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⑯ FREE PRODUCTS LET EGASL BE A COLLECTION Of GROUPS .

LET W BUTTHE SET Of WORDS NER EGLY.

LEA : EVERY NEW HAS A UNIQUE REDUCTION-

&of : INDUCT ON LENGTH . [EXERCISEI It

LET R = SWEWI w IS REDUCEDY .

DEFINE U :W-R WITH rIW) THE REDUCTION

of w.

RECALL FOR W = [g . ,92, 19n]
WEDERIWE = Ign , gn: - , g :

"].

WE DEFINE
,
FOR nrER ,

nV= rlnkv).
NOW WE DEFINE G2 = (R , ·)
THEOREM *GG IS A GROUP.
-

PROOF : (: 1 C = 1] IS THE IDENTITY
-

BRCAUSE n. E = r(nxs) = r(n) = u

AND SIMILARLY E . U = U.

(ii) n = i BECAUSE n : n" = r(u*u)= (c)=2

AND SIMILARLY un = E.

(iii) ASSOCIATIVITY IS MORE DIFFICULT !

WE USE A TECHNIQUE DUE TO VAN DERWAERDEW

RECALL SYM(R) IS THE GROUP A BIJECTIONS of R.
FOR ALL X

,
FOR ALL gEGEES , (g :R-R

ALSO DEFINE LE Idp FOR etGe n--> [g] · n



CLAIM : FR gihtGa , LgLn= Lgh (ghtGy]
-

PROOF : LET n= [ g. 1ign].-

CASE

#= (gh , g,,92 gat = Lgh(u).
SEP CAT) g=h

THEH (gotn (n) = [gg21"gu] = U = Lalu)I
⑧ g. G2 .

= Lgh(u) .

↳ ghig ,
+

THEN (go/n(u) = [g .h ·g ,] = Lgh (n)

E ghig.= e
.
THEN (got (4) = [] = Lgh(n)

CASE- Ink 1
. so gz G2 .

CASE- ghig , te so (goth(4) = (ghg ,,ge , -gn]

CASE⑫ ghig= E So (goth(u) = [grig- ,gu]-

= Igh(u) .

CIM : (g+ = ((g)
+

PROF : LgoLg+= La= Ide It

THUS Ig IS BIJECTIVE.
DEFINE : L : R-> SYM(1)
-

Lgg-gn] LLgeo Lggo-oLgn
NATION : ((u)= La



Im : 1 : R-SYMIR) IS INJECTIVE .

Prof : (u(E) = u
.

SOL =Lu If AND ONLY IF n= r It

CIM : FOR UVER
,
LuoLr-Lav

PROOF : DEFINE WER MAXIMAL So THAT
-

u =uk w

E v = w*v3
SUBCLAIM : n . v = n' : r' (BUT NOT NEC . EQUAL To uk']
-

PROOF : INDUCT ON LENGTH Of W. It
-

Now La = LoLw
so (nor =(noL) ·(vi)

I
Lu = Lohr Y

= Lu (Lah) Lot

= Ly'Idpsta

twoCASET= Liv

SKFP = Luv < or Not.

= Luv It

CAM : SUPPOSE YU
,
WER ,

THEN (nut -w = n . (0.w)

Proof
-

: \nv -w
= Lacow

=KnoLoLu
= Le(not)
= (noww = Lu

. Ivew)



BUT L :R-> SYMIR) IS INJECTIVE - I.

THIS COMPLETES THE PROOF Of ASSOCIATIVITY . It.
--

SUMMARY : WE "IMPORT" ASSOC.
FROM ONE GROUP

(SYMIR)) TO ANOTHER (* Ga) ! SKIP
.

THERE IS A MORETOPOLOGICAL PROOF ,
USING TREES

[GRAPHS WITHOUT CYCLES] AND THE FOLLOWING I
MA : ANY TWO POINTS IN A TREE ARE CONNECTED

BY A UNIQUE EMBEDDED PATH .

SUPPOSE U ,
V

,
W ARE REDUCED WORDS.

① BUILD A GRATH Gly,vw) BY GLUING INTERNALS

In ,
Ir

,
In ALONG CANCELLING SUBINTERVALS.

MARK FIRST POINT X of In ,
LASTIT y fFw .

PROVE Glu,
v

,w) IS A TREE

↳ READ OFF WORD

&
·

Y
BETWEEN X , Y IN v

n. r.w
.

~G (U ,
v

,m) TO GET ~
⑨

X

AND MANY MORE CASES : [NUMBER of LEAVES,
WHICH ARCS

CROSS BRIDGE [IF EXISTS]---I
-

of

ii & U 5 w
L - ~

" 2Y X
ETC

.

Y


