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1 Introduction

1.1 Continued fraction expansions of real numbers

Continued fraction expansions of real numbers encompass information about the
action of the group SL(2,Z) on the extended number line R∗ = R∪∞ by fractional
linear transformations:

(
a b
c d

)
(r) = (ar + b)/(cr + d).

For example, the set of extended rationals Q∗ = Q∪∞ and its complement the
set of irrationals I = R−Q are each invariant under SL(2,Z), and membership of
a real number r in either Q or I can be detected in terms of continued fractions
expansions. Each finite continued fraction expansion

[n0, n1, n2, . . . , nk] = n0 +
1

n1 + 1
n2+ 1

···+ 1
nk

, n0 ∈ Z, n1, . . . , nk ∈ Z+

represents a rational number, and each rational number has exactly two such ex-
pansions, related by the formula

[n0, n1, n2, . . . , nk] = [n0, n1, n2, . . . , nk − 1, 1] if nk > 1

As a special case, ∞ has a finite continued fraction expansion∞ = 1
0 . Each infinite

continued fraction expansion

[n0, n1, n2, . . . ] = n0 +
1

n1 + 1
n2+···

, n0 ∈ Z, ni ∈ Z+ for i > 0

represents a unique real number in the sense that the sequence of finite continued
fractions [n0], [n0, n1], [n0, n1, n2], . . . necessarily converges, and the limit is irra-
tional. Moreover, every irrational number has a unique such expansion. Thus, the
rational–irrational dichotomy corresponds to the finite–infinite dichotomy of con-
tinued fraction expansions.

The set Q∗ forms a single orbit of the action of SL(2,Z) on R∗. More generally,
two irrational numbers r = [m0,m1,m2, . . . ], s = [n0, n1, n2, . . . ] are in the same
orbit under the action of SL(2,Z) if and only if their continued fraction expansions
are stably equivalent, meaning that they have the same infinite tail, that is, there
exists k, l ≥ 0 such that mk+i = nl+i for all i ≥ 0.

Quadratic irrationalities (a +
√
b)/c, (a, b, c ∈ Z), are precisely the fixed points

of those elements A ∈ SL(2,Z) which are hyperbolic, meaning that |Tr(A)| > 2.
Moreover, quadratic irrationalities are characterized as having eventually periodic
continued fraction expansion.

Every hyperbolic element A ∈ SL(2,Z) has exactly two fixed points in R∗, an
attracting fixed point r+

A and a repelling fixed point r−A . Moreover, A is completely
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classified up to conjugacy by Tr(A) and by the primitive period loop of the continued
fraction expansion of r+

A . This gives a very satisfactory solution to the conjugacy
problem in SL(2,Z), by giving complete and easily computable conjugacy invariants,
once one incorporates also the much simpler conjugacy classification of periodic
elements (|Tr(A)| ≤ 1) and parabolic elements (|Tr(A)| = 2).

1.2 A dictionary

Given a surface S of finite type, the action of the mapping class groupMCG(S) on
the space of projective measured laminations PMF(S) is a generalization of the
action of SL(2,Z) on R∗: in the case of a torus T , the slope of a measured foliation
on T defines a homeomorphism PMF(T ) ≈ R∗, and there is an isomorphism
MCG(T ) ≈ SL(2,Z) which conjugates the action of MCG(T ) on PMF(T ) to the
action of SL(2,Z) on R∗. This conjugacy leads to a precise dictionary relating
theorems about continued fractions to theorems about foliations of the torus.

The goal of this work is to extend this dictionary so as to translate between
theorems about continued fraction expansions of real numbers and theorems about
train track expansions of measured foliations on an arbitrary surface of finite type.
Our focus is on finding analogues of the basic “topological” theorems of continued
fractions: convergence, irrationality, stable equivalence, and periodicity theorems.

The roots of this dictionary are found in Thurston’s classification of the elements
of MCG(S) into finite order, reducible, and pseudo-Anosov ([Thu88], [FLP+79],
[CB88]), generalizing the classification of elements of SL(2,Z) into finite order,
parabolic, and hyperbolic.

Another precursor of this dictionary occurs in the work of Keane [Kea75] [Kea77],
Veech [Vee78], and Rauzy [Rau79] on interval exchange maps. An interval ex-
change map is determined by an interval [a, b) subdivided at finitely many points
a = a0 < a1 < · · · < an = b, and a permutation σ of {1, . . . , n}, which is then used
to define a map f : [a, b]→ [a, b] by reordering the subintervals [a0, a1), [a1, a2), . . . ,
[an−1, an) according to the permutation σ. By choosing a certain subinterval and
taking the first return map, one obtains an induced interval exchange map; iterating
this induction process produces an expansion of an interval exchange map which
generalizes continued fraction expansions. Such expansions were used, for example,
to investigate ergodic properties of interval exchange maps. The works cited above
contain, for example, analogues of the convergence of infinite continued fractions in
the setting of expansions of interval exchange maps; see for example Lemma 1.5 of
[Vee78].

Train tracks themselves were introduced by Thurston in the late 1970’s (see
[Thu87]) as a tool for approximating measured geodesic laminations, and splitting
of train tracks was used as a refinement of the approximation. In [Ker85] Kerckhoff
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explained the connection between interval exchange maps and measured foliations,
and how induction of interval exchange maps is related to splitting of train tracks.
In particular this paper makes explicit the concept of a train track expansion of a
measured foliation, and how this generalizes expansions of interval exchange maps
and continued fraction expansions. In particular, Kerckhoff’s paper contains the
convergence result for train track expansions that is given here as Theorem 5.1.1;
see [Ker85] p. 268.

The paper of Penner and Papadopolous [PP87] and Penner’s book [Pen92] con-
tain some entries in a general dictionary between continued fraction expansions
and train track expansions. Convergence of train track expansions is considered in
Proposition 3.3.2 of [Pen92] as well as in Theorem 3.1 of [PP87]; a general version
of this result is given here in Theorem 5.1.1. Theorem 3.3.1 of [Pen92] is a special
case of stable equivalence; the general stable equivalence theorem is given here in
Section 7.

Starting from Thurston’s classification of mapping classes, a correspondence
has developed between theorems about SL(2,Z) and MCG(S). The hyperbolic el-
ements of SL(2,Z) can be constructed in a completely explicit manner: they are
the matrices with |trace| > 2. Generalizing this there are various constructions for
pseudo-Anosov homeomophisms [Mos86], [Fat87], [Pen88], [AF91], [Bau92], [Fat92],
as well as algorithms for deciding whether a mapping class is pseudo-Anosov, re-
ducible, or finite order [BH95], [HTC96]. Mosher virtually classified pseudo-Anosov
homeomorphisms up to conjugacy in terms of periodicity data of a certain kind
of expansion [Mos86], and gave an algorithm to compute the invariants [Mos83],
thereby virtually solving the pseudo-Anosov part of the conjugacy problem; these
results are contained here in Section 10. Papadopolous and Penner [PP87] charac-
terized when an arational measured foliation is a fixed point of a pseudo-Anosov
mapping class, in terms of existence of certain periodicity data of train track ex-
pansions. Takarajima [Tak94] characterized which periodic train track sequences
are expansions of pseudo-Anosov fixed points.

The unfinished monograph [Mos93], an outgrowth of [Mos83], gives a theory
of expansions of measured foliations, containing in particular theorems about con-
tinued fraction expansions mentioned above: convergence; characterization of ara-
tionality; stable equivalence; and classification of pseudo-Anosov mapping classes
using periodicity data. This monograph had only a very narrow distribution, due
to its long and unpolished state. Expansions of measured foliations as defined in
[Mos93] involve train tracks only peripherally; instead expansions are defined in
terms of so-called “CDPs” which are certain cell decompositions of the surface,
decorated with extra combinatorial data. The CDP machinery was dictated by
the applications, with an eye towards computational efficiency. For example, with
these methods one obtains virtually complete conjugacy invariants of pseudo-Anosov
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mapping classes — indeed, they are complete invariants for the relation of “almost
conjugacy”, where two mapping classes Φ,Ψ are almost conjugate if there exists
a positive integer m such that Φm,Ψm are conjugate (see Section ??). Moreover,
these invariants are efficiently computable using pencil and paper, particularly on a
once-punctured surface of low genus. The author’s experience with such computa-
tions led to the construction of an automatic structure for the mapping class group
[Mos95], [Mos96]. The downside of the CDP machinery in [Mos93] is that effec-
tiveness was acheived in these papers at the expense of clarity, comprehensiveness,
and more general applicability. On the other hand, CDPs do occur naturally in the
understanding of “one cusp” train track expansions, as explained in Section 11.2.

This monograph establishes a general theory of train track expansions of mea-
sured foliations on a surface of finite type S, in parallel with continued fraction
expansions of real numbers. In effect, we have redone [Mos93] from the ground
up, reformulating all the theorems in terms of train tracks, hopefully to maximize
clarity, comprehensiveness and applicability without sacrificing too much effective-
ness. Each of our main theorems specializes to the torus, where it directly translates
into a theorem about continued fractions. For example, a well known folk theorem,
proved here in Lemma 4.2.1, says that a measured foliation has a finite train track
expansion if and only if all of its leaves are compact; this generalizes the fact that
a real number has a finite continued fraction expansion if and only if it is rational.
Theorem 5.1.1 shows that a train track expansion of an arational measured foliation
converges to that measured foliation in the appropriate sense, just as a continued
fraction expansion of an irrational number converges to that number.

The property of irrationality of a real number has several distinct analogues in
measured foliations. The weakest analogue is the property that a measured foliation
F possesses a noncompact leaf and, by Lemma 4.2.1 as just mentioned, this occurs
if and only if each train track expansion of F is infinite. A more interesting and
deeper analogue of irrationality says that F has no closed leaf cycles. This is called
arationality of F , and it is equivalent to several other properties of F , such as that
F has nonzero intersection number with every simple closed curve, and also that for
any measured geodesic lamination λ equivalent to F , all of the complementary com-
ponents of λ are nonpunctured or once-punctured discs. The Arational Expansion
Theorem 6.3.2 characterizes arationality of a measured foliation in terms of combi-
natorial properties of any train track expansion; these properties are a somewhat
deeper analogue of the property of infiniteness of a continued fraction expansion.

The Stable Equivalence Theorem 7.2.3 characterizes arational measured folia-
tions in terms of tails of train track expansions, although one must carefully bundle
train track expansions into a more complicated structure called an “expansion com-
plex” in order to formulate stable equivalence correctly.
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We also obtain results on train track expansions of pseudo-Anosov unstable fo-
liations, describing the periodicity of these expansions. We use this idea to describe
general methods for construction, classification, and enumeration of pseudo-Anosov
conjugacy classes.

Finally, we shall describe an algorithm for solving the conjugacy problem in
the mapping class group, by algorithmically computing complete invariants of the
conjugacy class of any mapping class.

1.3 Continued fractions expansions and the torus

In order to prepare for stating our theorems on a general surface, we first formulate
them on a torus, and establish the dictionary with continued fraction theorems. A
brief introduction to this dictionary is given in the author’s article “What is a train
track?” [Mos03].

Consider the torus T = R2/Z2. The group SL(2,Z) acts linearly on R2 preserv-
ing the integer lattice Z2. This action descends to a faithful action of SL(2,Z) on T ,
and it induces an isomorphism SL(2,Z) ≈ MCG(T ). Given a matrix A ∈ SL(2,Z)
let MA denote the corresponding mapping class on T . For each extended real num-
ber r ∈ R∗ = R∪{∞} there is a foliation F̃r of R2 by lines of slope r, which descends
to a constant slope foliation Fr of T . If r is irrational then Fr supports a transverse
measure which is unique up to positive scalar multiplication, whereas if r is rational
then the leaves of Fr are all compact, isotopic to a simple closed curve of slope
r denoted cr. By this method we obtain a homeomorphism φ : R∗ → PMF(T ),
which restricts to a bijection between Q∗ and the set C of isotopy classes of essential
simple closed curves on T . The action of A ∈ SL(2,Z) on R∗ by fractional linear
transformations satisfies the property MA(φ(r)) = φ(A(r)) for all r ∈ R∗, and so
the action of SL(2,Z) on R∗ is conjugate to the action of MCG(T ) on PMF(T ).

In R∗ we use the notation r < s < t to mean that the ordered triple (r, s, t) is
positively oriented with respect to the standard cyclic orientation on R∗. This is the
smallest trinary relation containing the usual order relation on triples in R ∪ {∞}
subject to the rule that r < s < t =⇒ s < t < r. For r 6= t ∈ R∗ we use interval
notation (r, t) = {s ∈ R∗

∣∣ r < s < t} and [r, t] = {r} ∪ (r, t) ∪ {t}.
The basic train track τ[0,∞] on T , shown in Figure 1, is obtained from c0∪c∞ by

flattening the angles at the transverse intersection point c0∩ c∞ until this point has
a unique tangent line of positive slope. The train track τ[0,∞] has one bigon, and
τ[0,∞] carries precisely those foliations Fr with r ∈ [0,∞]. More generally, consider
integers a, b, c, d so that ad − bc = 1. The elements p = c

d , q = a
b ∈ Q∗ determine

simple closed curves cp, cq on T which intersect transversely in a single point. One
can flatten the angles at this point to form a train track in one of two ways: one
flattening produces a train track τ[p,q] which carries Fr if and only if r ∈ [p, q],
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and the other produces a train track τ[q,p] carrying Fr if and only if r ∈ [q, p]. If
a, b, c, d ≥ 0 then p = c

d <
a
b = q, and if one flattens the intersection point to have

positive slope then one obtains τ[p,q].
Splittings affect train tracks on T as follows. As shown in Figure 1, a r splitting

on τ[ 0
1
, 1
0

] produces the train track τ[ 0
1
, 1
1

], whereas a l splitting produces the train
track τ[ 1

1
, 1
0

]. More generally, for a, b, c, d ≥ 0 and p = c
d <

a
b = q, l and r splittings

on the train track τ[p,q] are determined by the Farey sum r = c+a
d+b : a r splitting on

τ[p,q] produces the train track τ[p,r], and an l splitting produces the train track τ[r,q].
The extension to arbitrary a, b, c, d ∈ Z is left to the reader.

Continued fractions expansions of real numbers correlate precisely with train
track expansions of constant slope foliations on the torus T . Consider a measured
foliation Fr with r ∈ [0,∞]. We construct a train track expansion τ0 Â τ1 Â · · · of
Fr, based at τ0 = τ[ 0

1
, 1
0

], as follows. If r < 1 then we do an r splitting obtaining
τ1 = τ[ 0

1
, 1
0

], if r > 1 then we do a l splitting obtaining τ1 = τ[ 1
1
, 1
0

]. If r = 1 then we
do a c or Central splitting and the sequence stops at τ1 = c1. Continuing in this
manner one obtains a sequence D1, D2, . . . which is either an infinite sequence of
ls and rs, or is a finite sequence of ls and rs terminating with a single c, and one
obtains a splitting sequence whose parities are labelled by the sequence D1, D2, . . . :

τ = τ0
D1Â τ1

D2Â τ2
D3Â . . .

By construction, each train track in this sequence carries Fr. This splitting sequence
is an example of a train track expansion of Fr.

For example, the train track expansion of the closed curve c10/7 based at τ[ 0
1
, 1
0

]

is given by

τ[ 0
1
, 1
0 ]

LÂ τ[ 1
1
, 1
0 ]

RÂ τ[ 1
1
, 2
1 ]

RÂ τ[ 1
1
, 3
2 ]

LÂ τ[ 4
3
, 3
2 ]

LÂ τ[ 7
5
, 3
2 ]

LÂ τ[ 10
7
, 3
2 ]

CÂ c 10
7

From the LR sequence of this train track expansion — lrrlll, that is, 1 l, 2 rs, 3
ls — one can derive the continued fraction expansion 10

7 = 1 + 1
2+ 1

3

.

For any real number r ≥ 0, the continued fraction expansion

r = n0 +
1

n1 + 1
n2+···

may be read off by inspection from the rl sequence: n0 ≥ 0 is the length of the initial
block of l’s in Di; n1 ≥ 1 is the length of the following block of r’s; n2 ≥ 2 is the
length of the following block of l’s, etc. If r is rational then the sequence Di is finite
and, ignoring the terminating c, we obtain a finite continued fraction expansion, as
in the example of c 10

7
with lr sequence lrrlll. If r is irrational then the sequence
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L splitting R splittingτ[0/1,1/0]

τ[1/1,1/0] τ[0/1,1/1]

Figure 1: The train track τ[ 0
1
, 1
0

] carries those foliations Fr whose slope r is in the
interval [0,∞]. A r splitting on τ yields the train track τ[ 0

1
, 1
1

], which carries foliations
with slope in [0, 1]. A l splitting yields τ[ 1

1
, 1
0

] which carries foliations with slope in
[1,∞]. Not shown is a Central splitting, which yields a simple closed curve of slope
1.

Di alternates infinitely often between L and R, and so the sequence n0, n1, . . . is
infinite, and in this case we obtain the infinite continued fraction expansion of r.

Conversely, from the continued fraction expansion for r one can read off the
train track expansion of Fr. For example, the number r = 1+

√
5

2 has a continued
fraction expansion with ni = 1 for all i, and so the train track expansion of Fr
based at τ[ 0

1
, 1
0

] consists of alternating Left and Right splittings.
The torus and the once-punctured torus have naturally isomorphic mapping

class groups, Teichmüller spaces, measured foliation spaces, etc. This means that
the dictionary is valid not only for the torus but also for the punctured torus, which
has the advantage of being a hyperbolic surface, and hence one can use train tracks
without bigons.

1.4 Measured foliations

In order to state our results, we briefly review the theory of measured foliations,
initiated by Thurston [Thu88].

Let S be an oriented surface of finite type, that is, the complement of a finite set
of punctures in a closed, connected, oriented surface. We assume throughout that S
has negative Euler characteristic and that it is not homeomorphic to a 3-punctured
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sphere. The set of nontrivial, nonperipheral simple closed curves on S up to isotopy
is denoted C. The Teichmüller space of S, denoted T , is the set of isotopy classes of
complete, finite area hyperbolic structures on S. For any given hyperbolic structure
each element of C is uniquely represented by a closed geodesic. Lengths of geodesics
give a well-defined map T × C → (0,∞), producing an embedding T → (0,∞)C

which imposes a natural topology on T homeomorphic to an open ball.
We will adopt a broad notion of measured foliations, incorporating certain “par-

tial” measured foliations supported on subsurfaces of S. A (total) measured foliation
is a foliation with prong singularities, having 3 or more prongs at each nonpunc-
ture singularity and 1 or more prongs at a puncture singularity, equipped with a
positive transverse Borel measure. A partial measured foliation is what you get
from a (total) measured foliation by slicing along finitely many finite leaf segments.
Inverting this “slicing” operation we obtain a “fulfillment” operation, which from a
partial measured foliation produces a (total) measured foliation by expanding the
supporting subsurface to fill out all of S. The equivalence classes of measured foli-
ations and partial measured foliations, up to isotopy, Whitehead equivalence, and
fulfillment, form Thurston’s space of measured foliationsMF =MF(S). Multipli-
cation of the transverse measure by a positive number determines a multiplicative
action of (0,∞) onMF , and the quotient of this action is the projective measured
foliation space PMF = PMF(S). The intersection number of a partial measured
foliation F with a simple closed curve c is denoted 〈F , c〉, and taking the infimum
over equivalence classes gives a well-defined map MF × C → [0,∞) which is ho-
mogenous in the first coordinate. This map induces embeddings MF → [0,∞)C ,
PMF → P[0,∞)C which are used to impose natural topologies onMF and PMF .
Thurston’s Compactification Theorem says that the space PMF is a sphere, and
T = T ∪ PMF forms a closed ball embedded in P[0,∞)C , with interior T and
boundary PMF .

If F is a measured foliation, a saddle connection is a finite leaf segment each of
whose endpoints is a singularity, and a leaf cycle is a union of saddle connections
forming either a simple closed curve disjoint from the punctures or a simple arc
intersecting the punctures at its endpoints. We say that F is arational if it has no
leaf cycles, or equivalently, if 〈F , c〉 6= 0 for every essential, nonperipheral simple
closed curve c. Arationality is invariant under the equivalence relation on measured
foliations, and under positive scalar multiplication, and hence we can speak about
an arational element of MF or of PMF . A general measured foliation can be
decomposed into component foliations supported on disjoint subsurfaces, and each
of these components is either arational on its support, or is an annulus foliated by
parallel circles.
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1.5 Train tracks and train track expansions (§§3–4)

Consider a train track τ on S which is generic, meaning that each switch has two
branch ends on one side and one branch end on the other side. A measured foliation
F is carried on τ when F can be sliced to produce a partial measured foliation which
is contained in a regular neighborhood of τ , with leaves approximately parallel to
branches of τ . Let MF(τ) denote the subset of MF represented by measured
foliations carried by τ , and let PMF(τ) denote the projective image of this subset
in PMF .

Given a generic train track τ on S, certain embedded train paths in τ are
called splitting arcs, and the choice of a splitting arc α determines Left, Right, and
Central splittings on τ . A splitting is elementary when the splitting arc is just
a single branch of the train track (see Figure 13), but we allow a more general
class of splittings τ Â τ ′ which can be factored as a composition of “slide moves”
and a single elementary splitting (see Figure 14 and Proposition 3.13.4). Our most
general definition of splittings works for arbitrary train tracks, not just ones which
are generic, but for expository purposes we will stick with generic train tracks in
this introduction.

Given a splitting τ Â τ ′, we haveMF(τ) ⊃MF(τ ′) and PMF(τ) ⊃ PMF(τ ′).
A splitting sequence is a finite or infinite sequence τ0 Â τ1 Â · · · . The sequence

is complete if either the sequence is infinite, or the sequence is finite and ends in a
train track τn each of whose components is a circle. Complete splitting sequences
are the analogue, on a general surface, of continued fractions.

A train track expansion of a measured foliation F is a complete splitting sequence
τ0 Â τ1 Â · · · with the property that [F ] ∈ MF(τn) for all τn in the sequence;
equivalently, F is carried by each τn. Thus, τ0 Â τ1 Â · · · is an expansion of
F if and only if [F ] is in the set

⋂
iMF(τi), or equivalently the projective class

of [F ] is in the set
⋂
i PMF(τi). Noting that the latter is a nonempty, compact

subset of PMF , it follows that every complete splitting sequence is an expansion of
something; this is an analogue of the fact that every continued fraction represents
some real number.

If a measured foliation F is carried by a train track τ0, then there exists a train
track expansion for F starting from τ0; this fact, proved in detail in Corollary 4.1.2,
is the analogue of the fact that every real number has a continued fraction expansion.
For example, choose any branch b of τ0 which is a “sink branch” meaning that the
switches at either end of b point “into” b, and use the weights that F deposits on the
branches incident to b to decide whether to do a Left, Right, or Central splitting
τ0 Â τ1 along b (see Figures 13 and 16, and also the “Splitting Inequalities” in
Fact 3.13.1). Continuing inductively, we obtain the desired expansion τ0 Â τ1 Â
τ2 Â · · · . Unlike the situation on the torus, the base train track τ0 does not
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determine the entire splitting sequence, because of the choice of sink branch at each
stage; on the torus, a train track has a unique sink branch, and so the only choice in
splitting is the parity, Left, Right, or Central, which is determined by the measured
foliation.

The statement “τ0 Â τ1 Â · · · is a train track expansion of F” is the analogue
of the statement that a continued fraction converges to a certain number. Unlike
on the torus, we generally do not bother to fix a base train track, and so there are
no restrictions on the base train track τ0 of an expansion of F .

If one fixes a measured foliation F and a train track τ0 carrying F , then as
mentioned above there is not a uniquely determined train track expansion of F
based at τ0. However, there is a single object into which all train track expansions
based at τ0 can be packaged. This package is described in Sections 4.3 and 4.4, and
the structure of this package is studied in more detail and exploited in Section 7 in
order to generalize the phenomenon of stable equivalence of measured foliations.

1.6 The expansion convergence theorem (§5)

Our first result generalizes the theorem that for any infinite continued fraction

[n0, n1, n2, . . . ] = n0 +
1

n1 + 1
n2+···

the sequence of partial fractions [n0], [n0, n1], [n0, n1, n2], . . . converges to a unique
real number, and that number is irrational.

Given an arational measured foliation F , the set of all non-negative transverse
Borel measures on F up to projective equivalence forms a finite dimensional simplex
known as the Choquet simplex of F , whose vertices consist precisely of the ergodic
transverse measures on F [Wal82]. The Choquet simplex of F embeds in PMF ,
and the image of this embedding will be denoted PMF(F). If there is a projectively
unique transverse measure on F , that is, if PMF(F) is a point, then F is said to be
uniquely ergodic. Almost every point in PMF is uniquely ergodic [Vee82], [Mas82].
On the other hand there do exist arational points which are not uniquely ergodic,
indeed such points form a subset of positive Hausdorff dimension in PMF [MS91].

Another way to think of the set PMF(F) is as the set of projective classes
of measured foliations F ′ that are unmeasured equivalent to F ′, meaning that the
underlying unmeasured partial foliations of S are equivalent up to the relations of
isotopy, Whitehead moves, and fulfillment. Unmeasured equivalence of F and F ′
says roughly speaking that the leaves of F and of F ′ have the same asymptotic
behavior; this can be made precise by lifting F ,F ′ to the universal cover S̃ of S and
studying ideal endpoints of leaves in the circle at infinity of S̃.
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Theorem (Expansion Convergence Theorem 5.1.1). If τ0 Â τ1 Â · · · is a
train track expansion of an arational measured foliation F , then the set of all pro-
jective classes of measured foliations F ′ for which τ0 Â τ1 Â · · · is a train track
expansion is equal to the set PMF(F).

As mentioned above, this theorem appears in [Ker85], and special cases appear
as Theorem 3.1 of [PP87] and as Proposition 3.3.2 of [Pen92].

Notice that the existence of nonuniquely ergodic measured foliations has the
effect of weakening somewhat the analogy between the above theorem and the con-
vergence theorem for infinite continued fractions: on a punctured torus the set⋂∞
i=0 PMF(τi) will be a point, but in general it is a Choquet simplex, possibly of

positive dimension.

1.7 The rational killing criterion (§6)

The Expansion Convergence Theorem tells us that arationality of a measured fo-
liation is an intrinsic property of a train track expansion. On a punctured torus,
there is an intrinsic, combinatorial property of a train track expansion which tells
us whether it is an expansion of an arational measured foliation of irrational slope:
the splitting sequence has infinitely many Left splittings and infinitely many Right
splittings. Motivated by these results, given a train track expansion τ0 Â τ1 Â · · ·
of a measured foliation F we now consider how, using only the combinatorics of
a splitting sequence τ0 Â τ1 Â · · · , one can tell whether F is arational. We shall
develop a “rational killing criterion” for a splitting sequence, which is necessary and
sufficient for this purpose.

As an initial motivation for the rational killing criterion, we examine the siuta-
tion on the punctured torus more closely. Consider a splitting sequence τ0 Â τ1 Â
· · · on the punctured torus, which is an expansion of a measured foliation of slope
r. Each train track τi has two subtracks, each of which is a simple loop. If τi Â τi+1

is a Left splitting, then one of the two subtracks of τi, which we call the Left loop,
survives and is isotopic to the Left loop of τi+1, whereas the Right loop of τi does
not survive. The same statement holds with Left and Right reversed. It follows
that a finite subsequence τi Â τi+1 Â · · · Â τj has splittings of both parities if and
only if both the Left and Right subtracks of τi are killed before they can reach τj .
As we have observed, the number r is irrational if and only if both Left and Right
occur infinitely often, which occurs if and only if for each i there exists j > i such
that each subtrack of τi is killed before it can reach τj .

Our goal now is to develop an analogue of this “rational killing criterion” which
holds for train track expansions on arbitrary surfaces. An earlier version of this
criterion occurs in [Mos93], but the current formulation was motivated by joint
work with Farb [FM99].
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A train track τ is said to fill the surface S if every component of S − τ is a
nonpunctured or once-punctured polygon. For example, if PMF(τ) contains an
arational element then τ fills, and hence if τ does not fill then PMF(τ) consists
entirely of nonarational elements.

To get the idea of a train track expansion on S that fails the rational killing
criterion, start with a proper, essential subsurface S′ and any splitting sequence
σ0 Â σ1 Â · · · on S′, so that the train tracks σi fill S′, but of course they do not
fill S. It follows that

⋂
i PMF(σi) consists entirely of nonarational elements of

PMF(S).
There are two constructions which convert a nonfilling train track on S into a

filling train track: adding branches; and pinching. These lead to two constructions
of train track expansions that fail the rational killing criterion.

For the first construction, let τ0 be a filling train track obtained from σ0 by
adding branches. Think of the original branches of σ0 as being black, and the
added branches of τ0 − σ0 as being gray. As you split σ0 to σ1, the gray branches
just go along for the ride, and you get a train track τ1 obtained from σ1 by adding
branches. Moreover, τ0 carries τ1, and this carrying can be factored into one or
more splittings; it’s not generally true that there is a single splitting from τ0 to
τ1, because the gray branches may have endpoints lying in the interior of the black
splitting arc of σ0, and hence you may need more than one splitting to get from τ0

to τ1. Now repeat the process, and you get a carrying sequence τ0ÂÂτ1ÂÂ · · · on S,
which can be factored to give a splitting sequence on S. Moreover, for each i there
is a nonfilling subtrack σi ⊂ τi which survives the entire splitting sequence, in the
sense that there are subtracks σj ⊂ τj , j ≥ i, such that σi splits to σj . The existence
of a nonfilling subtrack of some τi which survives forever is a direct violation of the
rational killing criterion for the splitting sequence τ0ÂÂτ1ÂÂ · · · .

For the second construction, let τ0 be a filling train track obtained from σ0

by “pinching”. To give a precise example, suppose that S′ is obtained from S by
removing an essential, nonperipheral annulus. The train track σ0 has one annular
complementary component A0 (see Figure 2). Let γ0 be a properly embedded arc
in A0 connecting points on opposite boundary components, so that each endpoint
of γ0 is in the interior of some branch of σ0. Now pinch γ0 down to a single point,
dragging σ0 along, creating a filling train track τ0 with a new sink branch denoted
α0, and note that τ0 fills the surface; the annulus A0 has been pinched off to form
a polygonal component of S − τ0 which we shall denote B0. One can recover σ0

from τ0 in the following manner: from a core curve of the annulus A0, we obtain a
closed curve called a “splitting cycle” of the train track τ0, of the form α0 ∗β0 where
α0 is the newly created sink branch of τ0 and β0 is a properly embedded arc in B0

connecting two cusps of B0. The train track σ0 is obtained from τ0 by splitting
along the splitting cycle.
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γ0
pinch along γ0

α0

β0

Figure 2: Pinching a train track.

Next, under the carrying map σ1 → σ0, we can pull back the arc γ0 of σ0 to
give an arc γ1 of σ1, properly embedded in the annulus component A1 of S − σ1.
Pinching γ1 down to a point and dragging σ1 along we obtain a filling train track
τ1. Moreover, from the construction it follows that τ0 carries τ1; the carrying τ0ÂÂτ1

factors into one or more splittings, depending on how γ0 is situated with respect
to the splitting arc of σ0. Also, we obtain a splitting cycle α1 ∗ β1 of τ1, so that
splitting τ1 along this splitting cycle we recover σ1. Continuing inductively we obtain
a carrying sequence τ0ÂÂτ1ÂÂ · · · , that factors to give a splitting sequence, and a
splitting cycle αi ∗ βi of τi, so that splitting τi along this splitting cycle recovers σi.
Thus, for each i the splitting cycle αi ∗βi of τi survives the entire splitting sequence,
in the sense that for each j ≥ i there is a splitting cycle αj ∗βj of τj which is isotopic
to αi ∗βi, both being isotopic to the core curve of the annulus S−S′. The existence
of a splitting cycle of τi which survives forever is a direct violation of the rational
killing criterion for the splitting sequence τ0ÂÂτ1ÂÂ · · · . More generally, if τ ′i ⊂ τi
is a filling subtrack which survives forever, the existence of a splitting cycle of τ ′i
which survives forever is a direct violation of the rational killing criterion.

In each of the two constructions above, note also that
⋂
i PMF(τi) contains⋂

i PMF(σi), and hence contains nonarational elements of PMF .
Motivated by the above discussion, we make the following definitions. Consider

a splitting τ Â τ ′. Given a subtrack σ ⊂ τ , we say that σ survives the splitting
if there exists a subtrack σ′ ⊂ τ ′ such that σ′ is obtained from σ by a generalized
splitting, which means a sequence of moves consisting of one splitting and the rest
“slide moves”. If this is so then σ′ is uniquely determined by σ, and we say that σ′

is the descendant of σ in τ ′. Given a splitting cycle c of τ , we say that c survives
the splitting if there exists a splitting cycle c′ of τ ′ such that c, c′ are isotopic; if this
happens then c′ is uniquely determined by c and we say that c′ is the descendant
of τ .

A finite splitting sequence τi Â τi+1 Â · · · Â τj satisfies the rational killing
criterion if the following two statements are true:
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• Each nonfilling subtrack of τi is killed before it can get to τj .

• If τ ′i is a filling subtrack of τi which survives to some filling subtrack τ ′j of τj ,
then each splitting cycle of τ ′i is killed before it can get to τ ′j .

An infinite splitting sequence τ0 Â τ1 Â · · · satisfies the iterated rational killing
criterion if for each i ≥ 0 there exists j > i such that the finite sequence τi Â · · · Â τj
satisfies the rational killing criterion.

1.8 Expansions of arational measured foliations (§6 continued)

The iterated rational killing criterion characterizes when a splitting sequence is an
expansion of some arational measured foliation:

Theorem (Arational Expansion Theorem 6.3.2). Suppose that τ0 Â τ1 Â · · ·
is a train track expansion of a measured foliation F . Then F is arational if and only
if the splitting sequence τ0 Â τ1 Â · · · satisfies the iterated rational killing criterion.

As remarked above, this theorem generalizes the situation on the torus T , be-
cause a splitting sequence on T satisfies the iterated rational killing criterion if and
only if the parity of the sequence alternates infinitely often between L and R. Ac-
cording to the dictionary between continued fractions and train track expansions
on T , this occurs if and only if the give splitting sequence is an expansion of a
measured foliation on T of irrational slope.

We remark that rl sequences play an important role in earlier treatments of
train track expansions such as [PP87] and [Mos93]. Nevertheless, obtaining an
arationality criterion stated directly in terms of rl sequences seems to be something
of a stretch. For example, it is not true that F is a pseudo-Anosov stable foliation if
and only if some train track expansion of F has eventually periodic rl sequence—
instead, the latter property is equivalent to the existence of a foliation component
of F which is the stable foliation of a pseudo-Anosov homeomorphism on some
subsurface of S. Similarly, F has an infinite train track expansion alternating
infinitely often between l and r if and only if there is a foliation component of
F which is arational on its supporting subsurface. rl sequences therefore do not
capture the full complexity of arationality, and for this reason we avoid rl sequences
in the present work.

A specialized version of the Arational Expansion Theorem given in [Mos93] only
deals with what are here called “one sink expansions”, as explained in Section 9.4
below. One sink expansions are particularly easy to work with from a combinatorial
and computational point of view, not least because their train tracks have a very
special, easily recognizable form.



1 INTRODUCTION 20

The present, general version of the Arational Expansion Theorem was inspired
by joint work of the author with Benson Farb [FM99], in which train track expan-
sions of geodesics in T are used to characterize precompactness of geodesics in the
moduli space Mod(S) = T/MCG, whereMCG is the mapping class group of S. In-
deed, the Precompactness Theorem of [FM99] is a uniform version of the Arational
Expansion Theorem:

Theorem (Precompactness Criterion [FM99]). Suppose that τ0 Â τ1 Â · · · is
a train track expansion of a geodesic ray g : [0,∞) → T . Then the projection of g
to Mod(S) is precompact if and only if there exists K ≥ 0 such that for all i ≥ 0,
the pair τi, τi+K satisfies the rational killing criterion.

Canonical expansions. Every arational measured foliation F is equivalent to
one which has no saddle connections: inductively collapse each saddle connection
to a point. Starting from such a representative, if we then slice open along a short
initial segment of each separatrix we obtain a partial measured foliation called a
canonical model for F , whose only singularities are 3-pronged boundary singulari-
ties. Canonical models are unique up to isotopy: any two in the same equivalence
class are isotopic.

Suppose that we have a canonical model F . If a train track τ carries F so that
F maps onto a regular neighborhood of τ , then we say that τ canonically carries
F . A canonical train track expansion of F is a train track expansion τ0 Â τ1 Â · · ·
such that each τi canonically carries F .

As a corollary of the Arational Expansion Theorem we shall prove the Canonical
Expansion Theorem, in which we characterize Canonical Expansions by a combi-
natorial method similar to that by which Arational Expansions were characterized:
we define a “canonical killing criterion” and show that τ0 Â τ1 Â · · · is a canonical
expansion of some measured foliation if and only if it satisfies the canonical killing
criterion.

1.9 Stable equivalence (§7)

The Stable Equivalence Theorem for continued fractions says that given r, s ∈ R,
the numbers r, s are in the same orbit of the fractional linear action of SL(2,R) on
R ∪ {∞} if and only if the continued fraction expansions [m0,m1, . . . ], [n0, n1, . . . ]
of r, s are stably equivalent, meaning that for some integers a, b ≥ 0 we have ma+i =
nb+i for all i ≥ 0. One can view this theorem as classifying orbits of the SL(2,R)
action on R ∪ {∞} in terms of combinatorial invariants, namely, tails of sequences
of positive integers.
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Stable equivalence on the torus. Translating this result in a straightforward
manner to the torus, we obtain the following equivalent statement, which one can
view as giving a complete classification of constant slope foliations up to topological
equivalence, stated in terms of combinatorial invariants, namely, tails of train track
expansions:

Theorem 1.9.1 (Torus Stable Equivalence, version 1). Given F ,F ′ two con-
stant slope foliations on the torus, if τ0 Â τ1 Â · · · and τ ′0 Â τ ′1 Â · · · are the expan-
sions of F ,F ′ starting at the standard base train track τ0 = τ ′0, then F ,F ′ are in
the same orbit under the action of the mapping class group of the torus if and only
if there exist integers c, d ≥ 0 such that for all j ≥ 1 the splittings τc+j−1 Â τc+j
and τ ′d+j−1 Â τd+j have the same parity.

The “if” direction in the above theorem is straightforward to prove: if c, d exist
as described, then by choosing a mapping class φ such that φ(τc) = τd, one can
show that φ(F) = F ′.

The “only if” direction of the above theorem is a consequence of the following
result. Two splitting sequences τ0 Â τ1 Â · · · and τ ′0 Â τ ′1 Â · · · are said to be
stably equivalent if they eventually coincide up to isotopy, meaning that there exist
integers c, d ≥ 0 such that for all i ≥ 0 the train tracks τc+i, τd+i are isotopic.

Theorem 1.9.2 (Torus Stable Equivalence, version 2). If F is a foliation on
the torus of constant, irrational slope, then any two train track expansions of F are
stably equivalent.

To see the relation between the above two theorems, we give here the proof
that version 2 implies the “only if” direction of version 1 as follows. Define a
weaker equivalence relation among torus splitting sequences: two splitting sequences
τ0 Â τ1 Â · · · and τ ′0 Â τ ′1 Â · · · are unmarked stably equivalent if there exist integers
c, d ≥ 0 such that for all i ≥ 1 the splittings τc+i−1 Â τc+i and τd+i−i Â τd+i have
the same parity. It is an easy observation that stable equivalence implies unmarked
stable equivalence. Moreover, for any splitting sequence τ0 Â τ1 Â · · · and any
mapping class φ, the sequences τ0 Â τ1 Â · · · and φ(τ0) Â φ(τ1) Â · · · are unmarked
stably equivalent: a mapping class, since it preserves orientation, preserves parity.
To prove the “only if” statement in version 1 of Torus Stable Equivalence, supposing
that F ′ = φ(F), it follows that τ0 Â τ1 Â · · · and φ(τ0) Â φ(τ1) Â · · · are unmarked
stable equivalent, but the latter sequence is an expansion of F ′ and so it is stably
equivalent, in both the marked and unmarked sense, to τ ′0 Â τ ′1 Â · · · .

As the proof shows, the difference between versions 1 and 2 is that in version 1
we use unmarked stable equivalence to classify measured foliations up to unmarked
equivalence—that is, up to the action of the mapping class group—whereas in ver-
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sion 2 we use (marked) stable equivalence to classify measured foliations up to
equivalence in the measured foliation space MF .

Stable equivalence on a finite type surface. We wish to formulate stable
equivalence results for any finite type surface S that generalize both the marked
and unmarked versions of Torus Stable Equivalence. Marked stable equivalence
will classify measured foliations up to unmeasured equivalence. Unmarked stable
equivalence will classify measured foliations up to the coarser relation of topologi-
cal equivalence, where F ,F ′ are topologically equivalent if they may be chosen in
their equivalence classes so that there exists some homeomorphism taking F to F ′;
this homeomorphism need not be isotopic to the identity. To put it another way,
unmarked stable equivalence will classify the MCG orbits of the sets PMF(F) for
arational measured foliations F , generalizing the classification of PSL(2,Z) orbits
of irrational numbers by stable equivalence of continued fraction expansions.

Considering first the marked version (version 2), if one attempts a straightfor-
ward generalization of Theorem 1.9.2 then one immediately encounters a well-known
weakness in the analogy between continued fraction expansions and train track ex-
pansions: as remarked earlier, a train track expansion of a measured foliation F
based at a given train track is not at all unique, for if τ is any train track fully
carrying F then one can choose any splitting arc of τ along which to split consis-
tently with F . To put it another way, there is no natural train track expansion of
F starting with any given train track τ0. The lack of a natural choice is evident in
other treatments of stable equivalence, for example Theorem 3.3.1 of [Pen92]. In
particular, on any oriented, finite type surface which has genus 0 with ≥ 5 punc-
tures, genus 1 with ≥ 2 punctures, or genus ≥ 2, any arational measured foliation on
S actually has uncountably many distinct train track expansions, and so certainly
there exist two which are not stably equivalent.

We use two methods for resolving this lack of naturality. One method is to
restrict attention to a small subclass of train track expansions; Theorems 7.1.7
and 7.1.5 show that by restricting to “one cusp” train track expansions we obtain
a good stable equivalence theory. Another method, which has the advantage of
producing stable equivalence results about arbitrary train track expansions, is to
combine all expansions of a given measured foliation F based at a given train track
τ0 into one structure, which we call the expansion complex of F based at τ0; Theo-
rems 7.7.1 and 7.2.3 describe stable equivalence theory for expansion complexes.

One cusp train track expansions. To describe these, consider an ordered pair
(τ, v) consisting of a generic train track τ and cusp v of τ . Associated to v there
exists a unique minimal splitting arc α having v as one endpoint. Fixing a choice
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of d ∈ {l,r} consider the splitting τ Â τ ′ of parity d along the arc α. Under
the natural correspondence between cusps of τ and cusps of τ ′, let v′ be the cusp
of τ ′ corresponding to v. We obtain an ordered pair (τ ′, v′), and we say that
(τ, v) Â (τ ′, v′) is a one cusp splitting of parity d. Consider now an arational
measured foliation F , a train track τ0 canonically carrying F , and a cusp v0 of τ0;
associated to this data there is a naturally defined one cusp train track expansion
of F of the form (τ0, v0) Â (τ1, v1) Â · · · . Thus, we do not obtain a single natural
expansion of F based at τ0, but we do obtain a natural finite set of expansions,
namely, one for each cusp of τ0.

We can state a marked and an unmarked version of stable equivalence for one
cusp train track expansions. For the marked version, we use the same definition as
before of stable equivalence: two splitting sequences on S are stably equivalent if
they eventually coincide up to isotopy.

Theorem (One cusp stable equivalence, marked version (Theorem 7.1.5)).
Given an arational measured foliation F and two train tracks τ, τ ′ canonically car-
rying F , there is a bijection cusps(τ) ↔ cusps(τ ′), such that if v ∈ cusps(τ) and
v′ ∈ cusps(τ ′) correspond then the one cusp train track expansion of F based at (τ, v)
is stably equivalent to the one cusps train track expansion of F based at (τ ′, v′).

For the unmarked version, we say that two train tracks τ, τ ′ are combinatorially
equivalent if they are pieced together out of switches, branches, and oriented 2-cells
in the same combinatorial pattern. An equivalent way to say this is simply that
there exists an orientation preserving homeomorphism f of the surface such that
f(τ) = τ ′. Similarly, a pair of cusped train tracks (τ, v), (τ ′, v′) are combinatori-
ally equivalent if there exists a homeomorphism f such that f(τ, v) = (τ ′, v′). We
say that two one-cusp splitting sequences (τ0, v0) Â (τ1, v1) Â · · · and (τ ′0, v

′
0) Â

(τ ′1, v
′
1) Â · · · are unmarked stably equivalent if there exist integers c, d ≥ 0 such

that for all i ≥ 0, the one cusped train tracks (τc+i, vc+i) and (τ ′d+i, v
′
d+i) are com-

binatorially equivalent, and the splittings τc+i Â τc+i+1 and τ ′d+i Â τ ′d+i+1 have the
same parity.

Theorem (One cusp stable equivalence, unmarked version (Theorem 7.1.7)).
Given two arational measured foliations F ,F ′, the following are equivalent:

• There exists a mapping class φ such that PMF(φ(F)) = PMF(F ′).

• For any train tracks τ, τ ′ that canonically carry F ,F ′, there exists cusps v, v′

of τ, τ ′, respectively, such that the expansion of F based at (τ, v) is unmarked
stably equivalent to the expansion of F ′ based at (τ ′, v′).

• For any train tracks τ, τ ′ that canonically carry F ,F ′, respectively, there is a
bijection cusps(τ) ↔ cusps(τ ′), such that if v ∈ cusps(τ) and v′ ∈ cusps(τ ′)
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correspond, the expansion of F based at (τ, v) is unmarked stably equivalent
to the expansion of F ′ based at (τ ′, v′).

Expansion complexes. Next we describe another approach to stable equiva-
lence. Consider an arational measured foliation F and a train track τ that canon-
ically carries F . Instead of focussing on a special class of expansions of F based
at τ , we shall describe a stable equivalence phenomenon which encompasses all
expansions of F based at τ . To do this we define an object called the expansion
complex of F based at τ , which incorporates all train track expansions of F based
at τ , and that depends naturally on τ . For any other train track τ ′0 carrying F , the
expansion complexes based at τ0 and at τ ′0 exhibit the appropriate form of (marked)
stable equivalence. Also, we will have an appropriate version of unmarked stable
equivalence.

To describe expansion the expansion complex of F based at τ , we may choose F
within its equivalence class so that it is a canonical model, and so that it is contained
in a regular neighborhood of τ0 with leaves approximately parallel to branches of
τ0. Since F is a canonical model, each of its singularities s is a 3-pronged boundary
singularities with two of the prongs on the boundary of the support of F , and one of
the prongs being the start of an infinite half leaf of F based at s, called an infinite
separatrix. Let N be the number of infinite separatrices. Each infinite separatrix
can be parameterized by the half-line [0,∞), and a choice of parameter determines
a finite separatrix based at s. If one chooses a point in each infinite separatrix,
one obtains a collection of finite separatrices called a separatrix family. The set of
all separatrix families of F is therefore parameterized by the positive orthant in
N -dimensional Euclidean space [0,∞)N .

As we shall describe in Sections 4.3 and 4.4, one can use the space [0,∞)N

of separatrix families to give a unified description of all train track expansions of
F based at τ0. By using a carrying map from F to τ0, we can associated to any
separatrix family ξ ∈ [0,∞)N a train track denoted σ(ξ). As the coordinates of
the point ξ grow, the train track σ(ξ) undergoes splittings. Starting from the
origin of the orthant [0,∞)N and moving along some path out to infinity so that
each coordinate grows monotonically, one obtains an “expanding separatrix family”,
which generates a train track expansion of F based at τ0. In Proposition 4.4.1 we
prove that every train track expansion of F based at τ0 arises in this manner from
some expanding separatrix family.

In Section 7 we use the train tracks σ(ξ) to define a decomposition of the param-
eter space Ξ = [0,∞)N , where two points ξ, η ∈ Ξ are in the same decomposition
element if, roughly speaking, the train tracks σ(ξ), σ(η) are isotopic. Each decom-
position element is thus labelled with the isotopy class of some train track. In
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Theorem 7.2.2 we prove that the decomposition elements form the open cells of a
linear cell decomposition on Ξ = [0,∞)N , and we prove that the face relation among
cells of this decomposition can be described in terms of a natural relation among
train tracks which is similar in nature to the splitting relation. The labelled cell
decomposition Ξ is called the expansion complex of F based at τ0. There is a slight
lie in this discussion which we are overlooking for sake of exposition: the train track
σ(ξ) has some additional structure imposed on it in the form of certain decorations
on the cusps of the train track, and hence the labels on the cells of Ξ are isotopy
class of decorated train tracks.

Theorem (Stable Equivalence Theorem, marked version 7.2.3). Given an
arational measured foliation F and two train tracks τ0, τ

′
0 that canonically carry F ,

if Ξ,Ξ′ are the expansion complexes of F based at τ0, τ
′
0 respectively, then Ξ,Ξ′ are

stably equivalent in the sense that there exist subcomplexes Ξ̂, Ξ̂′, each a neighbor-
hood of infinity in the one-ended topological space [0,∞)N , and there exists a label
preserving cellular isomorphism Φ: Ξ̂→ Ξ̂′.

To say that the cellular isomorphism Φ preserves labels simply means that if
Φ(c(σ)) = c′(σ′), where c(σ) is a cell of Ξ̂ and c′(σ′) is a cell of Ξ̂′ labelled by train
tracks σ, σ′, respectively, then σ, σ′ are isotopic.

Next we sketch the unmarked version of stable equivalence for expansion com-
plexes, at the expense of a lack of precision and slight lie; the precise and true
statement of the theorem is given in Section 7.7. As in one cusp stable equivalence,
the statement is based on combinatorial equivalence of train tracks. Two expansion
complexes Ξ,Ξ′ are said to be unmarked stably equivalent if there exist subcom-
plexes Ξ̂ ⊂ Ξ, Ξ̂′ ⊂ Ξ′, each a neighborhood of infinity, and there exists a cellular
isomorphism Φ: Ξ̂→ Ξ̂′ with the following properties:

• For any cell c(σ) of Ξ̂, setting c′(σ′) = Φ(c(σ)), the train tracks σ, σ′ are
combinatorially equivalent.

• Φ preserves the face relation among train tracks labelling cells (for a precise
statement see Section 7.7).

Theorem (Unmarked Stable Equivalence Theorem 7.7.1). For i = 1, 2 let
Fi be an arational measured foliation canonically carried on a train track τi and let
Ξi be the expansion complex of Fi based at τi. The following are equivalent:

• There exists Φ ∈MCG such that PMF(Φ(F1)) = PMF(F2).

• The expansion complexes Ξ1,Ξ2 are unmarked stably equivalent.
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The reason this statement is a slight lie is that we have not defined unmarked
stable equivalence correctly. Given a train track τ that fills the surface, if we pick
one distinguished cusp v then the pair (τ, v) has trivial stabilizer inMCG, however
the train track τ itself may have a nontrivial finite stabilizer in MCG. Because of
this, it is not enough to define an unmarked stable equivalence Φ: Ξ̂→ ξ̂′ in terms
of combinatorial equivalence of train tracks σ, σ′ labelling corresponding cells: one
must pick a particular mapping class that realizes the combinatorial equivalence;
this mapping class is needed in order to make sense out of the second requirement
that “Φ preserves the face relation among train tracks labelling cells”.

1.10 General splitting sequences (§8)

Infinite splitting sequences on a torus T satisfy a simple dichotomy corresponding
to the irrational–rational dichotomy for real numbers. A splitting sequence on T
in which each parity l, r occurs infinitely often is an expansion of a foliation of
irrational slope on T . On the other hand, if a splitting sequence τ0 Â τ1 Â · · · has
eventually constant parity d ∈ {l,r} then τ0 Â τ1 Â · · · is an expansion of some
essential closed curve c, and moreover τ0 Â τ1 Â · · · is an expansion of a measured
foliation F if and only if F is a foliation by closed curves isotopic to c. In this
case, for i sufficiently large that the parity is constant, and the train track τi+1 is
obtained from τi by a d Dehn twist along the curve c.

On a general surface S, infinite splitting sequences satisfy a more complicated
classification scheme, blending the two extremes of irrationality and rationality in
much the same way that Thurston’s classification of mapping classes blends pseudo-
Anosov and finite order phenomena. At one extreme, an infinite splitting sequence
on S that satisfies the iterated rational killing criterion is an expansion of an ara-
tional measured foliation. At the other extreme is a kind of “Dehn twist” behavior,
described in Sections 8.1 and 8.2 as a “twist splitting sequence” on S, which means
that asymptotically the splitting sequence behaves like iterated Dehn twists along
some essential curve system on S.

To describe the results, suppose that τ0 Â τ1 Â · · · is an expansion of a measured
foliation F on S. We say that F is infinitely split by the sequence τ0 Â τ1 Â · · · if the
sequence of subtracks that fully carry F itself forms an infinite splitting sequence.

Theorem 8.2.1 shows that a splitting sequence τ0 Â τ1 Â · · · is eventually a twist
splitting sequence if and only if it does not infinitely split any measured foliation of
which it is an expansion. Moreover, in this case there exists a single train track µ
such that τ0 Â τ1 Â · · · is an expansion of a measured foliation F if and only if F
is carried by µ; that is, ∩iMF(τi) =MF(µ).

Theorem 8.5.1 gives the general structure of an infinite splitting sequence τ0 Â
τ1 Â · · · , blending the two extremes. On the one hand, there is a (possibly empty)
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collection of partial arational measured foliations F1, . . . ,FJ with pairwise dis-
joint supports, such that a measured foliation F ∈ ∩iMF(τi) is infinitely split by
τ0 Â τ1 Â · · · if and only if F has a component which is topologically equivalent to
one of F1, . . . ,FJ . On the other hand there is a (possibly empty) train track µ, with
support disjoint from the supports of F1, . . . ,FJ , such that a measured foliation
F ∈ ∩iMF(τi) is not infinitely split if and only if F is carried by µ. The entire set
∩iMF(τi) can be described as the join of the setsMF(F1), . . . ,MF(FJ),MF(µ).
The corollary to Theorem 8.5.1 also gives information on how to examine the split-
ting sequence τ0 Â τ1 Â · · · and extract from it canonical expansions of F1, . . . ,FJ ,
the train track µ, and the “twist splitting” phenomenon.

1.11 Construction of pseudo-Anosov mapping classes (§9)

There is an extensive literature on methods of construction of pseudo-Anosov map-
ping classes. Many of these methods depend at their root on the following decision
problem. Given a mapping class φ and a train track τ which is an “invariant train
track” for φ, meaning that φ carries the image φ(τ), use the structure of the map
τ → φ(τ)→ τ to decide whether φ is pseudo-Anosov. We shall describe a solution
to this decision problem due to Casson [CB], as well as some variations on the so-
lution designed to make it more computationally efficient. Then we shall present
proofs of several pseudo-Anosov constructions from the literature, in particular a
recipe of Penner [Pen88], as well a method of the author in [Mos86] that produces
a powe of every pseudo-Anosov mapping class.

1.12 Classification of pseudo-Anosov conjugacy classes (§10 in progress)

In this section we will describe complete invariants for pseudo-Anosov conjugacy
classes. Here is an outline.

There is a folk theorem, known for a long time, which gives a straightforward
method of classifying pseudo-Anosov conjugacy classes using a finite amount of data,
and this data can be compared in a straightforward manner, giving a solution to the
pseudo-Anosov part of the conjugacy problem. To describe this method, suppose
that f : S → S is a pseudo-Anosov homeomorphism. Let τ ⊂ S be an invariant train
track for f , meaning that f(τ) is carried by τ . There is a map h : S → S homotopic
to the identity such that h

∣∣ f(τ) is a smooth map onto τ . One can arrange so that

h takes switches to switches, and so the composed map (S, τ)
f−→ (S, f(τ)) h−→ (S, τ)

can be encoded finitistically; let this map be called a train track representation of f .
Conjugacy between two train track representations can be decided algorithmically,
by comparing the finite encodings. Although f : S → S has infinitely many train
track representations up to homotopy, it has only finitely many up to conjugacy,
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because the mapping class of f acts on train track representations with finitely
many orbits: if hf : (S, τ)→ (S, τ) is one train track representation.

One can compute the finite set of conjugacy types of train track representations
as follows. First find a single train track representation, using the algorithm in
[BH95], say; one can also decide whether the mapping class is pseudo-Anosov using
any single train track representation. Then one can generate new train track rep-
resentations up to conjugacy, by the folding operations of [BH95]. Eventually all
possible folding operations have been tested and no new train track representations
will be produced. Since any two orbits of train track representations are connected
by a sequence of foldings, this produces the entire list of train track representations.

Although this does indeed give a solution to the pseudo-Anosov part of the con-
jugacy problem, there are some serious efficiency issues to consider. By taking into
account the natural structure of train track expansions and expansion complexes,
one obtains a much more efficient solution. We will not attempt to quantify the
computational complexity of this solution, but it seems likely that this can be done.

The method is illustrated first for the punctured torus, which amounts to clas-
sifying elements of SL(2,Z) whose trace has absolute value > 2. In this setting,
the classification can be derived from the classical theorems of continued fractions.
Given A ∈ SL(2,Z) with |Tr(A)| > 2, the slope s of the eigenvector of A has even-
tually periodic continued fraction expansion. Three pieces of data determine the
conjugacy class of A: the primitive period loop of the continued fraction expansion
of s; the largest integer k for which A is a kth power; and the sign of the trace of
A. This data can be conveniently encoded using train track expansions on the once
punctured torus.

The general classification is obtained by using our results that parallel continued
fraction theory, in particular the Stable Equivalence Theorem. A special case of this
was carried out in [Mos83], see also [Mos86], enough to give a finite-to-one conjugacy
pseudo-Anosov conjugacy classification, and a method for computing the invariants.
The reason one only obtained a finite-to-one classification in that case can be traced
to the difference between expansion sequences and expansion complexes. Here is a
complete conjugacy classification.

If f : S → S is a pseudo-Anosov mapping class with unstable measured foliation
Fu, then any expansion complex of Fu is eventually f -periodic; this is a conse-
quence of the Stable Equivalence Theorem and the fact that f(Fu) is topologically
equivalent to Fu. The quotient by f of the periodic part of the expansion com-
plex gives a complex homotopy equivalent to the circle, whose cells are labelled by
combinatorial types of train tracks, and whose face relations are labelled by simple
combinatorial operations between train tracks. This finite amount of data is called
the circular expansion complex of f , and it is a complete invariant of the conjugacy
class of f . Any two circular expansion complexes can be compared for isomorphism,
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thus deciding the pseudo-Anosov part of the conjugacy problem.

1.13 Enumeration of pseudo-Anosov conjugacy classes (§11 in progress)

We describe how to use the classification described in §10 to get a (virtual) enu-
meration of pseudo-Anosov conjugacy classes.

1.14 The conjugacy problem in the mapping class group (§12 in
progress)

This section describes complete invariants of all conjugacy classes in the mapping
class group, in terms of the Thurston decomposition of a mapping class. By tailoring
methods of Bestvina and Handel [BH95] we shall also describe an algorithm for
computing the invariants. Here is an outline.

Recall that a mapping class Φ is reducible if there exists a reducing family, which
is a finite family {aj} of essential closed curves, no two of which are isotopic, such
that the family {aj} is Φ-invariant up to isotopy.

Thurston’s classification of mapping classes says that each mapping class Φ has
a reducing family {aj} so that for each component S′ of S − ∪jaj , the first return
of Φ to S′ is either pseudo-Anosov or finite order; moreover, with the additional
requirement that {aj} has minimal cardinality, it follows that {aj} is unique up
to isotopy. Minimal cardinality of {aj} is equivalent to saying that for each aj ,
if S′ is the essential subsurface obtained by deleting aj and conglomerating the
complementary subsurfaces incident to aj , then the first return to S′ is neither
pseudo-Anosov nor finite order.

