ON THE PRESENTATION OF THE GROTHENDIECK-WITT
GROUP OF SYMMETRIC BILINEAR FORMS OVER LOCAL
RINGS

ROBERT ROGERS AND MARCO SCHLICHTING

ABSTRACT. We prove a Chain Lemma for inner product spaces over commu-
tative local rings R with residue field other than Fo and use this to show that
the usual presentation of the Grothendieck-Witt group of symmetric bilinear
forms over R as the zero-th Milnor-Witt K-group holds provided the residue
field of R is not Fa.
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1. INTRODUCTION

Extending work of Witt [Wit37] to include the case of characteristic 2 fields,
Milnor-Husemoller prove in [MH73, Lemma IV.1.1] that the Witt group W (F') of
inner product spaces, aka non-degenerate symmetric bilinear forms, of a field F is
additively generated by elements {(a), with a € F*, subject to the following three
relations.

(1) For all a,be F* we have (a?b) = (b).

(2) For all a € F'* we have {a) + (—a) = 0.

(3) For all a,b,a + be F* we have {a) + {(by = {a + b) + {(a + b)ab).
From this, one readily obtains a presentation of the Grothendieck-Witt group
GW (F) of F with the same generators and relations (1), (2’), (3) where:

(2°) For all a € F* we have {a) + {(—a) = (1) + {—1).

The goal of this paper is to generalise these presentations to commutative local
rings (R, m, F'). In fact, we will show in Theorem 1.3 and Corollary 1.5 below that
the same presentation holds for GW(R) and for W(R) as long as the residue field
F = R/m of the local ring R satisfies F' # Fy. If the residue field is F, then there
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are counter-examples; see Proposition 4.1. It seems that our results are new when
the residue field F' has characteristic 2 or when R # F = Fs.

Remark 1.1. The abelian group with generators {a), a € R*, and relations (1),
(2%), (3) (and R in place of F') is also known as the zero-th Milnor-Witt K-group
KMW(R) of R [Mor12], [GSZ16], [Sch17]. The presentation of GW (R) as the zeroth
Milnor-Witt K-group has become important in applications of A'-homotopy theory
[Mor12], [AF22] and the homology of classical groups [Sch17] where the sheaf of
Milnor-Witt K-groups plays a paramount role. To date, the lack of understanding
of the relation between Milnor-Witt K-theory and Grothendieck-Witt groups when
char(F) = 2 is the reason that many results are only known away from characteristic
2. This paper therefore is part of the effort to establish these applications also in
characteristic 2 and in mixed characteristic.

Statement of results. To state our results, recall that an inner product space over
a commutative ring R is a finitely generated projective R-module V' equipped with
a non-degenerate symmetric R-bilinear form b: V x V — R; see [MH73]. When R
is local, then V is free of some finite rank, say n. In that case, an orthogonal basis
of V is a basis v1,...,v, of V such that b(v;,vj) = 0 for i # j. Note that if the
residue field of R has characteristic 2, an inner product space over R need not have
an orthogonal basis. Nevertheless, we prove in Proposition 3.1 (3) that stably every
inner product space over a local commutative ring R has an orthogonal basis. Two
orthogonal bases B, C of V are called chain equivalent, written B ~ C, or B ~ C
to emphasise the ring R, if there is a sequence By, By, ..., B, of orthogonal bases of
V such that By = B and B, = C, and B;_1 n B; has cardinality at least n — 2 for
i =1,...,7. Our first result is the following.

Theorem 1.2 (Chain Lemma). Let (R,m, F) be a commutative local ring with
residue field F' # Fy. Let V' be an inner product space over R. Then any two
orthogonal bases of V' are chain equivalent.

Of course, this is vacuous if V' has no orthogonal basis. Theorem 1.2 was pre-
viously known when R is a field of characteristic not 2 [Wit37, Satz 7|, [Lam05,
Theorem 1.5.2], and the local case easily reduces to the field case; see Lemma 2.4.
The Theorem does not hold when F' = Fs; see Remark 2.11 and Lemma 2.4. The
proof of Theorem 1.2 is given in Section 2.

We let GW (R) be the Grothendieck-Witt ring of non-degenerate symmetric bi-
linear forms over R, that is, the Grothendieck group associated with the abelian
monoid of isomorphism classes of inner product spaces over R with orthogonal sum
as monoid operation [Kne77], [Sah72], [MH73], [Sch10]. The ring structure is in-
duced by the tensor product of inner product spaces. For a € R*, we denote by
{a)z the Z-basis element of the group ring Z[R*] corresponding to a € R*, and
by {a) the rank 1 inner product space b(z,y) = azy, z,y € V = R. We have
elements {ayy = 1 —<ayz and hy = (1)z + (—1)z in Z[R*] and {ay = 1 —<a)
and h = (1) + {(—1) in GW(R). We may write (a), {a) and h in place of {a)z,
{ayz and hg if their containment in Z[R*] is understood. Note that we have a ring
homomorphism

(1.1) 7 Z[R*] — GW(R) : {a)z — {a)
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which sends {a)z and hz to {a) and h. Our main result is the following which
asserts that this ring homomorphism is surjective with kernel the ideal generated
by three types of relations.

