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Abstract

We consider deterministic fast-slow dynamical systems of the form
ziy = 2+ 07 AG) + B o), vk = T,

where o € (1,2) and x,(cn) € R™. Here, T is a slowly mixing nonuniformly hyperbolic
dynamical system and the process W, (t) = n~1/® ZLn:t]l v(yk) converges weakly to a d-

dimensional a-stable Lévy process L.
We are interested in convergence of the m-dimensional process X, (t) = IE:t)] to the
solution of a stochastic differential equation (SDE)

dX = A(X)dt + B(X)dL,.

In the simplest cases considered in previous work, the limiting SDE has the Marcus in-
terpretation. In particular, the SDE is Marcus if the noise coefficient B is exact or if the
excursions for W,, converge to straight lines as n — oco.

Outside these simplest situations, it turns out that typically the Marcus interpretation
fails. We develop a general theory that does not rely on exactness or linearity of excursions.
To achieve this, it is necessary to consider suitable spaces of “decorated” cadlag paths and
to interpret the limiting decorated SDE. In this way, we are able to cover more complicated
examples such as billiards with flat cusps where the limiting SDE is typically non-Marcus

for m > 2.
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1 Introduction

Homogenisation for systems with multiple timescales is a longstanding and very active area of
research [36]. Recently there has been considerable interest in the case where the underlying
multiscale system is deterministic, see [13, 15, 16, 17, 21, 26, 27, 28, 34, 37] as well as our survey
paper [14]. Although the system is deterministic, chaotic dynamics often leads to a limiting
stochastic differential equation (SDE) driven by Brownian motion.

We are interested in the case where the limiting SDE is driven by a superdiffusive a-stable
Lévy process. This situation was considered previously in [13, 21] though, as we shall see, under
restrictions that gave a misleadingly simple picture.

Let a € (1,2). The multiscale equations that we consider have the form

{m,‘:&l = 2" + 0 A + 0B o), 1)

Yk+1 = Tyk
defined on R™ x A where A is a bounded metric space. Here,
A:R™ 5 R™, B:R™ 5>R™? y: AR T:A— A

It is assumed that the fast dynamical system 7" : A — A has an ergodic invariant probability
measure f15. Also, v: A — R? is Holder with [vdpuy = 0. Define

[nt]—1
Wa(t) =n""" > voTV. (1.2)
=0

Then W,, belongs to D([0,1],R?), the Skorokhod space of cadlag functions, and can be viewed
as a random process on the probability space (A, pa) depending on the initial condition yy € A.
We assume that T and v exhibit superdiffusive behaviour, so that the process W,, converges
weakly in D([0, 1], R?) to an a-stable Lévy process L.

Now fix x(()n) = ¢ € R™, and solve (1.1) to obtain (x,gn), yx) depending on the initial condition

yo € (A, pa). Define the cadlag process X, € D([0,1],R™) given by X,,(t) = xfgg]; again we

view this as a process on (A, up). Our aim is to show, under mild regularity assumptions on



the functions A : R™ — R™ and B : R™ — R™*? that X,, —,, X ! where X is the solution of
the SDE
dX = A(X)dt + B(X) dLg, X(0)=¢.

A key part of the theory is to explain the sense in which the limiting SDE is to be interpreted.

In previous work [21, 13], the limiting SDE had the Marcus interpretation [31] (see [29, 3, 7]
for the general theory of Marcus SDEs and their applications). The Marcus integral is the
analogue of Stratonovich in the Lévy case: it is the integral that transforms under the standard
laws of calculus. Gottwald and Melbourne [21, Section 5] deals with the special case d = m =1
and more generally the case of exact noise: d = m and B = (Dr)~! for some diffeomorphism
r: R™ — R™. However, exactness typically fails outside the case d = m = 1 and then [21] does
not apply.

In [13], we gave general conditions under which there is convergence to a Marcus SDE,
but a crucial assumption was that W, converges to L, in the M; Skorokhod topology. To
circumvent nonexactness, we used topologies inspired by rough paths: Weak convergence of
W, no longer suffices and we required in addition that W, is tight in p-variation. Moreover,
although convergence of W,, was assumed in the M topology, X,, need not converge in any of
the Skorokhod topologies [41] even in the simplest situations [13]. Hence we needed to consider
convergence of X, in generalised Skorokhod topologies as introduced recently in Chevyrev and
Friz [12]. In Theorem 3.7, we extend the result in [13] to include general “linear excursions”
for W,, (by which we mean that each excursion is asymptotically a line segment, possibly
with overshoots). This includes the situations where W,, converges weakly in the M; or My
topologies.

When d > 2, linear excursions for W, are highly unlikely unless there is a very simple
mechanism underlying the excursions, such as a neutral fixed point for an intermittent map.
Moreover, as shown in Example 1.1 below, typically the limiting SDE is not Marcus when B is
not exact and the excursions are not linear. In this paper, we present a general theory under
which the slow dynamics converges to an SDE driven by L, regardless of the nature of the
convergence of W,. Moreover, we give a full description of how to interpret the limiting SDE
for both the Marcus and non-Marcus cases.

Ezample 1.1. We show that in the simplest nonexact examples, convergence to a Marcus integral
typically fails unless the excursions of W,, are linear. Take d =m =2, A=0, £ =0 and

B:R? - R?*2 B(zy,z2) = ( L0 )
0 I
Then dX = A(X)dt + B(X)dL becomes
dx! =dL", dX? =dXx'dL?, X(0)=0.
In particular, X' (t) = L1(t) and X2(t) = [7 L' (t) dL*(t).
Choose h = (h1,h2) € C([0,1],R?) where h(0) = (0,0), h(1) = (1,1) and hy is C'. We
define W,, € D([0,1],R?) by

(0,0) fo<t<i-1
Wa(t)=qh(nt—3+1) ifi-L1<t<i.
(1,1) if1<t<1

"'We write —u, to denote weak convergence, emphasising the probability space on which X,, are defined. As
in [13], pa can be replaced by any probability measure absolutely continuous with respect to pa.



Then W,, converges pointwise to L € D([0,1],R?) given by L(t) = 1t>% (1,1). Moreover, a direct
calculation shows that the solutions X,, to the ODE dX,, = B(X,)dW, converge pointwise to
X € D([0,1),R?) where X () = 1,51 (1, [ ha(s) hb(s) ds).

We distinguish the case where the excursion of W), is linear, so {h(s); 0 < s < 1} is contained
in a line. In other words, h; = ho. This includes M; and My convergence as special cases.
Indeed W,, converges to L in the My topology if and only if {h(s); 0 < s < 1} is the line
segment joining (0,0) to (1,1). For convergence in the M;j topology, it is required moreover
that hy is non-decreasing.

In the linear case hy = hg, we obtain by a change of variables that X (t) = 11‘2% (1,3) and

the stochastic integral dX = B(L)dL has the Marcus interpretation. Otherwise, even though

the endpoints of the excursion for W,, on [% — l, 5] are fixed and the limiting path L is fixed,

the values of the limiting integral X on [ , 1] depend sensitively on the excursion h.

Decorated paths Example 1.1 shows that it is necessary to include excursions in the de-
scription of the limiting path L and to consider spaces of decorated cadlag paths. Such spaces
were introduced by Whitt [44] and studied further by Freitas et al. [19, 18]. Here, we build
on and generalise the spaces used by Chevyrev et al. [11, 12, 13] which sufficed for the Marcus
limits in [13]. As in [13], weak convergence of W), is insufficient to deduce convergence of X,
and we also require tightness of W), in p-variation.

Remark 1.2. The specific decorated cadlag space Z that we introduce in Section 2.1 is related
to but different from the spaces F' in [44, Sec. 15.7] and F” in [19, 18]. For our purposes, the main
advantage is that it is well-suited for studying fast-slow systems. But it also distinguishes more
decorated paths than F’ (see Example 2.3) which is already finer than F' (see [19, Section 1.1]).
In addition, our metric a. on & is complete and separable whereas the metrics considered
in [19, 44] are not simultaneously complete and separable.

Interestingly, there are natural embeddings ¢, 7 : D — 2 under which the metric aso induces
the J; and M topologies on D respectively (see Remark 2.8). This shows that our construction
simultaneously generalises the Skorokhod J; and M topologies. Moreover, the first embedding
¢ is dense, showing that (Z, ) is isometric to the completion of D under the standard J;-
metric (Corollary 8.15).

Solving decorated SDEs A key part of our paper is to show how to solve equations driven
by decorated processes. In the framework of Example 1.1, we argue that W,, converges to
a decorated process L con51st1ng of L together with an excursion {h(s); 0 < s < 1} at the
discontinuity point ¢ = 5. Solving the equation dX = B (X )dL yields a decorated process X,
and we show that X, converges weakly to X.

To solve dX = B(X)dL we proceed as follows: First, we insert an interval 2.2+
into the interval [0,1] and define a §-extension L9 € D([0,1 + 6], R?) coinciding with L on
[0,2]U[5 +6,14 6] (suitably displaced) and given by h (suitably scaled) on [3, 3 +4]. Then we
solve the Young equation X% = B(X?%) dL5 for X% € D([0,1 4+ 6], R?). Finally, we collapse the
inserted interval [2, 5 + 0] back to a point 5 L to obtain the desired decorated limit X consisting
of a cadlag path on [0, 1] and an excursion at t = 5. Precise definitions are given in Section 2.

Ezxample 1.3. The motivating example for the results in this paper is a class of dispersing billiards
with flat cusps introduced by [25]. The billiard table Q C R? has a boundary consisting of C*
curves with at least one flat cusp. In local coordinates (s, z) € R?, the i’th cusp lies at (0,0)
and the bounding curves are given by I'y = {(s,+5%)} close to (0,0), where 3; > 2. We let
B = max 3; corresponding to the flattest cusp(s).



The phase space of the billiard map (collision map) T is given by A = 0Q x [—7/2, 7/2], with
coordinates (r,0) where r denotes arc length along 9@ and 6 is the angle between the normal
to the boundary and the collision vector in the clockwise direction. (A standard reference
for billiard maps is [9].) There is a natural ergodic T-invariant probability measure duy =
(210Q|) "t cos O dr df on A, where |0Q| is the length of 9Q.

Let v : A — R be a Holder observable with [, vduy = 0 and define W, as in (1.2).
By [25, 24], W,,(1) converges weakly to an a-stable law with « = 8/(5—1) € (1,2). Convergence
to the corresponding Lévy process is considered in [33, 24, 23]. Such convergence is impossible
in the standard Skorokhod J; topology since the jumps are bounded. If v has constant sign
on each cusp, then convergence holds in the Mj topology. For more general v, convergence of
W, might hold only in the My topology [33] or may fail in any Skorokhod topology [23, 33].
Indeed, the latter is typically the case when d > 2. Nevertheless, convergence always holds in a
suitable decorated path space [18].

For purposes of illustration, consider the case of a billiard with a single flat cusp as shown
below.

Take 8 =3, @ = 3 and v : A — R? to be the mean zero observable v(r,d) = (cos 36, cos 50).
We show a parametric plot of a computer-simulated W,,(t), 0 < ¢t < 1, with separate plots for
its coordinates W} (t), W2(t).2

— Wa(t) Wa(t)
0.2
oz | I t
1
0.2 |
0 [ |
W2 (t)
0.2
—0.2] 1 \ /MWWt
W 1
| | | _0 2 1
—0.2 0 0.2

Every deep excursion into the cusp resembles the figure co (or a butterfly) with the start and
end points close to the centre. Despite the geometric simplicity of the example, such excursions
are clearly incompatible with the Skorokhod topologies. Moreover, the excursions are not linear
and hence outside the regime where one should expect a Marcus SDE.

Our main results incorporate a large class of nonuniformly hyperbolic systems with su-
perdiffusive behaviour, including billiards with flat cusps. For such systems, we recover the

2The data can be accessed at https://khumarahn.github.io/CKM23.
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result of [18] that W,, converges weakly to a decorated a-stable Lévy process. Moreover, we
relax certain assumptions in [18]: we do not require that endpoints of excursions are in distinct
directions, nor that they are nonzero. In addition, we verify tightness of W), in p-variation (ex-
tending the corresponding result in [13] to a larger class of dynamical systems). Theorem 3.6
guarantees that these are the ingredients required to show weak convergence of X,, to solutions
of a correspondingly decorated SDE.

The remainder of this paper is organised as follows. In Section 2, we define our space of
decorated cadlag paths and explain rigorously how to solve SDEs driven by such decorated
paths. Then in Section 3, we state our main results. Sections 4 to 7 are devoted to the proofs
of these main results. In Section 8, we prove the results from Section 2 for the decorated path
space.

