as the electromagnetic field
(in a vacuum, for simplicity). Thus, one can think of S as the space of two vector fields (E,B) on R3

that satisfy
∇ · E = 0; ∇ ·B = 0

while the dynamics are determined by

∂B/∂t = −∇× E; ∂E/∂t = ∇×B.

It should be intuitively obvious that the same theory can be given different mathematical descriptions. A
simple case occurs exactly in electromagnetism where sometimes the electromagnetic potential A = (φ, ~A)
is given priority. Recall that this relates to the fields by

∇φ = E; ∇× ~A = B.
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Of course it’s easy rewrite the Maxwell equations in terms of A, so that S can be taken as the space A
that satisfy these equations. (It is actually a quotient space modulo certain physical equivalence relations
that give rise to a great deal of complexity.)

The mathematics of is simplified by considering just scalar fields1, which are somewhat farther from
familiar experience, but which illustrate the concepts of field theory just as well as more realistic ones. For
example, we can consider the situation where S is the space (φ, ψ) of pairs of complex-valued functions
on R3 with time-evolution given by

∂φ/∂t = ψ; ∂ψ/∂t = ∆φ+ µφ.

In any case, whenever one speaks about classical fields, it is useful to keep in mind some space of functions.
In any of the examples above, it is possible to think of S as being objects on spacetime rather than

space, in fact, as the solution space of the equations of motion. For example, in the last example, we are
thinking of the state space as

S = {φ ∈ C∞(R3 × R) | ∂2φ/∂t2 = ∆φ+ µφ}.

Of course we had already considered a time-parametrised path in the space of functions on R3 as a
function φ(x, t) on R3 × R. This change of viewpoint is prevalent in modern physics, whereby the state
space is identified with a space of solutions on spacetime, while an old-fashioned view would have thought
of them as a space of initial conditions on space. One good reason to do this is that this is a description
that is much more easily made coordinate-invariant. For example, for the electromagnetic field, the
modern view is that the electromagnetic field is a two-form F on spacetime (which therefore has six
components) that satisfies the equations

dF = 0; d ∗ F = 0,

providing a coordinate-free description. By contrast, our original description relies on a specific splitting
of spacetime as R3 × R, which physicists would refer to as an inertial coordinate system. A shortcoming
of this approach is that the ’time evolution of states’ perspective, which is our main concern in practice,
is hidden away. The relation between these two descriptions is interesting, and can be confusing.

1.2. Quantum. The space of states in quantum theory can be approached from a number of different
points of view. One reasonable possibility is to think of it as being L2

hol(S,C), the square-integrable
holomorphic functions on the classical state space S. This assumes some complex structure and measure
on S, which can sometimes be made precise. So a quantum state is a function ψ that assigns a complex
’amplitude’ to each classical state, which is therefore a kind of ’continuous complex linear combination’
of classical states. The values |ψ(s)|2 are supposed to represent a probabilistic distribution of classical
states. For this to make sense, of course one must divided by the total integral

∫
ψ(s)|2 =: ‖ψ‖2. One

might wonder why one doesn’t just restrict to ψ of norm 1, and sometimes this is done. However, it is
useful to allow the flexibility of more general ψ, for example, to consider sums ψ1 + ψ2 without bothering
to normalise each time. The physical interpretation of ψ(s) itself is a bit of a mystery, but the complex
values are forced on us by the Schrödinger equation. One subtlety is that ψ and cψ are supposed to
represent the same state for any constant c. There are a number of reasons for this. The main reason is
that physical quantities are represented by self-adjoint operators A and when you measure A in the state
ψ, the recipe for getting a value goes like this. Write

ψ =
∑
i

ciψi,

1This isn’t really true. When considering free fields, vector-valued or otherwise, the state space essentially always forms
a symplectic vector space. The quantisation is then no different from that of a single particle. However, this view requires a
bit of language we will not develop here.
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where ψi are the eigenfunctions of A with eigenvalues λi. (We will assume here that the spectrum of A is
discrete.) Then the measurement is supposed to yield λi with probability |ci|2/‖ψ‖2. Note that cψ and
ψ yield exactly the same values and the same probabilities. Thus, from the point of view of the classical
theory of quantum measurement, they are indistinguishable.

It is important to note that the space of states is like a representation of a group or a Lie algebra. In
fact, in most quantum theories, there is something like a Heisenberg algebra or a Clifford algebra whose
representation is realised in the space of states. Ideally, the space of states should be determined by
the action of such an algebra together with physical symmetries, for example, an action of the (super)
Poincare group and groups of gauge transformations. In any case, for any given state space, there are
many concrete realisations, some more illuminating than others when considering specific questions. For
example, in the quantum mechanics of a single particle, two possibilities are L2(R3) and L2

hol(C3). The
advantage of the latter, which was being implicitly assumed above, is that one can think of C3 = R3 ×R3

as being the full space of classical states and, hence, a wave function as a ’superposition’ of classical
states as outlined above.

For the purposes of this course, the take-away lesson is that the space of quantum states is a vector
space H. Time evolution is given by the Schrödinger equation

dψ/dt = iHψ,

whose solution with initial condition ψ is usually written eitHψ.

Recent decades have seen the rise of what might be called ’geometric quantum field theory’, whereby a
theory is required to be defined on whole classes of spacetime manifolds, and which come with a dizzying
array of operators and boundary conditions. In the physically realistic theory, ’spacetime’ refers to a
Lorentz manifold, while a Euclidean QFT is defined on a Riemannian manifold. We will not be concerned
with this distinction for the most part. What it might mean for a field theory to be defined for an
arbitrary spacetime can be gathered from the case of the electromagnetic field mentioned above. The final
form of Maxwell’s equations makes sense on any Lorentz or Riemannian manifold. Part of the reason for
thinking of fields, including the spacetime metric, as being tensors is to ease this transition to an arbitrary
manifold. However, there are many fields that are not tensors. For example, one might fix a space X and
associate to a spacetime M suitable spaces of maps from M to X. More generally, one might consider
fairly general fiber bundles over M whose sections form fields. Incidentally, when physicists speak of
a field being a tensor or not, they usually mean a section of some bundle T⊗n(TM)⊗ T⊗m(T ∗M). Of
course, one can take a more general view and consider some other vector bundle V on M and sections
of V ⊗n ⊗ (V ∗)⊗m, which might also legitimately be considered tensors. But this is not what physicists
usually have in mind.

For example, an important class of fields that are normally specified to not be tensors are (some)
spinor fields. Given a oriented (Riemannian or Lorentz) manifold M , there is a bundle F(M) of oriented
frames, whose sections are ordered tuples (X0, X1, X2, X3) of vector fields that form an oriented basis
at every point in their domain. This is a principal bundle for SO(1, 3). (I will discuss here the Lorentz
group case.) Recall that given a group G and a principal G-bundle P , any representation V of G can be
turned into a vector bundle via the associated bundle construction:

P ×G V := [P × V ]/G.

The usual tensors of the tangent and cotangent bundle are associated to F(M) using the standard
representation R4, its dual, and various tensor powers. However, there is a double covering

(SL2(C) ')Spin(1, 3) - SO(1, 3)

called the spin group, and one can choose a Spin(1, 3)-bundle P such that F(M) is obtained from it via
pushout. We might say P is a lift of F(M) to a Spin(1, 3) bundle. Such a P doesn’t always exist, i.e.,
there might be topological obstructions. However, when it does and one is chosen, it is referred to as
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a spin structure on M . The sections of associated vector bundles are called spinors, some of which are
tensors in the physicist’s sense and some of which are not. More precisely, the tensors correspond to the
representations that factor through SO(1, 3).

There are a number of reasons the generality of geometric quantum theory has become popular. One
is that there is always the prospect of quantum gravity lurking somewhere in the background. If we allow
the spacetime to undergo quantum fluctuations, then it is inevitable that other fields also fluctuate to
nearby spacetimes. In view of this possibility (or reality), the theory itself, e.g., the action functional,
has to make sense on those spacetimes. In any case, one is eventually led to the consideration of general
spacetimes with boundary like this:

[figure 1.1]

The two components of the boundary represent two different space-like slices. The key difference from
a ’classical’ view is that the boundaries can be any Riemannian manifolds, while the intervening spacetime
can be quite complicated. The idea that the spacetime between two slices of time can be complicated is
not especially radical, by the way, if one considers the existence of black holes.

There are a number of conventions for how to encode the fact that one of the boundaries should be
’incoming’ while the other should be outgoing, which mostly has to do with orientation. We will be more
precise about this in the next section.

For now, we merely note that out of these considerations come the idea that a quantum field theory
should associate to any 3-manifold N a vector space V (N) representing the possible quantum states of
the field on N , while for any four-manifold M with incoming and outgoing boundaries Nin and Nout, we
should get a linear transformation

L(M) : H(Nin) - H(Nout)

corresponding to time evolution along M . This should satisfy some natural compatibilities. For example,

V (N1 tN2) = V (N1)⊗ V (N2).

This is because a field F on N will be a pair of fields (F1, F2), making the classical state space into a
Cartesian product. A general principle of quantum mechanics says that the quantum state construction
takes classical Cartesian products to tensor products. Even though it is hard to make precise in a
topological setting, the general intuition for this is simply the identity

C[S1 × S2] = C[S1]⊗ C[S2]

that holds at the level of sets. The other compatibilities are not too easy to state in this generality,
and will be formulated carefully for topological theories. These are theories in which both V and L(M)
depend only on the differential topology of the spaces. Physicists will mostly not regard these as realistic.
However, they arise from a genuine quantum field theory as something like

V (M) = Ker(Q)/Im(Q),

where Q : H(M) - H(M) is an operator such that Q2 = 0. Such an operator is often associated to
supersymmetry.

