
InteoEothree-mfds_ Lecture 7 2021-03-03[Saul Schlemmer
-I 1-

Ladling? Existence and uniqueness of
connect som decompositions of 3-mfds
-4cm! what about prime decamp is dim4 ?
Answ-e.ir I LS45) # epT ⇐ ape# eI #
- a-

maomptauIy: suppose M is a opt com
three-manifold .
Def : The maker complexity of M B

e CM)= min { NE1N / there is some Niang k
of m with n tetrahedra }

Examples ? CC8) = I .
(Rink : orig . definition instead

counts # of vertices in special spine for M so ecs') =

ECIRPSI = club . D.) =o for all other wired mfds defo agree?
Rony : suppose M¥53 . Before Me= 8

Mm ,
= Mn# M .

Exercise : ccmn) is linear in n .
[give upper and lower bounds 2

oz : compote , for p.gg , the complexity of Llpcg)
Exercise: suppose Sg B the surface of genus g.
* Show Sgxs

'
is irred.

.

④ Show a lsgxs
' ) is linear in g.



Exercise : we call M (closed
,
com) toroidal if

22 JE1M) . Find irred
,
afar

. mfds Mn so that
ccmn) grows linearly with no
-H-

④ sphwethe→m :O

Thm6 8 Suppose this is a closed conns.info
.

Suppose 121M) #II. Then
,
either M3 contains

on ants
. RP2 or M is not prime .

Question : what about dimension four ?

Exercise : Show 4=52×8 is irreducible
But IT, CXJEZ ?
- K-

④←¥fx : Given f :S→ M

we'd like to "

improve
"

f to make it be

in ' ' good position
"

: namely so it is self transverse
.

Readable : we cannot hope to improve f- to
become an embedding . Eg consider a
finite covering p :T→s of surfaces ,
define i :S→ sxs' and define

4 i→ 4,17

f- it→ sxs
'

given by f = iop

:" I !÷I¥¥m.are transverse



qefnitiog.HU#yombre-kaCbranch point )
• a map modelled on f :&→ 0×112

Z1-7FE
,
IMED

]
Not soEj = ¥7 good "

Exercise the rain .

Favs
:

the map µ2-→¥, Im CZ))
To have at worst

simple branch points .
- fl-

hearing : suppose CM.tt) is Friary .

3.mfd .

suppose s is a closed surface . Fix f:S→ M .

Via homotopy we may ensure
④) f is transverse to K .
4) f- is badgering M homotopy class¢wt A)=wtf) = If " 1)
② for each bet Is ofk , for each component

C of f-
'CoA) , the curve fl COAT is

either
¥} a top in a face dimple cloud curve)

nougat curve of length E4 .

"±¥¥÷÷¥÷i÷¥:*



Proof: ttomohopef:S→M
to arrange

0) and d)
.

We also
arrange that the

*

÷.IS#:::i:::am
-are transverse to K

pictures : ÷
. -
÷

:
.

double pots

' -

simple branch triplepoint .
-poihtswe
now must eliminate double points he

faces coming from curves of the following kind'
FK th .

Let C be a curve of f- 'GA's .

Suppose fk is not infective . Say piqec
map to x=flp)- figs in a face of of A?

1¥
" EE¥%. :¥µm

f- IN a A?

cartoon ;¥¥
Ruth : F is a subsurface of S by transverse lily .

Fix a prop . emb in F, an acre connecting Plo of
let NENA) be a very

small product neigh of
& in F.



⇐picture TP
Op runs from

Def: a ;D " are
"
→

a
.

p
'
top

"

the comfits of 2N - c d
'

a
"

srqrvns from
let 8p,8q be the q

" to
q
'

← c

compte of 0N - ⑥
'
un

") qi qµ
"

Arrange for ftp.flrgl too
strictly contained in th

.
I

⇒%::÷¥
f- IN) CAB

.

--

pick ave p
'

in Alcorn . flp '
) to fcq ') and also

"

p
"

" " a flp") " flg") .
Pick them close to 4 to ensure

p
" 7

(p
'

up
"

)n ffs) = op
'

udp
"
. ftp.9#flpeg

• ×

Homotopeflsrpp.in small neigh
←ofN ) to make f- IN ) lie in p.

•

I'
.
with fla 's=p

'

. fca") =p
" t 18"

Now push C. image of out of , a
a
"

13 .

-



i:::±im. ¥7¥1 :* :*:{ i¥¥¥
9 Whitney umbrella in a

←

#
a

tetrahedron
.
The rest of the proof is

similar to normalising sphere systems .
( that is get rid of bent arcs

, long normal
curves via weight reducing homologues I://s.ge

Questions: In your finial picture flats
a point ?

ther : oh right ; fix that inside the neigh. tetra .

<
a

¥ is

A
>

- H-

Definition : M, # ,
s as before .

A map

of :S→ Khaki is norm-al.tt
E) f- A K Ctransverse)

di) all curves of fnd As normal
④ it all opts of fn A

'
are disks .

[ That is ,
the cpts of f

" CAS) are dishes Di
and fIDi is embedding I

Def : A collection Efa :S,→ CM.ie) 2=6 of
maps Banned class if



c) 8 is closed under homotopy
④ 6 does not contain a null - homohopic map
④i) 6 is closed under disk surgery along
now homotoptc 1in M) separating 11h S )
simple closed cones and .

°se¥m
hull homrloprc

D
'

D
"

via the :D-7M

•i%s¥ "

glue in two copies
of D and extend f Is- nie) via towo copies of H .
--

Fxanp : suppose F-4 M→8
'
is a surface

bundle .
Then the homotopy class of f is

a normal class . IExerciseI

Exercise .. Call f : F→ M qq.in#ve if
the induced homomorphism f* : ST , (F)→ IT

,
IM )

is injective . show the homotopy class of
& is a normal class .
--

Lemma5 : Suppose 6 B a normal class
.

Then for any triangle of M ; 6 contains

a normal map . Proof Exercise}



⇐D Hyperbhicfaees-isrppose.CM ,k) is
trotiang . 3-mfd . we place a metric on Kk

"

as fellows . d) edges isometric to TR

② faces isometric • ideal

traininghe in Itf ( glued to

edges via isometries) .
Rink : there are choices here : and the metric[
on KH - K "'

may
not be complete. ]

Pictures
-

LF I
'

Poincare
Klein

we use the Klein model
c) Geodesics are IE2 the segments
Lii) vertices are inf far away .

we arrange matters so that the affine structures

coming from a) Klein model

(b) model tetrahedra } agree .

--

⑤ PL area (after Jaco and Rubinstein )
-

Definition : suppose f :S → Cmik) is a normal map.
so F-Tf - f-

' CK"') as a finite graph ins.
Let E8B be the edges of 8 . so for;) is



an arc in some face A- of K
"?

Define It) = length it) = ?! length If )
The Playa off is

Atf) = ( wtf) , l It) ) ordered Ioeicograp.

-4--8-71
K"¥

*
, I

\ *

f%¥
--


