Numer. Math. NumeriSChe
DOI 10.1007/500211-011-0386-z Mathematik

Numerical analysis of an inverse problem
for the eikonal equation

Klaus Deckelnick - Charles M. Elliott -
Vanessa Styles

Received: 29 July 2010 / Revised: 15 April 2011
© Springer-Verlag 2011

Abstract We are concerned with the inverse problem for an eikonal equation of
determining the speed function using observations of the arrival time on a fixed sur-
face. This is formulated as an optimisation problem for a quadratic functional with
the state equation being the eikonal equation coupled to the so-called Soner boundary
condition. The state equation is discretised by a suitable finite difference scheme for
which we obtain existence, uniqueness and an error bound. We set up an approximate
optimisation problem and show that a subsequence of the discrete mimina converges
to a solution of the continuous optimisation problem as the mesh size goes to zero. The
derivative of the discrete functional is calculated with the help of an adjoint equation
which can be solved efficiently by using fast marching techniques. Finally we describe
some numerical results.
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1 Introduction

Let 2 C R” be an open bounded domain with a Lipschitz boundary I" and x¢ € 2 be
fixed. For a continuous, positive functiona : 2 — Rand x € @, x # xo we consider
the minimisation problem

1

inf /a(é(r))lé’(r)ldr | &€ WhO([0,11,Q), £0) = x0, &) =x . (L)

0

Its optimal value, u (x), gives the shortest travel time of the path connecting xq to x in
with underlying velocity c(x) = % An important problem in various applications,
e.g. tomography, consists in reconstructing the slowness function a from measured
first arrival times on a suitable subset of I'. A common approach to solve this inverse
problem aims at minimising the misfit between the measured data and computed trav-
eltimes, that are obtained from integrating the Euler—Lagrange equation corresponding
to (1.1), see e.g. [6,19]. A more recent approach, see e.g. [13], makes use of the fact
that the optimal value function for (1.1) formally is a solution of the following eikonal

equation, see [12],

[Vu| =a(x), xeQ\ {xo}; (1.2)

with boundary conditions
u(xo) = 0, (1.3)
Vu(x)-v(x) >0, xel. (1.4)

Here, v is the unit outer normal to I'. The condition (1.4) is a consequence of the
definition, (1.1), of the first arrival time, u(x), at a point x € Q which constrains paths
from the source to the arrival point, x, to lie in . Informally observe that the gradient
of the first arrival time for an optimal path is in the tangential direction of the path
and on the boundary I the tangent to this path, which is constrained to lie in €2, has a
non-negative component in the outward pointing normal direction.

It can be shown that the above problem has a unique Lipschitz continuous solution
u = u, that satisfies (1.2), (1.3) and (1.4) in the viscosity sense, see Sect. 2. Let us
return to the above-mentioned inverse problem and assume that the measured arrival
times are given by a function u,ps : ' — R.¢. Then, the misfit functional takes the
form

1
T =5 / () — tops (¥)]? dox (15)
r

which needs to be minimised over a suitable set K of slowness functions. The func-
tional (1.5) may be generalised by considering several source points x(J), j=1...,8

with first arrival times ulj)b s o [ — R resulting in
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S
1 . .
OEEDY / luf () — uly ()| dox. (1.6)

J=1r

The above approach has been studied numerically in the context of tomography in
[11,17,18] using finite difference approximations of the eikonal equation and fast
sweeping methods for solving the forward equation and the adjoint equation. The aim
of the present work is to present a corresponding numerical analysis. Let us outline
the contents of this paper and our contributions.

We begin in Sect. 2 with a brief review of the existence and uniqueness theory
for (1.2)—(1.4) including a description of the viscosity formulation for (1.4), the
so—called Soner boundary condition. In Sect. 3 we discretize (1.2)—(1.4) with the
help of a monotone finite difference scheme. We show existence and uniqueness of

the discrete solution and derive an O(h%) error bound, which appears to be new for
a Hamilton—Jacobi equation coupled to the Soner boundary condition. The discrete
solution is computed with the help of the fast marching method and we show that the
procedure terminates in a finite number of cycles. In Sect. 3 we address the problem
of approximating the functional (1.5). We assume that the set K of admissible slow-
ness functions consists of continuous functions that are finite linear combinations of a
given partition of unity. Replacing u, in (1.5) by the discrete solution gives rise to an
approximate minimisation problem, which is shown to have a solution. We then prove
that a subsequence of the discrete minima converges to a solution of the continuous
minimisation problem. In practice, the discrete optimisation problem is solved by a
descent method and the derivative of the discrete functional is calculated with the help
of a discrete adjoint equation. In order to be able to derive this equation we require
differentiability of the discrete state with respect to the slowness function which is
ensured by a suitable choice of the finite difference scheme. We then show that the
discrete adjoint equation has a unique solution. Furthermore, when the solution of
the state equation has been computed by fast marching, the resulting ordering of grid
values can be used in order to efficiently compute the adjoint solution without solv-
ing an equation. In Sect. 4 we finally present a series of numerical tests in which
we consider the more general functional (1.6) and apply our discretization strategy
to varying geometries and numbers of degrees of freedom for a. Let us finish this
introduction by referring to [5,9], where optimal control problems for time dependent
Hamilton-Jacobi equations were considered.

2 Wellposedness and approximation of the state equation
2.1 Existence and uniqueness
Definition 2.1 A function u € C°(Q) is called a viscosity subsolution of (1.2) in

Q\ {xp} if for each ¢ € C*°(2): if u — ¢ has a local maximum at a point x € 2\ {x¢},
then

IVE()] < a(x).
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A function u € C%(Q) is called a viscosity supersolution of (1.2) in Q\ {xo} if for each
¢ € C®(R™): if u — ¢ has alocal minimum at a point x € €\ {xo}, relative to 2, then

IVZ(x)| = a(x).

A viscosity solution of (1.2), (1.3), (1.4) is then a function u € C%($2) which is a
viscosity subsolution in 2 \ {xp}, a viscosity supersolution in 2 \ {xo} and which
satisfies u(xg) = 0.