Notation We use “big O” and < notation interchangeably, writing a,, = O(b,) or a, < b,
if there are constants C' > 0, ng > 1 such that a,, < Cb, for all n > ng. As usual, a, = o(by)
means that a, /b, — 0 and a,, ~ b, means that a, /b, — 1.

For a function h : [a,b] — R%, we denote h(t~) = limgy h(s) whenever this limit exists. We
let —,, denote weak convergence of random variables. We write ZT = {1,2,...}.

2 Decorated path space and p-variation

In this section we define the space & of decorated cadlag paths with metric as. We also
define the enhanced space 2P¥* with metric o .var based on p-variation. We then show how
to construct solutions X to differential equations driven by elements ¢ € 2PV3 and end with
Theorem 2.10 which states that the solution map ¢ — X = S(¢) preserves weak convergence.

Proofs of the results in this section are delayed to Section 8 where independence of definitions
on various choices is also verified.

2.1 Decorated path space

Fix d > 1. Let I = [a,b] C R be a bounded closed interval. We denote by C(I,R%) and
D(I, Rd) the spaces of continuous and cadlag functions equipped respectively with the uniform
norm |hleo;; = sup,¢s |h(x)| and the Skorokhod J;-metric

Ooo:i1(h1, ho) = )i\relf\maxﬂ)\ —Id|oo, |1 © A — haloo }-

Here, A is the set of continuous increasing bijections A : I — I. We will drop I from our
notation in norms and metrics whenever it is clear from the context.

In the remainder of this subsection, we suppress the dependence on R?, writing C(I), D(I)
and so on. Also, we write for instance Dla, b] instead of D(]a,b])

Consider a function ¢ : I — D|0,1]. If ¢(¢) is a constant path in D0, 1], then we say that
t € I is a stationary point for ¢.

Definition 2.1. We let Z(I) denote the space of pairs (¢, IT) where ¢ : I — D[0, 1] and
(a) the function t — ¢(t)(1) lies in D(1),

(b) II C I is an at most countable set (possibly empty) containing the non-stationary points
of ¢,

(c) foralle > 0, there exist only finitely many ¢ € II such that sup,cpo 17 [¢(t)(s) —#(¢)(0)] > e.



Let (¢,11) € Z[a,b] and write Il = {t; : 1 < j < k} where £ € {0,1,...} U {co}. Given
§ > 0, we define the 6-extension ¢° € D]a,b+ 9] as follows. When k = 0, we define ¢°(t) = ¢(t)
for t € [a,b] and ¢?(t) = ¢(b) for t € [b,b+ 6]. Otherwise, define r = P 277 > 0. We insert
in [a,b] fictitious intervals I; of length 277§ /r after each t; to obtain the interval [a,b + d].
Define ¢° : [a,b + §] — R? to coincide with ¢ on [a,b + 6] \ U; I; and to coincide with the
appropriate time-scaled version of ¢(t;) on I;. (So if I; = [¢j,¢c; +2778/r] C [a,b+ §], then
P (cj + s) = ¢(t;)(s27r/5) for 0 < s < 277§/r.) See Section 8.1 for a more precise definition.
By Lemma 8.4, ¢° € Dla, b + 4] for all (¢,1I) € Z[a, b].

For (¢1,111), (¢2,12) € P[a, b] we set

Cocifa ) (91, 02) = M 0ocifa ) (81, 63):

By Lemma 8.12(i), this limit exists and is independent of II;, ITs and the various other choices
above. From now on we speak of ¢ € & [a, b] and suppress the set II.

We are now in a position to define our metric space of decorated cadlag paths. Given
hi,ho : [0,1] — R% we say that hy is a reparametrisation of hg if infyep |h1 0 A — ho|so = 0. Say
that ¢1, ¢p2 € P[a,b] are equivalent if the paths s — ¢;(t7)(1)1s=0 + ¢;(t)(s)1s=0 for i = 1,2
are reparametrisations of each other for all ¢ € [a, b].

Definition 2.2. We let Z[a,b] = 2([a,b],R?) be the space of equivalence classes in Z[a, b].

By Lemma 8.12(i) and Theorem 8.14, a+ is constant on equivalence classes and defines a
complete separable metric on Z[a, b]. Elements of Z|a, b] are called decorated paths, generalising
a similar notion introduced in [11, 12] called path functions.

Ezxample 2.3. The following are examples of decorated paths that are distinct in 2 but identified
in the space F” considered in [19, 18]:

sin(2ms) ift=1/3 sin(4ws) ift=1/3
o(t)(s) = < sin(4rs) ift =2/3 and (t)(s) = { sin(2ws) ift =2/3
0 else 0 else
¢ (G

We end this subsection by recording some elementary properties of & which are used in
Section 6. The following result is immediate from the definitions.

Proposition 2.4. Let a < c <b. Then

Qoosla,b] (d)l’ ¢2) < maX{aoo;[a,c] (¢1a ¢2)a Coo;(c,b] (le, ¢2)}
for all ¢1, ¢ € D[a,b).? [ ]

Definition 2.5. Define the embedding ¢ : D(I) < 2(I) by setting th(t)(s) = h(t). We call th
the trivial lift of h.

3We can define ass on %(c,b] with the obvious modifications.



Remark 2.6. Let hq, hs € D(I) Then aOO(th, th) = Uoo(hl,hg) < ‘h1 — h2|oo.

Proposition 2.7. Let ¢ € 2(I) such that ¢(t)(s) = ¢(a)(0) for all t € [a,b), s € [0,1], and
such that ¢(b) € D[0,1]. Define h € Dla,b], h(s) = ¢(b)(;=%). Then as(¢,th) <b— a.

Proof. We take IT = {b}. Note that (:h)? is a reparametrisation of ¢° on [a, b + d] so
0o (02, (1h)?) < b —a+6.
The result follows by definition of . |

Remark 2.8. There is another embedding j : Dla,b] — Z]a,b] for which (3h)(t)(s) = (1 —
$)h(t™) 4+ sh(t), the linear path from h(¢~) to h(t). Then the topology on D[a, b] induced by aoo
via the embedding j is the M; topology, see [12, Proposition 2.9]. Together with Remark 2.6,
this shows that (Z[a, b], @) generalises simultaneously the J; and the M topologies on Dja, b]
via the embeddings ¢, : D[a,b] — Z]a, b] respectively.

2.2 p-variation

Fix p € [1,00]. The p-variation semi-norm of a function  : [a,b] — R? is given by

1/p
Blyparfayy = sup (Zm t) = hti)lP) (2.1)

a=to<t1<--<tp=b

understood as sup yc(qp) [hs — | if p = co. Define also the norm [|h||pvar = [R(a)] + |h]p-var-

Now let ¢ € Z[a,b]. Recalling the definition of 0 € Dia,b+ 6], we set |p|pvar = |¢5|p_var.
This is well-defined, independent of §, and constant on equivalence classes by Lemma 8.11. We
can therefore define |@|pyar for ¢ € Z[a,b]. Let

2PV a,b] = {¢p € P[a,b] : |@|p-var < 00}. (2.2)
Similarly, define 2PV [a, b].
Remark 2.9. Let h € Dla, b] with trivial lift th € Z[a,b]. Then |th|pvar = |h|p-var-
Next, we introduce a Skorokhod version of p-variation. For hy, ho € Dla,b], define the metric

Up—var(hl, h2) = )I\IGIf\maX{’/\ — Id‘oo, th oN— hz"p_var}.

For ¢1, o € IV [a, b], we set

ap—var(¢1> ¢2) = %g% O'p—var(d)({) d)g)

Again, by Lemma 8.12(ii) this limit exists and is constant on equivalence classes. In this way,
we define the metric oy yar on 27V [a, b].

2.3 Differential equations driven by decorated paths

Fixm,d > 1and p € [1,2). Forvy > 0, let C7(R™,RY) denote the space of functions f : R™ — R?
such that
|Df(x) = D*f(y)|

Ifller = max D] Sup  Imax <
|oe|=0,...,[y > a:;éyERm lo]=[] ’l‘ - y"y_h]

8



(Note f € CN for N € Z* implies only that the (N —1)-th derivative of f is Lipschitz.) Assume
that A € C8(R™,R™) for § > 1 and B € C7(R™,R™*%) for v > p. Let £ € R™. We consider
initial value problems of the form

dX = A(X)dt + B(X)dp, X(0)=¢, (2.3)

where ¢ € 2PV ([0,1],RY), X € 9Pvar([0,1],R™).

To interpret and solve (2.3), consider the decorated path (w,II) = ((d,¢),1I) €
ZPvar([0,1], R4, where Id : [0,1] — [0,1] is the identity map. Consider also a d-extension
W e DpPvar([0,1 4+ 5],R1+d), 0 > 0, as described in Section 2.1. There is a unique solution
X% € DPvar([0,1 + 6], R™) to the initial value problem

dX° = (A, B)(X?)du’, X°(0)=¢

defined as a Young ODE, see Section 8.3. Define (X,II) € 2PV ([0,1],R™) with X (¢;) €
DrYar(10,1],R™) for t; € II given by the suitably rescaled version of X 0 restricted to the
interval I; = [c;,c; + 2778 /r] (see Section 8.3 for details). By construction, X° is precisely the
d-extension of (X, II).

As shown in Proposition 8.16, the resulting map

S - @p-var([O’ 1],Rd) N gp-var([07 1],Rm), b X,

is well-defined and continuous (with respect to the ay.var topology on domain and range). We
call X the solution of (2.3) and S the solution map.

The following is our main convergence criterion for ODEs driven by random decorated paths,
the proof of which we give at the end of Section 8.3.

Theorem 2.10. Suppose ¢, is a sequence of random variables in 2P~ (0,1],R?) and ¢ is a
random variable in 2([0,1],RY), such that ¢, —, ¢ in the s topology. Suppose further that
| O] p-var 1 tight.

Then |@|pvar < 00 a.s. and the solutions X, = S(¢n), X = S(¢) € 2PV([0,1],R™) satisfy
Xp —w X in the agvar topology for all ¢ > p.

3 Dynamical setup and main results

In this section, we state the main result in this paper.

3.1 Assumptions

Let A be a compact metric space with Borel probability measure us, and let T': A — A be
an ergodic and mixing measure-preserving dynamical system. Fix ¥ C A with pp(X) > 0. We
define the first return time

R:Y = 7%, R(z) =inf{n > 1:T"z € ¥},

and the first return map
2oy, fo=TR@g

The map f : ¥ — 3 preserves the probability measure p = ppls/pa(2).

As described below, we assume that T falls within the so-called Chernov-Markarian-Zhang
framework [32, 10]. Informally this means that (i) we have good control on the first return time
R, and (ii) f is modelled by a Young tower with exponential tails.

This framework incorporates uniformly expanding/hyperbolic systems such as the intermit-
tent maps [40] as analysed in [13], but is flexible enough to include nonuniformly hyperbolic
systems such as the billiards with flat cusps [25] from Example 1.3.



Assumptions on the first return time. Our first assumption is that R is regularly varying
with exponent a € (1,2). That is

WR>1t) ~ L)t ast— o0 (3.1)

where £ : (0,00) — (0,00) is a slowly varying function.
Introduce b, > 0 such that b$ ~ nl(b,) as n — co. We require that for every s > 0, there
exist #; > 1 and C' > 0 such that

(R > sby, and Ro fI > sb,) <Cn~% forall1<j<n. (3.2)

This assumption means that large first returns are not too clustered.

Assumptions on the first return map. We suppose that (f, %, ) is ergodic and mixing
and modelled by a Young tower with exponential tails [46] as discussed further in Section 4. In
particular,

e There is an inducing set Y C ¥ with u(Y) > 0 and a return time 7 : ¥ — Z* (not
necessarily the first return time) such that F' = f7 maps Y into Y/

e The tail probabilities u(7 > n) decay exponentially;

e Associated to F', there is a countable partition {Y; : j > 1} of Y and 7 is constant on
elements Y.

We require that R is constant on elements of

C={fY;:0<t<rly,j>1}

Assumptions on excursions. Let 3;, i =1,...,¢, be a finite collection of disjoint subsets
of ¥ such that the ¥; are unions of elements of C. (When 7' : A — A is a billiard with flat cusps,
the sets 3; correspond to trajectories entering the i’th cusp, restricting to flattest cusps.)
We suppose that
W(Rly, >1t) ~cil(t)t™ ast— oo (3.3)

for each i, where ¢; > 0 and > 7 ;¢; = 1. Setting 3o = X\ U, .. 2, We require that there
exist C' > 0 and n > 0 such that
w(Rls, >t) < Ct= @+ forall t > 0. (3.4)

(Together, (3.3) and (3.4) imply assumption (3.1).)