Theorem 1.3 (Presentation of GW(R)). Let (R,m, F) be a commutative local
ring with residue field F # Fy. Then the Grothendieck-Witt ring GW(R) of inner
product spaces over R is the quotient ring of the integral group ring Z|R*] of the
group R* of units of R modulo the following relations:

(1) For all a € R* we have {a%) = 0.

(2) For all a € R* we have {ay-h = 0.

(3) (Steinberg relation) For all a,1 —a € R* we have {ay - {1 —ay = 0.

In the context of Witt and Grothendieck-Witt groups, the Steinberg relation is
also called Witt relation.

Remark 1.4. If the residue field F' of R satisfies F' # Fy,F3 and we impose only
the Steinberg relation (3) in Theorem 1.3, then imposing relation (1) is equivalent
to imposing relation (2); see Lemma 3.6 (2) below. In particular, if the residue field
is not Fy,F3, then GW (R) is the ring quotient of the group ring Z[R*/(R*)?] of
the group of unit square classes modulo the Steinberg relation (3). When R = F'is
any field, including F' = Fa,F3, we can dispense with the relation (2) as well and
obtain the presentation of GW (F) as the quotient of the group ring Z[R*/(R*)?]
modulo the Steinberg relations. Indeed, if R = F3, relations (1) and (2) are vacuous
and if R = Fy, all three relations (1), (2) and (3) are vacuous but the map 7 :Z =
Z|R*] - GW(R) in (1.1) is already an isomorphism.

Theorem 1.3 was previously known for R a field (including Fy) [MH73|, and
for commutative local rings with residue field F' of characteristic not two as long
as F # F3 [Gill19, Theorem 2.2]. The theorem does not hold for local rings with
residue field Fy, in general; see Proposition 4.1. The proof of Theorem 1.3 is in
Section 3, Corollary 3.5.

Since the Witt ring W (R) is the quotient of the Grothendieck-Witt ring GW (R)
modulo the ideal generated by h = 1+{—1), we obtain the following from Theorem
1.3 generalising the presentation [MH73, Lemma IV.1.1] from fields to commutative
local rings.

Corollary 1.5. Let (R,m, F') be a commutative local ring with residue field F # Fs.
Then the Witt group W (F) of inner product spaces of R is additively generated by
elements {ay, with a € R*, subject the following three relations.

(1) For all a,be R* we have {a®b) = (b).

(2) For all a € R* we have {ay + {(—a)y = 0.

(3) For all a,b,a + be R* we have {a) + {by = {a + b) + {(a + b)ab).

Acknowledgements. We would like to thank the referee for a careful reading of the
manuscript. Robert Rogers would like to thank the Institute of Mathematics at the
University of Warwick for providing financial support in the form of a URSS grant
while the research was carried out.

2. THE CHAIN LEMMA

All rings in this article are assumed commutative. For an inner product space
(V,b) over a ring R, we write q : V — R for the associated quadratic form defined
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by q(z) = b(z, z) for z € V. We call an element v € V' anisotropic if g(v) € R*. Note
that for an orthogonal basis (u1, ..., u, ) of V, every w; is anisotropic, i = 1, ...,n. For
units ay, ..., a, € R*, we denote by (a1, ...,an) = (a1 )+ -+{an) = {a1)D- - -®{an)
the inner product space which has an orthogonal basis u, ..., u, with g(u;) = a; for
1=1,..,n.

Our first goal is to show in Lemma 2.4 below that the Chain Lemma (Theorem
1.2) for a local ring is equivalent to the Chain Lemma for its residue field.

Lemma 2.1. Let (R,m, F) be a local ring, € € m, and let V be an inner product
space over R. If By = (u1,...,uy) is an orthogonal basis of V, then so is By =
(u1 + eug,ug — eq(uz)q(ur) " tuy, uz, ..., u,). Moreover, we have By = By mod m
and Bl XR BQ.

Proof. Since ¢ € m, we have By = By mod m, and B> is a basis since Bj is.
Orthogonality is checked directly. Since B; and B differ in only two terms, they
are chain equivalent, by definition. (Il

Lemma 2.2. Let (R,m, F) be a local ring, and let V be an inner product space
over R. If By = (uy,...,upn) and By = (v1,...,v,) are orthogonal bases of V' such
that By = By mod m, then By ~gr B>.

