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DHS : FOR Fig :1-X WITH fill =g(0)
DEFINE Fag :-X BY ( * g)H)=GF(t) ter
·ele g(zt-1) +y

g

EXERCISE : IF foF' , gog' AND f(ll= g10)-

THEN y'll) =g'le AND f*g fag
PICTURE- f g

S 2

fa
E

, notX Is

BASEPOINT
.
CALL THE PAIR (X ,XO) A PNTED SPACE.

DEF A PATH F : IEX IS A LOPBADAt Xo

F fla= fIll =Xo . TITEYong
NE : IF f ,g ARE LOOPS AT Xo

THEN SO IS f Ig .

PECTURE: ENT
NOW DEFINE

[f] = 9 f'A Loop ATXo) fof]
&

THE EQUIX .
CLASS AFf.

CAN WIGGLE & TOf
FACTURE

But CANNOT "JumP- Yover HOLEs"



③FUNDAMENTAL GROUP
Suppose (X ,Xo) IS A POINTED SPACE.

DEFINE

a
,
(X

,x0) = [[f]/f:+ X

31 ISLOOPBASE

EINE [f] · [g) = [f*g]
EXERCISE : THIS IS WELL-DEFINED.
-

13 : (P , /X ,
X
. ) , 07 IS A GROUP

.

EXAMPLE : JT , (R" , 0) .

IS THE TRIVIAL GROUP .
-

[NO HOLES ! I .

GRI3 : Suppose 7 ,g .
h ARE ANY LOOPS AT NO

Suppose e IS THECONSTANT Loop AT Xo.

I) cRE : f* g IS A LOOP AT No

This [f] · (g) E+, IX ,X0)
(i) IDENTITY :
-

CLAIM :
-

(f] ·Ce] = (e] . If] = If].
↑

PROSK :

T
DINE

if 25++2 /Ear Example
Fist) = [T)

,
it 2+



THUS extef . SIMILARLY , fre
so (e) [f] = [f]le] = C7] I
E) IERSES. DEFINE Fil-X BY

F(t) = f (1-t) .
ECTURE
- f [Note F=FI.>

&
CLAIMI

IN COORDINATES :

=1
No
I
if2st

To
,
if 2532-t

- f(zs-t) , if
EISAP

(f(2++-2s) , if 125 2-t

THUS f*Fge . SEMILARLY Jeffe .
So [f](f] = [F] [f] = Let Il

(ii) ASSOCIATIVITY :

-

CLAIM : (Cf] (g7)[h] = (f] (29] [h]).-

PROF: WE PROVE (7 *g)E f * (g*) VIA
THE PARAMETERISATION IS

I A BIT WORSE THAN THE
CASE Of THE IDENTITY· Y CABOVE) . EXERCISE !

/



DF : SUPPOSE (XX) IS PATH-CONNECTED . WE

STRIVIALGROUPI
IMPORTANT EXAMPLE

DEF e=wo , w=W ,

THEREM 1 .7

GEN
.
BY [W].·⑧ 12

Wa*Wm With
INTRODUCED NOTATION :

Loops(X
,
x.) =Ef :ItX/ fo-fly

THE SET ofLoops .



So *: 1001S(X
,to) X loops (N,X.)-> Loop(X,to

IS BINARY OP: BUT I NO IDENIY

(*) NO INVERSES

(g) NO ASSOCIATIVITY !
BUTLAS THESE THINGS "UP TO HOMOTOPY So MoD out
Loops (X ,+.)->D

, (X,Xo) Y AND WIN .

7 -> (f] .