Let v : A — R? be a Holder observable with i) Avduy = 0. We consider a set of profiles
P={P,i=1,...,e} C C([0,1],R?) with P;(0) = 0 for each 7. Our final assumption is that
there exist C' > 0 and n € (0,1) such that

k
1&.‘ S voT! - Pi(k:/R)R’ <CRY foral0<k<R—1,i=1,....e.  (3.5)
(=0

Remark 3.1. By (3.5) and continuity of P;, each profile P; is Lipschitz. It is equivalent to (3.5)

that
[Rt]—1

122.‘ S woT! - Pi(t)R‘ < CRY™ forallte|0,1],i=1,..., e (3.6)
£=0

Remark 3.2. Unlike in [18], we do not require that the endpoints P;(1) € R? are distinct and
nonzero.
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3.2 The decorated Lévy process L’
Let wy = (1,0,...,0), ..., we = (0,...,0,1) be the standard basis of R®. Define

e
. € — .
: : =S wiRly,. .
Z:% >R Z=> wRly, (3.7)
=1

Then Z is regularly varying with spectral measure v on S¢~! given by v = Y7, ¢;d,,. This

means that (17 i 7/17 € E)
.M > rt, S —a

1 = FE .
R rE) (35)

for all r > 0 and all Borel sets E C S¢~! with v(OE) = 0.
Let G, be the corresponding e-dimensional a-stable law with characteristic function

E ¢isGe — exp{ - / |s - x| (1 —isgn(s - x)tan %) oS % I'(l—a) dy(x)}
Se—1

for s € R® Then Z is in the domain of attraction of G,. That is, if Z1, Z,,... are i.i.d. copies
of Z, then b, ' (Y5 Zj — n [5, Z dp) —w G
Let R = [y Rdp and let Lo, € D([0,1],R®) be the e-dimensional a-stable Lévy process

corresponding to the stable law R~1/*G,,.
Let I' = (Pi(1),..., P.(1)) € R%¢ and choose ® : S*~! — Lip([0, 1], R%) such that

o (z,s)+— ®(z)(s) is Lipschitz continuous;
e & is constant in a neighbourhood of each w;;
o O(w;) = P; for each i.

We define the decorated Lévy process LY € 2([0,1], R%):

LP()(5) = TLa(t") + |La(t) — La<t—>\¢>( La(t) = La(”|)<s>,

‘La(t) - La(t_)

with the convention that L% (t) = I'L,(t) at continuity points ¢ of L. Although there is some
flexibility in the choice of ®, the decorated process LY depends only on L, and the set of profiles
P.

Remark 3.3. (a) It is easily checked that LY € 2([0, 1], R?). We need to verify that L (t)(1) =
'L, (t) for discontinuity points ¢ of L,. To this end, Ly (t) — La(t™) = w;i|La(t) — La(t7)| for
some i and ®(w;)(1) = P;j(1) = T'w;. Hence

Ly (t)(1) = TLa(t7) + [La(t) = La(t7)|®(wi)(1)
=TLa(t™) + |La(t) (t7)|Tw;
= FLa(t_) + F(La(t) - La(t_)) = FLa(t)'

- L
- L

«

(b) Each d-extension (LX) is an element of C([0,1 + §],R%).

11



3.3 Main results

Let v : A — R? be a Holder observable with / Avdupn = 0. Define the cadlag processes on

(A, pa),
[nt]—1

Wy € D([0,1],RY),  Wo(t)=b," > voTi.
j=0

Using the embedding ¢ : D([a, b], R?) < 2([a,b],R?) from Definition 2.5, we obtain the trivial
lift
W, = Wy, € 2([0,1,RY), W, (t)(s) = Wa(t).

We prove:
Theorem 3.4. Wn —pa LE in the as topology as n — co.
Theorem 3.5. The sequence |Wp|pvar 5 tight on (A, up) for every p > a.
The proofs are postponed to Sections 4, 5, 6 and 7. As a consequence, we obtain:

Theorem 3.6. Let d,m > 1, £ € R™. Assume that A : R™ — R™ and B : R™ — R™*? gre
sufficiently smooth as in Section 2.53. Let X,, X € 2([0,1],R™) be solutions for

dX, = A(X,)dt + B(X,)dW,,  dX = A(X)dt+ B(X)dLE
with X,,(0) = X(0) =&. Then
Xn —up X in the agvar topology as n — 00

for every q > «.

Proof. By Theorem 3.5 and Remark 2.9, |/V[7n|p_var is tight for p > «. Hence it follows from
Theorems 3.4 and 2.10 that X, = S(W,,) —,, S(LY) = X. [ |

We say that the profile P; is linear if {P;(s) : 0 < s < 1} is contained in a line. Under the
extra assumption that excursions are linear, i.e. each profile P; is linear, we can identify our
solution with a Marcus SDE as follows.

Theorem 3.7. In the setting of Theorem 3.6, assume additionally that P; is linear for each
i=1,...,e. Then the path t — X (t)(1) solves the Marcus SDE dY = A(Y)dt + B(Y) ¢ dL,,.

Proof. To show the first claim, consider the decorated process LY, € 2([0,1],R?) defined by
LL(t)(s) = (1 — 8)La(t™) + sLa(t) and the solution X* € 2([0,1],R™) to

dX' = A(XYdt + B(X%)dLY, X(0)=¢.

By [12, Proposition 4.16],4 the path ¢ — X*(¢)(1) is almost surely equal to the solution Y of the
stated Marcus SDE. On the other hand, for any i = 1,...,e and A € R, since P; takes values on
a line through P;(0) = 0, one has Z(1) = Z*(1) for the solutions Z, Z* : [0,1] — R™ to the ODEs
dZ = B(Z)\dP; and dZ* = B(Z*)AP,(1) ds with same initial value Z(0) = Z*(0). Since every
excursion of LE is of the form s +— 'Ly (t—) + APi(s) for some i = 1,...,e and X € R, it readily
follows from the construction of the solutions X, X¢ in Section 2.3 that X (¢)(1) = X/(¢)(1). ®

4[12, Proposition 4.16] assumes that the functions A, B are C” for v > 2, but the same (even simpler) proof
applies in our setting since we are in the Young regime p € [1,2).
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4 Preliminaries about Gibbs-Markov maps and Young towers

In this section, we elaborate on the structure of the dynamical systems (f, %, u) and (F,Y, uy)
from Section 3.1 and we collect together some ergodic-theoretic properties of such dynamical
systems for easy reference during Sections 5, 6 and 7.

Let (Y, py) be a probability space with an at most countable measurable partition {Y; :
j>1}andlet F: Y — Y be an ergodic measure-preserving map. Define the separation time
s(y,y') to be the least integer n > 0 such that F™y and F™y lie in distinct partition elements.
We assume that s(y,y’) = oo if and only if y = ¢/; then dy(y,y/) = 6°¥¥) is a metric for
6 € (0,1).

We say that F': Y — Y is a (full-branch) Gibbs-Markov map if (i) F : Y; — Y is a measure-
theoretic bijection for each j > 1; (ii) there exists § € (0,1) such that log¢ is dp-Lipschitz,
where ¢ = duy /duy o F. For standard facts about Gibbs-Markov maps, we refer to [1, 2].

We say that a function g defined on Y is piecewise constant if g is constant on partition
elements.

Proposition 4.1. Let g € L*(Y) be piecewise constant with [ gduy = 0. Then
k—1 .
> 5o
5=0

where C > 0 is a constant independent of g and n.

max
1<k<n

< Cn'|g| 2y

L2(Y)

Proof. We suppress the bars. Also, |- |, denotes | - |rpy). Given v : Y — R continuous, we
define |[v]lp = [|v]|oc + Lipgv where Lipgv = sup,_, [v(y) — v(y')|/dg(y,y’). In particular, we
can fix 0 € (0,1) so that Lipylog & < oo.

Define the transfer operator P : L'(Y) — L*(Y) (so [, Pvwduy = [, vw o Fduy for
v e LYY), w € L*®(Y)). Then (Pv)(y) = > &(y;)v(y;) where y; is the unique preimage of y
under Fly,. There exists C' > 0 such that £(y;) < Cpu(Y;) and [§(y;) — §(y;)| < Cu(Y;)de(y,y')
for all y,y' € Y;, j > 1. It follows easily that || Pglls < [g]1 < |g]2.

There exist constants v € (0,1), C > 0 such that ||P"v|lp < C"||v|l¢ for all contin-
uwous v : Y — R with [[vduy = 0 and all n > 1. Define x = > 7, P"g. Then
IXloo < o0y [IP* 1 Pylle < [ Pgllo < |g]2-

Now define the “martingale-coboundary decomposition”

g=m+xol —x

where |m|y < |g|2. Since m € ker P, it follows easily that !Zj<nm o Fj}2 = n'/2m/s. More-
over, {mo FJ, j > 0} is a sequence of reverse martingale differences so, by Doob’s inequality,

| maxg<y, | D j<k MmO Fsz < 2n'/2|m/,. Hence

Fj’ < opl/2 5 12
’?23;‘;90 |2* n |m’2+ |X|oo<<n |g|2
J

as required. |

We require that the map (F,Y,uy) from Section 3.1 quotients to a Gibbs-Markov map
(F,Y, uy). Specifically, there is a measure-preserving semiconjugacy 7 : ¥ — Y between F
and F. We say that a function g defined on Y is piecewise constant if g is constant on Y, = 7’7*117}
for each j.

Suppose as in Section 3.1 that b ~ nf(b,) where a € (1,2) and ¢ is slowly varying.
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Proposition 4.2. Suppose that (F,Y, uy) quotients to a Gibbs-Markov map. Let g : Y — [0, 00)
be piecewise constant and integrable with fygduy = 0. Then the following are equivalent:

(a) b1 Z;L:_OI go Fi —, . G where G is a nondegenerate a-stable law.
(b) py(g>1t) ~cl(t)t™ ast — oo for some ¢ > 0.

Proof. Since 7 : Y — Y is a measure-preserving semiconjugacy, it suffices to prove this result
at the level of (F,Y,fiy). Suppose that uy(g > t) ~ cl(t)t™* as t — oo for some ¢ > 0.
By [[1]}7 b, Z?;l go F) —,_ G where G is a nondegenerate a-stable law. The converse holds
by [22]. |

Exponential Young towers Let (X, d) be a metric space and f : ¥ — ¥ a measurable map.
Let Y C ¥ be a measurable subset, Let 7 : Y — Z™ be a return time (so fTWy ey fory e Y).
Define F'= f7: Y — Y and let uy be an F-invariant ergodic Borel probability measure on Y.
We suppose as above that (F, Y, uy) quotients to a Gibbs-Markov map (F', Y, uy). Moreover,
we require that 7 : Y — Z% is piecewise constant. (In particular, 7 is well-defined on Y.) We
suppose further that py (7 > n) = O(e™") for some ¢ > 0.
Define the Young tower fa : A — A,

(y,0+1) ifl<7(y)—2

A={(y,0) eY XZ:0<l<7(y)},  faly,l)= {(Fy,O) itr=r(y)—1

with ergodic fa-invariant probability measure ua = (uy X counting)/7 where 7 = [, 7 duy-.
Define the semiconjugacy

A A =X, A (Y, £) :fz(y),

between fa and f. Then p = (7a)«pa is an f-invariant ergodic probability measure on X.
Under certain further technical assumptions as in Young [46], we say that (f, X, u) is modelled
by a Young tower with exponential tails. (These technical assumptions ensure the validity of
Theorem 4.4 and Lemma 4.5 below, and are not used further in this paper.)

For n > 1, define the lap number N, : A — Z* to be the integer satisfying

Np(z)—1 Nn(x)
Y r(Fily)<n+l< ) 7(Fly) (4.1)
i= §=0

for z = (y,4) € A.

Proposition 4.3. There exists C > 0 such that ‘maxlgkgn | Ny — k%*IHLl

A) < Cnt’? for all
n>1.