Proof. The proof is by induction on n > 1. By the definition, for n = 1 and n = 2
any two orthogonal bases are chain equivalent. In particular, the claim is true
for n = 1,2. For n > 2, we claim that (ui,us,...,u,) =g (vi,ub,...,u,) for some
ub, ..., up, € V such that u} = u; mod m, i = 2,...,n. Then the induction hypothesis
applied to the two orthogonal bases (u5, ..., u,,) and (va, ..., v,) of the non-degenerate
subspace vi of V yields (uy,ug,...,un) ~r (vi,uh,...,u,) ~r (vi,v2,...,v,). To
prove the claim, note that v; = uy + e1uy + e2us + - - - + £,u, for some €; € m since
u; = v; mod m. For ¢ = 0,...,n, set u(ll) = uy + e1uy + eous + - -+ + g;u;. Then
ugo) = u; and UYL)
pair (ugl_l), u;) to find u € V such that u; = u; mod m and

(U1, Uz, .oy Up) R (ugl),ug, ey Up) AR (ugz),ulz, ooy U Uiy 1 ey Upy)

= ;. For i = 2,...,n, we apply Lemma 2.1 recursively to the

where the first ~p is the case n = 1. O

Lemma 2.3. Let (R,m, F) be a local ring, and let V be an inner product space
over R. Any orthogonal basis @ = (U1,...,4,) of Vg = V ®g F is the image mod
m of an orthogonal basis u = (u1,...,un) of V, called lift of w. If two orthogonal
bases u, U of Vg differ by at most two places, then there are lifts u and v of u and
v which differ in at most two places.

Proof. Choose any lift u; of @; inside V, then any lift up of @y inside ui < V,
then any lift uz of @3 inside {uj,us}t < V... This yields a lift u of 4. Assume

u = (ﬂl,ﬂg,ﬁg,...,’an) and v = (@1,52,@3,...,’[1”). Let u = (ul,...,un) be a lift
of 4. Let (vi,v2) be a lift of (71, 0s) inside {us,...,u,}*. Then we can choose
v = (v1, V2, U3, ..., Up) as lift of . ]

For two orthogonal bases B,C of an inner product space V over a local ring
(R,m, F), we write B ~p C if the images of B and C' in Vg = V ®g F are chain
equivalent over F'. The following shows that the Chain Lemma (Theorem 1.2) for
a local ring is equivalent to the Chain Lemma for its residue field.
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Lemma 2.4. Let (R,m, F) be a local ring and V' an inner product space over R.
For two orthogonal bases B, C of V, if B~p C, then B ~p C.

Proof. Choose a sequence B;, i = 0, ...,r of orthogonal bases of Vi such that By
and B, are the images of B and C in Vi and B; differs from Bi+1 in at most two
places, i = 0,...,7r — 1. By Lemma 2.3, for i = 0, ..., — 1 we can choose lifts B;,
Ci+1 of B; and B,y such that B; and Cj4; differ in at most two places. By Lemma
2.2, we have B ~gr By, B; ~g C; fori =1,...,7r — 1 and C, ~g C. Hence,

B~p By~rC1~gr Bi~r Co ~g Bo ~xr C3~r - ~gr Cr ~p C.

O

Our next goal is to prove in Theorem 2.6 the Chain Lemma (Theorem 1.2) for
infinite fields of characteristic 2. We will make frequent use of the following.

Lemma 2.5. Letn = 2 be an integer, and let u = (uq, ..., up) be an orthogonal basis

of an inner product space V' of rank n over a field F. Let vi = ajuy + -+ - + apuy,
where ay,...,a, € F. If for all 2 < r < n, the partial linear combination UY) =

ajuy + -+ + a,u, 18 anisotropic, then vy = v% )

basis v = (v1,...,v,) of V such that u ~p v.

can be extended to an orthogonal

Proof. Choose vy to be a generator of the orthogonal of vf) inside Fu; L Fus.

2 . .
Then u ~ (vg ),’UQ,U3, .y Up). For an integer r with 2 < r < n, assume we have

constructed elements vy, ..., v, € V such that (vY)mg, vy Upy Up 1y ooy Uy, ) 1S AN OT-
thogonal basis of V' that is chain equivalent to u. Note that vi”l) is an anisotropic

vector in F’UY) 1L Fu.41. Choose v,41 to be a generator of the orthogonal comple-

ment (UY+1))L of F’UY+1) inside FUY) 1 Fu,y1. Then

o~ () o (o, (r+1)
u~ (Ul V2, ---7vr7u7‘+1)"'7un) ~ (Ul y V2, "'aUT+1auT+27"~7un)-

By induction on r, we obtain the case r = n which is the statement of the lemma.
O

Theorem 2.6. Let F be a field of characteristic 2, and let V' be an inner product
space over F. If F is finite, assume that dimp V = 3. Then any two orthogonal
bases of V' are chain equivalent.

Proof. Assume first that F' # Fy. We proceed by induction on n = dimg V' = 0.
For n = 0,1, 2, there is nothing to prove. If F' is finite, assume n = 3, otherwise let
n = 3. For an orthogonal basis u = (u1, ug, ..., up) of V', let C(u) < V be the set of
all vectors ayuy + agug + ... + auy, € V, with a; € F, such that

ada(ur) + asq(ug) +--- +aq(u,) #0  forall r=2,...,n.