Note that there is an asymmetry between the definitions of sub- and super-solutions
in the above definition. The fact that u has to be a supersolution on I is a viscosity
solution interpretation of the boundary condition (1.4). This kind of condition, also
referred to as Soner boundary condition, is relevant in optimal control problems with
constraints on the state variable, cf. [7,16].

In what follows we shall assume the following regularity condition on €2, cf. [3,16],
p. 278: there exists a continuous function 7 : € — R” and € > 0 such that

Bes(x +sn(x)) ¢ Q forallx € 2,0 <s <e. 2.1

Theorem 2.2 Suppose thata € C 0(Q) is positive. Then there exists a unique viscosity
solution u € C°(Q) of (1.2)—(1.4). The solution is given by the formula

1

u(x) = inf /a(E(r))IE’(r)Idr | & € Wh([0, 11, Q), £(0) = x0, (1) = x

0

Furthermore, there exists a constant C = C(S2) such that u is Lipschitz continuous in
Q with an upper bound on the Lipschitz constant satisfying

lip (u) < Cmaxa. 2.2)
Q
Proof See [7,16]. O

2.2 Discretization of the state equation

The numerical solution of the boundary value problem (1.2)—(1.4) in the context of
geophysical applications was considered in [1,2,4]. In particular, in [1] this prob-
lem is solved by time stepping on unstructured triangular grids. We shall use a finite
difference method which is set up in such a way that the solution is differentiable
with respect to the slowness function. In order to keep the exposition simple we con-
sider the two—dimensional case although our arguments can be generalized to higher
dimensions.

Let us assume that  C R? has a boundary I" which is piecewise C2. For & > 0
consider the regular grid

72 = {xq = (hai, han) | € Z, i=1,2}.
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We suppose for simplicity that xo is a grid point, say xo = X, for some o € 72
Next, let 2, = QN Zi be the set of inner grid points. If for some x, € €2 there
are 0 € {—1, 1}, k € {1, 2} with xy10¢, ¢ €2, then there exists s € (0, 1] such that
Xy +sohe, € I' and we set B := a + soeg as well as xg := x4 + sohe, € I'. We
denote by I'j, C I the set of all points obtained in this way and define G, := Q; UT,.
For a point xo, € G, we let

N, = {xg € G| xg is aneighbour of x4}, x4 € 4
o {xg € Q| xp is a neighbour of x4}, x4 € T

Note that for x,, € I'j, the set NV, only comprises the interior neighbours.
We approximate the solution of (1.2)—(1.4) by a function U : G, — R as follows:

Uy = 0, (2.3)

Uy — U\ |
z [(a_ﬁ) ] = a(xe)?, Xy € Gy \ {xgp)- 2.4

XB 6./\/:1 hozﬁ
Here we have abbreviated Uy = U (x¢) and hog = [xq — xg].

Lemma 2.3 Suppose that a € C%(Q) is positive. Then, (2.3), (2.4) has a unique
solution U : G, — R and

(@ Uy =0, x4 € Gp;
(b) Uy — Ugl = Cmaxalxa — xgl. Xa x5 € G,
Q

where the constant C is independent of h.

Proof We start by sketching the proof for the existence of a discrete solution, compare
[8] for similar arguments. Note first that the function Z : G, — R, Zy := M|xq —Xq,|
satisfies Zy, = 0 as well as

Zo — Zg 1 2
Z (T) > a(xe)”, Xo € Gp\ (X}, (2.5)
x;;e./\/’a o

provided that M is chosen sufficiently large. We now consider the following iteration:
Set U := Z and given U* : G}, — R define U+! : G, — R=q by U(ffO“ =0and

t—Uk\"
U§+1 :=inf 71> 0| Z ( h ﬁ) >a(xe)*t, Xe € Gp\ (X }-
x/gENa 05/3

An induction argument based on (2.5) and the monotonicity of the scheme shows
that (Uéf)keN is decreasing for all x, € Gy, so that Uy := limg_ 0 U(f exists for all
Xxq € Gy Itis not difficult to verify that U is indeed a solution of (2.3), (2.4).
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In order to prove uniqueness, let us suppose that U, U : G;, — R are two solutions
of (2.3), (2.4). We set

W= max (Uy — f]a)
xq€Gpy

and suppose that ;1 > 0. There exists apoint x,, € G, \ {xg,} with U, — Uy = . Let
usintroduce W : G, — Rby W, := Ua—}—,u, X € Gy.Clearly, Wy, > Uy, x4 € Gp,
while W, = U,. Hence,

W, -Wg=U, —Wg<U, —Up, xp GNV. (2.6)

As a consequence,
o, -, \' T W, — W\t U, —Usg\ "
Z y —YB _ Z y — "B < Z y —YB
hyﬁ hyﬁ hVﬁ
XﬂGNy XﬂGNy XﬂGNy
Since U and U are both solutions we deduce from the above relation that
U, — U\t W, — Wy\*
2= A - Py = Wp
a(xy) - Z |:( hyﬂ ) ] z |:( hyﬂ ) :| .
XﬁENy Xlge/\/’y

Recalling (2.6) and observing that a(xy)2 > 0 we infer that there exists xg € N, y such
that

2

0<W, —Wg=U, —Ug,
and therefore
Ug—Ug=p and Ug <U,. 2.7)

We can now repeat the above argument with y replaced by 8 generating a sequence
of points which satisfy (2.7). Since the values of U are strictly decreasing, every point
appears only once, so that necessarily x,, will eventually be crossed contradicting
(2.3). Hence u < 0, so that U, < 00(, Xq € Gp. Exchanging the roles of U and U we
infer that U, = (L, Xq € Gp.

From the positivity of @ and the definition of the scheme it is straightforward to see
that the minimum of U cannot be attained at a point X, 7# X, SO that miny, g, Uy =
Uy, = 0 proving (a).