Let Aj be a regular neighborhood of aj , let {Si} be the set of components of
S −∪j int(Aj), and let {γk} be the collection of boundary curves of the Aj , so each
γk bounds an Si on one side and an Aj on the other side. There is a representative
f : S → S of the mapping class which has the following properties. First, f preserves
the decomposition S = (S1∪· · ·∪Sk)∪(A1∪· · ·∪Al). For each γk, if fn is the lowest
power which maps γk onto itself by an orientation reversing homeomorphism then
the restriction of fn to γk has finite rotation number, and in particular has a periodic
orbit. No subsurface Si is a nonpunctured annulus, and each Aj is a nonpunctured
annulus. The first return map of f to each Si is either a finite order homeomorphism,
or a pseudo-Anosov homeomorphism of a surface-with-boundary, which means that
the induced homeomorphism obtained by collapsing each boundary component to
a puncture is pseudo-Anosov and the first return map of f to Si is obtained by
blowing up such punctures. Finally, the decomposition is minimal, in the sense that
for each Aj , if the first return of f to the Si’s incident to each side of Aj are finite
order, then the first return of f to the union of Aj with the Si’s incident to each
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side is not of finite order.
From this decomposition one writes down a list of complete conjugacy invariants,

as follows.
The first invariant is a graph with one vertex for each Si and one edge for each

Aj , together with the induced homeomorphism on this graph. Let the graph be
denoted Γ.

The second invariant is the pseudo-Anosov data. For each pseudo-Anosov sub-
surface Si, label the corresponding vertex of Γ with the finite data that classifies
the conjugacy class of the first return of f to Si. We must keep track of an extra
finite amount of data in which boundary components of Si are colored according to
which edge of Γ they are attached to; thus, the data classifying f keeps track of the
color of a boundary component collapsed to a puncture.

The third invariant is the finite order data. Nielsen described complete invari-
ants of finite order mapping classes. Each finite order mapping class is represented
by a finite order homeomorphism f : S → S. The conjugacy class of f is determined
by the orders and rotation numbers of the periodic points of f of nonmaximal pe-
riod; we call this data the Nielsen invariant of f (see e.g. [Gil76] for details). It
is convenient to record this data in terms of an f -invariant cell decomposition of S
such that each periodic point of nonmaximal order is a vertex; we refer to this as
an f -decomposition of S. From any f -decomposition one can read off the Nielsen
invariants. For each finite order subsurface Si of the Thurston decomposition, label
the corresponding vertex of Γ with the Nielsen data, again using additional “color-
ing” data to keep track of which boundary components of Si are attached to which
edges of Γ.

The fourth data is the twist data associated to an annulus Aj . If fn is the lowest
power that maps Aj to itself preserving each component of ∂Aj , then the restriction
fn
∣∣ ∂Aj has rational rotation number on each component. Pick an arc α connecting

a periodic point in one component to a periodic point in the other component. The
arc fn(α) differs from α by a rational number called the twist of fn

∣∣ Aj , and this
number is well-defined independent of the choice of α. To compute this number, the
path fn(α) is obtained, up to path homotopy, by going around a rational number
of times on one boundary component, then travelling along α, then going around a
rational number of times on the other boundary component; the sum of these two
rational numbers is the desired twist. Going around a component of ∂Aj a rational
number of times means travelling along a path whose initial and terminal points
are on the same periodic orbit.

This completes the conjugacy data. This data is finitistic, and it is complete.
The data for any two mapping classes is finitistically comparable: one checks for an
isomorphism between the two graphs which preserves the conjugacy data associated
to each edge and vertex, respecting colors. The data is moreover computable, which



1 INTRODUCTION 31

completes the solution to the conjugacy problem.
To see how the data is computed, the main tool is an algorithm for finding

an invariant train track, say, the algorithm of [BH95]. Given a mapping class Φ,
what this algorithm actually does is to produce one of two outcomes: either an
invariant train track for Φ; or a finite order homeomorphism f : S → S representing
Φ together with an f -decomposition. In the latter case one can compute the finite
order invariant for Φ and we are done.

Suppose then that one produces an invariant train track τ for Φ. As we will
describe in Section 9, one can use τ to decide whether Φ is pseudo-Anosov; if so,
then following the method described in Section 1.12 we are done.

If one discovers, using τ , that Φ is not pseudo-Anosov, the method by which
this is discovered produces a way to alter τ by a sequence of central splittings, to
produce a new invariant train track for Φ which does not fill the surface. One can
continue this process, simplifying τ by central splittings, as long as the result is still
a Φ-invariant train track. Let τ continue to denote the end product.

For each component τ ′ of τ , let Supp(τ ′) be a minimal essential subsurface of S
containing τ ′, obtained from a regular neighborhood of τ by taking the union with
any complementary component of the regular neighborhood that is a nonpunctured
or once-punctured disc. Because we simplified τ as much as possible using central
splittings, it follows that the first return of Φ to each subsurface Supp(τ ′) is irre-
ducible. If τ ′ is a circle then we take Supp(τ ′) to be one of the Aj . If τ ′ is not a
circle, then the first return of Φ to Supp(τ ′) is either pseudo-Anosov or finite order;
in either case, we take Supp(τ ′) to be one of the Si. By then restricting the mapping
class to the complement of S − ∪′τ Supp(τ ′), one continues by induction.

In the end one obtains a decomposition S = (∪iSi)
⋃

(∪jAj) as desired, and one
obtains the pseudo-Anosov and finite order data for each Si. It remains to describe
the computation of the twist data for each Aj . From the computation so far, for
each pseudo-Anosov subsurface Si we have produced an invariant train track, and
for each finite order subsurface Si we have produced an invariant cell decomposition.
This data determines the behavior of the f on the boundary of Aj , in particular we
obtain periodic orbits on each boundary component. From this we are now able to
compute the twist data, from any arc connecting a periodic point in one boundary
component to a periodic point in the other boundary component.

There is one last detail: if the surfaces on either side of Aj are of finite order, and
if the twist number of Aj equals zero, then one must remove Aj and conglomerate
the surfaces on either side of it, for that surface will have a finite order first return.
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1.15 Prerequisites

We will assume that the reader is familiar with foundational material about mea-
sured foliations and/or measured geodesic laminations, in particular: the topology
onMF and PMF ; the embeddingsMF → [0,∞)C , PMF → P[0,∞)C ; continuity
of intersection number onMF×MF ; compactness of PMF ; Thurston’s boundary
of Teichmüller space using PMF . Most of these items will be reviewed without
proof in Section 2. Excellent resources for these materials include [FLP+79], [CB88],
[CB].

1.16 What’s not here.

Geodesic laminations. A good understanding of measured geodesic lamina-
tions on hyperbolic surfaces is extremely useful for understanding measured foli-
ations and train track expansions. The connection between geodesic laminations
and measured foliations is explained in [CB88], [CB]. For a survey on geodesic
laminations see [Bon01]. Geodesic laminations with transverse Hölder structures
are closely related to the structure of the “tangent bundle” of PMF(S) [Bon97b],
[Bon97a].

Despite the close connection between measured geodesic laminations and mea-
sured foliations, we rarely make use of this connection, except as occasionally needed
to prove some simple results (e.g. Lemma 2.10.1). We have found that by using “par-
tial measured foliations” instead of geodesic laminations, the connection with train
track expansions is much tighter and more easily explained.

Structures onMF and PMF . Besides not giving a comprehensive account
of the theory of measured foliations, other aspects not covered here are the usage of
train tracks to describe various important structures onMF(S) and PMF(S), e.g.
that PMF(S) is homeomorphic to a sphere of dimension 3 |χ(S)| −#(punctures),
and that this sphere carries a natural piecewise integral projective structure and a
symplectic structure ([Pen92], [Bon99], [Gol84]).

Dynamics on moduli space. There is a large literature relating measured
foliations to the dynamics of interval exchange maps, with emphasis on diophantine
properties and unique ergodicity, and with applications to billiard dynamics and
to the dynamics of the geodesic flow on moduli space. See for example [Vee82],
[Mas82], [Mas92], [Ker85], [KN76]. Explicit connections to train tracks are explained
in several of these papers, particularly [Ker85], which was indeed the first paper to
clearly describe train track expansions of measured foliations. It seems likely that
train track expansions can be used effectively to unify and extend results on the
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dynamics of moduli space, particularly in analogy to results on the dynamics of the
modular surface H2/PSL(2,Z). One recent such result is joint work of the author
and Benson Farb, characterizing bounded trajectories in the moduli space of S
in terms of train track expansions [FM99], in analogy to the fact that a bounded
geodesic in the modular surface corresponds to a continued fraction with bounded
entries.

Teichmüller curves. Given a quadratic differential q with respect to a con-
formal structure on S, the affine deformations of q define an isometric embedding of
the hyperbolic plane into the Teichmüller space T (S), called the complex geodesic
C(q) determined by q. The stabilizer of the complex geodesic C(q) inMCG can be
identified with the subgroup Aff(q) of MCG that acts affinely on q. The action of
Aff(q) on C(q) is properly discontinuous, and the study of these actions is a rich
and interesting pursuit [Vee89], [McM02a], [McM02b]. In particular, Veech stud-
ied the situation when Aff(q) is a lattice acting on C(q), proving many remarkable
properties of such actions, and giving new examples. When Aff(Q) is a lattice, the
quotient C(q)/Aff(q), a finite type Riemann surface, maps holomorphically to Mod
with image called a Teichmüller curve.

Recently McMullen has shown that if S is closed and of genus 2, and if the
quadratic differential q is the square of a holomorphic differential (meaning that the
horizontal and vertical foliations of q are orientable), then the limit set of Aff(q)
acting on C(q) is the entire circle at infinity of C(q). Moreover, if q has a unique
singular point, of angle 6π, then Aff(q) is a lattice; whereas if q has two singular
points, each of angle 4π, then there are examples where Aff(q) is not a lattice and
hence is infinitely generated.

It would be extremely interesting to find an explicit connection between train
track expansions and Teichmüller curves. Consider for example the following prob-
lem. Closed geodesics in moduli space are in one-to-one correspondence with
pseudo-Anosov conjugacy classes in MCG, and these are classified in terms of fini-
tistic data, namely “circular expansion complexes” as described in Section 10. Find
an algorithm which, given the data describing two pseudo-Anosov conjugacy classes,
decides whether the corresponding closed geodesics in moduli space lie on the same
Teichmüller curve. The subtlety of this question is evidenced by the existence of
complex geodesics whose stabilizer is infinitely generated, that is, Teichmüller curves
whose fundamental group is infinitely generated.

1.17 Revision notes

Predecessors. The conjugacy classification of pseudo-Anosov mapping classes
that fix a separatrix was given in [Mos83] and in [Mos86]. This work was expanded in
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the unfinished monograph “Topological invariants of measured foliations” [Mos93],
which contains versions of the Expansion Convergence Theorem, the Arational Ex-
pansion Theorem, and the Stable Equivalence Theorem, as well as application to
the classification of arational measured foliations up to topological equivalence, and
application to the conjugacy classification of pseudo-Anosov mapping classes that
fix a separatrix.

Version 1. The first version of this monograph was entitled “Train track expan-
sions of arational measured foliations”.

Version 2. Section 7, on stable equivalence of expansion complexes, is new to this
version, although I had it in the back of my mind for many years.

Section 8 on the structure of general splitting sequences is entirely new—all the
theorems in this section were proved during the writing. They was motivated by
the desire to remove the word “arational” from the title of the monograph, but even
more by the desire to close a gap in the dictionary, as explained at the beginning of
the section.

Section 9.4, on constructing pseudo-Anosov mapping classes using one switch
train tracks, is a recasting in train track language of results from [Mos86].

There were several changes in terminology from the previous version. Most
significant is the terminology for the criterion that tells when a splitting sequence is
an expansion of an arational measured foliation. This was called the “strong filling
criterion” in the previous version, and is now called the “iterated rational killing
criterion”; more of a mouthful, but hopefully more descriptive. Also, a train track
whose complementary components are nonpunctured and once-punctured discs is
now called “filling” rather than “weakly filling”; I had in mind to describe a stronger
version of the filling property, but eventually the stronger property seemed not
sufficiently important to warrant an extra adjective in the terminology for the weaker
property, and I decided to restrict the discussion of the stronger property to some
remarks after the statement of Proposition 3.13.2.

A few sections from Version 1 were removed: one on transverse recurrence; and
one on a folk construction of pseudo-Anosov mapping classes.

Version 3. This version contains substantial rewritings of Section 7.
Section 10 is new. The result on using one cusp splitting circuits to classify

pseudo-Anosov mapping classes fixing a separatrix is a recasting in train track
language of results from [Mos86]. The result on using circular expansion complexes
to give a complete pseudo-Anosov conjugacy classification is new, although as with
Section 7 I have had this in the back of my mind for years.
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Future versions planned. Further revision of Section 10 will incorporate some of
the detailed information on enumeration of pseudo-Anosov conjugacy classes which
is contained in the unfinished monograph [Mos93]. Section 12 will give a practical
solution to the conjugacy problem in MCG.
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2 Measured foliations

In this preliminary section we review the theory of measured foliations, often refer-
ring the reader to other sources for proofs, in particular: [FLP+79], [CB88], [CB].

2.1 Surfaces of finite type

A surface of finite type S = S̄ − P is a closed, oriented, connected surface S̄ minus
a finite set P ⊂ S̄ called the punctures. The surface S̄ is called the filled in surface.
Isotopies of S are identified with isotopies of S̄ leaving P stationary. Although we
almost never use the notation S̄, this will often entail an abuse of notation. For
example, when we speak of a “measured foliation on S” we really mean a measured
foliation on the closed surface S̄ with certain certain allowance for singularities at
the punctures.

Consider a simple closed curve c on S. We say c is trivial if c bounds a non-
punctured disc in S, and c is peripheral if c bounds a once-punctured disc in S. An
essential curve on S is a nontrivial, nonperipheral simple closed curve in S. Let
C = C(S) be the set of isotopy classes of essential curves in S.

Throughout this paper we shall fix a connected surface of finite type S = S̄−P
such that χ(S) < 0 and S is not a thrice punctured sphere. With these conditions
it follows that C is countably infinite.

2.2 Teichmüller space T
A hyperbolic structure on S means a complete, finite area Riemannian metric on S
of constant curvature −1. A conformal structure on S means a conformal structure
with removable singularities at the punctures, thereby extending to a conformal
structure on the filled in surface S̄. With the assumption that χ(S) < 0, the
Uniformization Theorem produces a one-to-one correspondence between hyperbolic
structures and conformal structures, natural with respect to isotopy. Let T = T (S)
be the Teichmüller space of S, the set of conformal structures modulo isotopy, or
equivalently the set of hyperbolic structures modulo isotopy. The assumption that
S is not a thrice punctured sphere implies that T is not a single point.

Given a hyperbolic structure on S, every essential curve is isotopic to a unique
geodesic whose length depends only on the isotopy classes of the curve and the hy-
perbolic structure, thereby defining a map L : T → [0,∞)C . Letting P : [0,∞)C →
P[0,∞)C be projectivization, the composition P ◦ L : T → P[0,∞)C is an embed-
ding, and it induces a topology and smooth structure making T diffeomorphic to
Euclidean space of dimension 6g − 6 + 2p.

The Thurston Compactification Theorem for T says that the closure of P◦L(T )
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in P[0,∞)C is a closed ball of dimension 6g−6+2p whose interior is P ◦L(T ). The
boundary points of this ball are usually described in one of two ways: using mea-
sured geodesic laminations, or using measured foliations. We shall adopt the latter
method, which is better designed for working with Teichmüller geodesics. How-
ever, we shall extend the class of measured foliations to include “partial measured
foliations”, which have some of the flexibility of geodesic laminations.

2.3 The mapping class group

Let Homeo(S) be the group of homeomorphisms of S, and let Homeo0(S) be the
normal subgroup of homeomorphisms isotopic to the identity on S. The mapping
class group is MCG = MCG(S) = Homeo(S)/Homeo0(S). There is a natural
action of MCG on the Teichmüller space T . Indeed, as we define other natural
topological and geometric structures on surfaces on which Homeo(S) acts, the action
of Homeo0(S) induces an equivalence relation on such structures which coincides
with isotopy, and MCG acts naturally on the set of isotopy classes. Examples
include the actions ofMCG on the isotopy classes of measured foliationsMF , and
on the isotopy classes of quadratic differentials QD.

The action of MCG on T is properly discontinuous, and the quotient space is
naturally a smooth orbifold called the moduli space of S, denoted M = M(S) =
T /MCG.

2.4 Quadratic differentials and their horizontal and vertical folia-
tions

The singularities of measured foliations are locally modelled on singularities of hori-
zontal foliations of quadratic differentials. We shall therefore pause for a brief foray
into quadratic differentials, which will be covered in more detail later.

If we give S a conformal structure, a meromorphic quadratic differential q on
S is an expression q = f(z) dz2 for each local coordinate z, such that f(z) is
meromorphic, and such that for any overlap map z′ 7→ z between local coor-
dinates, if q = f(z) dz2 in the z coordinate, then in the z′ coordinate we have
q = f(z(z′))

(
dz
dz′
)2
dz′2. Zeroes and poles of q are well-defined, as is the order of a

zero or pole. q determines an area form, expressed in a coordinate z as |f(z)| |dz|2,
and the total area is denoted ‖q‖. Note that q is integrable, meaning that ‖q‖ is
finite, if and only if q has a meromorphic extension to the filled in surface S̄ so
that each pole has degree 1. In studying the Teichmüller space of a Riemann sur-
face S of finite type, the most relevant quadratic differentials on S are those which
are holomorphic and integrable. For the rest of the paper, therefore, a quadratic
differential on S is assumed to have these properties.
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Consider a quadratic differential q. Near any regular point p there is a local
coordinate z so that q = dz2; the germ of this coordinate is unique up to trans-
formations of the form z 7→ ±z + c. Near any singular point p there is a local
coordinate z, taking p to the origin of the z-plane, in which q = zn dz2, such that
either n = −1 and p is a pole of q, or n ≥ 1 and p is a zero of order n; the coordinate
z is unique up to multiplication by an (n+ 2)nd root of unity (completely unique in
the case n = −1). In any of these cases we refer to z as a canonical coordinate for
q near p.

A quadratic differential q determines two singular transversely measured folia-
tions, called the horizontal and vertical foliations, denoted Fh(q) and Fv(q). These
foliations have the same singular set, namely the set of zeroes and poles of q. Near
a nonsingular point p with canonical coordinate z = x + iy, horizontal leaf seg-
ments are parallel to the x-axis and the transverse measure on Fh(q) is defined
by integration of |dy|, while vertical leaf segments are parallel to the y-axis with
transverse measure defined by integrating |dx|. These measured foliations are well-
defined, because the canonical coordinate near a regular point is well defined up to
transformations of the form z 7→ ±z + c.

To visualize the measured foliations Fh(q) and Fv(q) near a singular point p
with canonical coordinate z, we have q = zk−2 dz2 for some k ≥ 1; either k ≥ 3 and
p is a zero of order k − 2, or k = 1 and p is a pole of order 1. Near any z 6= 0 an
easy calculation shows that z′ = zk/2 is a canonical coordinate for zk−1 dz2, using
either choice of the square root in the case where k is odd. Horizontal and vertical
leaves of zk−2 dz2 can therefore be described as follows. For each i ∈ Z/kZ let Si be
the angular sector of C defined in polar coordinates by 2πi/n ≤ θ ≤ 2π(i + 1)/n.
Let z′ = x′ + iy′ vary over the closed upper half plane of C, and let z′2/k denote
the 2/kth root of z′ taking values in the angular sector S0. For each i ∈ Z/kZ, the

map z′
φi−→ z = exp(2πi/k)z′2/k takes values in the sector Si, the horizontal leaves

of zk−2 dz2 in Si are the images under the map φi of lines parallel to the x′-axis in
the closed upper half z′ plane, and the transverse measure is obtained by pushing
forward |dy′|; a similar discussion holds for vertical leaves. The ray Ri = Si−1 ∩ Si,
whose angle is θ = 2πi/n, is a leaf of the horizontal foliation called a separatrix
attached to the origin. The set of separatrices, indexed by Z/kZ, has a natural
circular ordering. By convention, a regular point of a foliation will sometimes be
called a 2-pronged singularity, especially when that point is a puncture on a surface
of finite type.

2.5 Measured foliations

The general concept of a measured foliation on a surface of finite type is obtained by
using the horizontal measured foliation of a quadratic differential as a local model.
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Figure 3: A k-pronged singularity (k = 3), modelled on the horizontal foliation of
zk−2 dz2 near the origin of C. Leaf segments are pre-images, under a transformation
z′ = zk/2 (with any choice of the root), of horizontal segments in the z′ plane. Each
ray passing through a kth root of unity is a leaf, called a separatrix. The region
between two separatrices is foliated like the horizontal foliation of the upper half-
plane.

For surfaces with boundary, we need two other local models to define measured
foliations tangent to the boundary: a regular tangential boundary point is locally
modelled on the horizontal foliation of the closed upper half plane of C, near the
origin; and a k-pronged tangential boundary singularity with k ≥ 3 is locally mod-
elled on the horizontal foliation of z2k−2 dz2 near the origin in the closed upper half
plane of C, with 2 separatrices on the boundary and k−2 separatrices pointing into
the interior.

Consider now a finite type surface-with-boundary F = F̄ − P (F ), meaning
that F̄ is a compact, oriented surface-with-boundary and P (F ) is a finite subset
of int(F ). A measured foliation on F is a foliation F on F̄ with finitely many
prong singularities sing(F) and with a positive transverse Borel measure, such that
each singularity of F in int(F̄ ) − P is a k-pronged singularity for some k ≥ 3,
each puncture is a k-pronged singularity for some k ≥ 1, and each point of ∂F
is either a regular tangential boundary point or a k-pronged tangential boundary
singularity for some k ≥ 3. By convention every puncture of F̄ is considered to be
a singularity, even if it is a 2-pronged singularity, so P ⊂ sing(F). The restriction
F
∣∣ F − sing(F) is a true foliation; it is locally modelled on the horizontal foliation

of R2 with overlap maps of the form (x, y) 7→ (f(x, y),±y+c), and so the transverse
measure is defined in local models as integration of |dy|. The interested reader can
work out the form of overlap maps between regular and singular models for F , and
between two singular models.

Given a leaf ` of F
∣∣ F̄ − sing(F), let ` be obtained from ` by adding any

singularity of F which is the limit point of some end of `; we define ` to be a
nonsingular leaf of F . There are several types of nonsingular leaves: a bi-infinite
leaf is homeomorphic to R; a closed leaf is a circle containing no singularities; an
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infinite separatrix is homeomorphic to [0,∞) with one endpoint at a singularity;
and a saddle connection is a compact leaf containing a singularity, either an arc
with endpoints at distinct singularities, or a circle containing one singularity. A
nonsingular leaf segment is a compact segment contained in a nonsingular leaf.

We still have not defined what we mean by a leaf of F , unadorned with any
qualifiers. Consider a compact segment α which is a union of nonsingular leaf
segments. Given a transverse orientation V on α, we say that α is perturbable in the
direction of V if there exists an embedding f : α× [0, 1]→ F̄ such that f(α×0) = α,
the oriented segment f(x×[0, 1]) represents the transverse orientation V at the point
f(x) ∈ α, and for each t ∈ (0, 1] the set f(α×t) is a nonsingular leaf segment. We say
that α is a leaf segment if it has a perturbable transverse orientation. For example,
if α is a nonsingular leaf segment then both transverse orientations are perturbable
and in particular α is a leaf segment. More generally, perturbability means that at
a singularity s ∈ int(α), α contains two separatrices incident to the same sector at
s, and V points into that sector. Finally, a leaf ` of F is the embedded image of
either R or S1, whose image is a union of nonsingular leaves, such that for some
transverse orientation V on `, the restriction of V to every compact subsegment of
` is perturbable. Notice that if ` ≈ R then ` is never globally perturbable in either
direction; this uses the existence of a positive transverse measure on F .

A finite separatrix of F is a nonsingular leaf segment ` with one end at a singu-
larity s ∈ sing(F). More precisely we say that ` is a separatrix located at s. If s is an
n-pronged singularity then there are n distinct separatrix germs at s. Each infinite
separatrix represents a unique separatrix germ, each saddle connection represents
exactly two separatrix germs, and every separatrix germ is uniquely represented
either by an infinite separatrix or by a saddle connection.

A leaf cycle of F is a union of saddle connections which forms either an embedded
circle in F̄ , or an embedded arc in F̄ not lying in ∂F each of whose endpoints is
either a puncture or a boundary singularity. Note that if F has a closed leaf then
F has a leaf cycle; the converse is not true, because a leaf cycle need not have a
perturbable transverse orientation.

Suppose that F is a measured foliation on F and α is a saddle connection which
is not a leaf cycle (so α is an embedded arc, and either α ⊂ ∂F or at least one
endpoint is neither a puncture nor a boundary singularity). Collapsing α to a
point induces a new measured foliation on F which we say is obtained from F by a
Whitehead collapse. The equivalence relation on the set of measured foliations on
F generated by Whitehead collapse and isotopy is called Whitehead equivalence.

The term “measured foliation” without any other qualifiers will always imply,
as defined above, that each boundary point is a regular tangential boundary point
or a tangential boundary singularity. We shall have a limited need for boundary
transverse measured foliations of F as well. These have the same local models in
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F − ∂F , but on the boundary the local models for regular and k-pronged trans-
verse boundary points are the vertical foliations of dz2 and z2k−2 dz2, respectively,
restricted to the closed upper half plane, near the origin. The only place where we
make significant use of boundary transverse foliations is in the tie bundle over a
train track, in Section 3.

The definition of a leaf of F that we have adopted in this section behaves well
under Whitehead equivalence. That is, if F ,F ′ are Whitehead equivalent measured
foliations then there is a natural bijection between leaves of F and leaves of F ′.
This is obvious when F ,F ′ are isotopic. It is not hard to check for a Whitehead
collapse from F to F ′: it follows immediately from the observation that if α is a
segment consisting of a union of leaf segments of F , and if α′ is the image of α, then
α′ is a union of leaf segments of F ′, and α has a perturbable transverse orientation
if and only if α′ does.

Also, the definition of a leaf of F is consistent with the concept of a leaf of
an equivalent measured geodesic lamination λ, in the following sense. Recall that
equivalence means that there exists a map π : (S, λ) → (S,F) that collapses com-
ponents of S − λ to leaf cycles of F , takes leaf segments of λ to leaf cycles of F ,
and pushes the transverse measure on λ forward to the transverse measure on F .
Under these circumstances, π take a leaf segment of λ to segment which is a union
of leaf segments of F and which has a perturbable transverse orientation, and hence
π takes leaves of λ bijectively to leaves of F .

Arational measured foliations. A measured foliation F on F is arational if ev-
ery leaf cycle is a component of ∂F . Equivalently, for every essential, nonperipheral
simple closed curve c, the intersection number of F with c is nonzero. Arationality
is invariant under Whitehead equivalence.

In the case where F has no punctures and no boundary, arationality of F means
that there are no leaf cycles at all; equivalently, the union of saddle connections of
F is a disjoint union of trees. When F has punctures, arationality of F means that
the union of saddle connections is a disjoint union of trees, and each of these trees
contains at most one puncture. When F has punctures and boundary, arationality
of F means that for each component C of the union of saddle connections, either
C is a tree containing at most one puncture, or C contains a component of ∂F as
a deformation retract and C contains no puncture at all.

A property related to arationality is minimality, which means that each leaf of
F is dense. Each arational measured foliation F is minimal: if there is a nondense
leaf ` then its closure is a proper 2-complex in S, whose frontier is a union of leaf
segments of F . On a torus with ≤ 1 puncture the converse is true: the arational
measured foliations are the same as the minimal measured foliations, and they are
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precisely the ones isotopic to a constant irrational slope foliation. However, if S is a
more complicated surface than a punctured torus, then S has a minimal measured
foliation which is not arational: starting with an essential, nonperipheral, nonsep-
arating simple closed curve c on S, let S′ be the connected surface obtained by
cutting S open along c, let F ′ be any minimal measured foliation on S′, and by
regluing we obtain a minimal, nonarational measured foliation F on S. This con-
struction works because S′ is not a three-punctured sphere and therefore supports
an arational measured foliation.

In general, as we shall see in §2.9 below, every measured foliation F on S breaks
naturally into foliation components, each component being supported on a canonical
subsurface. F is minimal if and only if it has a single foliation component which is
arational; furthermore F is arational if and only if it has a single foliation component
which fills the entire surface S. A general measured foliation can have a mixture of
“arational” and “rational” foliation components.

Quadratic differentials and measured foliations. We have defined measured
foliations based on a local analogy with quadratic differentials: the local models for
a general measured foliation are the same as for the horizontal measured foliation
of a quadratic differential. However, there is a global analogy as well, due to a
result of Gardiner and Masur [GM91] which we recall. It is not quite true that
every measured foliation is equal to Fh(q) for some quadratic differential q, but it
is almost true.

A measured foliation F is taut if for every nonsingular point x there exists a
simple closed curve c transverse to F and passing through x. For instance, if F is
arational then it is taut.

Theorem 2.5.1 ([GM91]). A measured foliation F is taut if and only if there
exists a quadratic differential q such that F is isotopic to Fh(q). Moreover, every
measured foliation is Whitehead equivalent to a taut measured foliation.

The proof of this theorem in [GM91] gives an explicit procedure for performing
a sequence of Whitehead collapses and their inverses, to produce a taut measured
foliation. We give another proof at the end of Section 2.9, using ideas of partial
measured foliations.

2.6 Partial measured foliations

For various reasons it is useful to study measured foliations supported on proper
subsurfaces of the filled in surface S̄. Such “partial” measured foliations serve many
of the same purposes as measured geodesic laminations. Partial measured foliations
have some advantages over geodesic laminations, in particular by being more closely
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related to quadratic differentials and train tracks. There are disadvantages as well,
namely the complexity of the equivalence relation among partial measured foliations.

Consider S = S̄ − P , our fixed surface of finite type. Consider a finite type
subsurface F̄ ⊂ S̄ such that P (F ) = F̄ ∩P ⊂ int(F ). Let F be a measured foliation
on F . Given a boundary singularity s of F , a separatrix of F at s is proper if it is
not contained in ∂F . Define the local index of s relative to F to be

ιF (s) = −1
2
·#{proper separatrices at s}

Given a component C of Cl(S − F ), the index of C relative to F , denoted ιF (C),
is defined to be

ιF (C) = χ(C) +
∑
s∈∂C

ι(s)

We say that F is a partial measured foliation on S with support Supp(F) = F if for
each component C of Cl(S − F ) we have ιF (C) ≤ 0, and if C contains a puncture
then ιF (C) < 0. When C is a once-punctured disc it follows that F has at least one
boundary singularity on ∂C, and so at least one proper separatrix on ∂C; whereas
if C is a nonpunctured disc then F has at least two proper separatrices at boundary
singularities on ∂C. This requirement on C is analogous to the requirement that
for a measured foliation on S, there must be at least 1 prong at each puncture and
at least 2 prongs at each regular point.

We will very occasionally use the term total measured foliation on S to refer to
a partial measured foliation F for which Supp(F) = S.

We now describe a “fulfillment” relation which from a partial measured folia-
tion produces a measured foliation, and an inverse “slicing” relation which from a
measured foliation produces a partial measured foliation.

A map ρ : γ → Θ from a 1-manifold γ to a 1-complex Θ is called a folded
immersion if each x ∈ γ has a neighborhood U ⊂ γ such one of the following holds:
ρ
∣∣ U is an embedding; or, ρ(x) is a valence 1 vertex of Θ, ρ(U) is a neighborhood

of ρ(x) homeomorphic to [0,∞), and ρ
∣∣ U : (U, x) → (ρ(U), ρ(x)) is conjugate to

the absolute value function |·| : (R, 0)→ ([0,∞), 0); or, ρ(x) is an isolated point of
Θ and hence ρ(U) = ρ(x).

Consider two partial measured foliations F , F ′ on S. A partial fulfillment map
from F ′ to F , denoted r : (S,F ′) → (S,F) or simply r : F ′ → F when S is under-
stood, is a continuous map r : (S̄, P )→ (S̄, P ) such that, for some 1-complex Θ ⊂ S̄
which is a finite union of isolated points and nonboundary leaf segments of F , we
have:

(1) r : (S̄, P )→ (S̄, P ) is homotopic to the identity rel P .
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(2) The restriction r
∣∣ (Supp(F ′)− ∂ Supp(F ′)) is a homeomorphism onto

Supp(F)− (∂ Supp(F) ∪Θ)).

(3) The pushforward via r of the measured foliation F ′
∣∣ (Supp(F ′)− ∂ Supp(F ′))

is F
∣∣ (Supp(F)− (Θ ∪ ∂ Supp(F))).

(4) The restriction r
∣∣ Cl(S − Supp(F ′))) is a homotopy equivalence onto

Θ ∪ Cl(S − Supp(F)).

(5) The restriction r
∣∣ ∂ Supp(F ′) is a folded immersion onto Θ ∪ ∂ Supp(F).

When F is a measured foliation then we say that F is a fulfillment of F ′, and
r : (S,F ′)→ (S,F) is a fulfillment map.

Fact 2.6.1. Every partial measured foliation F ′ has a fulfillment F .

Proof. Choose Θ to be a 1-dimensional spine of Cl(S − Supp(F ′)) containing every
puncture of Cl(S−Supp(F ′)). Choose r : Cl(S−Supp(F ′))→ Θ to be a deformation
retraction whose restriction to ∂ Cl(S−Supp(F ′)) = ∂ Supp(F ′) satisfies item 5, and
make the choices so that for each x ∈ ∂ Supp(F ′), if r folds x around the valence 1
vertex f(x) of Θ then either f(x) is a puncture or x is a boundary singularity of F ′,
and if f(x) is an isolated point of Θ then f(x) is a puncture. Extend r over S to
satisfy items1, 2. Now define F by pushing forward F ′, so as to satisfy item 3. ♦

Conversely,

Fact 2.6.2 (and definition of Slicing). Given a measured foliation F and a fi-
nite union Θ of leaf segments of F , there exists a partial measured foliation F ′ and
a fulfillment map r : (S,F ′) → (S,F) such that r(Cl(S − Supp(F ′))) = Θ. We say
that F ′ is obtained from F by slicing along Θ.

Proof. Choose N to be a closed regular neighborhood of Θ. Choose r : N → Θ to
be a deformation retraction whose restriction to ∂N is a folded immersion. Extend
continuously to a map r : (S, P ) → (S, P ) which is a homotopic to the identity rel
P and which restricts to a homeomorphism from S −N to S −Θ. Define F ′ to be
the unique partial measured foliation supported on Cl(S −N) whose restriction to
S −N pushes forward via r to F

∣∣ S −Θ. ♦

Note in Fact 2.6.2 that the restriction of r to Supp(F ′) is uniquely determined up
to isotopy, and so slicing F along Θ determines a unique partial measured foliation
F ′ up to isotopy.

As we’ve defined these concepts, fulfillment and slicing are not quite inverses.
Under slicing, Θ is a union of leaf segments, whereas under fulfillment, Θ is a union



2 MEASURED FOLIATIONS 45

unpinch

Figure 4: Unpinching a pinch point.

of isolated points and leaf segments. So if F is obtained from F ′ by fulfillment then
it seems that F ′ might not be obtained from F by slicing. However, it is not hard to
show that if r : (S,F ′)→ (S,F) is a fulfillment map with Θ = r(S−Supp(F ′)), then
the isolated components of Θ can be augmented by adding on short separatrices,
and r altered by homotopy rel P , so that F ′ is indeed obtained from F by slicing.

We will also occasionally need a variation on partial measured foliations which
allows for “pinched” supports (see Figure 4). A closed angle in the complex plane
C is a subset of the form

A[θ1, θ2] = {re2πiθ
∣∣ θ1 ≤ θ ≤ θ2}

for real numbers θ1, θ2 with 0 < θ2 − θ1 < π. A pinched subsurface of S is a
smooth, closed 2-complex F ⊂ S, such that F ∩ P ⊂ int(F ), and F is a 2-manifold
with boundary except at finitely many pinch points at which F is locally modelled
on a finite union of closed angles in C which are pairwise disjoint except at the
origin; each such angle is called a sector of the pinch point. There is a subsurface
F ′ obtained from F by unpinching, which is defined locally near a pinch point by
pulling the sector A[θ1, θ2] away from the origin, replacing it by a set of the form

A′[θ1, θ2] = {re2πiθ
∣∣ θ1 ≤ θ ≤ θ2, r ≥ f(θ)}

where f : [θ1, θ2] → (0,∞) is a C1 concave function (see Figure 4). There is a
pinching map r : F ′ → F homotopic to inclusion, one-to-one except that over a
pinch point p the map r is n-to-one where n is the number of sectors of p.

Consider now a pinched subsurface F , an unpinching F ′, a pinch map r : F ′ → F ,
and a partial measured foliation F with support F ′. The pushforward r(F) is
defined to be a pinched partial measured foliation with support F , and F is an
unpinching of r(F). We will generally consider a pinched partial measured foliation
to be equivalent to any unpinching; note that the unpinching is well-defined up to
isotopy.

Earlier we discussed that the concept of a leaf of a measured foliation behaves
well under Whitehead equivalence. A similar discussion shows that leaves of partial
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measured foliations behave well under slicing and fulfillment, as the reader may
easily check. It follows that if the partial measured foliations F ,F ′ are related
by a sequence of isotopies, Whitehead moves, and fulfillment operations and their
inverses, then there is a natural bijection between the leaves of F and the leaves of
F ′.

2.7 Measured foliation space MF , and its projectivization PMF
Consider the set consisting of all measured foliations and partial measured foliations
on S, with equivalence relation generated by isotopy, Whitehead equivalence, and
fulfillment. This is identical to the equivalence relation generated by isotopy, White-
head equivalence, and partial fulfillment, because a partial fulfillment F1 → F2 can
be replaced by two fulfillments F1 → F ← F2. The set of equivalence classes is
denoted MF , the space of measured foliations on S.

We also define unmeasured equivalence of measured foliations, where F ,F ′ are
unmeasured equivalent if the underlying unmeasured partial foliations are equivalent
up to isotopy, Whitehead equivalence, and fulfillment.

Our definition ofMF is equivalent to the traditional definition, given in [FLP+79],
which is the set of equivalence classes of total measured foliations up to isotopy and
Whitehead equivalence. To prove this equivalence one must show that if two to-
tal measured foliations F ,F ′ are related by a sequence of isotopies, Whitehead
moves, partial fulfillments and their inverses, then F ,F ′ are related by a sequence
of isotopies and Whitehead moves. One easily reduces to the case of a sequence
F = F0,F1,F2,F3 = F ′ where F1,F2 are partial measured foliations, there are
partial fulfillments F1 → F0 and F2 → F3, and there is a Whitehead move from
F1 to F2. By slicing open F1,F2 even further one can obtain isotopic partial mea-
sured foliations F ′1,F ′2, thereby making a further reduction to the case of a sequence
F = F0,F1,F2 = F ′ where there are partial fulfillments F1 → F0 and F1 → F2.
These partial fulfillments are defined by choosing two different spines of the surface
C(S−Supp(F1)) and collapse maps onto these two spines. It is not hard to see that
two spines of the same surface are connected by a sequence of Whitehead moves,
and that two collapse maps onto the same spine are similarly connected.

Scalar multiplication of a transverse measure by a positive constant induces a
well-defined scalar multiplication (0,∞)×MF →MF ; the quotient ofMF by the
action of scalar multiplication is denoted PMF .

Let F be a partial measured foliation and let c be an essential closed curve. The
intersection number 〈F , c〉 is defined by integrating the transverse measure along c.
If [F ] is the class of F inMF and [c] is the class of c in C, define 〈[F ], [c]〉 to be the
infimum of 〈F ′, c′〉 taken over F ′ ∈ [F ] and c′ ∈ [c]. The infimum is always realized
by any representatives F ′ ∈ [F ], c′ ∈ [c] such that c′ intersects F ′ transversely and
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efficiently, meaning that there is no closed disc in Cl(S − (P ∪ Supp(F ′)) whose
boundary is a union of a segment of c′ and a nonsingular leaf segment of Supp(F ′);
for such representatives, 〈[F ], [c]〉 is nonzero when c′ ∩ Supp(F ′) 6= ∅, and it is zero
otherwise. We obtain a map I : MF → [0,∞)C , where I(F)(c) = 〈F , c〉. This map
is an injection, and it induces an injection PMF → P[0,∞)C .

The images of T and PMF in P[0,∞)C are disjoint, and we have the following
theorem of Thurston (see [Thu88], [FLP+79], or [CB88]):

Theorem 2.7.1. The embedding T = T ∪ PMF → P[0,∞)C has image homeo-
morphic to a closed ball of dimension 6g−6+2p, with interior T and with boundary
PMF .

2.8 Canonical models for partial measured foliations

A partial measured foliation F has canonical singularities if every singularity is a
3-pronged boundary singularity; in particular, P ∩Supp(F) = ∅. If F has canonical
singularities, and if C is a component of Cl(S − Supp(F)), we say that C is a
complementary bigon if C is a nonpunctured disc with exactly two singularities on
its boundary, and C is a complementary smooth annulus if C is a nonpunctured
annulus with no singularities on its boundary.

A partial measured foliation F is canonical, also called a canonical model , if F
has canonical singularities, no proper saddle connections, no complementary bigons,
and no complementary smooth annuli.

Proposition 2.8.1 (Canonical models). Every class in MF is represented by
a canonical partial measured foliation, unique up to isotopy. Moreover, isotopies
of canonical models are canonical, in the following sense: if F ,F ′ are canonical
models, if f, g : S → S are isotopic homeomorphisms, and if f(F) = g(F) = F ′,
then for each leaf ` of F we have f(`) = g(`).

Proof. To prove existence, for each partial measured foliation F let Θ(F) denote
a family of nonsingular leaf segments consisting of the union of all nonboundary
saddle connections and one finite separatrix representing the germ of every infi-
nite separatrix. Slicing F along Θ(F) produces a partial measured foliation with
canonical singularities and no proper saddle connections; in addition it also has no
complementary bigons or smooth annuli, as long as F was a measured foliation
to begin with. In particular, every measured foliation can be sliced to produce a
canonical model.

To prove uniqueness, suppose F ,F ′ are two equivalent canonical models. There
is a sequence of partial measured foliations F = F0,F1, . . . ,Fn = F ′ with the
property that for each i = 1, . . . , n either Fi → Fi+1 or Fi+1 → Fi is a Whitehead
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collapse, partial fulfillment or isotopy. For each i, first slice Fi along Θ(Fi), then
collapse any complementary bigons and smooth annuli, producing a canonical model
Fci . Then check that the relation between Fi and Fi+1, a Whitehead collapse, partial
fulfillment, or isotopy, is converted into an isotopy relation between Fci and Fci+1.
It follows that F0 = Fc0 is isotopic to Fcn = F ′.

To prove the last sentence, let H2 → S be a universal covering map, and let
f̃ , g̃ : H2 → H2 be lifts of f, g that restrict to the the same map on ∂H2. For each
leaf ` of F choose a lift ˜̀, which is a quasigeodesic with distinct endpoints ∂ ˜̀∈ ∂H2.
It follows that ∂f̃(˜̀) = ∂g̃(˜̀) which implies f̃(˜̀) = g̃(˜̀) and so f(`) = g(`). The fact
that a lifted leaf is quasigeodesic comes from the correspondence between leaves of
a partial measured foliation and leaves of an equivalent geodesic lamination, or one
can apply Proposition 3.3.3 and its corollary together with Proposition 3.6.1. ♦

Given a partial measured foliation F , the subsurface that supports a canonical
model for F is well defined up to isotopy. As indicated in the proof of Proposi-
tion 2.8.1, this subsurface obtained by slicing along nonboundary saddle connections
and representative finite separatrices of F .

Suppose that F is an arational measured foliation. The saddle connections of F
form a forest, each component of which contains at most one puncture, and therefore
each saddle connection can be collapsed to a point by a sequence of Whitehead
moves, producing an arational measured foliation F ′ with no saddle connections. Let
in (resp. pn) be the number of nonpuncture (resp. puncture) n-pronged singularities
of F ′. The pair of sequences (i3, i4, . . . ; p1, p2, . . . ) is called the singularity type
of F . Note that the singularity type can be described alternatively by choosing a
canonical partial measured foliation F ′′ equivalent to F , and letting in (resp. pn) be
the number of nonpunctured (resp. punctured) components of S − int(Supp(F ′′))
with n boundary singularities. It follows from Proposition 2.8.1 that the singularity
type is an invariant of an arational measured foliation class.

2.9 Components of a measured foliation

Let F be a partial measured foliation on S. For each leaf ` of F , we define the
foliation component of F containing ` as follows. When ` is not a circle, let F =
Cl(`), a pinched subsurface of the filled in surface S̄. When ` is a circle, define F
to be the closure in S̄ of the union of all circular leaves of F isotopic to `, also
a pinched subsurface. The restriction F

∣∣ F is defined to be the component of F
containing `. For any two leaves `, `′, their components intersect only along the
union of saddle connections of F . It follows that F is the union of finitely many
components, and any two foliation components have pairwise disjoint interiors.

When F is a canonical model, the foliation components of F are precisely the
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restrictions of F to the connected components of Supp(F), and each component
is either arational or an annulus. More generally, there are two types of foliation
components of a partial measured foliation F : annular and partial arational. In
a partial arational component, every half-infinite leaf is dense in the support of
the component. In an annular component every leaf is a circle. If F is actually
a measured foliation then each annular foliation component has a support surface
whose interior is connected; however this need not be true if F is only a partial
measured foliation, for example the union of two isotopic but disjoint annuli, foliated
by circles, forms a single annular foliation component, despite the fact that the
support is disconnected.

Partial fulfillment respects foliation components: any partial fulfillment map
r : (S,F ′) → (S,F) induces a bijection between foliation components of F ′ and
foliation components of F . Also, distinct foliation components of a partial measured
foliation are inequivalent in MF . It follows that each element of MF has a well-
defined set of foliation components, forming a finite subset of MF .

Remark. Components clarify the question of when a total measured foliation F
on a surface S is “minimal” in the sense that every leaf is dense. This always
happens when f is arational, or equivalently, if the support of a canonical model
for f has complement equal to a union of nonpunctured or once-punctured discs.
However, minimality also occurs when the support of a canonical model for F has
exactly one component, and that component is partial arational. Arationality is
therefore a strictly stronger property than minimality.

The Gardiner–Masur Theorem 2.5.1: a proof and an example. We give
a proof using canonical models and their components. We want to show that every
measured foliation F is equivalent to a taut measured foliation. We noted earlier
that if F is arational then it is taut, and so we assume that F is not arational.
Choose a canonical model for F , and collapse to a point each nonpunctured disc
component of the complement of the canonical model, to obtain a partial measured
foliation F ′. Each component of F ′ is either arational or annular. Let F ′1, . . . ,F ′n be
the components of F . Choose a pairwise disjoint collection of arcs transverse to F ′,
so that each arc α is properly embedded in some component F ′i , with at least one
such arc for each F ′i . Choose these arcs moreover so that each boundary component
of each F ′i contains an even number of endpoints of the arcs α; this can be acheived
if necessary by doubling each arc α. Now choose a spine for C(S− Supp(F ′)) and a
collapse map onto that spine subject to the condition that the collapse map identifies
the endpoints of the arcs α in pairs. Let F ′′ be the total measured foliation produced
by this collapse map, and so F ,F ′′ are equivalent; as remarked in Section 2.7, it
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slice
collapse(a)

(b)

(c)

Figure 5: The measured foliation (a) is not taut. Its canonical model (b) collapses
to a measured foliation (c) which is taut.

follows that F ,F ′′ are connected by a finite sequence of isotopies and Whitehead
moves. The union of the images of the arcs α gives a collection of transverse simple
closed curves intersecting every leaf of F ′′, that is, F ′′ is taut. This completes the
proof of Theorem 2.5.1.

Figure 5(a) shows an example which I learned from Dennis Sullivan. This exam-
ple was originally conceived as a generic 1-form which is not harmonic with respect
to any Riemannian metric. But a generic 1-form ω has level sets determining a
transversely oriented measured foliation F with 4-pronged singularities, and ω is
harmonic with respect to some metric if and only if F is taut. The measured folia-
tion F of Figure 5(a) is not taut, but we shall show how to use the method of the
previous paragraph to construct an equivalent measured foliation F ′ which is taut.

Let S be a surface of genus 2 with the measured foliation shown in Figure 5(a).
The union of saddle connections of F has two components, each a figure eight. The
foliation F has three foliation components, each annular. If E is either of the figure
eights, there is an annulus component of F with one boundary component mapped
surjectively to E and the other boundary component mapped to one loop of the
E, from which it follows easily that F is not taut. Cutting open along the saddle
connections we obtain a canonical model with three annular components and two
complementary components each of which is a pair of pants, shown in Figure 5(b).
Collapsing each of these pair of pants onto a spine in a different way we obtain a
taut measured foliation, shown in Figure 5(c).
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2.10 Intersection number and joint filling

The intersection number between a measured foliation and an essential curve gen-
eralizes to an intersection number between partial measured foliations as follows.

Two partial measured foliations F ,F ′ are transverse if away from sing(F) ∪
sing(F ′) the foliations F ,F ′ are transverse, and near a singularity the two foli-
ations are locally modelled on the horizontal and vertical foliations of a singular
quadratic differential zn dz2, possibly restricted to certain sectors. On the subsur-
face Supp(F) ∩ Supp(F ′) the Fubini product of transverse measures produces a
measure whose integral is defined to be 〈F ,F ′〉; this integral is always finite. The
infimum of this intersection number over the equivalence classes of F and F ′ is
realized in a certain sense, as we now explain.

We say that partial measured foliations F ,F ′ are topologically equivalent if they
have the same underlying (nonmeasured) singular foliation. In this case we define
〈F ,F ′〉 = 0.

Consider two partial measured foliations F1,F2. We say that F1,F2 are weakly
transverse if we can write Fi = F ′i ∪F ′′i , where each of F ′i ,F ′′i is a union of foliation
components of Fi, such that F ′1,F ′2 are topologically equivalent and F ′′1 ,F ′′2 are
transverse and have disjoint boundary singularities.

Suppose that F ,F ′ are weakly transverse. A compression disc for F ,F ′ is a
component of Cl

(
S − (Supp(F) ∪ Supp(F ′))

)
which is a nonpunctured disc whose

boundary is the concatenation of one nonsingular boundary leaf segment of F and
one nonsingular boundary leaf segment of F ′. We say that F ,F ′ intersect effi-
ciently if they are weakly transverse and have no compression discs. For example,
the horizontal and vertical measured foliations of a quadratic differential intersect
efficiently.

Every pair [F1], [F2] ∈ MF has efficiently intersecting representatives. The
quickest way to see this is using the measured geodesic laminations λ1, λ2 repre-
senting [F1], [F2] with respect to a particular hyperbolic structure. Then we can
write λi = λ′i∪λ′′i where λ′1, λ

′
2 have the same underlying topological lamination, and

where λ′′1, λ
′′
2 are transverse; weakly transverse representatives F1,F2 are obtained

by appropriately collapsing λ1, λ2. This argument shows that F1,F2 can always be
chosen to be canonical models.

Given two classes [F1], [F2] ∈MF the intersection number 〈[F1], [F2]〉 is defined
to be the infimum of 〈F ′1,F ′2〉 over all weakly transverse representatives F ′1,F ′2. The
infimum is realized if and only if F ′1,F ′2 intersect efficiently. To see briefly why
this is true, if there are compression discs then by pulling leaves across them the
intersection number is reduced. Conversely, if there are no compression discs then
for any other pair of representatives F ′′1 ,F ′′2 which intersect efficiently, one can slice
along separatrices to make everything canonical and then construct an ambient
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isotopy taking F ′′1 ,F ′′2 jointly to F ′1,F ′2, thereby showing that 〈F ′1,F ′2〉 = 〈F ′′1 ,F ′′2 〉.
The converse can also be proved easily using measured geodesic laminations.

The arguments above show that [F1], [F2] ∈MF have intersection number zero
if and only if there are representatives F1,F2, such that each component of F1 is
either topologically equivalent to some component of F2 or is disjoint from F2, and
vice versa.

Joint filling of a pair of measured foliations is defined by using the following:

Lemma 2.10.1 (and definition of joint filling). Suppose F1,F2 are efficiently
intersecting partial measured foliations on S. The following are equivalent

(1) For every [F ] ∈M, either 〈[F1], [F ]〉 6= 0 or 〈[F2], [F ]〉 6= 0.

(2) F1,F2 are not topologically equivalent and arational; and for every [c] ∈ C,
either 〈[F1], [c]〉 6= 0 or 〈[F2], [c]〉 6= 0.

(3) No foliation component of F1 is topologically equivalent to a foliation compo-
nent of F2; and each connected component of Cl(S − (Supp(F1) ∪ Supp(F2))
is a nonpunctured or once-punctured disc.

If any of these are satisfied then we say that F1,F2 jointly fill.

For example, the horizontal and vertical measured foliations of any quadratic dif-
ferential jointly fill. A converse to this was proved by Gardiner and Masur [GM91]:
if F1,F2 are a jointly filling pair of measured foliations then there is a quadratic
differential q such that F1 = Fh(q) and F2 = Fv(q).

Also, it is not hard to see that any two canonical models F ,F ′ can be isotoped
so that they intersect efficiently.

Joint filling of a pair of points [F1], [F2] inMF is defined by the first alternative
in the lemma. The equivalence of the first and third alternatives shows how to check
joint filling by inspecting any efficiently intersecting representatives F1,F2.

Proof of Lemma 2.10.1. 1 implies 2, because if 2 is false, then one can disprove by
either taking F = F1 in the first case, or taking F = c in the second case.

2 implies 3, because if 3 is false then one can disprove 2 as follows. Suppose
first that F1,F2 have topologically equivalent foliation components F ′1,F ′2; if F1,F2

are arational then Fi = F ′i and that immediately disproves 2; whereas if F1,F2 are
not arational then there is a component c of ∂ Supp(F ′1) = ∂ Supp(F ′2) which is an
essential curve, and c is used to disprove 2. Suppose next that Cl

(
S − (Supp(F1)∪

Supp(F2))
)

has a component C which is not a nonpunctured or once-punctured
disc; it follows that C contains an essential curve c which is used to disprove 2.
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It remains to prove that 3 implies 1. For this purpose we fix a complete, finite
area hyperbolic structure on S and use the fact that each element of MF is repre-
sented uniquely by a measured geodesic lamination on S (see [CB88]). Let λ1, λ2, µ
be measured geodesic laminations representing [F1], [F2], [F ], respectively; it follows
that 〈[Fi], [F ]〉 = 〈λi, µ〉. From 3 it follows that λ1, λ2 are transverse and each com-
ponent of S− (λ1∪λ2) is a nonpunctured or once punctured disc. Letting µ be any
other measured geodesic lamination, it follows that µ has transverse intersection
points with either λ1 or λ2, which implies that 〈λ1, µ〉 6= 0 or 〈λ2, µ〉 6= 0. ♦

2.11 Thurston’s classification of mapping classes

In this section we review the classification, and we outline the proof for later refer-
ence, but for details the reader is referred to [Thu88], [FLP+79], or [CB88].

A homeomophism φ : S → S is pseudo-Anosov if there exists a transverse pair
of measured foliations Fs,Fu and a number λ > 1 such that φ(Fu) = λ · Fu and
φ(Fs) = λ · Fs. The measured foliation Fu is called the unstable foliation for φ,
and note that its leaves are expanded by a factor of λ when measured by Fs. The
measured foliation Fs is the stable foliation for φ, and its leaves are contracted by
a factor of λ when measured by Fu. Because the foliations Fs,Fu have a self-map
stretching or contracting every leaf by λ, they have no saddle connections, and so
they have the same singularity type, which is defined to be the singularity type of
the pseudo-Anosov homeomorphism φ.

An element ofMCG(S) is pseudo-Anosov if it is represented by a pseudo-Anosov
homeomorphism.

A homeomorphism φ : S → S, and its mapping class, are called reducible if there
exists a system of pairwise disjoint, pairwise nonisotopic essential closed curves
C = c1 ∪ · · · ∪ cn such that φ(C) is isotopic to C. Such a curve system C is called a
reducing system for φ.

Theorem 2.11.1 ([Thu88]). Every mapping class is either finite order, reducible,
or pseudo-Anosov.

Outline of the proof. The first step is Theorem 2.7.1 which says that the compact-
ified Teichmüller space T = T ∪ PMF is homeomorphic to a ball. The mapping
class groupMCG acts on T by homeomorphisms, and so by the Brouwer fixed point
theorem each Φ ∈ MCG has a fixed point in T . If there is a fixed point in T itself
then Φ has finite order, because the action ofMCG on T is properly discontinuous.

Suppose then that there is a fixed point P[F ] ∈ PMF , and so there exists a
representative measured foliation F , a number λ > 0, and a representative φ of Φ
such that φ(F) is equivalent to λF up to Whitehead equivalence and isotopy.
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If F is not arational, then replacing F by any canonical model, we may assume
that φ(F) = λF . It follows that the union of the boundary components of the
component foliations of F , with duplicates deleted in each isotopy class, forms a
reducing system for φ.

The remaining case, where F is arational, breaks down according to the following
result, which can be found for example in [FLP+79]:

Lemma 2.11.2. Suppose that F is an arational measured foliation and Φ is a map-
ping class such that Φ[F ] = λ[F ] in MF . If λ = 1 then Φ has finite order. If λ 6= 1
then Φ is pseudo-Anosov, and moreover if each saddle connection of F is collapsed
to a point then there exists a pseudo-Anosov homeomorphism φ representing Φ such
that the following holds: if λ > 1 then F is the unstable foliation of φ; whereas if
λ < 1 then F is the stable foliation of φ.

♦
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3 Train tracks

In this section we review the theory of train tracks, due to W. Thurston. The lore of
train tracks was absorbed and digested by many people beginning with Thurston’s
lectures in the late 1970’s. Bits of this lore are scattered throughout the literature.
Some of it is expounded in [Thu87], [CB] (especially volume 2), [CB88], [Pen92],
and [Bon99], and we refer to these sources in the many instances when we omit
detailed proofs.

3.1 Pretracks

A pretrack on S is a nonempty, smooth, closed 1-complex τ ⊂ S with the following
property: for each vertex v of τ there is unique tangent line L ⊂ Tv(S) such that
for some neighborhood U of v the intersection τ ∩ U is a union of smooth open
arcs in S, all of which are tangent to L at v. A point v ∈ τ at which τ is not
a 1-manifold is called a switch of τ , and the set of switches is denoted Sw(τ). A
component of τ − Sw(τ) is called a branch. A branch can be a smooth circular
component of τ , or it can be an open arc with two ends, each end located at some
switch. A noncircular branch will sometimes be confused with its closure in τ ; this
confusion should cause no trouble, because distinct branches have distinct closures.
Each noncircular branch b has two ends in the sense of Freudenthal, and each end
of b is located at a particular switch s of τ , meaning that s is the accumulation point
of the end. Given a switch v with tangent line L, the set of branch ends located at v
is partitioned by the two directions of L into two nonempty subsets, called the two
sides at v. Because a switch is a non-manifold point, at least one of its sides has
two or more branch ends. A switch v is semigeneric if one of its sides has exactly
one branch end; this side is called the one-ended side of v, and the other is called
the multi-ended side of v. A semigeneric switch v is generic if the multi-ended side
has exactly two branch ends. We say that τ is (semi)generic if all of its switches
are (semi)generic.

A track with terminals τ is like a pretrack except that we drop the condition
that each vertex v has a neighborhood U which is a union of smooth open arcs, and
instead we require that v has a neighborhood U which is either a union of smooth
open arcs or a union of smooth half-open arcs each with its endpoint at v. Any
vertex of the second kind which is not of the first kind is called a terminal of τ .

Given a pretrack τ ⊂ S, a train path in τ is a smooth path in S whose do-
main is a connected 1-manifold, whose image is contained in τ , and whose deriva-
tive is everywhere nonzero. A closed train path is one whose domain is a circle.
The combinatorial length of a train path α in τ is the number of components of
domain(α) − α−1(Σ) where Σ is the union of the set Sw(τ) and one point in each
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circular component of τ . A train path is bi-infinite if its domain is diffeomorphic to
the real line and the restriction to each half-line has infinite combinatorial length.

A map f : τ → τ ′ between two pretracks is an abstract carrying map if, for every
train path α in τ , f ◦ α is a train path in τ ′. Note the distinction between an
abstract carrying map and an “ordinary” carrying map, to be defined later; roughly
speaking, given two pretracks τ, τ ′ ⊂ S, an ordinary carrying map τ → τ ′ must
be approximable by smooth embeddings τ ↪→ S which are isotopic to the inclusion
τ ⊂ S, whereas an abstract carrying map has no such restriction. If f : τ → τ ′ is a
homeomorphism, and if both f and its inverse are abstract carrying maps, then f is
called an abstract diffeomorphism. The abstract diffeomorphism type of a pretrack
is completely determined by its underlying structure as a 1-complex together with
the side partition of the set of branch ends at each switch.