(

Proof. Write 7, = Z?;& 70 FJ. Then, for x = (y,/) € A,

Ny (z)—1 Ny (z)
TNa@ @) —T@W) < 3. T(Fiy) —0<n< Y 7(Fly) — 0 <ty (y) + T(FN@y),
=0 =0

Hence,
In — Nu(2)7] < |7y, (2)(y) — Nu(2)7] + max{r(y), 7(FN"y)}.
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Since N, < n,

——1 < ——1
gggn!kT Ni(z)] <77 Hu(y)

where Hn(y) = maxg<;<n ‘Tj(y) — ]7_“ + maxop<j<n T(ij).
Since 7 € L?(Y) and H,, is independent of ¢,

1 1 1
|1I%1/?§Xn|k7— — NkHLl(A) <T /YTT Hn dlu,y < ‘Hn‘L2(Y)-

Applying Proposition 4.1 with g =7 — 7,

¢ — — - L . — 1/2
’()Igjagxnh—] jTHLQ(Y) = ‘Or%l]agxnh—] jTHLQ(Y) <n .
AISO, ‘maXOSanT o Fj’Lz(y) < 77,1/2‘T|L2(Y)- Hence ’Hn’LQ(Y) < n1/2 as required. -

Let A consist of unions of elements of C. Let B consist of subsets B C ¥ that are unions of
sets of the form f~7A where A € A, j > 0. Clearly, A C B.

Theorem 4.4. Suppose that f : X — X is mizing and modelled by a Young tower with expo-
nential tails. Then there exist constants C > 0, v € (0,1) such that

[W(AN f"B) — w(A)u(B)| < Cy"
forallAc A, BeB, n>1.

Proof. In general, the Young towers associated to f are mixing only up to a finite cycle.
However, since f is mixing, we can reduce by [8, Section 10] (see also [6, Section 4.1]) to the
case when fa : A — A is mixing.

The observables 14 and 15 on X lift to observables v =14 oA, w = 15 0o TA on the tower
A. Since A, B € B, it follows from Young [46] that,

[1(ANf7"B) = w(A)u(B)| < (Jv]oo + Lipg v) [wloo 7",

where Lipgv = sup(, o2y [V, €) — v, €)|/de(y,y’). The result follows since |v] < 1,
Lipgv <1 and |w| < 1. [ |

Lemma 4.5. Suppose that f : ¥ — X is mizing and modelled by a Young tower with exponential
tails and fix ¢ > 1. Let H : ¥ — RY be such that H € L7 and fz Hdp = 0. Suppose that there
exists C > 0, n € (0,1) such that |H(z) — H(z")| < CR(z)d(z,z")" for all x,2" in the same
element of C.

Define Hy = Z:_& Ho f':Y — R Then

HY =m+xoF —x

where m, x € LP for all p < q and {m o F" 7 :0 < j <n} is a martingale difference sequence
for each mn > 1.

Proof. This is part of the proof of [33, Lemma 6.2]. |

Corollary 4.6. Assume the setup of Lemma 4.5 with ¢ > «. Then

k—1
b;lrl?gic‘ZHofj! —u 0.
<
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Proof. Choose p € («, q). Following the proof of [33, Lemma 6.2], we can apply inequalities of
Doob and Burkholder to deduce from Lemma 4.5 that

k—1 k—1
jiad Fj‘ <’ FJ') 2’ rk e — o(b,).
e 7o P = e T 1] 2o 1], st = o

In particular, b;,* maxj<p ’ Z?;é HY o FJ ! —uy 0. The result follows by a standard inducing
argument (e.g. a very simplified special case of [35, Theorem 2.2]). |

Remark 4.7. Let (T, A, up) and R be as in Section 3.1. Suppose that v : A — R? is a Holder
function with fA vdup = 0 and let H = Zf:_ol voT* Then fz Hdu = 0 and H satisfies the
estimate on H(z) — H(2') in Lemma 4.5.

Lemma 4.8. Let V € LY(X) with [V du = 0. Define the induced observable V¥ : Y — R,
VY = Z]T;é Vo fi. Let G be a random variable. Then the following are equivalent:

(a) b Y5 Ve fl =, G.
(b) b, SIS VY 0 Iy, 710G
Proof. Since Y quotients to a Gibbs-Markov map and 7 is piecewise constant and square

integrable, it follows for example from [1] that n_l/z(zgzol 70 FJ —n7) —,, N where N is a

possibly degenerate Gaussian. In particular, b, 1(2?:_3 7o FJ —nT) —uy 0. Hence, the result
follows from [33, Theorem A.1 and Remark A.3]. [ |

5 Convergence in J; for the first return dynamics

Let (f,X,u) and R : ¥ — Z™ be as in Section 3. In particular, the map f is mixing and
modelled by a Young tower with exponential tails. We assume conditions (3.2) and (3.3) and
make use of Propositions 4.1 and 4.3 and Theorem 4.4. The underlying system (7', A, p) plays
no role in this section.

In Section 3.2, we defined

e
Z:S >R, Z=) wRly :T R
=1

Recall also b® ~ nl(b,) as n — oo from Section 3.1. Let Z = Z — Js Zdp and define the
sequence of processes

W7 eD(0,1,R?),  WZ(t)=b," > Zof

on the probability space (X, u). Let Lq, be the e-dimensional a-stable Lévy process correspond-
ing to the stable law G, described in Section 3.2 (so L, = Rl/aLa).
In this section, we prove

Theorem 5.1. Assume that f : X — X is mizing and modelled by a Young tower with ex-
ponential tails. Suppose that conditions (3.2) and (3.3) hold. Then W7 —,, Lo in the Ji

topology.
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Our proof of Theorem 5.1 largely follows the approach in [24, Section 4] which was written
specifically for billiards with flat cusps in the case d = 1.

On the probability space (X, i), we define the sequence of random point processes N, =
Z?Zl 5(% bl Zofi—1) O (0,00) x (R \ {0}). The Lévy measure II corresponding to the Lévy

process L, is given by

I(B) = O‘/Se_l /OOO 1p(rz)r * tdrdv(z)

where v = )7 | ¢;d,, is the spectral measure from Section 3.2. Let A be the Poisson point
process on (0,00) x (R¢\ {0}) with mean measure Leb xII.

By [42, Theorem 4.1] (see also [43, Theorem 1.2] and [24, Proposition 4.4]), to prove Theo-
rem 5.1 it is enough to verify two conditions:

Condition I (Point process convergence). N;, —, N as n — oo in the space of point
measures defined on (0,00) x (R \ {0}).

Condition IT (Vanishing small values). For every v > 0,

e=U n—oo

k—1
- 51 j_ 71 - _
IIII(l)IlmSup[L(lIélkagxn Z(Zl{\ZKbna}) o f k/z Z1 7 <bne} du‘ > bn’Y) = 0.

These conditions are verified in the next two subsections. We denote by B,(c) C R¢ the open
ball of radius @ centred at c.

5.1 Point process convergence

In this subsection, we verify Condition I. We follow [24, Section 4.5] using [38, Theorem 2.1].
It is enough to prove convergence of N, to A/ on

(0,00) x U, U =R\ Byy(0)

for each fixed ag > 0.
Fix ag and let

A ={|Z] > agbn}-

Let W be the ring of subsets of U generated by sets of the type {z € R®:a < |z| < d/, x/|z| €
E}, where ag < a < @’ and E C S°~! is open with v(OF) = 0. Note that W generates the Borel
sigma-algebra on U and that II(0W) = 0 for all W € W.

For a collection F of measurable subsets of 3, define

Qp(F) = sup |1(AN B) — u(A)u(B)|.
Beo(U

jzp J7F)
Let J, =b,, 1Z. By [38, Theorem 2.1], to prove Condition I it suffices to prove the following:
Lemma 5.2. (a) limy o0 pu(J, ' W|A,) = (W|U) for all W € W.

(b) O1(J, " Wo) = o(u(Ay)) for every finite subset Wy of W.
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Proof of Lemma 5.2(a). Without loss, we may suppose that W = {r € R® : a < [z] <
d,z/lx| € E} where ag < a < @’ and E C S°7! is open with v(0F) = 0. Since Z — Z is
constant, it follows from (3.8) that

Z| € (aby,d'by), Z/|Z| € E
lim u(J, ' W|A,) = lim |21 € (abn, 'bn), Z/12] € E)
n—00 n—r00 M(|Z’ > aObn)
. w(lZ] € (aby,d'by), Z/|Z] € E o o u
= nh—%lo ( (2] > aoby) ) =af(a™ — (a')"")(E).

On the other hand, by the definition of II,

(WU) = S ,

so the result is proved. |
Next, we prove Lemma 5.2(b).
Proposition 5.3. p(4,) ~ay®n™t asn — oo.

Proof. Since Z — Z is constant, u(A,) ~ p(Al) where A, = {|Z| > agby}.
By (3.3),
p(|Z] > 1) = p(Rly,_, s, >1) ~ L)

,,,,, e

Using that ¢ is slowly varying and that bS ~ né(b,),
1(An) ~ (AL ~ lagbn)(agbn) ™ ~ ag “U(aghn)l(by) 'nt ~ ayg®n~t,
as required. [ |

Let 61 > 1 be as in (3.2) for s = ag/2. Without loss, we can suppose that 6; € (1,2). Let
€ (0,1) be as in Theorem 4.4.

Proposition 5.4. There exists C > 0 such that u(A, N f~*A,) < Cn=% for all k,n > 1.

Proof. By Theorem 4.4, |u(A, N f*A,) — ,LL(An)2J < ¥ for all k > 1. By Proposition 5.3,
w(A,)? <n=? <n=%. Hence u(A, N f*A,) < n=% uniformly in k > n.
Let D = {R > apb,/2}. Then

A, C{2|Z] > aobp} C {2R > apb,} = D.

Hence A, N f~*A, C DN f~*D and, by (3.2), u(A, N f*A,) < n~% uniformly in 1 < k < n.
Combining the estimates for k < n and k > n yields the desired result. |

Now fix Wy C W finite, and let Q,,, = Q,(J,, "W).
Proposition 5.5. 9, , < Cy* for all n,p > 1.

Proof. Let A € J;'W,, B € U(szp [T, We). Write B = f7PB’ where B €
O'(szo f79J; "W). Then |u(AN B) — p(A)u(B)| < 7P by Theorem 4.4. [ |

Let 74, () =min{n >1: f"z € A,} for z € X.

Lemma 5.6. Q1 < Qppy1 + p(An N {74, <p}) + pw(An)p(ta, <p) for alln,p > 1.
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Proof. This is identical to [24, Lemma 4.9]. We give the short argument for completeness.
Let A € J, "Wy and B € o(U;s; £/ J; 'Wo). Note that A C A, by definition of W.

Suppose that Wy = {W1,..., Wk }. Observe that there exists a function g : ({0, 1}5)%"
{0,1} such that 15 = g(Y1,Ys,...), where Y; = (1J51W1""’1J51WK) o f'. Define B’ €

U(UijH F(J7 W) by
lB’ = g(O, .. ,O, }/p+17)/21)+27 .. )

Then | Cov(1a,1p/)| < Qppt1. Moreover, [1p —1p/| < 1¢r, <, S0

|Cov(14,1p) — Cov(1a,1p)| < u(AN{ra, <p}) + pu(A)u(ra, <p)
< (A, N {14, <p})+ p(An)p(ra, <p).

The result follows. |

Proof of Lemma 5.2(b). Let p, = [n%2] where 0 < 6 < #;—1 < 1. Applying Proposition 5.4,

Pn
(a0 (. <) = (400 U 54,

k=1
Pn
< Zu(An Nf*A,) = O(p,n=) = o(n™1).
k=1

Using Proposition 5.3 and invariance of p under f,

p(Ta, < pn) = (Uf '“A) ZM F7FA0) = pup(An) = O(pan™") = o(1).

Hence it follows from Proposition 5.3 and Lemma 5.6 that Q1 < Qp .41 + 0(1(Ay)). By
Propositions 5.3 and 5.5, Qy, p, +1 = o(n™1) = o(u(Ay)), so Q1(J;  Wo) = Qn1 = o(u(4,)). B

This concludes the verification of Condition I.

5.2 Vanishing small values

In this subsection, we verify Condition II. The regularly varying sequence b,, is asymptotically
equivalent to a strictly increasing sequence, so for the purposes of proving Theorem 5.1 we may
suppose without loss of generality that b, strictly increases and b = 1.

It is convenient to work at the level of the Young tower fa : A — A. Recall from Section 4
that 7o : A — %, 7(y,£) = fly is a measure-preserving semiconjugacy from (fa, A, pa)
to (f, 2, ). Let A; = 7@121-, i = 1,...,e. Abusing notation, we denote lifted observables
Roma : A= 77T, Zoma : A = R¢ and so on simply by R, Z and so on.

Fixi=1,...,e and set R = R1n,. Let Z = [, Zduna and

R = RO, nep 2y — /A ROL(, pepyzyy dna, € > 0.