In order to show (b) we first note that (2.4) together with the fact that x5 € Ny if
and only if x, € Ng implies that

Uy — Ug|l < maxa |xq — xg| 2.8)
Q
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for all grid points x4, xg € Gy, that are neighbours of each other. In order to estimate
the above difference for arbitrary pairs x4, xg € Gj, we first extend U to a func-
tion U : © — R as follows: The grid Zi gives rise to a partition of & into squares
that are possibly truncated near the boundary. A square Q that lies entirely in Q is
divided into two triangles along its diagonal and U is defined by linear interpolation,
so that |Vl7|Q| < maxg a in view of (2.8). A truncated square Q at the boundary
can also be subdivided into triangles with possibly one curved edge and again U is
defined via linear interpolation. It can be shown that this can be done in such a way that
|VU|Q| < 3maxg a. Thus we obtain a function U e wh(Q)with |[VU| < 3 maxg d
a.e. in 2. Making use of the continuous embedding whoo(Q) — C%1(Q) we finally
obtain for arbitrary xo, xg € G,

|Uy — Ugl = |U(xg) — Uxp)| < CIIVU |12 |xq — xp] < Cmaxa |xa = xpl,
which proves (b). O

2.3 Construction of a solution by the fast marching method

A solution to (2.3), (2.4) can be found efficiently, without iteration, using the fast
marching procedure, see [14,15]. Recall that the idea behind this method is that the
unique solution U, of (2.3), (2.4) at a grid point x, only depends on neighbouring
values Ug such that 0 < Ug < Uy so that the solution can be obtained in increasing
order of magnitude of the grid values U, . Solving the equation then becomes an issue
of sorting the grid values.

In particular the following algorithm is used: First tag x4, as known and tag as
trial all points that are one grid point away from this known point. Finally tag as far
all remaining points. Now cycle through the following Fast Marching Procedure:

Step 1 Compute a trial value of U, for every xq € trial according to (2.4) assuming
that it is smaller than or equal to its 7rial neighbours.

Step 2 Let x, be any trial point such that the trial values satisfy U, w = U, for all
Xo € trial.

Step 3 Set U, = U,, for all such x,, and add x,, to known and remove from trial.

Step 4 Tag all neighbours of known as trial if they are not known.

Step 5 If trial = {#}} then STOP.

Step 6 Return to Step 1.

Lemma 2.4 The Fast Marching Procedure terminates in K cycles where K is the
number of distinct positive values taken by the solution U of Lemma 2.3.

Proof Letusdenoteby 0 = Vg < V| < Vo < -+ Vg the K + 1 distinct values taken
by U and define E,, := {x4 € Gy |Uy = V;,},0 < m < K. The lemma is proved
once we can show that Eg U - - - U E,, coincides with the set of known points after m
cycles. This is certainly true for m = 0. Now suppose that this claim holds for some
0 < m < K, so that the known points after m cycles are given by Eqg U --- U E,,.
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Let xy € trial and N, o = known N N,. We denote by r > min,,en;, , Up the
unique solution of the equation

2

2. [(F_Uﬁ)+] = a(x,)’ 2.9)

xp€Nm.« hap

and suppose that r < maXy, e, o Ug. Then there would be xg,, xg, € N« with
Ug, <r < Ug,,say xg € Ej,xg, € E,] < k < m. But then the value r will have
been computed as a trial value in the kth cycle. Since x, has not been added to known
we must have r > Vi = Up,, a contradiction. Hence r > max,en;, , Up and in view
of (2.4) the smallest of the trial values satisfying (2.9) is given by V,,,;1. As the points
X that take this value are added to known the induction step is finished. O

Remark 2.5 Observe that the unique solution of the Eq. (2.9) defining the trial values

may be found by solving a quadratic equation and taking the largest root.

2.4 Error estimate

Theorem 2.6 Suppose that a : Q — R is Lipschitz continuous and satisfies 0 <
A < a(x) < Ay forall x € Q. Let u be the viscosity solution of (1.2)—(1.4) and U
the solution of (2.3), (2.4). Then there exists ho > 0 such that for all 0 < h < hy

max |u(xy) — Uy| < CVh. (2.10)

xq€G)p
The constants hg and C depend on 2, Ay, Ay, lip (a) and the function n from (2.1).

Proof Let € > 0 be the constant in (2.1). Since 7 is uniformly continuous on 2, there
exists § > 0 such that

InGo) — ()| <§ forall x, y € & with |x — y| < 5. 2.11)

Denoting by lip () the Lipschitz constant of « and by lip (U) the constant appearing
in Lemma 2.3(b) we set

R = \/(lip w)? + % (lip (w)? +1ip (U)?) + mgx In|2. (2.12)

Let us choose L > 1, M > 1 so large that

R

IA

NS ]

% < (2.13)

10
: 5l

Note that R and hence also L and M only depend on €2 and Ay in view of Theorem 2.2

and Lemma 2.3.
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We first estimate maéc (u(xy) — Uy). Choose x,, € G, such that
Xqe€lyp

max ((1 — o )ulxy) — UO,) = (1 — pv/hyu(xy) — Uy. (2.14)

Xa€Gp
Here, the constant p will be chosen later and we take hg > 0 so small that
1—pvho<1 and ho <€’ (2.15)

The factor (1 — p~/h) in (2.14) is motivated by Ishii’s uniqueness proof for Hamil-
ton—Jacobi equations of eikonal type, see [10]. We now employ the usual doubling of
variables technique and define ® : Q@ x G, — R by

D(x, xq) = (1 — pVh)u(x) — Uy — %u — xo = V()P = MV hlxg — x, .

There exists (x;, Xq;,) € Q x Gy, such that

D (xp, Xo,) = max D(x, xq).
(x,xq)EQXGYy

Our goal will be to show that for a suitable choice of p at least one of the points xj, or
Xg;, has to coincide with the source point xp and then to use that u(xp) = U (xo) = 0.
In order to exclude the possibility that both x;, and x,, are different from xo we will
employ among other things the fact that u is a viscosity subsolution at x;. However,
this is only possible provided we can ensure that x;, does not belong to the boundary
of @ (compare Definition 2.1). This will be accomplished with the help of the shift
Jh n(x,) in the third term of ®, an idea going back to Soner [16].