Let v = (v1,v2,...,v,) be another orthogonal basis of V' and consider the corre-
sponding set C'(v). By Lemma 2.7 below, the intersection C'(u) nC'(v) is non-empty.
Thus, we can choose a vector uj = v} € C'(u) nC(v). By Lemma 2.5 we can extend
u) = v} to orthogonal bases v’ = (uf,ub,...,u,,) and v/ = (v{,vh,...,v}) of V such
that u ~ v’ and v ~ v'. Now (uh,...,u),) and (v},...,v],) are orthogonal bases of
(uh)t = (v))* and thus (ub,...,u!,) ~ (vh,...,v)) by the induction hypothesis. In
particular, v’ ~ v’ since u} = v{, and we have proved u ~ v’ ~ v/ ~ v.

For F = Fy there is only one inner product space V of dimension 3, namely

(1,1, 1); see for instance Proposition 3.1 below. The only anisotropic vectors of V'
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are the vectors of the standard orthonormal basis e, e3, €3, and e = e; + e5 + e3.
The vector e cannot be extended to an orthogonal basis since every vector in its
orthogonal complement e+ — V is isotropic. Thus, the only orthogonal basis of V/
is e1, e9, e3 and the theorem trivially holds. O

Lemma 2.7. Let n,r = 1 be integers, and let F' be a field of characteristic 2. Let
V = F™ and let gy, ..., 9, be diagonalisable non-trivial homogeneous quadratic forms
on V. If |F| = r, then there is v € V such that q;(v) #0 fori=1,...,r.

Proof. We proceed by induction on r > 1. If r = 1 the quadratic form q; can be
written as a2% + ... + @, 22 in a suitable basis of V', a; € F. We can assume a; # 0
since g; is non-trivial. Then v = (1,0, ...,0) satisfies 9;(v) = a1 # 0. Assume
r = 2. By induction hypothesis, we can pick v; € V such that q;(v;) # 0 for
i=1,2,..,7r—1. If q.(v1) # 0 then we are done. Otherwise, pick vs € V such that
a,(v2) # 0, and choose € € F' such that €2 is not in the set

{%’(W)
a;(v1)
of cardinality at most » — 1. Note that such an e exists because the Frobenius
morphism F — F,u ~— u? is injective, and hence the set {¢? | ¢ € F'} contains
|F| = r many elements. Then the vector v = ev; + vy satisfies g,(v) # 0 for
, =1, ...,r since

|1<i<r—1}

a;(ev1 + v2) = a;(ev1) + a;(v2) = €29, (v1) + q;(v2) #0  for i=1,..,r—1,
and q,.(cv1 + v2) = £2q,.(v1) + 9,.(v2) = q,.(v2) # 0. O

In order to prove Theorem 1.2 for finite fields of characteristic 2 other than Fo
we need the following lemma.

Lemma 2.8. Let F' # Fs be a finite field of characteristic 2, and let n = 4 be an
even integer. Assume that any two orthogonal bases of an inner product space over
F of dimension smaller than n are chain equivalent. Then the standard orthonormal
bases e and the orthogonal basis é of (1,1, ...,1) = (1)®" below are chain equivalent:

e=(e1,€9,....,6n) & &= (1,60,...,6y)
where €. = 33 <irey €i

Proof. The orthogonal basis e = (e, e, ..., €,,) is chain equivalent to an orthogonal
basis v = (u1,...,up) with vy = aje; + -+ + ape, if for r = 1,...,n we have
Di<icr @i # 0; see Lemma 2.5. Similarly, é = (€1, éa, ..., €,) is chain equivalent to
an orthogonal basis v = (v1,...,v,) with v1 = b1é1 + -+ b,é, if for r =1,...;n we
have >, ;. bi # 0. Note that

v =b1é1 + -+ buén = biey + -+ + bney,

where l;r = ZK#T@L b;. Choose elements by,b,, € F' such that by,b,,b; + b, # 0.
This is possible since F' has more than 2 elements. Set b; = 0 for 1 < i < n and
a; = lA)l Then
b i=1
Z)Z‘Z bi+b, 1<i<n
b1 1=n
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and therefore, for r = 1, ...,n, we have

bn, 1<r<mn, rodd
Zai: 281: b1 1<r<mn, reven
1<i<r 1<i<r by +0b, r=n,
and
2 b_{ b1 1<r<n
' bi +b, 7r=n.

1<i<r
In particular, the last two sums are non-zero for r = 1,...,n. Hence, there are
orthogonal bases v and v as above with e ~ u, é ~ v and u; = v;. By assumption
applied to the inner product space ui = v;- of dimension n—1, we have (us, ..., u,) ~
(va, ..., vp,). Therefore,
EXURVRE.