The main step in the proof is:

Lemma 5.7. There is a constant C > 0 such that

k—1
limsup b, !| max ‘ ’ < Ce'=? foralle > 0.
noeo | |1<k<n ;) o LA
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Most of the remainder of this subsection is concerned with proving Lemma 5.7. At the end
of the subsection, we show that Condition II follows from the lemma.

We begin with the following consequence of condition (3.2). Let #; > 1 be as in (3.2) with
s=1.

Proposition 5.8. There exists a; > 0 such that

(67

. —0
pa(R>mn and Ro f7 > n) < ( il )> ' foralll1 <j<ain®/l(n), n>1.

¢(n)

Proof. Since b, is strictly increasing, we can write b, = b(n) where b: (0,00) — (0,00) is
strictly increasing and b(z)® ~ xl(b(x)) as x — oo. Note that b~l(z) ~ 2°/l(z) as z — 0.
Choose a1 > 0 such that ay2®/¢(z) < $b7'(z) for all z > 1.
Given 1 > 1 = by, there exists n € Z* such that b, < n < b,11. By (3.2),
pa(R>mnand Ro f7 >n) < ua(R > b, and Ro f7 > by,)
- a -
<n < (1) <) < (Zg—n)) 1

for all 1 < j < n. Finally, if j < ain®/l(n), then j < %Bil(n) < %(n + 1) < n so the estimate
holds for all such j. |

From now on, we fix #; and a; as in Proposition 5.8.
Let 1 <n<¢ Define H=He:Y —[0,00),s=s5,:Y = Z,

Hy) = Y (RO pep2)W.4), sy) =#{0<j<7(y)—1:R(y,j) > n}.
0<j<7(y)-1

Note that H = H' + H” + H", where

H'(y) = L=y Y (RO%rony i, rep,20) W5 9),

J<(y)
H'(y) = Y (R peny e ren 21 ¥ 9);
J<r(y)
H"(y) = a2y Y, ROV ol men 2)) W5 9):
J<(y)

Proposition 5.9. Let 6 > 0. There exist M, C > 0 such that
(0) |20y < CHEV2E—,
(5) 1H" |2y < Cn' =255,

—0,/2

" 146
(¢) [H"|12v) < CEHO (75)
for all 1 < n < & satisfying M log ¢ < a1n®/€(n) and & > |Z|.

Proof. We use throughout that R < R for all i.
(a) Observe that H' < ¢ where ¢ = &+ |Z|. Also for 0 <n < ¢,

HY(H/ — n) < ,uy(y cY: R(y7j) = n for some 0 < ] < T(y)})
)—1

< /Y > Lyevinrg)—n} diy (y) = Tpa(R = n).
=0
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Hence

|H'|%2(Y) = Z nuy(H =n) <7 Z n*uan(R =n) < Z nua(R > n).
n<g’ n<g’ n<g’

Using (3.3) and applying Karamata’s inequality, we conclude that \H'|%2(Y) <L NP <
0(£)€2~ as required.

(b) Let ¢ > 2, e > 0 and observe that |R1{Rén}|qu(A) < ngnjq_l,uA(R > j) < n?te Let
9i(y) = (Rl{r<yy) © fA(y,0). Since fa is measure-preserving,

>
i<k

T(y)—1

q q ' "
Lq(Y):/y‘j%gj‘ d“YS/Y Zz; ‘E(Rl{ﬁfén})ofﬂyaf) dyy (y)

- |4
=T A ‘ Z(Rl{RSU}) [¢] fjA‘ d,UfA S %kq‘Rl{RSn}’%q(A) << kqnq+€_a.
j<k

Note also that H” <) Since T has exponential tails, there exists ¢y > 0 such that

2 o
<Y Yy,
RO j<k

< Z e~k (gplate=e)/a)2  p2ate—a)/q,
k=1

I<T gj-

o0
2
‘HH’L2(Y) < Z‘l{T:k} Zgj
k=1 j<k

2
La(Y)

The desired estimate follows for ¢ and ¢ sufficiently close to 2 and 0.

(c) Since T has exponential tails, there exists ¢; > 0 such that k2uy (7t = k) < e % Set
M = 20&91/61.

Suppose that 1 < n < ¢ satisfies M logé < ain®/¢(n). For any y € {r = k, s > 2}, there
exist 0 < j; < jo < k such that R(y,j1) > n and R(y,j2) > n. By Proposition 5.8,

uy(tr==k s>2)<7 Z ,uA(Rofil >77auadRofi2 > n)

0<j1<j2<k
. a \ —0
< kT Z pa(R>mnand Ro fi >n) < k2(n—) '
S t(n)

for all k£ < aijn®/4(n) and hence for k < M log¢.
Noting that H" (y) < 1ey)>2) ¢t (y),

|H" |72y < 52/Y1{SEQ} 2 duy

<& > Kuy(r=k s>2)+& > Kuy(r=k).

k<M log¢& k>M log &
Now,
a o\ —0 a \ —p
> Barr=kszd< Y K(fs) T < 0os(f)
k<M log ¢ k<M log ¢ () (n)
Z kzMY(T =k) < Z ek « gmaM < pmaM _ 77—2@91'
k>M log € k> M log €
o\ -0
Hence, |H”/|%2(y) < & (log & + 1)5(ZZT)> " and the result follows. [
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Corollary 5.10. There is a constant C' > 0 such that

limsup b, 'n'/?|H,, l2(vy < Ce'=% for all e > 0.

n—o0

Proof. Recalling that 61 > 1, we choose v € (0,1/«) sufficiently close to 1/a that yafy > 1.
We apply Proposition 5.9 with £ = eb,, n = n?. (Note that for all ¢ > 0, |[Z] € R®, the
constraints 1 < n < ¢, Mlog& < ain®/l(«), £ > |Z] are satisfied for n sufficiently large.) Then

((eby,)
£(bn)

Also, [H"|2(v) < n(1=0/240) — o(p,n=1/2) for § > 0 sufficiently small. Finally, |H" |12y <
b}f‘sn_welmf( ) where / is slowly varying. Hence, |H" [2(v) < bLiton=7001/210 " Since 7(1(91 >
1, we can shrink § if necessary so that b2 non=72%1/2 = o(n 1/2). Hence, [H"|2(yy = 0(bpn™~ 1/2y,

|

1/2
H' |2y < 61_0‘/21)”( ) (€(ba)b7®)* ~ 1702, =12,

Define ¢ : A = [0,00) by ¢e(y,£) = >o<;<(RD 1y, pep. (2)) (U5 ).
Corollary 5.11. There exists C > 0 such that

. -1 k 1—a/2
llrrgisolipbn ‘%?T}L{wfbnofA‘Ll(A) < et/ for all e > 0.

Proof. Define he : A — [0,00) by he(y,f) = He(y). Then maxg<, he o fR(y,0) <
maxg<p Hg(Fky). Since 7 has exponential tails,

k ——1 k
<
pechee Ja] i <7 /YT??%‘HSOF iy

< ‘maXHgoF ‘LQ <<n1/2\H5]L2

Hence it follows from Corollary 5.10 that limsup,,_,. b, | maxg<y hep,, © fg’Ll(A) < el=e/2,

Since 0 < 9z, < hgyp,,, we obtain the desired estimate for maxy<y, Y, © fg. |

Define Qe : A = Rby Que = N, [y Hedpy —n [, R(i)l{wiREBg(Z)} dpa where Ny, is the
lap number defined in (4.1).

Proposition 5.12. There exists C > 0 such that

. —1 1—a/2
hrILILSolip b, ‘ rllglga%( |Qk»5bn|‘L1(A) < Ce for all e > 0.

Proof. Observe that Q¢ = (N, — n7 ') [, He dpy. Hence
|Qnel <N — nTll/YHs dpy < |Np —n7 ' [He| 20y

The result follows from Proposition 4.3 and Corollary 5.10. |

Proof of Lemma 5.7. Let He = He — [, He dpy. Define G : Y = R, gne: A = R,

G”:5 = I]???Z'Hg ° FJ? gn,{(yvg) = Gn,ﬁ(y)

- g<k
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By Proposition 4.1 and Corollary 5.10,

limsup b, |Gn5b L2y <<hmsupb n1/2|H5b l2(vy < gl—a/2,

n—o0

Since 7 has exponential tails,

A |gn,5bn‘ dlu’A = 7_'_1 / T|G’I’L75bn| dlu’Y << |Gn75bn|L2(Y)’
Y

SO
limsupbﬁl/ |Gn.eb, | dpia < 17072,
n—o00 A
Next, by the definition of the lap number N,
n—1 ) ) Nn(y,f) 1
D (RO pep ) AW 0) = DY He(FIy) +ve(fR(y,0) — ey, 0),
j=0 §=0
and so
n—1 . ) Nn(y,f) 1
ROAW0)= Y HelFIy) + el fA(5,0) = Ye(y. £) + Quely. ).
Jj=0 7=0

Since N,, < n for all n,

max
k<n

k—1
B j 77 j k
Z R o fA(y, f)‘ < max | 2 He(Fly)| + rglggwg(fA(y, 0) + max |Qre(y, 0).
= J

In other words,

max
k<n

1
jo j‘ k _
2 fe © JA| K gng +maX Ve 0 fA +max|Qrl

k—
J
Setting & = eb,,, the result follows from (5.1), Corollary 5.11 and Proposition 5.12.
We can now complete the verification of Condition II. First notice that
(g - — R . — R _
Rz 6 = BV 0 ro [, zap<ey = B 1w ReBe(2))-
Hence

AN P Z wiR( 1{szeBg(Z)}

and so
- i N LB
Z171<e) /A 21718 = ) will;

By Lemma 5.7,

N

—1
< 51—0(/2.

U m ‘ (21,5 -k | 21,5_, d
ax Z|<ebn )OfA Zl<eb, OHA
1<k<n ; {1Z|<ebn} A {IZ|<ebn} Li(A)

limsup b,
n—o0

Il
=)

Also, by Proposition 4.1 with g = L2 ceby — IR 1{|Z|<sbn}duﬁ’

k—1

Zl{ Z|<ebn} fA k’/ {1Z|<ebn }d/‘A‘

< n'/2.
L2(a)

max
1<k<n

.
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Combining these two estimates yields

o

-1

~ ~ J _ ~ _ 1-a/2
1?1322‘ (Z1171<c0,3) © A k/A21{|Z|<ebn}d“A’ '

lim sup b;, *
n—0o0

Le€
Li(A)

.
Il
o

Hence Condition II follows from Markov’s inequality and the fact that wa : A — 3 is a measure-
preserving semiconjugacy. This completes the proof of Theorem 5.1.

6 Proof of Theorem 3.4

In this section, we complete the proof of Theorem 3.4, using the results of Section 4 (specifically
Lemma 4.5 and Remark 4.7) and the J; convergence from Section 5. The structure of the proof
broadly follows [18, 35].

In Section 5, we defined processes

W7 e D([0,1],R%),  WZ({t)=b"> Zof

where Z = Z — fZZd,u. By Theorem 5.1, W7 —u Lo in the J; topology, where Ly is an
e-dimensional a-stable Lévy process. Recall that Lo, = R~YL, is the a-stable Lévy process
corresponding to the stable law R~'/*G, and that LY € 2(]0,1],R%) is the decorated Lévy
process.

Step 1: Define processes on (X, i),
Un € D([0,1,R%),  Un(t)=b," Y Zofl,

where N, kR is the largest integer n satisfying Z?:_ol Ro fJ < k. (This is analogous to, but different
from, the lap number N,, defined in Section 4.) Then U, is a time-changed version of W,Z, and
using Theorem 5.1 we show that

Un —u Lo in the Jp topology.

Step 2: We define decorated processes G(U,,) € 2([0, 1], R?) and show that

G(Un) —pu LY in the as topology.
Step 3: Recall that W, € 2([0,1],RY) is the trivial lift of W,. We show that
Qoo (G(Uy), Wp)—,, 0. From this and Step 2,

/Wn — 5 LS in the ay topology.

Step 4: We apply [47, Theorem 1] to show that W, —us LE in the oo topology.

In the remainder of this section we implement the steps above. To carry out Step 1, we
apply the argument in [18, Lemma 5.7]. In this way we obtain the following consequence of
Theorem 5.1:

Corollary 6.1. U,, —, L in the J1 topology. |
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Turning to Step 2, recall I' € R¥€ and the map ® : S*~! — Lip([0, 1], R?) from Section 3.2.
Define
G : D([0,1],R®) — 2([0,1],R%),  h+ G(h)

where
G(h)(t)(s) = Th(t™) +[h(t) - h(t‘)\@(%)(s) if s €[0,1) and h(t™) # h(t)
Th(t) if s=1or h(t™)=h(t)

Lemma 6.2. The map G is continuous from (D([0,1],R®), 00) to (2(]0,1],R%), ).