When S has finite type, we shall define a train track on S to be a pretrack τ ⊂ S
whose complementary components all have negative index. That is, we may regard
the metric completion of S−τ as a surface with cusps on its boundary, and we define
the index of a “surface with cusps on its boundary” as the Euler characteristic minus
1
2 times the number of boundary cusps. Requiring negative index has the effect of
ruling out a small list of diffeomorphism types: nonpunctured and once punctured
discs with no cusps; nonpunctured discs with one or two cusps; and nonpunctured
annuli with no cusps. We wish to make these notions very precise, using some
concepts which will prove useful in several contexts, so we shall make a detour to
discuss surfaces-with-corners.

A surface-with-corners is an oriented surface-with-boundary F equipped with
an atlas of charts mapping to local models, certain closed subsets of R2, with C1

overlap maps. Each point of F is categorized into one of several types, according
to local models for a neighborhood basis: interior points; regular boundary points;
regular corners; reflex corners; regular cusps; and reflex cusps. Given a point
x ∈ F and a chart U 3 x, the set U will map to an open subset of the local model
corresponding to x, and we describe each local model under the assumption that
x maps to the origin of R2. For an interior point the local model is: R2. For
a regular boundary point: any closed half-plane whose boundary passes through
the origin. For a regular corner: any closed quadrant. For a reflex corner: the
closure of the complement of any closed quadrant. For a regular cusp: any set of
the form {(x, y) ∈ R2

∣∣ x ≥ 0, f(x) ≤ y ≤ g(x)}, where f, g : [0,∞) → R are two
C1 functions which vanish to first order at x = 0 and which satisfy f(x) < g(x)
for all x > 0. For a reflex cusp: the closure of the complement of a cusp local
model. A generalized corner is either a regular corner, reflex corner, regular cusp,
or reflex cusp. A convex corner is either a regular corner or a regular cusp. A
surface-with-corners is smooth if it has no generalized corners.

One common way that reflex corners and reflex cusps occur is when S is a
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smooth surface and F ⊂ S is a convex subsurface-with-corners. The subsurface-
with-corners Cl(S − F ) then has a reflex corner for every regular corner of F , and
a reflex cusp for every regular cusp of F .

In most contexts we will drop the word “regular” and refer to simply a “corner”
or a “cusp”. In certain contexts where no confusion can arise, we will sometimes
use the term “cusp” to refer to either a regular cusp or a reflex cusp.

Suppose that F is any C1 surface andK ⊂ F is a C1 subcomplex with no isolated
points. The subsurface F −K has a natural completion denoted C(F −K), which
is a surface-with-corners with interior F −K, such that the inclusion F −K ↪→ F
extends to a C1 map (C(F−K), ∂ C(F−K))→ (Cl(F−K),Fr(K)). The completion
may be defined by choosing any C0 Riemannian metric on F , restricting to F −K,
and then taking the metric completion. The map (C(F−K), ∂ C(F−K))→ (Cl(F−
K),Fr(K)) is called the overlay map. The completion and the overlay map are well-
defined up to C1 diffeomorphism, independent of the choice of metric. We remark
that C(F −K) can exhibit any of the four types of generalized corners, depending
on how edges of K meet at vertices.

We will be particularly interested in two special cases which exhibit only convex
corners. If τ is a pretrack in S then, besides interior points and regular boundary
points, the surface-with-corners C(S − τ) can have regular cusps, but cannot have
any of the three other generalized corners; we call this a surface with cusps. If τ, τ ′

is a transverse pair of pretracks in S then C(S − (τ ∪ τ ′)) can have regular corners
or cusps; nonconvex corners do not occur.

A surface-with-corners has finite type if it is C1 diffeomorphic to a compact
surface-with-corners minus a finite set of interior points called punctures. If C is a
surface-with-corners of finite type, we define the Euler index ι(C) as follows. In the
special case where C has only convex corners the formula is

ι(C) = χ(C)− 1
2

#(cusps of C)− 1
4

#(corners of C)

where χ(C) is the ordinary Euler characteristic. More generally the formula is

ι(C) = χ(C)− 1
2
(
#(cusps)−#(reflex cusps)

)
− 1

4
(
#(regular corners)−#(reflex corners)

)
The Euler index is additive under gluing, which means: if S is a surface-with-cusps
obtained by C1 gluing along edges of surfaces-with-cusps S1, . . . , Sn, then

ι(S) = ι(S1) + · · ·+ ι(Sn)

The Euler index can also be defined using obstruction theory, a viewpoint which
is useful in proving additivity of the Euler index. Define the cross bundle of C
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to be the fiber bundle whose fiber over each point x is the set of crosses in the
tangent plane to x, a cross consisting of an unordered transverse pair of unoriented
1-dimensional subspaces; the two lines in a cross are called the slats of the cross.
The cross bundle is bundle homotopy equivalent to an oriented circle bundle over C;
its 4-fold cover is the oriented frame bundle of C, which itself is bundle homotopy
equivalent to the tangent circle bundle of C. Over the boundary of C and in a
neighborhood of the punctures, there is a section of the cross bundle well-defined
up to proper homotopy, as follows. The cross is tangent to the boundary, meaning
that at each boundary point one of the two slats is tangent to the boundary, and at
a corner point the two slats are tangent to the two respective sides of the boundary.
Near a puncture the cross is polar, meaning that in some coordinate disc centered
on the puncture the two slats of the cross are tangent to the level curves of polar
coordinates, one slat tangent to circles and the other to rays. Using orientability of
C, the obstruction to extending this partial section over all of C takes values in Z,
and the Euler index ι(C) equals 1

4 times the obstruction. The fraction 1
4 correlates

with the 4-fold covering by the oriented frame bundle; for example, if C has no
generalized corners then ι(C) = χ(C).

3.2 Train tracks

Consider now our fixed finite type surface (S, P ). Given any pretrack τ on S, each
component of C(S − τ) is a surface-with-cusps.

A train track on S is a pretrack τ ⊂ S such that each component of C(S − τ)
has negative Euler index. This rules out components of C(S − τ) the following
types: nullgons, which are smooth discs with no punctures, having Euler index 1;
monogons, nonpunctured discs with 1 cusp, having Euler index 1

2 ; peripheral smooth
discs, which are smooth discs with 1 puncture, having Euler index 0; bigons, non-
punctured discs with 2 cusps, having Euler index 0; and smooth annuli, having
Euler index 0. All other types of components are allowed. Of course, the sum of
the Euler indices of components of C(S − τ) equals χ(S). Some examples of train
tracks are shown in Figure 6.

There are two important equivalence relations on the set of train tracks on
S. The first is isotopy which means ambient isotopy in the surface S: two train
tracks τ, τ ′ are isotopic if there exists f ∈ Homeo0(S) such that f(τ) = τ ′. The
second relation is combinatorial equivalence or topological equivalence, meaning that
there exists f ∈ Homeo+(S) such that f(τ) = τ ′. The phrase “combinatorial
equivalence” refers to the fact that, when the surface C(S − τ) is reglued along its
boundary to yield the surface S, and when the same is done to C(S − τ ′), then the
gluing patterns are identical if and only if there exists f ∈ Homeo+(S) such that
f(τ) = τ ′. A combinatorial invariant of a train track τ is a property of τ which is
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(a)
(b)

Figure 6: Examples of train tracks. In (a), C(S−τ) consists of two cusped triangles
and one cusped 4-gon. In (b), C(S − τ) consists of four punctured monogons.

invariant under combinatorial equivalence. Many of the properties of train tracks
that we investigate are combinatorial invariants; at first we will try to mention this
explicitly, but eventually we will forget to mention it in the many cases where it is
true.

One measure of complexity of a train track is its number of cusps, which is a
combinatorial invariant. The next lemma shows how this is bounded in terms of the
topology of S. A train track τ is complete if each component of C(S − τ) has the
smallest possible negative Euler index, namely, −1

2 ; a component has Euler index
−1

2 if and only if it is a nonpunctured disc with three cusps or a once-punctured
disc with one cusp. Completeness is a combinatorial invariant.

Lemma 3.2.1 (Cusp count). If S has p punctures then any train track τ ⊂ S
has at most 6 |χ(S)| − 2p cusps, and the maximum is acheived if and only if τ is
complete.

Proof. Suppose that some component of C(S − τ) has Euler index < −1
2 . We shall

add certain branches τ to complete it. When a branch b is added to a component
C of C(S − τ), either b is nonseparating in which case ι(C(C − b)) = ι(C) < 0, or b
is separating and we are careful that both components have negative Euler index,
and so the result is still a train track. A new simple closed curve component added
to τ leaves the number of cusps unchanged, whereas adding a branch with two ends
on τ adds two cusps. At the end we’ll count cusps of a complete train track.

In any component of genus ≥ 1, add to τ a nonseparating simple closed. Next,
in any component with two or more boundary components, add a nonseparating
branch with ends on two different boundary components. Next, if any component
has two or more punctures then add a separating branch which has punctures on
both sides, taking care not to create a component which is a once-punctured disc
with no cusps. At this stage each component of C(S − τ) is a disc with ≤ 1
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puncture. If any component is a once-punctured disc with ≥ 2 sides, then add a
branch encircling the puncture and creating a once-punctured disc with one cusp.
At this stage each once-punctured component has one cusp. If any component
is a nonpunctured disc with four or more sides then add a branch with ends on
two distinct sides, taking care not to create a bigon by arranging that the switch
orientations at the two ends both agree with the boundary orientation of the disc.
The train track is now complete.

If τ is complete, each component of C(S − τ) has Euler index −1
2 . Let A be

the number of nonpunctured components with three cusps and B the number of
once-punctured disc components with one cusp. We have

|χ(S)| = 1
2

#(components of C(S − τ)) =
A

2
+
B

2

=
A

2
+
p

2
A = 2 |χ(S)| − p

#(cusps) = 3A+B = 3A+ p

= 6 |χ(S)| − 2p

♦

If τ is a train track on S and σ ⊂ τ is a pretrack, then σ is a train track, called
a subtrack of τ . This follows because each component C of C(S − σ) is obtained by
gluing components of C(S−τ), whose Euler indices add up to ι(C), and so ι(C) < 0.

As a simple exercise, a 3-punctured sphere contains no train track; this can be
proved by adding up the Euler indices of possible components of C(S − τ) to get
χ(S) = −1, and deriving a contradiction.

The support of a train track. Given a train track τ ⊂ S, the support of τ is
a subsurface Supp(τ) which is the union of a closed regular neighborhood ν(τ) and
any components of S − ν(τ) that are nonpunctured or once-punctured discs. The
support of τ is unique up to isotopy.

A subsurface F ⊂ S is essential if:

(1) F is finite type surface-with-boundary,

(2) F is a closed subset of S, and

(3) ∂F is an essential curve family in S.

Conditions (1) and (2) hold for F if and only if they hold for Cl(S −F ). Assuming
(1) and (2) hold, condition (3) is equivalent to the statement that no component of
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F or of Cl(S − F ) is a nonpunctured or once-punctured disc, and so F is essential
if and only if Cl(S − F ) is essential. Note that each component of an essential
subsurface is essential, and a disjoint union of essential subsurfaces is essential.

We record here a simple but important property:

Proposition 3.2.2. For any train track τ ⊂ S, the subsurface Supp(τ) is essential.

Proof. Properties (1) and (2) for Supp(τ) are evident. Consider a component c of
∂ Supp(τ), and suppose that c = ∂D for some nonpunctured once-punctured disc D.
If D ∩ τ = ∅ then D is a component of Cl(S − ν(τ)), contradicting the definition of
Supp(τ).

Suppose then that D∩τ 6= ∅, so D∩τ is a subtrack τ ′ of τ and τ ′∩∂D ⊂ τ∩c = ∅.
The component of C(D − τ ′) that contains c is a nonpunctured annulus, possibly
with cusps, and hence has Euler index ≤ 0. Since ι(D) ≥ 0 it follows that some
component C of C(D − τ ′) disjoint from c has Euler index ≥ 0, but C is also a
component of C(S − τ), contradicting the definition of a train track. ♦

Corollary 3.2.3. If τ is a train track on S then for each component C of S − τ ,
the inclusion induced homomorphism π1C → π1S is injective.

Proof. If C is a nonpunctured or once-punctured disc this is obvious. Otherwise, C
is isotopic to the interior of some component of Cl(S−Supp(τ)), and hence, applying
Proposition 3.2.2, it suffices to quote the well known fact that if F is an essential
subsurface of S then the induced homomorphism π1F → π1S is injective. ♦

Complexity of subsurfaces. As Lemma 3.2.1 indicates the number of cusps
is a important measure of the complexity of a train track τ . Another important
combinatorial invariant is the topological type of the support of τ . We shall need a
somewhat crude measure of the complexity of the support, defined as follows.

Given an orientable, finite type surface-with-boundary F , define g = g(F ) to
be the genus, p = p(F ) to be the number of punctures of int(F ) (that is, the total
number of punctures and boundary components of F ), and x = x(F ) = |χ(F )| =
2g − 2 + p. Define the complexity of F to be d(F ) = 3x− p = 6g − 6 + 2p. Ruling
out g = 0, p = 0, 1, 2 and g = 1, p = 0 it follows that d(F ) is a non-negative integer
equal to the dimension of the Teichmüller space of int(F ), the thrice punctured
sphere being the only example where d(F ) = 0.

The following simple and well known fact is the basis of many induction argu-
ments in surface topology:

Lemma 3.2.4. If F ′, F are essential subsurfaces of S with F ′ ⊂ F then d(F ′) ≤
d(F ) with equality if and only if F ′ is isotopic to F .
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Proof. To prove the claim, first we may isotope F ′ so that for any component
c ⊂ ∂F , if c is isotopic to a component c′ ⊂ ∂F ′ then c = c′, and otherwise
c ⊂ int(F ′). It follows that F ′′ = Cl(F − F ′) is an essential subsurface and no
component of F ′′ is a nonpunctured annulus, and so d(F ′′) ≥ 0. Consider the
essential curve system C = ∂F ′ = ∂F ′′ ⊂ F , and note that F ′ is isotopic to F if
and only if F ′′ 6= ∅ if and only if C 6= ∅. Since C is a disjoint union of circles we
have χ(F ′) + χ(F ′′) = χ(F ), and so, in the case C 6= ∅, we have

x(F ′) + x(F ′′) = x(F )
p(F ′) + p(F ′′) = p(F ) + 2 ·#C
d(F ′) + d(F ′′) = d(F )− 2 ·#C

< d(F )
d(F ′) < d(F )

♦

Types of branches. Let τ be a pretrack. Given a branch b and an end e of b
located at a switch s of τ , we say that e is an inflow of b if e is the unique branch
end on its side of s, and otherwise e is an outflow . If b has two inflows then it is a
sink branch, if b has two outflows then we say it is a source branch, and if it has one
inflow and one outflow then it is a transition branch.1 By convention we sometimes
think of a nongeneric switch as a “degenerate sink branch”. Every transition branch
has a flow orientation, pointing from the inflow to the outflow.

When τ is semigeneric then this classification of branches can be restated as
follows. Given a semigeneric switch s, the switch orientation of s is the orientation
on the tangent line of s pointing from the multi-ended side to the one-ended side;
it can be visualized by imagining s as an arrowhead. A branch b is a sink branch if
the switch orientation at each end of b points into b, a source branch if both switch
orientations point out of b, and a transition branch if one points inward and one
points outward.

The terminology of a “source branch” evokes a flow pouring outward at each
end; for a sink branch the flow pours inward, and for a transition branch the flow
pours in one end and out the other. Sink branches are always embedded. Source
branches need not be embedded, for their two ends might lie on the multi-ended side
of the same switch. Transition branches need not be embedded, for their two ends
might lie on opposite sides of the same switch. In a recurrent pretrack, however,

1Source, sink, and transition branches are called small, large, and mixed or half-large branches,
respectively, in [Pen92].
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transition branches are always embedded; see the proof of Proposition 3.12.1 for a
more general statement.

Given a generic pretrack τ , we make a further classification of source branches b
of τ . For each branch b of τ , a side of b is formally defined to be a smooth closed arc
b̃ ⊂ ∂ C(S− τ) such that the overlay map restricts to a bijection between int(̃b) and
int(b). Each branch of τ has exactly two sides. The overlay map induces a bijection
between the ends of b and the ends of each side b̃. Given an end η of a source
branch b, the cusp v at η is located on one of the two sides b̃ of b, characterized as
the unique side so that the end η̃ of b̃ corresponding to η accumulates at the cusp of
C(S − τ) corresponding to v. Furthermore, drawing b̃ as a vertical arc in the plane
with η̃ at the lower endpoint of b̃ and v pointing downward, the arc b̃ is either on
the Left or the Right side of the cusp v. We say that b is an ll source branch if each
end of b is on the Left side of its incident cusp, b is an rr source branch if each end
is on the Right side of the incident cusp, and b is an lr source branch if one end is
on the Left and the other is on the Right side of its incident cusp. Note that if b is
an lr source branch then b is the overlay image of some side β of some nonsmooth
component c of ∂ C(S − τ), and moreover the endpoints of b are identified to the
same switch if and only if c has exactly one cusp. On the other hand, if b is an ll
or rr source branch then b is not the overlay image of any side of any component
of ∂ C(S − τ).

General structure of a finite pretrack. Consider a finite pretrack τ .
A smooth closed curve γ embedded in τ is called a sink loop if it is a union

of transition branches; equivalently, γ has an orientation, also called the flow ori-
entation, such that every switch on γ is a semigeneric switch at which the switch
orientation agrees with the flow orientation.

Let t be the closure of a component of

τ − ∪{source branches} − ∪{sink branches} − ∪{sink loops}

where the union of sink branches includes degenerate sink branches, that is, non-
generic switches. Then t is a union of transition branches, and t is a directed tree
with a particular vertex called the outflow such that the flow orientation on each
branch of t points towards the outflow. We refer to these trees as the transition
trees of τ ; they are pairwise disjoint, except that two transition trees may have
the same outflow located at a nongeneric switch of τ . When τ has no sink loops
then every transition branch lies in a transition tree, and their union is called the
transition forest of τ .

Let ξ be a sink branch, nongeneric switch, or a sink loop. The basin of ξ is
the union of ξ with any transition trees that intersect ξ nontrivially. There is a
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deformation retraction from the basin of ξ onto ξ, taking each transition tree to
its outflow. The basin is either contractible, when ξ is a sink branch or nongeneric
switch, or is homotopy equivalent to a circle, when ξ is a sink loop.

The entire pretrack τ is the disjoint union of its basins, together with source
branches acting as bridges among the basins. A source branch can have its two ends
on different basins, or on the same one; indeed, the two ends can be located at the
same switch, on the same side of that switch, or on opposite sides of a nongeneric
switch.

3.3 Train paths in the universal cover

The results in this section are adapted from [CB], with extensions to punctured
surfaces.

Consider a train track τ . We’ll assume there is a fixed hyperbolic structure on
S, complete and of finite area, so that S̃ is isometric to the hyperbolic plane H2.
The total lift of τ to S̃ is a pretrack τ̃ .

Each component C of C(S̃− τ̃) is the universal cover of a component of C(S−τ),
by Corollary 3.2.3, and so either C is compact and projects homeomorphically to a
component of C(S − τ), or the stabilizer of C under the deck transformation group
is infinite. In particular, if C is compact then ι(C) < 0.

The negative index components of C(S̃ − τ̃) give enough semblance of negative
curvature so that train paths in τ̃ have many of the same large scale properties of
geodesics in a negatively curved metric space, as the next several propositions show.

Proposition 3.3.1. Let τ be a train track.

(1) Every train path in τ̃ is embedded.

(2) The intersection of any two train paths in τ̃ is connected.

Proof. Suppose there exists a nonembedded train path in τ̃ . Letting γ : [a, b]→ τ̃ be
a minimal such path, it follows that γ(a) = γ(b) and γ is otherwise one-to-one. By
the Schoenflies Theorem γ bounds a closed disc D. The boundary of D is smooth
except for a possible singularity at the point γ(a) = γ(b), where D has either a
cusp, a smooth point, or a reflex cusp. It follows that ι(D) = 1

2 , 1, or 3
2 . But this

is impossible: D is a union of compact components of C(S̃ − τ̃), each with negative
Euler index, whose sum is ι(D).

Suppose that there exist two train paths with disconnected intersection. The
train paths themselves are embedded, and so it follows that there are subpaths
α, β with the same endpoints and disjoint interiors. The simple closed curve α ∪ β
bounds a disc D, again by the Schoenflies Theorem. The boundary of D is smooth
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in int(α) ∪ int(β), and at each of the common boundary points D has either a
smooth point, or a cusp, or a reflex cusp. From this it follows that the minimum
value of ι(D) is zero, occurring when both points are cusps; from there ι(D) can
take any value in increasing increments of 1

2 up to 2, occurring when there are two
reflex cusps. This leads to a contradiction as above. ♦

Note that the results of Proposition 3.3.1 apply not just to a finite train path
[a, b] 7→ τ̃ , but to a train ray which is (the image of) a proper train path [0,∞) 7→ τ̃ ,
and to a train line which is (the image of) a proper train path (−∞,+∞) 7→ τ̃ .

In a metric space, the Hausdorff distance between two sets A,B is the infimum
of r ∈ [0,∞] such that A ⊂ Nr(B) and B ⊂ Nr(A).

Proposition 3.3.2. Let τ be a train track.

(1) If ρ, ρ′ are two train rays in τ̃ which have finite Hausdorff distance in S̃, then
ρ, ρ′ eventually coincide.

(2) If ρ, ρ′ are two train lines in τ̃ which have finite Hausdorff distance in S̃, then
ρ, ρ′ coincide.

Proof. We may assume that each component of C(S− τ) is a nonpunctured or once
punctured disc, for if this is not true then we can inductively add new branches to
τ to get a larger and larger sequence of train tracks until it becomes true. With
this assumption, it follows that τ̃ is “uniformly connected” in S̃, meaning that for
all r ≥ 0 there exists s ≥ 0 such that for any x, y ∈ τ̃ , if d(x, y) ≤ r then there
is a path γ in τ̃ from x to y of combinatorial length ≤ s, where the combinatorial
length of γ is defined as the number of branches of τ̃ traversed by the path. Note
that γ need not be a train path; it can make illegal turns at the switches of τ̃ .

To prove (1), assuming that ρ, ρ′ do not eventually coincide, it follows from
Proposition 3.3.1 that their intersection, if nonempty, is a finite train path. Let
r be the Hausdorff distance between ρ and ρ′, and let s be as above, and so each
point of ρ is connected to a point of ρ′ by a path in τ̃ of combinatorial length ≤ s.
Choose a sequence of points xi ∈ ρ going out the end, and for each of them choose
a path γi from xi to a point x′i ∈ ρ′ such that γi has combinatorial length ≤ s.
We may assume that γi is a simple path. Replacing γi by a subpath and moving
the points xi, x′i a uniformly bounded amount, if necessary, we may assume that γi
intersects ρ only in xi and ρ′ only in x′i. Fix i. If j is sufficiently large then we
obtain a simple closed curve αj = γ−1

i ∗ σi ∗ γj ∗ σ′j−1 where σj , σ′j are subsegments
of ρ, ρ′, respectively. By the Schoenflies theorem, αj bounds a disc Dj . As j goes
to ∞, the lengths of σj , σ′j go to ∞. Each component of C(S̃− τ̃) in Dj is compact,
and it follows that the number of such components, the “area” of Dj , goes to ∞.
By summing Euler indices, it follows that ι(Dj) goes to −∞, because each compact
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component of C(S̃ − τ̃) has index ≤ −1
2 . However, the number of singularities on

∂Dj = αj is ≤ 2(s+ 1), and it follows that ι(D) ≥ −(s+ 1), a contradiction.
To prove (2), each of the two ends of ρ, ρ′ eventually coincide, and the intersec-

tion of ρ, ρ′ is connected, and so ρ = ρ′. ♦

The following result shows that the analogy between train paths and geodesics is
quite precise, in the large scale: with respect to any complete, finite area hyperbolic
structure on S, train paths in the universal cover H2 are uniformly quasigeodesic.
In the case where S is compact and τ is transversely recurrent, a stronger conclusion
due to Thurston says that one can pick the hyperbolic structure on S so that train
paths of τ have arbitrarily small geodesic curvature; this argument can be found in
[Pen92], Theorem 1.4.4, communicated via notes of Nat Kuhn.

Given metric spaces X,Y and numbers λ ≥ 1, ε ≥ 0, a map f : X → Y is a
(λ, ε)-quasigeodesic embedding if

1
λ
d(x, y)− ε ≤ d(f(x), f(y)) ≤ λd(x, y) + ε, for all x, y ∈ X

If in addition for each y ∈ Y there exists x ∈ X such that d(f(x), y) ≤ ε, then we
say that f is a (λ, ε)-quasi-isometry between X and Y .

A (λ, ε)-quasigeodesic in a metric space X is a (λ, ε)-quasi-isometric embedding
p : I → X, where I is a closed, connected subset of R. We call p a quasigeodesic
segment, ray, or line depending on whether I is a finite interval, half-line, or the
whole line.

In the hyperbolic plane H2, every quasigeodesic ray converges to a unique point
in ∂H2, the two ends of a quasigeodesic line converge to distinct points in ∂H2, and
for each λ ≥ 1, ε ≥ 0 there exists r ≥ 0 such that each (λ, ε)-quasigeodesic segment,
ray, or line has Hausdorff distance ≤ r from the unique geodesic with the same ends
(finite or infinite).

Proposition 3.3.3. Let τ be a train track in S. There exists λ ≥ 1, ε ≥ 0 such
that every train path in τ̃ is a (λ, ε) quasigeodesic in S̃ ≈ H2.

Combining this with Proposition 3.3.2 we obtain:

Corollary 3.3.4. The end of every train ray converges to a unique infinite endpoint
in ∂H2. Two train rays converging to the same infinite endpoint on ∂H2 eventually
coincide. The two ends of every train line converge to distinct infinite endpoints.
Two train lines with the same infinite endpoints coincide. ♦

Proof of Proposition 3.3.3. First we give the proof when S is compact. As above, by
adding branches we may assume that each component of C(S−τ) is a nonpunctured
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disc. Each component of C(S̃ − τ̃) is therefore diffeomorphic to a component of
C(S − τ) that it covers, and so τ̃ is a train track in S̃.

Claim: The inclusion map from τ̃ , with its path metric, into H2, is a quasi-
isometry. This is an incidence of the basic principle of geometric group theory,
which says that if X,Y are proper, geodesic metric spaces on which a group G acts
properly discontinuously and cocompactly, then any G-equivariant map X 7→ Y is
a quasi-isometry. There is also a direct proof, which uses only the following facts
about the train track τ̃ : there are only finitely many isometry types of components
of C(S̃ − τ̃); and the decomposition of S̃ into these components is uniformly locally
finite. Here is the proof, which will be useful in what follows.

Evidently dH2(x, y) ≤ dτ̃ (x, y) for x, y ∈ τ̃ . Also, letting D be the maximum
diameter of a component of C(S̃ − τ̃), for every y ∈ H2 there exists x ∈ τ̃ such that
dH2(x, y) ≤ D. The only nontrivial thing to check is the inequality

1
K
dτ̃ (x, y)− C ≤ dH2(x, y)

with constants K ≥ 1, C ≥ 0 independent of x, y ∈ τ̃ . Let γ be the H2 geodesic
between x and y. There is a constant µ such that any two points in τ̃ whose distance
in H2 is at most 2D are connected by a path in τ̃ of length at most µ. There exists
a sequence of points x = x0, x1, . . . , xN , xN+1 = y ∈ γ ∩ τ̃ , monotonic on γ, such
that D < d(xi−1, xi) ≤ 2D for i = 1, . . . , N , and d(xN , xN+1) ≤ D. It follows that

dH2(x, y) ≥
N∑
i=1

dH2(xi−1, xi)

≥ D

µ

N∑
i=1

dτ̃ (xi−1, xi)

≥ D

µ

N+1∑
i=1

dτ̃ (xi−1, xi)−
D

µ
µ

≥ D

µ
dτ̃ (x, y)−D

completing the proof of the claim.
Supposing the proposition is not true, for any I > 0 there exists a finite train

path γ with endpoints x, y such that Length(γ) ≥ I and

I · d(x, y) ≤ Length(γ).

It follows that x, y are connected by a path δ in τ̃ , not necessarily a train path, such
that Length(δ) ≤ Kd(x, y) + C, for some constants K ≥ 1, C ≥ 0 independent of
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γ; just take δ to be a geodesic in the metric space τ̃ . We have

Length(δ) ≤ K

I
Length(γ) + C

≤ K + C

I
Length(γ)

(3.1)

We may assume that δ is an embedded path. For sufficiently large I we shall obtain
a contradiction, using an index argument.

We reduce to the case that γ and δ have disjoint interiors, still maintaining 3.1.
The path δ may be decomposed into subpaths as

δ = δ1 ∗ · · · ∗ δL

in such a way that each subdivision point δl ∩ δl+1 lies in γ, and each δl either lies
on γ or has interior disjoint from γ. Associated to δl is a subpath of γ denoted
γl, such that ∂δl = ∂γl, and either γl = δl or γl, δl have disjoint interiors. Note
that γ = ∪Ll=1γl; this follows because each point of γ not lying on δ lies on some
minimal subsegment γ′ whose endpoints do lie in δ, and δ contains some minimal
subsegment δ′ whose endpoints lie in opposite components of γ − int(γ′), implying
that δ′ = δk and γ′ ⊂ γk for some k = 1, . . . ,K. It follows that

L∑
l=1

Length(δl) = Length(δ) ≤ K + C

I
Length(γ)

≤
L∑
l=1

K + C

I
Length(γl)

and so there exists l ∈ {1, . . . , L} such that

Length(δl) ≤
K + C

I
Length(γl)

If we are in the case that δl = γl then for sufficiently large I we obtain a contradic-
tion, completing the reduction.

Assuming then that 3.1 holds with γ and δ having disjoint interiors, their union
bounds a closed disc D. The “combinatorial area” of D, namely the number of
components of C(S̃ − τ̃) contained in D, is ≥ ALength(γ) for some constant A > 0
independent of γ; this follows because each component of C(S̃ − τ̃) has a uniformly
bounded number of branches on its boundary. Each component of C(S̃ − τ̃) having
Euler index ≤ −1

2 , it follows that

ι(D) ≤ −A
2

Length(γ)
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On the other hand, each singularity on ∂D is a switch lying on δ, and so the number
of such singularities is ≤ B Length(δ) for some constant B > 0 independent of γ. In
calculating the Euler index of D, each of these singularities contributes an amount
≥ −1

2 , and we therefore have

ι(D) ≥ 1− B

2
Length(δ) ≥ 1− B(K + C)

2I
Length(γ)

and so

A

2
≤ −1 +

B(K + C)
2I

The constants A,B,C,K being independent of γ, for sufficiently large I this is a
contradiction. This completes the proof under the assumption that S is closed.

When S has punctures, then we must import ideas of relative hyperbolicity. The
problem is that the inclusion τ̃ ↪→ H2 is not a quasi-isometry. However, we will
add branches to enlarge τ̃ , so that the inclusion becomes a quasi-isometry. First,
by adding branches to τ we may assume that each component of C(S − τ) is a
nonpunctured or once-punctured disc. Denote σ0 = τ̃ ; this will be the first of an
increasing sequence σ0 ⊂ σ1 ⊂ σ2 ⊂ · · · of pretracks on S̃, whose union σ∞ = ∪σi
will be a train track. The sequence σn will be constructed by adding branches in
each noncompact component of C(S̃ − σ0). The train track σ∞ will have the key
properties needed to insure that the inclusion map σ∞ ↪→ H2 is a quasi-isometry,
namely:

• C(S̃ − σ∞) has finitely many isometry types of components;

• These components are uniformly locally finite.

Once σ∞ is constructed and these key properties are observed, all the above argu-
ments go through, and it follows that train paths in σ∞ are uniformly quasigeodesic,
and so the same is true for train paths in the subtrack τ̃ of σ∞.

Let P ⊂ ∂H2 be the set of parabolic points for the action of π1S. There is a
one-to-one correspondence between points p ∈ P and noncompact components Np

of C(S̃ − σ0), Np being stabilized by the subgroup of π1S that stabilizes p. For
each p we describe the construction of the sequence σn in Np. Here is a detailed
description of the construction, accompanied by Figure 7 which should give the idea
clearly.

Fix p ∈ P . Choose conformal coordinates α × β : H2 → R × R, by taking
a conformal isomorphism between H2 and the upper half plane taking p to the
point at infinity, and letting α = x and β = log(y). Note that each αs = α−1(s)
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T0

c0 c1 c2

q0 q1

r0 r1

ρ(q0) ρ(q1)

ρ(r0) ρ(r1)

ρ2(q0)

ρ(T0)

θ0

β0

β1

β2

Figure 7: The pretracks σ0 ⊂ σ1 ⊂ σ2 ⊂ · · · , and their union, the train track σ∞.



3 TRAIN TRACKS 71

is a geodesic with one infinite endpoint at p, and the t coordinate gives an arc
length parameterization of αs; each βt = β−1(t) is a horocycle attached to p, and
the s coordinate multiplied by e−t gives an arc length parameterization of βt; and
(α × β)(s× t) approaches p as t → +∞. By isotoping τ , adding a constant to the
function β, and multiplying the function α by a constant, if necessary, we may make
the following additional assumptions:

• The cusps of Np are the points ci ∈ β0 with (α× β)(ci) = i× 0, for i ∈ Z.

• The train path qi ⊂ ∂Np between ci and ci+1 has length < 2 log(2), and so
β
∣∣ ∂Np takes values < 2.

• Each train path qi intersects the geodesics αs transversely except at the cusps.

• Letting Dp be the subgroup of Isom(H2) stabilizing the point set {ci
∣∣ i ∈ Z},

and noting that Dp fixes p and acts as the infinite dihedral group on the
horocycle β0, we may assume that ∂Np is stabilized by the action of Dp.

Let ρ : H2 → H2 be the hyperbolic isometry which translates along the line α0 a
distance of 2 towards the point p. Note that ρ(∂Np) is disjoint from Np, and the
cusp ρ(ci) ∈ ρ(∂Np) lies on α2i. Let ri be the geodesic segment from ρ(ci) to c2i.
Now we define

σ1 = σ0 ∪ ρ(∂Np) ∪
+∞⋃
−∞

ri

= σ0 ∪
+∞⋃
−∞

θi

where

θi = ri ∪ ρ(qi) ∪ ri+1

is a train path in σ1. Note that σ1 is indeed a pretrack, and the compact components
of C(S̃−σ1) consist of the compact components of C(S̃−σ0) together with a sequence
of trigons Ti, i ∈ Z, whose three sides are θi, q2i, and q2i+1. Note that the trigons
Ti−1 and Ti intersect along the branch ri.

We now define σn by induction:

σn = σn−1 ∪
+∞⋃
−∞

ρn−1(θi)

and it is straightforward to see that σ∞ =
⋃∞

0 σn satisfies the desired key properties.
♦
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3.4 Ties of a train track

Consider a pretrack τ in S. A tie bundle over τ , denoted ν → τ or ν(τ)→ τ , is an
analogue of a normal bundle of a submanifold, embedded into the ambient manifold
using the Tubular Neighborhood Existence Theorem of differential topology (e.g.
Theorem 5.2 of [Hir76]). When τ is semigeneric the tie bundle is well defined up
to isotopy, depending only on the isotopy class of τ itself, just as in the Tubular
Neighborhood Uniqueness Theorem (Theorem 5.3 of [Hir76]). When τ is not semi-
generic then a tie bundle is not well defined, but depends on finitely many choices
for its construction.

A tie bundle over τ is a 2-complex ν equipped with a map f : (S, ν, S − ν) →
(S, τ, S − τ), satisfying the following conditions:

• f : S → S is homotopic to the identity.

• f : S − ν → S − τ is a homeomorphism.

• For each x ∈ τ , f−1(x) is a closed arc, called the tie over x.

• For each branch b of τ , setting
◦
Rb = f−1(int(b)), the restriction f :

◦
Rb → b is

a fiber bundle map.

• For each switch s of τ there is a neighborhood U of s in τ such that the
restriction f

∣∣ f−1(U) has the structure described below (and see Figure 8).

For a precise description of the local structure of a tie bundle over a neighborhood
U of a switch s, suppose that s has m branch ends on one side and n branch ends on
the other side. Consider the strip R×[−1,+1], foliated by vertical arcs x×[−1,+1].
Choose two monotonically increasing sequences

y−1 < · · · < y−m−1, y+
1 < · · · < y+

n−1 ∈ (−1,+1)

When s is semigeneric, m or n equals 1 and the corresponding sequence is empty,
simplifying the construction. Choose C∞ functions

g−1 , h
−
1 , . . . , g

−
m−1, h

−
m−1 : (−∞, 0]→ (−1,+1)

such that g−i (0) = h−i (0) = y−i for all i and all derivatives vanish at 0, and such
that

g−1 (x) < h−1 (x) < · · · < g−m−1(x) < h−m−1(x), x ∈ (−∞, 0)

Choose
g+

1 , h
+
1 , . . . , g

+
n−1, h

+
n−1 : [0,+∞)→ (−1,+1)
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Figure 8: Local models of a tie bundle near a switch s. When s is semigeneric then
the local model is unique, but when s is not semigeneric there are finitely many
local models up to isotopy, depending on how the cusps on either side of the tie
over s are interleaved along that tie. For example, when there are two branch ends
on each side of s, and hence one cusp on each side of the tie, then up to isotopy
there are three different tie bundles over a neighborhood of s: either of the two
cusps can be higher, or their positions can coincide.

similarly with respect to y+
j . From the strip R × [−1,+1] remove any point (x, y)

such that x < 0 and g−i (x) < y < h−i (x) for some i, or such that x > 0 and
g+
j (x) < y < h+

j (x) for some j. The resulting subset of R × [−1,+1], decomposed
into the components in which the intervals x × [−1,+1] intersect the subset, is
an example of a local model for the tie bundle over U . Figure 8 shows the cases
m = 2, n = 1 and m = 2, n = 2. Once the sequences y−i , y

+
j are picked, the

local model is well-defined up to isotopy, independent of the choice of the functions
g−i , h

−
i , g

+
j , h

+
j . However, the choices of the sequences y−i , y

+
j definitely affect the

isotopy class of the tie bundle over U . When s is not semigeneric, in which case
neither sequence y−i , y

+
j is empty, the isotopy classes of the local model for the tie

bundle over U are in one-to-one correspondence with different ways to interleave the
two sequences y−i , y

+
j . Since there are finitely many choices for interleaving these

two sequences, that leads to finitely many choices for the local model over U . For
example if any y−i equals any y+

j then ν has a pinch at the corresponding point of
f−1(s); this shows that in general ν is a pinched subsurface. But as long as there
are no coincidences of the form y−i = y+

j , it follows from the construction that each
of the points 0× y−i , 0× y+

j is a reflex cusp of ν.
To summarize, if τ is semigeneric then its tie bundle ν is a surface with reflex

cusps, well defined up to isotopy, which we can take to be a regular neighborhood
of τ . The ties forms a boundary transverse foliation of ν whose only singularities
are 2-pronged transverse boundary singularities corresponding to the reflex cusps.
When τ is semigeneric we are therefore justified in speaking of the tie bundle over τ .
In general, if we do not assume τ is semigeneric, then there is a finite collection of
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tie bundles over τ up to isotopy.
For any tie bundle ν → τ , there is a natural bijection between the reflex cusps

of ν and the cusps of τ . To describe this bijection precisely, suppose that we
represent a cusp of τ by an “illegal turn” α ∗ β, where α, β are short train paths,
the concatenation α ∗β is not smoothable at the concatenation point, and the path
α ∗ β pulls back via the overlay map to a path on the boundary of C(S − τ); in
this case there is a unique lift of α ∗ β to ν that lies on the boundary of ν, and the
nonsmooth point of this lift corresponds to a reflex cusp of ν.

In the context of a tie bundle ν, we will often refer to reflex cusps of ν simply
as cusps of ν.

3.5 Carrying maps between train tracks

Consider train tracks τ, τ ′ on S. A carrying map from τ ′ to τ is a smooth map
f : (S, τ ′) → (S, τ) whose restriction to each tangent line of τ ′ is an isomorphism
onto a tangent line of τ , such that there exists a smooth homotopy H : S×[0, 1]→ S
with H(x, 0) = x, H(x, 1) = f(x), and H

∣∣ S × t a diffeomorphism for each t < 1.
We say that τ carries τ ′, denoted τÂÂτ ′, if there exists a carrying map from

f : (S, τ ′)→ (S, τ). Often we will abbreviate the notation and write simply f : τ ′ →
τ for this carrying map, always assuming that f is ambiently defined and satisfies
the above definition.

The following proposition shows that the carrying relation between semigeneric
train tracks behaves well with respect to tie bundles:

Proposition 3.5.1. Let τ, τ ′ be semigeneric train tracks and let ν(τ), ν(τ ′) be tie
bundles. The following are equivalent:

(1) τ carries τ ′.

(2) The inclusion τ ′ ⊂ S is smoothly isotopic to an inclusion τ ′ ↪→ int
(
ν(τ)

)
whose image is transverse to the ties of ν(τ).

(3) The inclusion ν(τ ′) ⊂ S is smoothly isotopic to an inclusion ν(τ ′) ↪→ int
(
ν(τ)

)
such that each tie of ν(τ ′) is a subtie of ν(τ).

We extend the notion of carrying from train tracks to tie bundles, by writing
ν(τ)ÂÂν(τ ′) if condition (3) holds.

Either of the maps τ ′ ↪→ ν(τ) or ν(τ ′) ↪→ ν(τ) is called a carrying injection; the
same terminology is used later for measured foliations carried by τ .

When τ is not semigeneric then properties (1), (2), (3) are not equivalent; we
will discuss this situation after the proof.
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Proof. Since τ is semigeneric, one may construct the tie bundle ν(τ) so that τ ⊂ ν(τ)
and τ is transverse to the ties of ν(τ) (this is where the proof breaks down when τ
is not semigeneric), and similarly for τ ′.

To prove 1 =⇒ 2, if H is a homotopy from the identity to f : (S, τ ′) → (S, τ)
as in the definition of a carrying map, then the ft satisfies the conclusions of 2 for
t sufficiently close to 1. The implication 2 =⇒ 3 is obvious. To prove 3 =⇒ 1,
start with the inclusion τ ′ ⊂ ν(τ ′) ↪→ ν(τ), and then follow by a homotopy of the
inclusion map ν(τ) which isotopically shrinks ties until, at the end of the homotopy,
one obtains the tie bundle map ν(τ)→ τ . ♦

Note that if τ is not semigeneric then property (2) always fails for τ ′ = τ ,
despite the obvious fact that τ carries itself. Also, if τ ′ = τ then property (3) can
hold for some choices of tie bundles and fail for others. It is possible to get a weaker
equivalence which works for nonsemigeneric train tracks. For example: τÂÂτ ′ if and
only if for each tie bundle ν(τ ′) that has no pinch points there exists a tie bundle
ν(τ) such that ν(τ ′)ÂÂν(τ).

In the proof above, a direct proof that (2) =⇒ (1) can be seen as follows.
Suppose that τ ′ ↪→ int(ν(τ)) is a carrying injection. For each fiber I of ν(τ), let I ′

be the smallest subinterval of I containing τ ′ ∩ I. Then by collapsing each I ′ to a
point, the image of τ ′ under this collapsing is isotopic to a subtrack of τ , and hence
after this isotopy is performed we obtain a carrying map f : τ ′ → τ . The intervals
I ′ are called the fibers of the carrying map f : τ ′ → τ .

Given that τÂÂτ ′, although carrying maps from τ ′ to τ need not be unique, the
following proposition shows to what extent uniqueness holds:

Proposition 3.5.2 (Homotopy uniqueness of carrying maps). Consider two
train tracks τ, τ ′. Given two carrying maps f0, f1 : τ ′ → τ , there exists a smooth
homotopy of carrying maps from f0 to f1. In particular, image(f0) = image(f1).
Assuming τ is generic, given a tie bundle ν → τ , and given two carrying injections
g0, g1 : τ ′ → ν, there exists a smooth isotopy of carrying injections from g0 to g1.

Remark. Even more is true: the space of carrying maps τ ′ → τ is contractible,
as is the space of carrying injections τ ′ → ν. We omit the proof.

Corollary 3.5.3. Given two train tracks τ, τ ′ such that τÂÂτ ′, and given a subtrack
σ′ ⊂ τ ′, there exists a unique subtrack σ ⊂ τ such that σ

fÂÂ σ′.

Proof. Consider the carrying map τ ′ → τ . The composition σ′ ↪→ τ ′ → τ is a
carrying map, and by applying Proposition 3.5.2 it follows that any other carrying
map σ′ → τ has the same image. ♦
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Proof of Proposition 3.5.2. We shall prove only that f0, f1 are homotopic through
carrying maps; the proof that g0, g1 are isotopic through carrying maps can then be
easily derived.

Choose a complete, finite area, hyperbolic metric on S. The universal cover S̃ is
identified with the hyperbolic plane H2, with isometric deck transformation group
π1S.

Consider each carrying map fi : (S, τ ′)→ (S, τ), i = 0, 1, and let Hi : S×[0, 1]→
S be the homotopy from fi to the identity on S occuring in the definition of a
carrying map. We may adjust the homotopy Hi so that in some neighborhood of
each puncture it is stationary. It follows that for each x ∈ S the length of its track
Hi(x × [0, 1]) under the homotopy is uniformly bounded. Let f̃i : = H2 → H2 be
the unique lift of fi whose extension to ∂H2 is the identity. The homotopy Hi lifts
to a homotopy H̃i from f̃i to the identity, such that the length of the track of each
point under H̃i is uniformly bounded.

Let τ̃ , τ̃ ′ be the total lifts of τ, τ ′ in S̃, and so f̃i, i = 0, 1, may be regarded as a
carrying map τ̃ ′ → τ̃ .

Consider any train line ` in τ̃ ′, and the image train lines f̃0(`) and f̃1(`) in
τ̃ . Since f̃0 is homotopic to f̃1 by a homotopy whose tracks have bounded length,
it follows that the Hausdorff distance between f̃0(`) and f̃1(`) is finite. Applying
Proposition 3.3.2 it follows that f̃0(`) = f̃1(`).

Given a branch b of τ̃ ′, choose a train line ` through b, and let µ = f̃0(`) =
f̃1(`). It follows that f̃0(b), f̃1(b) are both contained in µ. Let µ(b) be the smallest
closed, connected subset of µ containing both f̃0(b) and f̃1(b). We can now define a
homotopy from the map f̃0

∣∣ b to the map f̃1

∣∣ b which, at each moment, maps b into
µ(b) by a map which has derivative = 1 near each endpoint of b. This can be done
independently of the train line `, because if we choose any other train line `′ through
b, and let µ′ = f̃0(`′) = f̃1(`′), then µ ∩ µ′ is connected by Proposition 3.3.1, and it
follows that µ(b) = µ′(b). This can moreover be done equivariantly with respect to
the action of π1S.

The condition that the homotopy from f̃0

∣∣ b to f̃1

∣∣ b have derivative = 1 near
the endpoints of b implies that as b varies over all branches of τ̃ ′, the homotopies
piece together to give a smooth homotopy τ̃ ′ × [0, 1] → τ̃ from the map f̃0

∣∣ τ̃ ′ to
the map f̃1

∣∣ τ̃ ′. Moreover this homotopy is π1S equivariant. It is now a simple
matter to extend this to a π1S equivariant homotopy H̃ : S̃ × [0, 1] → S̃ through
carrying maps, which descends to a homotopy H : S × [0, 1] → S that proves the
proposition. ♦
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3.6 Measured foliations carried on train tracks

Consider a train track τ , a tie bundle ν(τ)→ τ , and a partial measured foliation F .
A carrying injection from F to ν(τ) is a homeomorphism f : S → S isotopic to
the identity such that f(F) ⊂ ν(τ) with all leaves of f(F) transverse to the ties of
ν(τ). We will often denote a carrying injection as F ↪→ ν(τ) and identify F with its
image. Note that when τ is not semigeneric the partial measured foliation F may
have a carrying injection into some tie bundles over τ but not over others.

A partial measured foliation F is carried by a train track τ if there exists a tie
bundle ν(τ) → τ and a carrying injection F ↪→ ν(τ); in this case the composition
F ↪→ ν(τ)→ τ is called a carrying map from F to τ . Note that the image of every
leaf segment of F under a carrying map F → τ is a train path in τ .

A class [F ] ∈MF is carried by a train track τ if some representative F is carried
by τ . We shall occasionally abuse terminology and say that a partial measured
foliation F is carried by τ if the class of F is carried by τ , equivalently, if F is
equivalent to some F ′ which has a carrying injection into some tie bundle over τ .

Given a partial measured foliation F , a carrying map F → τ is said to be full
if and only if it is surjective. For a carrying injection F ↪→ ν(τ), we distinguish
between a full carrying injection which means that the image intersects every tie,
and a carrying bijection which is a surjective carrying injection. A carrying bijection
will be denoted F ↪→→ν(τ). A carrying injection F ↪→ ν(τ) is said to be canonical if
F is a canonical model and the inclusion is surjective; in this case, the singular set of
F equals the set of reflex cusps of ν(τ), and F has no proper saddle connections. If
there exists a canonical carrying injection F ↪→→ν(τ) then we say that F is canonically
carried on τ ; this implies that the singularity types of F and of τ are identical.

Existence of carrying. The next proposition shows that a train track always
exists carrying a given class in MF .

Proposition 3.6.1. For every measured foliation F there exists an equivalent par-
tial measured foliation F ′ and a train track τ carrying F ′. In fact, if F ′ is a
canonical model then there exists a train track τ that canonically carries F ′.

Proof. We’ll give two somewhat similar proofs for this proposition; for another proof
see Corollary 1.7.6 of [Pen92].

Let F ′ be a canonical model for F . For each component F ′i we produce a train
track τi ⊂ Supp(F ′i) canonically carrying F ′i , and it follows that τ = ∪iτi canonically
carries F ′. If F ′i is annular then τi is a simple closed curve isotopic to any leaf of F ′i .

Thus we have reduced to the case of an arational measured foliation F . We may
assume that F has no saddle connections by collapsing them all. Choose a transverse
arc β disjoint from the singularities. Let Σ be a union of finite separatrices of F
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with the property that Σ∩ int(β) = ∂Σ, and that Σ is maximal with respect to this
property. This completely determines Σ, and Σ can be constructed explicitly by
starting off along each separatrix of F until that separatrix first hits int(β), which
must happen because of arationality of F . Let x, y be the outermost points on β
which lie in Σ. It may or may not happen that ∂β = {x, y}; if not, truncate β so
that it does happen. Let F ′ be the partial measured foliation obtained from F by
slicing open along Σ, and note that F ′ is a canonical model for F . Note that β
pulls back to a transverse arc for F ′ whose endpoints lie on ∂ Supp(F ′) and which
contains each cusp of F ′. Each component of Supp(F ′)− β is a rectangle minus its
vertical sides, and it can be completed to a compact rectangle by adding segments
of β; these two vertical sides may overlap on β, and so the compact rectangle may
be only immersed in Supp(F ′), not embedded. We thus obtain a finite collection of
rectangles R1, . . . , Rk. Choose a vertical foliation of each rectangle, thus defining a
boundary transverse “vertical foliation” of Supp(F ′) by arcs transverse to F ′, with
a 2-pronged boundary transverse singularity at each singularity of F ′. The desired
train track τ canonically carrying F ′ is obtained by collapsing to a point each
vertical leaf of F ′, and so the surface Supp(F ′) equipped with its vertical foliation
may be regarded as a tie bundle ν over τ with a canonical carrying injection F ′↪→→ν.

Notice in the above construction of τ that the image of β under the carrying
map F ′ → τ is a nongeneric switch of τ , and indeed it is the only switch of τ .
Also, the image of each rectangle Ri is a source branch of τ , and these are all of
the branches of τ . If the unique switch of τ is slightly uncombed then τ becomes a
“one-sink train track” in the sense of Section 9.4.

Here is another proof, at least of the first sentence, as illustrated in Figure 9.
We will use the Gardiner–Masur Theorem 2.5.1 which says that every measured
foliation F can be altered up to Whitehead equivalence so that F is the horizontal
foliation of a quadratic differential q. Let Fv(q) denote the vertical foliation of q.
Define a horizonal separatrix system or h-separatrix system of q to be a finite union
of separatrices of F , denoted ξ. We say that ξ is v-filling if every closed leaf
and every half-infinite leaf of Fv(q) intersects ξ. For example, in each arational
component of F choose an infinite separatrix and then choose a sufficiently long
finite subseparatrix, and take the union of those separatices with all the saddle
connections of F to obtain ξ; if the finite separatrices in arational components are
sufficiently long then, by density of the infinite separatrices, it follows that ξ is v-
filling. Applying Fact 2.6.2, let F(ξ) to be the partial measured foliation obtained
from F by slicing along ξ, with partial fulfillment map r : (S,F(q, σ))→ (S,F(ξ)).
Letting ν = Supp(F(q, ξ)), by pulling back the leaves of Fv(q) under r we obtain a
boundary transverse foliation of ν by closed arcs, called the vertical foliation, whose
singularities are all 2-pronged boundary transverse singularities, coinciding with the
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Key: Σ
∂Σ

F v
(q)

 τ(q,Σ) N(q,Σ)
with foliation F v

(q,Σ)

Figure 9: The train track associated to a quadratic differential q and a v-filling
h-separatrix system Σ.

singularities of F(ξ). Now collapse each leaf of the vertical foliation to a point to get
the desired train track τ , so ν is a tie bundle τ and F(q, ξ) has a carrying bijection
in ν.

♦

Uniqueness of carrying maps. For any class inMF , there are infinitely many
train tracks carrying that class that are pairwise distinct up to isotopy, and even
up to comb equivalence. Fixing the train track τ , we are interested in uniqueness
properties of the carrying map to τ , or of the carrying injection to a tie bundle
over τ . For example, having defined the statement “F is carried by τ” to mean that
“F is carried by some tie bundle ν(τ)”, there are several questions: is the tie bundle
uniquely determined? If F has two different carrying maps to the same tie bundle,
how are those maps related? If F has two different carrying maps to the same
train track, how are the images related? How are carrying maps of non-isotopic
but equivalent measured foliations related? The next few results will answer these
questions.

Consider a partial measured foliation F , a train track τ , and a carrying map
f : F → τ . Each leaf ` of F determines, by mapping via f , a train path on τ , either
a closed train path when ` is compact, or a bi-infinite train path when ` is not
compact. The following proposition says that this set of train paths depends only
on the equivalence class of F .

Proposition 3.6.2 (Uniqueness of train paths). Given equivalent partial mea-
sured foliations F ,F ′, a train track τ , and carrying maps f : F → τ , f ′ : F ′ → τ , the
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set of train paths determined by f is the same as the set of train paths determined
by f ′.

Proof. We argue up in the universal cover S̃. The bijection between leaves of F
and leaves of F ′ discussed in Section 2.6 lifts to a bijection between leaves of F̃
and leaves of F̃ ′. Moreover, it is clear that corresonding leaves ` of F̃ and `′ of
F̃ ′ have finite Hausdorff distance, because under a Whitehead move or a partial
fulfillment, a leaf is moved a finite distance to its corresponding leaf. The maps
f and f ′ also move points a finite distance. Thus, f̃(`) and f̃ ′(`′) are bi-infinite
train paths in τ̃ at finite Hausdorff distance. Applying Proposition 3.3.2 it follows
that f̃(`) = f̃ ′(`′), that is, the set of train paths in τ̃ determined by f̃ is the same
as the set of train paths determined by f̃ ′. The same statement downstairs is an
immediate consequence. ♦

The next corollary says that the image in a train track τ of a class inMF carried
on τ is well defined, independent of the choice of a carrying map F → τ where F
represents the given class. This corollary will be used repeatedly throughout the
paper.

Corollary 3.6.3 (Uniqueness of carrying image). Under the same hypotheses
as Proposition 3.6.2, the images of f, f ′ are the same.

Proof. The image of f is equal to the union of the train paths determined by f ,
and similarly for f ′. Now apply Proposition 3.6.2. ♦

The image of a partial measured foliation F carried by τ is obviously a subtrack
of τ , and it is called the carrying image of F in τ . In particular, we can define F ,
or its class in MF , to be fully carried by τ if some carrying map is surjective, and
this is well-defined independent of the carrying map.

The next corollary says that, for a class inMF fully carried on a train track τ ,
the tie bundle ν over τ that surjectively carries that class is well-defined.

Corollary 3.6.4 (Uniqueness of carrying tie bundle). Let τ be a train track,
ν, ν ′ two tie bundles of τ , and F ,F ′ equivalent partial measured foliations (possibly
with pinch points), and suppose that there exist carrying bijections F ↪→→ν, F ′↪→→ν ′.
Then ν, ν′ are isotopic tie bundles.

Proof. Consider a nongeneric switch s of τ , choose a transverse orientation for τ at s,
and list the branch ends on the two sides of s, in increasing order, as e1, . . . , eM and
f1, . . . , fN . Let t, t′ be the ties in ν, ν ′ lying over s, with orientations determined
by the choice of transverse orientation on s. Consider a cusp (ei, ei+1) on one side
of s and a cusp (fj , fj+1) on the other side of s. These two cusps of τ lift, via the tie
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bundle map ν → τ , to cusps of ν whose relative position depends solely on the train
paths in τ determined by F . For example, the lift of (ei, ei+1) is greater than the
lift of (fj , fj+1) in t if and only if some leaf segment of F induces a train path of τ
of the form em∗fn where 1 ≤ m ≤ i and j+1 ≤ n ≤ N . The same is true in ν ′—the
relative position of the lifts to ν ′ of the cusps (ei, ei+1) and (fj , fj+1) depend in the
same way on the train paths in τ determined by F ′. But Proposition 3.6.2 says
that F ,F ′ determine the same train paths in τ , and hence cusps in τ lift with the
same positions in ν, ν ′, implying that ν, ν ′ are isotopic. ♦

Proposition 3.6.2 and its corollaries settle uniqueness questions regarding the
target of a carrying map, and now we turn to the uniqueness of the carrying map
itself.

Proposition 3.6.5. Consider a train track τ , a class [F ] ∈MF carried on τ , and
a tie bundle ν over τ .

(1) If F is a representative of [F ] and if f0, f1 : F ↪→ ν are carrying injections,
then f0, f1 are isotopic through carrying injections ft : F ↪→ ν, t ∈ [0, 1].

(2) Furthermore, if both f0, f1 are carrying bijections, then the isotopy can be cho-
sen so that ft is surjective; in fact, replacing Fi by fi(Fi), so that Supp(Fi) =
ν, there is an isotopy from F0 to F1 that is the identity on S − int(ν) and
that preserves each tie of ν. As a consequence, if f0, f1 are canonical carrying
injections then the isotopy can be chosen so that ft is canonical.

(3) If F0,F1 are representatives of [F ] (possibly with pinch points), and if f0 : F0↪→→ν
and f1 : F1↪→→ν are carrying bijections, then F0,F1 are isotopic (and so the
conclusions of (2) hold as well).

For a simple proof of (1) when F is an essential closed curve, see Proposition 3.7.3
below.

Proof of Proposition 3.6.5 (1,2). This proof is similar to Proposition 3.5.2. We
work up in the universal cover S̃, and by equipping S with a complete, finite area
hyperbolic structure we may identify S̃ ≈ H2. We have a lifted train track τ̃ ,
tie bundle ν̃, and partial measured foliation F̃ in S̃. Choose a tie bundle map
π : (S, ν) → (S, τ) which is the identity in a neighborhood of each puncture, and
choose a lift π̃ that is the identity on the circle at infinity and so moves points a
uniformly bounded amount. The maps f0, f1 can be chosen to be the identity near
each puncture, and choosing the lifted maps f̃0, f̃1 to be the identity in the circle
at infinity, it follows that f̃0, f̃1 move points a uniformly bounded amount. All iso-
topies that we construct will be equivariant, so that they descend to isotopies on
S.
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It is convenient to replace F̃ by f̃0(F̃), so that f̃0 becomes the identity map
Id. Note that for each leaf ` of F the bi-infinite train paths π̃(`), π̃(f̃1(`)) in τ̃ are
identical, by Proposition 3.3.2.