O

Example 2.9. As an illustration of Lemma 2.8, the following explicitly shows that
(e1,e2,e3,e4) ~ (é1,62,63,64) € (1,1,1,1) over Fy = Fa[a]/(a® + a + 1) where we
set B=1+caandnotethat af =1, a+B8=1,a% =45, 5% =a:

(e1, €2, es, eq)
~ (aey + Beg, Bei + aea, es3, eq)
~ (e1 + aeg + aes, Ber + cea, Be1 + ez + Bes, eq)
~ (Be1 + ex + e3 + aey, Be1 + cea, Be1 + ez + Bes, ae1 + Bex + Bes + Bey)
~ (Be1 + e2 + e3 + aey, Be1 + aes, e1 + aes + Bes + eq, Bes + aey)
~ (Ber tez+e3+aeq, e1+ Pex+aeztes, e1+aex+ Pes+teq, ael + ez + e3 + Bey)
~ (Bey + ez + e3 + aey, e1 +e3 + ey, e1 +ea + ey, aey + eg + e3 + Bey)
~ (ex +e3+ey, el +e3 + ey, e1 + e+ eyq, e] + e + e3)
= (e, éa, és, éq)

In contrast, over Fo we have (e, e, e3,e4) % (€1, €2, €3,€4); see Remark 2.11.

Theorem 2.10. Let F' be a finite field of characteristic 2 such that F' # Fo. Let V
be an inner product space over F. Then any two orthogonal bases of V' are chain
equivalent.

Proof. We proceed by induction on the dimension n = dimp V of V. Forn = 0,1, 2,
there is nothing to prove, and the case n = 3 was treated in Theorem 2.6. Thus,
we can assume n = 4. Let v = (v1,v,...,v,) and w = (w1, wa, w3, ..., w,) be two
orthogonal bases of V. Among all orthogonal bases of V' that are chain equivalent
to v choose one, say u = (uq,ug,us, ..., ), such that for the linear combination
w1 = ajuy + - -+ + apu, the number r of non-zero coefficients a; # 0 is minimal.
Reordering, we can assume ai,...,a, # 0 and a,41 = --- = a, = 0. Clearly
1<r<n Ifr=1then v ~ u~ (w,us,us,...,up) ~ (w1, wWs,...,w,) since
(ug,us, ...un) ~ (wa,...,wy), by induction hypothesis applied to the orthogonal
complement wi- of wy inside V. If r = 2 then v ~ u ~ (wy,u),us, ..., u,) where
uh is a non-zero vector of the orthogonal complement of w; inside of Fu; 1 Fus.
Then v ~ (wy,uh, Uz, ..oy Uy) ~ (W1, Wa, ..., wy) since (uh, us, ...u,) ~ (Wa, ..., W),
by induction hypothesis applied to the orthogonal complement wi- of w; inside V.
Assume r > 3. Since every element in F' is a square, we can rescale and assume
q(u;) = q(w;) = 1, i = 1,...,n as rescaling yields chain equivalent bases. Assume
that there is a pair 1 < % # j < r such that a;u; + aju; is anisotropic. After
reordering, we can assume i = 1, j = 2. Set v} = aju; + asuq, and let u} be
a non-zero vector in the orthogonal complement of u} inside Fu; 1 Fus. Then
u ~ (u},uh, ug, ... up) and wy = uj + agug + - -+ + a,u, contradicting minimality
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of r. Thus, for all pairs 1 < 7,j < r, the vector a;u; + aju; is isotropic, that is,
0 = q(a;u; + aju;) = aZq(u;) + a?q(uj) =a? + a? = (a; + aj)z, so a; + a; = 0, for
1<i<r thatis,a=ay =ay=a3=---=a, # 0. Then wy = a(u; + - + u,).
Since 1 = q(w1) = a®(q(u1) + -+ + q(u,)) = ra?, the positive integer r is odd.
Therefore, 1 = ra®> = a? implies @ = 1, and we have w; = u; + - -+ + u,. If r < n,
we can use Lemma 2.8 to find an orthogonal basis uj, ..., u;. .1 of Fus L ... L Fu,qy
such that (uq,...,ur11) & (w1, u, ..., u;., ;). Then

/ /
VA (Ul U, Uy oy Up ) R (W1, U, Uy ey Uy g 1, Up 2y ey Upy) AW

since (uh, Us, ..., Uy, Upg2,s ooy Up) ~ (W2, w3, ..., wy), by the induction hypothesis
applied to wi inside V. Finally, the case r = n is impossible. Indeed, if r = n,
then every vector in wi < V is isotropic contradicting the the assumption that

(wa, ..., wy,) is an orthogonal basis of wi . (]

Proof of Theorem 1.2. The analog of Theorem 2.6 for fields F' of characteristic not
2 is classical [Wit37, Satz 7] and holds without restriction on the size of F; see
for instance [LamO05, Theorem 1.5.2]. Together with Theorems 2.6 and 2.10, this
implies Theorem 1.2 in view of Lemma 2.4. [

Remark 2.11. The Chain Lemma does not hold for R = F = Fy and V = F}
equipped with the form (1,1,1,1). The orthogonal basis e = {e1, ez, €e3,e4} is only
chain equivalent to itself since (1) L (1) has unique orthogonal basis {e;,e2}. But
V has also orthogonal basis é = {é1,é3,é3,é4} where é; = e; +e2 +e3+e4—¢€;
for ¢ = 1,...,4. In particular, the two orthogonal basis e and é of V' are not chain
equivalent.