Let us now carry out the proof in detail. In view of (2.1) and (2.15) we have that
xy + «/En(xy) € Qfor 0 < h < hp and hence

D (xp, X)) = P(x, + VEN(xy), xp),

or equivalently

L
ﬁm — Xy, — Vhn () 1* = MV hxg, — x,

> (1 — pvVhyu(x, +Vhn(x,)) —U,. (2.16)

(1 — pvVhyu(xp) — Uy, —

Using (2.14) we obtain

L
ﬁm — xgy, — Vhn () * + MV h|xg, —x,

< (1 = pVhyulxn) = Uy, — (1 = pVyuCx, +Vhn(xy)) + Uy
= (1 = pVura,) = Uy = (1 = pv/ux,) = Uy )
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+(1 = pv 1) = (1= VR i)+ (1= p/) (1) =y + VR (3, ) )
< lip (u) (m — Yo | + +/h max Inl)
Q

<lip (u) (|xh — Xy, — Vh1(x))| 4 2+/h max Inl)
Q

L
2vh

Recalling (2.12) and (2.13) we obtain that

<

Ixh — Xa, — Vhn(e,)* +Vh G(np ) + max |n|2) : (2.17)

xh — Xo, — Vhn(x,)| < \/lLR\/Z < ix/ﬁ <<Vn (2.18)

VL 2
R 8

|Xq, — Xyl £ —= < = < 6. (2.19)
VM T 2

In particular, (2.18), (2.19) and (2.11) imply that

Ixn = Xay, — VEN@e)| < 1xn = Xey — VB0 + VRN (xg) — 0(x,)]
- §ﬁ+ gﬁz i

Hence x; € B, /j;(xa;, +vh1(xy,)) C Qfor 0 < h < ho by (2.1). We distinguish
two cases:
Case 1: x, € Q\ {xo} and xo,, € Gj, \ {x0}. Noting that

2
Xayy — \/7”7 (xy)

X ulx)—

L
S S
S VAN
has a maximum at x = x;, we obtain from the fact that u is a viscosity subsolution that

2L
W WA Vhn(x,)| < a(x). (2.20)

On the other hand, observing that ® (x,, xy,) > @ (x, Xo), Xo € G We obtain

L
Uy > Uy, + ﬁ{m — X, — Vhx)? = xn — xq — VEn(x,)*)
MR (xy, — Xy 12 = 1xe — X, 2} = V.

A short calculation shows that for xg € N

2L
Vo — Vg = _ﬁ (xh — Xq — «/Zr/(xy),x,g —xa) + rog
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where
L
ralg=E|Xﬁ—xa|2+M\/z(Xﬂ—xavxﬂ“‘xa_zx}/)'
Hence,
Va—vﬁ' 2L( ﬁ—xa)‘
2 P e T gy — xg — +Civh, xgeN, (221
‘haﬁ_«/ﬁha he wh spefe 2D

where the constant C; only depends on L, M and €.
Next, since Uy > Vi, Xo € Gp, Uy, = Vy, we have

Uy —Up < Vo, — Vg, xp € N,

We deduce from (2.4) and (2.21)

1
2\ 2
_ Uo, — Up * Vo, — Vg *
o= 3 |(%a) > (Y
XﬂENah ! xgEth !

2L
< ﬁ'xh — X, — NVEn(x))| + C2V/h, (2.22)

where C, depends on the same quantities as C;. Combining (2.20) and (2.22) we have

2

IA

2L
ﬁm — Xg, — N hn(x,)| < (1 = pVhya(x)

< (a(xp) — a(xg,)) + alxy,) — pvVh a(xp)
%Ixh — Xgy — Nhn(x))| + CoN'h — pApNh.  (2.23)

Furthermore, (2.18) implies that

< lip (@)|xp — Xe, | +

Xk = Xay| < [Xn — Xay, — VI (xy)] + max Inlvh < ( + max Inl) Vh,
which together with (2.23) yields
. €
0< (C2 — pAw +lip (@) (5 + max |n|)) Vh <0
Q

i
a contradiction, if we choose for example p = CIp (a)( 7 +maxg i) + 1. Hence this

case cannot occur and we note that p only depends on Q Am, Ay, nand lip (a).
Case 2: xj = Xxg or Xy, = xo. We obtain from (2.16) and the fact that U, > 0,
u(xg) =0
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(1—= p«/f_l)u(xy + x/f_ln(xy)) -U, <1~ oV hu(xp) — Uy,
< u(xp) < min(u(xp), u(xg,)) + lp @)]xy — Xa, |
< lip (u)|x), — xa), — Vhn(x,)| 4+ A lip () max [n]

< lip (u) (% + max Inl) Vi
Q

by (2.18). As a consequence, recalling the definition of x,

max (u(xy) — Uy) < (1 = pv/h)u(x,) — Uy + pv/l maxu
Q

xq€Gpy
< (1= pVyu(x, +Vhn(xy)) — Uy +lip (u) max n|v/h
Q
+p~/h max u
Q
< ng/ﬁ, (2.24)

where C3 depends on the same quantities as p. Note that the bound on maxg u follows
from

u(x) =ulx) —u(xg) <lip (u)|x — xo| < CApydiam (£2) (2.25)

in view of (1.3) and Theorem 2.2.

It remains to derive an upper bound on maé( (Uy — u(x4)). This will be done in a
xe€Gyy

similar way as above and we will only sketch the argument. To begin, let x,, € G be
such that

max ((1 — p\/f_l)Ua - u(xa)) =(1-— p\/Z)Uy —u(xy)

xq€Gpy

and define ® : Q x G, — R by

L
D (x, xg) := (1 — pvV/h)Uq — u(x) — ﬁ|xa —x = V() ? = MVh|x — x, |2
There exists (xp, Xq,) € Q x Gy, such that ®(xp, Xo,) = max ®. Since x, +
Qx Gy,
\/ﬁn(xy) € Qfor0 < h < hg there exists x; € G, with
x5 —x, — Vhn(x,)| < h. (2.26)

The inequality @ (xp, xo,) > P(x),, x;) together with (2.26) implies

(1 = o) Uay — () — %mh = VG2 = MRy — x, P

> (1 — pv/M)Uy — u(xy) — Lh?2. (2.27)
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We can argue as in (2.17) to show that