2. Definition of a topological quantum field theory

2.1. Some terminology etc. Unless accompanied by some qualification, when I refer to a ’d-manifold’
in the following, I will mean a compact, oriented, smooth manifold of dimension d. If I do not start
referring to a boundary quite soon after introducing a manifold, I will usually mean one without boundary.
The empty set φ is by definition a d-manifold for every d. By an isomorphism between two manifolds,
I will mean an orientation preserving diffeomorphism, which includes the condition that it restricts to
a diffeomeorphism on the boundary if there is one. Given a manifold N , N̄ is the object with same
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underlying smooth manifold and orientation reversed. Given an isomorphism f : N1 ' N2, note that the
same map defines an isomorphism f̄ : N̄1 ' N̄2.

We will mostly be casual about the role of orientations, because it can be a pain to deal with them
clearly in full detail. When we write ∂M = N , it refers to equalities as oriented manifolds. The point
is that if M is oriented, ∂M is oriented. This is one of many places where it’s most intuitive to adopt
the differentiable setting. (To be purely topological, one needs some discussion of relative homology.)
Thus, an orientation can be taken as an equivalence class of ordered frames of the tangent bundle. (The
frame will only be local in general but the equivalence class is required to be global.) The orientation on
∂M can be taken as the equivalence class of frames {e1, e2, . . . , ed−1} such that when we take e0 to be a
normal vector, then {e0, e1, e2, . . . , ed−1} is (a limit of) the class of the orientation on M . Note that a
submanifold that is not a boundary does not inherit a natural orientation fromM . One consequence of the
convention is this. If we cut a d manifold M along a (d− 1)-submanifold N that is not a boundary, we get
a manifold M ′ with two extra boundaries N(1) and N(2) that are both equipped with diffeomorphisms
pi : N(i) ' N . But then, p−1

2 p1 reverses orientations. For your peace of mind, it might be worth writing
this out once carefully, just to feel confident that you can deal with orientations if necessary. First you
need to carefully define M ′ is as a set. It is

M ′ = (M \N) tN tN

I leave it to you to define on M ′ the structure of a manifold with boundary that includes N t N̄ .
Here is a tiny bit of set-theoretic preliminary regarding the notation already used. I will denote

by A t B the disjoint union of A and B. Note that A t B 6= B t A. This is because by definition
A tB is ({1} ×A) ∪ ({2} ×B). In particular, the components of a disjoint union are naturally ordered.
Even so, there is a natural switching bijection s : A t B ' B t A that is of course an isomorphism
in any reasonable category refining sets. Since it comes up here and there, I will sometimes use the
notation N(a) := N × {a} and an isomorphism N(a) ' N written without further explanation will be
the projection. In this notation, A tB = A(1) ∪B(2). Obviously, this discussion can be extended to the
disjoint union of many sets.

2.2. The category Bordn. After some hesitation, I’ve decided to follow from the beginning the definition
of a TQFT as a functor, so we will introduce the relevant categories, albeit in a rather minimal way. The
target category is the well-known one of complex vector spaces Vect = VectC. The source category is
topological. Let Bordd be the category whose objects are (d− 1)−manifolds. Given two objects N1, N2,
Hom(N1, N2) consists of equivalence classes of d-manifoldsM together with isomorphisms N̄1tN2 'i ∂M .
The equivalence relation says (M, i) ∼ (M ′, i′) when there is an isomorphism F : M ' M ′ compatible
with the objects, that is, such that F ◦ (i|N̄1) = i′|N̄1 and F ◦ (i|N̄2) = i′|N̄2.

[figure 2.1]
We will usually omit the embeddings i from the notation for a morphism. Given M ∈ Hom(N1, N2)

and M ′ ∈ Hom(N2, N3), their composition M ′ ◦M is defined by gluing M to M ′ along N2. There is a
unique manifold structure compatible with the ones on the pieces ([?] somewhere). The associativity
of composition requires the equivalence relation. Of course we have to check that this composition is
compatible with the equivalence relation, which is actually a consequence of the uniqueness of the smooth
structure on M ′ ◦M .

For any object N , N× [0, 1] (oriented suitably, that is, so that N×{1} is positive) is the unit morphism
of N . To check this, one needs to check that

(N × [0, 1]) ◦M ∼M ∼M ◦ (N × [0, 1]).

An all purpose took for proving things like this is Morse theory. That is, if there is a Morse function on
M ◦ (N × [0, 1]) that restricts to t on N ×{t}, the statement would follow from Morse theory and gradient
flows. The existence of such a function seems intuitively obvious, but I’m too lazy to actually work it out.
In general, members of a nice family of manifolds are isomorphic and isomorphisms between them can be
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intuitively constructed by deforming one member to another in the family. To do this precisely requires
setting down the foundations more carefully, which I will mostly avoid.

Given an isomorphism f : N1 ' N2 of manifolds, we get an isomorphism in Bordd. This is via the
bordism

Bf : N̄1 ' N̄1 × {0} ⊂ - N1 × [0, 1] � ⊃ N1 × {1} �
f−1×id

N2 × {1} ' N2.

To check that this is an isomorphism, one needs to show that Bf−1 ◦ Bf ∼ N1 × [0, 1] and the similar
statement with the order reversed. We can also construct the bordism

fB : N̄1 ' N̄1 × {0} 'f̄×id N̄2 × {0} ⊂ - N2 × [0, 1] � ⊃ N2 × {1} ' N2.

Exercise 2.1. Check that fB ∼ Bf .

More generally, if M ∈ Hom(N1, N2) and g : N2 ' N ′2 is an isomorphism, we can construct Mg via

Mg : N̄1 ⊂ - M � ⊃ N2 'g
−1
N ′2.

Similarly, if f : N ′1 ' N1, we construct fM as

fM : N̄ ′1 'f̄ N̄1 ⊂ - M � ⊃ N2.

Combining these constructions, one can also define fMg. Since M ∼ (N2 × [0, 1]) ◦ M , we get
Mg ' Bg ◦M and similarly for the other constructions. When f : N1 ' N2 and g : N2 ' N3, we have

Bgf ∼ fBg ∼ Bg ◦ fB ∼ Bg ◦Bf

The first equivalence is induced by the map f × id : N1 × [0, 1] ' N1 × [0, 1], the second by splitting
the cylinder, and the third via the equivalence fB ∼ Bf and the compatibility of the equivalence with
composition.

[figure 2.2]

2.3. The definition of a TQFT. A d-dimensional topological quantum field theory (TQFT) is a
symmetric monoidal functor

τ : Bordd - VectC.

Thus, it gives the following collection of data.

(1) For every oriented d− 1-manifold N , there is a vector space

τ(N).

(2) For any M ∈ Hom(N1, N2) there is a linear transformation

τ(M) : τ(N1) - τ(N2).

(3) The ’monoidal’ property refers to the fact that there are canonical isomorphisms

τ(N1 tN2) ' τ(N1)⊗ τ(N2).

In particular,
τ(φ) ' C.

The isomorphism is allows us to formulate compatibility of morphisms that we will just write as

τ(M1 tM2) = τ(M1)⊗ τ(M2).

The word ’canonical’ used in this discussion will be left vague but can be made precise. There are
a number of possibilities, but they should all be equivalent to the isomorphism of two functors from
Bordn ×Bordn to Vect.
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(4) The ’symmetric’ property says that τ(s) for the switch map s : N1 t N2 ' N2 t N1 is just the
natural switching map

τ(N1)⊗ τ(N2) ' τ(N2)⊗ τ(N1)

for tensor products.
Given any N , we have the two maps

φ - N̄ tN

and
N t N̄ - φ

given by the bordisms B, D below, which as a manifold is just N × I in each case.
[figure 2.3]
Let V = τ(N) and W = τ(N̄). Let b = τ(B) : C - W ⊗ V and d = τ(D) : V ⊗W - C.
Then by the equivalence (Zorro’s lemma)
[figure 2.4]
we see that (d⊗ id)(id⊗ b) = id : V - V .
This implies

Lemma 2.2. The pairing d is non-degenerate and induces an isomorphism W ' V ∗. V is finite-
dimensional. With this identification, d : V ⊗ V ∗ - C is the natural pairing, and b : C - V ∗⊗ V =
Hom(V, V ) is the map sending 1 to the identity map.

Proof. Let {vi} be a basis of V . Then we can write b(1) =
∑
i wi ⊗ vi, which is a finite sum. Thus, we

see that vj is mapped by id⊗ b to

vj ⊗ (
∑
i

wi ⊗ vi) =
∑
i

vj ⊗ wi ⊗ vi.

This is then mapped to
∑
i d(vj , wi)vi. Since this must be the same as vi, we see that d(vj , wi) = δij . In

particular, this implies that for any index j, wj 6= 0 in the sum for b(1). In particular, the sum must
be finite, proving the finite-dimensionality. Also, for any non-zero v ∈ V , there is a w ∈ W such that
d(v, w) 6= 0. Doing the same argument with (id ⊗ d)(b ⊗ id) : W - W , we see that the analogue
statements apply to W . In the expression d(1) =

∑
i wi ⊗ vi, we see therefore that the {wi} corresponds

to the dual basis to {vi}, so that this sum is exactly the same as id ∈ Hom(V, V ).
�

One of the students pointed out that the proof above is not quite correct. This is because the map
(d ⊗ id)(id ⊗ b), strictly speaking, goes from V ⊗ C to C ⊗ V . On the other hand, there are natural
isomorphisms l : C⊗ V ' V and r : V ⊗C ' V and it is easy to check (:=)) that r(d⊗ id)(id⊗ b)l is the
identity, which is what we’re using in the proof. (The figures also need to be fixed.)

Henceforth, we will just identify τ(N̄) and τ(N)∗ and believe that various functorialities do not cause
a problem.

As a consequence, we have

Corollary 2.3. Let M = N × S1. Then τ(M) = dim τ(N).

[figure 2.5]

Suppose we have ∂M = N̄1 tN2. Then we get

τ(M) ∈ Hom(τ(N1), τ(N2)) = τ(N1)∗ ⊗ τ(N2) = τ(N̄1)⊗ τ(N2) = τ(∂(M)).