3. PRESENTATION OF GW(R)

For an invertible symmetric matrix A € M, (R), we denote by (A) the inner
product space R" equipped with the form b(z,y) = ‘zAy, z,y € R™ where x
denotes the transpose of the column vector x. The following shows that every
inner product space stably admits an orthogonal basis. In particular, the ring

homomorphism (1.1) is surjective.

Proposition 3.1. Let (R,m, F) be a commutative local ring.

(1) For any inner product space V' over R there is an isometry
Vedugy Lo Ly LNy L--- LN,

for some u; € R* and N; = <(“1’ bli )> with a;,b; € m.
(2) For any a,b € m there is an isometry of inner product spaces

<<(1l l1)>> +(-1)= <(_1 +1a)(éibl - b)> +{—1+a)+{(—1+b)

(3) For any inner product space V over R, there is an inner product space
W with orthogonal basis such that V. L W has an orthogonal basis. In
particular, the Grothendieck-Witt group GW (R) of inner product spaces is
additively generated by one-dimensional spaces {uy, u € R*.

Proof. For part (1), if q(z) =b(z,z) = w € R* is a unit for some z € V then
V = Rz 1 (Rz)* is a decomposition into non-degenerate subspaces, and Rz = (u).
Hence, repeatedly splitting off one-dimensional inner product spaces, we can write
V=<uyl - L<{uy L N where u; € R* and g(z) emfor all z e N. If N # 0
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then the rank of N is at least 2, and we can find =,y € N such that b(z,y) = 1.
The subspace N; spanned by x and y is non-degenerate with Gram matrix (¢ 1)
where a = q(z) and b = q(y). In particular, N = N; L Ni- is a decomposition
into non-degenerate subspaces, and Ny = {(§ })). Now we keep splitting off rank
2 spaces INV; to obtain the desired form.

Part (2) follows from the equation in M3(R)

—1+ab 1 —
_—11+a _—11+b (—1+¢1)Y—1+b) a 1 0 _—11+a L0
-1 0 1 1 b 0 o 0 -1
—1+a
1—ab
(—14a)(—1+b) 0 0
= 0 —1+4+a 0
0 0 —1+b
Finally, (3) follows from (1) and (2). O

Lemma 3.2. Let (R,m, F) be a commutative local ring with residue field F # Fs.
Then the kernel ker(w) of the ring homomorphism (1.1) is generated as abelian
subgroup of Z|R*] by the following elements:

{oy =By with a, f € R* and {a) = {f)
<a> + <B> - <’Y> - <5> with «, ﬂv s de R* and <O[, ﬁ> = <77 5>
Proof. By definition, an element 3.7 {a;) — 377" (b;) of Z[R*] with a;,b; € R* is
in ker(7) < Z[R*] if and only if there is an inner product space K and an isometry
of inner product spaces

(3.1) a1y ey @) DK = by, oo b)) D K.

In particular, n = m. By Proposition 3.1 (2), there exists an inner product space
W over R such that K @ W admits an orthogonal basis. Replacing K with K@ W,
we can assume that K in (3.1) has an orthogonal basis, say {z1,...,2;}. The inner
product space (V,b) := {(a1,...,an) ® K = {(by,....;b,) ® K has the following two
orthogonal bases:

A={x1,....,xpn, 21, .., 21}, with b(z;, ;) = a;, and b(z;, 2;) = ¢;, and

B ={y1, .., Yn, 21, ., 21}, with b(y;, y;) = b;, and b(2';,2";) = ¢;.

By Theorem 1.2, we can choose a chain of orthogonal bases, Cy,C1,...,Cny_1,Cn
such that C; and C;,; differ in at most 2 elements, i = 0,..., N — 1, and Cy = A,
Cy = B. Let <c§l), vy CS_)H> be the diagonal form corresponding to C;. As C; and
C;41 differ in at most two vectors,

(S 4 oo+ (D) = () 4+ (D)) e Z[R¥]
is of the form

(a) — {by € Z[R*] with (a) = (b)

(ay + (b)Y — {a’> — W'y € Z[R*] with {a,b) = {a’, V).
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In Z[R*], we have

N aiy = S by (X0 Casy + Sy dey) = (S y<biy + Sy {eiy)
Zn+l o)> Zn+l< (N)>

_ infol(ZnJrl (k)> ZnJrl k+1 >)7

which is of the desired form. O

Lemma 3.3. Let R be a commutative ring. Assume we have an isometry of inner
product spaces {a,by = {¢,dy over R where a,b,c,d € R* with d = abc and ¢ =
ax? + by?, z,y € R. If in R, we have f = as® + bt?, then the following equation

holds in R
foe (asx + bty>2 d (ta: - sy)2
c c

Proof. Direct verification. (I

For a commutative local ring R, let K}*W(R) be the quotient ring of Z[R*]
modulo the ideal generated by the relations (1), (2) and (3) of Theorem 1.3 where
{ay =1—<{a), and (a) € Z[R*] is the element corresponding to a € R*.