Proof. It is clear that G(h) € 2(]0,1],R%) for all h € D(]0,1],R®) since G(h)(-)(1) = I'h and
h is cadlag by assumption.

To prove continuity of G, let ¢ > 0 and g,h € D([0,1],R®) with 0x(g,h) < €. Choose
A € A such that [go A — h|eo < € and |A —Id|e < &. Let IT = {t1,%2...} C [0,1] be the set
of discontinuities of the triple (g, g o A, h) ordered arbitrarily. All §-extensions taken below are
with respect to the set II.

Let |I'| denote the operator norm of I' and let [®[oc = sup,ege-1 scp0,1] |P(2)(s)]. Choose
L > 0 such that |®(x)(s) — ®(y)(s)| < L|x — y|. For § > 0, we show that

|G(goN)° — G(h)°|s < |Tle + 8¢|®|so + 8¢L. (6.1)

Note also that G(go\)? is a reparametrisation of G(g)°, s0 0so(G(g)%, G(goN)®) < e+ 4. Hence
000(G(9)?, G(R)%) < |T|e 4 8¢|®|oo + 8L + £ + 6 and the result follows.

Turning to the verification of (6.1), let § = go A and set a = G(g), b = G(h). Let
I; = [¢j,d;] C 0,1+ 8] be the fictitious time intervals appearing in the construction of a’ and
b0 (see Section 2.1) and denote J = Uj;lej. dj). Since |g — hlo <e,

sup [’ (t) = 6°(8)| < sup |T(G(t) — h(t))] < [Tle. (6.2)
te[0,146)\J te(0,1]

Consider now ¢; € II. Let Ag = g(t;) —g(t;), Ap = h(t; ) —h(t;) and A = max{[|Ag[, |Ap|}.

We have the basic estimate

?u% | ja’(8) = b ()] < ID(G(t5) = h(t))] + 2A||os < |Tle + 2A[D|o. (6.3)
te Cj,dj

In addition, we note that |Ay; — Ap| < 2¢, so if A > 4e then

A Ay,
ﬁ “IA <2[A5 — Apl/|1Ag| < 4e/(A —2¢) < 8e/A.
g

Again in the case A > 4¢, note that ¢; is necessarily a discontinuity of both g and h. Hence

o @’ (8) = b2 (8)] < [T((t;) = h(t; )]+ [Ag — An]|Ploo
€lcj,d;

+ | An[supsep, | P(Ag/[Ag])(s) = B(An/[An])(5)]
< |Tle + 2¢|P|oo + 8¢L. (6.4)

Applying (6.3) for A < 4e and (6.4) for A > 4e, we obtain

sup |a® () — b2 (t)] < |T|e + 8¢|®|os + SeL.
tel;

This combined with (6.2) yields the required estimate (6.1) [ |

25



We now complete Step 2, noting that LY = G(L,).
Corollary 6.3. G(U,) —, LY in the as topology.
Proof. This follows from Corollary 6.1, Lemma 6.2 and the continuous mapping theorem. B

Next, we carry out Step 3. Recall that v : A — R? is Holder with fAvd,uA = 0. Define
R:Y—=ZandV:% — R?

R =R+ Rly,, V= voTl,

where 7 > 0 is as in (3.5).
Proposition 6.4. There exists p > « such that R' € LP. Moreover, V =1'"Z+ H where H € LP.

Proof. Since R € L for all ¢ < q, it follows that R'™" € LP for some p > a. Also, Rly, € L?
for some p > « by (3.4).
By (3.5),
|H| =V -TZ|=|V - FR(1)R| < R""

onY;,i=1,...,e. On Xy, we have |H| = |V| < R. Hence |H| < R' € L”. [ |
Note that ngdM = 0. Hence V = I'Z + H where H = H — fEHdu. Define Hj, =
Zk 1I'Io

Using that R is the first return time to X, define Ry : A — Z so that Rx(T'x) = R(x) for
every z € ¥ and 0 < ¢ < R(x).

Lemma 6.5. There exists C > 0 such that

oo (G(Uy), W) <max{b YH 4+ Cb; 'R o f5+n""Ro f*} + |v|och; "Ry o T"

for all n > 1.

Proof. Set ty = 0 and t, = t; + n 'R o fF, so that the time intervals [tg, tj41] correspond
to excursions from Y. In particular, Wy, (t;) = b, ! Zf "o Vo f7and Uy (ty) = by} Zk L Z o fd.
Hence

k-1
Wa(tk) = TUu(te) = b, Y (V —=TZ) 0 f/ = b, " Hy. (6.5)
i=0

Let k. = max{k : ¢, < 1}. Note that t; and k. are random variables depending also on n,
and that k., <n. . -

We are going to bound ey, 1, ,](G(Un), Wy) with 0 < k < ki and ag,g, 1)(G(Un), W)
separately. (The last term is absent if t;, = 1.) By Proposition 2.4,

aOO(G(Un)’ Wn) S max{og]lfgi* aoo;(tk,tk+1} (G(Un)7 Wn) ) aoo,(tk*,l](G(Un)a Wn)} (66)

Let 0 < k < k.. Define E € D([tg, tp41],RY),

t—tk . (t—tk)n

B(t) = GU(t)(s) 5= 0 = Tt
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Let E = .E € D((ty, trr1), RY) denote the trivial lift of E from Definition 2.5. Recall that U,
is constant on [ty, tx+1). By Proposition 2.7,

aOO;(tkvthrl](G(Un)?'/E\) <ty —te = n~'Ro fk

Next, we estimate |W,, — E| By (6.5),

(tstiga]®
Wi (te) — E(tr) = Wa(te) — TUn(t) = b, Hy. (6.7)
Note that Uy (tpi1) — Un(ts) = b7 Z o f*. Hence, for ¢ € (ty, tpi1),
E(t) — E(tx) = b, {|1Z| ®(Z/|Z|)(s)} o I*.

Recall that Z = Z — [xZdp, Z =35 wiRly,. Since ® : S°~! — Lip([0, 1], RY) is constant on
a neighbourhood of each w; with value P;, there exists Ry > 0 such that

12,9(Z/|2)) = 1x,2(2/|2)) = ®(w) = P,

for R > Ry for each i = 1,...,e. Also, 15,|Z|®(Z/|Z]) < | s, Z dp]o|®|oe < 00. Hence, for
t € (tr trtr),

E(t) — E(t) = b, Z {3121.3(“*;“")} o fF+ o). (6.8)

On the other hand, for ¢ € (¢, tx+1], it follows from (3.6) that

[(t—tx)n]—1
Wa(t) = Walte) = b, Y wvoToft (6.9)
=0

=0, {3 R P(UE") + O(R™) + O(R1s,) | o f*.
i=1
Combining (6.7), (6.8) and (6.9), there exists C' > 0 such that
’Wn - E|oo;(tk,tk+1] < bT_Ll{ maX{|ﬁIk|7 |}~I/€+1|} +CR' o fk}
Since Wn and E are trivial lifts, it follows from Remark 2.6 that

aoo;(tk,tk+1](Wn7E) < |Whn — Bl 1< brjl{ max{\ﬁﬂ, |ﬁk+1|} +CR' o fk}

(testrt1

Combining the estimates for o (G(Uy), E) and aoo(wn, E), we obtain

aoo;(tk,tk+1] (G(Un)v /Wn) < O‘oo;(tk,tk+1} (G(Un)v E) + O‘oo;(tk,tk_;,_l] (Wn; E)

- 1
< Iilgx{b;HHM +Cb'R o fF +n~'Ro fF}. (6.10)

Finally, we treat the interval (¢, , 1] for ¢, < 1. On this interval, G(U,,) = I'U,,(t, ) is constant.
Note that Ro f* = Ry o T™ and it follows that |W,,(t,) — Wl ooyt 1] < b [v|eoRA 0 T™. By
Remark 2.6 and (6.5),
o, 1)(G(Un) W) < [FUn(tr.) = Walosgr, .1
< |FUn(tk:*) - Wn(tk*) + |Wn(tk*) - Wn‘oo;(tk*,l] (611)
< by Y| Hy, | + [v]ooRa 0 T}

The result follows from (6.6), (6.10) and (6.11). [
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We can now complete Step 3.
Corollary 6.6. a..(G(Uy), W,) —, 0.

Proof. We show that all the terms on the right-hand side in Lemma 6.5 converge to 0 in
probability on (3, u).

Let p > a be as in Proposition 6.4. By Proposition 6.4, H=V-TZeLr. Also fz‘ ﬁdu = 0.
For z, ' in the same element of C, we have H(z) — H(z') = V(z) — V (/). Hence it follows from
Corollary 4.6 and Remark 4.7 that b;l‘ maxj<p |I§k|‘ —, 0.

By the pointwise ergodic theorem n~1/4 maxjy<p gof¥ = 0a.e. for all L7 functions g : ¥ — R,
1 < g < co. Taking q = 1, it follows that n~! maxy<, R o Ik —, 0. Taking ¢ = p, we have
b, maxg<, R o fF <« n=1/p maxy<, R o f¥ —, 0.

Finally, b, 'Ry —,, 0 a.e. on (A, pp). Since pp is T-invariant, b, 'R o T —,, 0. But pu is
absolutely continuous with respect to pa, so b, 'Ry o T" —u 0 too. |

The key ingredient of Step 4 is:
Proposition 6.7. aoo(wn oT, Wn) < 2[v|o byt
Proof. Since Wn (and hence Wn oT) is a trivial lift, it follows from Remark 2.6 that
Qoo Wy 0 T, W) < [Wyy 0 T — W < 2[0]sobyy
as required. [

In particular, aw(m oT, Wn) —,, 0. Hence we have verified [47, Condition (1)] in Propo-
sition 6.7. Since p is absolutely continuous with respect to py, it follows from [47, Theorem 1]
that we can replace p in Step 3 by pa, thereby completing the proof of Theorem 3.4.

7 Tightness of IV, in p-variation

In this section, we prove Theorem 3.5. Recall that we have mixing ergodic dynamical systems
(T, A, pup), (f,2, 1) and (F,Y, py) where f = T and F = f7, Here, R: Y — Z% is a first return
time and 7: Y — Z7 is a return time with exponential tails. Moreover (F,Y, iy ) quotients to
a Gibbs-Markov map (F,Y, uy ).

Define the induced return time function

T—1
R":Y »7Z" R =) Rof.
j=0

Proposition 7.1. py(RY > t) ~ cl(t)t™ as t — oo for some ¢ > 0.

Proof. In this proof, we denote Birkhoff sums under f by R, = Z?:_ol Ro fJ and so on. Let
M denote the 1 x e matrix all of whose entries are 1. Then MG, is a nondegenerate totally
skewed 1-dimensional a-stable law. Let R = R — fz Rdu. We claim that bglﬁn —u MG,.

The result follows from the claim by an argument in [33, Lemma 5.1(c)]. Indeed, define the
piecewise constant function RY = ZJT.;& Ro f7. By Lemma 4.8,

n—1
bt Y RV o, FYOMG,.
j=0
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By Proposition 4.2, uy (RY > t) ~ cl(t)t~®. Finally, RY = RY +r Js Rdyp and 7 has exponential
tails, so py (RY > t) ~ cl(t)t~°.

It remains to prove the claim. Write R = Q@+ Q' where Q = Rly\y, and Q' = Rly,. Define
Q=0 [pQdn @ =Q ~ foQdu.

Since Mw; = 1 for all 4, it follows that Q = MZ. Evaluating at ¢ = 1 in Theorem 5.1,
b1 Z, —, La(1) = G4. By the continuous mapping theorem, b lQn = b MZ —, MG,.

By Proposition 6.4, Rly,, € L? for some ¢ > « and hence Q' € LY. Also, Js Q' dp =0 and
Q' is constant on elements of C. By Corollary 4.6, b, 1@% —u 0.

The claim for R = Q + Q' now follows by combining the results for Q and Q' [ |

Recall that V : ¥ — R? is given by V = Zf:_ol voTY. Define
T—1

VY.vy - RY, VYZZVon.
=0

Define the corresponding processes on (Y, uy ),

[nt]—1
Wy € D([0,1,RY), Wy (t)=b,"> VoI
7=0

Lemma 7.2. sup,, fY |I/V,§/|p_Var duy < oo for all p > a.