Thus, the data (2) can be regarded as

(2′) : τ(M) ∈ τ(∂M),
7
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and this point of view is important in certain context, for example, in the discussion of extended TQFT.
However, the ’time evolution along M ’ picture we outlined earlier with an explicit distinction between
input and output states is natural from the viewpoint of physics, and will enable us to avoid some
confusion. Occasionally, forgetting which is the input can accord with other intuitions. For example, we
have the natural isomorphism

τ(N̄1)⊗ τ(N2) = Hom(τ(N̄2), τ(N̄1)).

Thus, the same bordism can be interpreted as time evolution from N̄2 to N̄1. If you wish to worry about
such things here are two ways. One is that when the vector spaces are equipped with inner products,
then τ(N)∗ ' τ(N). In physics, ¯τ(N) tends to be the state space of the anti-particle of whatever particle
corresponds to τ(N). You may have heard the slogan that ’one can’t distinguish between a particle
traveling in one time direction and its anti-particle traveling in the other time direction.’ It’s OK if this
makes no sense to you. I think I barely understand it. However, it is true that the equality between
two different directions of homs corresponds to this slogan. Here is another way. The N are suppose to
correspond to space-like submanifolds of Lorentz manifolds. Realistic models of spacetime come with
something called a time-orientation, allowing us to orient all spacelike submanifolds. This means that the
N that arise in physics will in fact be naturally oriented by the orientation of the M , so that it is natural
to think of either N̄1 or N̄2 as the incoming boundary. In fact when we write ∂M = N̄1 tN2, this will
mean we regard N1 as incoming, that is, that M ∈ Hom(N1, N2). By the way, one of the advantages
of (2’) is that even if M has only one boundary N , we get a vector τ(M) ∈ τ(N). However, even then,
we can regard M as morphism from φ to N , so that φ: τ(M) ∈ Hom(C, τ(N)), time evolution of the
vacuum state along M .

Here are a few more natural consequences of functoriality.

Lemma 2.4. If f : M ' M ′ is an isomorphism of d-manifolds with boundary. Write ∂M = N̄1 t N2,
∂M ′ = N̄ ′1 t N ′2. Denote f1 := f |N̄1 ' N̄ ′1 so that f̄1 : N1 ' N ′1, and f2 := f |N2 ' N ′2.Then we have
Then

τ(M ′) = τ(f2)τ(M)τ(f̄1)−1 ∈ Hom(τ(N ′1), τ(N ′2))

Lemma 2.5. If ∂M = N̄1 t N2 and ∂M2 = N̄2 t N3. We can then form M3 = M1 ∪N2 M2 whose
boundary is N̄1 tN3. Then

τ(M3) = τ(M2) ◦ τ(M1) : τ(N1) - τ(N3).

This includes the case where M ∈ Hom(N,N) and M ′ is M with the boundary glued together. Then

τ(M ′) = Tr(τ(M)).

Proposition 2.6. (i) We have τ(f ◦ g) = τ(f) ◦ τ(g).
(ii) τ(f) only depends on the isotopy class of f .

Proof. (sketch) Let f : N ' N ′. We will use the Mf , fM ∈ Hom(N,N ′) constructed above. Now we
check that if g : N1 ' N2 and f : N2 ' N3, then Mgf ∼ fMg ∼ fM ◦Mg. Thus, τ(gf) = τ(g)τ(f).

We have f isotopic to g iff g−1 ◦ f is isotopic to the identity. Part (i) implies that τ(g−1f) =
τ(g−1)τ(f) = τ(g)−1τ(f), it suffices to show that τ(f) = I when f is isotopic to the identity from N to
N . Such isotopy means that there is a continuous map F : I × N - N such that F (0, x) = x and
F (1, x) = f(x). Also, F (t, ·) is a homeomorphism for every t. (It is an isotopy through homeomorphisms.)
Define

φ : Mf
- I ×N

by
φ(t, x) = (t, F (t, ·)−1(x))
8
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for t 6= 1 and φ(y) = (1, y) for y ∈ N (in the disjoint copy). One checks that this is well-defined and a
homeomorphism that is the identity on the boundary. Thus,

τ(Mf ) = τ(id×N) = id.

�

3. 1 and 2 dimensions

3.1. The 1d case. It’s not entirely uninteresting to work out the case where d = 0. There are two zero-
dimensional oriented manifolds P+ and P−. Between any two points, there is a unique homeomorphism,
so we will be careless about which point we mean. What do the signs mean? This is one place we
will briefly mention the topological definition of orientation. We have H0(P ) = Z[P ], which has two
generators [P ] and −[P ]. An orientation is the choice of one or the other, which we will denote with the
signs. Note that the unique diffeomorphism from P to P is not compatible with the orientation. The
interval [0, 1] is the unique connected one-manifold with boundary up to diffeomorphism. We will draw a
picture as follows to denote an orientation of an interval:

[figure 3.1]
(We have used different labels for the points to avoid some confusion.) What does this mean? We have

H1(I, ∂I) = Z,

and we have an exact sequence

H1(I, ∂I) δ- H0(∂I) - H0(I),

This can be identified with

H1(I, ∂I) δ- Z[0]⊕ Z[1] - Z - 0,

where the last map is the ’sum of coefficients’ map. In particular, the boundary map δ assign different
signs to the two components. The picture then means that the orientation of I is given by that element
x ∈ H1(I, ∂I) such that δ(x) = (−[0], [1]). Unfortunately, the definition of δ also involves a choice of sign,
so I’m not sure this explanation clarifies anything. I will try to improve this in later versions.

Let τ be a 1-d TQFT and let V = τ(P+). Then V ∗ = τ(P−).
In fact, the only possible connected 1-manifolds are the interval I and the circle S1. With I, one can

change the orientation, but it always gives an element of V ∗ ⊗ V = Hom(V, V ) = Hom(V ∗, V ∗) which
must be the identity. For S1, there is an orientation preserving diffeomorphism i : S1 ' S1 which is the
identity on the empty boundary. Thus, τ(S1) = τ(S1) ∈ C. What is the value? By decomposing S1 as
follows, we see that

τ(S1);C τ(I)- V ∗ ⊗ V τI∗- C

which can be identified with the number dim(V ).
In fact, all morphisms in Bord1 are disjoint unions of compositions of one of the following.

[figure 3.2]

Since we know the τ(·) for each of these morphisms, we seen that a 1d TQFT is determined by a single
vector space.

3.2. The 2d case. We denote by S1 the interval [0, 1] with the ends identified. One key difference
from the 1d case is that the realisation in the plane gives the reflection map, which is an isomorphism
a : S1 ' S1. Thus, all morphisms have versions with the boundary orientations reversed. For example,
the morphism D : S1 × S1 - φ given by the twisted cylinder gives rise to a morphism

D′ : S1 × S1 - φ

Since τ(D′) = τ(D)◦(τ(a)⊗ id),, we see that τ(D′) is a non-degenerate symmetric pairing: A×A - C,
where A = τ(S1). In fact, D′ can be written D′ = T ◦M :

9
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[figure 3.3]

Thus, τ(D′) = t ◦m = τ(T ) ◦ τ(M), where t : A - C is a linear function on A and m = τ(M) :
A⊗A - A is a commutative multiplication on A. This structure is called a Frobenius algebra. That
is a Frobenius algebra is a finite-dimensional C-algebra A together with a linear map t : A - C, which
we will call ’trace’, such that (a, b) 7→ t(ab) is a symmetric non-degenerate pairing. (We have omitted
denoting the ’m’.) Thus a 2d TQFT gives rise to a Frobenius algebra. Conversely, any Frobenius algebra
gives rise to a 2d-TQFT. This is because any morphism in Bord2 can be written as a composition of one
of the following:

[figure 3.4]
A rigorous discussion of this requires the notion of a symmetric monoidal category generated by a

certain collection of objects, morphisms, and relations, which we will not make precise because we wish
to get to the 3d story as quickly as possible.

I will close this section with a brief list of commutative Frobenius algebras.

1. The group algebra C[G] of a finite abelian group G. The trace is the augmentation map. Variations
on this structure will come up frequently.

2. The algebra Mn(C) of n× n matrices with complex entries. Here we have the usual trace. Having
written this, I realise this is a non-commutative example, which will play a role later.

3. If we were considering TQFT with values in Q−vector spaces, we would be led to Frobenius algebras
over Q. An algebraic number field is an example of this.

4. Towards 3d

As we move towards a 3d TQFT, perhaps it is appropriate to explain why some ’higher algebraic
structure’ might be expected to make an appearance. I will explain this from two points of view,
topological invariants and physics.

One perspective on d-dimensional TQFT is that of a device for constructing diffeomorphism invariants
of d-manifolds. That is, one might initially be just interested in τ(M) ∈ C for a d-manifold without
boundary M . If such an invariant were given to us, we might seek to compute it somehow by cutting M
into simpler pieces. Somewhat more subtly, one might seek to even define such an invariant by cutting
into pieces and assembling the number τ(M) out of the pieces according to some coherent rule. In that
case, you expect to run into issues of consistency. TQFT is one formalism that allows us to implement
this approach. That is, suppose we write M = M1 ∪N M2 where ∂M1 = N and ∂M2 = N̄ . Thus
we view M1 ∈ Hom(φ,N) and M2 ∈ Hom(N,φ). Then τ(M1) : C - τ(N), τ(M2) : τ(N) - C,
and τ(M) = τ(M2) ◦ τ(M1) ∈ C. Another way of viewing this is τ(M1) ∈ τ(N), τ(M2) ∈ τ(N)∗, and
τ(M) = 〈τ(M2), τ(M1)〉 with respect to the natural pairing between τ(N) and its dual. In any case, from
this point of view, the τ(N) and τ(Mi) are just intermediate steps in getting to τ(M). Obviously, the
need to define a functor puts strong coherence constraints on τ(N), τ(Mi), complicating the issues, but
the TQFT, in principle, is supposed to simplify the problem of defining and computing the τ(M) for
closed manifolds. Notice, however, that this was successful in the 1d and 2d case because the possible
objects and morphisms in Bordd were quite simple. They were very simple for d = 1 and still manageable
for d = 2. In particular, there were two objects in 1d and one object in 2d that generated the rest. This
already becomes substantially more complicated in Bord3, where the objects are 2 dimensional. There is
one isomorphism class of objects for each genus, obliging us right at the outset to find infinitely many
vector spaces to assign. You might correctly object that we can cut a genus g surface Σg into simpler
pieces, i.e., trinions (a trinion is a pair of pants) and discs, a fact we are already using to describe Bord2.
However, and this is the key point, the 3d TQFT makes no provision for assembling τ(Σg) out of anything
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simpler. The only assembly rule is