We will define an equivariant isotopy between Id and f̃1, which will descend
to the desired isotopy in S. The isotopy is carried out in four steps; it will be
convenient after each step to replace F̃ by its isotoped image.

For the proof of (2), it will usually be clear that if f0, f1 are surjective then each
ft is surjective; in a couple of the steps we will supply details.

Step 1: Proper saddle connections. Let α be a proper saddle connection
of F̃ . We isotope F̃ equivariantly, with the effect that after the isotopy we have
π̃(α) = π̃f̃1(α).

There are exactly two leaves λ, µ of F̃ containing α, and we have λ ∩ µ = α.
Note that we have a train path γ = π̃(λ) ∩ π̃(µ) = π̃f1(λ) ∩ π̃f1(µ). The path γ
contains both of the train paths π̃(α) and π̃f̃1(α). Let β be the smallest subsegment
of γ containing both π̃(α) and π̃f̃1(α), let βλ = λ∩π−1(β), and let βµ = µ∩π−1(β).
Let Nα be the union of all subsegments of ties of ν(τ̃) with one endpoint on βλ
and one endpoint on βµ; some of these segments degenerate to a point on α. Now
define an isotopy of F̃ which is supported in a small neighborhood of Nα, after
which π̃α = π̃f1(α). This can be done equivariantly, by choosing the sets Nα to be
equivariant and pairwise disjoint as α varies over all proper saddle connections.

In the case of carrying bijections, note that γ = π̃(α) = π̃f1(α) = β, and so the
isotopy can be taken to move points along ties and to be the identity on ∂ν̃, and so
each moment of the isotopy defines a carrying bijection from F ↪→ ν.

Step 2: Singularities. Consider a singularity s of F̃ , which must be a tan-
gential 3-pronged boundary singularity. We isotope F̃ equivariantly, with the effect
that after the isotopy the points s and f̃1(s) coincide with a certain reflex cusp of
ν̃.

The procedure is similar to step 1: there are exactly two leaves λ, µ of F̃ con-
taining s. Consider α = λ ∩ µ. It is possible that α is a proper saddle connection
with endpoint s, in which case we are done by step 1. The other possibility is that α
is an infinite separatrix based at s, in which case γ = π̃(λ)∩ π̃(µ) = π̃f1(λ)∩ π̃f1(µ)
is an infinite train path ending at a cusp of τ̃ that lifts to a certain cusp c of ν̃. We
can now proceed as in step 1 to define the required isotopy. In the case of carrying
bijections, we have s = f̃1(s) = c and the isotopy can be chosen to move points
along ties.
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Step 3: Boundary saddle connections. With Steps 1 and 2 completed, it
follows automatically that for each boundary saddle connection α of F , we have
π̃α = π̃f1(α), and so we can isotop points along ties to take α to f1(α).

Step 4: Taking leaves to leaves. For each fiber I of ν(τ̃), define an isotopy
of I with the effect that for each leaf ` of F that intersects I, the point `∩I isotopes
to the point f̃1(`)∩I. We may do this so that each component of I−F maps affinely
to a component of I − f̃1(F). The existence and continuity of this isotopy follows
from Steps 1 and 2. As constructed, this isotopy is equivariant. After the isotopy,
the effect is that for each leaf ` of F we have ` = f̃1(`).

Step 5: Fixing up each leaf. After steps 1–4, For each leaf ` of F , the map
f̃1 takes ` to itself. Define a straight-line isotopy of `, isotoping each point x ∈ ` to
its image f̃1(x) ∈ `. These isotopies piece together continuously and equivariantly.

♦

Proof of Proposition 3.6.5 (3). Let F0,F1 be equivalent partial measured foliations
with support ν and transverse to the ties. The key point is to show that the
proper saddle connections of F0,F1 agree in the appropriate sense. This will be
accomplished by slicing along proper saddle connections to obtain canonical models,
and then studying how the canonical models sit inside ν in order to identify the
saddle connections of F0,F1.

Let F ′i be the canonical model obtained from Fi by slicing open along all proper
saddle connections, and so we have carrying injections F ′0,F ′1 ↪→ ν. Each boundary
singularity s of F ′i came from a boundary singularity of Fi which was not an endpoint
of a proper saddle connection, and so s was unmoved by the slicing operations,
implying that s coincides with a reflex cusp of ν.

By uniqueness of canonical models, the partial measured foliations F ′0,F ′1 are
isotopic, and so we can apply steps 1–5 used in the proof of part (1). Note that
in step 1 there is nothing to do. In step 2, since each singularity already coincides
with a reflex cusp of ν, there is still nothing to do. Thus, we see that the singular
sets of F ′0,F ′1 are identical, coinciding with a certain set of reflex cusps of ν.

Before continuing, do a small isotopy of F ′0 and F ′1 through carrying injections
that pulls their images into the interior of ν, and so that they still have the same
singularity sets.

Now continue with step 3, isotoping F ′0 and F ′1 so that their boundary saddle
connections are identical; clearly this can be done without moving the singularity
sets. Once this is done, it follows that Supp(F ′0) = Supp(F ′1), a subsurface contained
in the interior of ν which we shall denote σ.
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Consider the surface Cl(ν − σ), whose boundary is the disjoint union of ∂ν and
∂σ, with a reflex cusp of Cl(ν − σ) at each reflex cusp of ν, and a cusp of Cl(ν − σ)
at each reflex cusp of σ. The surface Cl(ν−σ) is foliated by tie segments of ν, with
singularities at the cusps and reflex cusps. If we cut Cl(ν−σ) along the tie segments
passing through the reflex cusps of Cl(ν − σ), the closures of the complementary
components are of three types, boundary rectangles, cusp triangles, and fake saddle
connections. A boundary rectangle of Cl(ν − σ) is a rectangle foliated by ties with
one horizontal side coinciding with a side of ν, and the other horizontal side lying
on ∂σ. A cusp triangle is a triangle with one vertex at a cusp s of Cl(ν − σ), so
that the side opposite s is a tie segment whose interior contains a reflex cusp c of
ν, the two sides adjacent to s lying on ∂σ, and the cusp triangle is foliated by tie
segments with a singularity at s. A fake saddle connection is a rectangle foliated
by tie segments, each of whose vertical sides has interior containing a reflex cusp of
ν, and whose horizontal sides each lie on ∂σ.

To summarize, starting from F0,F1, we have sliced open along proper saddle
connections to obtain canonical models, pulled the canonical models away from the
boundary into the interior of ν, and then isotoped along ties so that the canonical
models have the same support σ. By tracing through these steps it is clear that
each proper saddle connection of Fi corresponds to a fake saddle connection of
Cl(ν−σ). To be precise, if in each fake saddle connection we construct a horizontal
path that connects the two reflex cusps, then the union of these paths over all fake
saddle connections can be isotoped along ties to coincide with the proper saddle
connections of F0, and can also be isotoped to coincide with the proper saddle
connections of F1. It follows that we can isotop F0 along ties so that its proper
saddle connections are taken to the proper saddle connections of F1.

Once this is accomplished, we can then carry out step 4 of (1) to produce an
isotopy along ties that takes F0 to F1. ♦

3.7 Invariant weights on train tracks

By definition, carrying of a partial measured foliation F by a train track τ is a
property of the equivalence class of F , and so it is well-defined to say that the class
[F ] ∈MF is carried by τ ; to be precise, this means that there exists a representative
F of [F ], a tie bundle ν over τ , and a carrying injection F ↪→ ν. LetMF(τ) denote
the subset of MF consisting of all classes of partial measured foliations carried by
τ . Let PMF(τ) ⊂ PMF denote the projective image of MF(τ).

Given a train track τ we now review the parameterization of MF(τ) using
“invariant weights” on τ .2 There is a correponding projective parameterization of

2Invariant weights are called “transverse measures” in [Pen92] and elsewhere, though the usage
is inconsistent. They are called “edge weight systems” in [Bon99].
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PMF(τ).
Let B(τ) be the set of branches and Sw(τ) the set of switches of τ . A weight

function on τ is a function w : B(τ) → [0,∞), i.e. an element w ∈ [0,∞)B(τ). For
each switch s ∈ Sw(τ), label the two sides of s arbitrarily as + and −, and let
b+1 , . . . , b

+
k and b−1 , . . . , b

−
l be the lists of branches with ends on the corresponding

sides of s; the number of times a branch occurs in one of these lists equals the
number of ends of that branch on the corresponding side of s. The switch condition
of s is the equation

w(b+1 ) + · · ·+ w(b+k ) = w(b−1 ) + · · ·+ w(b−l )

If a weight function w ∈ [0,∞)B satisfies the switch conditions for all s ∈ Sw(τ)
then w is called an invariant weight on τ . Alternatively, an invariant weight is a
function w : τ → [0,∞) which is constant on the interior of each branch, such that
for each switch s and for each side of s, if b1, . . . , bk are the branches on that side,
listed once for each branch end on that side, then w(s) = w(b1) + · · ·+ w(bk).

The set of invariant weights on τ is denoted W (τ) ⊂ [0,∞)B(τ). Since W (τ)
is defined by a finite set of linear equations, it follows that W (τ) is a closed, finite
sided, polyhedral subcone of the cone [0,∞)B(τ). The image of W (τ) under the
projectivization map [0,∞)B(τ) → P[0,∞)B(τ) is denoted PW (τ); this is a closed,
finite-sided subpolyhedron of the simplex P[0,∞)B(τ). The face lattice of W (τ) and
of PW (τ) is explained below in Proposition 3.11.3.

For example, given a partial measured foliation F , a tie bundle ν(τ), and a
carrying injection F ⊂ ν(τ), there is an induced invariant weight wF ∈W (τ) whose
value at any x ∈ τ is the F-transverse measure of the tie over x. Note that F is
fully carried if and only if wF has positive values.

Now we define a map W (τ)→MF .
Consider w ∈ W (τ) and suppose at first that w(b) > 0 for all branches b of

τ . Choose a tie bundle p : ν(τ) → τ , and for each b choose a horizontal measured

foliation on Rb = Cl(
◦
Rb) transverse to the tie bundle so that each tie in

◦
Rb has

transverse measure w(b), and so that for each switch s, the Borel measures on either
side of the tie p−1(s) match up along p−1(s) to give a positive Borel measure of total
mass w(s). The weights w(b) together with the matching condition determines the
structure of the tie bundle over a neighborhood of each switch. The horizontal
measured foliations in the rectangles Rb piece together to define a horizontal partial
measured foliation Fw with support ν(τ), whose singular set is identical to the
singular set of the tie bundle of ν(τ) (note that ν(τ) and Fw may have pinch points).
In the unpinched case, the proof that Fw is a partial measured foliation follows from
the observation that C(S − τ) and C(S − Supp(Fw)) have identical structures as
cusped surfaces, cusps of C(S− τ) corresponding to 3-pronged tangential boundary
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singularities of Fw; the fact that τ is a bigon track then allows one to verify the
requirements on components of C(S − Supp(Fw)) in order for Fw to be a partial
measured foliations. For example, a k-punctured disc component of C(S − τ) with
n-cusps on the boundary leads to a k-punctured disc component of C(S−Fw) along
whose boundary the foliation Fw has exactly n 3-pronged boundary singularities.

Consider next the general case where w is not necessarily positive on all branches
of τ . The union of branches on which w is positive is a subtrack of τ . The con-
struction of Fw can therefore be carried out in a tie bundle over this subtrack.

The construction of the partial measured foliation Fw is unique up to isotopy,
depending only on w. We therefore have defined a map W (τ)→MF .

Theorem 3.7.1. For any train track τ , the map W (τ) → MF is an embedding
with image MF(τ), and the induced map PW (τ) → PMF is an embedding with
image PMF(τ). ♦

Proof. We prove injectivity, referring the reader to [Pen92] Theorem 2.7.4, and
[Bon99] for a proof of continuity.

To prove the theorem it suffices to show that if F0,F1 are two partial measured
foliations with carrying injections Fi ⊂ ν(τ), if wi ∈ W (τ) is the invariant weight
induced by Fi, and if F0,F1 are Whitehead equivalent, then w0 = w1. By slicing
F0,F1 along their proper saddle connections, we may assume that they are canonical
models, and so they are isotopic.

If τ is semigeneric, then ν(τ) with its tie bundle is uniquely defined, and so we
may apply Proposition 3.6.5 to conclude that there is an isotopy from F0 to F1

through carrying injections, implying that w0 = w1.
If τ is not semigeneric, we may easily perturb it to be semigeneric as described

later, without altering W (τ) or the map W (τ)→MF . ♦

Corollary 3.7.2. For any train track τ , PMF(τ) is a compact subset of PMF .
♦

Remark on the proofs of Proposition 3.6.5 and Theorem 3.7.1. In the
case of an essential simple closed curve inducing an integer invariant measure, there
are particularly simple proofs using an index argument, which do not require the
arguments in the universal cover. We record this here:

Proposition 3.7.3. For any train track τ , if c, c′ are essential simple closed curves
with carrying injections c, c′ ⊂ ν(τ), and if c, c′ are isotopic, then they are isotopic
through carrying injections. It follows that if c, c′ induce weights w,w′ ∈W (τ) then
w = w′.
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Proof. Perturb the carrying injections c, c′ ↪→ ν(τ) so that c, c′ intersect transversely.
We proceed by induction on the cardinality of c ∩ c′.

In the case when c ∩ c′ = ∅, it follows that c ∪ c′ bounds an annulus A. When
c ∩ c′ 6= ∅ then there is a bigon, a nonpunctured disc d whose boundary is a union
of two arcs α ⊂ c, α′ ⊂ c′ so that α ∩ α′ = ∂α = ∂α′; by making the intersection
points of c and c′ tangential, we may regard the bigon as a disc with two cusps.

Claim: in either case, the annulus A or the bigon d is contained in ν(τ), with ties
crossing from one side to the other. For the annulus case this immediately implies
w = w′. For the bigon case this implies that c can be isotoped across the bigon,
reducing the cardinality of c ∩ c′, preserving the induced weight w. By induction
we are done.

The proof of the claim in both cases is an index argument. The Euler indices of
A and d are both zero, and their boundaries have neighborhoods contained in ν(τ)
with the tie bundle transverse to the boundaries. It follows that the sum of the
indices of the components of Cl(A− ν(τ)) or of Cl(d− ν(τ)) equals zero. However,
each of these components is a component of the closure of S − ν(τ), and the latter
all have negative Euler index, a contradiction. ♦

3.8 Naturality of carrying

The carrying relation between train tracks is natural with respect to carrying of
measured foliations:

Proposition 3.8.1. Given a carrying relation τÂÂτ ′ between train tracks, we have
MF(τ ′) ⊂ MF(τ) and PMF(τ ′) ⊂ PMF(τ). There is a natural commutative
diagram

W (τ ′) //

��

W (τ)

��
MF(τ ′) ⊂

//MF(τ)

where the map W (τ ′)→W (τ) is well-defined independent of the choice of a carrying
map.

Proof. Given a partial measured foliation F , composing a carrying injection F ⊂
ν(τ ′) with the inclusion ν(τ ′) ⊂ ν(τ) of Proposition 3.5.1 defines a carrying injection
F ⊂ ν(τ), showing that MF(τ ′) ⊂ MF(τ). Pushing forward invariant weights
under a carrying map τ ′ → τ defines the map W (τ ′) → W (τ). Commutativity of
the diagram is easily checked. The fact that W (τ ′)→ W (τ) is well-defined follows
from injectivity of the maps W (τ)→MF(τ), W (τ)→MF(τ ′). ♦
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3.9 Filling properties of train tracks

A train track τ is filling if each component of S − τ is a nonpunctured or once-
punctured disc. If τ is a filling train track then the singularity type of τ is the pair
of sequences (i3, i4, . . . ; p1, p2, . . . ) where in (resp. pn) is the number of nonpunc-
tured (resp. punctured) components of C(S − τ) with n cusps. These concepts are
combinatorial invariants of τ .

Note that if F is a partial measured foliation canonically carried on a filling train
track τ , then F is arational and the singularity types of F and of τ are identical.

However, a filling, recurrent train track might not canonically carry anything, in
fact it might not carry anything arational at all, belying the terminology “filling”.
Here is an example.

Suppose that F is a canonical partial arational measured foliation with two
components F1,F2, each an orientable foliation, separated from each other by a
single component of C(S − F) which is a nonpunctured annulus. Choose a train
track τ ′ which canonically carries F , and so τ ′ has components τ ′1, τ

′
2 canonically

carrying F1,F2 respectively, and there is a unique component of C(S − τ ′), an
annulus, separating τ ′1 from τ ′2. The train track τ ′ is necessarily orientable. Now
choose short smooth train paths α, α′ on opposite components of ∂A, and pinch
these together to create a weakly filling train track τ . In the terminology to be
introduced below, τ ′ is obtained from τ by a central splitting, and this splitting
is forced. In practical terms this means that τ and τ ′ carry the exact same set of
measured foliations, that is, MF(τ) =MF(τ ′), as is easy to see. In particular, τ
does not carry any arational measured foliation.

See the remarks after Proposition 3.13.2 for a further discussion of filling prop-
erties.

3.10 Diagonal extension of train tracks

A train track σ on S is complete if each component of C(S − σ) is a trigon or once-
punctured monogon. If σ is filling but not complete then we wish to define several
extensions of σ.

Let P be an n–cusped polygon with k ≤ 1 punctures whose Euler index ι(P ) =
1− n

2 −k is negative. A diagonal in P is a properly embedded smooth arc whose two
endpoints meet two distinct cusps tangentially. An awl in P is a smooth 1-complex
consisting of the union of the boundary of a once-punctured monogon in the interior
of P together with an arc, so that the monogon boundary and the arc meet at a
generic train track switch, and the other endpoint of the arc meets a cusp of P
tangentially. A diagonal that is homotopic rel endpoints to a side of P is said to be
side parallel, and if P is a once-punctured monogon then any awl in P is also said
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to be side parallel ; in either case, the diagonal or the awl cuts P into two regions
one of which is a nonpunctured bigon. Two diagonals with disjoint interiors and
the same endpoints which bound a nonpunctured bigon are said to be parallel. A
diagonal system in P is a union of diagonals and awls which are disjoint except
at cusps of P , so that the system cuts P into regions of negative Euler index; in
other words, there are no side parallel diagonals or awls, and no two diagonals are
parallel. If moreover each region has index −1

2 , i.e. it is a nonpunctured trigon or
once punctured monogon, then the diagonal system is complete. The number of
diagonals and awls in a diagonal system in P is ≤ n+ 2k − 3, with equality if and
only if it is complete. Of course, if ι(P ) = −1

2 then the only complete diagonal
system is empty. More generally, the number of complete diagonal systems in a
nonpunctured n-gon is given by the Catalan number an−2 where ak =

(
2k
k

)
−
(

2k
k−1

)
([Knu73] page 531), and for a once-punctured n-gon the number of completions is
nan−1. In particular if ι(P ) < −1

2 , that is if P is not already a trigon or a punctured
monogon, then a complete diagonal system is not unique.

Consider a filling train track σ on S. A diagonal extension of σ is any train track
ρ containing σ such that for each component P of C(S − σ), ρ ∩ P is a diagonal
system in P .

Let MF `(τ) ⊂ MF be the union of MF(σ) over all diagonal extensions of τ ,
and let PMF `(τ) be the projective image in PMF , equal to the union of PMF(σ)
over all diagonal extensions of τ .3 A partial measured foliation or essential simple
closed curve is legal with respect to τ if its class is contained inMF `(τ), i.e. if it is
carried by some diagonal extension of τ .

We noted earlier that for a train track τ , the map W (τ)→MF is an embedding,
whose image we have denotedMF(τ). This can be extended to obtain a description
of MF `(τ) as follows.

Lemma 3.10.1. Let τ be a filling train track and let F be a partial measured foli-
ation or essential simple closed curve which is legal with respect to τ . Then there is
a unique minimal diagonal extension of τ which carries F . To be precise, suppose
that F1,F2 are equivalent to F , and for i = 1, 2 suppose that Fi is carried on a
diagonal extension σi of τ so that the image of the carrying map Fi → σi contains
σi − τ . Then σ1 is isotopic to σ2 rel τ .

As a corollary, we can describe the structure of PMF `(τ):

Corollary 3.10.2. Suppose τ is a filling train track, and let Σ be the lattice of
diagonal extensions of τ under inclusion. Then PMF `(τ) is obtained from the
disjoint union of the PMF(σ), σ ∈ Σ, by identifying PMF(σ) with its image in
PMF(σ′) whenever σ ⊂ σ′. ♦

3MF`(τ) is denoted PE(τ) in [MM99].
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We shall prove Lemma 3.10.1 in detail only on the special case that F1,F2 are
simple closed curves; the general proof will be sketched briefly.

Proof of Lemma 3.10.1 for simple closed curves ci = Fi. Assuming that σ1, σ2 are
not isotopic rel σ, we prove that c1, c2 are not isotopic. For any component P of
C(S−σ), let σPi denote the set of diagonals and awls added in P to form σi. We may
assume that σP1 , σ

P
2 intersect transversely and efficiently in P , meaning that each

component of C(P − (σP1 ∪ σP2 )) has nonpositive index; moreover, we can arrange
that the interior of the monogon in a awl σP1 is disjoint from σP2 except possibly
for a single arc on the boundary of the monogon of a awl of σP2 , and similarly with
indices 1, 2 reversed. Each component of index 0 is either a disc with two corners
and one cusp or a disc with four corners and no cusps; the corners are located at
transverse intersection points of σP1 , σ

P
2 .

Case 1: σ1 and σ2 have no transverse intersections. It follows that σ1∪σ2

is a train track carrying both c1 and c2. Since σ1−σ 6= σ2−σ, it follows that c1 and
c2 are fully carried on different subtracks of σ1 ∪ σ2. Applying Proposition 3.7.3 it
follows that c1, c2 are not isotopic.

Case 2: σ1 and σ2 have a tranverse intersection. Choose a tie bundle
ν(σ). Extend ν(σ) to tie bundles ν(σ1) and ν(σ2), so that in a component P of
C(S−σ), each transverse intersection point of σP1 , σ

P
2 corresponds to a component of

ν(σ1)∩ν(σ2) which is a square on which the tie bundles intersect like the horizontal
and vertical foliations of the square [0, 1] × [0, 1]; we shall refer to these as the
crossing squares of ν(σ1), ν(σ2). By the hypothesis of Case 2 there is at least one
crossing square on the surface. Choose carrying injections ci ⊂ ν(σi), i = 1, 2, and
perturb them so that the simple closed curves c1, c2 intersect transversely; there is
at least one point of c1 ∩ c2 in each crossing square.

Now we mimic the proof of Proposition 3.7.3. Suppose that c1, c2 have a bigon
(α1, α2) bounding a nonpunctured disc d, with d ∩ ci = αi ⊂ ∂d.

We claim that d ⊂ ν(σ), and that the restriction of the tie bundle of ν(σ) to d
consists of arcs each crossing d from α1 to α2.

Once this claim is established, then we can pull c1 across d along ties, reducing
the cardinality of c1 ∩ c2, preserving the fact that we have carrying injections ci ↪→
ν(σi), and preserving the image of the carrying map ci → σi. We may then continue
pulling c1 across bigons one by one, and by induction we are reduced to the case that
c1, c2 have no bigons. But c1 ∩ c2 is still nonempty, having a transverse intersection
point in each crossing square, and so c1, c2 are not isotopic.

Now we prove the claim. The bigon d has two corners. If either of these corners
is in ν(σ), smooth that corner so that the strands of c1, c2 are tangent to each other
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at that point, keeping c1, c2 transverse to the tie of ν(σ) at that point; this converts
that corner of d into either a cusp or a smooth boundary point. The bigon d may
now be regarded as a disc with smooth boundary except at ≤ 2 special boundary
points, each a cusp or a corner; it follows that ι(d) ≥ 0, with equality if and only if d
has two cusps. Consider the following decomposition of d into surfaces-with-corners:

d = (d ∩ (ν(σ1) ∪ ν(σ2))︸ ︷︷ ︸ ∪ Cl(d− (ν(σ1) ∪ ν(σ2))︸ ︷︷ ︸
= d1 ∪ d2

The Euler index of d1 is zero, because the cross bundle over d1 has a section with
the property that for each point x ∈ ∂d1, each tangent line of ∂d1 at x is parallel
to one slat of the cross over x. In each crossing square the two slats of the cross are
parallel to the two fibrations of the square; outside of each crossing square one slat
of the cross is transverse to the tie bundle. Each component of d2 has nonpositive
Euler index, because each corresponds to a component of S − (σ1 ∪ σ2) preserving
diffeomorphism type. It follows that ι(d) ≤ 0.

Combining what we know about ι(d), it follows that ι(d) = 0, that each compo-
nent of d2 has index 0, and that d has two cusps and no corners. In particular, since
d has no corners, d is disjoint from the crossing squares. However, as mentioned
above, the components of S − (σ1 ∪ σ2) of index 0 are each incident to a transverse
intersection point of σ1∩σ2, and so each component of d2 of index 0 is incident to a
corner of an crossing square. If d2 were nonempty then d would not be disjoint from
the crossing squares, and so we must have d2 = ∅. This implies d ⊂ ν(σ1) ∪ ν(σ2).
Also, for each i = 1, 2, d must be disjoint from ν(σi) − ν(σ), because otherwise d
would intersect a crossing square. This shows that d ⊂ ν(σ). ♦

Here is a brief sketch of the proof when Fi, i = 1, 2 are partial arational measured
foliations; the general case is obtained by combining this with the annular case,
proved above. We have a carrying injection Fi ⊂ ν(σi). We can perturb F1,F2 to
intersect transversely. It still makes sense to talk about bigons of F1,F2, and to
pull F1 across a bigon to simplify the intersection, although one might first have to
slice F1 and F2 along the boundary of the bigon. If F1,F2 are not topologically
equivalent, meaning that their underlying topological foliations are not equivalent,
then one can pull across finitely many bigons until F1,F2 intersect efficiently, and
in this case the proof goes through as above. If F1,F2 are topologically equivalent,
then there is an infinite sequence of bigon pulls, so that the intersection number
limits to zero; but we get a positive lower bound to the intersection number by
considering the weight functions that F1,F2 induce on σ1, σ2, and taking the product
at a transverse intersection point.
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3.11 Recurrence

Let τ be a pretrack. A train path γ : [a, b]→ τ is closed if γ(a) = γ(b) and gluing a
to b induces a smooth map from the circle to τ . We say that τ is recurrent if for each
branch of τ there exists a closed train path passing over that branch. Recurrence
is a combinatorial invariant of train tracks.

Here are several equivalent formulations of recurrence:

Theorem 3.11.1. Given a pretrack τ , the following are equivalent:

(1) There exists a positive invariant weight on τ .

(2) There exists a surjective closed train path in τ .

(3) There exists a positive integral invariant weight on τ .

(4) τ is recurrent (that is, for every branch b there exists a closed train path of τ
passing over b).

(5) For every branch b there exists an integral invariant weight wb on τ such that
wb(b) > 0.

Sketch of proof. (see [Pen92] §1.3 for more details) It is evident that 2 ⇐⇒ 3, and
4 ⇐⇒ 5. It is evident that 3 =⇒ 1; for the converse use rational approximation
and clear the denominators. It is evident that 3 =⇒ 5; for the converse take the
sum of invariant weights wb over all branches b. ♦

When τ is recurrent, the dimension of W (τ) is easily computed:

Proposition 3.11.2. If τ is a connected, recurrent pretrack then

dim(W (τ)) =

{
#branches(τ)−#switches(τ) if τ is not orientable
#branches(τ)−#switches(τ) + 1 if τ is orientable

The proof in the nonorientable case is taken from Lemma 2.1.1 of [Pen92], and
the orientable case is similar.

Proof. The switch conditions define a natural linear map σ : RB(τ) → RSw(τ), and
the kernel of this map intersected with [0,∞)B(τ) is equal to W (τ). Assuming τ
is recurrent, W (τ) ∩ (0,∞)B(τ) is nonempty, and it follows that dim(W (τ)) equals
#branches(τ) − rk(image(σ)). We must therefore compute rk(image(σ)), which
equals the maximum number of linearly independent switch conditions.

Suppose first that τ is oriented, so τ may be regarded as a directed graph.
We must prove rk(image(σ)) = #switches(τ) − 1. There is one evident linear
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relation among switch conditions: the sum of the switch conditions equals zero,
because in this sum each branch occurs once with a +1 coefficient and once with
a −1 coefficient. A basic fact of graph theory says that orientability together with
recurrence and connectedness of τ implies that τ is strongly connected, which means
that if b, b′ are any two branches of τ , oriented by restricting the ambient orientation,
then there exists a train path (directed path) of the form b = b1 ∗ · · · ∗ bn = b′ (see
e.g. [Pen92] Proposition 1.3.7). Consider two switches s 6= s′. Let b be a branch
with tail s, let b′ be a branch with head s′, and let b = b1 ∗ · · · ∗ bn = b′ be a
train path as above. The counting measure of this train path satisfies all switch
conditions except those at s and s′, showing that the switch conditions of s, s′ are
not contained in the span of the remaining switch conditions, thereby proving that
rk(image(σ)) = #switches(τ)− 1.

If τ is nonorientable and recurrent, then the orientation double cover of τ is
connected, recurrent, and orientable, and therefore strongly connected. It follows
that if b, b′ are any two branches of τ with arbitrarily assigned orientations, then
there is a train path b = b1 ∗ · · · ∗ bn = b′. We must prove that the set of switch
conditions is linearly independent. Given a switch s, let b be an oriented branch
with tail s, and let b′ be the same branch but with opposite orientation. Let
b = b1 ∗ · · · ∗ bn = b′ be a train path as above. The counting measure of this
train path satisfies each switch condition except that at s, showing that the switch
condition of s is not a linear combination of the remaining switch conditions, and
thereby proving rk(image(σ)) = #switches(τ). ♦

The following proposition uses recurrent subtracks of τ to explain the face struc-
ture of W (τ) and PW (τ):

Proposition 3.11.3. Let τ be a pretrack.

(1) The face lattice of W (τ) is isomorphic to the inclusion lattice of recurrent
subtracks of τ . A face F of W (τ) corresponds to a recurrent subtrack σ of τ if
and only if σ is the union of those branches of τ which have positive coordinate
for every invariant weight in the interior of F .

(2) The face lattice of PW (τ) is isomorphic to the sublattice of nonempty recur-
rent subtracks of τ .

(3) If τ is semigeneric then vertices of the face lattice of PW (τ) correspond to
subtracks of τ which are either simple closed curves or dumbbell tracks (see
Figure 10). If τ is not semigeneric then we must also allow “degenerate dumb-
bells” where the central branch of the dumbbell is reduced to a nonsemigeneric
switch.
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Figure 10: A dumbbell.

Proof. (1) is proved as follows (see also [Pen92] page 117). Given a face F , note
that F is the intersection of W (τ) with some face of the simplicial cone [0,∞)B(τ).
Letting σF be the union of branches of τ having positive weight in the interior of
F , if w is in the interior of F then it follows that σF is the support of w, showing
that σF is a recurrent pretrack. Inclusion of faces clearly corresponds to inclusion of
recurrent subtracks. If σ is a recurrent subtrack of τ , let Fσ be the set of invariant
weights with positive coordinate on each branch of σ and zero coordinate elsewhere
in τ . Recurrence of σ implies that Fσ is nonempty. Clearly Fσ is the intersection
of W (τ) with a face of the simplicial cone [0,∞)B(τ), and so Fσ is a face of W (τ).

(2) follows immediately from (1).
To prove (3), let σ be a minimal, nonempty, recurrent subtrack of τ , that is,

PW (σ) is a vertex of PW (τ). Assuming τ is semigeneric, we must prove that σ is
either a simple closed curve or a dumbbell.

First, every closed train path on σ surjects onto σ, for suppose there exists
a nonsurjective closed train path γ with invariant weight w = wγ . Since σ is
recurrent there also exists a positive invariant weight w′. But the invariant weights
w,w′ ∈ RB(σ) have distinct supports, and therefore they are linearly independent,
from which it follows that PW (σ) is not a point, a contradiction.

Now let γ : S1 → σ be a closed train path of minimal length, where length is the
number of branch traversals of γ. Note that γ traverses each branch at most once
in each direction; if not then γ has the form abcb, for some train paths a, c, with b
traversed in the same direction each time, and then ab defines a shorter closed train
path, contradiction.

If γ traverses each branch at most once in either direction then, since τ is
semigeneric, it also follows that γ hits each switch at most once, and so σ is a
simple closed curve and we are done.

If γ traverses some branches twice, albeit in opposite directions, it follows that
γ can be written as

γ = a1 ∗ e1 ∗ · · · ∗ a2n ∗ e2n

where each ai is a maximal train path in σ over which γ is one-to-one, each ei is a
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maximal train path over which γ is two-to-one, and there is a transposition of the
index set {1, . . . , 2n} denoted i ↔ ī such that eī is the same as ei traversed in the
opposite direction, that is, eī = ēi. Here again we use that τ is semigeneric to write
γ in this form.

If n = 1 then σ is a dumbbell.
If n ≥ 2 we shall derive a contradiction. Choosing two pairs of indices i, ī, j, j̄

as above and writing e = ei, e′ = ej , then γ has one of two forms:

γ = aebe′cede′ or aebece′de′

If γ has the first form aebe′cede′ then aec e′ defines a shorter closed train path,
contradicting minimality. If γ has the second form aebece′de′, then aebe ae′de′ is a
closed train path in σ disjoint from c, contradicting that all train paths in σ are
surjective.

The proof of (3) when τ is not semigeneric reduces to the semigeneric case by a
combing argument. ♦

Here are several other equivalent formulations of recurrence, which make it clear
that recurrence is a (quickly) decidable property of a pretrack:

Proposition 3.11.4. Given a pretrack τ , let τ̃ → τ be the orientation double cover.
The following are equivalent:

(1) τ is recurrent.

(2) τ̃ is recurrent.

(3) For every branch b of τ̃ there exists a simple closed train path in τ̃ passing
over b.

(4) For every branch b of τ there exists a closed train path passing over b at most
once in each direction.

(5) For every branch b of τ there exists a subtrack of τ containing b which is either
a simple closed curve or a dumbbell.

Property 3, for example, shows that recurrence is decidable in linear time, for
there is an algorithm which decides in linear time as a function of the number of
branches whether the directed graph τ̃ has simple directed loops passing over every
branch.
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Sketch of proof. For 1 =⇒ 2 lift a positive invariant weight from τ to τ̃ , and for
2 =⇒ 1 push forward a positive invariant weight from τ̃ to τ . For 2 =⇒ 3,
starting from any closed train path passing over b, use cut and paste to find a
simpler one, and continue by induction. It is evident that 2 ⇐= 3 ⇐⇒ 4 ⇐= 5.

It remains to prove that recurrence of τ implies 5. As a consequence of Propo-
sition 3.11.3(1) and (2), combined with recurrence of τ , for each branch b of τ
there exists a recurrent subtrack σ of τ which contains b, such that PW (σ) is a
single point. By Proposition 3.11.3(3) it follows that σ is a simple closed curve or
a dumbbell. ♦

3.12 Slide moves and comb equivalence

There is a natural equivalence relation among semigeneric train tracks: τ, τ ′ are
carrying equivalent if each is carried by the other. By Propositions 3.8.1 this implies
that MF(τ) =MF(τ ′).

The existence of a “slide move”4 between two generic train tracks (Figure 11)
implies carrying equivalence, as does a more general “combing move” between two
semigeneric train tracks (Figure 12). We introduce these moves here, and the equiv-
alence relation that they generate, called “comb equivalence”. Then in Proposi-
tion 3.12.2 we will prove that comb equivalence is the same as carrying equivalence,
for recurrent train tracks.

Slide moves. Let τ be a generic pretrack and let b be an embedded transition
branch. A slide of τ along b results in a generic pretrack τ ′, as depicted in Figure 11;
this move is denoted τ 3b τ ′. Letting the ends of b be located at distinct switches
p−, p+, so that the switch orientation at p− points into b and at p+ points out of b,
and orienting b to agree with these two switch orientations, the effect of the slide
move is to exchange the switches at p− and p+, sliding the switch at p− forward
and the switch at p+ backward until these switches pass each other, resulting in the
pretrack τ ′. The diffeomorphism types of completed complementary components is
unchanged by a slide, and in particular the list of their Euler indices is unchanged;
it follows that if τ is a bigon track or train track then the same is true of τ ′.

To be precise, choose a disc neighborhood D of b intersecting τ transversely in
four points r, s, t, u, so that D ∩ τ consists of arcs rp−, sp− on the two-ended side
of p−, the branch b = p−p+ on the one-ended side of p− and the two ended side
of p+, the branch tp+ on the two-ended side of p+, and the branch p+u on the
one-ended side of p+. The effect of the slide is to remove the arcs rp− and tp+, and
to smoothly insert arcs rp+ and tp−, so that on the two-ended side of p− we have

4Slide moves are called shifts in [Pen92].
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Figure 11: A slide.

the arcs tp− and sp− and on the one-ended side we have p−p+, and so that on the
two-ended side of p+ we have the arcs p−p+ and rp+ and on the one-ended side we
have p+u.

Note that sliding is a symmetric relation among generic pretracks: if τ → τ ′ is
a slide then so is τ ′ → τ . It follows that the reflexive, transitive closure of the slide
relation is an equivalence relation called slide equivalence. If one pretrack in a slide
equivalence class is a bigon track, resp. train track, then they all are.

If τ 3 τ ′ then τÂÂτ ′. The carrying map τ ′ 7→ τ is defined as follows (see
figure 11). Letting x ∈ τ be a point in the interior of p+u, we have:

τ ′ 7→ τ

tp− 7→ tp+

p−p+ 7→ p+x

p+u 7→ xu

sp− 7→ sp− ∪ p−p+

rp+ 7→ rp− ∪ p−p+ ∪ p+x

where x is some point in the interior of p+u.
By symmetry of sliding, if τ, τ ′ are slide equivalent it follows that they are

carrying equivalent, and soMF(τ) =MF(τ ′) andMF⊥(τ) =MF⊥(τ ′) (see also
[Pen92] Proposition 2.2.2).

Comb equivalence. Slide moves themselves do not have a natural generalization
to semigeneric train tracks. However, note that given a slide τ 3b τ ′ with inverse
slide τ ′ 3b′ τ , there is a semigeneric train track τ ′′ which is obtained from τ by
collapsing b and is also obtained by τ ′ by collapsing b′. Such collapses are examples
of comb moves on semigeneric train tracks, which we now study.

Suppose that τ is a semigeneric pretrack and b is an embedded transition branch.
We define combing along b, resulting in a semigeneric pretrack τ ′, as follows (see
Figure 12). The endpoints of b are switches s−, s+, with the switch orientation
at s− pointing into b and at s+ pointing out of b. On the multi-ended side of s−
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Figure 12: Combing along a transition branch.

there are K ≥ 2 ends represented by segments xks− for k = 1, . . . ,K, and the
one-ended side of s+ is represented by s−s+. On the multi-ended side of s+ there
are L ≥ 2 ends represented by segments yls+, l = 1, . . . , L−1 and by s−s+, and on
the one-ended side of s+ there is a segment s+z. The combed pretrack τ ′ is defined
by collapsing b to a single switch s, whose multi-ended side has K + L − 1 ends
represented by segments xks, k = 1, . . . ,K and yl, s, l = 1, . . . , L − 1, and whose
one-ended side is represented by sz. Note that the collapse map extends to a map
f : (S, τ) → (S, τ ′) which is one-to-one except for the identification of b to a point,
and such that f is homotopic to the identity on S.

Comb equivalence among semigeneric pretracks is the equivalence relation gen-
erated by combing along embedded transition branches. We use the notation τ ≈ τ ′
to denote comb equivalence of τ and τ ′.

Note that there is a carrying map τ ′ → τ , mapping each arc yis to yis− ∪ s−s+.
There is also a carrying map τ → τ ′, mapping each arc xis to xis− ∪ s−s+. Comb
equivalence therefore implies carrying equivalence, and so if τ, τ ′ are comb equivalent
then MF(τ) =MF(τ ′) and MF⊥(τ) =MF⊥(τ ′).

Every semigeneric pretrack τ is comb equivalent to a generic pretrack. In fact,
near any semigeneric, nongeneric switch s, τ can be uncombed to produce a family
of generic switches. If s has k ≥ 3 ends on the multi-ended side, then uncombing
produces a tree of k−2 transition branches and k−1 generic switches. By uncombing
each semigeneric switch, the result is called a generic uncombing of τ .

We now have two equivalence relations among generic pretracks: slide equiva-
lence, which is the reflexive, transitive closure of slide moves; and comb equivalence,
which is the restriction to generic pretracks of the equivalence relation among semi-
generic pretracks generated by comb moves. These two notions give the exact same
relation among generic pretracks. We saw earlier that a slide move τ 3b τ ′ can be
realized by combing τ along b and then uncombing to get τ ′. In the other direction,
if τ0 is a semigeneric pretrack, if we then comb along some embedded transition
branch to obtain τ1, and if τ ′i is a generic uncombing of τi for i = 1, 2, then a
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sequence of slide moves from τ ′0 to τ ′1 is easily constructed.
Among recurrent train tracks, comb equivalence can be characterized nicely as

follows:

Proposition 3.12.1. If τ is a semigeneric, recurrent pretrack, then up to isotopy
there is a unique semigeneric pretrack τ ′ comb equivalent to τ such that τ ′ has no
transition branches.

Any semigeneric pretrack without transition branches is said to be completely
combed, and the train track τ ′ is called the complete combing of τ . As the proof
shows, τ ′ is obtained from τ by collapsing each transition branch of τ to a point.

Proof. We may assume that τ is connected, and we may also assume that τ is not
a smooth closed curve.

Since τ is recurrent, it has no sink loops, and so the union of transition branches
forms a forest, the transition forest. By collapsing each component of the transition
forest of τ to a point, the result is a pretrack τ ′ without transition branches. More-
over, it is clear that when the transition branches of τ are inductively collapsed in
any order, the result is isotopic to τ ′. We refer to τ ′ as the complete combing of τ .
In carrying out this induction we make use of the fact that each transition branch
in a recurrent pretrack is embedded, so that the combing move is defined; and also
recurrence is preserved under a combing move, so we can continue to collapse an
arbitrary transition branch.

Suppose τ0, τ1 are semigeneric, recurrent pretracks such that τ1 is obtained from
τ0 by combing along a transition branch b. Then the complete combings of τ0, τ1

are isotopic. To see why, we may start the complete combing of τ0 by first combing
along b, producing τ1, and then continuing with any complete combing of τ1. The
resulting pretrack is the complete combing of both τ0 and τ1.

It follows that all semigeneric pretracks in the comb equivalence class of τ have
the same complete combing up to isotopy. In particular, if τ ′0, τ

′
1 are two semigeneric

pretracks in the comb equivalence class of τ each of which has no transition branches,
then they are each their own complete combings, and so they are isotopic to each
other. ♦

Comb equivalence and carrying equivalence. We now prove that these two
equivalence relations are identical.

Proposition 3.12.2. Two recurrent, semigeneric train tracks τ, τ ′ are comb equiv-
alent if and only if they are carrying equivalent.

This proposition can fail if τ, τ ′ are not semigeneric. For instance, if τ has one
semigeneric switch s and if τ ′ is obtained from τ by completely uncombing the
switch s, then τ ′ÂÂτ but τ 6 ÂÂτ ′.
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Proof. Comb equivalence obviously implies carrying equivalence. Assume then that
τ, τ ′ are carrying equivalent. We may assume that τ, τ ′ are each completely combed,
and with this assumption we shall prove that τ, τ ′ are isotopic. Choose carrying
maps τ

f−→ τ ′
g−→ τ . Consider the composed carrying map τ

h=gf−−−→ τ .
We claim that h has a very simple structure: h shrinks each sink branch and

stretches each source branch, moving each switch forward into the adjacent sink
branch. More precisely:

• Each sink branch b is mapped into itself preserving orientation.

• Each source branch b′ is mapped over itself, by an injection whose image h(b′)
lies in the union of b′ with the two incident sink branches, so that the map
h−1(b′) 7→ b′ preserves orientation.

Once this claim is established, the proposition is proved as follows.
First, it follows from the claim that the map h : τ → τ is almost one-to-one, in

the following sense. For each switch s, with incident sink edge b, and incident source
edges b1, . . . , bk, there are points xi ∈ bi and y ∈ b such that each of xis is mapped
by h onto sy; and except for these identifications, h is one-to-one. This implies in
turn that f : τ → τ ′ is almost one-to-one in a similar sense: for each switch s, with
the above notation, there are points x′i ∈ xis and y′ ∈ sy such that each of x′is is
mapped by f onto sy′; and except for these identifications, f is one-to-one. Second,
the carrying map f : τ → τ ′ is surjective, for by Proposition 3.5.2 f is smoothly
homotopic to any other carrying map from τ to τ ′, and surjectivity is preserved
under smooth homotopy of carrying maps; from the definition of comb equivalence
one obtains the existence of one surjective carrying map. From this description of
f , it follows directly that τ ′ is isotopic to τ .

It remains to verify the claim. Consider the lifted train track τ̃ in the universal
covering surface S̃, and let ∂S̃ be the circle at infinity. There is a unique lifted car-
rying map h̃ : (S, τ̃)→ (S, τ̃) which extends to the identity on ∂S̃, and by adjusting
h to be the identity on a neighborhood of each puncture we may assume that h̃
moves each point a uniformly bounded amount. For each sink branch b of τ̃ let t(b)
be the union of train lines containing b. Note that t(b) is itself a train track. The
intersection of any two train lines is connected, by Proposition 3.3.1. It follows that
t(b) is a tree, with a unique sink branch b and all other branches being transition
branches, and so t(b) is a kind of “infinite basin” of b. By Proposition 3.3.2, h̃ maps
each bi-infinite train path in τ̃ diffeomorphically to itself, preserving orientation.
This implies that h̃(t(b)) = t(b), and since h̃ restricts to a carrying map from t(b)
to itself, this implies in turn that h̃ maps b into itself, preserving orientation.

For each source branch b′ of τ̃ , let b1, b2 be the two sink branches incident to
b′, and so the endpoint si = b′ ∩ bi is mapped by h̃ to a point xi ∈ bi. We now
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have two train paths in τ̃ connecting x1 to x2, namely h̃(b′) and x1s1 ∗ s1s2 ∗ s2x2 =
x1s1 ∗ b′ ∗ s2x2. These two train paths are identical, and so h̃ maps b′ over itself,
preserving orientation.

These conclusions for the map h̃ imply the desired conclusions for h, proving
the claim. ♦

The proof of Proposition 3.12.2 contains in it a technical result which will be
useful later. Given semigeneric pretracks τ, τ ′, a switch fold from τ to τ ′ is a
surjective carrying map f : τ → τ ′ which satisfies the following properties:

• For each switch s of τ there exists a switch s′ of τ ′ such that s, s′ have the same
number of ends on the multi-ended side, and such that one of the following
two possibilities occurs:

– f(s) = s′; or

– on the multi-ended side of s the ends are represented segments xis, i =
1, . . . , n, and the one-ended side of s′ is represented by a segment s′y′,
such that f takes s to y′, each xi to s′, and each of the segments xis to
the segment s′y′.

• Other than the identifications just described near certain switches, f is one-
to-one.

It is clear that the existence of a switch fold from τ to τ ′ implies that τ, τ ′ are
isotopic. The technical result we need is the following:

Lemma 3.12.3. If τ is a completely combed train track, then every carrying map
from τ to itself is a switch fold. ♦

3.13 Splitting of train tracks

First we define elementary splitting, an operation on generic train tracks. Then we
broaden this to define a splitting in the most general terms. Finally, we indicate
an intermediate generalization which is much easier to work with, called a “wide
splitting”.

Elementary splittings. Let τ be a generic pretrack. Given a sink branch b of
τ we shall define the three elementary splittings of τ along b, the Right, Left, and
Central5 elementary splittings along b, denoted τ Â τr, τ Â τl, τ Â τc. Left
and Right splittings are jointly referred to as parity splittings, although to confuse

5Central splittings are called collisions in [Pen92].
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the issue the noun parity will refer to one of the three terms “Left”, “Right”, and
“Central”, or their one letter abbreviations “l”, “r”, and “c”. Throughout the
paper we use the variable d to stand for a parity, and when d ∈ {l,r} then we
use d̄ for the complement of d in the set {l,r}. In the splitting notation τ Â τ ′,
if we need to emphasize the splitting arc b or the parity l, r, or c, then they can
be added to the notation, e.g. τ Âbr τ ′. We note that the determination of Left or
Right parity depends on an orientation of the surface, or at least on a choice of an
orientation in a neighborhood of the sink branch b. Parity splittings can be defined
on a nonoriented surface, but there is no natural way to assign Left and Right parity
without first choosing a local orientation.

Elementary splittings are depicted in Figure 13, which show an oriented disc
neighborhood D of b, the pretrack τ before splitting, and the pretracks τr, τl, τc after
splitting; outside of this neighborhood the pretrack is unaffected by the splitting.
Note that if τ is a train track then so are τr, τc, τl. This is immediate for parity
splittings because the list of surface-with-corner diffeomorphism types of completed
complementary components is preserved. For a central splitting this follows after
a moment’s thought, by noting that the central splitting has one of two effects:
two components are combined into one, adding Euler indices; or one component is
changed in its diffeomorphism type, by adding 1 to its genus, but its Euler index is
unaffected; the diffeomorphism types and Euler indices of all other components are
unaffected.

For precise definitions, let p, q be the endpoints of b, and suppose thatD is chosen
so that τ intersects ∂D transversely in four points r, s, t, u in counterclockwise order
around ∂D, so that τ ∩ ∂D consists of the segments rp, sp, tq, uq, and b = pq.

The pretrack τc obtained by central elementary splitting along b is defined by
removing these five segments and smoothly inserting disjoint segments ru, st in D.
We define a carrying map f : (S, τc) → (S, τ), equal to the identity outside of D,
whose effect on D is as follows. Choose subdivisions ru = rp1 ∗ p1q1 ∗ q1u and
st = sp2 ∗p2q2 ∗ q2t. Choose a rectangle r ⊂ D whose horizontal sides p1q1 and p2q2

equal its intersection with τc, and foliate r by vertical arcs. The map f collapses
each vertical arc of r to a point and is otherwise one-to-one, and it has the following
effect on various arcs in D: rp1 7→ rp, sp2 7→ sp, tq2 7→ tq, uq1 7→ uq, and p1qi 7→ pq
for i = 1, 2. The rectangle r is called the collapsing rectangle of the carrying map f .

The pretracks τr, τl obtained by Left and Right elementary splitting along b are
defined as follows. Define τr by adding to τc a branch br = p1q2, with a generic
switch at p1 whose one-ended side is tangent to rp1, and a generic switch at q2 whose
one-ended side is tangent to tq2. Define τl by adding to τc a branch bl = q1p2, with
a generic switch at q1 whose one-ended side is tangent to uq1, and a generic switch
at p2 whose one-ended side is tangent to sp2. For each d ∈ {l,r} the branch bd is
called the post-splitting branch of the splitting τ Â τd, and bd is a source branch of
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Figure 13: Elementary splittings. The meaning of Left and Right is better appre-
ciated by rotating the page 90◦, from which vantage one sees that under a Left
splitting each cusp moves to the Left, and under a Right splitting each cusp moves
to the Right.

type dd in the train track τd. Note that in the notation above, the postsplitting
branches bd can be chosen to have transverse intersection with the vertical fibration
of the collapsing rectangle r, from which it follows that the map f defined above
can be regarded not just as a carrying map from τc to τ , but also as a carrying map
from τd to τ .

Splitting is a wholly asymmetric relation among train tracks: if τ → τ ′ is a
splitting then τ ′ → τ is not a splitting. For central splittings this follows from
consideration of the completed complementary components. For parity splittings
we shall give a proof of a more general fact below in Proposition 3.14.1: given
any sequence of train tracks τ0, τ1, . . . , τn such that for each i = 1, . . . , n either
τi−1 3 τi is a slide move or τi−1 Â τi is a splitting, the two train tracks τ0, τn are
comb equivalent if and only if each τi−1 3 τi is a slide move.

From the discussion above, given an elementary splitting τ Â τ ′ we have τÂÂτ ′,
and so by Propositions 3.8.1 it follows that MF(τ) ⊃ MF(τ ′). One can be more
precise, as follows.

Consider a train track τ and a sink branch b, and use the labels p, q, r, s, t, u be
as in Figure 13. The train path su is called a Left crossing of b, and the train path
rt is a Right crossing of b. With these notions we easily have:

Fact 3.13.1 (Splitting inequalities). Let τ Â τl, τ Â τr, τ Â τc be the Left,
Right, and Central splittings along b. If w ∈ W (τ) then, letting F = Fw ∈ MF(τ)
with carrying map F → τ , we have:
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• F ∈ MF(τc) ⇐⇒ no leaf segment of F maps to a Left or Right crossing
of b ⇐⇒ w(rp) = w(uq) ⇐⇒ w(sp) = w(qt).

• F ∈ MF(τl) ⇐⇒ no leaf segment of F maps to a Right crossing of b ⇐⇒
w(rp) ≤ w(uq) ⇐⇒ w(sp) ≥ w(qt). If these occur then: F is fully carried
by τl ⇐⇒ the inequalities are strict.

• F ∈ MF(τr) ⇐⇒ no leaf segment of F maps to a Left crossing of b ⇐⇒
w(rp) ≥ w(uq) ⇐⇒ w(sp) ≤ w(qt). If these occur then: F is fully carried
by τr ⇐⇒ the inequalities are strict.

♦

Next we have:

Proposition 3.13.2 (Splitting lattice). With the notation above, we have a di-
agram of inclusions:

MF(τ) =MF(τl) ∪MF(τr)

MF(τl)

44jjjjjjjjjjjjjjjj
MF(τr)

jjTTTTTTTTTTTTTTTT

MF(τc) =MF(τl) ∩MF(τr)

jjTTTTTTTTTTTTTTTT

44jjjjjjjjjjjjjjjj

If τ is recurrent, then either all three of τl, τc, τr are recurrent or exactly one of
them is recurrent (this result is from [Pen92] Lemma 2.1.3). Moreover:

• If all of τl, τc, τr are recurrent then all inclusions above are proper.

• If only τc is recurrent then all inclusions are equalities.

• If only τl is recurrent then MF(τl) =MF(τ) and MF(τc) =MF(τr) and
the other two inclusions are proper.

• If only τr is recurrent then MF(τr) =MF(τ) and MF(τc) =MF(τl) and
the other two inclusions are proper.

Remarks. When τ ′ is the unique one of τl, τr, τc that is recurrent, the splitting
τ Â τ ′ is said to be forced. See [Pen92] figure 2.1.4 for examples of forced splittings
of arbitrary parity l,r,c.

The case of a forced Central splitting τ Â τc is particularly interesting, because
in that case any measured foliation carried by τ is forced to have more saddle
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connections than may be apparent. In particular, the example of Section 3.9 gives a
filling train track τ and a forced Central splitting τ Â τc such that τc is not filling,
and hence no measured foliation carried by τ is arational, belying the apparent fact
that τ “fills” the surface.

This example motivates a definition of a strongly filling train track τ , which
means that there is no sequence of forced splittings going from τ to a nonfilling
train track. It might be interesting to investigate the relationship between strong
filling and other properties of τ such as: τ carries some arational measured foliation;
the set of vertex curves of τ fills S; the set of all essential closed curves carried by
τ fills S.

Proof. The diagram of inclusions, and the equations shown in that diagram, are an
immediate consequence of Fact 3.13.1.

The fact that either all three or exactly one of τl, τc, τr is recurrent is proved
in [Pen92] Lemma 2.1.3, and that proof shows that the four cases depend on which
of the two sets MF(τl) − MF(τc), MF(τr) − MF(τc) is empty. If both are
empty then τc is the only recurrent one and all inclusions are equalities. If only
MF(τl) −MF(τc) is empty then τr is the only recurrent one and only the inclu-
sions MF(τl) ↪→ MF(τ), MF(τc) ↪→ MF(τr) are proper. The case where only
MF(τr)−MF(τc) is empty is similar. If none are empty then all three of τl, τc, τr
are recurrent. ♦

General splittings. The notion of an elementary splitting has the following built
in weakness: given slide equivalent generic train tracks τ, τ ′, the set of train tracks
obtainable from τ by an elementary splitting need not correspond bijectively, up to
isotopy nor even up to slide equivalence, with the set of train tracks obtainable from
τ ′ by elementary splitting. For example, if τ 3 τ ′ is a slide move along a transition
branch b0 ⊂ τ , and if there is a sink branch b1 sharing an endpoint with b0, then
none of the splittings of τ along b1 are slide equivalent to any splittings of τ ′.

In order to remedy this situation (somewhat) we introduce the following:

Definition (General definition of a splitting). Given train tracks τ, τ ′, we say
that τ Â τ ′ is a splitting if there exist generic train tracks τ1, τ

′
1 comb equivalent

to τ, τ ′, respectively, such that τ1 Â τ ′1 is an elementary splitting. Moreover, two
splittings τ Â σ, τ ′ Â σ′ are said to be comb equivalent if τ, σ are comb equivalent
and τ ′, σ′ are comb equivalent.

Thus, every general splitting is comb equivalent to an elementary splitting.
The general definition of splittings has its own problems, in particular lack of

constructibility: given a train track τ , how do I construct a representative of each
comb equivalence class of splittings τ Â σ? There is an obvious but tedious answer
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to this question: enumerate the train tracks obtained from τ by comb equivalence,
then do all elementary splittings on those train tracks, and finally weed out all
but one representative of each comb equivalence class. A better answer is given as
follows.

Wide splittings. We introduce a particular class of general splittings called “wide
splittings” which have most of the advantages and few of the disadvantages of
both elementary splittings and general splittings. In particular, if τ, σ are comb
equivalent then the train tracks obtained from τ by wide splittings correspond
bijectively up to comb equivalence with those obtained from σ by wide splitting
(see Proposition 3.13.3).

Given a semigeneric pretrack τ , a splitting arc is an embedded arc α in S with
the following properties:

(1) α∩ τ is an embedded train path in τ , consisting of one sink branch, no source
branches, and a finite (possibly empty) union of transition branches.

(2) α ∩ τ ⊂ int(α).

(3) For each of the two components η of α − τ there exists a component P of
C(S− τ) such that C(η) has one endpoint at a cusp of P ; we say that α enters
that cusp at the end η.

The important equivalence relation among splitting arcs of τ is relative isotopy,
meaning ambient isotopy relative to τ .

If τ is generic then a splitting arc α is uniquely determined up to relative isotopy
just by the train path α ∩ τ . If τ is not generic then this is not true: one can have
splitting arcs α, α′ so that the train paths α ∩ τ and α ∩ τ ′ are identical, but some
switch s at an endpoint of this train path is nongeneric, and α, α′ enter different
cusps at s. In general a splitting arc α is determined, up to relative isotopy, by α∩τ
and by the cusps into which α enters at its two ends, but in fact α is determined just
by the two cusps. To see why, each splitting arc α contains a unique sink branch
b, and α ∩ τ is contained in the basin of b; since the basin of b is a tree then the
path α∩ τ is determined by its endpoints. This argument gives a way to enumerate
splitting arcs containing b up to relative isotopy: there are k1 · k2 of them, where
the two half basins of b contain k1, k2 cusps, respectively.

If τ, σ are comb equivalent semigeneric train tracks then there is a natural bijec-
tion between the splitting arcs of τ and those of σ up to relative isotopy. One way to
see this is that a comb equivalence induces a natural bijection of cusps, preserving
the property of a pair of cusps that the two members of the pair lie on opposite
halves of the basin of some sink branch. Another way to see this is by induction
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Figure 14: Wide splitting of a semigeneric train track along a splitting arc α.

on the number of comb moves from τ to σ: if σ is obtained from τ by collapsing a
transition branch b ⊂ τ , then for each splitting arc α of τ , the image of α under the
quotient map which collapses b to a point is a splitting arc β of σ, and this induces
the desired bijection.

We shall define left, right, and central wide splittings of a semigeneric pretrack
τ along a splitting arc α. These are depicted in Figure 14. These wide splittings are
denoted τ Âαl τl, τ Âαc τc, τ Âαr τr. When the splitting arc is explicitly or implicitly
determined, we will often drop the adjective “wide” and simply say, for example,
“the result of a left splitting of τ (along α) is τl”.

We’ll give two equivalent definitions of wide splittings, the first similar to the
definition of an elementary splitting, and the second which shows that a wide split-
ting is an instance of a general splitting by explicitly factoring it into comb moves
and an elementary splitting.