L
ﬁmh — xn — Nhn(x,) > + MVh|xp — x, |2

L 1 3
<" \|xg —xp —~h 240V ai 2 4 Jip (U)? 2)+Lh2,
_Nﬁmh xp — Nhn(x,)] +f((1p<u>> + 3lip (U)+max nf* ) +

from which we conclude recalling (2.12)

X, — Xn — «/En(xyﬂ < 2«/5+«/§h < %\/Z

R + L h < ) + L h<3é
—_— t — -+ —h <
NN NGV
for 0 < h < hg, where h is chosen smaller if necessary. Just as above we Qeduce that
Xy, € Beﬁ(xh +h n(xp)) C Qfor0<h <h and then rule out that x, € Q\{xo} and

Xa, € 25 \{x0} by choosing p sufficiently large. It remains to consider the case x, =xg
or xg, =xo. Combining (2.27) with the fact that xo =x4, and Lemma 2.3(b) we have

|xn _xy| =

(1 = pVH)Uj = u(xy) < (1 = pv/W)Us, — u(xp) + L3 < U, + Lh3
3
= min(Uah, Uao) + CAplxn — xot;,' + Lh?
< CAulxa, — xn = Vhn(x,)| + CAy max || Vi + Lh3
Q

< C4«/Z.
Hence, we finally have similarly as above
max (Uy — u(xq)) < Csv/h, (2.28)
Xo EGh

where Cs5 again only depends on 2, A,,, Ay, n and lip (a). The inequalities (2.24)
and (2.28) imply the result. O

3 The optimal control problem
3.1 The continuous problem

Let0 < A, < Ay < oo and the positive function u,ps € C%!(I") be given. We
introduce the set

L
K:={a:Q—Rla@) =D ai¢i(x), Aw <a; < Ay, 1 =i <L)

i=1

where {qb,-}l-l‘ | satisfy ¢; € whoo(Dy, ¢i(x) >0,i=1,...,L and ZiLzl ¢i(x) =1,

_ L &——
ve@.@cp=J_ sup@).
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Givena € K we denote by u = u, the solution of (1.2)—(1.4) given by Theorem 2.2
and consider the following optimal control problem

min 7 (@) = / lttg (x) — tops (x)|* doy. (P)
ackK 2
r

3.2 The discrete control problem

The aim of this section is to set up and analyze a discrete approximation of (P). We
start by defining a suitable approximation of the integral f r ua(x) —uops (x) |2 do,.To
this purpose we choose an embedding y : [0, 1] — R2, which is piecewise C? such
that y ([0, 1]) =T, ¥(0) = y(1) and |y’ (¢)| > co > 0, with the exception of finitely
many ¢t € [0, 1]. For every x, € I'j, there exists a unique #, € [0, 1] with y () = X4.
Ordering the different preimages in the form 0 < 1, < fo, < -+ < tgy < 1
induces an ordering of the boundary grid points xo; = ¥ (ty;),i = 1,..., N. For each
Xo = Xo; € Ty we let

1
he := D) (|x0li+1 _X%'| + |x¢¥i — Xy |) @3.D

with the convention ty, | = fy,, ty = ta) . Furthermore, choosing a sequence (84) >0
with §, > 0 and limj,_.¢ §, = 0 we approximate the functional 7 by

xq €l

Jhw):% > ha|Ua(xa>—uobs<xa)|2+%”/wz,
Q

where U, is the solution of (2.3), (2.4). Let us first establish the consistency of the
above approximation.

Lemma3.1 Leta = >, aj¢; € K. Then
In(a) — J(a), ash—0,
where the convergence is uniformina € K.

Proof The assertion is a consequence of the following estimate which we will need
again later on:

% D ha Ua(Xa) = tops (xa)* — % / l1a () = uohs () dox| < CVh,  (3.2)
r

xq€l'y

where the constant C is independent of a € K. In order to prove (3.2) we write

% Z ho |Ug(xg) — uobs(xa)|2 - %/ g (x) — uobs(x)|2 doy

xq €y T

N
zha; {|Ua(xa;) - uobx(xot[)|2 - |ua(xot;) - ”obs(xai)’z}
i=1
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N
1 2
+3 Zha |t (X)) = thobs ()| — / lita (X) —ttops (x)|* doy
i=1 T
= [+11.

Recalling Theorem 2.6 we have

[I] < |T| max |ug(xe) — Ug(xa)] (max i, + max U, + 2 max uobs) < cvh,
Xa€Gpy Q G r

where the constant C is independent of @ € K since lip (a) < LAy max;—p, .,

IV@illL=(q) for all a € K. Note also that maxg u, and maxg, U, can be bounded

independently of a using the estimate (2.25) and a corresponding bound for U,.
Next, we have for f,(x) := $[ug(x) — tops (x)|?

1= Zfa(xa, (I)/(ta,+1) Y () |41y (1) — ¥ (o)) /fa(V(t))I)/(t)ldt

i=1

to,
N 1 i+1
Z 5 (fa(V(tal)) + fa(y(ta,+1))) |y(toz,-+1) — Y ()| — / |V/(t)| dt

o

=1L+ 11.

Observing that u, and hence f, is Lipschitz on I with a constant that is independent
of a € K we infer that |/1;| < Ch. Furthermore, since y is piecewise C? we also
have

laj 1

[ 1Ol ) = v )| = Chts — 10,

lo;

which implies that |/ 15| < Ch. This proves (3.2) and the result follows from the fact
that limy,_,¢ 8, = 0. O

We now consider the following discrete control problem:
min Jp(a). (Pn)
ack

Theorem 3.2 The problem (Py) has at least one solution a;f € K. There exists a
sequence h — 0 such that aj; — a* for some a* € K and a* is a solution of (P).
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Furthermore, if 8, > 0 for all h > 0 and limj,_, ¢ }/—hfl =0, then

/ IVa*|? < / \Val*>  for every solution a of (P). (3.3)

Q Q

Proof 1t is not difficult to see that the mapping a +— U, is continuous and hence
there exists a minimizer ah € K of (Py). Furthermore, observmg that A, < ah 5
Apy,i =1, , L, there exists a sequence h — 0 and a* € K such that ah — a*

uniformly in Q. Let us abbreviate u = = Ugr, U = Ugr. Standard stability arguments

from the theory of viscosity solutions show that #” — u uniformly in Q after possibly
extracting a further subsequence. As a consequence,