τ(Σg t Σ′g′) = τ(Σg)⊗ τ(Σ′g′)

involving disjoint unions. Thus, we are led to desire a way of decomposing a connected Σg, assigning some
data to simple pieces, and assembling the vector space τ(Σg) out of them. Now, when we decompose Σg,
the pieces will be surfaces with boundary. So the experience thus far is that our theory should assign
τ(N) ∈ τ(∂N) to such a surface. The question then is what this inclusion should mean. The perspective
of extended TQFT is that it should denote an object in a category. There is a 2-category Bord3,1 and an
extended TQFT will be a functor

τ : Bord3,1 - C

to some other 2-category C of an algebraic nature. I will not yet define these notions precisely (maybe
not ever). In particular, if I were being precise, I would introduce terminology and notation for ’how far
down’ I’m extending. However, the key point is that such a tau associates a category τ(S1) to the single
1-manifold with boundary S1. This suggestion immediately raises a number of thorny questions. What
should we assign to a union of circles? If we keep in mind the problem of getting τ(Σg) out of pieces
with boundary and the fact that there will typically be many boundaries, we must be able to answer
this question. Perhaps more importantly, how are we to assemble a vector space τ(Σg) out of objects
in categories? The answer is that we need some kind of tensor product of categories as well as duals of
categories. The need for tensor products should be clear from the problem of disjoint unions. Here is why
we need duals. Recall the process of obtaining a number τ(M) above. It was τ(M) = 〈τ(M2), τ(M1)〉.
For this to make sense, the vectors τ(Mi) were in dual spaces and we used the natural pairing between
them. So now, if we write a surface N = N1 ∪S N2 for S a union of circles, we should have τ(N1) ∈ τ(S),
τ(N2) ∈ τ(S)∗, and a way of pairing these two object to obtain... what? A vector space! This value of
this pairing 〈τ(N2), τ(N1)〉 is what we would like to define (or compute) to be τ(N).

There are a number ways to approach the problem of finding the (2-)categories with the right structures.
We will choose a simple one. This is where C is the two-category consisting ofModA, the finite-dimensional
representations of a finite-dimensional C-algebra A. Note that we are allowing A to vary. Thus, our
extended TQFT should assign to a circle ModA for some A and tensor products of ModA to unions of
circles. What are tensor products? There is a rather abstract approach to this, but an easy one is as
follows: ModA ⊗ModB := ModA⊗B. Critically, given V ∈ ModA and W ∈ ModB, then the ordinary
tensor product V ⊗W of vector spaces is a representation of A⊗B and hence an object of ModA⊗ModB .
(Incidentally, a tensor product written with no further notation is a tensor product over C.) Note that
the category Vectfin is a unit for this tensor product.

What about duals? It turns outMod∗A = ModAo will work, as we will explain, where Ao is the opposite
algebra with the same underlying vector space and the order of multiplication reversed. The important
thing is that a left Ao-module is the same as a right A-module. In any case,

Mod∗A ⊗ModA = ModAo⊗A.

As above, it is rather easy then to get an object in Mod∗A ⊗ModA out of a pair of objects in Mod∗A
and ModA. The last preliminary need is a way to get a vector space out of an object in Mod∗A ⊗ModA.
For this, we will apply a functor P : Mod∗A ⊗ModA - Vect. For this, it is useful to discuss briefly
functors between these categories. One can take an abstract approach from which one can derive the
description I’m about to give, but we will skip all that. Instead we will simply define the set of functors
from ModA to ModB to be the B − A-bimodules. By this, we mean a C−-vector space M which is a
right A-module and left B-module. The way we get a functor from this is simply

V 7→M ⊗A V.

To get a functor
ModAo ⊗MA = ModAo⊗A - Vect

11
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we need a C − (Ao ⊗ A) bimodule. This must be a right module for Ao ⊗ A. This is simply A itself
regarded as a right-module for Ao ⊗A and a left-module for C. Confusingly, this means the Ao acts on A
via a · b = ab and A acts on A via a · b = ba.

Lemma 4.1. The value of the resulting functor on modules of the form V ⊗W for an Ao-module V
(which is the same as a right A-module) and an A-module W is simply V ⊗AW .

Proof. Working with tensor products can be confusing. We are comparing V ⊗AW to

P := A⊗Ao⊗A V ⊗W.

Define a C-bilinear map V × W - P by sending (v, w) to 1 ⊗ v ⊗ w. Then (va, w) maps to
1⊗ va⊗ w = a⊗ v ⊗ w = 1⊗ v ⊗ aw, which is also the image of (v, aw). Therefore, we get a map from
V ⊗AW to P . To get a map in the opposite direction, send (a, v, w) to (va)⊗w. It is immediate that this
is C−bilinear in the v, w, and hence, factors to a map from A× V ⊗W to V ⊗AW . If we examine first
the bilinearity for the action of Ao, we check that (a, vb, w) goes to (vba)⊗ w which is the same as the
image of (b · a, v, w). Similarly, for the A-action, we get that (a, v, bw) goes to (va)⊗ (bw) = (vab)⊗ w,
which is the same as the image of (b ·a, v, w). Here, recall that the right action b ·a equals ab by definition.
Thus, we see that the map from A× V ⊗W to V ⊗AW is Ao ⊗A-bilinear. Thus, it induces a map

A⊗Ao⊗A V ⊗W - V ⊗W.

I leave it to the reader to check the obvious fact that the two maps are inverses to each other.
�

Thus, we have naturally described a 2-category Mor (for Morita), whose objects are the ModA, whose
1-morphisms are functors given by bimodules, and whose 2-morphisms are isomorphisms of bimodules.
An 3d extended TQFT will be a 2-functor

Bord3,1 - Mor.

We have not defined Bord3,1. We will just loosely say for now that the objects are close 1-manifolds,
the 1-morphisms are bordisms of 1-manifolds, and the 2-morphisms are equivalence classes of bordisms
of 1 manifolds, where the equivalences are diffeomorphisms preserving orientations and the boundary
parametrisations. A main difference from the previous bordisms is that when we write M ∈ 2 −
Hom(N1, N2), the Ni can have boundaries. Thus, M will have two kinds of boundaries. The incoming
and outgoing kind, but also the intermediate kind that interpolates the boundaries of N1 and N2. In
particular, M is a manifold with corners.

[figure 4.1]

.
From this point of view, the construction of an extended TQFT must start from a category ModA,

which we assign to a circle. This will be a monoidal category as before. However, when we consider the
switching morphism s : S1 t S1 ' S1 t S1, this now gives a functor

τ(s) : ModA ⊗ModA 'ModA ⊗ModA.

The trinion T gives a functor
τ(T ) : ModA ⊗ModA - ModA,

which is simply the monoidal structure on ModA. Here, it is important to note that for a general A,
there is no obvious tensor product on A-modules. Ordinary tensor product over C is a module for A⊗A,
but not for A itself. So to get the monoidal structure, we need something more. In examples, the tensor
product will in fact be the ordinary tensor product over C. So the something more we need is extra
structure that allows us to make an A module out of this tensor product. This is exactly the structure of
a bialgebra, which we will discuss in the next section. In fact, we will need the somewhat richer structure
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of a Hopf algebra because object in our category will need have duals in the same category. (This is a
separately requirement from the category itself having a dual category.)

By drawing the morphism T ◦ s, we see there must be a natural transformation

τ(T ) ◦ τ(s) ' τ(T ).

This means for two objects V,W in ModA, we must have natural isomorphisms

V ⊗W 'W ⊗ V.

inside the category of A-modules. To discuss this, we need to know the A-modules structure of the tensor
product. It turns out that very often, the naive switching of the factors is not an isomorphism. (This
will only happen is A is a ’cocommutative’ Hopf algebra.) The correct kind of switching will be called a
’braiding’, giving ModA the structure of a braided monoidal category.

In fact, to build up a 3d-TQFT, we will need a kind of non-degeneracy giving rise to the notion of a
modular tensor category, which we will go on to construct and define.

To finish this section, I will mention briefly a physical motivation for the ’extension’. Given a d-
dimensional TQFT, recall that the τ(N) associated to a d− 1 manifold N is supposed to be the vector
space of states of the field. However, if N has boundaries, then one must consider boundary conditions
for the field. We will be vague by what is meant by this, but still denote by B the set of boundary
conditions. (Essentially, these are the boundary conditions necessary to get uniqueness of solutions to the
differential equations determined by the theory.) If ∂N = L̄1 t L2 and we regard L̄1 as the incoming
boundary and L2 as the outgoing boundary, we will need boundary conditions b1 and b2 there. As a note
of caution, I remind you that N does not represent any flow of time, so that you may be puzzled about the
distinction between incoming vs. outgoing. This is where it’s convenient to recall natural isomorphisms
Hom(B1, B2) = Hom(B∗2 , B∗1) etc. In other words, if I wrote without prejudice ∂N = L1 t L2, then this
can be regarded as a morphism from L̄1 to L2 or from L̄2 to L1. Anyway, returning to the prejudiced
notation ∂N = L̄1 t L2, we get a vector space τb1,b2(N) of quantum states of the field subject to the
boundary conditions b1, b2. If one considers carefully the way boundary conditions glue together when
we glue N , we eventually see that the set of boundary conditions, which will be placed on manifolds
of dimension d − 2, form a linear category for which τb1,b2(N) is the vector space of morphisms from
b1 to b2. Thus, we see that the extended TQFT formalism is made nicely compatible with physically
reasonable constraints of a field theory.