We start with the central splitting τ Â τc. The idea is to insert a knife and
split the surface open along α, pushing one part of τ upward and the other part
downward. To be precise, letD be a disc with two cusps embedded in S in such a way
that α is properly embedded in D with its endpoints at the two cusps of D. Foliate
D so that each leaf is an arc between the two sides of D with leaves degenerating
to points at each of the two cusps, and so that α is transverse to the foliation
intersecting each leaf in exactly one point. Choose a map f : S → S homotopic
to the identity, so that f collapses each leaf of D to the point where that leaf
intersects α, f is otherwise one-to-one, and the restriction of f to S − int(D) is a
smooth submersion. Defining τc = f−1(τ) − int(D), it follows easily that τc is a
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train track, and we have defined the central splitting τ Â τc along α. Note that the
map f is a carrying map from τc to τ , called a pinch map associated to the central
splitting.

For later purposes we note that a central splitting τ Â τc can be defined along
any path α that satisfies items (2,3) in the definition of a splitting arc, and the
following weaker version of (1):

(1′) α∩ τ is an embedded train path in τ with endpoints at switches, and at each
endpoint the switch orientation points into α ∩ τ .

If α satisfies (1′), (2), and (3) then we say that α is a c-splitting arc, and a central
splitting τ Â τc along α is defined as above; note that in this situation Left and
Right splittings will not be defined in general. Also, if α is a c-splitting arc then the
number of sink branches in α is one more than the number of source branches, and
so α is an ordinary splitting arc if and only if it contains exactly one sink branch.

Next we define the Left and Right wide splittings τ Â τl, τ Â τr of τ along a
splitting arc α. Continuing the above notation, note that τc ∩ ∂D consists of two
embedded train paths α−, α+ ⊂ τc, each taken diffeomorphically to α ∩ τ by the
pinch map f . We smoothly identify D with a subset of R2 so that each leaf of
D is vertical in R2, so that α− and α+ are horizontal, and so that orientation is
preserved. Under this identification, f−1(α∩τ) is a rectangle R = [x−, x+]×[y−, y+]
where the notation is chosen so that α− = [x−, x+]×y− and α+ = [x−, x+]×y+. By
definition of a splitting arc, α contains a unique sink branch b. Let b∗ be a subarc
contained in the interior of b. Let b∗± = α± ∩ f−1(b∗), so b∗± = [x∗−, x

∗
+] × y± for

some subinterval [x∗−, x
∗
+] ⊂ (x−, x+). Let bl be a smooth arc properly embedded

in D, meeting α− tangentially at the point x∗− × y−, meeting α+ tangentially at
x∗+×y+, and having positive slope everywhere in the rectangle R. Let br be similarly
defined, meeting α− at x∗+ × y− and α+ at x∗− × y+, having negative slope. Define
τl = τc ∪ bl and τr = τc ∪ br. Note that f is a carrying map from τl to τ , and
from τr to τ , in this context called a fold map associated to a parity splitting. The
branches bl, br of τl, τr respectively are called the postsplitting branches. Note that
τl, τr are evidently train tracks.

This completes the first definition of wide splitting.
Here is a second and equivalent definition of a wide splitting in the restricted case

that τ is generic. Let α∩τ = a1 ∗ · · · ∗am ∗b∗cn ∗ · · · ∗c1, written as a concatenation
of m transition branches ai, a sink branch b, and n transition branches cj . By doing
m + n successive slide moves τ = τ0 3 · · · 3 τm+n along the transition branches
of α, starting from the outermost transition branches a1, c1 and working inward, it
follows that there is an elementary splitting τm+n Â τ ′, and this τ ′ agrees with the
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Figure 15: A wide splitting on a generic train track can be factored as an elementary
splitting following a sequence of slide moves. The slide moves depicted here, applied
to the top train track from Figure 14, result in a train track with sink branch
depicted here, and following this by elementary splittings along the sink branch
produces the same train tracks as the wide splittings depicted in Figure 14.

result of wide splitting of τ along α for any of the parities L, R, C (see Figure 15).
This shows directly that τ Â τ ′ is a general splitting.

For a wide splitting τ Â τ ′ on a nongeneric train track τ , it is not hard to
produce generic perturbations τ1 of τ and τ ′1 of τ ′ so that τ1 Â τ ′1 is a wide splitting
of the generic train track τ1, and having just shown that τ1 Â τ ′1 is a general splitting
it follows that τ Â τ ′ is as well.

Note that if τ is generic and α ∩ τ = b is an sink branch, then the definition of
wide splitting along α coincides with the definition of elementary splitting along b.

The following results exhibit the nice properties of wide splittings:

Proposition 3.13.3. Given comb equivalent, semigeneric train tracks τ, σ, a split-
ting arc α of τ , the corresponding splitting arc β of σ, and d ∈ {l,r,c}, the result
of a d-splitting of τ along α is comb equivalent to the result of a d-splitting of σ
along β.

Proof. By induction it suffices to prove this for a single comb move collapsing a
transition branch b of τ to a point yielding σ. Choosing a regular neighborhood D
of b we may assume that τ−D = σ−D. If α∩b = ∅ then the proposition is obvious
with β = α. If b ⊂ α then the result of collapsing b produces the desired splitting
arc β of σ and the proposition is again obvious. ♦

Proposition 3.13.4 (Wide Splitting Proposition). Given semigeneric train tracks
τ, τ ′ the following are equivalent:

(1) There exists a wide splitting τ Â τ ′1 so that τ ′, τ ′1 are comb equivalent.

(2) There exists a wide splitting τ2 Â τ ′2 so that τ, τ2 are comb equivalent and τ ′, τ ′2
are comb equivalent.
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(3) For any semigeneric τ3 comb equivalent to τ there exists a wide splitting τ3 Â
τ ′3 so that τ ′, τ ′3 are comb equivalent.

(4) τ Â τ ′ is a general splitting.

Proof of Proposition 3.13.4. Obviously (3) =⇒ (1) =⇒ (2) =⇒ (4). Also, (4)
=⇒ (2), because an elementary splitting is an instance of a wide splitting.

We prove that (2) =⇒ (3). Assuming (2), if τ3 is comb equivalent to τ then it
is comb equivalent to τ2. If α is the splitting arc of τ2 along which the d-splitting
τ2 Â τ ′2 is defined, d ∈ {L,R,C}, then by Proposition 3.13.3 there is a splitting arc β
of τ3 such that if τ3 Â τ ′3 is a d-splitting along β then τ ′2, τ

′
3 are comb equivalent. ♦

Corollary 3.13.5. Given a semigeneric train track τ and a splitting arc α, the
Splitting Lattice 3.13.2 holds for the three splittings of τ along α.

Proof. There exists a generic train track τ ′ comb equivalent to τ , and an elementary
splitting branch b of τ ′, such that α corresponds to b under the comb equivalence
τ ≈ τ ′. It follows from Proposition 3.13.4 that the three splittings τ Â τl, τ Â τc,
τ Â τr of τ along α are comb equivalent to the three splittings τ ′ Â τ ′l, τ ′ Â τ ′c,
τ ′ Â τ ′r. The result now follows by applying Proposition 3.13.3 to τ ′ and b. ♦

By induction using Proposition 3.13.4 we obtain the following result, which tells
us that wide splittings can be used exclusively to study splitting sequences, if one
so desires:

Corollary 3.13.6. Given a sequence of splittings τ0 Â τ1 Â · · · and a semigeneric
train track τ ′0 comb equivalent to τ0 there exists a sequence of wide splittings τ ′0 Â
τ ′1 Â · · · such that τi, τ ′i are comb equivalent for each i. ♦

3.14 Factoring a carrying map into splittings

Consider a carrying relation τÂÂτ ′. Recall that it is a full carrying, denoted τ
fÂÂ τ ′,

if the carrying map τ ′ → τ is surjective. Also, we say that τÂÂτ ′ is a homotopic
carrying, denoted τ

hÂÂ τ ′, if the carrying map τ ′ → τ is a homotopy equivalence.
Because the carrying map τ ′ → τ is uniquely determined up to homotopy through
carrying maps (Proposition 3.5.2), it follows that both of these properties are well-
defined independent of the choice of carrying map.

The following proposition shows that full carrying is the transitive closure of
comb equivalence and splitting, and homotopic carrying is the transitive closure
of comb equivalence and parity splitting. A version of the following proposition is
found in [Pen92], Theorem 2.4.1.
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Proposition 3.14.1. If τ, τ ′ are train tracks, then τ
fÂÂ τ ′ if and only if one of the

following two mutually exclusive alternatives happens:

(1) τ is comb equivalent to τ ′; or

(2) there exists a finite sequence of splittings

τ = τ0 Â τ1 Â · · · Â τn = τ ′

Furthermore, τ
hÂÂ τ ′ if and only if either (1) holds or

(2 ′) there exists a finite sequence of Left or Right splittings

τ = τ0 Â τ1 Â · · · Â τn = τ ′

In particular, τ
hÂÂ τ ′ implies τ

fÂÂ τ ′.

As a corollary we get a simple criterion for checking when a full carrying is a
homotopy carrying. Given any train track τ on S let i(τ) be the number of cusps
of C(S − τ), and so by Lemma 3.2.1 we have i(τ) ≤ 6 |χ(S)| − 2p where p is the
number of punctures of S. Note that i(τ) = 2 |χ(τ)|, because for each switch s, if
the valence equals vs then the number of cusps at s is vs − 2, and so

i(τ) =
∑
s

(vs − 2) =
∑
s

vs − (2 ·#vertices(τ))

= 2 ·#edges(τ)− 2 ·#vertices(τ)
= 2 |χ(τ)|

Corollary 3.14.2. If τ
fÂÂ τ ′ then i(τ) ≥ i(τ ′), with equality if and only if τ

hÂÂ τ ′.
Moreover, if equality does not hold then i(τ) ≥ i(τ ′) + 2.

Proof. If τ, τ ′ are comb equivalent then this is clear. Otherwise, choose a splitting
sequence τ = τ0 Â · · · Â τn = τ ′. By Proposition 3.14.1, τ

hÂÂ τ ′ if and only if
no Central splitting occurs in this splitting sequence. On the other hand, a parity
splitting preserves i whereas a Central splitting decreases it by 2. ♦

Proof of Proposition 3.14.1. By Proposition 3.12.2, (1) implies both τ
fÂÂ τ ′ and

τ
hÂÂ τ ′. Given an elementary splitting τ Â τ ′, clearly τ

fÂÂ τ ′, and if the splitting
has parity l or r then τ

hÂÂ τ ′. Given a general splitting τ Â τ ′, because it
factors into comb equivalences equivalences and an elementary splitting, it follows
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by transitivity that τ
fÂÂ τ ′, and if the parity is l or r then τ

hÂÂ τ ′. A further
application of transitivity shows that (2) implies τ

fÂÂ τ ′ and (2′) implies τ
hÂÂ τ ′.

Suppose that τ
fÂÂ τ ′. By generic uncombing, we may assume that τ , τ ′ are

generic. Apply Proposition 3.5.1 to obtain an inclusion of tie bundles ν(τ ′) ⊂ ν(τ),
and by isotopy we may assume that ν(τ ′) ⊂ int(ν(τ)). Let p : ν(τ) → τ be the
fibration map. Consider the surface Cl(ν(τ) − ν(τ ′)), with tie bundle obtained
by taking components of intersection with ties of ν(τ). Let M be the subsurface
of Cl(ν(τ) − ν(τ ′)) whose ties have both endpoints in ∂ν(τ ′). The tie bundle of
M is actually a nonsingular foliation of M by arcs, with leaves degenerating to a
point at each cusp of ∂ν(τ ′) contained in ∂M . Note that each component of ∂M
contains two “leaves” each of which is either a degenerate leaf at a cusp of ν(τ ′) or
a nondegenerate leaf containing a cusp of ν(τ). Moreover, since ν(τ ′) has neither
bigons nor smooth annuli, it follows that each component of M has at least one
nondegenerate boundary leaf. Let M → J be the quotient map crushing each leaf
to a point, so J is a compact 1-manifold. Choose a section J → M such that each
endpoint of J is a cusp of either ν(τ) or ν(τ ′), and so each component of J has at least
one endpoint at a singularity of ν(τ), corresponding to a nondegenerate boundary
leaf of the corresponding component of M . Let J1, . . . , JK be the components.
Each path p

∣∣ Jk is a train path in τ , with at least one endpoint at a switch sk of
τ such that the switch orientation at sk points into p

∣∣ Jk at sk; such endpoints
of p

∣∣ Jk correspond to endpoints of Jk in a nondegenerate boundary leaf of M .
Now start splitting along these train paths, starting from the endpoint sk. The first
move is an elementary split or a slide as appropriate, depending on whether the first
branch b along Jk is a sink branch or transition branch. If b is a transition branch
then slide along b. If b is a sink branch, with endpoint s opposite sk, then either
Jk ends at s and we should do an elementary central splitting, or Jk turns to the
Left or Right at s and we should do an elementary splitting of the corresponding
parity. Let τ = τ0 → τ1 be this operation, and note that we get an inclusion
ν(τ ′) ⊂ ν(τ1) ⊂ ν(τ), which allows us to continue elementary splits and slides along
J by induction. Note that if the first move along Jk is a slide, then one of two
alternatives happens: either Jk consists entirely of transition branches and so Jk is
embedded by recurrence of τ , thereby generating a slide equivalence; or Jk contains
some sink branch and the result, up to and including the first elementary splitting,
is a general splitting. Continuing by induction, at the end of this sequence the
resulting train track is τ ′ (without assuming full carrying, the best we can say is
that τ ′ is a subtrack of the resulting train track at the end of the sequence).

Suppose now that τ
hÂÂ τ ′. We claim that τ

fÂÂ τ ′. If not, the carrying map
τ ′ → τ factors through inclusion of a proper subtrack σ ⊂ τ . It follows that
the induced isomorphism H1(τ ′) → H1(τ) factors through the inclusion induced



3 TRAIN TRACKS 113

homomorphism H1(σ) → H1(τ). But since τ has no valence 1 vertices, the image
of H1(σ)→ H1(τ) is a proper subset of H1(τ), contradiction.

Since τ
fÂÂ τ ′, the above argument shows that either (1) or (2) holds. Assuming

(2) holds, to prove (2′) we must show that none of the splittings τi Â τi+1 is central.
If τi Â τi+1 is a central splitting then one of two alternatives occurs: either τi+1 has
one more component than τi; or the carrying map τi+1 → τi induces a bijection of
components, it restricts to a homeomorphism on all but one of the components, and
the rank of the remaining component of τi+1 is one less than the rank of its image
in τi. On the other hand a parity splitting, being a homotopy equivalence, induces
a bijection of components so that corresponding components have the same rank.
This immediately implies that if there exists one or more central splittings in the
splitting sequence then τ

hÂÂ τ ′ is not a homotopy equivalence.
To prove that (1) and (2) are mutually exclusive, suppose on the contrary that

τ, τ ′ are comb equivalent, but that we also have a sequence of at least one splitting
from τ to τ ′. We may assume that τ, τ ′ are completely combed, and hence they
are isotopic, by Proposition 3.12.1. We may also assume that there is a sequence
of carrying relations τ = τ0ÂÂτ1ÂÂ · · ·ÂÂτk = τ ′ so that each pair τi−1ÂÂτi is ei-
ther a comb equivalence or an elementary splitting between generic train tracks.
For each i = 1, . . . , k choose a carrying map τi → τi−1; in particular, if τi−1ÂÂτi
is an elementary splitting, choose the carrying map constructed in the definition
of an elementary splitting. By composition we get a carrying map τ ′ → τ . By
Lemma 3.12.3 this carrying map is a switch fold. However, it is clearly impossible
to factor a switch fold as a composition τ ′ = τk → · · · → τi → τi−1 → · · · → τ0 = τ
where τi → τi−1 is the standard carrying map of an elementary splitting. This
contradiction shows that (1) and (2) are mutually exclusive. ♦

3.15 Combinatorial types of train tracks.

The combinatorial type of τ is determined by the pattern of gluing of the components
of C(S− τ). Two train tracks are combinatorially equivalent if their gluing patterns
are the same. We make these notions precise as follows.

Consider a train track τ that fills S. Each component of C(S − τ) is a non-
punctured or once-punctured cusped polygon of negative Euler index. Consider the
overlay map m : C(S − τ) → S. The set m−1(cusps(τ)) is called the vertex set of
C(S−τ), it includes the cusps of C(S−τ), and it includes points which are not cusps
called smooth vertices of C(S− τ). The vertex set of C(S− τ) subdivides ∂ C(S− τ)
into finitely many arcs, called the branch preimages of C(S − τ). The overlay map
C(S − τ) → S identifies branch preimages in pairs to produce the branches of τ ,
and it also identifies vertices of C(S− τ) to produce the switches of τ , in such a way
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that exactly two smooth vertices are identified to each switch of τ . The gluing data
for τ consists of the cusped surface C(S − τ) and the pairing of branch preimages.

Two filling train tracks τ, τ ′ are said to be combinatorially equivalent, or to have
the same combinatorial type, if they satisfy one of the equivalent conditions in the
following result:

Proposition 3.15.1 (Combinatorial equivalence of filling train tracks). Given
two filling train tracks τ, τ ′, the following are equivalent:

(1) There exists a bijection between the set of branch preimages of C(S − τ) and
the set of branch preimages of C(S−τ ′), which respects cyclic ordering, cusps,
smooth vertices, and gluing data.

(2) There exists a diffeomorphism f : C(S−τ)→ (S−τ ′) that respects the vertices
and gluing data.

(3) There exists a diffeomorphism F : (S, τ)→ (S, τ ′).

Proof. The proofs of (1)⇐⇒ (2)⇐⇒ (3) are all immediate. ♦

The advantage of definition (1) is that it is clearly finitistic: the combinatorial
type of τ is specified by writing down a finite amount of data, consisting of the
cycles of branch preimages, the smooth and cusp vertices, and the branch pre-image
pairing. As a corollary there are finitely many combinatorial types of train tracks
on a surface S of given topological type, and one can easily describe an algorithm
to enumerate them. We will have more to say about this enumeration, at least with
regard to the train tracks that occur in one cusp expansions, later on.

A diffeomorphism F : (S, τ) → (S, τ ′) is said to be a combinatorial equivalence
between τ and τ ′. Note that F induces a bijection between cusps(τ) and cusps(τ ′),
and the following lemma tells us that this bijection depends only on the isotopy
class of F .

Lemma 3.15.2 (Naturality of cusps). Given filling train tracks τ, τ ′ and com-
binatorial equivalences F, F ′ : (S, τ)→ (S, τ ′), the following are equivalent:

(1) F, F ′ are isotopic.

(2) F, F ′ induce the same bijection cusps(τ)↔ cusps(τ ′).

(3) There exists v ∈ cusps(τ) such that F (v) = F ′(v) in cusps(τ ′).

When we augment a train track with extra data then we can define combinatorial
equivalence of the augmented train track. For example, define a one cusp train track
to be an ordered pair (τ, v) where τ is a train track and v ∈ cusps(τ). Two one cusp
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train tracks (τ, v), (τ ′, v′) are combinatorial equivalent if there exists F ∈ Homeo+

such that F (τ) = τ ′ and F (v) = v′.
Given a filling train track τ ⊂ S, the stabilizer of τ is the subgroup Stab(τ) ⊂

MCG that is represented by F ∈ Homeo+ such that F (τ) = τ . The stabilizer
Stab(τ, v) of a one cusp train track is similarly defined. Given two filling train
tracks τ, τ ′, define C(τ, τ ′) to be the set of elements in MCG that are represented
by combinatorial equivalences from τ to τ ′. The following result is an immediate
consequence of the naturality of cusps 3.15.2.

Corollary 3.15.3 (Rigidity of cusps).

• If τ is a filling train track on S then Stab(τ) is a finite subgroup. Moreover,
if (τ, v) is a filling, one cusp train track then Stab(τ, v) is the trivial subgroup
of MCG.

• If τ, τ ′ are two filling train tracks on S then the set of mapping classes taking
τ to τ ′ (up to isotopy) is a finite subset; in fact, if it is not empty then it is
a left coset of Stab(τ) and a right coset of Stab(τ ′). Moreover, given filling,
one cusp train tracks (τ, v), (τ ′, v′), there is at most one mapping class taking
(τ, v) to (τ ′, v′) (up to isotopy).

♦
Proof of Lemma 3.15.2. To prove (1) =⇒ (2), by replacing τ with F (τ) we may
assume that F, F ′ are isotopic to the identity and both are carrying maps from
τ to τ ′. Now mimic the proof of Proposition 3.5.2, showing that two ambient
diffeomorphisms (S, τ) → (S, τ ′) that are each isotopic to the identity are isotopic
to each other through diffeomorphisms (S, τ) → (S, τ ′). The bijection cusps(τ) ↔
cusps(τ ′) is evidently constant throughout this isotopy.

The implication (2) =⇒ (3) is obvious.
To prove (3) =⇒ (1), starting from v, add one branch at a time to produce a

larger and larger sequence connected subgraphs of τ . Each time a branch is added,
one proves inductively that F and F ′ take that branch to the same branch of τ ′,
using the fact that F and F ′ both respect cyclic ordering of branch ends around
each switch. It follows that F and F ′ take each switch of τ to the same switch of
τ ′, and they take each branch of τ to the same branch of τ ′. By considering the
boundary 1-cycle of each component of C(S− τ), it follows that F and F ′ take each
component of C(S − τ) to the same component of C(S − τ ′). It follows that by
isotoping along branches and extending we can construct an ambient isotopy of F
after which F

∣∣ τ and F ′
∣∣ τ are identical. Because each component of C(S− τ) and

of C(S − τ ′) is a nonpunctured or once-punctured disc, and because F, F ′ preserve
punctures, we can follow this by another ambient isotopy after which F = F ′. ♦
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4 Train track expansions of measured foliations

In this section we formalize the concept of train track expansions, and explain their
construction; this much is done very quickly in Section 4.1. In Section 4.2 we then
show that a measured foliation is annular if and only if its fully carrying train track
expansions are finite.

For future applications we shall require a unified description of all train track
expansions of a given measured foliation F that are based at a given train track τ
that fully carries F . This is carried out in Sections 4.3 and 4.4. The main idea is
that, after choosing F within its equivalence class so that is has a carrying bijec-
tion onto a tie bundle ν over τ , an expansion of F based at τ corresponds to an
expanding family of finite separatrices of F . This idea is used in Sections 4.3 to give
another construction of train track expansions. Then in Section 4.4 we prove Propo-
sition 4.4.1, which says that this new construction given in Section 4.3 is universal:
every expansion of F based at τ arises by the new construction. Proposition 4.4.1
will be a key technical tool used in several later results.

4.1 Definition and existence of train track expansions

A splitting sequence means any finite or infinite sequence of splittings of the form
τ0 Â τ1 Â · · · . A splitting sequence is complete if it is either infinite or it is finite
and the last train track τn is an essential curve family , that is, a disjoint union of
essential simple closed curves.

The number of central splittings in any splitting sequence on S is bounded by
3 |χ(S)|−p, for by Lemma 3.2.1 any train track has at most 6 |χ(S)|−2p cusps, and
a parity splitting preserves the number of cusps while a central splitting reduces the
number by 2. By the same reasoning, a finite, complete splitting sequence starting
at a train track τ will have exactly i(τ)/2 central splittings, where i(τ) is the number
of cusps of τ .

Given a measured foliation F , a complete splitting sequence τ0 Â τ1 Â · · · is a
train track expansion of F if

[F ] ∈
⋂
n≥0

MF(τn)

In other words, for each n there is a partial measured foliation equivalent to F
which is carried by τn.

As mentioned in the introduction, train track expansions are easily constructed:

Theorem 4.1.1. For any measured foliation F and any train track τ there exists
a train track expansion τ = τ0 Â τ1 Â · · · of F such that each τi fully carries F .
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Proof. By induction it suffices to show that if τ fully carries F , and if α is a splitting
arc of τ , then there exists a splitting τ Â τ ′ along α such that τ ′ fully carries
F . This is an immediate consequence of the Splitting Lattice 3.13.2 in the case
of an elementary splitting of a generic train track, or Corollary 3.13.5 for wide
splittings. ♦

By combining Theorem 4.1.1 with Proposition 3.6.1 to obtain τ , we have:

Corollary 4.1.2 (Existence of expansions). Every measured foliation F has a
train track expansion. ♦

4.2 Expansions of annular measured foliations

Measured foliations with finite train track expansions are precisely those whose
foliation components are all annular, in analogy with the fact that a real number
has a finite continued fraction expansion if and only if it is rational.

Lemma 4.2.1. If the measured foliation F has a finite train track expansion, end-
ing at some τN which is a curve family, then F is annular, and the core of each
annulus component of F is isotopic to some component of τN . Conversely, if the
measured foliation F is annular, and if τ0 Â τ1 Â · · · is any splitting sequence such
that each τi fully carries F , then the sequence is finite.

Proof. The first sentence is obvious from the definitions. The second sentence is
well known; here is a detailed proof.

For the moment we make no assumption that F is annular; that assumption
will be brought in at the very last moment.

Consider a train track τ fully carrying a measured foliation F . Let w(b;F) be
the weight induced on a branch b ⊂ τ by F . Enumerate the sink branches of τ as
b1, b2, . . . , bk so that w(b1;F) ≥ w(b2;F) ≥ · · · ≥ w(bk;F); note that k is bounded
by a constant depending only on the topology of S. Define ω(τ,F) to be this
decreasing sequence of positive numbers. The sequence ω(τ,F) measures, in some
sense, how good of an approximation τ is of F : the smaller the values of ω(τ,F),
the better the approximation. Order the set of nonincreasing positive sequences so
that (wi

∣∣ i = 1, . . . , k) > (w′i
∣∣ i = 1, . . . , k′) if either k > k′ and wi = w′i for all

i = 1, . . . , k′, or there exists an integer j with 1 ≤ j ≤ min{k, k′} such that wi = w′i
for i < j and wj > w′j .

Noting the obvious fact that ω(τ,F) is unchanged by a comb equivalence, we
now prove:

Lemma 4.2.2. Given a splitting τ Â τ ′ and a measured foliation F fully carried
by τ and by τ ′, we have

ω(τ,F) > ω(τ ′,F)
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Given a splitting τ Â τ ′ along a sink branch b, where τ, τ ′ each fully carry F ,
by changing τ, τ ′ within their comb equivalence classes we may assume that τ Â τ ′
is an elementary splitting along a sink branch b. We use the notation of Figure 13,
and we apply the Splitting Inequalities 3.13.1. We claim that the sequence ω(τ ′,F)
is obtained from ω(τ,F) by deleting the entry w(b;F) = w(pq,F) and inserting up
to two smaller entries. We will prove this by carefully describing the inserted entries
in ω(τ ′,F), assuming that τ Â τ ′ is a Left splitting; Right splittings are handled
by the exact same argument after reversing orientation, and Central splittings are
handled by a similar argument.

Referring to Figure 13, it is possible that the points s, u lie on the same source
branch bs of τ , in which case s, u lie on the same sink branch b′s of τ ′, and in this
case we insert one entry into ω(τ ′,F), namely

w(b′s;F) = w(bs;F) = w(pq,F)− w(rp,F) < w(pq,F) = w(b,F)

where the strictness of the inequality follows from the fact that τ fully carries F
and so w(rp,F) > 0.

Assume now that s, u do not lie on the same source branch of τ . It follows that
s lies on a sink branch b′s of τ ′ if and only s lies on a transition branch bs of τ , in
which case we insert an entry w(b′s;F) < w(b;F) by the same inequalities above.
Similarly, u lies on a sink branch b′u of τ ′ if and only if u lies on a transition branch
bu of τ , in which case we insert the entry w(b′u;F) < w(b;F).

This completes the proof that ω(τ ;F) is strictly decreased by a splitting, when
τ fully carries F .

Suppose now that F is an annular measured foliation and τ0 Â τ1 Â · · · is any
expansion of F where each τi fully carries F . Since carrying depends only on the
underlying unmeasured foliation of F , we may change the measure on F so that
the total transverse measure of each annular foliation component of F is equal to 1,
and τ0 Â τ1 Â · · · is still an expansion of F . It follows that ω(τ,F) has integer
entries, and since ω(τ,F) has length at most K, where K is a constant depending
only on the topology of S, it follows that ω(τ,F) takes values in a well-ordered set.
It follows that the number of splittings in any splitting sequence fully carrying F is
finite. ♦

4.3 A unified construction of train track expansions

Despite the simplicity of the proof of Theorem 4.1.1, we wish to give a different
viewpoint on the construction of train track expansions. This will produce a unified
picture of all train track expansions of a measured foliation F based at a given
train track τ that fully carries F , as we shall prove in Proposition 4.4.1. The latter
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result will be useful in several situations later, where we analyze the properties of
an arbitrary train track expansion of F .

Suppose that F is a measured foliation fully carried on a train track τ . In order
to construct an expansion beginning with τ it suffices to find an expansion beginning
with any comb equivalent train track, and so we may assume that τ is generic.

Let ν denote a tie bundle of τ . Replacing F by an equivalent partial measured
foliation, we may assume that F has a carrying bijection into ν. Thus, we shall
regard ν = Supp(F) as a foliated tie bundle, whose horizontal foliation is F , and
whose ties form the vertical foliation of ν denoted Fv(ν). The singularities of F are
all 3-pronged boundary singularities, coinciding with the set of cusps of ν.

Choose once and for all a positive transverse Borel measure on Fv(ν). Restrict-
ing this measure to each leaf segment of F makes the leaf segment isometric to an
interval in the real line.

The train track of a separatrix family. To review the setup, F is a partial
measured foliation with a carrying bijection F ↪→→ν, for some tie bundle ν → τ over
a train track τ . A separatrix family of F is a union of proper, finite separatrices of
F , one for each proper separatrix germ; we allow the case of a degenerate proper
separatrix consisting of just a boundary singularity. Because we have fixed a carry-
ing bijection F ↪→→ν, all singularities of F are 3-pronged boundary singularities, and
it follows that for each separatrix family ξ, if we write ξ as the disjoint union of its
components ξ = tiξi, then each ξi is either a nondegenerate proper separatrix, or a
degenerate proper separatrix, or a proper saddle connection of F . Let ∂ξ be the set
of all points which are either degenerate separatrices of ξ or nonsingular endpoints
of nondegenerate separatrices of ξ. Denote int ξ = ξ − ∂ξ.

To each separatrix family ξ we associate a tie bundle ν(ξ) over a train track σ(ξ),
and a partial measured foliation F(ξ) with support ν(ξ) and transverse to the ties,
so that F is equivalent to F(ξ). The tie bundle ν(ξ) with its horizontal foliation
F(ξ) is obtained simply by slicing along ξ; fact 2.6.2 shows that F(ξ) is equivalent
to F , with a partial fulfillment map r : (S,F(ξ)) → (S,F). By pulling back the
tie foliation Fv(ν) vie the map r we obtain a tie foliation of ν(ξ) which we denote
Fv(ν(ξ)). Again, each cusp of ν(ξ) is a 3-pronged boundary singularity of F(ξ) and
a 3-pronged boundary transverse singularity of Fv(ν(ξ)), and the foliations F(ξ)
and Fv(ν(ξ)) are otherwise nonsingular and transverse. Now define the train track
σ(ξ) by collapsing to a point each tie of Fv(ν(ξ)). The foliated tie bundle ν(ξ) thus
serves a dual role: as the support of F(ξ); and as a tie bundle over σ(ξ). Since F
and F(ξ) are equivalent in MF it follows that σ(ξ) fully carries F .

Notice that σ(ξ) depends not only on ξ but also on the tie foliation Fv(ν).
Here is another description of the tie bundle ν(ξ) and the train track σ(ξ). Given
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a separatrix family ξ of F , a shunt of ξ is a subsegment α of a tie of ν such that
int(α)∩ξ is a nonempty subset of ∂ξ, and α is maximal with respect to this property.
It follows that ∂α ⊂ ∂ν∪(ξ−∂ξ), and so α∩∂ξ ⊂ int(α). Each shunt α of ξ contains
at least one point of ∂ξ, and the degeneracy of α, denoted d(α), is the cardinality
of α ∩ ∂ξ. We say that α is generic if d(α) = 1. We say that ξ is generic if it has
no degenerate separatrices and each shunt is generic. A shunt α is semigeneric if
ξ approaches each point of α ∩ ∂ξ from the same side of α. The separatrix family
ξ is semigeneric if it has no degenerate separatrices and each shunt is semigeneric.
In particular, generic implies semigeneric.

Let A be the union of the shunts of ξ. Now let us momentarily forget all about
the tie foliation Fv(ν) except for the set A, a union of tie segments. Although
we mentioned above that σ(ξ) depends on Fv(ν), we wish to show now that σ(ξ)
actually depends only on ξ and A, meaning that σ(ξ) can be reconstructed entirely
from the surface ν, the set of segments ξ, and the set of segments A, without
regard to forgotten structure of Fv(ν). First slice open ν along ξ as above to
produce a subsurface ν(ξ) equipped with a map r : ν(ξ)→ ν, and note that ∂ν(ξ) =
r−1(∂ν∪ξ). Although we have mostly forgotten about the vertical foliation, we have
retained A; let A′ = r−1(A). Notice that each component R of ν(ξ)−(∂ν(ξ)∪A′) can
be given the structure of the interior of a rectangle, with horizontal sides on ∂ν(ξ)
and vertical sides on A′; to be more precise, the completion C(R) is a closed disc
whose boundary subdivides into four segments, two opposite segments called the
horizontal sides mapping to ∂ν(ξ), and the other two segments called the vertical
sides mapping to A′. We may therefore construct a vertical foliation of the closure
R, each leaf having one endpoint on one horizontal side. This vertical foliation is
well-defined up to an isotopy that fixes each point of R ∩A′ pointwise. Taking the
union over all R defines a new vertical foliation of ν(ξ). One can now define a train
track by collapsing each leaf of the new vertical foliation to a point. But the new
vertical foliation of ν(ξ) is isotopic rel A′ to the forgotten vertical foliation obtained
by pulling back of Fv(ν), and it follows that the new train track is isotopic to σ(ξ).

From either construction of σ(ξ) it follows easily that σ(ξ) is (semi)generic if
and only if ξ is (semi)generic.

The space of separatrix families. Let Ξ (an upper case ξ) be the space of
separatrix families of F , topologized using the Hausdorff topology on compact sub-
sets of S. For each finite separatrix ξi, let Length(ξi) be its total length measured
with respect to the transverse measure on Fv(ν). For each ξ ∈ Ξ with components
ξ = tiξi, define Length(ξ) =

∑
i Length(ξi). The function Length: Ξ → [0,∞) is

continuous and proper. The set of generic separatrix families forms an open dense
subset of Ξ.
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Canonical models. Recall that F has a carrying bijection F ↪→→ν into the tie
bundle ν over a train track τ that fully carries F .

There is a parameterization of Ξ which is most well-behaved when F is canoni-
cally carried by τ , that is, when F is a canonical model. In this case no component
of a separatrix family is a saddle connection. Thus, letting I be the set of germs
of proper separatrices of F , each ξ ∈ Ξ has a canonical decomposition ξ = ti∈Iξi
where ξi is the (possibly degenerate) component of ξ representing the germ i. We
obtain a homeomorphism L : Ξ→ [0,∞)I whose coordinate maps Li are

Li(ξ) = Length(ξi)

The decomposition of a separatrix family ξ = tiξi induces a stratification of Ξ
labelled by subsets of I: the stratum ΞJ corresponding to a subset J ⊂ I is the set
of ξ ∈ Ξ such that ξi is nondegenerate if and only if i ∈ J . The homeomorphism L
takes the stratum ΞJ to the open J-coordinate subspace {x ∈ [0,∞)I

∣∣ xi 6= 0 ⇐⇒
i ∈ J}.

The map which associates to each canonical model F its space of separatrix
families Ξ is functorial, in the sense that if F ,F ′ are isotopic canonical models and
if f : S → S is isotopic to the identity taking F to F ′, then there is an induced
homeomorphism f∗ : Ξ → Ξ′ between the spaces of separatrix families, and all the
usual axioms of a functor are satisfied. Moreover, f∗ preserves strata in the sense
that if I, I ′ are the proper separatrix germs of F , F ′ respectively, and if f∗ : I → I ′

is the induced bijection, then for each subset J ⊂ I we have f∗(ΞJ) = Ξ′f∗(J). Even
more, the induced bijection f∗ : I → I ′ is independent of the choice of f , meaning
that any other isotopy from F to F ′ induces the same bijection I → I ′; this is an
immediate consequence of Proposition 2.8.1.

The general case. In the general case, where we do not assume that F is
a canonical model, the space of separatrix families Ξ is defined and topologized as
above, but the parameterization of Ξ is a little more complicated. Let I be the set
of separatrix germs of F which do not lie on saddle connections, let J be the set of
saddle connections of F , and for each j ∈ J let Ij be the pair of separatrix germs
associated to the two ends of j. For each j ∈ J and each ξ ∈ Ξ, either ξ contains the
whole saddle connection j of length Length(j), or ξ contains disjoint separatrices,
one for each end of j, whose lengths sum to less than Length(j). This suggests the
following: for each j ∈ J , start with the ordered pairs in [0,∞)Ij ≈ [0,∞)× [0,∞)
whose two coordinates sum to at most Length(j), and pass to a quotient space
by identifying to a single point all those ordered pairs whose two coordinates sum
to exactly Length(j); let Rj denote this quotient space. For convenience we shall
identify the special point of the quotient space Rj with the real number Length(j),
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so a point in Rj is either an ordered pair of positive numbers whose sum is less
than Length(j) or the single number Length(j). By taking lengths in the canonical
decomposition of ξ ∈ Ξ we obtain a homeomorphism L between Ξ and the space(

[0,∞)I × (×j∈JRj)
)

Partial ordering on Ξ. Another useful structure on the space of separatrix fam-
ilies Ξ is the partial ordering by inclusion, which agrees with coordinatewise partial
ordering in the following sense. When F has no saddle connections then ξ ⊆ ξ′ if
and only if L(ξ)(i) ≤ L(ξ′)(i) for each i ∈ I. When F has saddle connections a
similar statement is true, with the proviso that for j ∈ J the partial ordering on
the j-coordinate space Rj has the special point Length(j) as a global maximum,
and otherwise the elements Rj which are ordered pairs of real numbers are ordered
coordinatewise.

When F has only annular foliation components then there are no infinite sep-
aratrices and so Ξ ≈ ×j∈JRj . It follows that Ξ has a unique maximum point,
namely the union of saddle connections; this is also the unique point where the
length function Length(ξ) acheives its maximum.

When F has at least one partial arational foliation component then Ξ has no
maximum point and the length function Length(ξ) has no upper bound. The space
Ξ is noncompact and has an end, called the positive end, with a neighborhood basis
in the end compactification given by sets of the form Length−1(L,+∞).

Expanding separatrix families. An expanding separatrix family is a continuous
map from a closed, connected subset J ⊂ R into Ξ, denoted t → ξ(t) for t ∈ J ,
such that J is a strictly increasing map with respect to the partial ordering on Ξ.
We say that t → ξ(t) is complete it has no upper bound in Ξ, equivalently, one of
the following happens: ∪t∈Jξ(t) contains an infinite separatrix in some arational
component of F ; or F is annular and ∪t∈Jξ(t) is the unique maximum point of Ξ,
equal to the union of all saddle connections of F .

We study various events that occur in expanding separatrix families: a “central
splitting event”, a “parity splitting event”, and a “slide event”. These events,
visualized in Figure 16, exactly parallel the elementary splits and slides among
generic train tracks.

A parameter value t ∈ J is a nonevent if there exists ε > 0 such that the
separatrix families ξ(t−ε, t+ε) are generic and their saddle connections are constant.
It follows that the train tracks σ(ξ(t− ε, t+ ε)) are constant up to isotopy.

A parameter value t ∈ J is a central splitting event if, as s ∈ J increases past t,
a new saddle connection appears in ξ(t), and nothing else happens. That is, there
exists ε > 0 and a saddle connection β of F such that: the families ξ(t− ε, t+ ε) are
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Central splitting event

Left splitting event

Slide event

Figure 16: Events.

generic; the saddle connections for ξ(t−ε, t) are constant; and the saddle connections
for ξ[t, t+ ε) are constant, consisting of β together with the saddle connections for
ξ(t− ε, t). Under these circumstances, the train tracks σ(ξ(t− ε, t)) are constant up
to isotopy, equal to τ say; the train tracks σ(ξ[t, t+ ε)) are constant up to isotopy,
equal to τ ′ say; and there is an elementary central splitting τ Â τ ′.

To define a parity splitting event, we first define a special kind of shunt α, called
a parity splitting shunt, which means that d(α) = 2 and ξ approaches the two points
of α∩∂ξ from opposite sides of α (see Figure 17). A parameter value t ∈ J is a parity
splitting event if, as s passes t, a parity splitting shunt α appears momentarily, and
nothing else happens. As s ∈ J passes t, the separatrices whose endpoints lie on
α pass by each other in opposite directions like ships passing in the night. To be
precise, there exists ε > 0 such that: the shunts of ξ(t) are all generic except for one
parity splitting shunt α; the families ξ(t − ε, t) and ξ(t, t + ε) are generic; and the
saddle connections of ξ(t− ε, t+ ε) are constant. The train tracks σ(ξ(t− ε, t)) are
constant up to isotopy, equal to τ say; the train tracks σ(ξ(t, t + ε)) are constant
up to isotopy, equal to τ ′ say; and we have an elementary Left or Right splitting
τ Â τ ′. The parity of τ Â τ ′ depends on whether the two ships pass each other on
their left sides or their right sides.

To define a slide event, we first define a slide shunt to be a shunt α such that
d(α) = 2 and α is not a parity splitting shunt, equivalently, ξ approaches the two
points of α∩∂ξ from the same side of α (see Figure 17). A parameter value t ∈ J is
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Figure 17: On the left: a parity splitting shunt. On the right: a slide shunt.

a slide event if, as s passes t, a slide shunt α comes into existence momentarily, and
the separatrices whose endpoints lie on α pass each other like one ship overtaking
another as they go along parallel courses in the same direction. To be precise, there
exists ε > 0 with the following properties: the shunts of ξ(t) are all generic except
for one slide shunt; the separatrix families ξ(t− ε, t) and ξ(t, t+ ε) are generic; the
saddle connections of ξ(t− ε, t+ ε) are constant; and the following property holds:

• Let i, i′ be the separatrix germs for the two separatrices ξi(t), ξi′(t) of ξ(t)
having endpoints x, x′ ∈ ∂α. Then the sign of Length(ξi(s))− Length(ξi′(s))
changes as s passes through t from positive to negative or from negative to
positive.

The train tracks σ(ξ(t − ε, t)) are constant up to isotopy, equal to τ say, the train
tracks σ(ξ(t, t+ ε)) are constant up to isotopy, equal to τ ′ say, and τ Â τ ′ is a slide.

We now define an expanding separatrix family ξ(t), t ∈ J , to be generic if every
parameter value t ∈ J is either a nonevent, a central splitting event, a parity splitting
event, or a slide event. It follows that the events occur at a discrete set of times, and
so the events subdivide the interval J into a concatenation of subintervals Ji ⊂ R,
for i in some subinterval I ⊂ Z, such that if i, i + 1 ∈ I then MaxJi = Min(Ji+1).
For each i ∈ I the generic train tracks σ(ξ(intJi)) are in the same isotopy class,
represented by τi say. Each τi → τi+1 is an elementary splitting or a slide, depending
on the type of the event at the parameter value Max Ji = MinJi+1. We refer to
(τi)i∈I as the elementary move sequence associated to the family ξ(t).

It is evident that any complete expanding separatrix family t→ ξ(t), t ∈ J , can
be perturbed to be generic, where the perturbation is constant on any open subset
of J where the family is already generic.

Here is the central technical point in the construction of a train track expansion:

Claim 4.3.1. If t→ ξ(t), t ∈ J , is a complete, generic expanding separatrix family,
and if F has an arational component F ′, then the family has infinitely many splitting
events.
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For the proof, we may choose F ′ so that ∪t∈Jξ(t) contains an infinite separatrix
of F ′ with germ i. For each t ∈ J let x(t) be the point of ∂ξ lying on ξi(t). Consider
a nonevent s ∈ J ; it suffices to prove the existence of a splitting event t > s in J .
Corresponding to the point x(t) is some switch of the train track σ(ξ(t)) denoted
y(t). At time s, the switch y(s) is in the basin A(b) of some sink branch b of the
train track σ(ξ(s)). As t ≥ s increases, and ξi(t) gets longer without bound, the
switches in opposite half-basins of A(b) approach each other, perhaps undergoing
some slide events, until at some time t ≥ s the sink branch collapses to a point; this
time t is a splitting event, proving the claim.

Constructing train track expansions using separatrix families. To com-
plete our second construction, choose a complete, generic, expanding separatrix
family t→ ξ(t), t ∈ J . Let t0 < t1 < · · · be the ordered list of events, starting with
t0 = inf(J). Choose si ∈ (ti, ti+1), and define τi = σ(ξ(si)), and so each τi fully
carries F . Since τ = σ(ξ(t0)) is generic it follows that τ = τ0.

Now let i1 < i2 < · · · be the ordered list of all indices such that tin is a splitting
event. It follows that τin Â τin+1 is a general splitting for each n, because it factors
into slide moves and a single elementary splitting.

When F has an arational component the splitting sequence τi0 Â τi1 Â · · ·
is complete, by Claim 4.3.1. When F has only annular components then the last
event tIN = tI = sup(J) is a central splitting event and σ(ξ(tI)) is obtained by
splitting F along the union of all saddle connections, so σ(ξ(tI)) is a union of
simple closed curves; by our conventions, the last train track in the sequence is
τiN−1 = σ(ξ(tIN−1

)), but the splitting τiN−1 Â σ(ξ(tI)) factors into slide moves and
a single central splitting, and so the splitting sequence τi0 Â · · · Â τiN−1 Â σ(ξ(tI))
is complete.

This completes our second proof of Theorem 4.1.1.

4.4 Universality of the construction.

The second proof of Theorem 4.1.1 offered in Section 4.3 shows that from a generic
expanding separatrix family we obtain a train track expansion, and moreover the
construction clearly produces an expansion for which each train track fully carries
the measured foliation. For later purposes we need a converse which says that every
train track expansion fully carrying the measured foliation arises, as described in
the above construction, from a generic expanding separatrix family.

To formulate this converse, we need some terminology.
In the proof above, when t → ξ(t), j ∈ J is a complete expanding separatrix

family, with ordered list of events was denoted inf(J) = t0 < t1 < · · · , we chose
si ∈ (ti, ti+1), and we obtained a sequence of train tracks τi = σ(ξ(si)). Each
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carrying relation τiÂÂτi+1 is either a slide move or an elementary splitting. The
train track sequence τ0, τ1, . . . will be called the elementary move sequence of the
family ξ(t).

An elementary factorization of a splitting sequence τ0 Â τ1 Â · · · is a sequence

τ ′0,0 Â · · · Â τ ′0,n0
= τ ′1,0 Â · · · Â τ ′1,n1

= τ ′2,0 Â · · ·

where each τ ′ij is generic, τi and τ ′i,0 are comb equivalent for each i ≥ 0, and each
subsequence τ ′i,0 Â · · · Â τ ′i,ni consists of one elementary splitting and ni − 1 slide
moves.

The second construction of train track expansions gives one direction of the
following result:

Proposition 4.4.1 (Slicing and Expansion). If τ0 Â τ1 Â · · · is a complete
splitting sequence and F is a measured foliation, then the following are equivalent:

• τ0 Â τ1 Â · · · is a train track expansion of F with the property that each τi
fully carries F .

• There exists a generic train track τ fully carrying F , and a foliated tie bundle
ν over τ whose horizontal foliation is equivalent to F in MF , and there
exists a complete, generic, expanding separatrix family t → ξ(t), t ∈ J , in ν
whose elementary move sequence is an elementary factorization of the splitting
sequence τ0 Â τ1 Â · · · .

Proof of Proposition 4.4.1. For the yet unproved direction of this proposition, sup-
pose that τ0 Â τ1 Â · · · is a train track expansion of F where each τi fully carries F .
Replacing each τi by a comb equivalent generic train track, if necessary, we may
assume that each τi is generic. Then by factoring and reindexing we may assume
that each carrying relation τiÂÂτi+1 is either a slide move or an elementary splitting.

Replacing F by an equivalent partial measured foliation, choose a foliated tie
bundle ν over τ0 whose horizontal foliation is F . Choose a positive transverse Borel
measure on Fv(ν) so that we can measure length along leaves of F .

We start with the completely degenerate separatrix system ξ(0) consisting of
the set of singularities of F , so σ(ξ(0)) = τ0.

Now we proceed by induction. Suppose that we have constructed a generic
expanding separatrix family ξ[0, ti] with ξ(ti) generic, whose elementary move se-
quence is τ0, . . . , τi with τi = σ(ξ(ti)). Thus, by slicing ν along ξ(ti) we obtain a
foliated tie bundle ν(ξ(ti)) over τi whose horizontal foliation is equivalent in MF
to F . Let r : ν(ξ(ti))→ ν be the partial fulfillment map.

The carrying relation τiÂÂτi+1 is either a slide move along a transition branch b
of τi, or an elementary splitting along a sink branch b of τi. Let x, y be the endpoints
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of b; if b is a transition branch choose x to be the tail end and y to be the head
end. Let ξ, η be the cusps of ν(ξ(ti)) projecting to x, y respectively. Let R(b) be the
inverse image of b in ν(ξ(ti)), so ξ is contained in the interior of a vertical side of
R(b). Choose a horizontal leaf segment α with one end on ξ and extending all the
way across R(b) and through the opposite vertical side of R(b) by a tiny amount,
unless α runs into η on the opposite boundary component in which case it stops
there. Slicing ν(ξ(t)) along α produces a foliated tie bundle over a train track τ ′,
with horizontal foliation equivalent to F .

We claim that τ ′ is isotopic to τi+1. This is obvious in the case where b is a
transition branch, for in that case τ ′ is evidently obtained by a slide move along b.
When b is a sink branch, it follows from the construction that τi Â τ ′ is a splitting
along b and τ ′ fully carries F . However, of the three splittings of τi along b—Left,
Right, and Central—only one of them produces a train track fully carrying F , and
by hypothesis that one is τi+1, proving the claim.

The result of slicing ν(ξ(t)) along α is identical to the result of slicing ν along
ξ(ti) ∪ r(α). Thus we can extend ξ[0, ti] to ξ[0, ti+1] with ξ(ti+1) = ξ(ti) ∪ r(α),
where ti+1 = t+ Length(α), completing the induction.

We have defined the required expanding separatrix family t → ξ(t), t ∈ J , but
it remains prove completeness.

Let Ξ be the space of separatrix systems in ν, partially ordered by inclusion
as discussed in the proof of Theorem 4.1.1. Since the expanding separatrix family
ξ(t) is continuous and increasing in Ξ, as t increases it follows that either Ξ has
no maximum point and ξ(t) diverges to the positive end of Ξ in which case ξ(t) is
complete, or ξ(t) approaches a supremum ξ(∞) ∈ Ξ and we must prove that ξ(∞)
equals the maximum point of Ξ.

The only bad case is that ξ(t) converges to ξ(∞) ∈ Ξ but ξ(∞) is not equal to
a maximum point of Ξ (this incorporates the case that Ξ has no maximum point
and yet ξ(t) does not diverge to the positive end). In this case we shall derive a
contradiction.

Since ξ(∞) is not a maximum of Ξ, the train track σ(ξ(∞)) is not an essential
curve family. The expanding separatrix family ξ(t), t ∈ J is either compact with
ξ(sup(J)) = ξ(∞), or it extends continuously to a compact family acheiving its
maximum at ξ(∞). In either case, compactness implies that there are only finitely
many splitting events, and so the original splitting sequence is finite. But the last
train track in the splitting sequence is either ξ(∞) or something which splits to
ξ(∞), and in particular it is not an essential curve family. This contradicts the
hypothesis that the original splitting sequence is complete. ♦
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5 Convergence of train track expansions

In this section we prove Theorem 5.1.1, which generalizes the fact that the con-
tinued fraction expansion of an irrational number converges to that number. The
main tools are the Slicing and Expansion Proposition 4.4.1 and the Ascoli-Arzela
Theorem.

5.1 Convergence to an arational measured foliation

Given a measured foliation F , letMF(F) denote the space of transverse measures
on the underlying singular topological foliation of F , with the weak∗ topology, and
let PMF(F) denote the projectivization of MF(F). There are maps MF(F) ↪→
MF and PMF(F) ↪→ PMF commuting with projectivization, and these maps
are continuous and injective: letting τ be any train track carrying F with carrying
injection F ⊂ ν(τ), the natural map MF(F)→ W (τ) is evidently continuous and
injective; composing with the continuous injection W (τ)→MF finishes the proof.
By general results of measurable dynamics, PMF(F) is a compact space with the
structure of a Choquet simplex, whose extreme points are the ergodic transverse
measures on F , and by finite dimensionality of PMF it follows that PMF(F) is
a finite dimensional simplex. As remarked in the introduction, the set of measured
foliations on S whose projective class lies in PMF(F) is exactly the unmeasured
equivalence class of F , where F ,F ′ are unmeasured equivalent if their equivalence
classes have representatives with the same underlying unmeasured singular foliation.

When F is the stable foliation of a pseudo-Anosov homeomorphism φ then F
is uniquely ergodic, because under iteration of φ each point of PMF except the
unstable foliation approaches F , and yet φ preserves the set PMF(F). However,
in general an arational measured foliation need not be uniquely ergodic. Examples
in the context of interval exchange maps were given in [KN76], and the translation
into measured foliation language is now standard (see also [Mas92]).

If F is a measured foliation and if τ0 Â τ1 Â · · · is a train track expansion of
F then evidently the topological foliation underlying F is carried by each τi. In
other words, train track expansions are sensitive only to the unmeasured equivalence
class of a measured foliation. It follows thatMF(F) ⊂ ∩iMF(τi) and similarly for
PMF .

To summarize the discussion, the best one can realistically hope for is that
MF(F) = ∩iMF(τi). Our next theorem proves this when F is arational:

Theorem 5.1.1 (Expansion Convergence Theorem). Let F be an arational
measured foliation, and let τ0 Â τ1 Â · · · be a train track expansion of F . Then

MF(F) = ∩iMF(τi) and PMF(F) = ∩iPMF(τi).
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In the special case that τ0 canonically carries6 F , expansion convergence is
proved in [PP87], Theorem 3.1, whose hypotheses are described at the beginning of
Section 2.1 of that paper. Another case of expansion convergence is given in [Pen92]
Theorem 3.3.2.

5.2 Proof of the expansion convergence theorem

Suppose that the splitting sequence τ0 Â τ1 Â · · · is an expansion of measured
foliations F and G, and F is arational. We shall show that F and G are equivalent
in MF to partial measured foliations which have identical underlying topological
singular foliations.

We first carry out the proof with an following additional assumption:

Special Case 1: Suppose that each τi fully carries both F and G. Applying
Proposition 4.4.1, we may assume that each τi is generic, and we have the following
conclusion. Let ν = ν(τ0) be a foliated tie bundle over τ0, whose horizontal foliation
Fh(ν) is equivalent inMF to F , and whose vertical foliation Fv(ν) consists of the
ties over τ0. Then there is a complete, generic, expanding separatrix family ξ(t) in
ν whose elementary move sequence is an elementary factorization of the splitting
sequence τ0 Â τ1 Â · · · . Altering each τi within its comb equivalence class, we thus
obtain parameter values t0 < t1 < · · · , so that if ν is sliced along ξi = ξ(ti) the result
is a foliated tie bundle νi over τi, whose horizontal foliation Fh(νi) is again equivalent
in MF to F . Recall that ∂ξi is the set of nonsingular endpoints of ξi. We have
partial fulfillment maps ri : (S,Fh(νi),Fv(νi))→ (S,Fh(ν),Fv(ν)) as well as partial
fulfillment maps rji : (S,Fh(νj),Fv(νj)) → (S,Fh(νi),Fv(νi)) with the property
that ri ◦ rji = rj whenever j ≥ i. We also have a tie collapse fi : (S, νi) → (S, τi).
Dropping the subscript 0 we write rj = rj0 : (S,Fh(νi),Fv(νi))→ (S,Fh(ν),Fv(ν)).
Letting |dx| denote the transverse measure on Fv(ν) and |dy| the transverse measure
on Fh(ν), we obtain a metric dx2 + dy2 on ν, which is a Euclidean metric with
geodesic boundary, except at the singular points where the metric has a cusp.

The inverse image under fi of the switch set of τi is a finite set of ties in νi which
subdivide νi into rectangles, in one-to-one correspondence with the branches of τi;
we call this the rectangle decomposition of νi.

By pushing forward the rectangle decomposition of νi we obtain a collection of
Euclidean rectangles in ν denoted Ri. The union of horizontal sides of Ri, denoted
∂hRi, is ξi ∪ ∂ν. The union of vertical sides of Ri, denoted ∂vRi, is the set of

6The statement “τ canonically carries F” is equivalent to the statement in [PP87] that “τ is
suited to F”.
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maximal vertical segments in ν whose interiors are disjoint from ξi but which have
nonempty intersection with ∂ξi; each endpoint of each segment of ∂vRi is contained
in ξi−∂ξi. The rectangles of Ri are in one-to-one correspondence with the branches
of τi; given a branch b ∈ Br(τi) let Rb ∈ Ri be the corresponding rectangle. The
components of ∂vRi are in one-to-one correspondence with the switches of τi; given
a switch s ∈ Sw(τi) let Is be the corresponding component of ∂vRi. Let `h(R), `v(R)
be the horizontal and vertical side lengths of a rectangle R ∈ Ri.

By arationality of F , the set
⋃
i ξi is dense in ν. It follows that

max
R∈Ri

`v(R)→ 0 as i→∞

Since the measured foliation G is carried by τi, there exists an invariant weight
wi ∈ W (τi) corresponding to G. Consider a vertical segment Is, s ∈ Sw(τi). On
one side of Is there is a rectangle Rb1 ∈ Ri, b1 ∈ Br(τ), such that Is is the entire
vertical side of Rb1 . On the other side of Is there are two rectangles Rb2 , Rb3 ∈ Ri,
b2, b3 ∈ Br(τ), such that Is is a concatenation of the form Is = Is2 ∗ Is3, where Isj
is a vertical side of Rbi . Define a positive Borel measure νi on Is, whose restriction
to Isj is given by

ν
∣∣ Isj =

wi(bj)∫
Isj
|dy| |dy|

We thus have νi(Is) = wi(b1) for j = 2, 3, and νi(Isj) = wi(bj).
For each b ∈ Br(τ) we may now extend νi to a measured foliation on the rectangle

Rb as follows. On each component of ∂vRb we have constructed a positive Borel
measure of total mass wi(b), which induces a measure preserving homeomorphism
fb between the two components of ∂vRb. In the |dy| metric the homeomorphism
fb is piecewise linear. Now construct a foliation of Rb each of whose leaves is a
Euclidean geodesic whose endpoints are a pair of points on opposite components of
∂vRb that correspond under the homeomorphism fb, and extend νi to a transverse
measure.

We have constructed a partial measured foliation Gi and a carrying injection
Gi ⊂ ν. From this construction it is clear that [Gi] = [G]. For each i ≥ 0 we
construct a homeomorphism φi : (ν,G0) → (ν,Gi) as follows. Given a vertical fiber
I of ν we have ν0(I) = νi(I), and the restriction of φi to I is the unique orientation
preserving homeomorphism such that (φi)∗(ν0) = νi.

For purposes of applying the Ascoli-Arzela Theorem we must verify that the
sequence φi is equicontinuous. This follows by applying two observations to each
vertical fiber I of ν: as i → ∞ the set I ∩ ξi determines a subdivision of I whose
mesh goes to 0; and for all j ≥ i the maps φj are identical on the set I ∩ ξi.

Applying Ascoli-Arzela let φ∞ : ν → ν be the limit map. It is a continuous
surjection preserving the tie foliation of ν. We show that φ∞ is a homeomorphism,
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taking the underlying singular foliation of G to the underlying singular foliation
of F .