Proof. Let H =V — Y%, Pi(1)R; where R; = Rly,, R; = R; — [, R;du. Then [;, H du= 0.
Also, H =V = 37¢ | P(1)R; + C where C = Y77 Pi(1) [g Ridp € R is a constant. In
particular, |H| < |v|oR + |C| on ¥g and H =V — P,(1)R+ |C| on ¥;, i = 1,...,e. Hence by
assumptions (3.4) and (3.5), H € L%(X, i) for some ¢ > . Let p € («,q). It suffices to show
that sup,, [y [W) [p-var dpy < o0.

Write VY =3¢ P(1)RY + HY : Y — R?, where

T—1 T—1
RY =Y Rjofi, HY=> Hof.
j=0 Jj=0

Correspondingly, write WY =Y | P;(1)A;,, + B, on Y where

[nt]—1 [nt]—1

Ain() =b," Y RV oFI,  Bu(t)=b," > HY oF’.
J=0 j=0

Now E}f is piecewise constant on Y and hence well-defined as a piecewise constant function
Y. Let

Let 0 = RY + ([, Rdu)7. We are going to apply [13, Theorem 4.4] (with Y, ﬁ}f and o playing
the roles of Z, V and 7 in [13]). By Proposition 7.1, RY is regularly varying with exponent c.
Since 7 has exponential tails, o is regularly varying with exponent a. For all y,1y’ € }7] and all
partition elements 17j,

IRY ()| <oly), R (y)-R (y)=0,
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verifying the condition [13, eq. (4.2)]. Hence it follows from [13, Theorem 4.4] that

sup/ | A n|p-var dpty = sup/ \fli,n\p_var duy < oo foreachi=1,... e. (7.1)
n Jy n JYy
Next, by Lemma 4.5,

HY =m+xoF —x,

where m, x € LP(uy) and {mo F" 7 :0 < j < n} is a martingale difference sequence for each
n > 1. By a simpler argument than the one in the proof of [13, Theorem 4.4], we show that
limy, o0 [y |Bnlpvar dpiy = 0. Indeed, we can write By, = M, + D,, where

[nt]—1
My(t)=b," Y moF/,  Dn(t)=b,"(xo FI" — ).
7=0

Define also M,; (t) = b, * Zg@l mo F"~J so that M, (t) is a martingale. By [39, Theorem 2.1],
there is C}, > 0 depending only on p so that

/ M8 ity < Cypb? S / jm o F"317 duy = Cymby,? / mlP duy
=1

Hence
J ey = [[104, 1 ety < Gyt [ mp . (7.2)

Further, for 1 < ji < jo < - <jpr <n-—1,

k k
Z |x 0 Fli—y o FIi-1|P < Z(‘X‘ o FJi 4 x| o Fji—l)p

i=1 1=1
k ' ' n—1 '
< or-1 Z(‘X‘p o FJi 4 |x|P o Fii-1) < QPZ X|P o F7.
i=1 §=0
We deduce that | Dy, |bvar < 2Pb," Z?:_& |x|? o F7, and hence
[ 1Dulg ey <20 [ 1P duy. (73
Y

Combining the estimates (7.2) and (7.3) and using lim, oo nb,”’ = 0, we see that
limy o0 [y | Bplpvar diy = 0. This, together with (7.1), shows that sup,, [, (WY | povar iy < o0,
as required. [ |

Proof of Theorem 3.5. Note that V¥ = Zf:yo_l voTJ. By Proposition 7.1, RY is regularly

varying. Applying [13, Theorem 5.2] (with A, Y, WY and RY playing the roles of Y, Z, W
and 7 in [13]) and Lemma 7.2, we obtain that [, |pvar is tight on (A, pa). [ ]

8 Path space — Proofs

In this section we define the space & in more detail, collect its important properties, construct
solutions of differential equations driven by elements of &, and prove that the solution map is
continuous (Theorem 2.10).

We follow the notation and terminology introduced in Section 2 and often drop reference
to the target space R? and write, e.g. D[a,b] for D([a,b],R?). We also drop reference to the
interval [a, b] when it is clear from the context. For intervals I,.J C R, let A7 ; denote the set
of all continuous increasing bijections A : I — J. We use the shorthand Ay = Ay ;.
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8.1 The decorated path space ¥

Definition 8.1. Define the space D = (J,.;, D|a,b] of cadlag paths parametrised by compact
intervals. For hy € Dlay, b1], ha € Dlag, ba|, define the Fréchet distance by

dr(h1,he) = inf |h1 oA — ha|so. (8.1)

A€ALa) by],lag bl

We say that hy is a reparametrisation of hy, and write hy ~p he, if dp(h1,he) = 0. Denote
[h] ={h €D:h~ph'}.

Remark 8.2. dp defines a metric on D/~p. Indeed, this follows from the fact that hi, ho are
reparametrisations if and only if there exist non-decreasing surjections A; : [0, 1] — [a1,b1] and
A2 @ [0,1] — [ag,b2] such that hy o Ay = hg o A\y. See for example [4, Exercise 2.5.3] and [5,
Proposition 5.3].

Lemma 8.3. D/~ is complete under the metric dp.

Proof. We can extract from a Cauchy sequence [X,,] a Cauchy sequence Y,, € [X,,] in the space
DJ0, 1] with the uniform norm, and apply the fact that this space is complete. |

For the rest of this subsection , consider § > 0, a function ¢ : [a,b] — D([0, 1], R?), and a
countable set IT = {t1,t2,...} C [a,b] such that II contains the non-stationary points of ¢. We
construct functions ¢° : [a,b + 6] — R% and ¢ : [a,b + 6] — R? x [a, ] as follows.

First we define 75 : [a,b] — [a,b+ d]. Let 0 < k < oo be the cardinality of II. If K = 0, we
set 75(t) = t. Otherwise, let 7 =3>"%_, 277 >0 and

.
0277
w(t) =t+ Y = —Ly<e
j=1

Note that 75 is a strictly increasing cadlag function with 75(¢7) < 75(t) if and only if ¢ = t; for

some 1 < j < x+ 1. Moreover, the interval [75(¢; ), 75(¢;)) is of length 5277 /r.
Let ¢°(t) = ¢(min{t,b}) if & = 0 and otherwise

o(t)(1) if u = 75(t) for some ¢t € [a, ],

¢6(u) = u—5(t;)

¢(t’)(W> if uc [Td(t;)aﬂs(tj)) forsome 1 <j<k+1. (8.2)

We call ¢° the d-extension of (¢, II).
Furthermore, let 75! : [a,b+ ] — [a,b] be a left inverse of 75 defined by

751 (t) = inf{s € [a,b] : 75(s) > t}.

This way, 75 is a non-decreasing surjection which maps each interval [75(t;), 75(¢;)] to t;, and
Ts 1o 75 = Id. Finally, define

V0 () = (&7 (), 75 ' (w). (8.3)

We call ¢ the d-parametric representation of (¢,II).
Recall the spaces Z[a,b] and Z[a,b] as in Definitions 2.1 and 2.2. We write ¢1 ~ ¢2 if ¢1
and ¢ are equivalent in Z[a, b|, so that Z[a,b] = Z[a,b]/~.

Lemma 8.4. The following statements are equivalent.

(i) At least one of ¥° or ¢° is cadlag.
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(i) Both ® and ¢ are cadlag.
(iii) (¢,11) € 2.
Proof. (ii) = (i) is trivial while (i) = (ii) follows from the fact that 7; ' is continuous. To
prove (iii) = (i), suppose that (¢,11) € 2. We will prove that ¢° is cadlag. If ¢ ¢ II, then
Lemma 8.5 below implies that ¢° is continuous at 75(t). If t € II, then Lemma 8.5 implies
that ¢ has a left limit at 75(¢~) while the fact that ¢(t) € D[0,1] implies that ¢° is cadlag on
[5(t7), 75(t)]. Hence (iii) = (i).

Conversely, suppose that ¢ ¢ 2, in which case either condition (c) in Definition 2.1 does
not hold or & : t — ¢(t)(1) is not cadlag. If h is not cadlag, then clearly ¢° is also not cadlag.
If Definition 2.1(c) does not hold, then there exists ¢ > 0 and a subsequence n(k) such that
supyefo,1] [P(tn(r) ) (t) — ¢(t)(0)| > € for all & > 1. Furthermore, there exists ¢ € [a, b] such that
either (a) t,y) Tt as k — oo or (b) t,x) | t as k — oc. In case (a), #° does not have a left limit
at 75(t7), and in case (b), ¢° does not have a right limit at 75(¢). Therefore (i) = (iii). [ |

Lemma 8.5. For all ¢ € P]a,b], t € [a,b] and € > 0, there exists v > 0 such that

sup  sup [¢(u)(s) —o(t7)(1)| <e,  sup sup [p(u)(s) — d()(1)] <e.
u€(t—,t) s€[0,1] u€(tt+v) s€[0,1]

Proof. This follows from conditions (a) and (c) in Definition 2.1. [ |

Remark 8.6. For ¢ € Z[a,b] and 61,52 > 0, we have 1% ~p 1%2. Furthermore, ¢ and v°
are related via 1° = (¢%,7;') and ¢(t) ~p ¢° |irs (t=),75 (1)) for each t € [a,b]. Note that the

interval [75(t7), 75(?)] is precisely the set of all y € [a, b+ J] such that 75 (y) = t. In particular,
if 1,2 € D[a,b], then 1 ~p 3 for some § > 0 if and only if ¢1 ~ ¢o.

Remark 8.7. Lemma 8.4 remains true (with essentially the same proof) when one replaces
“cadlag” by “continuous” in (i)-(ii) and 2 by Z. defined as the space of all pairs (¢,II) € 2
such that ¢ : [a,b] — C[0,1] and ¢(t)(0) = ¢(¢7)(1) in (iii).

We point out a minor error in [11, 12, 13]: the constructions therein implicitly claimed that
#° is in C[a,b + 6] whenever ¢ € 7, without assuming condition (c) in Definition 2.1, which
is false. However, the results in those articles always deal with decorated paths (called path
functions therein) having further nice properties, such as endpoint continuity or finiteness of
p-variation, for which Definition 2.1(c) holds and thus ¢° € Cla,b + 4].

Remark 8.8 (Intrinsic definition of ¢°). The construction of ¢ involves several arbitrary
choices: the set IT = {t1,ts,...} with the enumeration of its points and the sequence 277. If
#° is constructed similarly, but using another II and another summable sequence, then ¢ and
@° are reparametrisations of each other. See Lemma 8.12 where these arbitrary choices are in
essence removed. The same remarks apply to 1°.

8.2 A generalisation of Skorokhod’s M; topology

We fix p € [1,00]. Recall the semi-norm |- |p.var and space DPV*[a,b] from Section 2.2. For
later use, we record the interpolation estimate

| Flgvar < | FISc20 fP/8, for 1< p<q<oc. (8.4)

oo-var p-var

For f : I — R denote
[/ =sup|f(z) — |

zel
Remark that if g : J — I, then [[fog]] < [f] + lg]-

32



Lemma 8.9. Consider § >0, g; € D[a,b] and h; € D]a,b+ 0] fori = 1,2 such that h; = g;o\;
for some A\; € Mg pi4)jap)- Then

000(915 92) — 0o (h1, h2)| < [A1]] + [ A2]- (8.5)
If gi, hi € DP™V*[a,b], then (8.5) holds with o replaced by opvar-

Proof. By definition of o,

000 (91,92) — Ooo(h1, ho)| = | inf max{Jwi],|g10wi — g2l }
wW1EA[q,p)
— inf max{ﬂwzﬂ,\glo)\lowgo/\gl—gg|oo}‘
szA[mb_H;]
from which (8.5) follows upon making the substitution w3 = A o wy o Aj I and using
[A 0wz 0 A 1] < [A1] + Jwzll + [X2]l. An identical argument shows the final claim. [

Lemma 8.10. For all 65 > 01 > 0 and (¢,1I) € P[a,b], there exists \ € Afab+8],ab+85] Such
that ¢%2 o A = ¢° and |\ = 02 — 6.

Proof. Obvious from the construction of ¢°. |

Lemma 8.11. Consider 01,62 > 0 and ¢1, o € Pa,b] with ¢p1 ~ ¢3. Then |¢?1 |pvars[a,b+61] =

o
‘(ZSQZ |p-var;[a,b+52} .
Proof. This is immediate from the fact that qb‘fl is a reparametrisation of gng. |
Recall the space 2PV [a, b] from (2.2).

Lemma 8.12. (i) The limit coo(¢1,d2) = lims o 00o(dS, ¢3) exists and is well-defined for
all (¢1,111), (¢p2,112) € P[a,b], i.e. is independent of the choice of the series Z(;il 277
used in Section 8.1, the choice of I11 and s, the respective enumeration of points, or the
parametrisations of ¢1(t), ¢a2(t) for each t.