Ai_I)I})J(ClZ) = J(a"). (3.4)
Now, if a € K is arbitrary we rewrite the relation 7, (a;’;) < Jn(a) as
J(ap) < Tn(a) + (T (@a}) — Tn(ayp)) -

Using (3.4) and Lemma 3.1 we deduce that a* solves (P) by passing to the limit
h — 0. Finally, suppose that §;, > 0, 2 > 0 with limj_,¢ ‘S/—hrl =0andthata € K is
an arbitrary solution of (P). Rewriting the relation Jj(a}) < J,(a) we obtain

1
/\Vahy /|w| i | 2 heaxe) = o o)

xq €y

2
— Uops (Xer)

_Zh“

xg€p

N 1
< [19aP 4+ 5 (3 e Uit — s (i)

Q Xq €y

- / |tz (x) — tops (X)|* doy

1 2
5 / g () —ttops (0| doy— > e

T xq€ly

2
— Uops (Xa) s

since J(a) < J (aZ). Recalling (3.2) we deduce that

h
[1vair s/|v5z|2+c5£
h

Q Q

so that (3.3) follows upon sending z — 0. O
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3.3 The discrete adjoint equation

Let U : G;, — R be the solution of (2.3), (2.4). We introduce the following adjoint
problem: Find P : Gy, \ {x4,} — R such that

j— + — +
> [(M) ﬁ_(M) ﬁ}:o, X € QU \ {Xae)s  (35)

S L\ e ) e hag ) hap

U,—Ug\T P Ug—Uy\T P h
3 |55 B (452) ) - B0 e
XﬁENa ap b op of

(3.6)

where A, is given by (3.1). Note that the fact that P is not defined at x,,, does not cause

U\t
a problem in evaluating (3.5). If x4, € N, for some x, € 2, then (U";’laﬁU‘*) =
+
_Uut J—
( hag ) =0.

Lemma 3.3 For a given function Q : Gy \ {xo,} — R there exists a unique V :
Gy — Rwith Vo = 0and

U, —Ug\" V,—V
> (45%) St weon i
xﬁe/\/a ot,B ot,B

Proof 1t is sufficient to check that the linear problem: V,,, = 0 and

Uy, — Ug\" V, =V
> ( 2 ﬁ) P~ 0, xa € G\ {xa)
XﬂENa ha’B haﬁ

only has the trivial solution. Let us enumerate the grid points in such a way that
0=Uy < Uy = Uy < -+ < Uy, where M + 1 = |Gy|. Assume that V,, =

Va, = -+ = Vi, = 0O already holds for some r € {1, ..., M}. Then
Uy, —Ug\" Vo, —V, U, —Ug\" 1
- 2 () e ()
xﬁENar ar B arfB XﬁENar a B arp

since Vg = 01if Ug < Uy, . Recalling (2.4) and the fact that a(x,,) > 0 we infer that
V&, = 0. By induction we then deduce that V = 0. O
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Lemma 3.4 Problem (3.5)—(3.6) has a unique solution P : G \ {xq,} — R.

Proof Since the problem is linear it is sufficient to check that the corresponding homo-
geneous problem only has the trivial solution. Hence suppose that Q : G, \ {x,} — R
satisfies

Ua—U + o U _Uﬂt *
Z {(Tﬂ) Q——(ﬂ—) &}:Oa xaEGh\{xao}-

oyl hap hap hap

Let us denote by V : G;, — R the function defined in Lemma 3.3. Rearranging the
summation in the second term we obtain

=
|
M
&
fng
—~
|
3
~—

- > Va > ( ha,gUa)+ o

xq€Gp xpeNg haﬂ
Uy — Ug\ ™" Us\" Vg
>y (T ) zQaz(h o
X0 €Gpy xpeNy o ap
Y Ve -V
hagp

I
M

.

R
QM N
—

S

I

-

N—""

> 0k

Xa€Gp \{Xa() }

Here we again used the fact that (Uy, — Ug) " = 0, x5 € Gj. Hence Q = O for all
Xa € Gp \ {xq,} and the proof is complete. O

3.4 Fast solution of the discrete adjoint equation

For the efficient calculation of P the following observation is useful. Abbreviating for
apoint x4 € Gy, \ {xo}

Uy —Ug\" 1
dy = Z (ah—ﬁ) — >0
x,gENa Ot,B

we can write (3.5), (3.6) as follows:

1 Up—Us\T Ps )
dy ZXﬁENa ( hag ) @’ Xoa € Qh \ {xao}a

Py = +
Us—U, P Y
i (ZXﬂENa ( ﬁhaﬂ ) ﬁ + };1_2 (tops (xXq) — Ua)) . Xq €.

(3.7)

If Pg is known for any xg € N, with Ug > U, then the right hand side of (3.7)
is known. As a consequence, we can successively calculate the values of P,, x4 €
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G \ {xq,} by ordering the grid points with respect to the size of Uy, x4 € Gj. Note
that such an ordering is available as a byproduct of the fast marching method.

3.5 Computation of the derivative

Let us begin by establishing the differentiability of the state with respect to the control
variable.