Starting next time, we will develop (more) carefully the algebra necessary to construct the ModA that
plugs into an extended 3d TQFT.

5. Some algebra

For the next few sections, we will refer mostly to the book [?]. My goal in these notes is to illustrate
the definitions and notions there with examples and commentary. Hence, I will freely refer to it and not
reproduce sentences that can be found there or in other standard sources. In subsequent lectures I may
freely use properties of the structures in a somewhat ad hoc fashion.

5.1. Hopf algebras. One main goal for the course is the construction of a 3d TQFT associated to an
anomaly-free modular tensor category. So we will have to spend some time defining the latter object.
The goal is to assign this category to a circle. We have already seen in the previous section some of
the structures that this category must have. We have, furthermore, decided to focus on categories of
the form ModA for C-algebras A, which is the category of left A-modules that are finite-dimensional as
C-vector spaces. The structure on the category will follow mostly from some structures on A, some of
which are classical and some of which arose mostly in connection with recent interactions with physics.
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We start with the classical. This is the notion of a Hopf algebra. This means it is a C-vector space with a
multiplication

m : A⊗A - A,

a comultiplication
∆ : A - A⊗A,

a unit
η : C - A

and counit
ε : A - C

that have certain properties and are compatible with each other. The prefix ’co-’ refers to the fact that
the properties can be obtained from familiar ones by reversing arrows. As to the interaction between x
and co-x, two properties that stand out are the ones that say ∆ is a map of algebras and m is a map of
coalgebras. Since you are likely to be unfamiliar with the latter notion, let us spell it out:

(m⊗m) ◦ (c⊗ c) = c ◦m : A⊗A - A⊗A.

There is furthermore an antipode map S : A - A with certain properties we will specify later. Let’s
discuss the meaning of these structures one by one. The multiplication is just saying A is an algebra.
Hopefully, the meaning of a unit needs no explanation. It is the existence of 1 ∈ A expressed in terms
of a morphism. The comultiplication is what allows us to define tensor products in ModA. For two
objects V,W , V ⊗W is normally just a module for A⊗ A. (I think I wrote this already, but a tensor
product without subscript is over C.) However, we can now give it an A-module structure by defining
a(v ⊗ w) := c(a)(v ⊗ w). For this to be an A-module structure, of course we need c to be a map of
algebras. The counit allows us to regard C as an object of ModA, which in fact will be a ’unit object’ for
the tensor product. That is, the natural maps C⊗ V ' V ' V ⊗ C are isomorphisms of A-modules. The
reason it is a unit object is because of the identities

(ε⊗ id) ◦∆ = (id⊗ ε) ◦∆ = id : A - A,

which constitute the defining property of the counit. These are clearly dual to the defining property of
the unit when ∆ is replaced by m and the arrow are reversed.

The main property of the anti-pode γ we need for the moment it is an anti-isomorphism, that is, a
C-linear isomorphism that reverses the order of multiplication. (An earlier version of the notes wrote
that it is an involution, i.e., γ2 = id, a momentary lapse of attention. If this is true, the Hopf algebra is
called involutive. The interesting examples are not involutive.) The reason we need this is because we
need to take an A-module V and turn V ∗ into an A−module. From group theory, you will know that
if G acts on the left on X, then to get a left action on F (X), the functions on X, you need to define
(gf)(x) = f(g−1x). If X is just a representation of an algebra A, you would like to write something like
(af)(x) = f(a−1x), except a might have no inverse. It suffices to define (af)(x) = f(γ(a)x). Another
way to say it is that if V is a left A-module, V ∗ is naturally a right A-module. There’s nothing you can do
about this for a general A. For a Hopf algebra, the antipode allows us to turn this into a left A-module.

On the subject of duality, you can turn A∗ into a Hopf algebra by dualising all the maps, switching the
roles of the unit and counit, and the multiplication and comultiplication. If A is infinite-dimensional, you
have to be careful about what this dual means (some kind of continuity). When A is finite-dimensional,
which is when we will use this construction, there is no issue.

As you will know or have guessed, the main example of a Hopf algebra is the group algebra C[G] of a
finite group G, where ∆ is the linear map determined by g 7→ g ⊗ g. You will also know that the category
ModC[G], which is that of finite-dimensional C-representations of G, has many of the properties we’ve
discussed. That is, it is a rigid monoidal category. The meaning of monoidal we’ve already discussed: it
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is the existence of a functorial tensor product with a unit object. Among the properties, we haven’t yet
emphasised the data of canonical isomorphisms

(U ⊗ V )⊗W 'αU,V,W U ⊗ (V ⊗W )

for every triples of objects. The ’rigid’ refers to the existence of duals with suitable properties, which
we will specify later. The comultiplication is induced by the diagonal map G - G × G and the
isomorphism C[G × G] ' C[G] ⊗ C[G], while the counit is the augmentation map

∑
g λg[g] 7→

∑
g λg.

The dual Hopf algebra in this case is F (G), the functions on G. The comultiplication ∆′ for F (g) is the
pullback map for the group structure

G×G - G

using the fact that F (G ×G) = F (G) ⊗ F (G). F (G) has a basis given by the delta functions {δg}g∈G
and it’s useful to write out the comultiplication in terms of this basis.

∆(δg) =
∑

g1g2=g
δg1 ⊗ δg2 .

The unit in F (G) is simply the constant function 1 =
∑
g δg, while the counit is the evaluation

f 7→ f(eG). The antipode maps for both C[G] and F (G) are induced by the map g 7→ g−1 on G. F (G)
is clearly commutative as an algebra. However, it is cocommutative, i.e., s ◦ c = c, if and only if G is
commutative. On the other hand, C[G] is always cocommutative, but commutative iff G is commutative.
The cocommutativity induces an isomorphism V ⊗W ' W ⊗ V , making ModC[G] a symmetric, rigid,
monoidal category.

A concrete goal for now will be to equip ourselves with one key example of a non-trivial modular tensor
category that we will use to illustrate the general definitions later. This is the category of representations
of the Drinfeld double D(G) of a finite group G.

5.2. Thr Drinfeld Double D(G). Given a finite group G, the Drinfeld double D(G) is a Hopf algebra
that is neither commutative nor cocommutative when G is non-commutative. Such a Hopf algebra can be
viewed as a group in non-commutative geometry. Sometimes, the study of non-commutative algebras is
viewed as ’non-commutative geometry’. This is because for a commutative algebra R, there is a space
Spec(R) on which it is an algebra of functions. A non-commutative algebra is then a situation where you
have the functions but no space. However, for Hopf algebras, both the commutative and cocommutative
properties have to fail to get rid of the remnants of a space. This is because, the dual A∗ of a Hopf
algebra is a Hopf algebra. (As mentioned, to be precise in the infinite-dimensional case, you need to
put in some continuity condition on A∗.) So you could have started with an algebra of functions on a
group and just passed to the dual. In that case the algebra structure will be non-commutative when the
group is non-commutative, even if you have started with a space. The space will simply be hidden in the
commutative comultiplication. Thus, genuine non-commutativity for Hopf algebras needs to occur for
both x and co-x.

The Drinfeld double of G, by definition, is the tensor product of C[G] and F (G) as vector spaces:

D(G) = F (G)⊗ C[G].

However, the multiplication is of a ’semi-direct product’ nature and requires some preparation. The key
point is that F (G) is a C[G]-module Hopf algebra. What this means is the following. Firstly, note that
F (G) is a C[G]-module. This is because G acts on functions via f 7→ fg(x) = f(g−1xg). Note that f(xg)
and f(g−1x) are both actions that are compatible with the algebra structure of F (G). However, it’s only
the conjugation action as given that’s makes g act by Hopf algebra homomorphisms. To see this, note
that a map is a coalgebra homomorphism iff its dual on C[G] is an algebra homomorphism. The G action
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extends to a C[G]-module structure by defining fa(x) = f(i(a)xa) using the antipode i for any a ∈ C[G].
Using this, the multiplication on D(G) is determined by

(f ⊗ a)(h⊗ b) =
∑
i

fhai
⊗ a′ib.

The case to remember is when a = g ∈ G, in which case the formula is

(f ⊗ g)(h⊗ b) = fhg ⊗ gb,

which is very natural if we think of hg as ’ghg−1’.

5.3. Representations. I should point out that given a Hopf algebra A, a (finite-dimensional) represen-
tation is just an algebra homomorphism

ρ : A - End(V )

for some finite-dimensional complex vector space V . Thus, the comultplication plays no apparent role in
this definition. However, as pointed out earlier, it influences the category of representations.

The representations of C[G] are just the representations of G, so C[G] is sometimes thought of as a
way of putting group representation theory into module theory. However, the representations of F (G)
are quite simple. This is because it’s commutative. As a result, the only irreducible representations are
1-dimensional and given by homomorphisms F (G) - C.

Exercise 5.1. Each g ∈ G gives an evaluation homomorphism evg : f 7→ f(g). Show that these are all
the homomorphisms from F (G) to C.

In fact, F (G) is also semisimple, so that any representation V of F (G) can be written

V = ⊕g∈GVg,

where Vg is the subspace where F (G) acts through evg. That is to say, representations of F (G) can be
thought of as G-graded vector spaces. In fact, using the basis {δg}g∈G, writing f ∈ F (G) as f =

∑
h f(h)δh,

we see that fδg = f(g)δg. This implies that for any v ∈ V , fδgv = f(g)δgv. Also,
∑
g δg = 1, the

constant function 1. Therefore, δg is exactly the projector to the subspace Vg. (This also proves the
semi-simplicity.)

I will not write down the other structure maps on D(G) for now. But we will note that a representation
V of D(G) is a vector space with simultaneous actions of G and F (G) such that gfv = fggv for g ∈ G
and f ∈ F (G). This is because f⊗g = (f ⊗e)(1⊗g) = (1⊗g)(fg−1⊗e), while f 7→ (f ⊗e) and g 7→ 1⊗g
are algebra homorphisms. In particular, if we examine the effect of h ∈ G on a vector v ∈ Vg, we get that
for f ∈ F (G),

fhv = hfh−1v = hf(hgh−1)v = f(hgh−1)hv.