What is already clear from the construction is that each leaf segment of G is
mapped by φ∞ to a horizontal path in ν, that is, a leaf segment of Fh(ν). By
arationality of F , this already implies that G has no closed leaves. To prove that
φ∞ takes G to F it remains only to show that φ∞ is one-to-one. Consider a vertical
fiber of ν, and arguing by contradiction suppose that there are two points p 6= q in
that vertical fiber such that φ∞(p) = φ∞(q). Letting I be the subsegment of the
vertical fiber with endpoints p, q, it follows that φ∞ is constant on I. Let z = φ∞(I).
Each bi-infinite leaf of G passing through I maps to a bi-infinite horizontal path
in ν passing through z. Since G has no closed leaves, there are infinitely many
distinct bi-infinite leaves of G passing through I, and these project to infinitely
many distinct train paths in τ0. It follows that there are infinitely many distinct
bi-infinite horizontal paths in ν passing through z, but this is clearly absurd.

This completes the proof of Theorem 5.1.1 under the assumption that each τi
fully carries both F and G.

Special Case 2: Removing the assumption that each τi fully carries G.
For each i let τ ′i be the subtrack of τi which fully carries G. We need the following:

Fact 5.2.1. Given a splitting τ Â σ, a partial measured foliation G carried by τ
and σ, if τ ′ ⊂ τ , σ′ ⊂ σ are the subtracks fully carrying G, then τ ′ Â σ′ is either a
splitting or a comb equivalence.

Proof. It suffices to consider the case where τ Â σ is a wide splitting of τ along
some splitting arc α. Consider Figure 14, whose top portion shows a neighborhood
of α. Divide the branch ends incident to α are into four sets: upper-left, lower-
left, upper-right, or lower-right. Consider which of these four sets has nonempty
intersection with τ ′. If τ ′ has nonempty intersection with no more than one of
upper-left and lower-left, or if τ ′ has nonempty intersection with no more than one
of upper-right and lower-right, then τ ′ Â σ′ is a comb equivalence. Otherwise,
τ ′ Â σ′ is a splitting. ♦

A splitting sequence can have only finitely many central splittings, as shown
in Section 4.1. By truncation we may assume that neither of the sequences τ0 Â
τ1 Â · · · or τ ′0 Â τ ′1 Â · · · has any central splittings. It follows that for each
splitting τi Â τi+1, the carrying relation τ ′iÂÂτ ′i+1 is either a parity splitting or a
comb equivalence.

We now carry out the construction of the sequence of partial measured folia-
tions Gi and carrying injections Gi ⊂ ν, as above, noting that as a consequence of
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the discussion in the previous paragraph, the subsurface Supp(Gi) is independent of
i; denote this subsurface νG . We can now define the sequence of maps φi : νG → νG

taking G0 to Gi and apply Ascoli-Arzela as before, obtaining in the limit a home-
omorphism φ∞ : νG → νG . Arguing as before, φ∞ takes each bi-infinite leaf of G
to a bi-infinite horizontal path in ν, but each of the latter is dense in ν since F is
arational, and it follows that image(φ∞) = ν and so ν = νG . The argument is now
completed as before.

The general case: removing the assumption that each τi fully carries F .
Let σi be the subtrack of τi which fully carries F and let τ ′i be the subtrack which
fully carries G. Truncate so that none of the splitting sequences (τi), (σi), (τ ′i) has
central splittings. We obtain a sequence of carrying maps σ0ÂÂσ1ÂÂ · · · consisting
of comb equivalences and splittings, such that σi carries the arational measured
foliation F , and hence each σi fills.

We claim that infinitely many of the carryings σi Â σi+1 are splittings, in fact,
there is a constant A depending only on the topology of S such that for each i the
finite sequence σi Â σi+1 Â · · · Â σi+A contains at least one splitting. The claim
follows because σi is a filling subtrack of τi, and there is a bound on the length of
a splitting sequence starting at τi which does not split the subtrack σi.

By ignoring the comb equivalences in the sequence σ0ÂÂσ1ÂÂ · · · we may there-
fore regard it as a complete splitting sequence, which is therefore a train track
expansion of F . As in the proof under the special assumption above, we may apply
Proposition 4.4.1 to the tie bundle ν = ν(σ0) as above, equipped with a Euclidean
metric on ν whose horizontal measured foliation is equivalent to F , and the con-
clusion is that there is a complete, generic, expanding separatrix family ξ(t) in ν
whose elementary move sequence is an elementary factorization of the expansion
σ0ÂÂσ1ÂÂ · · · . As above we obtain rectangle decompositions Ri of ν, with horizon-
tal boundaries ∂hRi = ξi ∪ ∂ν and vertical boundaries ∂vRi, so that the vertical
widths of the rectangles approach zero.

Since G itself is not carried by σ0, we must be a little careful at this stage.
Consider a tie bundle ν(τ0), chosen so that we have a commutative diagram

ν = ν(σ0) ⊂ //

π′

��

ν(τ0)

π

��
σ0 ⊂

// τ0

where π, π′ are tie collapsing maps. Note that for each vertical fiber I of ν(τ0), the
intersection I ∩ ν either is empty or is an entire vertical fiber of ν(σ0), depending
on whether π(I) ∈ σ0.
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The map π : (S, ν(τ0))→ (S, τ0) may be factored

(S, ν(τ0))
ψ−→ (S, ν̂) = (S, ν(σ0) ∪ τ̂) π′−→ (S, τ0)

as follows. The map π′ is the tie bundle of ν = ν(σ0), extended to S by a homeomor-
phism of S− ν = S− ν(σ0) to S− σ0. The set τ̂ is the closure of π′−1(Cl(τ0− σ0));
note that Cl(τ0−σ0) is a train track with terminals, having one stop for each point
s ∈ σ0 which is a switch of τ0 but not a switch of σ0. Note that π′ restricts to a
homeomorphism between τ̂ and Cl(τ0− σ0). The map ψ has the following effect on
each vertical fiber I of ν(τ0): if I ∩ν 6= ∅ then ψ takes I homeomorphically to I ∩ν;
otherwise ψ(I) is the point of τ̂ which is taken to π(I) by π′. What we have done
is to partially collapse ν(τ0), in effect gluing the train track with terminals τ̂ to the
tie bundle ν(σ0). The gluing is done smoothly, so that a smooth path in S which is
a concatenation of paths transverse to vertical fibers of ν(σ0) and train paths in τ̂
projects to a train path of τ0. Each “vertical fiber” of ν̂ is either a vertical fiber of
ν or a point of τ̂ .

We also have a tie bundle ν(τ ′0) over τ ′0. Choose a weight function w on τ0

corresponding to G, nonzero precisely on the branches of τ ′0, and use this to construct
a partial measured foliation supported on ν(τ ′0) equivalent to G inMF , still denoted
G. Now we proceed as earlier, constructing Borel measures νi on vertical fibers of
ν̂, by using G-heights of the rectangles of Ri for the vertical fibers of ν, and using
G-atomic measures for the points of τ̂ . Each transverse measure νi may be used to
contruct a continuous map φi : G → ν̂ in the same manner as before, except that
bands of leaves will be squeezed together in τ̂ , so by all appearances the map φi may
not be one-to-one. Nevertheless, equicontinuity still follows by the same argument
and so we obtain a limit map φ∞, still perhaps not one-to-one. The image of a
leaf segment of G is now a horizontal path in ν̂, which means a bi-infinite smooth
concatenation of horizontal paths in ν and train paths in τ̂ . The same argument
as before therefore shows that if φ∞ is not one-to-one then infinitely many distinct
leaves of G map to infinitely many distinct bi-infinite horizontal paths through a
single point of ν̂. However, since σ0 fills the surface, it follows that each point of ν̂
lies on only finitely many bi-infinite horizontal paths: there are only finitely many
maximal smooth paths in ν̂ which are disjoint from the interior of ν, and once a
horizontal path enters the interior of ν at a boundary singularity, it never again
leaves the interior, by arationality of F . Thus we obtain the same contradiction
as before, thereby proving that φ∞ is one-to-one. It follows that image of φ∞ is
contained in ν, for if some point x ∈ τ̂ = ν̂ − ν were in the image, then infinitely
many distinct leaves of G would have image passing through x. It therefore follows
as before that φ∞ takes G to F .

This completes the proof of the Expansion Convergence Theorem.
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Remark. The Expansion Convergence Theorem can fail without assuming F
is arational. For instance, suppose that F has two arational foliation components.
Then we can choose a generic expanding separatrix family which becomes dense
in one foliation component but not in the other. The corresponding train track
expansion thus converges in one of the arational foliation components but not the
other. This example accords with the remark in the introduction that our defini-
tion of train track expansions works well for arational measured foliations but not
otherwise.

Remark. The Expansion Convergence Theorem brings up the following ques-
tion: if the infinite splitting sequence τ0 Â τ1 Â · · · is not an expansion of an
arational measured foliation, what exactly is it an expansion of? In other words,
what is the set ∩∞i=0MF(τi)? We will answer this question later in Theorem 8.5.1.
The following generalization of the Expansion Convergence theorem provides some
clues, and will play an important role in the proof of Theorem 8.5.1.

5.3 Convergence to a partial arational measured foliation

For later purposes we shall need a generalization of the Expansion Convergence
Theorem which describes expansions of partial arational measured foliations.

Suppose that F ,G are partial measured foliations, F is partial arational, and
τ0 Â τ1 Â · · · is an expansion of each. We would like to say how F ,G are re-
lated. We cannot conclude in general that G ∈ MF(F)—perhaps F ,G are distinct
foliation components of some larger measured foliation of which τ0 Â τ1 Â · · · is
an expansion. A weaker but still useful conclusion would be that 〈[F ], [G]〉 = 0,
but even this may not hold: perhaps F ,G are both carried on a subtrack σ0 ⊂ τ0

which is never split during the entire splitting sequence, in which case it follows
that MF(σ0) ⊂ ∩iMF(τi), and it might be possible to choose F ,G whose classes
lie inMF(σ0) so that 〈[F ], [G]〉 6= 0. Thus, we need an additional hypothesis which
rules out the existence of such a subtrack. Let σi ⊂ τi be the subtrack fully carrying
F , and so we obtain a sequence of carryings σ0ÂÂσ1ÂÂ · · · each of which is either a
comb equivalence or a splitting. If this sequence contains infinitely many splittings
then we say that F is infinitely split by the expansion τ0 Â τ1 Â · · · .

Theorem 5.3.1. If F is a partial arational measured foliation, and if τ0 Â τ1 Â · · ·
is an expansion of F which splits F infinitely, then for every G ∈ ∩nMF(τn) we
have 〈[F ], [G]〉 = 0.

The proof of the theorem will give very explicit information about how the
carrying maps F → τi, G → τi are related. This information will be useful later, so
we will describe it in detail in Proposition 5.3.2.
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Proof. By working on one foliation component of G at a time, it suffices to assume
that G has a unique foliation component.

We follow the proof of the general case in the Expansion Convergence Theo-
rem: let σ0 ⊂ τ0 be the subtrack fully carrying F , let ν be a tie bundle over σ0,
and by altering F within its equivalence class we assume that we have a carrying
bijection F ↪→→ν, so vertical segments of ν are ties and horizontal segments of ν are
leaf segments of F . The sequence of carrying maps σ0ÂÂσ1ÂÂ · · · consists of comb
equivalences and infinitely many splittings, and so we can collapse the comb equiva-
lences to obtain a complete splitting sequence which is therefore an expansion of F ,
each train track of which fully carries F . Letting ν̂ be obtained from ν by smoothly
attaching the train track with terminals τ̂0 = Cl(τ0 − σ0), by the same proof as
above we alter G within its equivalence class and obtain a map φ∞ : G → ν̂ so that
each leaf of G maps to a horizontal path in ν̂, which must be a smooth concatenation
of train paths in τ̂0 and leaf segments of F . Note that we no longer have available
the argument that each point of ν̂ lies on only finitely many bi-infinite horizontal
paths.

Let Σ be the union of saddle connections of F . We consider two cases, depending
on whether φ∞(G) ∩ Supp(F) is a subset of Σ.

Case 1: φ∞(G) ∩ Supp(F) ⊂ Σ. Slicing F open along Σ to obtain a canonical
model F ′, it follows that G can be isotoped into the complement of Supp(F ′),
proving that 〈[F ], [G]〉 = 0.

Case 2: φ∞(G) ∩ Supp(F) 6⊂ Σ. It follows that some half-infinite leaf segment `
of G is mapped by φ∞ to a half-infinite leaf segment of F . This implies that G is
not annular, and so G is partial arational. Also, since ` is dense in Supp(G) and
φ∞(`) is dense in ν = Supp(F) it also follows that φ∞(G) = ν.

It remains to show that φ∞ is one-to-one. Unfortunately, unlike all cases of
Theorem 5.1.1, it need not be true that each point of ν lies on only finitely many
bi-infinite horizontal paths, and so we cannot reach the same contradiction as before
that a finite cardinal equals an infinite cardinal. The problem is that by concatenat-
ing saddle connections we may be able to obtain infinitely many bi-infinite horizontal
paths in ν. However, each point x ∈ ν−Σ lies on at most countable many horizontal
paths in ν, projecting to at most countably many bi-infinite train paths in σ0. If
φ∞ is not one-to-one on G then there exists a transversal α of G such that φ∞(α)
is a single point x ∈ ν. The set of bi-infinite leaves of G passing through points of
α is uncountable, since G is partial arational, and no two of them determine the
same bi-infinite train path of σ0. Thus, we obtain a similar contradiction, that a
countable cardinal equals an uncountable cardinal. ♦
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Remark. Unlike in the case where F is arational, when F is only partial arational
it is possible that φ∞(G) ⊂ Supp(F) and yet 〈[F ], [G]〉 = 0. To see how this can
happen, consider a carrying bijection Fi↪→→ν(σi) as in the above proof, where Fi is
equivalent to F . We may assume that for sufficiently large i, say i ≥ I, the partial
measured foliations Fi are stable, meaning that no proper saddle connections are
sliced for i ≥ I, and hence all the Fi are isotopic for i ≥ I. Let Σi be the union of
all saddle connections of Fi, proper and not proper. The set Σi may be interpreted
as a train track with terminals, and as such it may have a true train track as a
subset; let σi be the maximal such train track. The stability assumption implies
that the isotopy type of σi is constant for i ≥ I. Any measured foliation carried by
G has the property that τ0 Â τ1 Â · · · is an expansion of G, and also that 〈[F ], [G]〉,
and moreover if the above argument is applied to G then φ∞(G) ⊂ Σi.

The proof of Theorem 5.3.1 gives explicit information about how the carrying
maps F → τi and G → τi are related, which we will store in the next proposition
for later consumption.

Consider a train track τ carrying a partial arational measured foliation F . We
assume that we have a carrying injection F ↪→ ν(τ). Let σ ⊂ τ be the subtrack
fully carrying F , and we may assume that we have a carrying bijection F ↪→→ν(σ),
and a commutative diagram

ν(σ) ⊂ //

π′

��

ν(τ)

π

��
σ ⊂

// τ

where the vertical arrows are tie bundle projections.
Now slice F along its proper saddle connections, to obtain a canonical model F ′

with (possibly nonsurjective) carrying injection F ′ ↪→ ν(σ). By restricting the tie
bundle to Supp(F ′) we obtain a tie bundle ν(σ′) of a train track σ′ that canonically
carries F ′. The injection F ′ ↪→ ν(σ) is far from unique, however, and this implies
that σ′ is not unique. But by choosing the carrying injection F ′ ↪→ ν(τ) carefully
we get a natural choice of σ′. Namely, start with a carrying bijection F ↪→→ν(σ),
and then slice along the proper saddle connections of F to get F ′, taking care
that Supp(F ′) contains a neighborhood in ν(σ) of any cusp of ν(σ) which is not
the endpoint of a proper saddle connection of F . We refer to this construction by
saying that σ′ is obtained from τ by canonical splitting compatible with a canonical
model of F .

Next, choose a carrying injection F ′ ↪→ ν(τ) whose image is contained in the
interior of ν(τ). By restricting the tie bundle to ν(τ)−int(Supp(F ′)) we obtain a tie
bundle ν(τ ′) of a train track with terminals τ ′. In this case τ ′ is uniquely determined
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up to isotopy, independent of the carrying injection F ′; this is a consequence of
Proposition 3.6.5. We say that τ ′ is obtained from τ by cutting out a canonical
model of F . Note that τ ′ is never a train track: it must have one terminal for each
boundary singularity of F ′. Thus, the maximal pretrack τ ′′ contained in τ ′ is a
proper subset of τ ′. But at least τ ′′ is a true train track on S; this follows because
each component of the C(S − τ ′′) is a union of components of C(S − τ) and hence
has negative index. (See Section 8.3 for a full treatment of “cutting out one train
track from another”).

Note that the two processes we have described—cutting out a canonical model,
and canonical splitting compatible with a canonical model—yield what are in some
sense complementary tracks σ′, τ ′′, in the sense that each component of C(S −
(σ′ ∪ τ ′′)) that touches both σ′ and τ ′′ is a topological annulus with one boundary
component on σ′ and the other on τ ′′.

In case (1) of the proof of Theorem 5.3.1, it is clear that if F ′ is a canonical model
obtained by slicing F along the union of proper saddle connections Σ, then one can
choose G in its equivalence class so that there are carrying injections F ′ ↪→ ν(τ0),
G ↪→ ν(τ0) which have disjoint images. It follows that G is carried by the track with
terminals τ ′0 that is obtained from τ0 by cutting out F ′, and so G is carried by the
maximal train track τ ′′0 contained in τ ′0. The same argument holds for each i ≥ 0;
just apply the whole argument to the truncated splitting sequence to τi Â τi+1 Â · · · .

We record this as follows. Given pairwise disjoint essential subsurfacesH1, . . . , HK ⊂
S and sets of measured foliations F1, . . . , FK ⊂MF(S) such that each F ∈ Fk has
support contained in Hk, the join F1 ∗ · · · ∗ FK is defined to be the subset of MF
represented by all measured foliations of the form F1 ∪ · · · ∪ FK where each Fk is
either empty or is an element of Fk. For example, if a train track τ is a union of
pairwise disjoint subtracks τ1, . . . , τn then MF(τ) =MF(τ1) ∗ · · · ∗MF(τn).

Proposition 5.3.2. Consider partial measured foliations F ,G such that F is par-
tial arational and G has one foliation component, and let τ0 Â τ1 Â · · · be a train
track expansion of both F and G which splits F infinitely. For each i let σ′i be ob-
tained from τi by canonical splitting compatible with a canonical model of F , let τ ′i
be obtained from τi by cutting out a canonical model of F , and let τ ′′i be the maximal
train track in τ ′i . Then either G ∈ MF(τ ′′i ), or G ∈ MF(F). It follows that

∩iMF(τi) =MF(F) ∗ ∩iMF(τ ′′i )

♦
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6 Arational Expansion Theorem

TO DO:

• Introduce one cusp train tracks. Introduce cusp jumps. Explain how this
breaks the finite order symmetry. Put an extra restriction that there is only
one cusp jump, and that at the very end.

• Describe graphs Γ̃, Γ̃d, MCG action, Γ, Γd.

• Give the FDA point of view. Arationality, Canonical arationality, can both
be checked by an FDA.

• Describe examples of Keane from [Kea77], and prove their arationality.

– These examples are not one sink expansions: he switches the transverse
orientation of the sink at the end of each block.

– The block he describes does kill all the branches needed for a sink expan-
sion (see my diagrams on the left edge of p. 190 of the xerox of [Kea77]).

– So, do the same principles of arationality work when you do that switcheroo
for a one sink expansion?

The Arational Expansion Theorem 6.3.2 will give a criterion which is necessary
and sufficient for a given splitting sequence τ0 Â τ1 Â · · · to be a train track
expansion of some arational measured foliation. This criterion, called the “iterated
rational killing criterion”, is couched entirely in terms of the combinatorial structure
of the splitting sequence. What is says, intuitively, is that for any i ≥ 0 there exists
j > i such that any structure in τi which could account for a nonarational measured
foliation must be killed in τj .

Since the set of measured foliations ∩iMF(τi) does not change when we truncate
a splitting sequence τ0 Â τ1 Â · · · , we may assume that all splittings are parity
splittings, and hence all carrying relations τiÂÂτj are homotopic carryings; we will
make this assumption henceforth in our discussion of the iterated killing criterion.

Recall from Proposition 3.14.1 that a homotopic carrying relation τÂÂτ ′ is either
a slide equivalence or it factors as a sequence of parity splittings. Given a homotopic
carrying relation τÂÂτ ′, we will define what it means for this pair to satisfy the
rational killing criterion—intuitively, any structure in τ which could account for
a nonarational measured foliation is killed in τ ′. The rational killing criterion is
stable in the sense that if τÂÂτ ′ÂÂτ ′′ÂÂτ ′′′ then the rational killing criterion for
τ ′ÂÂτ ′′ implies the rational killing criterion for τÂÂτ ′′′.
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Given a parity splitting sequence τ0 Â τ1 Â · · · , we will define the iterated
rational killing criterion by requiring that for each m there exists n > m such that
τmÂÂτn satisfies the rational killing criterion.

As explained in the introduction, in the case that S is a punctured torus the
rational killing criterion for a finite splitting sequence τi Â · · · Â τj can be easily
stated: each of the two simple curves in τi is killed in τj ; equivalently, each of the
parities r and l occurs at least once in the splitting sequence τi Â · · · Â τj .

To formulate the rational killing criterion in general for a carrying relation τÂÂτ ′,
our task is to identify combinatorial structures in τ which should be killed in τ ′.
In this task we are guided by the following intuition: the rational killing crite-
rion means that one cannot easily detect the presence of a nonarational measured
foliation—various nonfilling train tracks associated to τ , which carry only nonara-
tional measured foliations, are “killed” before they can get to τ ′. On the other hand,
the number of objects to be killed should be kept low, for purposes of computational
efficiency—on the torus, we need only keep track of two objects at a time, namely
the two simple closed curves in τi.

The rational killing criterion for τÂÂτ ′ is a conjunction of two criteria, the “sub-
track killing criterion”, and the “splitting cycle killing criterion”. We describe these
two criteria briefly here; full discussion is given in Sections 6.1 and 6.2 below.

To describe the subtrack killing criterion for a carrying pair τÂÂτ ′, consider a
subtrack σ ⊂ τ . We say that σ survives in τ ′ if there exists a subtrack σ′ ⊂ τ ′

such that σ homotopically carries σ′; this σ′, if it exists, is unique, and is called the
descendant of σ in τ ′. If σ does not survive in τ ′ then we say that σ is killed in τ ′.
We say that τÂÂτ ′ satisfies the subtrack killing criterion if every nonfilling subtrack
of τ is killed in τ ′. Failure of the subtrack killing criterion gives easily detectable
nonarational measured foliations carried on both τ and τ ′, namely, anything carried
on σ′.

For now we shall roughly describe the splitting cycle killing criterion in the
special case of a nonpunctured surface; the full definition incorporating punctured
surfaces is given in Section 6.2. Given a filling train track σ a splitting cycle of σ is
a smooth, simple closed curve γ which is a union of c-splitting arcs of σ and arcs
properly embedded in C(S − σ) with endpoints at cusps, with a few other technical
restrictions on γ that are not so important for now. Consider a filling subtrack
σ ⊂ τ which survives in τ ′ with descendant σ′ ⊂ τ ′. We say that a splitting cycle
γ of σ survives in σ′ if there exists a splitting cycle γ′ of σ′ such that γ, γ′ are
isotopic in S. This γ′, if it exists, is unique up to isotopy rel σ′, and is called the
descendant of γ in σ′. If γ does not survive in σ′ then we say that γ is killed in
τ ′. We say that τÂÂτ ′ satisfies the splitting cycle killing criterion if for each filling
subtrack σ ⊂ τ which survives with descendant σ′ ⊂ τ ′, each splitting cycle of σ
is killed in σ′. Failure of the splitting cycle killing criterion gives easily detectable
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nonarational measured foliations carried on both τ and τ ′: let ρ be the nonfilling
train track obtained from σ by splitting along γ, and let ρ′ be the nonfilling train
track obtained from σ′ by splitting along γ′. Note that τÂÂρ and τ ′ÂÂρ′, and also
ρÂÂρ′, hence anything carried by ρ′ is a nonarational measured foliation carried by
both τ and τ ′.

Here, then, is a restatement of the rational killing criterion for a homotopic car-
rying relation τ

hÂÂ τ ′, at least in the nonpunctured case: for each pair of subtracks
σ ⊂ τ , σ′ ⊂ τ ′, if σ

hÂÂ σ′ then both σ, σ′ fill, and each splitting cycle of σ is killed
in σ′.

The arationality theorem, or rather its proof, will show that if the splitting
sequence τ0 Â τ1 Â τ2 Â · · · is an expansion of a nonarational measured foliation
F then for some m and all n ≥ m the rational killing criterion fails for τmÂÂτn,
because one can use F to detect either a nonfilling subtrack or a splitting cycle of a
filling subtrack of τm which survives in τn. Conversely, if there exists m such that
for all n ≥ m the pair τmÂÂτn fails the rational killing criterion, then one can piece
together enough evidence—either nonfilling subtracks of the τi or splittings cycles
of filling subtracks of the τi—to pinpoint a nonarational measured foliation of which
τ0 Â τ1 Â τ2 Â · · · is an expansion.

Sections 6.1 and 6.2 contain a complete discussion of survival of subtracks and
splitting cycles. It follows that the rational killing criterion for a carrying pair
τÂÂτ ′ depends in a very simple way on the combinatorial structure of this pair—
indeed, it can be checked very quickly by the simplest type of computing machine,
in the sense that for a given train track τ the set consisting of splitting sequences
τ = τ0 Â · · · Â τn = τ ′ such that τÂÂτ ′ satisfies the rational killing criterion forms a
regular language in some sense. This fact will allow us to conclude that the language
of train track expansions of arational measured foliations has nice language theoretic
properties (Section ??). where is this sec-

tion?The Arational Expansion Theorem 6.3.2 is stated in full in Section 6.3. Sec-
tion 6.4 contains an application to criteria for canonical expansions of measured
foliations. The proof is covered in Sections 6.5–6.8.

Section 9 contains further applications, namely recipes for construction of pseudo-
Anosov homeomorphisms. In later sections this information, combined with stable
equivalence, will be used to classify pseudo-Anosov mapping classes up to conjugacy.

6.1 Survival of subtracks

Recall from Section 3.14 that a carrying relation σÂÂσ′ is said to be homotopic,
denoted σ

hÂÂ σ′, if the carrying map σ′ → σ is a homotopy equivalence. Recall also
that σ

hÂÂ σ′ implies σ
fÂÂ σ′; moreover, assuming that σ

fÂÂ σ′, it follows that σ
hÂÂ σ′
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if and only if i(σ) = i(σ′) which occurs if and only if σ, σ′ are comb equivalent or
there exists a sequence of parity splittings from σ to σ′.

Consider a carrying relation τÂÂτ ′ and subtrack σ ⊂ τ . Given a subtrack σ′ ⊂ τ ′,
Corollary 3.5.3 shows that σ

hÂÂ σ′ if and only if the carrying map τ ′ → τ takes σ′

onto σ by a homotopy equivalence. If such a σ′ exists then we say that σ survives
in τ ′, that σ′ is a descendant of σ in τ ′, and that σ is the ancestor of σ′ in τ . If σ
does not survive in τ then σ is killed in τ .

The characterization of survival for comb equivalent train tracks is particularly
simple:

Proposition 6.1.1. Given comb equivalent train tracks τ 3 τ ′, each subtrack of τ
survives in τ ′, and the descent relation is a bijection between the set of subtracks of
τ and the set of subtracks of τ ′.

Proof. For a single comb move this is obvious, and the general case follows by
induction on the number of comb moves between τ and τ ′. ♦

Next we characterize survival for an elementary parity splitting τ Â τ ′ of parity
d ∈ {l,r} along a sink branch b ⊂ τ . Let b have regular neighborhood N and let
{r, s, t, u} = τ ∩ ∂N as depicted in Figure 13, so in particular r, s are contained in
one component of (τ ∩N)− int(b), t, u are contained in the other component, and
with respect to the (counterclockwise) boundary orientation on ∂N the points are
listed in circular order as r, s, t, u. Given a subtrack σ ⊂ τ , we say that σ contains
a Left crossing of b if {s, u} ⊂ σ, and σ contains a Right crossing of b if {r, t} ⊂ σ.
These notions are independent of the choice of N and the labelling of the oints of
τ ∩ ∂N .

Proposition 6.1.2. Let τ Â τ ′ be an elementary splitting of parity d ∈ {l,r} along
a sink branch b, let d̄ be the complement of d in {l,r}, let N be a neighborhood of b
as depicted in Figure 13, and let σ be a subtrack of τ . The following are equivalent:

• The subtrack σ survives in τ ′.

• There exists a subtrack σ′ ⊂ τ ′ such that σ
fÂÂ σ′.

• Either σ does not contain a d̄-crossing of b or σ contains a d-crossing of b.

Furthermore, if σ survives, then its descendant σ′ ⊂ τ ′ is the unique maximal
subtrack of τ ′ such that σ

fÂÂ σ′; equivalently, σ′ is the unique subtrack such that
σ′−N = σ−N , and σ′ contains the post-splitting arc of τ ′ if and only if σ contains
a d-crossing of b. Moreover, σ is isotopic to σ′ unless σ ∩ N = N , in which case
σ Â σ′ is a d-splitting along b.

Finally, descent is a bijection between a subset of the set of subtracks of τ and
a subset of the set of subtracks of τ ′.
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Proof. Assume that τ Â τ ′ has parity d = l, and so we must prove that σ is killed
if and only if {r, t} ⊂ σ and {s, u} 6⊂ σ.

If {r, t} ⊂ σ and {s, u} 6⊂ σ then σ ∩ ∂N = {r, t} or {r, s, t} or {r, t, u}, and in
each case one can easily see that there does not even exist a subtrack σ′ ⊂ τ ′ such
that σ′ ∩∂N = σ∩N . It follows that there is no subtrack σ′ such that σ

fÂÂ σ′, and
so there is no σ′ such that σ

hÂÂ σ′.
Conversely, suppose that either {r, t} 6⊂ σ or {s, u} ⊂ σ, and so σ∩{r, s, t, u} = ∅

or {r, u} or {s, t} or {s, u} or {r, s, u} or {s, t, u} or {r, s, t, u}. In each case there
clearly does exist a subtrack σ′ ⊂ τ ′ such that σ′ ∩ ∂N = σ ∩ ∂N , and moreover
one can choose σ′ so that σ′ − N = σ − N , which guarantees that σ

fÂÂ σ′. In
addition, σ′ is uniquely determined if we require that σ be maximal with respect to
these conditions, or equivalently, that σ′ contains the post-splitting branch if and
only if {s, u} ⊂ σ ∩ ∂N . With this choice of σ′, it is easy to check case by case that

σ
hÂÂ σ′, and that σ is isotopic to σ′ unless {r, s, t, u} ⊂ σ in which case σ Â σ′ is a

Left splitting.
For the final conclusion, assuming σ′ is a descendant of σ, it suffices to notice

from the above discussion that σ determines σ′; conversely, σ′ determines σ by the
requirement that σ

fÂÂ σ′. ♦

Remark. Observe in the above proof that if σ survives and σ
fÂÂ σ′ but σ′ is not

the descendant of σ, then the only way this can happen is if {r, s, t, u} ⊂ σ and σ′

does not contain the post-splitting arc; this implies that σ Â σ′ is a central splitting.

Since any splitting relation τ Â τ ′ can be factored as a comb equivalence fol-
lowed by an elementary splitting followed by a comb equivalence, by combining
Propositions 6.1.1 and 6.1.2 we obtain a description of survival for subtracks of τ .
Nevertheless, in light of Proposition 3.13.6 which says that any splitting sequence
can be replaced by a wide splitting sequence, it is convenient to get an even more
explicit description of survival for a wide splitting, paralleling the description for
an elementary splitting.

Let τ be a generic train track and let α be a splitting arc of τ , containing a sink
branch b of τ . Let Bα denote the set of oriented branches of τ terminating at a
switch lying in α. Each element of Bα lies on one of the two sides of α. Also, each
element of Bα terminates in one of the two components of α− int(b). Together we
obtain a partition of Bα into four sets, where b, b′ ∈ Bα are in the same partition
element if they lie on the same side of α and touch the same component of α−int(b).
Each partition element is nonempty, and we denote the partition Bα = R∪S∪T∪U ,
where R,S touch one component of α− int(b) and T,U touch the other component,
where R,U lie on one side of α and S, T lie on the other side, and where R,S, T, U
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are listed in circular order with respect to the orientation on a neighborhood of α.
In analogy with the four points r, s, t, u in Figure 13, one can easily label the sets
R,S, T, U in Figure 14. Given a subtrack σ ⊂ τ , we say that σ contains a Left
crossing of α if σ contains a branch of S and a branch of U , and σ contains a Right
crossing of α if σ contains a branch of R and a branch of T .

Proposition 6.1.3. Given a wide splitting of generic train tracks τ Â τ ′ of parity
d ∈ {l,r} along a splitting arc α, a subtrack σ ⊂ τ survives the splitting if and only
if σ contains a d crossing or σ does not contain a d̄ crossing of α. If σ survives
then its descendant σ′ is the unique subtrack of τ ′ such that σ

fÂÂ σ′ and such that
σ′ contains the postsplitting branch of τ ′ if and only if σ contains a d-crossing of α.

Proof. Consider the slide equivalence τ Â τ ′′ depicted in Figure 15 with sink branch
b′′ ⊂ τ ′′, which has the property that τ ′′ Â τ ′ is an elementary splitting of parity d
along b′′, and the postsplitting branch of τ ′ is the same for the wide splitting τ Â τ ′
and the elementary splitting τ ′′ Â τ ′. Applying Proposition 6.1.1, σ survives in τ ′′

with descendant σ′′ ⊂ τ ′′, and in the notation of Figure 15, σ contains the branch
R if and only if σ′′ contains r, and similarly for the pairs S, s and T, t and U, u. It
follows that σ contains a d crossing of b if and only if σ′′ contains a d crossing of b′′,
and similarly for d̄ crossings. Applying Proposition 6.1.1 it follows that σ survives
in τ ′ if and only if σ contains a d crossing or σ does not contain a d̄ crossing. ♦

The following lemma gives a description of survival and descent for any homo-
topic carrying relation factored as a sequence of parity splittings. By combining
it with Lemmas 6.1.2 or 6.1.3, we obtain an efficient computational criterion for
verifying survival of a subtrack.

The lemma is stated more generally in terms of any carrying relation factored
as a sequence of carrying relations:

Lemma 6.1.4. Given a sequence of carrying relations τ0ÂÂτ1ÂÂ · · ·ÂÂτn, a subtrack
σ0 ⊂ τ0 survives in τn with descendant σn ⊂ τn if and only if there exist subtracks
σi ⊂ τi for i = 1, . . . , n−1 such that for each i = 1, . . . , n the subtrack σi−1 survives
the splitting τi−1 Â τi with descendant σi. For a parity splitting sequence it follows,
by combining with Proposition 6.1.2 above, that the descent relation is a bijection
between a subset of the set of subtracks of τ0 and a subset of the set of subtracks of
τn.

Remark There exist splitting sequences τ0 Â · · · Â τn such that no proper sub-
track of τ0 survives in τn. For instance, on a once punctured torus this holds when-
ever the sequence contains splittings of both parities l and r. Examples where the
bijection is empty also exist on a general finite type surface S: any train track τ0
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has only finitely many proper subtracks, and they can be killed off one by one in
some carefully chosen parity splitting sequence τ0 Â τ1 Â · · · Â τn; furthermore,
we can then extend the splitting sequence beyond τn in an arbitrary manner, say
τn Â · · · Â τm, and the result is that no subtrack of τ0 survives to τm. This shows
that in some sense the property that no subtrack survives a splitting sequence is a
generic property.

Proof of Lemma 6.1.4. If the subtracks σi exist as described then σ0 survives with
descendant σn, because the composition of homotopy equivalent carrying maps
σn → σn−1 → · · · → σ0 is a homotopy equivalent carrying map.

To prove the converse, suppose then that σ0 ⊂ τ0 survives with descendant
σn ⊂ τn. Working backwards by induction starting with σn, let σi−1 ⊂ τi−1 be

the image of σi under the carrying map τi → τi−1. It follows that σi−1
fÂÂ σi and

so by Corollary 3.14.2 we have i(σ0) ≥ i(σ1) ≥ · · · ≥ i(σn). Since σ0
hÂÂ σn it

follows again by Corollary 3.14.2 that i(σ0) = i(σn), implying that i(σi−1) = i(σi)
for all i = 1, . . . , n, and so again by Corollary 3.14.2 each of the carrying relations
σi−1ÂÂσi is homotopic. ♦

6.2 Survival of splitting cycles

Recall that a c-splitting arc of a semigeneric train track τ is an embedded arc α ⊂ S
such that α∩τ is an embedded train path contained in the interior of α, each end of
α∩ τ is a switch pointing into the train path α∩ τ , and each of the two components
of C(α − τ) has an endpoint on some cusp of some component of C(S − τ). If τ is
generic then a c-splitting arc is completely determined by its intersection with τ ,
up to isotopy rel τ . We remind the reader that a c-splitting arc α can contain any
number of sink branches, and that a c-splitting arc α is an (unmodified) splitting
arc if and only if α contains a unique sink branch.

Consider a filling, semigeneric train track σ (we don’t bother defining splitting
cycles for nonfilling train tracks). A splitting cycle of σ is either a simple closed
curve or a proper line with ends at distinct punctures of P , denoted γ, that satisfies
the following properties:

• For each component a of γ ∩ σ there is a subsegment α ⊂ γ such that α is a
c-splitting arc and α ∩ σ = a.

• For each component Q of C(S − σ), the set γ ∩Q is one of the following:

– the empty set, or

– a compact arc with endpoints at distinct cusps of Q, or
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– a half-open arc, with finite endpoint at a cusp of Q, and with infinite end
escaping to the puncture of Q.

The equivalence relation we use for splitting cycles of σ is relative isotopy, meaning
isotopy relative to σ. Note that if σ is generic then two splitting cycles γ, γ′ of
σ are relatively isotopic if and only if γ ∩ σ = γ′ ∩ σ′. This equivalence can fail
when σ is nongeneric, but in general σ is determined, up to relative isotopy, by the
relative isotopy classes of the c-splitting arcs that σ contains. This shows that σ
has finitely many splitting cycles up to relative isotopy, and gives an easy method
for enumerating them.

Its possible that two splitting cycles which are not relatively isotopic are nonethe-
less ambiently isotopic. For instance suppose that the splitting cycle γ contains a
c-splitting arc α, and that some component Q of C(S − σ) has a side β which em-
beds in α via the overlay map. Then γ can be isotoped so that the segment β is
replaced with a diagonal of Q parallel to the side β, and the result of this isotopy
is a splitting cycle γ′ which is not relatively isotopic to γ.

Consider a carrying pair σÂÂσ′ of filling train tracks. Given a splitting cycle
γ of σ, we say that γ survives in σ′ if there exists a splitting cycle γ′ of σ′ and a
carrying map f : (S, σ′)→ (S, σ) such that:

(1) γ′ is transverse to the fibers of f ,

(2) the map f
∣∣ γ′ is injective, and

(3) f(γ′) = γ.

In this case γ′ is a descendant of γ and γ is an ancestor of γ′. Note that properties
(1), (2) alone imply that f(γ′) is a splitting cycle of σ, and so γ′ has an ancestor
in σ; (3) identifies the ancestor with γ. If γ does not survive in σ′ then we say γ is
killed in σ′.

As in the last section, we can get a more precise, combinatorial characterization
of survival of splitting cycles for various special kinds of carrying relations, starting
with comb equivalence.

Proposition 6.2.1. If σÂÂσ′ is a comb equivalence of filling train tracks, then every
central splitting of σ survives in σ′, and the descent relation induces a bijection
between all relative isotopy classes of splitting cycles of σ and all those of σ′.

Proof. Fix carrying maps f : (S, σ) → (S, σ′) and f̄ : (S, σ′) → (S, σ). For any
splitting cycle γ of σ, once γ is isotoped rel σ to be transverse to the fibers of the
carrying map f , it follows that f(γ) is a splitting cycle of σ′ with a well-defined
isotopy class rel σ′. By symmetry of comb equivalence a similar statement holds



6 ARATIONAL EXPANSION THEOREM 146

in the other direction. For any splitting cycle γ of σ the splitting cycle f̄ ◦ f(γ) is
isotopic to γ rel σ, and similarly in the other direction. ♦

Next we consider survival of splitting cycles under an elementary splitting of
parity d ∈ {l,r}. Recall that a subtrack is killed if and only if it contains a d̄
crossing of the sink branch but not a d crossing. With a splitting cycle γ the idea
is similar, but somewhat complicated by the fact that γ ∩ σ may have endpoints at
one or two of the endpoints of the sink branch.

Let σ0 Â σ1 be a splitting of parity d ∈ {l,r} along a sink branch b ⊂ σ0, and
as usual N is a regular neighborhood of b, with {r, s, t, u} = σ0 ∩ ∂N and with
∂b = {p, q}, so that p, r, s are in one component of (σ0∩N)− int(b) and q, t, u are in
the other, and r, s, t, u are in positive (counterclockwise) circular order on ∂N ; see
Figures 13 and 18). Given a c-splitting arc γ0 of σ0, we say that γ0 contains a partial
Left crossing of b if γ0∩σ0∩N ⊂ su, which occurs if and only if γ0∩σ0∩N = su or
pu or sq or pq. Similarly, γ0 contains a partial Right crossing of b if γ0∩σ0∩N ⊂ rt
which occurs if and only if γ0 ∩ σ0 ∩ N = rt or rq or pt or pq. Note in particular
that γ0∩σ0∩N = pq if and only if γ0 contains both a partial Left and partial Right
crossing.

Proposition 6.2.2. Consider an elementary splitting σ0 Â σ1, with σ0, σ1 generic
and filling, of parity d along a sink branch b ⊂ σ0. A splitting cycle γ0 of σ0

survives the splitting if and only if γ0 does not contain a partial d̄-crossing. If γ0

does survive then its descendant γ1 is determined up to isotopy by the requirement
that γ0 − N = γ1 − N . Descent is a bijection (up to relative isotopy) between a
subset of the splitting cycles of σ and a subset of the splitting cycles of σ1.

When d = l the proposition asserts that the following two (obviously equivalent)
statements are true:

(1) γ0 survives ⇐⇒ γ0 ∩ σ0 ∩N = ∅ or ru or st or su or pu or sq
⇐⇒ one of cases (a,b,c,d,e,f) holds in Figure 18.

(2) γ0 is killed ⇐⇒ γ0 ∩ σ0 ∩N = pq or rt or pt or rq
⇐⇒ one of cases (g,h,i,j) holds in Figure 18.

And, when d = r, the following two statements are true:

(3) γ0 survives ⇐⇒ γ0 ∩ σ0 ∩N = ∅ or ru or st or rt or pt or rq
⇐⇒ one of cases (a,b,c,h,i,j) holds in Figure 18.

(4) γ0 is killed ⇐⇒ γ0 ∩ σ0 ∩N = su or pu or sq or pq
⇐⇒ one of cases (d,e,f,g) holds in Figure 18.
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Figure 18: A c-splitting arc γ0 of σ0 survives under a d-splitting in σ1 if and only
if γ0 does not contain a partial d̄-crossing of the sink branch.
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There is a similar result for wide splittings which we leave for the reader to
formulate.

Proof. First we claim that the ancestor relation is well defined on relative isotopy
classes. As part of this claim, if we fix a carrying map f : (S, σ1) → (S, σ0), and if
γ1, γ

′
1 are two relatively isotopic splitting cycles each satisfying properties (1), (2) in

the definition of survival, then clearly γ1, γ
′
1 intersect the same fibers of f , implying

that f(γ1) ∩ σ0 = f(γ′1) ∩ σ0 and so f(γ1), f(γ′1) are relatively isotopic splitting
cycles of σ0.

To prove the claim, consider a splitting cycle γ1 of σ1 and a carrying map
f : (S, σ1) → (S, σ0) so that (1), (2) in the definition of survival are satisfied, and
hence f(γ1) is a splitting cycle of σ0. Consider any other carrying map f ′ : (S, σ1)→
(S, σ0). By the previous paragraph it suffices to show that one can isotop γ1 relative
to σ1 so that properties (1), (2) are satisfied for f ′. Applying Proposition 3.5.2,
choose a homotopy of carrying maps Ft : (S, σ1)→ (S, σ0) such that F0 = f , F1 = f ′.
As t varies, the fibers of Ft vary continuously, and we can find an isotopy γ1t of γ1

so that γ1t is transverse to the fibers of Ft. If for some value of t the map ft
∣∣ γ1t

is one-to-one then the same is clearly true for nearby values of t, and moreover
ft(γ1t) ∩ σ0 is constant for nearby values of t. But as t approaches a limit point t′,
the constant set ft(γ1t) ∩ σ0 approaches a limit which equals the set ft′(γ1t′) ∩ σ0,
and hence ft′

∣∣ γ1t′ is also one-to-one. This shows that properties (1), (2) are open
and closed with respect to the parameter t, and since they are satisfied for t = 0
they must be satisfied for t = 1, proving the claim.

We have shown that the ancestor relation is a well-defined function from a
subset of the relative isotopy classes of splitting cycles of σ1 to a subset of the
relative isotopy classes of splitting cycles of σ0. We must identify these two subsets.

From the argument above, we may choose the carrying map f : (S, σ1)→ (S, σ0)
arbitrarily; choose f to be the fold map associated to the splitting.

Up to changing orientation of S if necessary, we may assume that d = l. Let b′

be the postsplitting branch of σ1, with endpoints p′, q′ denoted so that r, u, p′ are
in one component of (σ1 ∩N)− int(b′) and s, t, q′ are in the other component.

Consider a splitting cycle γ1 of σ1 transverse to the fibers of f . Note that
γ1 ∩ σ1 ∩ N has at most two components, because each component must contain
one of the points p′, q′.

We shall show that if γ1 ∩ σ1 ∩N has two components then it has no ancestor,
whereas if γ1 ∩ σ1 ∩N has at most one component then it has an ancestor, and the
ancestor is one of the cases (a,b,c,d,e,f) of Figure 18.

Consider first the case that γ1 ∩ σ1 ∩N has at most one component. It follows
that γ1 ∩ σ1 ∩ N is one of the six sets ∅ or ru or st or su or q′Lu or sp′L. In each
of these cases clearly f

∣∣ γ1 is injective, γ0 = f(γ1) is a splitting cycle of σ, and
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γ0∩σ0∩N is, respectively, one of the six sets in (1) above, as listed in the following
table and depicted in the indicated cases of Figure 18:

(a) (b) (c) (d) (e) (f)
γ0 ∩ σ0 ∩N ∅ ru st su pu sq

γ1 ∩ σ1 ∩N ∅ ru st su q′Lu sp′L
Moreover, from this description it clearly follows that the ancestor function is in-
jective on relative isotopy classes, for the table clearly shows that if γ0 = f(γ1) is
the ancestor of γ1 then γ0 ∩ σ0 determines γ1 ∩ σ1.

Noting that cases (a,b,c,d,e,f) of Figure 18 are precisely the cases of parity
d = l in which it is claimed that γ0 survives, it remains to prove that γ1 has no
ancestor in the case that γ1∩σ1∩N has two components. One of these components
must be ru or q′Lu and the other must be sp′L or st. For each x ∈ [p, q] the fiber
f−1(x) contains points x0 ∈ [rq′L], x1 ∈ [p′Lq

′
L], x2 ∈ [p′L, t], and also contains an

arc I having endpoints x0, x2 and whose interior contains x1; each of the subarcs
[x0, x1], [x1, x2] ⊂ I contains a point of γ′ different from x1. This implies that f

∣∣ γ1

is not injective, and hence γ1 has no ancestor. ♦

Finally, as with subtracks we have a characterization of survival for splitting
cycles in the context of a sequence of carrying maps:

Lemma 6.2.3. Given a sequence of carrying relations σ0ÂÂ · · ·ÂÂσn of filling train
tracks, a splitting cycle γ ⊂ σ0 survives in σn with descendant γ′ if and only if there
exist splitting cycles γ = γ0, γ1, . . . , γn = γ′ of σ0, σ1, . . . , σn, respectively, such
that for each i = 1, . . . , n the splitting cycle γi−1 survives the carrying σi−1ÂÂσi
with descendant γi. For a parity splitting sequence it follows, by combining with
Proposition 6.2.2 above, that descent is a bijection between a subset of the set of
splitting cycles of σ0 and a subset of the set of splitting cycles of σn.

Proof. The “if” direction is clear. For the other direction, choose carrying maps
fi : (S, σi) → (S, σi−1), i = 1, . . . , n, and for 0 ≤ i < j ≤ n define a carrying map
fji : (S, σj)→ (S, σi) by fji = fi+1 ◦ · · · ◦ fj . Choose γ′ = γn in its relative isotopy
class so that it is tranverse to the fibers of f0n and f0n

∣∣ γn is one-to-one with image
γ. It follows that γn is transverse to the fibers of fn−1,n and fn−1,n

∣∣ γn is one-to-
one, so its image γn−1 is a splitting cycle of σn−1, and moreover γn−1 is transverse to
the fibers of fn−1 and fn−1

∣∣ γn−1 is one-to-one. An induction argument completes
the proof. ♦

6.3 Statement of the Arational Expansion Theorem

We shall first discuss the subtrack killing criterion and then the splitting cycle killing
criterion. Then, putting them together, we obtain the rational killing criterion
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which is the key to formulating the Arational Expansion Theorem.

The subtrack killing criterion. A carrying pair τÂÂτ ′ is said to satisfy the
subtrack killing criterion if every nonfilling subtrack of τ is killed in τ ′.

Note that the subtrack killing criterion is stable under extension in the sense
that if τÂÂτ ′ÂÂτ ′′ÂÂτ ′′′ and if τ ′ÂÂτ ′′ satisfies the subtrack killing criterion then
τÂÂτ ′′′ also satisfies the criterion: for if σ ⊂ τ survives with descendant σ′′′ ⊂ τ ′′′

then by Lemma 6.1.4 it follows that σ also survives with descendants σ′ ⊂ τ ′ and
σ′′ ⊂ τ ′′, and that σ′ survives with descendant σ′′.

The main utility of the subtrack killing criterion, and of other “killing criteria”
which are stable under extension, comes from iteration. Given a property A of
carrying pairs which is stable under extension, an infinite splitting sequence τ0 Â
τ1 Â · · · satisfies the iterated property A if for every m ≥ 0 there exists n ≥ m
such that τmÂÂτn satisfies property A. This is equivalent to saying that property A
is satisfied starting from τ0 to some τm1 , and also from τm1 to some τm2 , and also
from τm2 to some τm3 , and so on. The proof of equivalence is where “stable under
extension” is needed.

It is sometimes useful to observe that two different criteria for a carrying pair
produce the same iterated criterion for a splitting sequence. Such is the case for the
subtrack killing criterion. Define the strong subtrack filling criterion for a carrying
pair τ Â τ ′ to say that for each nonfilling subtrack σ′ ⊂ τ ′, its carrying image σ ⊂ τ
is filling. This criterion is evidently stable under extension.

Lemma 6.3.1. For each splitting sequence τ0 Â τ1 Â · · · , the iterated subtrack
filling criterion is equivalent to the iterated strong subtrack filling criterion. To be
precise:

(1) If ρÂÂρ′ satisfies the strong subtrack filling criterion then it satisfies the sub-
track filling criterion.

(2) There exists a constant K depending only on the topology of S such that for any
carrying sequence ρ0ÂÂρ1ÂÂ · · ·ÂÂρK , if each ρk−1ÂÂρk satisfies the subtrack
filling criterion, k = 1, . . . ,K, then ρ0ÂÂρK satisfies the strong subtrack filling
criterion.

Proof. Suppose ρ Â ρ′ satisfies the strong subtrack filling crition, and let σ ⊂ ρ be
a nonfilling subtrack. If σ survives with descendant σ′ ⊂ ρ′ then σ′ does not fill,
and so the carrying image of σ′ in ρ does fill, but that image is σ, contradiction.

For the converse, suppose we have a carrying sequence ρ0ÂÂρ1ÂÂ · · ·ÂÂρK such
that ρk−1ÂÂρk satisfies the subtrack killing criterion for each k = 1, . . . ,K, and
suppose that there exists a nonfilling subtrack σ′ ⊂ ρK whose carrying image σ ⊂ ρ0
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does not fill. We must bound K. Starting from σK = σ′ and working backwards
inductively, let σk−1 ⊂ ρk−1 be the carrying image of σk ⊂ ρk; we end up at

the subtrack σ0 = σ′ ⊂ ρ0. Clearly we have σ0
fÂÂ σ1

fÂÂ · · · fÂÂ σK , and so by
Corollary 3.14.2 we have i(σ0) ≥ i(σ1) ≥ · · · ≥ i(σK). Since σ0 does not fill,
none of the σk fill, and so by applying the subtrack filling criterion K times it
follows that σk−1 ⊂ ρk−1 does not survive in ρk. Thus, the full carrying relation

σk−1
fÂÂ σk is not a homotopic carrying relation, and by applying Corollary 3.14.2

again we get i(σ0) > i(σ1) > · · · > i(σK) ≥ 0, and in fact i(σk−1) ≥ i(σk) + 2.
But i(σ0) ≤ 6 |χ(S)| − 2p by Lemma 3.2.1, and so K ≤ 3 |χ(S)| − p, where p is the
number of punctures of S. ♦

The strong subtrack killing criterion seems sometimes to be easier to verify:
special knowledge about a carrying pair τ Â τ ′ may make it evident that every
nonfilling subtrack of τ ′ has filling carrying image in τ .

On the other hand, as the statement of the lemma shows, the subtrack killing
criterion seems to be verifiable on much shorter segments of a splitting sequence than
the strong subtrack killing criterion. This can be useful in computer verification of
arationality, such as the type of computations that go into checking when a mapping
class is pseudo-Anosov given an invariant train track. We shall discuss this issue
more later.

The splitting cycle killing criterion. A carrying pair τÂÂτ ′ satisfies the split-
ting cycle killing criterion if for each filling subtrack σ ⊂ τ which survives with
descendant σ′ ⊂ τ ′, no splitting cycle of σ survives in σ′. This criterion is stable
under extension, for suppose that τÂÂτ ′ÂÂτ ′′ÂÂτ ′′′ and τ ′ÂÂτ ′′ satisfies the criterion.
Let σ ⊂ τ survive with descendant σ′′′ ⊂ τ ′′′, and suppose that γ is a splitting cycle
of σ which survives with descendant a splitting cycle γ′′′ of σ′′′. Applying Proposi-
tion 6.1.4 it follows that σ has descendants σ′ ⊂ τ ′, σ′′ ⊂ τ ′′ and that σ′ survives
with descendant σ′′. Applying Proposition 6.2.3 it follows that there are splitting
cycles γ′ of σ′ and γ′′ of σ′′ which are descendants of γ so that γ′′ is a descendant
of γ′.

Statement of the theorem. A carrying pair τÂÂτ ′ satisfies the rational killing
criterion if it satisfies both the subtrack killing criterion and the splitting cycle
killing criterion; equivalently, for every subtrack σ of τ , if σ survives in τ ′ with
descendant σ′ then σ, σ′ fill, and no splitting cycle of σ survives in σ′. The rational
killing criterion is stable under extension, being the conjunction of two criteria which
are stable under extension. Given a finite splitting sequence τ = τ0 Â · · · Â τn = τ ′,
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by applying the results of Sections 6.1 and 6.2 we obtain a very efficient decision
procedure for the rational killing criterion.

Note that an infinite splitting sequence τ0 Â τ1 Â τ2 Â · · · satisfies the ratio-
nal killing criterion if and only if it satisfies the subtrack killing criterion and the
splitting cycle killing criterion. This is a useful comment because experience shows
that a given splitting cycle is easier to kill than a given subtrack, and so it is easier
to check the splitting cycle killing criterion. In other words, one might be able to
verify the splitting cycle killing criterion after fewer splittings than the subtrack
killing criterion.

Theorem 6.3.2 (Arational Expansion Theorem). Let F be a measured folia-
tion and τ0 Â τ1 Â τ2 Â · · · a train track expansion of F . Then F is arational if
and only if the expansion τ0 Â τ1 Â τ2 Â · · · satisfies the iterated rational killing
criterion.

By combining this with the Expansion Convergence Theorem 5.1.1, we obtain:

Corollary 6.3.3. For any splitting sequence τ0 Â τ1 Â · · · , exactly one of the fol-
lowing happens: either ∩MF(τi) =MF(F) for some arational measured foliation
F ; or the sequence fails the iterated rational killing criterion. ♦

When the iterated rational killing criterin fails, the structures of τ0 Â τ1 Â · · ·
and of the set ∩iMF(τi) are explained in Section 8.

The proof of Theorem 6.3.2 will be given in Sections 6.5 and 6.6. For now we
turn to an application of the theorem.

6.4 Application: Canonical train track expansions

Given a splitting sequence τ0 Â τ1 Â · · · which is an expansion of an arational
measured foliation F , we say that it is a canonical expansion if each τi canonically
carries F . It follows that the singularity type of each τi matches the singularity
type of F , which implies in turn that there are no central splittings in the sequence,
and hence each carrying τiÂÂτj , i < j, is a homotopic carrying.

Just as the arational expansion theorem gives a combinatorial method for de-
tecting when a splitting sequence is an arational expansion, as an application we
shall develop a combinatorial method for detecting when a splitting sequence is a
canonical expansion.

Consider a homotopic carrying τ
hÂÂ τ ′ where τ, τ ′ fill. Given a c-splitting arc α

of τ , we say that α survives in τ ′ if for any carrying map f : τ ′ → τ there exists a
c-splitting arc α′ of τ ′ such that α′ is transverse to the fibers of f , the map f

∣∣ α′
is injective, and α = f(α′); in this case we say that α′ is a descendant of α in τ ′. If
α does not survive in τ ′ then we say that α is killed in τ ′.
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The methods of Section 6.2 can be applied to give a combinatorial characteri-
zation of survival and descent of c-splitting arcs, as follows:

Proposition 6.4.1. Consider a homotopic carrying τ
hÂÂ τ ′.

• If τ, τ ′ are comb equivalent then every c-splitting arc of τ survives in τ ′ and
vice versa, and descent is a bijection up to relative isotopy.

• If τ Â τ ′ is an elementary splitting, of parity d along a sink branch b ⊂ τ , and
if N is a neighborhood of b such that N−τ = N−τ ′, then a c-splitting arc α of
τ survives the splitting if and only if α does not contain a partial d̄ crossing of
b, and if so then α has a descendant α′ characterized up to relative isotopy by
the requirement that, for some neighborhood N of b, we have N −α = N −α′.

• For any parity splitting sequence τ = τ0 Â · · · Â τn = τ ′, a c-splitting arc
α of τ0 survives with descendant α′ in τn if and only if there exist c-splitting
arcs αi of τi with α = α0, α′ = αn, such that each αi−1 survives the splitting
τi−1 Â τi with descendant αi.

In all these situations, descent is a bijection up to relative isotopy between a subset
of the c-splitting arcs of τ and those of τ ′.

Proof. One can prove these statements by the same methods used in Section 6.2 to
characterize survival and descent of central splitting cycles; alternatively, one can
actually reduce the present statements to the results of Section 6.2 by introducing
extra punctures as in the proof of Theorem 6.4.2 below. ♦

We say that the pair τ
hÂÂ τ ′ satisfies the canonical killing criterion if no proper

subtrack of τ survives in τ ′, and no c-splitting arc of τ survives in τ ′. This criterion
is stable under extension. A splitting sequence τ0 Â τ1 Â · · · satisfies the iterated
canonical killing criterion if for each m ≥ 0 there exists n > m such that τmÂÂτn
satisfies the canonical killing criterion. Note that this is equivalent to conjunction of
the iterated proper subtrack killing criterion and the iterated c-splitting arc killing
criterion.

Theorem 6.4.2 (Canonical expansions). A splitting sequence τ0 Â τ1 Â · · · is
a canonical expansion of some arational measured foliation if and only if it satisfies
the iterated canonical killing criterion.

Proof. We know that each τi Â τi+1 is a parity splitting, and that each τi fills. In
particular, there is at most one puncture in each component of C(S− τi). Note that
each carrying map fi : τi → τi−1, i ≥ 1, induces a bijection between components of
C(S − τi) and of C(S − τi−1). By isotoping each train track τi, we may assume by
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induction that for each nonpunctured component C of C(S−τ0) there exists a point
pC ∈ int(C) such that fi(pC) = pC , and pC lies in the interior of the component of
C(S−τi) corresponding to C. Let S′ be the surface obtained from S by removing the
point pC from C, for each nonpunctured component C of C(S − τ0). It follows that
τ0 Â τ1 Â · · · is a splitting sequence on S′. Moreover, the intersection ∩iMF(τi) is
well-defined whether we interpret it on the surface S or on the surface S′.