Lemma 3.5 Leta = Zle ai¢; € K with corresponding solution U = U, of (2.3),
(2.4). Then %[Ua(xa)] exists for x4 € Gy, 1 <m < L and Z™ : G;, — R with

Zém) = %[U‘, (xo)] satisfies Zé’j}’ = 0 as well as

Z(m)

Ue — Ug\ " 28" -
Z ( ah /3) h ¢ = a(xa)¢M(xa), Xo € Gh \ {xa()}'
XﬁGNa Otﬂ O‘ﬁ

Proof Let us view (2.3), (2.4) as a system of the form F(U,a) = 0. In order to
establish the differentiability of a +— U, via the implicit function theorem we need to
check that the problem: V,, = 0 and

Uy — Ug\" V, =V
5 (5R) St meonb)
XﬁENa ha'B haﬂ

only has the trivial solution V = 0. This however is an immediate consequence of
Lemma 3.3. The formula for Z™ then follows by differentiating (2.4) with respect
to a,, and recalling the structure of a. O

Leta = Zle a;¢; € K with corresponding solution U = U, of (2.3), (2.4). Our

. . d . .

aim is to derive a formula for 8—h(a), m = 1,..., L, which will be used for the
am

numerical computation within a descent method. Rather than use Z ) which would

involve solving an equation for each a,, we use the adjoint equation as is standard in

PDE constrained optimization.
Theorem 3.6 Leta = ZiLZ] ai¢p;i € Kandm € {1, ..., L}. Then,

0Tn -
@) =—h* D Peala)bn(Xa) + 8 D smiar,

da
mn X €Gp\xeg } =1

where P : Gy \ {xqy} — R is the solution of (3.5), (3.6) and sy = fQ Vor -
Vedx, k,l=1,..., L.
Proof We deduce from the definition of Z(™, (3.5), (3.6) that

N/

dam

L
@ = > ho WUa —ttohsa)) Z8" + 81> smiay
xq€l’y =1
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LYy [ Uﬁ)"‘ Pu _(Uﬂ—Ua)-F Py ]Hthmzaz
xq €y xg €N hap hap
— 52 Z Z(m) Z [( a Uﬂ)+ hPa _(Uﬁh— Ua)+ hpﬂ}
Xa€G\{xap ) 5N op op op op
L
+8p Zsmlal.
=1

Rearranging the summation and applying Lemma 3.5 then yields

(m) (m) L
N/ Uy — U\t Za' — Zg
f@= 3 a3 () T S
Ol

Xa €Gp\{xeq} xpeNy

L
=—h" > Pea(i)$n(xa) + 8 D smal

xaeGh\{an} =1

and the proof is complete. O

4 Numerical results

Our numerical tests are carried out for an optimal control problem with multiple source

points x({ ,j =1,...,S and corresponding observed data uibs. We approximate the
functional (1.6) by the discrete functional

S N
1 ; i Sn
Tin(a) = 52 > ha,-|Ud(xa,-)—u-,’,,,s<xa,-)|2+7/|Va|2
j=1li=1 Q

for which the partial derivatives can be computed with the help of Theorem 3.6, so
that

s L

N/ ;

_( ) = hZZ Z Po{a(xa)¢m(xa)+8hzsmlala m=1,...,L.
I=1 k€GN =1

Here, U; and P/ are the solutions of (2.3), (2.4) and (3.5), (3.6) with x4, = xJ,
respectively.

4.1 Optimization algorithm

To solve the problem we use the projected gradient algorithm, which, for simplicity
of notation, we present for the case of a single source point:

Step 1 Choose a° € [A,,, Ay1*,y € (0, 1) and tol.
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2 2 2
1.5 1.5
1 1
0.5 0.5
—10 -0.5 0 0.5 1 0—1 -0.5 0 0.5 1 0—1 -0.5 0 0.5 1

Fig. 1 The distribution of 12 source points in Q;l (left hand plot), Q;l (centre plot) and QZ (right hand
plot)

Step2 Fork =0, 1,2, ..., do Steps 3-6.

0 0

Step 3 Sets* = V(@) = — (2L @by, - 0T ahy).
day day,

Step 4 Choose the maximum oy, € {1, %, J—P ...} for which

Th(Ps(@" + o*s6) — Ti(@) < —Gl 1Ps(a* + o*sky — ak |2,
k

Step 5 Set a1 = Pg(a* + ops%).
Step 6 If |la**! — a*||» < tol then STOP.

Here, Ps(a); = max(A,,, min(a;, Ay)) and || - ||2 denotes the euclidian norm in RE.
In the computations carried out below we found it adequate to take y = 0.01.

4.2 Numerical experiments

For the numerical experiments we consider:

e Three domains; a square domain ©2°, a circular domain Q¢ C Q° and a quatre-
foil domain Q¢ C QF, see Fig. 1. For the curved domains Q¢ and Q7 we used
numerical integration to approximate si;, k, [ =1,..., L.

e The set K is chosen in the following way. We choose the ¢;, i = 1, ..., L to be the
basis functions associated with vertices of triangles belonging to a uniform right
angled isosceles triangulation of 2° formed on a square grid of size (J+1) x (J+1),
with triangles of diameter #,. We set A, = 0.1 and Ay = 5.

The observed data are generated as the exact arrival times on the boundary aris-
ing from given slowness functions. We use the three values of the slowness function
a = 1/c considered in [11]:

cx) =1; (4.8)
c(x) =3 —2.5exp(—0.5x7); 4.9)
c(x) =3 — 0.5 exp(—4(x? 4+ (x2—0.5)%)) —exp(—4(x} + (x2— 1.25)%)). (4.10)
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Fig. 3 a(x) (upper plots), ap (x) with L = 121, 8, = h and S = 12 (lower plots)

In Figs. 2-4 we show several examples of the recovered and exact slowness functions.
They were obtained with 7 = 0.02. In Fig. 2 we take 2 = Q, L=121, J =10, 8, =h
and S = 12 (see Fig. 1 for the distribution of the source points). The upper plots show
a(x) given by: (4.8) left hand plot, (4.9) centre plot, (4.10) right hand plot, and the three
lower plots show the corresponding approximate solutions ay, (x). Figures 3 and 4 take
the same form as Fig. 2 but with @ = Q¢, L =65and J = 10and Q = Q9, L =75
and J = 10, respectively.