(11) The limit cpvar(d1,P2) = lims_yo ap_var(gb‘f,gbg) exists and is well-defined for ¢1,¢s €
PPV (a,b] in the same sense as in (i).

Proof. (i) Lemmas 8.9 and 8.10 imply that, for do > d; > 0 and ¢1, ¢2 € Z[a, b),
700 (692, 65°) — 0o (67", 05')| < 2(62 — 61),

from which the existence of the limit follows. The fact that the limit is independent of the series
> ;277 the enumeration of non-stationary points, and representatives of equivalence classes is
clear. (ii) follows in an identical manner. |

Lemma 8.13. Let 6 > 0 and let V9,49 : [0,1] — R x [a, b] be the 6-parametric representations
of ¢1, P2 € Pla,b] as in (8.3). Then

Qoo(1, $2) = dp (], 93),

where we equip R x R with the norm max{|h|, [t|} for (h,t) € R? x R.
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Proof. Observe that d F(w‘f, @bg ) does not depend on ¢, hence, where convenient, we can suppose
that J is arbitrarily small.

Suppose A € Apypis)- Let 115,725 and 7'1_761,7'2_,51 be the time-changes associated to ¢1, ¢o
respectively as in Section 8.1. Then

I715 0 Ao sl < S s M) — 735 (O] < Dm0+ D751 + DAL,
cla,

where in the first bound we used that 7, 51 is surjective. Therefore

] 0 X = 8o = sup max{|@f(A(E) — $3(1)], Iy 3 (\(1)) — 735 (£)]}
t€la,b+4]

> max{|¢] o A — ¢, I715 o Ao s}
Furthermore, [|7-1_’51 oXoms] = [A[ as § — 0, and thus dp(¢¢,13) > aso(¢1, ¢a). Conversely,
[ 0 A = ¥5lo0 < max{|é] 0 A = @floc, [A] + [7i 5 0 + I35 1}
which proves dp(¢9,13) < aoo(1, d2) since |]7'1_61|] + |]7'2_51|] —0asd —0. [

Theorem 8.14. P]a,b] equipped with a is a complete separable metric space.

Proof. We first prove that a is a metric. It is clear that a. satisfies the triangle inequality, so
following Lemma 8.12 it remains only to show that if (@1, o) = 0 for some ¢1, ¢ € Z|a, b],
then ¢1 ~ ¢o. This in turn follows from Lemma 8.13 and Remarks 8.6 and 8.2.

Next, if ¢, € Z is a Cauchy sequence for o, then 1/12 € D are a Cauchy sequence for dr by
Lemma 8.13. By Lemma 8.3, D/~F is complete under dp, therefore lim,, oo dp(w,‘i, ) — 0 for
some ¢ € D. Since the second component of each 1/1,‘2 is a non-decreasing surjection, the same
holds for 1. We can then readily define ¢ € 2 with §-parametric representation 1° such that
Y ~p 1%, and thus ¢, — ¢ in as due to Lemma 8.13. Hence (2, as) is complete.

Finally, note that (D,dp) is a separable metric space (this follows, e.g. from separability
of the Skorokhod space). Again by Lemma 8.13, we can identify (2, ax) with a subspace of
(D,dr), and thus (Z, ax) is separable. [ |

Corollary 8.15. Z]a,b] is isometric to the completion of D]a,b] under the Skorokhod J,-metric.

Proof. By Theorem 8.14, (Z[a,b],a) is complete. Furthermore, recall the embedding
t : Dla,b] — Za,b] from Definition 2.5. It is easy to see that s = 0o on tD]a,b], thus
(tDla,bl, o) is isometric to (Dla,b],0) (Remark 2.6). Finally, tDl[a,b] is dense in Z]a,b]
since aeo (¢, 1¢° o A) < 28 where ) is the linear reparametrisation \ : [a, b+ 6] — [a, b]. [ |

8.3 Differential equations driven by decorated paths

Consider p € [1,2), £ € R™, and A, B as in Section 2.3. In this section we make precise the
meaning of and study the differential equation

dX = A(X)dt+ B(X)do, X(a)=E¢,

where ¢ € PPV ([a,b], R?) and which we now pose on a general interval [a, b].
We first recall and make precise the construction of X as an element of 2PV*([a, b], R™).
Recall (w,II) = ((cId, ¢),II) € PPV ([a,b],R*9) from Section 2.3 where Id : [a,b] — [a,b] is
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the identity map. By [15, Theorem 3.6],> the Young ODE dX°% = (A, B)(X%)dw’ admits a
unique solution X° € DPVa¥([q, b], R™) since p € [1,2). We define X : [a,b] — D"V ([0, 1], R™)
by taking X (¢) as the linear reparametrisation of X 5’[7(5(%),75 (1)}, Where 75 is associated to (w,II)
as in Section 8.1.

The main continuity result on ODEs driven by decorated paths in the Young regime is the
following.

Proposition 8.16. The map S : (£, ¢) + X is well-defined as a map R™ x 2PV ([a, b], RY) —
PPV ([a, b], R™) and is locally Hélder continuous when the spaces PP on both sides are
equipped with o var.

Proof. For &, ¢ as above, we first verify that (X,II) € 2PV*([a,b],R™). If ¢ ¢ II, then ¢ is
a continuity point of 75, hence [r5(t™),75(t)] is a singleton and X (t) = X%(75(t)) is constant.
Therefore II contains all the non-stationary points of X. Furthermore X (¢)(1) = X%o7s(t) which
is cadlag since X?° is cadlag and 75 is cadlag and increasing. The fact that Supgepo] | X (1) (s) —
X()(0)] > & > 0 for at most finitely many ¢ € II follows from |X°|var < 0o. Therefore
(X,1II) € 9([a,b],R™) and thus (X,II) € 2P ([a, b], R™).

Next, we recall that ODEs commute with reparametrisations: if Y; € DPV*([a, b], R™) for
i =1,2solves dY; = (A, B)(Y;) du; for u; € DPV¥([a, b], R'*?) with first component of bounded
variation, and uq o A = uo for some \ € A[mb], then Y7 o A = Y5. It readily follows that if X’ is a
solution associated to (£, ¢') with w’ = (1Id, ¢') ~ w, then X ~ X’. Moreover, (:Id, ¢') ~ (.Id, ¢)
if and only if ¢/ ~ ¢, therefore S is well-defined.

It remains to prove that & is locally Holder continuous. Consider &;, ¢;, w;, X; as above for
i = 1,2 and take II to contain all non-stationary points of ¢1, ¢o. Remark that wf = (g5, qﬁ?) €
DPr([q, b + 6], R*%) for a non-decreasing surjection ¢° : [a,b + 6] — [a, b] with [¢°] < 4.

Recalling that A € C#(R™,R™) for § > 1, take ¢ € (1,5). Since ODEs commute with
reparameterisations, X? o A solves the ODE dX = (A, B)(X)d(w{ o \) for any \ € Afg )
Therefore, by [15, Theorem 3.6],

‘Xis oA — Xg‘pvar < C(‘g(S oA\ — gé‘q—var + ‘¢<1S oA — (bg’p—var + |1 — &al),

where C here and below depends on ¢;, & only through | — &| + Z?Zl |$i|p-var- By (8.4),

_ 1
16° 0 A — ¢ lgvar < 19° 0 A — ° |50 1g% 0 A — ¢°)1/0

var 1-var*

Using | - |ooovar < 2| - |00 and [[¢°] < 0, we obtain [g% 0 A — ¢°|seovar < 46 + 2[A[. Furthermore,
|g§ oN— gé‘l—var < |g§ o )\‘l—var + |ga|1—var < 2(b - a), and thus

Qpvar (X1, X2) < C lim inf max{ AL, A]' ™77+ 16§ 0 X = 6 prvar + 161 = &2l

< C(ap-Var(¢17 P2) + apvar (P1, ¢2)171/q + 16— f2|) u

To get control on oy var, there is a useful interpolation inequality.
Lemma 8.17. Let g, h: [a,b] = R? (not necessarily cadlag) and 1 < p < q < co. Then

Uq-var(g7 h) < {1 + (|g|p-var + |h‘p-var)p/q}{0'oo-var(ga h)l—p/q + Uoo-var(g’ h)}

"There is an assumption in [15, Theorem 3.6] that the drift has finite p/2-variation; we can drop this assumption
here as we are working in the Young regime p € [1,2), see also [20, Theorem 3.2 & Remark 6.1].
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Proof. It follows from (8.4) that

Ogvar(9, h) = Emax{[A[, g © A = hlgvar + l9(a) — h(a)[}
< irifmax{ﬂ)\ﬂ, lgo X — h|p/q lgo A — h|1_p/q +lg(a) — h(a)[}

p-var oo-var
< inf max{[A[, (|9lpvar + [Blpvar)”/*|g 0 A = RLTELT + [g(a) — h(a)]}
< {1+ (|glpvar + |Rlpvar )/ H O somvar (9, h) /9 + Tooar(g, 1)} |

Lemma 8.18. For ¢1,¢2 € 2977 and 1 < p < q < o0,

aq—var(¢17 ¢2) < {1 + (|¢1 |p-var + ’¢2|p-var)p/q}{aoo-var(¢1a ¢2)1—p/q + aoo—var(¢17 ¢2)}

Proof. We apply Lemma 8.17 to (;5? and gi)g for each 0 > 0 and use the definition of ay.var and
Qoo-var- n

The following is a minor extension of the continuous mapping theorem.

Lemma 8.19. Let E, F' be metric spaces equipped with their Borel o-algebras and let H : E — F
be a mapping. Suppose that there exist closed sets Dy, C E for k > 1 such that Dy C Dy11 and
Up>1 Dr = E, and that H is continuous on every Dy. Suppose that X,, are E-valued random
variables such that limy_,o, sup,, P[X,, ¢ Dy] = 0. Finally, suppose that X, —, X in E as
n — 0o. Then H(X,) —w H(X) in F as n — oo.

Proof. Let f : F — R be a lower semicontinuous function such that |f| < M. We claim
that the function Hy = 1p, f o H + 1p¢M is lower semicontinuous on E. We suppose that
Zn — x in E and we show that liminf,,_,o Hg(zy,) > Hg(x). The verification is straightforward
if liminf,, oo Hi(z,) = M. Suppose now liminf,, o Hi(z,) < M. Let x,, be a subsequence
such that liminf, o0 Hg(z,) = limy,—00 Hi(zn,,). Note that z,,, is eventually in Dy and thus
x € Dy by the assumption that Dy is closed. Then by continuity of H on D; and lower
semicontinuity of f,

lirgiank($n) m Hy(zn,,) = h_I>n foH(zn,) > foH(x) = Hg(r).

=1l
m—0o0
The claim is proved.
Next, by the Portmanteau lemma,

lim inf E[Hy (X)) > E[Hy(X)].

n—o0

Moreover, Hj, is decreasing in k with Hp — f o H pointwise, and therefore

lim E[H(X)] = E[f o H(X)].

k—o00

On the other hand,
lim Sup(E[Hk(Xn)] - E[f © H(Xn)]) =0
k—oo n
by the assumption that limy_, . sup,, P(X,, ¢ Dy) = 0. Combining these facts, we obtain
lim inf E[f o H(X,)] > E[f o H(X)].

Since this holds for all bounded lower semicontinuous functions f, it follows that H(X,) —w
H(X) in F by the Portmanteau lemma. |
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We are now ready to prove Theorem 2.10.

Proof of Theorem 2.10. The fact that |¢|pvar < oo follows from lower semicontinuity of
p-variation and the Portmanteau lemma (more specifically, we use that 1ig|par>n 18 lower
semicontinuous). Consider now the metric spaces E = (27" ([a,b],R?%),as) and F =
(2P ([a, b], R™), atgovar) With ¢ € (p, 7). Recall that B € C7(R™, R™*4) for v > p. By stability
of Young ODEs (Proposition 8.16), interpolation (Lemma 8.18), and the elementary inequal-
ity |f(a)] + | floovar < 3|floo and thus aeevar < 3o, the solution map S maps every subset
Dy ={¢ € E : |¢|pvar < k} continuously into F. By lower semicontinuity of p-variation, each
set Dy, is closed in F, and, by the assumption that |¢y, |p-var is tight, limy_,o sup,, P[¢y, ¢ D] = 0.
Finally ¢, — ¢ in E by assumption. It follows from Lemma 8.19 that S(¢,) —w S(¢) in F'
as n — oo as claimed. |
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