Choose F so that [F ] ∈ ∩iMF(τi), and so that F is a partial measured foliation
with a carrying injection F ↪→ ν(τ0) for some tie bundle ν(τ0). Thus, we may
interpret F as a partial measured foliation on the surface S or on S′. Note that
by the Expansion Convergence Theorem 5.1.1, or rather by its proof, the splitting
sequence τ0 Â τ1 Â · · · is a canonical expansion of some arational measured foliation
if and only if it is a canonical expansion of F .

First we reduce to the case that F is fully carried on each τi. If not, then there
exists I such that for all j ≥ I the carrying map F → τj is not full, and so its image

is a proper subtrack σj . We have a full carrying sequence σI
fÂÂ σI+1

fÂÂ · · · , and by
Proposition 3.14.1, together with the fact the the number of central splittings in any
splitting sequence is bounded, the carrying σiÂÂσi+1 is homotopic for sufficiently
large i, say i ≥ I. It follows that σI is a proper subtrack of τI that survives in each
τi, i ≥ I, contradicting the iterated canonical killing criterion.

Assuming now that F is fully carried on each τi, we may choose F so that
the carrying injection F ↪→→ν(τ0) is surjective. Since all splittings τi Â τi+1 are
parity splittings, it follows that F is a canonical model on S if and only if each τi
canonically carries F , if and only if τ0 canonically carries F .

To prove Theorem 6.4.2, we shall prove that the equivalence of the following
chain of statements:

(1) τ0 Â τ1 Â · · · satisfies the iterated canonical killing criterion on S.

(2) τ0 Â τ1 Â · · · satisfies the iterated rational killing criterion on S′.

(3) F is arational on S′.

(4) F is a canonical model on S.

The equivalence of (2) and (3) is just the Arational Expansion Theorem 6.3.2.

Proof that (2) implies (1). Assuming that (1) fails, there exists I such that for
all j ≥ I the pair τIÂÂτj fails the canonical killing criterion, and so τI has either
a proper subtrack or a c-splitting arc which survives into τj . Since there are only
finitely many subtracks and finitely many c-splitting arcs, it follows that either
there is a proper subtrack of τI which survives into τj for all j ≥ I, or there is a
c-splitting arc of τI which survives into τj for all j ≥ I.
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Case 1: Suppose that there exists a proper subtrack σ ⊂ τI which survives in
each τj . Since σ is proper, there exists a branch b of τI with b 6⊂ σ. The surface S′

contains an essential simple closed curve c such that c ⊂ S′ − (τI − b) ⊂ S′ − σ: if
both sides of b are incident to the same component C of S′− τI then c is contained
in C ∪ b intersecting b once; whereas if the two sides of b are incident to different
components C1, C2 of S′ − τI , then c bounds a twice punctured disc contained in
C1 ∪ C2 ∪ b. It follows that σ does not fill S′, and so the iterated rational killing
criterion fails for τ0 Â τ1 Â · · · in S′.

Case 2: Suppose that there exists a c-splitting arc α of τI which survives into
each τj . We may assume that S′ is not a once-punctured torus, because in this case
τI has a unique c-splitting arc, which must be split in τI+1, contradicting survival
of α.

If the two endpoints of α lie in separate components C1, C2 of S′−τI , containing
punctures p1, p2 respectively, then we can stretch α out to the punctures p1, p2 to
produce a splitting cycle of τI on S′ which survives into each τj .

On the other hand, suppose the two endpoints of α lie in the same component
C of S′ − τI . Since the two ends of α enter different cusps of C it follows that C is
a once-punctured k-gon for some k ≥ 2. Form a closed curve γ = α∪ β in S′ where
β connects the endpoints of α in C. It follows that γ is a splitting cycle of τI , and
since α survives in each τj it follows that γ survives in each τj .

Having produced a splitting cycle of τI which survives in τj , it follows again that
the iterated rational killing criterion fails for τ0 Â τ1 Â · · · on the surface S′.

Proof that (1) implies (2) Assuming that (2) fails, there exists I such that for

all j ≥ I the pair τI
hÂÂ τj fails the rational killing criterion in S′. We may assume

that no proper subtrack of τI survives in τj , and so there exists a splitting cycle
γI of τI which survives with a descendant γj in τj . Let f : τj → τI be a carrying
map taking γj diffeomorphically to γI . Let α be any c-splitting arc contained in

γI . It follows that α survives in τj , with descendant f−1(α), and so τI
hÂÂ τj fails

the canonical killing criterion in the surface S.

Proof that (3) implies (4) Because we have a carrying injection F ⊂ ν(τI),
every saddle connection of F is either proper or boundary.

If F is not a canonical model then F has a proper saddle connection α. If
the endpoints of α are in the same component C of S′ − Supp(F) then there is an
essential simple closed curve c obtained by connecting the endpoints of α by an arc
properly embedded in C. Clearly 〈F , c〉 = 0 and so F is not arational on S′. If
the endpoints of α are in distinct components C1, C2 of S′ − Supp(F), containing
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punctures p1, p2 respectively, then there is an essential simple closed curve c which is
homotopic to a closed curve obtainedby travelling along α in one direction, looping
around p1 in C1, then travelling along α in the other direction, and looping around
p2 in C2 to close up. Again 〈F , c〉 = 0 and so F is not arational in S′.

Proof that (4) implies (3) If F is a canonical model on S then F has no proper
saddle connections, and it immediately follows that F is arational in S′. ♦

6.5 Necessity of the iterated rational killing criterion

Suppose that τ0 Â τ1 Â · · · is a train track expansion of an arational measured
foliation F . By the expansion convergence theorem 5.1.1, it follows that everything
in ∩PMF(τi) = PMF(F) is arational. Arguing by contradiction, we shall as-
sume that τ0 Â τ1 Â · · · fails the iterated rational killing criterion, and prove that
∩PMF(τi) contains a measured foliation which is not arational.

Failure of the iterated rational killing criterion says that there exists M such that
for each n > M there exist a subtrack σnM ⊂ τM which survives with descendant
σn ⊂ τn, and either σnM does not fill, or it does fill and some splitting cycle of σnM
survives in σn.

Since τM has only finitely many subtracks, by passing to a subsequence we may
assume that the subtrack σnM is independent of n, and we denote it σM . This
subtrack survives in τn for arbitrarily large n, and its descendants are uniquely
determined by σM . It follows that there exists a sequence of homotopic carryings
σMÂÂσM+1ÂÂ · · · such that σm is a subtrack of τm for each m ≥M . Such a sequence
is called a line of descent for the splitting sequence τ0 Â τ1 Â · · · , and by Proposi-
tion 6.1.2 it follows that each carrying σmÂÂσm+1 is either a comb equivalence or a
parity splitting.

Case 1: σM does not fill. We have PMF(σi) ⊂ PMF(τi) and so ∩iPMF(σi) ⊂
∩iPMF(τi). But ∩iPMF(σi) is a nonempty set of nonarational measured folia-
tions contained in ∩iPMF(τi), a contradiction.

Case 2: σM fills. Since σM has only finitely many splitting cycles, by passing
to a subsequence we may assume that there is a splitting cycle γM of σM which
survives infinitely, with descendant γn in Σn.

Let ρn be the train track obtained from σn by simultaneous central splitting
along each of the c-splitting arcs in the splitting cycle γn. Note that ρn does not
fill, because ρn is disjoint from γn, and either γn is an essential closed curve or a
proper line with ends at distinct punctures.
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We claim that ρMÂÂρM+1ÂÂ · · · . Noting that τnÂÂσnÂÂρn it follows that we have
an inclusion PMF(ρn) ⊂ PMF(τn) for all n, and so ∩PMF(ρi) ⊂ ∩PMF(τi).
From the claim it follows that the set ∩PMF(ρi) is a nested intersection, therefore
nonempty. Since ρi does not fill, the set ∩PMF(ρi) consists entirely of nonarational
measured foliations, each contained in ∩PMF(τi), a contradiction.

It remains to prove the claim, which can be restated in the following general
form: given a parity splitting σ Â σ′ of filling train tracks, and given a splitting
cycle γ of σ which survives with descendant γ′ in σ′, if we split σ along γ to produce
ρ, and if we split σ′ along γ′ to produce ρ′, then ρÂÂρ′. Applying Propositions 3.13.4
and 6.2.1, we may assume that σ Â σ′ is an elementary splitting of parity d ∈ {l,r}
along a sink branch b. We adopt the notation of Proposition 6.2.2: in particular the
carrying map f : (S, σ′) → (S, σ). We also have carrying maps g : (S, ρ) → (S, σ),
g′ : (S, ρ′)→ (S, σ′) for the multiple central splittings.

Our task is to solve a mapping problem

σ σ′
f

oo

ρ

g

OO

ρ′

g′

OO

F
oo

where F : (S, ρ′) → (S, ρ) is a carrying map. Up to change of parity and notation,
it suffices to consider cases (a,c,d,e) in Proposition 6.2.2 and Figure 18, with d = l.
Case (a) is the easiest, and cases (c,d,e) are depicted in Figure 19. Here is a formal
description of F .

Given two partitions d, d′ of a set X we write d < d′ if for each A ∈ d there
exists A′ ∈ d′ such that A ⊂ A′, and we say d is a subpartition of d′. Given
a surjective map m : X → Y , denote the point inverse image partition of X as
m# = {m−1(y)

∣∣ y ∈ Y }. More generally, given a partition ∆ of Y , denote the
pullback of ∆ by m#(∆) = {m−1(D)

∣∣ D ∈ ∆}, and note that m# < m#(∆).
Given a composition of surjective maps X m−→ Y

n−→ Z we have (n◦m)# = m#(n#).
Given a surjective map m : X → Y and a partition ∆ of X such that m# < ∆, the
pushforward of ∆ is a partition of Y denoted m#(∆) = {m(D)

∣∣ D ∈ ∆}.
Let rσ′ be the collapsing rectangle for the carrying map f : σ′ → σ with post-

splitting branch b′ crossing rσ′ diagonally from corner p′ to corner q′. Let rρ be the
disjoint union of collapsing rectangles for g : (S, ρ)→ (S, σ). Let rρ′ be the disjoint
union of collapsing rectangles for g′ : (S, ρ′)→ (S, σ′). Note that the nontrivial ele-
ments of f# are precisely the vertical segments of rσ′ , and similarly for g# and g′#.
Noting that the map F must satisfy F# < F#(g#) = (g◦F )# = (f◦g′)# = g′#(f#),
this suggests that we may define F : S → S by describing F# as a subpartition of
g′#(f#). To check that this works, one must carry out the verification that F
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(c)
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g g′
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ρ′

(d)

f

F

g
g′

σ

ρ

σ′

ρ′

(e)

f

F

g
g′

σ

ρ

σ′

ρ′

Figure 19: The three cases (c,d,e) correspond to similar cases in Figure 18. In case
(c) there is an elementary splitting ρ Â ρ′, and in cases (d,e) there is an isotopy
between ρ, ρ′. Collapse of the darker vertical segments defines F : (S, ρ′) → (S, ρ);
collapse of ligher vertical segments defines the other carrying maps.
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is homotopic to the identity and that F#(g′#(f#)) = g#, tasks which are left to
the reader; we shall merely describe the nontrivial elements of F#, referring the
reader to Figure 19 to understand the description of F# and to aid in the necessary
verifications in cases (c,d,e).

Case (a): γ ∩ D = ∅. Letting r̂ = g′−1(rσ′), it follows that g′ restricts to a
bijection between r̂ and rσ′ . Moreover, r̂ ∩ rρ′ = ∅. The partition g′#(f#) is the
set of vertical leaves of r̂ and of rρ′ . We define the nontrivial elements of F# to be
the vertical leaves of r̂. This makes F the carrying map of an elementary splitting
ρ Â ρ′.

Case (c): γ∩D = st. In this case rσ′ ∩γ′ is a horizontal side of rσ′ . It follows
that the set r̂ = Cl(g′−1(rσ′)− rρ′) is a rectangle, mapping bijectively to rσ′ under
g′. Again define the nontrivial elements of F# to be the vertical leaves of r̂. This
again makes F the carrying map of an elementary splitting ρ Â ρ′.

Case (d): γ ∩ D = su. In this case rσ′ ∩ γ′ = b′. It follows that the set
Cl(g′−1(rσ′) − rρ′) is union of two triangles, each with one cusp and two corners,
each vertically foliated. The leaves of these foliations are defined to be the nontrivial
elements of F#. This makes F a switch fold from ρ′ to ρ, proving that ρ, ρ′ are
isotopic.

Case (e): γ ∩D = pu. In this case α = rσ′ ∩ γ′ is an arc with one end at q′,
intersecting the opposite vertical side of rσ′ in an interior point of that side, crossing
each vertical fiber once. Note that the branch b′ divides rσ′ into two triangles, each
having one cusp and two corners; one of these triangles contains α; the other,
denoted t, is disjoint from α except at the corner q′. Let t̂ = Cl(g′−1(t)− g′−1(q′)),
foliated by pulling back the vertical leaves of rσ′ intersected with t, and define the
nontrivial elements of F# to be the vertical leaves of t̂. It follows that F is a switch
fold from ρ′ to ρ, and again ρ, ρ′ are isotopic.

This completes the proof that the iterated rational killing criterion is necessary
for τ0 Â τ1 Â τ2 Â · · · to be a train track expansion of an arational measured
foliation.

6.6 Sufficiency of the iterated rational killing criterion

Let F be a nonarational measured foliation, and let τ0 Â τ1 Â · · · be a train track
expansion of F . We shall prove that this splitting sequence fails the iterated rational
killing criterion.
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First we reduce to the following special case:

Full Carrying Hypothesis Each τi fills S and fully carries F .

To carry out this reduction, let τ ′i ⊂ τi be the subtrack fully carrying F . Then

we have τ ′i
fÂÂ τ ′i+1 for all i ≥ 0, and this carrying is either a comb equivalence

or a splitting. Applying Corollary 3.14.2, for sufficiently large i, say i ≥ I, we
have τ ′i

hÂÂ τ ′i+1, and so the subtrack τ ′I survives infinitely. If τ ′I does not fill then
we immediately contradict the iterated rational killing criterion for the splitting
sequence τ0 Â τ1 Â · · · . If τ ′I fills then so do all τ ′i with i ≥ I. If only finitely
many of the carryings τ ′IÂÂτ ′I+1ÂÂ · · · are splittings then for sufficiently large i,
say i ≥ I ′ ≥ I, the carrying τ ′iÂÂτ ′i+1 is a comb equivalence; but in this case it
follows that every splitting cycle of τ ′I′ survives infinitely, also contradicting the
iterated rational killing criterion. Infinitely many of the carryings τ ′I′ÂÂτ ′I′+1ÂÂ · · ·
are therefore splittings, and by ignoring the comb equivalences in this sequence we
may regard it as a train track expansion of F each track of which fully carries F .
This expansion clearly inherits the iterated rational killing criterion from the original
expansion τ0 Â τ1 Â · · · , completing the reduction.

The Full Carrying Hypothesis allows us to apply Proposition 4.4.1. Replacing
each τi by some comb equivalent generic train track, and borrowing notation from
Sections 4.3–4.4, we therefore have the following objects:

• a foliated tie bundle µ : νi → τi, whose horizontal foliation Fhi is a partial
measured foliation equivalent to F , and with vertical foliation denoted Fvi ,
where the map µi plays the dual role of a carrying map µi : Fhi → τi.

• a generic expanding separatrix family ξ(t) of ν0, which we may assume is
parameterized by length;

• a sequence t0 < t1 < · · · such that, setting ξi = ξ(ti), we have τi = τ0(ξ(ti)),
and moreover the elementary move sequence of ξ[ti, ti+1] is a sequence of slide
moves and a single elementary splitting from τi to τi+1;

• an identification of the foliated tie bundle νi with ν(ξ(ti)), and of the partial
measured foliation Fhi with F(ξ(ti));

• a partial fulfillment map ri : (S,Fhi ,Fvi )→ (S,Fh0 ,Fv0 )

Replacing F within its equivalence class we may assume F = Fh0 . For the most
part we will drop the “horizontal” superscript h, for example writing Fi instead of
Fhi , but we will retain the more rarely used “vertical” superscript v.
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Remark. Because the sequence τ0 Â τ1 Â · · · has no central splittings it
follows that the partial measured foliations Fi are all isotopic to each other. We
shall nevertheless contined to distinguish them from each other by the notation Fi.

Since F has at least one arational foliation component, by Proposition 4.4.1 it
follows that the expanding separatrix family ξ(t) is complete, meaning that ∪tξ(t)
contains at least one infinite separatrix. Let F ′ be the closure of the union of infinite
separatrices contained in ∪tξ(t), equivalently, F ′ is the union of components of F
that are infinitely split by the sequence τ0 Â τ1 Â · · · .

Now we reduce to a further special case:

Infinitely split hypothesis F = F ′, that is, every component of F is infinitely
split by the sequence τ0 Â τ1 Â · · · .

To carry out the reduction, for each j let σj denote the subtrack of τj which fully
carries F ′, and so we have a sequence of full carryings σ0ÂÂσ1ÂÂ · · · such that each
σiÂÂσi+1 is either a comb equivalence or a splitting. By Corollary 3.14.2, all but
finitely many of these carryings are comb equivalences or parity splittings, and so
for some M we have a line of descent σM

hÂÂ σM+1
hÂÂ · · · . By truncating the

original splitting sequence we may assume that M = 0. If σ0 fails to fill S then
we contradict the iterated rational killing criterion for the sequence τ0 Â τ1 Â · · · .
We may therefore assume that σ0 fills S. We know that F ′, a subfoliation of the
nonarational foliation F , is not arational. It suffices therefore to prove the theorem
for the expansion σ0ÂÂσ1ÂÂ · · · of F ′, because nonarationality of F ′ will imply that
σ0ÂÂσ1ÂÂ · · · fails the iterated rational killing criterion, which immediately implies
that τ0 Â τ1 Â · · · also fails the criterion. This finishes the reduction.

At this point we have reduced to the case that F is fully carried on each τi and
that each component of F is infinitely split, that is, ∪tξ(t) is dense in F . Notice that
in carrying out this reduction we have used the iterated subtrack killing criterion
several times. We have not yet used the iterated splitting cycle killing criterion.

The idea of the proof is to use nonarationality of F to exhibit a splitting cycle
of some τi which survives infinitely. Consider the carrying bijection Fi↪→→ν(τi) and
the set Σi consisting of the union of all proper saddle connections of Fi. If we
knew that the carrying map ν(τi)→ τi were injective on Σi, then we could find the
desired splitting cycle. For example, if there exists some proper saddle connection
of Fi whose endpoints are cusps of the same component of Cl(S − ν(τi)) then by
connecting up those cusps by a path in the complement of ν(τi) we obtain an
essential closed curve γ, and if the saddle connection injects into τi then the image
of γ under the carrying map (S, ν(τi)) → (S, τi) is a splitting cycle of τi which
survives forever. More generally, nonarationality of F implies the existence of an
essential closed curve or proper line γ that intersects ν(τi) in a collection of proper
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saddle connections, and if the union of these saddle connections injects in τi then
the image of γ in τi is a splitting cycle which survives forever.

There is, of course, no reason a priori to expect the set of proper saddle connec-
tions of Fi to inject in ν(τi), but the Stability Lemma 6.7.1 will show that this in
fact is true for sufficiently large i, using the fact that ∪iξ(ti) is dense in F . The idea
of the Stability Lemma is simple: if i is sufficiently large so that ξ(ti) is sufficiently
dense in F = F0, it follows that any two distinct points on Σ = Σ0 which lie on the
same tie of ν(τ0) are separated by a point of ξ(ti), which implies that Σi embeds in
τi.

6.7 The Stability Lemma.

We shall formulate the Stability Lemma for a general collection of leaf paths of a
certain type. Once the lemma is proved, we will apply it to the collection consisting
of all proper saddle connections.

Consider a partial measured foliation G. A leaf path of G is a continuous path
θ : [a, b] → Supp(G) which can be decomposed as a concatenation of leaf segments
of G. A legal leaf path of G consists of a leaf path θ equipped with a transverse
orientation vθ(x) defined at the point θx and varying continuously with x ∈ [a, b],
such that θ is perturbable in the direction vθ to nearby leaf paths. More formally,
we require that the map θ : [a, b] → Supp(G) extends to a map Θ: [a, b] × [0, ε] →
Supp(G), ε > 0, such that for each t ∈ [0, ε] the map Θ

∣∣ [a, b] × t is a leaf path,
and for each x ∈ [a, b] the map Θ

∣∣ x× [0, ε] is an embedded segment transverse to
G that represents the transverse orientation vθ(x) at the point p = θx = Θ(x, 0).
Note that θ is legal if and only if points sufficiently close to θ on the side of vθ lie
in Supp(G), and if s = θx is a singularity of G, then the restriction of θ to some
interval (x − η, x + η), η > 0, consists of two separatrices bounding a sector of s,
such that vθ points into that sector. A legal system of G is a map θ : Iθ → Supp(G)
such that Iθ is a disjoint union of finitely many compact arcs, the restriction of θ
to each component of Iθ is a legal leaf path, and the following embedding condition
holds: given x 6= y ∈ Iθ, either θx 6= θy, or θx = θy and vθ(x) 6= vθ(y).

Consider now a measured foliation F and an expansion τ0 Â τ1 Â · · · , such
that F is fully carried by each τi and each component of F is infinitely split by
τ0 Â τ1 Â · · · . We adopt the notation described in Section 6.6. Given a legal
system θ : Iθ → Supp(F) of F , when F is sliced along the separatrix family ξj
the legal system θ lifts uniquely to a legal system θj : Iθ → Supp(Fj). To put it
another way, θ pulls back via the partial fulfillment map rj : Fj → F to θj . Under
the carrying map µj : Fj → τj , the system θj projects to a system of train paths
µj ◦ θj : Iθ → τj .
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What we at first might like the Stability Lemma to say is that for any legal
system θ of F , for all sufficiently large j the system of train paths µj ◦ θθ : Iθ → τj
is injective, but this does not take into account the possibility that two points of Iθ
may map to the same point of F with opposite transverse orientations. Taking this
into account, we can now state the Stability Lemma:

Lemma 6.7.1 (Stability Lemma). Let τ0 Â τ1 Â · · · be a train track expansion
of a measured foliation F that infinitely splits each component of F , so that F is
fully carried on each τi; we adopt the notation of Section 6.6. For each legal system
θ of F there exists J such that for all j ≥ J , the following hold:

(1) the system of train paths µj ◦ θj : Iθ → τj is at most two-to-one;

(2) for each x 6= y ∈ Iθ, if µj ◦ θj(x) = µj ◦ θj(y) then θjx = θjy in Supp(Fj).
It follows, by definition of a legal leaf system, that the transverse orientations
vθj (x), vθj (y) point in opposite transverse directions at the point θjx = θjy.

We refer to the statements (1)–(2) by saying that θ stabilizes in τj .

Corollary 6.7.2. Under the same hypotheses as the Stability Lemma, there ex-
ists J ≥ 0 such that for all j ≥ J , the set of proper saddle connections of Fj injects
in τj under the carrying map µj : ν(τj)→ τj.

Proof. Let Σi be the set of proper saddle connections of Fi. Let θ : Iθ → Supp(F0)
be a legal system for F0 consisting of a continuous choice of transverse orienta-
tion on Σ0, and so x 6= y ∈ Iθ implies θ(x) 6= θ(y). The lifted legal system
θj : Iθ → Supp(Fj) therefore has the property that x 6= y ∈ Iθ implies θj(x) 6= θj(y).
Applying the Stability Lemma there exists J ≥ 0 such that for each j ≥ J the sys-
tem of train paths µj ◦ θj : Iθ → τj is injective. But Σj ⊂ image(θj), and so µj

∣∣ Σj

is injective. ♦

Proof of the Stability Lemma 6.7.1. If the conclusion is true for j = J then it is
clearly true for all j ≥ J . So we need only find one J for which the conclusion
holds.

Claim: without loss of generality, we may assume θ : Iθ → Supp(F) has the
following property:

(A) If x ∈ Iθ and if θx 6∈ ∂ Supp(F) then there exists y 6= x ∈ Iθ such that
θx = θy. It follows, from the definition of a legal system, that vθ(x), vθ(y)
point in opposite directions.

In this property, recalling that all singularities of F are on ∂ Supp(F), it follows
that θx is a regular point, and so there are exactly two directions transverse to F at
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x. If property (A) does not already hold, then we can augment θ by throwing in an
additional finite number of legal leaf paths so that it does hold. If the augmentation
of θ stabilizes in τJ then clearly θ itself also stabilizes in τJ , proving the claim.

The legal system θ : Iθ → Supp(F) may be extended to a map Θ: Iθ × [0, ε] →
Supp(F), ε > 0, so that for each t ∈ [0, ε] the restriction of Θ to each component
of Iθ × t is a leaf path, and for each x ∈ Iθ the restriction of Θ to x × [0, ε] is an
embedded segment transverse to F which, at the point θx = Θ(x, 0), represents the
transverse orientation vθ(x). Moreover, the embedding condition in the definition of
a legal system guarantees that, by replacing the interval [0, ε] with a smaller interval
if necessary, the restriction of Θ to the set Iθ × (0, ε] is an embedding with image
disjoint from image(θ) = image(Θ

∣∣ (Iθ × 0)).
Choose J as follows: since

⋃
j ξj is dense in Supp(F), there exists J such that

for each x ∈ Iθ the open transverse segment Θ(x× (0, ε)) has nonempty intersection
with ξJ .

We prove that θ stabilizes in τJ .
Suppose by contradiction that conclusion 1 does not hold, so there exist three

distinct points x, y, z ∈ Iθ such that µJ(θJx) = µJ(θJy) = µJ(θJz) in τJ . It follows
that θJx, θJy, θJz all lie on a single tie of νJ . Each point of that tie has at most
two transverse directions, so at least two of θJx, θJy, θJz are distinct. If all three
are distinct then we may permute the notation so that θJy lies between θJx and
θJz, and so that vθJ (y) points into the interior of the segment θJx, θJy in the tie.
Similarly, if two of θJx, θJy, θJz are the same then we permute the notation so
that θJy = θJz and so that vθJ (y) points into the interior of the segment θJx, θJy.
Finally, we may assume that the interior of the segment θJx, θJy is disjoint from
image(θJ), for if not then we may replace θJx by the point of image(θJ) lying on
the segment which is closest to θJy. Letting δ = θJx, θJy and η = y, the pair δ, η
satisfies the following property:

(*) δ is a subsegment of a tie of νJ ; η ∈ Iθ; θJ(η) ∈ ∂δ ⊂ image(θJ); int(δ)∩
image(θJ) = ∅; and the transverse direction vθJ (η) points into δ at the point
θJ(η).

But the existence of such a pair δ, η leads to a contradiction. To see why, the image
rJ(δ) ⊂ ν0 satisfies the following properties: rJ(δ) is a leaf segment of Fv0 ; θ(η) ∈
∂rJ(δ) ⊂ image(θ); int(rJ(δ)) ∩ image(θ) = ∅; and the transverse direction vθ(η)
points into rJ(δ) at the point θ(η). Now consider the segment Θ(η × [0, ε]), which
starts at the point θ(η) and follows the leaf of Fv0 in the direction of vθ(η), stopping
before reaching another point of image(θ). It follows that Θ(η× (0, ε)) ⊂ int(rJ(δ)).
But also, ξJ ∩ int(rJ(δ)) = ∅, because rJ(δ) lifts to the connected vertical segment
δ of νJ . We therefore have Θ(η × (0, ε)) ∩ ξJ = ∅, contradicting the choice of J .



6 ARATIONAL EXPANSION THEOREM 165

Now we prove conclusion 2. Consider two points x 6= y ∈ Iθ with µJ(θJx) =
µJ(θJy), and suppose that θJx 6= θJy. Let β be the segment of the tie of νJ with
endpoints θJx, θJy. By assumption (A) above, by changing x if necessary we may
assume that vθJ (x) points into β. Then, taking δ = β and η = x, the pair δ, η
satisfies (*), and we obtain a contradiction as before.

♦

6.8 Sufficiency of the iterated rational killing criterion: conclusion.

Continuing with the notation of Section 6.6, the corollary to the Stability Lemma 6.7.1
says that for sufficiently large J , each j ≥ J satisfies the property that the set Σj of
proper saddle connections of Fj embeds in τj under the carrying map µj : ν(τj)→ τj .
It follows immediately that the image of Σj is a pairwise disjoint family of c-splitting
arcs of τj .

Let
Gj = Cl(S − Supp(Fj)) ∪ (proper saddle connections of Fj)

Let Γj denote the graph obtained from Gj by collapsing to a point each compo-
nent of Cl(S − Supp(Fj)), where the vertices of Γj correspond bijectively with the
components of Cl(S − Supp(Fj)), and the edges correspond bijectively with the
proper saddle connections of Fj . Each component of Cl(S − Supp(Fj)) has zero or
one puncture, and the corresponding vertex of Γj is labelled as a nonpuncture or a
puncture vertex, respectively. The partial fulfillment map Supp(Fj)→ Supp(Fj−1)
induces a label preserving isomorphism Γj → Γj−1.

Define a cycle in the graph Γj to be either an immersed closed curve or an
immersed arc whose endpoints are located at distinct puncture vertices. Since Fj is
not arational, it follows that cycles exist. Each cycle of minimal length is embedded.
Let cJ be a cycle of minimal length in ΓJ , and so cJ is either an embedded arc whose
interior contains no puncture vertex, or cJ is an embedded circle containing at most
one puncture vertex. There exist up to isotopy either one or two splitting cycles of
τJ which project to cJ under the quotient map GJ → ΓJ . In the case when cJ is a
circle containing exactly one puncture vertex, corresponding to a certain component
of C(S − FJ) containing a puncture p, then there are up to isotopy two splitting
cycles projecting to cJ , and they differ by going around p on opposite sides. In all
other cases there is up to isotopy a unique splitting cycle projecting to cJ . For each
j ≥ J we may inductively choose the cycle cj in Γj so that it corresponds to cj−1

under the isomorphism Γj → Γj−1. The splitting cycles of τj corresponding to cj are
in bijective correspondence with the splitting cycles of τj−1 corresponding to cj−1,
in such a way that corresponding splitting cycles are related by descent. Thus, the
choice of corresponding splitting cycles for cJ , cJ+1, . . . produces a sequence splitting
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cycles γJ , γJ+1, . . . for τJ , τJ+1, . . . , respectively, such that γJ survives forever with
descendant γj in τj .

This shows that τ0 Â τ1 Â · · · fails the iterated splitting cycle killing criterion,
completing the proof of the Arational Expansion Theorem.

Certain additional details emerge from the proof of sufficiency of the iterated
rational killing criterion, which can be used to produce a criterion that, while a
priori stronger than the iterated rational killing criterion, is in fact equivalent.

For instance, if γj is the sequence of splitting cycles produced at the end of the
proof, then γj has the following property: if γj is a circle then there is at most one
punctured component Q of C(S − τj) that γj meets; and if γj is a proper line then
there are exactly two punctured components of C(S − τj) that γj meets.

One can also use the Stability Lemma to prove that for sufficiently large j there
is an infinitely surviving splitting cycle γj of τj such that for each component α of
γj ∩ τj , the c-splitting arc α contains at most two sink branches of τj .

We may therefore take the two properties of γj described in the previous two
paragraphs, add each of these properties to the definition of a splitting cycle, and
thereby get a stronger statement of the iterated splitting cycle killing criterion and
hence of the iterated rational killing criterion, and yet this stronger statement is
equivalent to the original statement. The advantage of this is that, with stronger
conditions on splitting cycles, there are fewer splitting cycles that need to be con-
sidered, for example in the pseudo-Anosov algorithms of Section 9.
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7 Stable equivalence of expansion complexes

The goal of this section is to establish dictionary entries between stable equivalence
phenomena for continued fraction expansions of irrational numbers and for train
track expansions of arational measured foliations. As explained in the introduction,
given an arational measured foliation F and a train track τ canonically carrying F ,
the lack of naturality of a train track expansion of F based at τ means that a naive
generalization of stable equivalence on the torus will not work. Instead we give two
versions of stable equivalence which get around this lack of naturality in different
ways.

Section 7.1 describes stable equivalence of “one cusp train track expansions”, a
natural finite set of train track expansions of F based at τ . The advantage of one
cusp expansions are their finiteness, the disadvantage is that they are very far from
encompassing all expansions of F based at τ .

In Section 7.2 we package all train track expansions of F based at τ into a single
object, the expansion complex of F based at τ , and we describe stable equivalence
of expansion complexes. Expansion complexes are based on the results of Section 4.
The expansion complex of F based at τ would not be worth much if it were just
the mere set of train track expansions of F based at τ , but instead it has a rich
structure which explains how the different train track expansions of F based at τ
are related to each other, and in particular it clarifies the special role played by
one cusp expansions. In Theorem 7.2.2 we describe the structure of the expansion
complex. Roughly speaking, the expansion complex of F based at τ is a higher
dimensional version of a train track expansion, where the dimension N is equal
to the number of cusps of τ , or equivalently the number of infinite separatrices
of F . Instead of requiring the N separatrices to grow in synchrony as we did
in Proposition 4.4.1 where train track expansions were characterized in terms of
“expanding separatrix families”, we allow them to grow independently, filling out a
parameter space Ξ = [0,∞)N , the “space of separatrix families” as it was dubbed in
Section 4.3. The space Ξ is decomposed into cells labelled by the isotopy type of a
train track associated to each cell, these cells form a polyhedral cell decomposition,
and the face relation among cells can be described by an elementary combinatorial
relation between train tracks. We thus obtained a labelled cell structure on Ξ, which
is the expansion complex of F based at τ . The one cusp expansions emerge from
this structure in a very natural way: there are simply the expansions obtained by
focussing on each coordinate axis of Ξ = [0,∞)N .

The main result of Section is Theorem 7.2.3, which is the marked version of stable
equivalence for expansion complexes. As a consequence to the Stable Equivalence
Theorem, Corollary 7.2.6 explains how to use expansion complexes to classify ara-
tional measured foliations on S up to the relation of unmeasured equivalence (see
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Section 5.1). The proof of this corollary uses the Expansion Convergence Theo-
rem 5.1.1.

Section 7.3 reduces the proof of Theorem 7.2.3 to the structure theorem for
expansion complexes, Theorem 7.2.2, and the latter is proved in Section 7.4.

The unmarked version stable equivalence for expansion complexes, which clas-
sifies measured foliations up to topolgoical equivalence is stated and proved in Sec-
tion 7.7, Theorem 7.7.1.

7.1 Stable equivalence of one cusp train track expansions

TO DO:

• Check that these notions are not already defined elsewhere.

In this section we describe one cusp train track expansions, and we state the
marked and unmarked versions of stable equivalence for one cusp expansions. We
shall also show how the unmarked version follows from the marked version. The
proof of the marked version will be given later, as a corollary to stable equivalence
of expansion complexes.

Given a generic train track τ and a cusp v of τ , the ordered pair (τ, v) is called
a one cusp train track. Let s be the switch at which v is located. Consider the
branch b of τ which is incident to s on the one-ended side of s, and so s is an inward
pointing switch of b. The branch b must therefore be either a sink branch or a
transition branch, and in the latter case the ends of b are at distinct switches, since
τ is recurrent. If b is a transition branch let τ 3 τ ′ be the slide move along b, let
v′ ∈ cusps(τ ′) be the cusp corresponding to v via the homotopic carrying τ

hÂÂ τ ′,
and we say that the relation (τ, v) 3 (τ ′, v′) is a one cusp slide; notice that this is
not a symmetric relation, unlike ordinary slides. If on the other hand b is a sink
branch, choose d ∈ {l,r}, let τ Â τ ′ be an elementary splitting of parity d along b,

let v′ ∈ cusps(τ ′) be the cusp corresponding to v via the homotopic carrying τ
hÂÂ τ ′,

and we say that (τ, v) Â (τ ′, v′) is a one cusp elementary splitting of parity d.
Next we describe how wide splittings arise naturally in the one cusp setting.

Given a one cusp train track (τ, v), consider a train path which starts at s and
moves away in the direction of the switch orientation. As this train path continues
it may encounter other switches, and as long as these switches continue to point
in the same direction, the train path continues uniquely. Since τ is recurrent, the
train path must eventually encounter a switch s′ 6= s that points in the opposite
direction. Let α be the unique embedded train path thus described, starting from s
that stops at s′, and note that α is the shortest splitting arc of τ that has s as one
of its endpoints; all interior switches of α point in the same direction as the switch
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slide slide split

Figure 20: If (τ, v) Â (τ ′, v′) is a one cusp splitting along α, and if α contains k+ 1
switches including its endpoints, k ≥ 1, then (τ, v) Â (τ ′, v′) factors into k − 1 one
cusp slides followed by a one cusp elementary splitting.

s. Choose d ∈ {l,r} and let τ Â τ ′ be the wide splitting of parity d along α. Let

v′ ∈ cusps(τ ′) be the cusp corresponding to v via the homotopic carrying τ
hÂÂ τ ′.

We say that (τ, v) Â (τ ′, v′) is a one cusp splitting of parity d. Note that the parity
d and the isotopy class of the pair (τ, v) completely determine the isotopy class of
(τ ′, v′).

Each one cusp splitting (τ, v) Â (τ ′, v′) factors uniquely (up to isotopy) into zero
or more one cusp slides followed by a one cusp elementary splitting (see Figure 20).
To see this, let α be the splitting arc along which (τ, v) Â (τ ′, v′) is defined. If α is
a sink branch then (τ, v) Â (τ ′, v′) is an elementary one cusp spliting. Otherwise,
let s = s0, s1, . . . , sk = s′, k ≥ 2, be the switches in int(α) in order. Then we have
a factorization

(τ, v) = (τ0, v0) 3 (τ1, v1) 3 · · · 3 (τk−1, vk−1) Â (τk, vk) = (τ ′, v′)

into k − 1 one cusp slides followed by a one cusp elementary splitting.
The following is just a special case of the splitting inequalities 3.13.1, where

the case of a central splitting is precluded by the assumption that τ canonically
carries F :

Fact 7.1.1. If a train track τ canonically carries an arational measured foliation
F , and if v ∈ cusps(τ), then there exists a unique d ∈ {l,r} such that the one
cusp splitting (τ, v) Â (τ ′, v′) of parity d results in a train track τ ′ that canonically
carries F .

A one cusp splitting sequence based at τ0 is splitting sequence τ0 Â τ1 Â · · ·
such that, for some sequence of cusps vi ∈ cusps(τi), i ≥ 0, each of the splittings
(τi, vi) Â (τi+1, vi+1) is a one cusp splitting. The elementary factorization of a one
cusp splitting sequence is the unique sequence obtained by factoring each one cusp
splitting into one cusp slides followed by a one cusp elementary splitting.

Lemma 7.1.2. If S is not the punctured torus, and if τ0 Â τ1 Â · · · is a one cusp
splitting sequence that satisfies the subtrack killing criterion, then there is a unique
sequence vi ∈ cusps(τi), i ≥ 0, such that each (τi, vi) Â (τi+1, vi+1) is a one cusp
splitting. In particular, uniqueness of the sequence vi holds if τ0 Â τ1 Â · · · is an
expansion of an arational measured foliation.
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Sketch of proof. In fact what is true is that if there is a distinct sequence v′i ∈
cusps(τi) such that each (τi, vi) Â (τi+1, vi+1) is a one cusp splitting, then there is a
surviving subtrack σ0 ⊂ τ0 whose support is either an annulus or a one-holed torus.

Since the sequences (vi)i≥0 and (v′i)i≥0 are distinct, and since both of these
sequences respects all of the bijections cusps(τi) ↔ cusps(τi+1), it follows that
vi 6= v′i for all i ≥ 0. Letting αi be the splitting arc of τi along which τi Â τi+1 is
defined, it follows that vi, v′i are located at opposite ends of αi, pointing into the
interior of αi. Let βi ⊂ τi be the post-splitting arc of τi Â τi+1. By examining
Figure 14 (see also Figure 13) it follows that βi ∪αi is an embedded closed curve in
τi denoted γi. If the parity of τi Â τi+1 is constant then the curves γi are all isotopic,
finishing the proof. Suppose that the parity is not constant, and by truncating we
may assume that τ0 Â τ1 Â τ2 have opposite parity. In this case one can check
that γ1 and γ2 have intersection number 1, and the smallest subtrack σ1 of τ1 that
carries both γ1 and γ2 has support a one-holed torus. Moreover, σ1 survives the
splitting τ1 Â τ − 2 with descendant σ2 ⊂ τ2. An inductive argument shows that
σ1 survives forever. ♦

Consider an arational measured foliation F , which we take to be a canonical
model. Let τ0 be a train track that canonically carries F . A one cusp train track
expansion of F based at τ0 is a one cusp splitting sequence τ0 Â τ1 Â · · · which is
an expansion of F based at τ0; we say that v0 is the starting cusp for this expansion.
As a consequence of Fact 7.1.1, for any v0 ∈ cusps(τ0) there exists a unique one
cusp expansion of F based at τ0 with starting cusp v0, and hence unique cusps
vi ∈ cusps(τi) so that each (τi, vi) Â (τi+1, vi+1) is a one cusp splitting. For this
reason we shall interchangeably write τ0 Â τ1 Â · · · or (τ0, v0) Â (τ1, v1) Â · · · to
represent a one cusp expansion.

We have the following obvious naturality property for one cusp expansions:

Lemma 7.1.3. Let τ be a generic train track canonically carrying an arational
measured foliation F , and choose v ∈ cusps(τ). Any homeomorphism φ takes the
one cusp expansion of F based at τ with initial cusp v to the one cusp expansion of
φ(F) based at φ(τ) with initial cusp φ(v). ♦

Notice as a consequence of Lemma 7.1.2, if S is not the once-punctured torus,
any two one cusp expansions of F , based at the same train track τ , and with distinct
starting cusps, are distinct.

Consider now an arational measured foliation F canonically carried on a train
track τ0. Fix a tie bundle ν0 over τ0 with vertical measured foliation F0, and we
assume that we have a carrying bijection F ↪→→ν0. Recall that Proposition 4.4.1
shows how to associate, to each complete, expanding separatrix family of F , a train
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track expansion of F based at τ0. By following through the construction in the
proof of Proposition 4.4.1, we easily obtain:

Lemma 7.1.4. With the above notation, given v ∈ cusps(τ0), let ` be the infinite
separatrix of F corresponding to v, and let ξt, t ≥ 0, be the growing separatrix
family such that ξt is the initial segment of ` of Fv transverse measure t. Then the
elementary move sequence of the growing separatrix family ξt, t ≥ 0, coincides with
the elementary factorization of the one cusp expansion of F with starting cusp v. ♦

As a consequence of this lemma, starting from the elementary move sequence
τ0ÂÂτ1ÂÂ · · · associated to ξt, t ≥ 0, one can recover the one cusp expansion of F
based at τ0 with starting cusp v, in the following manner. Let vi ∈ cusps(τi) corre-

sponds to v ∈ cusps(τ0) via the homotopic carrying τ0
hÂÂ τi. Define a subsequence

0 = n0 < n1 < . . . inductively so that τni−1ÂÂτni−1 + 1ÂÂ · · ·ÂÂτni consists of zero
or more one cusp slides followed by a one cusp elementary splitting. It follows that
τn0 Â τn1 Â · · · is the one cusp expansion of F based at τ0 with starting cusp v.

Now we are almost ready to state the main result of this section. Given a
canonical, arational measured foliation F and two train tracks τ, τ ′ that canonically
carry F there are bijections cusps(τ)↔ cusps(F)↔ cusps(τ ′). Composition yields
a bijection cusps(τ) ↔ cusps(τ ′) that depends naturally on the triple (τ,F , τ ′),
called the cusp bijection via separatrices of F . Notice we are not saying that the
bijection cusps(τ)↔ cusps(τ ′0) depends naturally on just the pair (τ, τ ′) alone.

Theorem 7.1.5 (One cusp stable equivalence, marked version). Given an ara-
tional measured foliation F and two train tracks τ, τ ′ canonically carrying F , if
v ∈ cusps(τ) and v′ ∈ cusps(τ ′) correspond via separatrices of F , then the one cusp
expansion of F based at τ with starting cusp v is stably equivalent to the one cusp
expansion of F based at τ ′ with starting cusp v′.

The proof will be given as a corollary to the main Stable Equivalence Theo-
rem 7.2.3. For now we describe several corollaries, including the unmarked version
of one cusp stable equivalence.

By applying Lemma 7.1.4 we obtain an explicit description of the bijection
cusps(τ)↔ cusps(τ ′): it is the composition

cusps(τ)↔ s(F)↔ cusps(τ ′)

where s(F) is the set of infinite separatrices of F , and the bijections between s(F)
and the sets cusps(τ), cusps(τ ′) are induced by carrying bijections from F to tie
bundles ν, ν′ over τ, τ ′, respectively.

Our first corollary gives a classification of arational measured foliations up to
unmeasured equivalence, in terms of stable equivalence classes of one cusp expan-
sions:
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Corollary 7.1.6. Given arational measured foliations F ,F ′ canonically carried by
train tracks τ, τ ′, the following are equivalent:

(1) PMF(F) = PMF(F ′).

(2) There exist cusps v ∈ cusps(τ), v′ ∈ cusps(τ ′) such that the one cusp expan-
sion of F based at τ with starting cusp v is stably equivalent to the one cusp
expansion of F ′ based at τ ′ with starting cusp v′.

(3) There exists a bijection cusps(τ) ↔ cusps(τ ′) such that if v ∈ cusps(τ) and
v′ ∈ cusps(τ ′) correspond, then the the one cusp expansion of F based at τ
with starting cusp v is stably equivalent to the one cusp expansion of F ′ based
at τ ′ with starting cusp v′.

Proof. Obviously (3) =⇒ (2). The implication (2) =⇒ (1) is an immediate conse-
quence of the Expansion Convergence Theorem 5.1.1. To prove (1) =⇒ (3), note
that unmeasured equivalence of F ,F ′ implies that each expansion of F is also
an expansion of F ′ and vice versa, and so (3) follows by an application of Theo-
rem 7.1.5. ♦

Corollary 7.1.6 gives a complete classification of arational measured foliations
up to topological equivalence. However, there are two disadvantages of this result.

First, given a one cusp splitting sequence τ0 Â τ1 Â · · · , how do we tell whether
it is a one cusp expansion of an arational measured foliations? Answer: this happens
if and only if τ0 Â τ1 Â · · · satisfies the canonical killing criterion. In Section 11.1
we will show that for a one cusp splitting sequence, the canonical killing criterion
has a particularly nice form.

Second, given two one cusp splitting sequences τ0 Â τ1 Â · · · and τ ′0 Â τ ′1 Â · · · ,
how do we tell whether they are one expansions of the same arational measured
foliation? This questions is quite subtle, and we must wait for the general Stable
Equivalence Theorem 7.2.3 for an answer; see the remarks after the statement of
that theorem.

Unmarked stable equivalence of one cusp expansions. Recall from Sec-
tion 3.15 that two one cusp train tracks (τ, v), (τ ′, v′) are combinatorially equivalent
if there exists φ ∈ Homeo+ such that φ(τ, v) = (τ ′, v′).

Consider a pair of one cusp splitting sequences τ0 Â τ1 Â · · · and τ ′0 Â τ ′1 Â · · · .
Choose cusp sequences vi ∈ cusps(τi), v′i ∈ cusps(τ ′i) so that (τi, vi) Â (τi+1, vi+1)
and (τ ′i , v

′
i) Â (τ ′i+1, v

′
i+1) are one cusp splittings. These two splitting sequences are

said to be unmarked stably equivalent if there exist integers a, b ≥ 0 such that for
all i ≥ 0 the following hold:
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• The one cusp train tracks (τa+i, va+i), (τ ′b+i, v
′
b+i) are combinatorially equiva-

lent.

• The splittings τa+i Â τa+i+1 and τ ′b+i Â τ ′b+i+1 have the same parity.

Theorem 7.1.7 (One cusp stable equivalence, unmarked version). Given two
arational measured foliations F ,F ′, the following are equivalent:

(1) There exists a mapping class φ such that PMF(φ(F)) = PMF(F ′).

(2) For any train tracks τ, τ ′ that canonically carry F ,F ′, there exists cusps v, v′

of τ, τ ′, respectively, such that the one cusp expansion of F based at τ with
starting cusp v is unmarked stably equivalent to the one cusp expansion of F ′
based at τ ′ with starting cusp v′.

(3) For any train tracks τ, τ ′ that canonically carry F ,F ′, respectively, there is a
bijection cusps(τ) ↔ cusps(τ ′), such that if v ∈ cusps(τ) and v′ ∈ cusps(τ ′)
correspond, then the one cusp expansion of F based at τ with starting cusp v
is unmarked stably equivalent to the one cusp expansion of F ′ based at τ ′ with
starting cusp v′.

Proof of Theorem 7.1.7, given Theorem 7.1.5. The implication (3) =⇒ (2) is obvi-
ous.

Next we prove (1) =⇒ (3). Let F ′′ = φ(F), and so PMF(F ′′) = PMF(F ′).
Let τ ′′ = φ(τ). Applying Corollary 7.1.6, it follows that there is a bijection
cusps(τ ′′) ↔ cusps(τ ′), so that if v′′ ∈ cusps(τ ′′) corresponds to v′ ∈ cusps(τ ′)
then the one cusp expansion of F ′′ based at τ ′′ with starting cusp v′′ is unmarked
stably equivalent to the one cusp expansion of F ′ based at τ ′ with starting cusp
v′. Next note that the action of a mapping class on a one-cusp splitting sequence
preserves the combinatorial type of each train track and also preserves each parity,
and so induces an unmarked stable equivalence. It follows that under the bijection
cusps(τ) ↔ cusps(τ ′′) induced by φ, if v ∈ cusps(τ) corresponds to v′′ ∈ cusps(τ ′′)
then the expansion of F based at τ with starting cusp v is unmarked stably equiv-
alent to the expansion of F ′′ based at τ ′′ with starting cusp v′′. We thus obtain by
composition a bijection cusps(τ)↔ cusps(τ ′′)↔ cusps(τ ′) that satisfies (3).

Finally we prove (2) =⇒ (1). We have one cusp expansions

τ = τ0 Â τ1 Â · · ·
τ ′ = τ ′0 Â τ ′1 Â · · ·

of F ,F ′, respectively, with starting cusps v0 ∈ cusps(τ0) and v′0 ∈ cusps(τ ′0) We have
unique cusp sequences vi ∈ cusps(τi), v′i ∈ cusps(τ ′i) so that (τi, vi) Â (τi+1, vi+1)
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and (τ ′i , v
′
i) Â (τ ′i+1, v

′
i+1) are one cusp splittings. Choose integers a, b ≥ 0, so that

for each i ≥ 0 there is a combinatorial equivalence θi : (τa+i, va+i)→ (τ ′b+i, v
′
b+i), and

so that the parities of the splittings τa+i Â τa+i+1 and τ ′b+i Â τ ′b+i+1 are identical;
let di ∈ {l,r} be this parity.

We claim all of the combinatorial equivalences θi for i ≥ 0 are in the same
mapping class Φ. To prove this, notice that splittings are natural, and so the train
track θi(τa+i+1) is obtained from τ ′b+i = θi(τa+i) by a splitting of parity di. This
implies that θi(τa+i+1) = τ ′b+i+1 = θi+1(τa+i+1). Moreover, the cusp bijections
induced by splittings are natural, so the bijection cusps(τa+i) ↔ cusps(τa+i+1) is
taken by θi to the bijection cusps(τ ′b+i)↔ cusps(τ ′b+i+1), implying that θi(va+i+1) =
v′b+i+1. The homeomorphism θ−1

i+1θi therefore stabilizes the isotopy class of the one
cusp train track (τa+i+1, va+i+1). Applying Corollary 3.15.3 it follows that θi+1 is
isotopic to θi.

Let Θ be the mapping class of each θi, i ≥ 0. Letting τ ′′i = Θ(τi), v′′i = Θ(vi),
it follows that (τ ′′0 , v

′′
0) Â (τ ′′1 , v

′′
1) Â · · · is a one cusp expansion of Θ(F) which is

stably equivalent to (τ ′0, v
′
0) Â (τ ′1, v

′
1) Â · · · . Applying Theorem 7.1.5, we have

PMF(Θ(F)) = PMF(F ′). ♦

7.2 Expansion complexes of arational measured foliations

In this subsection we describe expansion complexes and state two results, Theo-
rem 7.2.2 which describes some of their structure, and Theorem 7.2.3 which de-
scribes (marked) stable equivalence. The proofs of these theorems come in the
following subsections. We shall delay until Section 7.7 the statement of unmarked
stable equivalence of expansion complexes, which is somewhat more technical to
state than the unmarked stable equivalence of one cusp expansions.

Consider an arational measured foliation F and fix a train track τ0 that carries F .
Assuming that τ0 is generic and that τ0 canonically carries F , we shall define the
expansion complex of F based at τ0. It is possible to drop the assumption that τ0

is generic, but this would complicate the proofs without changing the statements
in any significant way. It is also possible to drop the assumption that τ0 carries F
canonically, but in this case the statements would be significantly more complicated
and the expansion complex less well behaved; we will briefly describe some of the
features of noncanonical expansion complexes in Section 7.6.

Since τ0 is generic there is an isotopically unique tie bundle ν0 over τ0, and each
singular tie of ν0 is generic. Let Fv denote the foliation of ν0 by ties. Since τ0

canonically carries F , we may choose F in its equivalence class to be a canonical
model with a carrying bijection F ↪→→ν0. Let I be the set of proper separatrix germs
of F , in one-to-one correspondence with the cusps of ν0. The components of any
separatrix family ξ of F are indexed by I, where ξi is the component representing
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the germ i ∈ I. Recall that a component ξi is degenerate if ξi reduces to a cusp of
ν0, and otherwise ξi is nondegenerate.

The underlying topological space of the expansion complex based at τ0 is the
space Ξ = Ξ(F , τ0) of separatrix families of F , equipped with a natural stratification
labelled by subsets J ⊂ I, where

ΞJ = {ξ ∈ Ξ
∣∣ ∀i ∈ I, ξi is nondegenerate =⇒ i ∈ J }

In other words, ΞJ is the closure of the set of ξ ∈ Ξ such that ξi is nondegenerate
if and only if i ∈ J . Choosing a positive transverse Borel measure on Fv, since F
has no proper saddle connections we obtain a homeomorphism Ξ ≈ [0,∞)I , taking
the stratum ΞJ to the coordinate subspace

[0,∞)J = {x ∈ [0,∞)I
∣∣ xi > 0 =⇒ i ∈ J }

Recall also that if F ′ is isotopic to F , with separatrix germs I ′ and space of sep-
aratrix families Ξ′, then there is a natural bijection I ↔ I ′, inducing a bijection
of subsets J ↔ J ′, such that any isotopy f : F → F ′ induces a homeomorphism
Ξ→ Ξ′ taking ΞJ to Ξ′J ′ .

Recall that to each ξ ∈ Ξ there is associated a tie bundle ν(ξ) over a train track
σ(ξ): the tie bundle ν(ξ) is obtained by slicing ν0 along ξ and pulling back ties of
ν0 to get ties of ν(ξ); and the train track σ(ξ) is obtained by collapsing ties of ν(ξ)
to get σ(ξ). There are natural bijections

I ↔ {components of ξ} ↔ {cusps of ν(ξ)} ↔ {cusps of σ(ξ)}

The second bijection is defined by the property that each cusp of ν(ξ) is taken by
the partial fulfillment map ν(ξ) → ν0 to the boundary point of the corresponding
component of ξ. The third bijection is lifting of cusps, explained at the end of
Section 3.4. Given i ∈ I we sometimes use ci to denote the corresponding cusp
of σ(ξ).

A cusp of σ(ξ) is said to be degenerate or nondegenerate as it corresponds with
a component of ξ the same type. The ordered pair (σ(ξ), D), consisting of the train
track σ(ξ) and the set D of degenerate cusps, is called the decorated train track
associated to ξ.

Abstracting the above concepts, a decorated train track on S is an ordered pair
(σ,D) consisting of a train track σ and a subset D ⊂ cusps(σ) called the set of
degenerate cusps (whose complement cusps(σ)−D is called the set of nondegenerate
cusps), such that at each switch s of σ there is at most one degenerate cusp. If
there is a degenerate cusp located at the switch s then we say that s is a degenerate
switch, otherwise s is a nondegenerate switch. Often we will suppress the notation
D, using σ to refer to a decorated train track (σ,D).
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The cell structure of the expansion complex. Define an equivalence relation
on Ξ where two separatrix families ξ, ξ′ ∈ Ξ are equivalent if the decorated train
tracks σ(ξ), σ(ξ′) are isotopic. Each equivalence class is labelled with the isotopy
class of a decorated train track σ, isotopic to σ(ξ) for each ξ in the equivalence
class. Distinct equivalence classes have distinct labels up to isotopy. We define the
expansion complex of F based at τ0 to be the stratified space Ξ, decomposed into
its equivalence classes, each equivalence class labelled with the appropriate isotopy
class of decorated train track. The equivalence class of Ξ labelled by the isotopy
class of the decorated train track σ is denoted

◦
c(σ); as we shall see, this is an open

polyhedral cell. We have the following obvious naturality property for expansion
complexes:

Lemma 7.2.1. Let τ be a generic train track canonically carrying a canonical,
arational measured foliation F . Let Ξ be the expansion complex of F based at τ and
I the set of infinite separatrix germs of F . Fix a homeomorphism f , let Ξ′ be the
expansion complex of f(F) based at f(τ), and let I ′ be the set of separatrix germs.
Then f induces a bijection f : I → I ′ and a homeomorphism f : Ξ → Ξ′ such that
f(ΞJ ) = Ξ′f(J ) for each J ⊂ I, and such that for each decomposition element

◦
c(σ)

of Ξ we have f(
◦
c(σ)) =

◦
c(f(σ)). ♦

Define a linear cell decomposition of Ξ to be a CW-decomposition of Ξ ≈ [0,∞)I

such that the closure of each open k-cell is a finite sided, convex polyhedron of
dimension k called a closed k-cell, the boundary of each closed k-cell is a union of
lower dimensional closed cells, and each stratum ΞJ is a subcomplex. It follows that
the intersection of any two closed cells is a union of closed cells, possibly empty.
Also, if c, d are closed cells of X and int(d)∩ ∂c 6= ∅ then d ⊂ ∂c. Given two closed
cells c, c′ of Ξ, we define c to be a face of c′ if c ⊂ c′.

Theorem 7.2.2 (Cell Structure Theorem). Given an arational measured foli-
ation F canonically carried by a generic train track τ0, if Ξ = Ξ(F , τ0) is the
expansion complex of F based at τ0 then the equivalence classes of Ξ are open cells
of a linear cell decomposition of Ξ. Letting c(σ) denote the closed cell of Ξ whose
interior is labelled by a decorated train track σ, we have:

(1) The dimension of c(σ) equals the number of nondegenerate switches of σ.

(2) The smallest stratum ΞJ containing c(σ) is labelled by the subset J ⊂ I
corresponding to the set of nondegenerate cusps of σ.

(3) There is a natural relation defined on pairs of decorated train tracks which is
independent of F and of τ0, called the face relation and denoted σ @ σ′, which
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has the property that for any cells c(σ), c(σ′) of Ξ, the cell c(σ) is a face of
the cell c(σ′) if and only if σ @ σ′.

This theorem will be proved in Sections 7.4 and 7.5.
In order to understand and motivate the Cell Structure Theorem, we describe

some features of Ξ.

Coordinate axes and one cusp expansions. A coordinate axis of Ξ is a
1-dimensional stratum ΞJ , where J = {i} is a singleton. Note that ΞJ is an
expanding separatrix family ξt, t ∈ [0,∞). The 0-cells on ΞJ are precisely the
events in the family ξt. Letting c(σ0), c(σ1), c(σ2), . . . be the sequence of 1-cells on
ΞJ , by Lemma 7.1.4 it follows that σ0ÂÂσ1ÂÂσ2 is a one cusp splitting sequence, in
fact it is the one cusp expansion of F based at τ0 whose starting cusp corresponds
to the separatrix germ i. We thus obtain a natural bijection between the coordinate
axes of Ξ and the one cusp expansions of F based at τ0.