That is, hv ∈ Vhgh−1 . Note that if h ∈ Z(g), the centraliser of g, then it leaves Vg-invariant. Furthermore,
the action of Z(g) and F (G) on Vg commute. This shows how one might build up irreducible representa-
tions. On the one hand, if we denote by C(g) the one-dimensional representation of F (G) on which it
acts via the character evg and π is any irreducible representation of Z(g), then π(g) := π ⊗ C(g) is an
irreducible representation of F (G)⊗ C[Z(g)]. We will construct a representation of D(G) from this. Let

Vg,π := C[G]⊗C[Z(g)] π(g)

as a representation of C[G]. Let S be a set of left coset representatives for Z(g) in G. Then each h⊗ π(g)
is a subspace of Vg,π and

Vg,π = ⊕h∈Sh⊗ π(g).

Let F (G) acts on h⊗ πg via the character evhgh−1 .

Proposition 5.2. Vg,π is an irreducible representation of D(G).
16
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Proof. First, we need to check that it is indeed a representation. Consider an element h⊗ v with v ∈ π(g).
An element x ∈ G acts as follows. Write xh = kz for k ∈ S and z ∈ Z(g). Then x(h⊗ v) = k ⊗ zv. On
the other hand, an element f ∈ F (G) just acts as the scalar f(hgh−1). Therefore,

x(f(h⊗ v)) = f(hgh−1)k ⊗ zv.

On the other hand,

fx(x(h⊗ v)) = fx(k ⊗ zv) = fx(kgk−1)k ⊗ zv = f(x−1kgk−1x)k ⊗ zv.

But x−1k = hz−1. So f(x−1kgk−1x) = f(hz−1gzh−1) = f(hgh−1). Therefore, x(f(h⊗v)) = fx(x(h⊗v)).
Sine the h ⊗ v span Vg,π, we see that xf = fxx as operators. Thus, Vg,π is a representation of D(G).
To check irreducibility, note that each h ⊗ π(g) is an irreducible representation of hZ(g)h−1. Also,
(Vg,π)k = h ⊗ π(g) if k is a conjugate of g and it’s zero otherwise. Thus, if W ⊂ Vg,π is a D(G)-
subrepresentation, then W = ⊕h∈SWhgh−1 . We have Whgh−1 = W ∩ (h ⊗ π(g)) ⊂ h ⊗ π(g) and it is
stabilised by hZ(g)h−1. Thus, either Whgh−1 = 0 or Whgh−1 = h⊗ π(g). That is, W is either zero or a
direct sum of some of the h⊗ π(g). But in the non-zero case, the only way such a sum can be stabilised
by G is if W is the full sum, i.e., W = Vg,π. �

Exercise 5.3. Check that the isomorphism class of Vg,π depends only on the conjugacy class of g.

Now if we start with an arbitrary representation V of D(G), write V = ⊕gVg. Suppose Vg 6= 0. Note
that Vg is invariant under Z(g). So we can write it as a sum Vg = ⊕i∈Iπi(g) with πi an irreducible
representation of Z(g). Choosing a set S ⊂ G of representatives for G/Z(g) as above, we see that for
h ∈ S, we have hπi(g) ⊂ Vhgh−1 and

⊕h∈Shπi(g) ⊂ V.

We also see that V breaks up into a direct sum of submodulesW = ⊕g∈CVg, where C is a single conjugacy
class. If C is the conjugacgy class of g, it is easy now to check that

⊕h∈Shπi(g) ' Vg,πi
,

and that

W ' ⊕i∈IVg,πi .

Corollary 5.4. ModD(G) is a semi-simple category with only finitely many simple objects.

Of course ModD(G) is also C-linear and has duals. We call a category with all these properties a fusion
category.

Notice that the simple objects are indexed by a conjugacy class of G and an irreducible representation
of Z(g) for any g in the conjugacy class. The number of such irreducible representations is the number of
conjugacy classes of Z(G).

Exercise 5.5. Is there a nice formula for the number of simple objects (up to isomorphism) in ModD(G)?
(There’s probably a simple answer, but I don’t know it off-hand...)

6. More categorical structure

In this section, we will continue to move towards modular tensor categories by adding two more
structures to a category.

17
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6.1. Braiding. Given a monoidal category C, a braiding on C is an isomorphism of functors

⊗ ' ⊗ ◦ s : C × C - C,

where s : C × C ' C × C is the functor that switches the two factors, which furthermore satisfies some
properties having to do with the braid group. Thus, for each pair of objects V,W , there are functorial
isomorphisms

σVW : V ⊗W - W ⊗ V.

Before the general discussion of the properties, we start with examples. On ModC[G], we see that the
ordinary switching P : V ⊗W - W ⊗ V is an isomorphism of C[G]-modules. On the other hand, if
g, h ∈ G are non-commuting elements, then P : C(g)⊗ C(h) - C(h)⊗ C(g) is not an isomorphism of
F (G)-modules. In fact,

Lemma 6.1.
C(g)⊗ C(h) ' C(gh).

Thus, if gh 6= hg, then C(g)⊗C(h) is not isomorphic to C(h)⊗C(g) at all. We see that ModF (G) has
no braiding, regardless of the precise definition.

Proof. . We have
∆(δgh) =

∑
{(x,y) | xy=gh}

δx ⊗ δy.

The pair δg ⊗ δh appears exactly once in the sum. Therefore, ∆(δgh) = 1 on Cg ⊗ Ch, from which we see
that C(g)⊗ C(h) = [C(g)⊗ C(h)]gh. �

We have therefore a simple example of a monoidal category that can’t be symmetric in any way.
However, surprisingly,

Theorem 6.2. In the category ModD(G), there is a functorial family of isomorphisms

σVW : V ⊗W 'W ⊗ V.

Furthermore, given any triple V1, V2, V3, there is an equality

σ23σ12σ23 = σ12σ23σ12 : V1 ⊗ V2 ⊗ V3 ' V3 ⊗ V2 ⊗ V1,

called the braid relations.

Here, σij refers to the σ applied to the i-th and j−th factor. The curious relation given above arises
from the braid group. To the element bi of the n-strand braid group Bn that interchanges the i-th and
(i+ 1)-th strand, we associate the isomorphism

σi,i+1 : V1 ⊗ V2 ⊗ · · ·Vi ⊗ Vi+1 · · · ⊗ Vn

' V1 ⊗ V2 ⊗ · · ·Vi+1 ⊗ Vi · · · ⊗ Vn
The given relation together with σi,i+1σj,j+1 = σj,j+1σi,i+1 for |i− j| > 1, shows that we have an action
of the braid group on the subcategory of ModD(G) whose objects are n-fold tensor products of some fixed
set of Vi.

A monoidal category equipped with duals such a collection of σVW is called a braided tensor category.

One uniform way to construct the σVW on a category ModA for a Hopf algebra A is via a universal
R-matrix. This means we construct an element R ∈ [A⊗A]× with suitable properties and put

σVW = P ◦R.

Without such an approach, it would be hard to imagine constructing such an isomorphism for each pair
V,W . Another advantage of defining it this way is that the functoriality becomes automatic.

Two key properties we need of R to get a braiding are
18
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(1) R∆(a)R−1 = P (∆(a)) for any a ∈ A;

(2) [Yang-Baxter equation] R12R13R23 = R23R13R12 as elements in A⊗A⊗A.

Here, Rij refers to φij(R), where

φij : A⊗A - A⊗A⊗ · · · ⊗A

inserts A ⊗ A into the i, j-th factor with 1 in all other factors. A Hopf algebra equipped with such
an element is called a quasi-triangular Hopf algebra. (At some point, I had an idea of the reason for
the terminology, but I’ve forgotten.) Such an R will often not exist. For example, it will not exist for
F (G). For C[G], we can take R = 1 ⊗ 1 because P itself gives a good isomorphism. In this case, we
have σ2

VW = id, giving us a symmetric monoidal category. That is, a symmetric monoidal category is a
situation where the action of Bn factors through the quotient group Sn.

Before doing some heavier algebra, we will prove a few lemmas. We will use the following facts about
the action of the permutation operators on tensor products of A as well as objects of ModA. Firstly, if
a, b are in any tensor product algebra and P is any permutation operator, then P (ab) = P (a)P (b). Also,
if a is in a tensor product algebra and v is in a tensor product of modules, P (av) = P (a)P (v), i.e.,

P ◦ a = P (a) ◦ P

as operators. In particular,
P ◦Rij = RP (i),P (j)P

as operators on the tensor product. On the other hand, as elements of the tensor product algebra

P (Rij) = RP (i),P (j).

Lemma 6.3. The equality (2) follows from (1) and

(3) (∆⊗ id)R = R13R23; (id⊗∆)R = R13R12

Proof.

R12R13R23 = R12(∆⊗ id)(R) = (P12(∆⊗ id)(R))R12 = P12(R13R23)R12 = R23R13R12,

where I hope the meaning of the permutation Pij is clear. �

Lemma 6.4. The equation (1) implies that the σVW := P ◦R are isomorphisms of A-modules.

Proof. Given v⊗w ∈ V ⊗W , we have a(v⊗w) = ∆(a)(v⊗w) by definition of the tensor product module
structure. Therefore,

PR(a(v ⊗ w)) = P (R∆(a)(v ⊗ w)) = P (P (∆(a))R(v ⊗ w)) = ∆(a)PR(v ⊗ w) = aPR(v ⊗ w),

showing that sVW is indeed an isomorphism of A-modules. �

Lemma 6.5. The braid relation of theorem 1 follows from the Yang-Baxter relation.

Proof. We have

P12R12P23R23P12R12 = P12P23R13R23P12R12 = P12P23R13P12R13R12

= P12P23P12R23R13R12 = P13R23R13R12.

On the other hand,

P23R23P12R12P23R23 = P23P12R13R12P23R23 = P23P12R13P23R13R23

= P23P12P23R12R13R23 = P13R12R13R23.