Lemma 3.4. Let (R,m, F) be a commutative local ring with residue field F # Fa,
and let a,b,c,d € R* with {a,b) =~ {¢,d) as inner product spaces over R. Then the
following equality holds in KM"YW (R):

(@) + by = {e) +{d).

Proof. The isometry {a, b) = (¢, d) implies ¢ = ax?® + by? € R for some x,y € R and
d = abc € R*/(R*)2. Since (r?d) = (dy e K}*W(R), we can assume d = abc € R*.
If x,y € R*, we say that c is regularly represented by {a,b). In this case

(ay +{b) (az?) + (by?)
©) (<ac*1x2> + <bc’1y2>)
{e) (1) + abe—2a?y?))
(e) +{d)
in KW (R) where we used the Steinberg relation for the third equality.

Assume now that one of x or y is in the maximal ideal m of R, then the other
is a unit since ¢ is a unit. Without loss of generality, we can assume z € R*
and y € m. We claim that if there is z € R* such that az? + bz? € R*, then
{ay+{by = {c)+{dy e K}V (R). Indeed, given z € R* such that v = ax?+b2% € R*

we set & = aby. Then {(a,b) = {(v,6), and = is regularly represented by {a,b). In
particular, (y)+{8) = {a)+{by € K} (R). Since ¢ = az? + by?, Lemma 3.3 yields

2 2 _ 2
c=*y(ax +byz> +5($y xz)
Y Y

Note that (az? + byz)y~! and (zy — xz)y~! are units in R since z, z,a,b,y € R*
and y € m. In particular, ¢ is regularly represented by {7, d) and thus {¢) + {d) =
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(v) + {8y e KMW(R). Hence,

(+ld)y =+ =+ e K (R).

If F # F3 (and F' # Fq, by assumption) then we can find an element z € R* with
ax®+bz? € R* as in this case F has at least 2 square units, and we only need to make
sure that its class z in F' = R/m satisfies 22 # —ab~'z% € F. If there is no z € R*
such that az? + bz%? € R*, then F = F3 and a + b,a — ¢ € m as in this case square
units in R are 1 modulo m. Then {c, —b) = {a, —d) since a = ¢(1/z)? — b(y/z)? and
d = abe. Note that there is z € R* such that v = ¢(1/x)? — b2? € R*. For instance,
z =1/r € R* will do since ¢ —b = 2¢ — (a + b) + (a — ¢) € R*. As proved above,
this implies {(c¢) + (—=b) = (a) + (—d) in KMW(R). Using relation (2) of Theorem
(1.3) which holds in K}*W(R), we have

(@) + ) ={ay = {=b) + h={e) = (=d) + h={e) +(d) € Ky'"(R).
O

Corollary 3.5. Let (R,m, F') be a commutative local ring with residue field F # Fs.
Then the surjection (1.1) induces an isomorphism

KMY(R) = GW(R).

Proof. Let J < Z[R*] be the ideal generated by the relations (1), (2) and (3) of
Theorem 1.3, that is, J is the kernel of the ring homomorphism Z[R*] — K}MW (R).
As before, let 7 : Z[R*] — GW (R), {a) — {a) be the canonical ring homomorphism
(1.1). It is well known that J < kern. Indeed, the first relation is the isometry
(uy = {a*u) given by the multiplication with a € R*, the second relation follows
from the equation in Ms(R)

COEDE )
that s, ((91)) = (u) - {( (1& )>:, and the equality (1)) = h € GW(R) in view

( ?
of Proposition 3.1 (2) with b = 0. The last relation is a consequence of the
equality in M3(R)

R RPN S Y (R

Lemma 3.2 gives us additive generators of ker(w). By definition of KW (R) and
Lemma 3.4, these generators are in J, and so, J = ker(rw). O

We finish the section with a proof of Remark 1.4. Let KW (R) be the ring
quotient of Z[R*] modulo the Steinberg relation (3) of Theorem 1.3.

Lemma 3.6. Let (R,m, F) be a commutative local ring with residue field F' #
Fo,F3. Then for all a € R*, the following holds in K}V (R):

(1) €a){—a) =0,
(2) €a?) =<a)-h.

Proof. Part (1) was implicitly proved in [Sch17, Lemma 4.4]. The analogous argu-
ments for Milnor K-theory are due to [Mil70]. We give the relevant details here.
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First assume a # 1 where a means redugtion modulo the maximal ideal m c R.
Then 1 —a,1—a~! € R*. Therefore, in K}V (R), we have

ayl—ay = Lay ({1 -ay—{-a){l1—a"1))
= —(—a)a){l —a ') = (—a}ayla™H1 —a )
= 0.

If a = 1, choose b € R* with b # 1. This is possible since F' # Fy. Then ab # 1.
Therefore, in K}MW (R), we have

Cab){—ab) = {a) ((=a) + (=a){b)) +{a){b) ({a) +{a){~b))
Ca){—a) + ha){a){b)-

Hence, for all b # 1 we have {a){—a) = —h{a){a){b) € KMW(R). Now, choose
b},bg € A* such that by,by,b1bs # 1. This is possible since |F| > 4. Then in
KMW(R) we have

Capd=ay

0

—ha){a){biby)
—h{a){a)(Kbr) + (b1)¢b2))
Ca){=a) + b)apd—a).