In order to get some idea of how the parameters in the model affect the solution we
include Tables 1-6. In these tables the values of J;, (a;) = ming J, and ||a — ay, ||o are
displayed. Unless otherwise specified the data in Tables 1-6 were obtained by setting
Q=Q° L=121,8, =hand S = 12.
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m
|

Fig. 4 a(x) (upper plots), a (x) with L = 121, 8, = h and S = 12 (lower plots)

Table 1 7}, (ap) (la — apllg) for @5, L = 121,8, = h

S a(x) given by (4.8)

a(x) given by (4.9)

a(x) given by (4.10)

1 7.64 x 1075 (3.45 x 1072)
5 426 x 1070 (2.17 x 1073)
9 219 x 1070 (1.43 x 1073)
12 222x107° (1.30 x 1073)

3.90 x 1072 (5.46 x 1071)
6.52 x 1072 (1.87 x 1071)
6.79 x 1072 (1.61 x 1071)
7.83 x 1072 (4.80 x 1072)

3.16 x 1074 (5.65 x 1072)
8.26 x 1074 (1.94 x 1072)
8.68 x 1074 (1.67 x 1072)
1.00 x 1073 (5.61 x 1073)

Table 2 7}, (ap) (|la — ap|lg) for Q5, L =121, 8, =h

S a(x) given by (4.8)

a(x) given by (4.9)

a(x) given by (4.10)

O W =

333 x 1075 (1.20 x 1072)
L12x 1074 (7.16 x 1073)
321 x 1075 (9.40 x 1073)
12 3.40x 1075 (8.40 x 1073)

1.80 x 1072 (225 x 1071)
410 x 1072 (3.15 x 1072)
459 x 1072 (2.66 x 1072)
470 x 1072 (2.68 x 1072)

232 x 107% (4.08 x 1072)
8.63 x 1074 (5.16 x 1073)
9.99 x 1074 (4.00 x 1073)
1.01 x 1073 (4.15 x 1073)

Table3 J,(ap) (la — ay llg) for @9, L = 121,8;, = h

S a(x) given by (4.8)

a(x) given by (4.9)

a(x) given by (4.10)

O W —

125x 1072 (1.51 x 1071
454 x 1073 (3.26 x 1072)
8.83 x 1073 (4.15 x 1072)
12 823x1073 (3.55x1072)

423 x 1072 (291 x 1071)
749 x 1072 (9.83 x 1072)
8.34 x 1072 (8.16 x 1072)
832 x 1072 (6.75 x 1072)

1.91 x 1073 (5.40 x 1072)
213 x 1073 (1.57 x 1072)
2.62 x 1073 (1.51 x 1072)
272 x 1073 (1.44 x 1072)

e In Tables 1-3 for each of the slowness functions defined above we consider four
values for the number of source points S.
In Table 4 we consider three values of L.
In Table 5 we consider three values of §j,.
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Table 4 Jj,(ay) (lla — apllo) for Q3,8 =hand S = 12

L a(x) given by (4.8) a(x) given by (4.9)

a(x) given by (4.10)

8.84 x 1072 (8.73 x 1072)
7.83 x 1072 (4.80 x 1072)
7.64 x 1072 (4.33 x 1072)

36 717 x 1076 (2.08 x 1073)
121 222x107% (1.30 x 1073)
441 171 x 1075 (4.12 x 1073)

1.47 x 1073 (1.48 x 1072)
1.00 x 1073 (5.61 x 1073)
9.48 x 1074 (6.20 x 1073)

Table 5 7, (ap) (lla — ap|lo) for Q;l L=121and S =12

) a(x) given by (4.8) a(x) given by (4.9)

a(x) given by (4.10)

1.07 x 1074 (2.84 x 1072)
174 x 1072 (2.42 x 1072)
7.83 x 1072 (4.80 x 1072)

0 2.62 x 1075 (1.61 x 1072)
W2 292 x 1075 (1.45x 1072)
h 222 x 107% (1.30 x 1073)

9.75 x 107% (6.07 x 1073)
3.14 x 1075 (5.91 x 1073)
1.00 x 1073 (5.61 x 1073)

Table 6 7}, (ap) (lla — ay|lp) for 23, 8, = h, S = 12 with added noise, see (4.11)

A a(x) given by (4.8) a(x) given by (4.9)

a(x) given by (4.10)

0 222x107% (130 x 1073)  7.83 x 1072 (4.80 x 1072)  1.00 x 1073 (5.61 x 1073)
001 157 x1073 (245x1073)  7.99 x 1072 (4.79 x 1072) 257 x 1073 (5.93 x 1073)
0.05 392x1072 (1.11x1072) 117 x 107! (4.87x1072)  4.02x 1072 (1.24 x 1072)
0.1 157x 1071 224 x107%)  235x 107! (518 x1072) 1.58 x 1071 (2.29 x 1072)
Table 7 a(x) givenby (4.9), Q}, L =121,8, = h, S =12

h lan , —anllo eoc TIn(ap) eoc
0.04 5.18 x 1072 - 1.45 x 107! -
0.03 4.60 x 1072 0.699 121 x 1072 0.992
0.025 3.66 x 1072 0.764 9.20 x 1072 0.952
0.02 3.01 x 1072 0.876 7.41 x 1072 0.970
0.016 2.52 x 1072 0.975 6.21 x 1072 0.965
Table 8 a(x) given by (4.10), Q. L = 121,8, = h, S = 12

h lan; —anllo eoc Tn(ap) eoc
0.04 5.69 x 1073 - 1.70 x 1073 -
0.03 5.04 x 1073 0.665 1.44 x 1073 0.910
0.025 429 x 1073 0.560 1.10 x 1073 0.936
0.02 3.48 x 1073 0.938 8.90 x 10~4 0.949
0.016 291 x 1073 0.981 7.49 x 1074 0.946

e In Table 6 we add noise into the system; in particular for each of the desired speed
functions, (4.8)—(4.10), we solve (2.4) to obtain i (x,) and then we set

Uops (Xo) = ﬁ(xa) + An(xq),

where n(xy) € [—1, 1] is random noise and A € R.
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We conclude our numerical results with Tables 7 and 8 which show how |laj, , —an o

and Jp,(ap) = ming J), vary with i. Here we fix the convex set K by setting L = 121.
The observed boundary data are fixed by generating them using the exact (actually
computed on a fine grid) solution of the eikonal equation with the interpolations in
K of the slowness functions (4.9) and (4.10). Here aj,, is the approximate solution
to the optimization problem computed on a fine grid with 2z = 0.005 and ay, is the
approximate solution computed using &z = 0.05, 0.04, 0.03, 0.025, 0.02, 0.016. From
these tables we see that for the two desired speed functions, (4.9) and (4.10), the values
of ||ahf — apllo and Jp(ap) = ming Jp, reduce linearly with .
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