Therefore,
19
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σ12σ23σ12 = σ23σ12σ23

�

To prove that ModD(G) is a braided monoidal category, it remains to actually produce R satisfying (1)
and (3), which we will verify only partly.

The element is quite simple, and given by

R =
∑
g

(δg ⊗ e)⊗ (1⊗ g) ∈ D(G)⊗D(G).

Given an element x = δg ⊗ k ∈ D(G), we have

R∆(x) = R(
∑
ab=g

(δa ⊗ k)⊗ (δb ⊗ k)) =
∑

h,ab=g
[(δh ⊗ e)⊗ (1⊗ h)][(δa ⊗ k)⊗ (δb ⊗ k)]

=
∑

h,ab=g
[(δhδa ⊗ k)⊗ (δhbh−1 ⊗ hk)] =

∑
h

[(δh ⊗ k)⊗ (δgh−1 ⊗ hk)].

On the other hand,

P (∆(x))R = [
∑

ab=g,h
(δb ⊗ k)⊗ (δa ⊗ k)][(δh ⊗ e)⊗ (1⊗ h)]

=
∑

ab=g,h
(δbδkhk−1 ⊗ k)⊗ (δa ⊗ kh) =

∑
h

(δkhk−1 ⊗ k)⊗ (δgkh−1k−1 ⊗ kh)

=
∑
j

(δj ⊗ k)⊗ (δgj−1 ⊗ jk).

Thus, we see that P (∆(x))R = R∆(x).

I leave the identities (3) in Lemma 6.3 to you as a straightforward exercise.

7. Duals, antipodes,...

We will be a bit more careful now about duals and antipodes. If A is a Hopf algebra, we have already
discussed the rigid monoidal structure on ModA. In particular, we are equiped with the evaluation map

eV : V ∗ ⊗ V - C,

and the co-evaluation map
iV : C - V ⊗ V ∗.

We won’t dwell much on the very general formalism, but it is god to be aware the for general monoidal
categories, this would be written

eV : V ∗ ⊗ V - 1,

iV : 1 - V ⊗ V ∗

for the unit object 1 and part of the defining properties are that

V
iV ⊗id- V ⊗ V ∗ ⊗ V id⊗eV- V ∗

and
V ∗

id⊗iV- V ∗ ⊗ V ⊗ V ∗ eV ⊗id- V ∗

are both the identity map. (We are now omitting the associativity isomorphism from all discussion.)
For our purposes now, where the tensors and duals in ModA are the naive ones, the important point
is that the order in the tensor products matters. This has to do with a property of the antipode map,
which, you will recall is necessary to define the dual. We will now use occasionally the so-called ’Sweedler
notation’ for coproducts, where we write ∆(a) = a1 ⊗ a2, omitting the summation of tensor products
that is necessary. (One might think of this as a variation on the Einstein summation convention.) The
property is:

γ(a1)a2 = ε(a), a1γ(a2) = ε(a),
20
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where ε is the augmentation map. This is trivial for group algebras. Let’s check it for the function algebra.
There,

∆(δg) =
∑

g1g2=g
δg1 ⊗ δg2 .

So we must consider ∑
g1g2=g

δg−1
1
δg2

Since the summands only survive if g2 = g−1
1 , we get 0 if g 6= e and

∑
g∈G δg = 1 if g = e. Similarly for∑

g1g2=g
δg1δg−1

2
.

However, in general, we do not have γ(a2)a1 = ε(a) unless, obviously, the algebra is commutative. It is
also true in the cocommutative case c since then a1 ⊗ a2 = a2 ⊗ a1.

Let us check what happens in D(G), where the antipode map is

γ(δg ⊗ x) = δx−1g−1x ⊗ x−1.

We have

∆(δg ⊗ x) =
∑

g1g2=g
δg1 ⊗ x⊗ δg2 ⊗ x.

and ∑
g1g2=g

(δg1 ⊗ x)(δx−1g−1
2 x ⊗ x

−1)

=
∑

g1g2=g
δg1δg−1

2
⊗ e = 1⊗ e.

However, ∑
g1g2=g

(δx−1g−1
2 x ⊗ x

−1)(δg1 ⊗ x)

=
∑

g1g2=g
(δx−1g−1

2 xδxg−1
1 x−1 ⊗ e)

which appears to be a mess.
The consequences for the evaluation map for a general A are as follows. For φ⊗x ∈ V ∗⊗V and a ∈ A,

we have

a(φ⊗ x) = (a1φ)⊗ (a2x) = φ ◦ γ(a1)⊗ a2.

Therefore,

eV (a(φ⊗ x)) = φ(γ(a1)a2x) = φ(ε(a)x) = ε(a)φ(x).

Therefore, eV is a map of A-modules. On the other hand, we might try to define e′V : V ⊗ V ∗ - C by
v ⊗ φ = φ(v). But

a(v ⊗ φ) = (a1v)⊗ φ ◦ γ(a2),

so that

e′V (a(v ⊗ φ)) = φ(γ(a2)a1v).

Because there is no identity for γ(a2)a1, there is nothing we can say unless A is commutative or
cocommutive. Alternatively, if A is cocommutative, then there is a map of A-modules V ⊗ V ∗ ' V ∗ ⊗ V
using which we can define an evaluation map on V ⊗ V ∗.

Exercise 7.1. Give a parallel discussion for the coevaluation maps.
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This need for a good theory of evaluation maps becomes clear when we try to define traces in general
rigid monoidal tensor categories. Given an endomorphism f : V - V , we would like to define its trace
as

1 - V ⊗ V ∗ f⊗id- V ⊗ V ∗ ' V ∗ ⊗ V - 1.

However, this will not give a good theory without some conditions on the isomorphism

V ⊗ V ∗ ' V ∗ ⊗ V.

(For example, we would like Tr(f ⊗ g) = Tr(f)Tr(g).)

Here is another problem that can arise in general. Consider the standard isomorphism

V ' V ∗∗

that sends x to evx. We have

aevx(φ) = evx(γ(a)φ) = evx(φ ◦ (γ2(a))) = φ(γ2(a)x) = evγ2(x)(φ).

Therefore, the map is not a map of A-modules unless A is involutive. You will note that in a braided
monoidal category, we can get a coevaluation map

V ⊗ V ∗ 'σV V ∗ V ∗ ⊗ V - C.

Similarly, we get

ψV : V ∗∗ iV ⊗id- V ⊗ V ∗ ⊗ V ∗∗ 'id⊗σ
−1
V ∗∗V ∗ V ⊗ V ∗∗ ⊗ V ∗ - V.

(I’m not sure I have a good way of explaining why we use σ−1
V ∗∗V ∗ rather than σV ∗V ∗∗ .) In a semi-simple

category, one can show that ψV is an isomorphism by checking it on simple objects.

8. Ribbons

A ribbon category is a braided rigid monoidal category equipped with a functorial |em twist map

θV : V - V,

for each V such that
θV⊗W = σWV σVW θV ⊗ θW ;

θ1 = id,

and
θV ∗ = θ∗V .

The terminology of ribbons and twists is partly explained by the following result.

Proposition 8.1.
θ2 = ψV ◦ (ψV ∗)∗.

Proof. (sketch) There is a general fact about duals that says for two maps f, g : V - V , the map

V
iV ⊗id- V ⊗ V ∗ ⊗ V g⊗f∗⊗id- V ⊗ V ∗ ⊗ V id⊗eV- V

is the same as the composition g ◦ f . Rather than spend time on general properties of rigid tensor
categories, I suggest you just check this in the easy case where the tensors and duals are those of vector
spaces, which is what happens in ModA. Thus, θ2 is the map

(id⊗ eV ) ◦ (θV ⊗ θV ∗ ⊗ id) ◦ (iV ⊗ id),

where we have also used the duality θ∗V = θV ∗ . This is the same as

(id⊗ eV ) ◦ ((σ−1
V V ∗σ

−1
V ∗V θV⊗V ∗)⊗ id) ◦ (iV ⊗ id).
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On the other hand, by the functoriality, θ1 = id and the map iV , we get θV⊗V ∗ = id. (There is a little
bit of further argument there...) So we are reduced to

(id⊗ eV ) ◦ ((σ−1
V V ∗σ

−1
V ∗V )⊗ id) ◦ (iV ⊗ id) = (id⊗ eV ) ◦ (σ−1

V V ∗ ⊗ id)(σ−1
V ∗V )⊗ id) ◦ (iV ⊗ id).

On the other hand, the map ψV is given by

V ∗∗
id⊗iV- V ∗∗ ⊗ V ⊗ V ∗ 'id⊗σ

−1
V ∗,V V ∗∗ ⊗ V ∗ ⊗ V eV ∗⊗id- V.

Also, φV is

V
id⊗iV ∗- V ⊗ V ∗ ⊗ V ∗∗

σ−1
V ∗,V

⊗id
- V ∗ ⊗ V ⊗ V ∗∗ eV ⊗id- V ∗∗.

�

How does one produce a ribbon map θ? Clearly, we use an element in A. But to gives us maps of
A-modules, we should use an element in Z(A), the centre of A.

Proposition 8.2. Suppose A is quasi-triangular with R-matrix R ∈ (A⊗A)× and we have an element
u ∈ Z(A)× such that

(a)
∆(u) = (P (R)R)−1u⊗ u;

(b)
γ(u) = u;

and

(c)
ε(u) = 1,

Then θ = u−1 acts as a twist on ModA.

Proof. Of course we get isomorphisms of A-modules by the invertible and central nature of θ. We have

σWV σVW (θV ⊗ θW ) = P ◦R ◦ P ◦R ◦ (u−1 ⊗ u−1) = P (R)R(u−1 ⊗ u−1) = ∆(u−1)

in the action on any tensor product V ⊗W , which is what we want.

It is clear that θ = 1 on C since η(u) = η(u−1) = 1 by (c).

Finally, if φ ∈ V ∗, then θ∗(φ)(v) = φ(θv). On the other hand, (θφ)(v) = φ(γ(θ)v). Thus, the
compatibility with duals follows from (b).