Hence, (b)){aY{—a) = 0 € KMW(R). Multiplying with (b;') yields the result.
In Z[R*] we have {a){—a) - (—1) + {a?®) = {a)) - h which implies part (2). O

4. AN EXAMPLE OF GW (R) #¢ KW (R)

For any commutative local ring R, the three defining relations for KW (R)
hold in GW(R); see the proof of Corollary 3.5. In particular, the map (1.1) fac-
tors through the quotient K" (R) of Z[R*] and induces the ring homomorphism
KMW(R) — GW(R) sending the generator (a) of K}W(R) to the Grothendieck-
Witt class of the inner product space {a) for a € R*. This ring homomorphism
is surjective for any local ring R, by Proposition 3.1. Thus, we obtain natural
surjective ring homomorphisms

(4.1) ZIR*] — Z[R*/(R*)?] — KMW (R) - GW(R) 5 7

where the last map sends an inner product space (V,b) to the rank n = rk(V) of
the free R-module V' = R".

Proposition 4.1. For R = Fy[z]/(z*), the natural surjection K}V (R) — GW (R)
in (4.1) has kernel Z/2. In fact, we have isomorphisms of abelian groups

GW(R) = Z® (Z/2)* and K}MY(R)=Z® (Z/2)>.

Proof. Let Iz < Z[R*/(R*)?], Inrw < KW (R) and I € GW(R) be the respective
augmentation ideals, that is, the kernel of the surjective ring homomorphisms (4.1)
from Z[R*/(R*)?], KMW(R), GW(R) to Z. The maps (4.1) induce surjections
on augmentation ideals Iz — Ipyw — I. The first part of the proposition is the
statement that the surjection Ip;y — I has kernel Z/2.

For the local ring R = Fy[z]/(z*), the group of units R* has order 8 and elements
1+az +bz? + cz?, where a, b, ¢ € Fo. The group homomorphism R* — R* : ¢ — a?
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has image {(1+ax+bx?+cx3)?| a,b,c € Fo} = {1,14+22%}. In particular, the cokernel
R*/(R*)? is a 2-torsion abelian group of order 4. Hence, the group R*/(R*)? is
the Klein 4-group K4= (Z/2)%. A set of coset representatives for R*/(R*)? is given
by the elements 1, 1 +z, 1 + x + 2%, 1 + 22 + 2% € R* since (1 +2)(1 + 22 + 2°%) =
1+ax+22+22%+ 2% =14 2+ 22 is not a square. From the matrix equation in
M (R)

€T 1 1 0 X 1 _ 14+ x+ a2 0
1 z+22+28)/\0 1+2/\1 o+22+23) 0 1+ 22423

we see that
(4.2) D+ +ay=A+a+2%)+ {1 +2°+ 2% e GW(R).

We have 2] = 0 as h = (1) + {(=1)=(1) + (1) = 2, thus 0 = {uph = 2{upy € I
for all u e R*, and I is additively generated by {u), u € R*. In view of (4.2) and
2] = 0, we obtain the equality in GW(R)

43)  0=+ay+d+z+2”Hy+Q+27+2°) = > (w)
weR*/(R*)2

from which we see that I? = 0. Indeed, for u € R*/(R*)? we have {u)? = 2{u) =

0 € GW(R), and for v # u € R*/(R*)?, u,v # 1 € R*/(R*)?, we have from (4.3)

Cupoy = Cup + oy +uoy = Y {w) =0e GW(R).
weR* /(R*)?
Recall the isomorphism R*/(R*)? ~ I/I? : a — {a) with inverse the map that
sends an inner product space (V,b) to the determinant of the Gram matrix of b. In
our case, this yields I = I/I? ~ R*/(R*)? ~ (Z/2)?.

To compute Ipw for R = Fa[x]/(2*), we note that if a € R is a unit then 1—a is
not a unit and the Steinberg relation is vacuous. Moreover, {upyh = 2{u) € Z[R*]
as h = (1) +(=1) = (1) + (1) =2 € Z[R*], and thus, K}W (R) is the quotient of
Z[R*/(R*)?] by the relation 2{u) = 0 for u € R*/(R*)2. Since I is additively
generated by the elements {u) for u € R*/(R*)?, we therefore have K}V (R) =
Z[R*/(R*)?]/2Iz and Ipw = Iz/217. Now Iz/2Iz = (Z/2)? since Iz has Z basis
the elements {u), 1 # u € R*/(R*)? = K,. Hence, the surjection Iy — I, which
is (Z/2)% — (Z/2)?, has kernel Z/2.

As abelian groups, we have GW(R) =~ Z® I and K}V (R) ~ Z@® Iyw. In par-
ticular, the computations above show that GW (R) ~ Z ® (Z/2)? and K}V (R) ~
Z®(Z)2)3. O
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