�

9. Modular tensor categories

Let C be a ribbon fusion category. Thus, in addition to all ingredients of the ribbon structure, the
category is semi-simple with only finitely many simple objects that we will label by natural numbers
{i = 1, 2, . . . , n}. Since the objects are simple, θi = θ|i is a non-zero scalar. Thus, we get an n× n matrix
S whose (i, j)-entry is

sij = θ−1
i θ−1

j Tr(θ|i∗ ⊗ j).

The category C is a modular tensor category if the matrix S is non-degenerate.

Non-example: Suppose C is symmetric. Then σWV σVW = id, so the condition on θ is simply
θV⊗W = θV ⊗ θW . We can take θ to be the identity. Then it’s clear that sijdidj where di = dim(i). This
matrix is never non-degenerate unless i = 1. Thus, among ModA, the only case that works is the trivial
one where A = C.
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We will spend the rest of the section putting on ModD(G) the structure of a MTC. We have already
discussed the R matrix. We let

u =
∑
g∈G

δg ⊗ g−1.

Lemma 9.1. The element u is invertible and

u−1 =
∑
g∈G

δg ⊗ g.

Proof.
(
∑
g∈G

δg ⊗ g)(
∑
h∈G

δh ⊗ h−1)

=
∑
g,h

δgδghg−1 ⊗ gh−1 =
∑
g

δg ⊗ e = 1⊗ e.

The multiplication in the other order is similar. �

Lemma 9.2. u ∈ Z(D(G))

Proof.
u(δk ⊗ h) =

∑
g

δgδg−1kg ⊗ g−1h = δk ⊗ k−1h.

(δk ⊗ h)u =
∑
g

δkδhgh−1 ⊗ hg−1 = δk ⊗ h(h−1kh)−1 = δk ⊗ k−1h.

�

Lemma 9.3. η(u) = 1

Proof. Recall that the counit is determined by f ⊗ g 7→ f(e). Thus,

η(u) =
∑

δg(e) = 1.

�

Lemma 9.4. γ(u) = u

Proof. Recall that the antipode is defined by

γ(δg ⊗ x) = δx−1g−1x ⊗ x−1.

Hence,
γ(u) =

∑
g

δg(g−1)g−1 ⊗ g =
∑
g

δg−1 ⊗ g =
∑
g

δg ⊗ g−1.

�

Recall the R-matrix
R =

∑
g

(δg ⊗ e)⊗ (1⊗ g)

and
P (R) =

∑
g

(1⊗ g)⊗ (δg ⊗ e)

so that
P (R)R =

∑
g,h

[(1⊗ g)⊗ (δg ⊗ e)][(δh ⊗ e)⊗ (1⊗ h)]

∑
g,h

(δghg−1 ⊗ g)⊗ (δg ⊗ h)

and
(P (R)R)−1 = R−1P (R−1) =

∑
g,h

(δg ⊗ h−1)⊗ (δg−1hg ⊗ g−1)
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Lemma 9.5. ∆(u) = (P (R)R)−1u⊗ u

Proof.

(P (R)R)−1u⊗ u = [
∑
g,h

(δg ⊗ h−1)⊗ (δg−1hg ⊗ g−1)][
∑
k,l

(δk ⊗ k−1)⊗ (δl ⊗ l−1)]

=
∑
g,h,k,l

(δgδh−1kh ⊗ h−1k−1)⊗ (δg−1hgδg−1lg ⊗ g−1l−1)

=
∑
g,h

(δg ⊗ g−1h−1)⊗ δg−1hg ⊗ g−1h−1)

=
∑
k,g

(δg ⊗ k−1)⊗ (dg−1k ⊗ k−1) =
∑
k

∆(δk ⊗ k−1) = ∆(u)

�

We would now like to verify the modularity of RepD(G) by computing the S-matrix. We first set up
some notation. Let {gk}nk=1 be a set of representatives for the conjugacy classes of G and let Zk = Z(gk).
We denote by V ka a complete set of representatives for the irreps of Zk. Let Ck be the conjugacy class of
gk and Sk a set of coset reps for Zk (including e for the coset Zk). As constructed previously, we get a
complete set of irreps of D(G) by considering

Va,k = C[G]⊗C[Zk] V
k
a = ⊕h∈Sk

h⊗ V ka

where F (G) acts on h⊗ V ka by evhgkh−1 . Thus, we can also write this as

Va,k = ⊕s∈Ck
hs ⊗ V ka ,

where D(G) acts on hs ⊗ V ka as evs and hsgkh−1
s = s. Each hs ⊗ V ka is an irrep of hsZkh−1

s . Let us then
examine the action of θ on Vk,a. Choose hs ⊗ v ∈ hs ⊗ V ka . Then, since the action of g and δg commute,∑

g

δg ⊗ ghs ⊗ v = shs ⊗ v = hs ⊗ h−1
s shshs ⊗ gkv

But V ka is an irrep of Zk and gk commute with the group action. Thus, the action of gk on V ka is via a
scalar. We can then express this scalar as

tr(gk|V ka )/ dimV ka = tra,k(gk)/ dimVa,k.

We note also that each h⊗ V ka is an irrep of hZkh−1, and hence, is a representation of Zk isomorphic
to V ka . That is, all the Zk-representations appearing in Va,k are isomorphic. It remains to compute
tr(θV ∗

a,k
⊗Vb,l

). Let us first figure out the dual representations. Of course V ∗a,k ' Va∗,k∗ for some indices
a∗, k∗. Since δh acts on V ∗a,k via (γ(δh))∗ = (δh−1)∗ we see that the characters of F (G) that appear are
evh with h conjugate to g−1

k . Therefore, k∗ is the unique index such that gk∗ = hg−1
k h−1 for some h.

But then, Zk∗ = hZ(g−1
k )h−1 = hZkh

−1. All Therefore, a∗ is equivalent to the irrep of Zk dual to a. Let
x ∈ Zk∗ . Then

tra∗,k∗(x) = tr(x|V k
∗

a∗ ) = tr(h−1xh|(V ka )∗) = tr(h−1x−1h|V ka ).

In particular,

tra∗,k∗(gk∗) = tra,k(gk).

Proposition 9.6.

S(a,k),(b,l) = |G|
|Zk||Zl|

∑
h∈G,hglh−1∈Z(gk∗ )

tra∗,k∗(hglh−1)trb,l(h−1gk∗h)
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Proof. For s, t ∈ G, consider the effect of θ on the F (G)-subspace

(Va∗,k∗)s ⊗ (Va,k)t

Since the whole tensor product is a direct sum of these, we can compute the trace with respect to a basis
adapted to this decomposition. The θ-action is given by the element.

∆(θ) =
∑
x,y∈G

(δy ⊗ x)⊗ (δxy−1 ⊗ x).

Since we will be taking traces, it will be slightly easier to switch the order of action so that on vs ⊗ wt,
we can examine ∑

x,y∈G
xδyvs ⊗ (xδxy−1)wt = tsvs ⊗ tswt.

Recall that vs = hs ⊗ v for v ∈ V k∗a∗ . For any element g, can write gsg−1 = r for some r ∈ Ck∗ . But
s = hsgk∗h

−1
s and r = hrgk∗h

−1
r . So

ghsgk∗h
−1
s g−1 = hrgk∗h

−1
r ,

and h−1
r ghs ∈ Zk∗ . Therefore,

gvs = hr ⊗ h−1
r ghsv = hgsg−1 ⊗ hgsg−1ghsv.

Applying this to the above, we get

tsvs = htst−1 ⊗ h−1
tst−1tshsv

and
tswt = m−1

tsts−1t−1 ⊗m−1
tsts−1t−1tsmtw.

Since the trace will only involve diagonal elements, we need only consider the contribution of elements
such that these are again in (Va∗,k∗)s ⊗ (Va,k)t. These are the s, t such that s, t commute. That is, we get

tr(θ|Va∗,k∗ ⊗ Vb,l) =
∑

s,∈Ck∗ ,t∈Cl,st=ts
tra∗,k∗(h−1

s tshs)trb,l(m−1
t tsmt)

=
∑

s,∈Ck∗ ,t∈Cl,st=ts
tra∗,k∗(h−1

s mtglm
−1
t hsgk∗)trb,l(glm−1

t hsgk∗h
−1
s mt).

Since gk∗ acts as a scalar on V k∗a∗ and same for gl on V lb , we get

tra∗,k∗(gk∗)trb,l(gl)
dim(V k∗a∗ ) dim(V lb )

∑
s,∈Ck∗ ,t∈Cl,st=ts

tra∗,k∗(h−1
s mtglm

−1
t hs)trb,l(m−1

t hsgk∗h
−1
s mt)

= tr(θ|Va∗,k∗)tr(θ|Vb.l)
∑

s,∈Ck∗ ,t∈Cl,st=ts
tra∗,k∗(ns,tgln−1

s,t )trb,l(n−1
s,t gk∗ns,t),

where ns,t = h−1
s mt.

Since the trace is conjugation invariant, we can place ns,t by x−1ns,ty = (hsx)−1(mty) for x ∈ Zk∗ , y ∈
Zl. If we sum over all such pairs x, y and all s, t, then hsx and mty run over all pairs of elements in G.
So the sum becomes

tr(θ|Va∗,k∗)tr(θ|Vb.l)
|Zk∗ ||Zl|

∑
a,b∈G,a−1bglb−1a∈Zk∗

tra∗,k∗(a−1bglb
−1a)trb,l(b−1agk∗a

−1b)

= tr(θ|Va∗,k∗)tr(θ|Vb.l)|G|
|Zk∗ ||Zl|

∑
h∈G,hglh−1∈Zk∗

tra∗,k∗(hglh−1)trb,l(h−1gk∗h)

�

We now leave as a mildly tedious exercise the following proposition.
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Proposition 9.7.
S2 = |G|C,

where C is the matrix whose (a, k), (b, l) entry is δa∗,bδk∗,l. In particular, C and S are non-singular.
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