Some faces. As an example of (3) we describe the face relation between cells
of codimensions 0 and 1 in Ξ. As a consequence, we describe how generic train track
expansions of F based at τ0 arise from generic growing separatrix families that are
in general position with respect to the cell structure of Ξ.

A closed cell c(σ) is top dimensional if and only if each separatrix family ξ ∈
int(c(σ)) is generic, which occurs if and only if the train track σ is generic and has
no degenerate cusps.

There are two types of codimension-1 cells c(σ). The first type occurs when
σ is generic and has exactly one degenerate cusp; equivalently, for each ξ ∈ c(σ),
all components of ξ are nondegenerate except for one degenerate component ξi, all
shunts of ξ are generic except for the shunt ti passing through ∂ξi, and ti∩∂ξ = ∂ξi.
In this case c(σ) is a top dimensional cell of the codimension-1 stratum ΞJ where
J = I−{i}. The cell c(σ) is a face of a single top-dimensional cell of Ξ, obtained by
changing the degenerate cusp of σ to a nondegenerate cusp, or equivalently, allowing
the degenerate separatrix ξi to grow into a very short, nondegenerate separatrix.

The second type of codimension-1 cell c(σ) occurs when the train track σ is
generic except for a single valence four switch s, and σ has no degenerate cusps.
There are two subtypes, corresponding to the two types of elementary moves be-
tween generic train tracks, namely slide moves and elementary splittings. In the
“slide move” subtype, s has three branch ends on one side and one branch end on
the other side; the cell c(σ) is a face of two top-dimensional cells, labelled by the
two generic train tracks obtained by completely combing the switch s in two dis-
tinct ways up to isotopy, and hence these two train tracks differ by a slide move. In
the “elementary splitting” subtype, s has two branch ends on each side, and so the
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switch s may be regarded as a degenerate sink branch; the cell c(σ) is a face of two
top-dimensional cells, one labelled by the train track τ obtained by uncombing the
switch s creating a nondegenerate sink branch b, and the other labelled by a train
track τ ′ which is obtained from τ by either a Left or Right elementary splitting on
b. The distinction between a Left and a Right splitting is not determined from the
train track σ itself, although it is determined by the ordering of the two cusps on
the unique nongeneric singular tie of the tie bundle ν(ξ), for any ξ ∈ int(c(σ)).

Notice that a codimension-1 face of the “elementary splitting” type has a natural
transverse orientation, from τ to τ ′ where τ Â τ ′ is the elementary move; whereas a
codimension-1 face of the “slide move” type has no natural transverse orientation.

From the description of the face relation between codimension-0 and codimension-
1 cells of Ξ = Ξ(F , τ0), one can see that an expansion of F of the form τ0ÂÂτ1ÂÂτ2ÂÂ · · ·
consisting entirely of slide moves and elementary splittings corresponds to a grow-
ing separatrix family in Ξ that starts in the unique top dimensional cell incident
to τ0 (obtained by labelling all the cusps of τ0 as nondegenerate), and that is in
general position with respect to the cell structure, such that each time the path
passes through a codimension-1 face of the elementary splitting type it does so in
the positive transverse direction.

Stable equivalence. We now define stable equivalence of expansion complexes.
Note that the topological space [0,∞)I has one end, in the sense of Freudenthal:
a locally compact space X has one end if each compact subset is contained in an-
other compact subset whose complement is connected, or equivalently, each compact
subset has a unique unbounded complementary component. A neighborhood of ∞
in X is any subset containing the unbounded complementary component of some
compact subset.

Consider an arational measured foliation F , and two generic train tracks τ, τ ′

canonically carrying F . Let Ξ = Ξ(F , τ), Ξ′ = Ξ(F , τ ′) be the expansion complexes
of F based at τ, τ ′, respectively. We say that Ξ, Ξ′ are stably equivalent if there
exists a label preserving isomorphism ψ : Ξ̂→ Ξ̂′ between subcomplexes Ξ̂, Ξ̂′ of Ξ,
Ξ′ respectively, such that Ξ̂ is a neighborhood of∞ in Ξ, and Ξ̂′ is a neighborhood of
∞ in Ξ′. Since labels determine strata according to the Cell Structure Theorem 7.2.2
(2), it follows that the labelling of strata by subsets of the index set I is natural with
respect to stable equivalence, meaning that ψ restricts to an isomorphism between
ΞJ ∩ Ξ̂ and Ξ′J ∩ Ξ̂′, for every subset J ⊂ I.

Theorem 7.2.3 (Stable Equivalence Theorem). For each arational measured
foliation F , any two expansion complexes of F are stably equivalent.
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Remark. This theorem depends on the convention that an expansion complex
of F is based at a train track which canonically carries F . A more general class
of expansion complexes based at train tracks which carry noncanonically will be
discussed later, and for such expansion complexes the Stable Equivalence Theorem
fails in general.

Corollaries. Before launching into the proofs of the above theorems, here are
some corollaries. The first corollary describes an asymptotic property of the carrying
relation among train tracks labelling cells of Ξ.

Corollary 7.2.4. If Ξ is an expansion complex of an arational measured foliation
F , then for each closed cell c(σ) of Ξ there is a neighborhood of ∞ such that for all
closed cells c(σ′) contained in that neighborhood we have σÂÂσ′.

Proof. Let σ = σ(ξ) for ξ ∈ Ξ. We may assume that σ is generic, for otherwise we
may perturb ξ to obtain a generic uncombing of σ, which carries the exact same σ′

as are carried by the original σ. Note that σ canonically carries F , so the expansion
complex Ξ′ of F based at σ is defined. Evidently σ carries every train track labelling
a cell of Ξ′, and since Ξ,Ξ′ are stably equivalent it follows that σ carries every train
track labelling cells in some neighborhood of ∞ in Ξ. ♦

The following corollary describes a kind of weak stable equivalence property that
is satisfied by canonical train track expansions:

Corollary 7.2.5. For each arational measured foliation F , if τ0 Â τ1 Â · · · and
τ ′0 Â τ ′1 Â · · · are two canonical expansions of F , then for each i ≥ 0 there exists
j ≥ 0 such that τiÂÂτ ′j. Symmetrically, for each j ≥ 0 there exists i ≥ 0 such that
τ ′jÂÂτi.

It follows from this corollary that one can construct a train track expansion of
F that starts from τ0 = τi0 , then splits to some τ ′j0 , then splits to some τi1 , then to
some τ ′j1 , then to some τi2 , and so on, alternating infinitely between the two given
expanions.

Proof of Corollary 7.2.5. We may assume τ0, τ
′
0 are generic. Let Ξ,Ξ′ be the expan-

sion complexes of F based at τ0, τ
′
0, respectively. By Proposition 4.4.1, each train

track τi labels some cell of Ξ, and as i → ∞ the cells labelled by τi approach the
end of Ξ; a similar statement holds for Ξ′. Fixing i, we apply Corollary 7.2.4 to
conclude that τi carries all train tracks labelling cells of Ξ in some neighborhood
of ∞. By stable equivalence of Ξ and Ξ′, this includes the train tracks τ ′j for all
sufficiently large j. ♦
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In Section 5.1 we defined two arational measured foliations F ,F ′ to be un-
measured equivalent if their equivalence classes have representatives with the same
underlying singular foliation. The next corollary gives a combinatorial classification
of unmeasured equivalence classes of arational measured foliations:

Corollary 7.2.6. Given arational measured foliations F ,F ′ on S, the following are
equivalent:

(1) F ,F ′ are unmeasured equivalent, that is, PMF(F) = PMF(F ′).

(2) There exists an expansion complex Ξ for F and an expansion complex Ξ′ for
F ′ such that Ξ,Ξ′ are isomorphic.

(3) Every expansion complex of F is stably equivalent to every expansion complex
of F ′.

Remark. In Section 7.1, after the statement of Corollary 7.1.6, we left open the
following question: given two one cusp splitting sequences τ0 Â τ1 Â · · · and
τ ′0 Â τ ′1 Â · · · satisfying the canonical killing criterion, how do we tell whether these
are expansions of the same arational measured foliation? The best answer that we
can give for now is to say this happens if and onlly if there is an expansion complex
Ξ such that the two given sequenes are stably equivalent, respectively, to the one
cusp expansions associated to two of the axes of Ξ. This is still an unsatisfying
answer, because we do not have a handle on how to decide the existence of Ξ. A
hint at a better answer comes by realizing that any two axes Ξi,Ξj of Ξ form the
boundary of a 2-stratum Ξ{i,j} of Ξ, although this immediately begs the question of
how to decide the existence of this 2-stratum. We shall return to this issue briefly
when we discuss Two Cusp Splitting Circuits in Section ??.

Proof. The implication (2) =⇒ (3) follows immediately from the Stable Equivalence
Theorem 7.2.3.

To prove (1) =⇒ (2), suppose that F ,F ′ are unmeasured equivalent. Let Ξ
be an expansion complex of F based at a train track τ canonically carrying F .
Choose F ,F ′ to be canonical models for their equivalence classes. It follows that
the underlying singular foliations of F ,F ′ are isotopic, and so replacing F ′ up to
isotopy if necessary, we may assume that F ,F ′ have the same underlying singular
foliation, and in particular we may identify each of them with the same horizontal
foliation of the tie bundle ν over τ . Let Ξ′ be the expansion complex of F ′ based
at τ , and so Ξ and Ξ′ have the same underlying set of separatrix families. The
key observation is that in the definition of an expansion complex, the construction
of the cells and their labels is entirely independent of the transverse measure on



7 STABLE EQUIVALENCE OF EXPANSION COMPLEXES 181

the horizontal foliation of ν: given a separatrix family ξ of F , the decorated train
track σ(ξ) is unaffected by a change of the transverse measure on F , an immediate
consequence of the definition of σ(ξ) given in Section 4.3. It follows that Ξ and Ξ′

are isomorphic.
To prove (3) =⇒ (1), let Ξ be an expansion complex of F based at τ and

Ξ′ an expansion complex of F ′ based at τ ′, where τ, τ ′ canonically carry F . By
hypothesis of (3), Ξ and Ξ′ are stably equivalent. Consider a train track expansion
τ = τ0 Â τ1 Â · · · of F . Applying Proposition 4.4.1 and the definition of an
expansion complex, it follows that each τi is the label of a cell c(τi) of Ξ. Noting
that the cells c(τi) are distinct, they must escape all compact subsets of Ξ as i→∞.
From stable equivalence of Ξ and Ξ′ it follows that there exists I ≥ 0 such that for
each i ≥ I the train track τi labels a cell c′(τi) of Ξ′. In particular, τi carries F ′
for i ≥ I. This implies that F ′ ∈ ∩iPMF(τi). Since also F ∈ ∩iPMF(τi), we
may apply the Expansion Convergence Theorem 5.1.1 to conclude that F ,F ′ are
unmeasured equivalent. ♦

Finally, we show how One Cusp Stable Equivalence is a corollary of ordinary
Stable Equivalence:

Proof of One Cusp Stable Equivalence, marked version, 7.1.5. In one sentence, the
proof follows from an obvious correspondence between one cusp expansions and axes
of the expansion complex. Here are all the words.

Let τ, τ ′ be generic train tracks each canonically carrying an arational measured
foliation F , which we take to be a canonical model. Choose tie bundles ν, ν ′ over
τ, τ ′ and carrying bijections φ, φ′ : F → ν, ν ′, respectively, so ν has horizontal foli-
ation φ(F) with expansion complex Ξ, and ν ′ has horizontal foliation φ′(F) with
expansion complex Ξ′. Let s(·) denote the set of infinite separatrices of a canonical
model. The desired bijection cusps(τ)↔ cusps(τ ′) is defined as the composition

cusps(τ)↔ cusps(ν)↔ s(φ(F))↔ s(F)↔ s(φ′(F))↔ cusps(ν ′)↔ cusps(τ ′)

The index set I, formally equal to the set of germs of infinite separatrices of F ,
which is in turn identified with s(F), is used to index all of the sets in this string
of bijections.

Applying Theorem 7.2.3, we obtain a label preserving isomorphism ψ : Ξ̂ → Ξ̂′

where Ξ̂ ⊂ Ξ, Ξ̂′ ⊂ Ξ′ are subcomplex neighborhoods of infinity. Moreover, as
remarked just before the statement of Theorem 7.2.3, ψ(Ξ̂J ) = Ξ̂′J for each subset
J ⊂ I.

Fix an index i ∈ I, and consider the separatrix si ∈ s(F) and the corresponding
cusps vi ∈ cusps(τ), v′i ∈ cusps(τ ′). There is a growing separatrix family of φ(F)
determined by choosing finite initial segments of the separatrix φ(si) ∈ s(F ′), and
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this corresponds to the axis Ξi of Ξ, and moreover the one cusp expansion of F based
at τ with initial cusp vi is exactly the expansion obtained from the axis Ξi; this is
the content of Lemma 7.1.4. Similarly, the growing separatrix family consisting of
finite initial segments of φ(F ′) corresponds to the axis Ξ′i of Ξ, and the expansion
obtained from this axis agrees up to comb equivalence with the one cusp expansion
of F based at τ ′ with initial cusp v′i. Letting J be the singleton set {i}, we have
ψ(Ξ̂i) = Ξ̂′i, and so the one cusp expansions of F based at τ, τ ′ with initial cusps
vi, v

′
i are stably equivalent, finishing the proof. ♦

7.3 Proving the Stable Equivalence Theorem

In this section we reduce the Stable Equivalence Theorem 7.2.3 to the Cell Structure
Theorem 7.2.2. The latter will be proved in the following sections.

Consider an expansion complex Ξ of an arational measured foliation F based
at a train track τ . Consider a closed cell c(σ) of Ξ. Although we know a priori
that tie bundles over σ may not be unique up to isotopy, nevertheless we do have
uniqueness in the context of Ξ, as the next statement shows:

Lemma 7.3.1 (Tie bundle uniqueness in expansion complexes). For all ξ, ξ′ ∈
Ξ, the decorated tie bundles ν(ξ), ν(ξ′) are isotopic if and only if the decorated train
tracks σ(ξ), σ(ξ′) are isotopic.

Proof. For undecorated tie bundles and train tracks, this follows from Corollary 3.6.4
using the fact that F has carrying bijections into both of the tie bundles ν(ξ), ν(ξ′).
The correspondence of the sets of nondegenerate cusps follows from the fact that
the nondegenerate cusps of ν(ξ) are the pullbacks of the nondegenerate cusps of
σ(ξ), and similarly for ν(ξ′) and σ(ξ′). ♦

As a consequence of this lemma, if σ is a decorated train track labelling some
cell c(σ) ⊂ Ξ, we can unambiguously write ν(σ) fo the tie bundle labelling the same
cell, well-defined by the property that ν(σ) = ν(ξ) for ξ ∈ int(c(σ)). We can also
denote the cell c(σ) in the unique form c(ν).

The heart of the Stable Equivalence Theorem is the following statement:

(∗) Let F be an arational measured foliation, τ0, τ
′
0 two generic train tracks that

canonically carry F , and Ξ, Ξ′ the expansion complexes of F based at τ0, τ
′
0.

For each cell c(σ) sufficiently close to infinity in Ξ there exists a cell c′(σ′) of
Ξ′ such that σ, σ′ are isotopic as decorated tie bundles.

First we shall prove this statement, and later we shall see how it combines with the
Cell Structure Theorem to prove the Stable Equivalence Theorem.
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Let ν0, ν
′
0 be the tie bundles over τ0, τ

′
0 for which there is a carrying bijection

of canonical models F0,F ′0 for F . By Proposition 2.8.1, canonical models for F
are unique up to isotopy, and so by replacing F in its equivalence class and by
isotoping F0 we may assume that F0 = F ′0. This implies that the tie bundles ν0, ν

′
0

are supported on the same subsurface of S, denoted N0, and that the horizontal
foliations of ν0, ν

′
0 are the same foliation, namely F . There are two distinct tie

bundle maps N0 → τ0, N0 → τ ′0 with distinct tie foliations Fv,F ′v respectively.
Let Ξ be the expansion complex of F based at τ0, and Ξ′ the expansion complex

of F based at τ ′0. Ignoring the labelled cell structure, the underlying stratified sets
of Ξ and Ξ′ are identical: an element of this set is a separatrix family ξ of F . The
foliation Fv is used to determine a decorated tie bundle associated to each ξ ∈ Ξ
which we will denote ν(ξ;Fv), with quotient train track σ(ξ;Fv). The foliation
F ′v determines a decorated tie bundle associated to each ξ′ ∈ Ξ′ denoted ν(ξ′;F ′v),
with quotient train track σ(ξ′,F ′v). The fact that the train tracks τ0, τ

′
0 may be

very different implies that the tie foliations Fv,F ′v of N0 may also be very different,
implying in turn that σ(ξ;Fv) and σ(ξ;F ′v) may be very different for the same
separatrix family ξ of F .

The key idea for proving (∗) is that if ξ ∈ Ξ is a sufficiently long separatrix family,
then it cuts the leaves of the foliations Fv and F ′v into very short segments, but any
two foliations of N0 transverse to F look very much alike when focussing only on
sufficiently short segments, and so we would expect that σ(ξ;Fv) and σ(ξ;F ′v) may
not be so different after all.

To prove (∗), by Lemma 7.3.1 it suffices to show that for each ξ ∈ Ξ sufficiently
close to infinity there exists ξ′ ∈ Ξ′ such that the decorated tie bundles ν(ξ;Fv),
ν(ξ′;F ′v) are isotopic. The separatrix family ξ′ may not be exactly the same as ξ,
but it will be only a small perturbation.

We remarked earlier that in order to construct the undecorated tie bundle
ν(ξ;Fv), in addition to N0 and ξ one needs only the Fv-shunts of ξ; one does not
need the rest of the information of the foliation Fv. One can also construct the non-
degenerate cusps of ν(ξ;Fv) without further information, because they correspond
to the nondegenerate components of ξ.

Thus, to prove (∗) it suffices to show that:

(∗∗) For each ξ ∈ Ξ sufficiently close to infinity there exists an isotopy of N0

preserving F , taking each Fv shunt of ξ to a leaf segment of F ′v, and taking ξ
to some separatrix family ξ′.

This proves (∗) because it follows that the images of the Fv shunts of ξ under the
isotopy are precisely the F ′v shunts of ξ′, and the cusp labelling is preserved for free.

We shall think of F as the horizontal direction and F ′v as the “true” vertical
direction in N0, and so the first part of (∗∗) can be reworded to say that for each ξ ∈
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Ξ sufficiently close to infinity there is a horizontal isotopy of N0 which straightens
out each Fv shunt of ξ until it is truly vertical.

Define a Riemannian metric on N0 of the form ds2 = |dx|2 + |dy|2, where |dy|
denotes the transverse measure on F and |dx| is any fixed transverse measure on F ′v;
all distance measurements are taken with respect to this Riemannian metric. It is
a Euclidean metric with geodesic boundary, except at the reflex cusp singularities.
Define a rectangle in N0 to be any embedding I × J ↪→ N0, where I, J are compact
arcs, such that s × J is a leaf segment of F ′v and I × t is a leaf segment of F for
each s ∈ I, t ∈ J .

The outline of the proof of (∗∗) is as follows. First we choose ξ sufficiently
long so that the union of its Fv shunts can be isolated into a collection of pairwise
disjoint rectangles. Then we shall define a horizontal isotopy of N0 supported in
these rectangles which straightens each Fv shunt of ξ to be truly vertical.

As a preliminary step, there exists a closed neighborhood Rs of each reflex cusp
s of N0, and there exists a horizontal isotopy of N0, such that after the isotopy the
foliation Fv restricted to each Rs is truly vertical. This will be useful in several
places.

The interior of a subset X of N0, denoted int(X), means the largest open subset
of N0 containing X.

Lemma 7.3.2 (Rectangle Lemma). There exists a constant δ > 0 such that if A
is a subset of N0 and diam(A) < δ then either A ⊂ int(Rs) for some s or A ⊂ int(R)
for some rectangle R such that diam(R) < 3 diam(A).

Proof. Choose a finite collection of rectangles Ri, i = 1, . . . , I, such that the interi-
ors of the sets R1, . . . , Rn, together with the interiors of the sets Rs for reflex cusps
s of N0, form an open cover of the compact metric space N0. Let δ be a Lebesgue
number for this covering. If diam(A) < δ then either A ⊂ int(Rs) for some cusp
s and we are done, or A ⊂ int(Ri) for some i = 1, . . . , I. In the latter case let R′

be the smallest rectangle such that A ⊂ R′ ⊂ Ri. A simple argument in Euclidean
geometry shows that diam(R′) ≤ 2

√
2 diam(A) < 3 diam(A). By choosing the rect-

angle R ⊂ int(Ri) slightly larger than R′ we obtain A ⊂ int(R), and we still have
the inequality diam(R) < 3 diam(A). ♦

We now fix some sufficiently small constant ε, whose size will be determined as
the argument proceeds. By choosing ξ sufficiently long it follows that each Fv shunt
of ξ has diameter less than ε. Let A be the set of Fv shunts of ξ, and so A has
cardinality at most equal to i(τ0), the number of cusps of N0.

Our first requirement on ε is that ε < δ, and so for each α ∈ A we can apply
the Rectangle Lemma, reaching one of two possible conclusions. In the first case,
we have α ⊂ int(Rs) for some cusp s, but α is a leaf segment of Fv and so it follows
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that α is truly vertical; in this case we set R(α) = α by convention, a “vertically
degenerate rectangle”. In the second case, we have α ⊂ int(R(α)) for some rectangle
R(α) with

diam(R(α)) < 3 diam(α) < 3ε = ε1

Note that this inequality is satisfied in the first case as well.
Let R1 = {R(α)

∣∣ α ∈ A}. Each R ∈ R1 is a rectangle of diameter less than
ε1, and R1 has cardinality #R1 ≤ i(τ0). For each shunt α ∈ A, either α is truly
vertical and is an element of R1, or α is contained in the interior of some element
of R1.

We want the set of rectangles R1 to be pairwise disjoint, so that we can carry
out horizontal isotopies supported in them. But if they are not pairwise disjoint,
then we shall start coalescing them and applying the Rectangle Lemma inductively,
producing smaller and smaller collections R1,R2,R3, . . . of larger and larger rect-
angles, continuing until we obtain a pairwise disjoint collection RK . Since the
cardinality of R1 is at most i(τ0), the process must stop with K ≤ i(τ0). Each
application of the Rectangle Lemma will require a certain inequality, which will be
justified by a sequence of stricter and stricter upper bounds on ε.

Assuming R1 is not pairwise disjoint, we carry out the next step of the induction
to produce R2. Each component C of the set ∪R1 has diameter less than

ε1 ·#R1 ≤ 3i(τ0)ε

Our second requirement on ε is that 3i(τ0)ε < δ, allowing us to apply the Rectangle
Lemma to the components of ∪R1. If C is a component of ∪R1 then there are two
possible conclusions. In the first case, we have C ⊂ Rs for some cusp s, and then C
is a union of degenerate rectangles of the form R(α) = α for truly vertical shunts α,
but any two of these are pairwise disjoint, so in fact C = α for some truly vertical
shunt α, and we obtain a vertically degenerate rectangle R(C) = α. In the second
case, we have C ⊂ int(R(C)) for some rectangle R(C) with

diam(R(C)) < 3 diam(C) < 32i(τ0)ε = ε2

The same inequality is evidently satisfied in the first case.
Let R2 be the set of rectangles R(C) for components C of ∪R1, each with

diameter less than ε2, and with cardinality #R2 < #R1 ≤ i(τ0).
We continue inductively as long as the collection Rk is not pairwise disjoint,

using a sequence of stricter and stricter conditions on ε of the form 3ki(τ0)kε < δ in
order to apply the Rectangle Lemma. Eventually we obtain a collection of pairwise
disjoint rectangles RK with K ≤ i(τ0), such that for each shunt α ∈ A, either α
is strictly vertical and is an element of RK , or α is contained in the interior of an
element of RK .
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We have acheived our intermediate goal of isolating the shunts in a collection
RK of pairwise disjoint rectangles.

Consider now any rectangle R ∈ RK . Assuming R is not vertically degenerate,
we must construct a horizontal isotopy supported on R which will straighten out
the set of shunts AR = {α ∈ A

∣∣ α ⊂ int(R)} so that each of them is truly vertical.
Choose an isometric parameterization R ≈ [0, a] × [0, b], and let π : R → [0, b] be
projection.

Define a relation l on any finite, pairwise disjoint collection of transverse arcs
of the horizontal foliation of R, where β l β′ if β 6= β′ and there exists (x, y) ∈ β,
(x′, y′) ∈ β′ such that x < x′. Note that it is impossible to have β l β′ and β′ l β,
because β, β′ are disjoint.

We claim that for any finite, pairwise disjoint collection of transverse arcs in R,
the ordering l has a minimum element, and we prove this by induction on the size
of the collection on which l is defined. The key point we must demonstrate is that
the transitive closure of l, which we denote <, is a partial order: if α < α′ then
α′ 6< α. To prove this, choose a chain α = α1 l α2 l · · · l αn = α′. Using α1, α2

we can define a transverse arc β such that π(β) = π(α1 ∪ α2), α1 l β l α2, and
none of α3, . . . , αn come between α1 and β nor between β and α2. If π(α1) ⊃ π(α2)
then choose β to be slightly to the right of α1, and if π(α1) ⊂ π(α2) then choose
β to be slightly to the left of α2. Otherwise, let β start slightly to the right of the
endpoint of α1 whose projection is disjoint from the projection of α2, then β travels
close to and on the right side of α1 until it comes between α1 and α2, then β moves
over to be close to and on the left side of α2, and β then continues in this manner
ending slightly to the left of the endpoint of α2 whose projection is disjoint from
the projection of α1. Clearly we have β l α3 l · · · l αn, and so by induction we
have αn 6< β, which implies αn 6< α1, proving the claim.

Let α be a l minimal element of AR. Then we can easily construct a horizontal
isotopy supported in R ≈ [0, a] × [0, b] after which the following holds: α is truly
vertical, of the form x × [c, d], and for each α′ ∈ AR − {α} and each (x′, y′) ∈ α′
we have x < x′. We may now focus on the subrectangle [x′, a] × [0, b] of R, which
contains one fewer shunt, and continue by induction.

To summarize, we have proved that, after a preliminary horizontal isotopy of N0

that makes Fv truly vertical in a neighborhood Rs of each cusp s ∈ N0, there exists
a horizontal isotopy of N0 supported in a pairwise disjoint collection of at most
i(τ0) rectangles, at the end of which each Fv shunt of ξ becomes truly vertical. As
mentioned earlier, if ξ′ is the image of ξ under this isotopy, then the isotopy takes
ν(ξ;Fv) to ν(ξ′;F ′v). We must also prove that the isotopy preserves decorations,
but the isotopy obviously induces a bijection between nondegenerate components
of ξ and of ξ′.
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This completes the proof of (∗∗) and hence of (∗).

Now we prove the Stable Equivalence Theorem by applying (∗) together with
the Cell Structure Theorem 7.2.2. Given a cell complex X let C(X) denote the set
of cells of X.

Let F , τ0, τ ′0, Ξ = Ξ(F , τ0), Ξ′ = Ξ(F , τ ′0) be as in (∗). Define a relation
Ψ between C(Ξ) and C(Ξ′) where c(σ) Ψ c(σ′) if and only if σ, σ′ are isotopic as
decorated train tracks. Evidently the relation Ψ is a bijection between a subset of
C(Ξ) and a subset of C(Ξ′). By applying (∗), it follows that there is a subcomplex
Ξ̂ ⊂ Ξ which is a neighborhood of infinity such that C(Ξ̂) is contained in the
projection of the relation Ψ to the first factor. By applying Theorem 7.2.2 (3),
the set of cells of Ξ′ that correspond, via P, to cells of Ξ̂ forms a subcomplex
Ξ̂′ ⊂ Ξ′. We thus have a bijection Ψ: C(Ξ̂)→ C(Ξ̂′).

We claim that Ξ̂′ is a neighborhood of infinity in Ξ′. To see why, one knows, by
applying (∗) with the roles of Ξ,Ξ′ reversed, that there is a subcomplex Ξ̂′0 ⊂ Ξ′

that is a neighborhood of infinity in Ξ′ and whose cells are contained in the image
of the projection of Ψ to the second factor. Since Ξ̂ is a neighborhood of infinity in
Ξ, it follows that after deleting a finite number of cells in Ξ̂′0 we may assume that
each cell in Ξ̂′0 is of the form Ψ(c) for some c ∈ C(Ξ̂). After this deletion, Ξ̂′0 is still
a neighborhood of infinity in Ξ′. But it now follows that Ξ̂′0 ⊂ Ξ̂′ and hence Ξ̂′ is a
neighborhood of infinity in Ξ′.

By Theorem 7.2.2 (3), the map Ψ: C(Ξ̂) → C(Ξ̂′) respects the face relation of
cells. By using the rest of the Cell Structure Theorem 7.2.2 and working inductively
up through the skeleta, we can promote Ψ to a label preserving, cellular isomorphism
ψ : Ξ̂ → Ξ̂′, as follows. First, restricting Ψ to the 0-cells defines a label preserving
cellular isomorphism of 0-skeleta ψ(0) : Ξ̂(0) → Ξ̂′(0). Assuming that we have a label
preserving cellular isomorphism of i-skeleta ψ(i) : Ξ̂(i) → Ξ̂′(i), consider an i+ 1 cell
c(σ) ∈ C(Ξ̂), and so Ψ(c(σ)) = c(σ′) ∈ C(Ξ̂′) where σ, σ′ are isotopic as decorated
train tracks. Applying Theorem 7.2.2 (1), c(σ′) also has dimension i + 1, and so
∂c(σ) ⊂ Ξ(i) and ∂c(σ′) ⊂ Ξ′(i). By Theorem 7.2.2 (3), Ψ restricts to a bijection
between C(∂c(σ)) and C(∂c(σ′)). Applying the induction hypothesis, ψ(i) restricts to
a label preserving cellular isomorphism from ∂c(σ) to ∂c(σ′). Since Ξ,Ξ′ are linear
cell complexes by Theorem 7.2.2, the subcomplexes ∂c(σ) and ∂c(σ′) are i-spheres,
and the homeomorphism ψ(i) between these spheres extends to a homeomorphism
between the i + 1 balls c(σ) and c(σ′). Piecing these homeomorphisms together,
one for each (i+ 1)-cell c(σ) of Ξ̂, we obtain a label preserving cellular isomorphism
ψ(i+1) : Ξ̂(i+1) → Ξ̂′(i+1). Continuing by induction on i, we obtain a label preserving
cellular isomorphism ψ : Ξ̂→ Ξ̂′.

This proves the Stable Equivalence Theorem, modulo the Cell Structure Theo-
rem 7.2.2.
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7.4 Cells of the expansion complex

In this and the next section we prove the Cell Structure Theorem 7.2.2.
Fix a generic train track τ with tie bundle ν0 → τ and tie foliation Fv, and fix

a canonical arational measured foliation F with a carrying bijection F ↪→→ν0. Let Ξ
be the expansion complex of F based at τ . Let I be the set of proper separatrix
germs of F , so each ξ ∈ Ξ has components ξ = ti∈Iξi with ξi a representative of
the germ i, possibly degenerating to a point. Fixing a transverse measure on Fv we
obtain a parameterization Ξ ≈ [0,∞)I .

We will use the symbols such as x, ξ to represent points in Ξ. Generally a Roman
letter x will be a variable point in Ξ, in which case we abuse notation by using xi
to denote a real variable representing the ith coordinate of x, that is, the length of
the ith component of x (rather than the ith component itself). Generally a Greek
letter ξ will be a constant point in Ξ, in which case the lengths of its components
ξ = tiξi will be represented by constant real numbers `i = `i(ξ) = Length(ξi).

Cells of Ξ. The equivalence class of ξ ∈ Ξ is the set

◦
c(ξ) = {x ∈ Ξ

∣∣ σ(ξ), σ(x) are isotopic as decorated train tracks.}

Our primary goal is to show that
◦
c(ξ) is the interior of a polyhedral cell. We

accomplish this by writing down a system Xξ = Eξ ∪ Iξ consisting of 1st degree
equations Eξ and strict inequalities Iξ in the variables xi, i ∈ I, and showing that
the solution set of the system Xξ equals

◦
c(ξ).

The system Xξ is produced in two stages. First we define a homotopic carrying
injection fξ : σ(ξ) → ν0, which means a carrying injection that is also a homotopy
equivalence; the map fξ will be well-defined up to isotopy along ties. We will also
construct fξ so that it is decoration preserving in the appropriate sense. Then, given
any decorated train track σ contained in ν0 such that the inclusion map σ ↪→ ν0

is a decoration preserving homotopic carrying injection, we shall define a system
Xσ = Eσ ∪ Iσ consisting of equations Eσ and strict inequalities Iσ in the variables
xi, i ∈ I. From the construction it will be evident that Xσ is well-defined up to
isotopy of σ along ties of ν0. Thus, for any ξ ∈ Ξ, the system Xξ = Xfξ(σ(ξ)) is well
defined.

We shall prove that
◦
c(ξ) is contained in the solution set of Xξ as follows. Not

only will Xσ be well-defined up to isotopy of σ along ties of ν0, but it will be well
defined up to isotopy of σ through decoration respecting carrying injections into ν0.
Also, it will be obvious from the construction that x = ξ is in the solution set of
Xξ. Given any η ∈ ◦c(ξ), the decorated train tracks σ(ξ), σ(η) are isotopic, and by
applying Lemma 3.5.2, it follows that fξ(σ(ξ)) and fη(σ(η)) are isotopic through
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carrying injections, and hence the systems Xξ and Xη are identical. In particular
they have the same solution set, and since x = η is in the solution set of Xη, it is
also in the solution set of Xξ.

The other inclusion, showing that the solution set of Xξ is contained in
◦
c(ξ),

will follow from a convexity argument.

The carrying injection fξ : σ(ξ) → ν0. Recall that σ(ξ) is constructed by
slicing ν0 along ξ to obtain a tie bundle ν(ξ), and then collapsing the ties of ν(ξ)
to obtain σ(ξ). The carrying injection fξ, depicted in Figure 21, is described as
follows.

There is a natural bijection between shunts of ξ, singular ties of ν(ξ), and
switches of σ(ξ); let ts(ξ) be the shunt corresponding to a switch s ∈ σ(ξ). For
each switch s ∈ σ(ξ) define its image fξ(s) to be a point of ts(ξ), with the following
restriction. If s is nondegenerate then fξ(s) may be any point in ts(ξ). Supposing
s is degenerate, let v be the degenerate cusp of σ(ξ) located at s, and let c be the
corresponding cusp of ν0. It follows that ts(ξ) is a subtie of the tie of ν0 through c,
and moreover c is contained in the interior of ts(ξ). In this case we define fξ(s) = c;
in making this definition, we are using the fact that σ(ξ) has at most one degenerate
cusp at each switch, in order for fξ to be well-defined on degenerate switches.

There is a natural bijection between maximal subrectangles of ν0 whose interiors
are disjoint from ξ ∪ {shunts of ξ}, maximal subrectangles of ν(σ) whose interiors
are disjoint from the singular ties of ν(σ), and branches of σ(ξ); let Rb(ξ) be the
rectangle in ν0 corresponding to a branch b of σ(ξ). Consider a branch b ⊂ σ(ξ),
with one end on a switch s and the other end on a switch s′. One vertical side of
the rectangle Rb(ξ) is a subsegment ∂sRb(ξ) of ts(ξ), and the other vertical side is
a subsegment ∂s′Rb(ξ) of ts′(ξ). It is possible that fξ(s) does not lie in ∂sRb(ξ),
and fξ(s′) may not lie in ∂s′Rb(ξ). We now define fξ(b) to be a segment transverse
to Fv with endpoints fξ(s), fξ(s′), which is isotopic staying transverse to Fv to a
horizontal leaf of Rb(ξ); to be explicit, starting from fξ(s), the path fξ(b) travels
transverse to Fv staying close to ts(ξ) until it enters the interior of Rb(ξ), then fξ(b)
travels along a leaf of F until it approaches ts′(ξ), and then fξ(b) travels transverse
to Fv staying close to ts′(ξ) until it ends at fξ(s′). If one of the switches, say s, is
degenerate, then there seems to be a possible obstruction to this definition of fξ(b):
the shunt ts(ξ) contains a reflex cusp r of ν0, and if Rb(ξ) is on the wrong side
of r then it seems possible that as the path fξ(b) travels transverse to Fv staying
close to ts(ξ), it may be forced to cross the boundary of ν0 into the complement
S − ν0. However, this possibility is precluded by our requirement that fξ(s) = r,
which guarantees that Rb(ξ) is on the correct side of r.

Although the construction of the map fξ : σ(ξ) → ν0 depends on choices, it is
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Figure 21: In the tie bundle ν0, the separatrix family ξ determines a train track
σ(ξ) which has a carrying injection into ν0.

clearly well defined up to isotopy along leaves of the foliation Fv. Notice that fξ is
a homotopy equivalence: in fact, the composition σ(ξ) → ν0 → τ0 is homotopic to
the natural homotopic carrying map of σ(ξ) onto τ0, and the tie bundle projection
ν0 → τ0 is a homotopy equivalence.

The system Xσ. Consider now a decorated train track σ. We assume that
σ ⊂ ν0 and that the inclusion map is a homotopic carrying injection, that is, σ is
transverse to the ties of ν0, and the inclusion σ ↪→ ν0 is a homotopy equivalence.
There is a natural bijection between cusps of ν0 and cusps of σ; for each i ∈ I let
ci denote the cusp of ν0 at which the separatrix germ i is based, and let vi be the
corresponding cusp of σ.

Abstracting the above discussion, we say that the inclusion σ ↪→ ν0 respects
decoration if, for each degenerate cusp vi of σ located at a switch s, we have s = ci.
Thus, for any ξ ∈ Ξ the inclusion of fξ(σ(ξ)) into ν0 respects decoration.

Given a decoration respecting, homotopic carrying injection σ ↪→ ν0, we shall
define a system Xσ of equations Eσ and strict inequalities Iσ in the variables xi,
i ∈ I. We will also check that the form of each equation and inequality in this
system depends on σ only up to isotopy through decoration respecting carrying
injections.

The bijection ci ↔ vi between cusps(ν0) and cusps(σ) is characterized as follows
(see Figure 22). Suppose first that vi is a degenerate cusp, located at a switch s;
because σ ↪→ ν0 respects decorations, the switch s coincides with a cusp of ν0, and
that cusp must be ci. Suppose now vi is a nondegenerate cusp, and it follows that
there exists a unique triangle Ti in ν0, with corner vertices p, q and cusp vertex vi,
such that the side pq of Ti is the maximal tie segment of ν0 containing ci and with
interior disjoint from σ, each side pvi, qvi of Ti is a train path in σ, the interior of
Ti is disjoint from σ, and Ti is foliated by segments of Fv each connecting a point
of pvi to a point of qvi, with one degenerate leaf of the foliation at the cusp vi. To
be formally correct, Ti lives not in ν0 but in the surface-with-cusps C(ν0 − σ), but
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ci
vi

Figure 22: A cusp triangle Ti ⊂ ν0, with one cusp and two corners, associated to a
nondegenerate cusp vi of σ and the associated cusp ci of ν0. Also shown is a section
of Ti (dotted line). The triangle Ti is foliated by tie segments, with one degenerate
leaf at the cusp vertex vi, with vertical side on the tie through ci, with train paths
in σ as horizontal sides, and with interior disjoint from σ.

the interior of Ti embeds in ν0 via the overlay map C(ν0 − σ)→ ν0, and so we shall
abuse terminology by referring to Ti as living in ν0. The triangle Ti is called the
cusp triangle of σ associated to the cusp vi.

We extend the definition of `i(σ) to the case where vi is a degenerate cusp of σ,
by taking `i(σ) = 0.

For each branch b of σ the Fv transverse measure of σ is denoted `b(σ).
Notice that when σ = fξ(σ(ξ)) for ξ ∈ Ξ, then clearly we have `i(σ) = `i(ξ),

and `b(σ) = `b(ξ). From these identities it will follow that x = ξ is a solution of
each equation and inequality in the system Xξ.

Before proceeding we need a construction. Consider a continuous path γ : [a, b]→
ν0. At each point of ν0 there are two transverse orientations of Fv. The transverse
orientations at each point of ν0 fit together to form a two-to-one covering space
over ν0, the transverse orientation bundle of ν0. A transverse orientation of γ is
a choice of transverse orientation at each point γ(t) which varies continuously in
t ∈ [a, b]—in other words, a continuous lift of γ to the transverse orientation bun-
dle. Each path γ has exactly two transverse orientations, and a choice of transverse
orientation for a single point t ∈ [a, b] extends to a unique transverse orientation on
γ. A transversely oriented path in ν0 consists of a path together with a choice of
transverse orientation. Given a transversely oriented path γ : [a, b]→ ν0, we define
the signed intersection number 〈γ,Fv〉 as follows: for each t ∈ [a, b] the choice of
transverse orientation at γ(t) extends uniquely to a transverse orientation of Fv in
a small neighborhood U of t, which determines in turn a unique closed, singular
1-cocycle on U with the property that the absolute value of this 1-cocycle equals



7 STABLE EQUIVALENCE OF EXPANSION COMPLEXES 192

the given transverse measure on Fv, and the 1-cocycle evaluates to a positive num-
ber on any vector based at γ(t) that points in the same direction as the specified
transverse orientation. By pulling back these locally defined 1-forms via γ we ob-
tain a well-defined 1-cocycle on [a, b], whose integral is equal to 〈γ,Fv〉. From this
definition it is clear that 〈γ,Fv〉 is independent of γ up to a homotopy for which
the endpoints γ(a), γ(b) are fixed and for which the orientation varies continuously
in the homotopy parameter.

The system of equations Eσ. The equations in Eσ are of two types.
First, for each degenerate cusp vi of σ, there is a degeneracy equation xi = 0.

Given ξ ∈ Ξ, the fact that the inclusion fξ : σ(ξ) ↪→ ν0 respects decorations obviously
implies that x = ξ is in the solution set of xi = 0.

Second, for each pair i, j ∈ I such that the cusps vi, vj of σ are located at the
same switch s of σ, there is an equation Eij(σ) which gives numerical expression
to the fact that the two separatrices ξi, ξj have boundary points on the same shunt
of ξ.

In discussing the equation Eij(σ), we shall consider the path ρij(σ) which is a
concatenation of two pieces: a path in the cusp triangle Ti from ci to s, concate-
nated at s with a path in Tj from s to cj (if one of vi, vj is degenerate then one
of the two pieces of ρij(σ) will degenerate to a point). We choose a transverse ori-
entation on ρij(σ) so that at the initial point ci the orientation points in the same
direction as the cusp ci. Since each of the two pieces of ρij(σ) is well-defined up to
homotopy rel endpoints, and since the initial orientation is well-defined, we obtain
the following fact:

Fact 7.4.1. As σ varies by isotopy through decoration respecting carrying injec-
tions, the cusps vi, vj continue to be located at the same switch, and the path ρij(σ)
varies by a homotopy that preserves endpoints and orientation. It follows that the
signed intersection number 〈ρij(σ),Fv〉 is constant as σ varies.

Note that, if desired, the path ρij(σ) can be chosen to be transverse to Fv, except
that in the case that vi, vj are on the same side of the switch s, the path ρij(σ) cannot
be transverse at s. However, because of the way we defined signed intersection
number, transversality properties of ρij(σ) are unnecessary in the arguments that
follow, and we shall need this freedom in one particular place.

There are two cases in the definition of Eij(σ), depending on whether vi, vj are
on the same or opposite sides of s; see Figure 23.
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two cusps on opposite sides of a switch two cusps on the same side of a switch

Figure 23: If the cusps vi, vj of σ are located at the same switch of σ, then there
is an equation Eij(σ) of the form xi ± xj = 〈ρ, ν0〉, where ρ is a path from ci to cj
consisting of a path in Ti from ci to s, concatenated with a path in Tj from s to cj .
The ± sign is + if vi, vj are on opposite sides of s, and − otherwise.

The equation Eij(σ), Case 1: If vi, vj are on opposite sides of the switch s
then the equation is

xi + xj = `i(σ) + `j(σ) Eij(σ), Case 1
= 〈ρij(σ),Fv〉

It is clear that x = ξ is a solution of Eij(σ). As σ varies by isotopy through carrying
injections, Fact 7.4.1 implies that the equation Eij(σ) is invariant.

The equation Eij(σ), Case 2: If vi, vj are on the same side of the switch s
then the equation is

xi − xj = `i(σ)− `j(σ) Eij(σ), Case 2
= 〈ρij(σ), ν0〉

Again it is clear that x = ξ is a solution of Eij(σ). Again, as σ varies through
carrying injections, Fact 7.4.1 says that Eij(σ) is invariant.

The inequalities Iσ. The system of strict inequalities Iσ consists of two types
of inequalities.

First, for each nondegenerate cusp vi of σ there is a nondegeneracy inequality
xi > 0. The fact that the inclusion fξ : σ(ξ) ↪→ ν0 respects decorations obviously
implies that x = ξ satisfies xi > 0.
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two cusps on the same side asb

two cusps on opposite sides from b

one cusp opposite from and one on the same side as b 

Figure 24: If the cusps vi, vj of σ are located at opposite endpoints s, s′ of a branch
b, then there is an inequality Iibj(σ) of the form xi±xj <> 〈ρibj(σ),Fv〉, where the
right hand side is signed intersection number with Fv of the path ρibj(σ) from ci to
cj consisting of a section of Ti concatenated with b concatenated with a section of
Tj . The ± sign is + if the cusps vi, vj are both on opposite sides from b, or both on
the same side as b, at the switches s, s′ respectively; the sign is − otherwise. The
inequality is < if vi is on the opposite side from b at s, and > otherwise.

Second, for each i, j ∈ I and each branch b of σ with distinct endpoints s 6= s′

such that vi, vj are located at s, s′ respectively, there is an inequality Iibj(σ) which
is a numerical expression of the fact that the boundary points of the separatrices
ξi, ξj lie on the shunts over the endpoints s, s′ of b.

In discussing the inequality Iibj(σ) we shall need the path ρibj(σ) which is a
concatenation of three pieces: (i) a path Ti from ci to s, (ii) the branch b from s to
s′, and (iii) a path in Tj from s′ to cj . Either of the two outer pieces may degenerate
to points, depending on which of vi, vj are degenerate cusps of σ. We orient ρibj(σ)
so that at its initial point ci it points in the same direction as the cusp ci. We have:

Fact 7.4.2. As σ varies by isotopy through decoration respecting carrying injec-
tions, the cusps vi, vj continue to be located at opposite ends of the same branch b,
and the path ρibj(σ) varies by a homotopy that preserves endpoints and orientation.
It follows that the signed intersection number 〈ρibj(σ),Fv〉 is constant as σ varies.

As with the paths ρij(σ), each of the paths ρibj(σ) may be chosen to be transverse
to Fv, except possibly at the points s, s′, depending on whether the cusps vi, vj are
on the same or opposite side of b at s, s′, respectively.

The description of the inequality Iibj(σ) breaks into three cases, depending on
how many of vi, vj are on the same side as b at s, s′, respectively; see Figure 24.
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The inequality Iibj(σ), Case 1: If vi, vj are both on opposite sides from b
at the switches s, s′, respectively, then the inequality is

xi + xj < `i(σ) + `b(σ) + `j(σ) Iibj(σ), Case 1
= 〈ρibj(σ),Fv〉

This inequality holds when x = ξ because then the left hand side is equal to `i(σ) +
`j(σ). Invariance of this inequality under isotopy of σ through carrying injections
follows from Fact 7.4.2.

The inequality Iibj(σ), Case 2: Suppose one of vi, vj is on the opposite side
of b at its respective switch s, s′, and the other is on the same side as b. Changing
notation if necessary we assume that vi is on the opposite side as b and vj is on the
same side. In this case the inequality is

xi − xj < `i(σ) + `b(σ)− `j(σ) Iibj(σ), Case 2
= 〈ρibj(σ),Fv〉

This holds when x = ξ because then the left hand side equals `i(σ)− `j(σ). Invari-
ance under isotopy of σ through carrying injections follows from Fact 7.4.2.

The inequality Iibj(σ), Case 3: Suppose that both of the cusps vi, vj are on
the same side as b at their respective switches. In this case the inequality is

xi + xj > `i(σ)− `b(σ) + `j(σ) Iibj(σ), Case 3
= 〈ρibj(σ),Fv〉

When x = ξ, the left hand side equals `i(σ) + `j(σ), and so the inequality holds.
Invariance under isotopy of σ through carrying injections follows from Fact 7.4.2.

This completes the definition of the system of equations Xσ = Eσ ∪ Iσ, and the
proof of invariance of Xσ under decoration respecting carrying isotopy of σ. As
noted earlier, for each ξ ∈ Ξ we have therefore defined the system Xξ = Xσ(ξ) and

we have proved that
◦
c(ξ) is contained in the solution set of Xξ.

Polyhedral structure of c(ξ). One direction is left in the proof that
◦
c(ξ)

equals the solution set of Xξ: we must prove that the solution set is contained in
◦
c(ξ). The key to the proof is the fact that Xξ is convex, being the intersection of
affine subspaces and affine half-spaces. Suppose that η ∈ Ξ is another point in the
solution set of the system Xξ. By convexity the entire segment ξη is contained in
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the solution set. Letting x vary along this segment from ξ to η, we shall show that
the isotopy class of the decorated train track σ(x) is constant. We identify σ(x)
with its image fx(σ(x)) in ν0 under the decoration respecting carrying injection fx.

As x varies in ξη, first we note that there are only two ways that the undecorated
isotopy class of σ(x) could change. One way is if, for some nongeneric switch s, two
cusps vi, vj located at s split apart so that they are located at different switches; but
this occurrence is prevented by the requirement that the equation Eij(σ(ξ)) holds
true, which forces vi, vj to stay located at the same switch. The other way that
σ(x) could change is that, for some branch b of σ(x) with ends at distinct points,
as x varies b shrinks to a point, so that cusps vi, vj which were previously located
at distinct ends of b are now located at the same switch; but this is prevented by
the requirement that the strict inequality Iibj(σ(ξ)) holds true, which forces vi, vj
to stay located at opposite ends of b, and hence b cannot shink to a point. This
shows that the undecorated isotopy class of σ(x) is invariant.

Next we note that as x varies in ξη, the set of coordinates i ∈ I for which xi = 0
obviously remains invariant, because for all i ∈ I we have ξi = 0 if and only if ηi = 0
if and only if the degeneracy equation xi = 0 is in the system Xξ. But this implies
that the subset of I for which the cusp vi of σ(x) is degenerate is a constant subset,
and hence the decorated isotopy class of σ(x) is invariant. Thus, for all x ∈ ξη, and
in particular for x = η, the decorated train track σ(x) is isotopic to σ(ξ).

We have proved that
◦
c(ξ) is equal to the solution set of the family of equations

and inequalities Xξ, and so
◦
c(ξ) is the interior of a finite sided, convex polyhedron

c(ξ). To prove that c(ξ) is a convex polyhedral cell it suffices to prove that
◦
c(ξ) is

bounded in Ξ. Arguing by contradiction, if
◦
c(ξ) were unbounded then there would

be an unbounded, straight ray ρ : [0,∞) → Ξ ≈ [0,∞)I starting from ρ(0) = ξ, so
that ρ is completely contained in

◦
c(ξ). If ρ were a generic ray then we could apply

Claim 4.3.1 to conclude that the set of train tracks labelling the equivalence classes
intersected by ρ contain the train tracks in some infinite splitting sequence, namely,
some train track expansion of F , contradicting that this set of decorated train
tracks consists of the singleton {σ(ξ)}. However, the proof of Claim 4.3.1 works in
the nongeneric case as well. One need only notice that starting from x = ξ, as x
moves along ρ towards infinity, at least one component of the expanding separatrix
family x gets longer and longer without bound, and hence at some moment x = ρ(s)
there must be two components of x whose boundary points lie on the same shunt
of x, whereas the two corresponding components of ξ do not have endpoints on
the same shunt of ξ; at that moment the decorated train track σ(x) is isotopically
distinct from σ(ξ).

We have now proved that each equivalence class
◦
c(ξ) is the interior of a closed,

convex polyhedral cell c(ξ). Item (1) of Theorem 7.2.2 follows by observing that
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the dimension of c(ξ) is equal to the number of switches s of σ(ξ) such that the
shunt ts(ξ) which contains fξ(σ(ξ)) does not contain any cusp of ν0, which equals
the number of switches of σ(ξ) at which no degenerate cusp of σ(ξ) is located. Item
(2) follows by observing that the stratum ΞJ containing c(ξ) is determined by J =
{i ∈ I

∣∣ ξi is nondegenerate}, but this set corresponds to the set of nondegenerate
cusps of the decorated train track σ(ξ). Item (3) will be proved below.

7.5 The face relation in the expansion complex.

To complete the proof of the Cell Structure Theorem 7.2.2: we must show that the
equivalence classes

◦
c(ξ) of Ξ form the open cells of a linear cell decomposition, or

in other words we must show that the boundary of the closed cell c(ξ) is a union
of closed cells of lower dimensions; and we must show that the face relation among
closed cells satisfies item (3) of Theorem 7.2.2. Both of these tasks require a study
of the face relation among train tracks, with and without decorations.

The face relation on train tracks. As motivation we start by reconsidering
several familiar constructions in the context of face inclusions.

Consider the examples of the face relation which were discussed after the state-
ment of Theorem 7.2.2. Let σ be a generic train track and b a branch. We say
that b is collapsible if b has endpoints at distinct switches and b is not the overlay
image of a side of any component of C(S − σ). To be precise, every sink branch is
collapsible, a transition branch is collapsible if and only if its ends are located at
distinct switches, and a source branch is collapsible if and only if it is of type ll
or rr. If b is a sink branch or a transition branch with ends at distinct switches,
collapsing b results in a train track σ′ which satisfies the face relation σ′ @ σ; we
have described this previously by saying that σ′ is obtained by combing σ along b.
If b is a dd source branch with d ∈ {l,r}, collapsing b results in a train track σ′

which satisfies the face relation σ′ @ σ, and in this case σ′ Â σ is a splitting of
parity d: the result of collapsing b is to produce a nongeneric switch in σ′ with two
branch ends on each side, and then if one does a generic uncombing of σ′ at this
switch, one can follow that with an elementary splitting of parity d to recover σ.
The difference between the current discussion and the discussion given after the
statement of Theorem 7.2.2 is that currently the train tracks are undecorated.

One can generalize the above examples by taking σ to be generic, and taking
F to be a pairwise disjoint collection of collapsible branches. By collapsing each
component of F we obtain a train track σ′ which gives another example of the face
relation σ′ @ σ. The codimension of this example is equal to the cardinality of F .

One more class of familiar examples occurs when F is a neighborhood in σ of the
basin of a sink branch, or a disjoint union of such basins. In fact, in the case where
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F is a neighborhood of the union of all basins, then the result of collapsing σ along
F is exactly the same as what we have previously called the complete combing of σ.

Collapsing a forest. We shall define a face relation σ′ @ σ on undecorated
train tracks by choosing a certain “collapsible forest” F in a train track σ, and
letting σ′ be obtained from σ by collapsing each component of F to a point. We
now turn to a discussion of collapsible forests.

Given a train track σ and a subcomplex F ⊂ σ which is a disjoint union of
nondegenerate trees, and assume that no point of the frontier of F relative to σ is
a switch of σ; we call F a forest in σ, or a tree if F has one component. Define
the heart of a forest F to be the union of all branches of σ that are contained in
F . A tree is heartless if its heart is empty, equivalently, it contains no more than
one switch and so is either contained in the interior of a branch or is a regular
neighborhood of a single switch. A tree that is not heartless deformation retracts
onto its heart.

A forest F in σ is said to be collapsible if the following is true:

(A) Letting {Fn} be the set of components of F , there is a pairwise disjoint col-
lection of smoothly embedded rectangles {Rn}, called frames for the compo-
nents {Fn}, such that the following properties hold. For each n there is a
smooth parameterization f : I × J → Rn, I = J = [0, 1], such that denoting
∂hRn = f(I × ∂J) and ∂vR = f(∂I × J), and defining the vertical direction
at a point f(x, y) ∈ R to be the tangent line to f(x× J), we have

– Fn = σ ∩Rn.
– σ is disjoint from ∂hRn and is transverse to ∂vRn, and hence Fr(Fn) =
Fn ∩ ∂Rn = Fn ∩ ∂vRn.

– For any point x ∈ Fn the tangent line Txσ is not vertical in Rn.

Up to isotopy there is a unique train track σ′ such that σ − ∪Rn = σ′ − ∪Rn and
such that for each n, σ′ ∩ Rn is a collapsible tree with frame Rn and with a single
switch in Rn (see Figure 25); we say that σ′ is obtained from σ by collapsing F .
There is a smooth map q : σ → σ′, called a forest collapse, satisfying the following
properties: q is homotopic to the inclusion σ ↪→ S, each component of the heart of
F collapses to a switch of σ′, q is otherwise one-to-one, and q is an immersion on
the complement of the heart. A forest collapse q : σ → σ′ is uniquely defined up
to postcomposition by a diffeomorphism σ′ → σ′ smoothly isotopic to the identity
map; the proof of uniqueness is similar to the proof of Lemma 3.5.2. A forest
collapse q : σ → σ′ therefore sets up a well-defined bijection cusps(σ)↔ cusps(σ′).

Notice that a nontrivial forest collapse q : σ → σ′ is not a carrying map, because
it is not an immersion—for each point x in the heart of the forest, the tangent line
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(a) (b)

collapsing a collapsible tree

Figure 25: (a) shows a collapsible tree with rectangular frame in a train track σ.
Up to isotopy there is a unique way to collapse the tree (b).

of σ at x is mapped trivially by the derivative of q. In particular, given a train path
γ in σ, the image path q ◦ γ is not necessarily a train path in σ′. However, the only
reason that q ◦ γ fails to be a train path is that, while γ is traveling through the
forest, q ◦ γ slows down to a dead stop for a while before starting up again. The
important point is that q ◦ γ does not make any illegal turns. In particular, there
is a C0 perturbation of q ◦ γ that is a train path: where q ◦ γ came to a dead stop
before the perturbation, after the perturbation it can slow down to a crawl for a
while before speeding up again, restoring the property of being an immersion.

We now define the face relation σ′ @ σ on (undecorated) train tracks to mean
that σ′ is, up to isotopy, obtained by collapsing some collapsible forest of σ. It
is clear that this relation is natural in the sense that if f, f ′ : S → S are isotopic
homeomorphisms, we have σ′ @ σ if and only if f ′(σ′) @ f(σ).

As a final remark on the undecorated face relation, we noted earlier that if σ′ @ σ
then a forest collapse map q : σ → σ′ is not a carrying map, but it is still interesting
to ask whether σ′ carries σ. The answer is no, in general. For a counterexample,
if b is a sink branch or a collapsible source branch of σ, and if σ′ is obtained by
collapsing b, then σ′ does not carry σ; notice, however, that in each of these cases
the switch s′ that is the image of b can be completely uncombed producing a train
track that does carry σ. In general, although the relation σ′ @ σ need not imply
that σ carries σ′, it does imply that σ′ is comb equivalent to a train track that
carries σ: for each nongeneric switch s of σ′ that is the image of the heart of some
component of the collapsing forest, if s is slightly uncombed to produce a sink
branch connecting two semigeneric switches, the resulting train track σ′′ is comb
equivalent to σ′ and σ′′ homotopically carries σ. It is easy to see that the composed
bijection cusps(σ′)↔ cusps(σ′′)↔ cusps(σ), the first induced by comb equivalence
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and the second by carrying, agrees with the bijection induced by the forest collapse
q : σ → σ′.

Another description of collapsible forests. There is an equivalent descrip-
tion of collapsible forests which makes them easier to recognize in some contexts;
we will need this description below. We claim that a forest F ⊂ σ is collapsible if
and only if it satisfies the following condition:

(B) F does not contain the overlay image of any side of any component of C(S−σ).

This description makes it clear, for example, that if b is a branch of a generic train
track σ and if F is a regular neighborhood of b in σ then F is a collapsible forest if
and only if the branch b is collapsible in the motivational sense discussed earlier.

The equivalence of (A) and (B) is proved as follows.

Proof of (A) =⇒ (B). Assuming (A), without loss of generality we may take F to
have a single component with frame R. For each component D of C(R − F ), note
that D is a disc-with-corners having one of two types: either D has two corners and
one cusp, and in this case D ∩ F is a union of two train paths meeting at the cusp,
coinciding with two of the three sides of D; or D has four corners and no cusps, in
which case D∩F is a smooth train path coinciding with one of the four sides of D.
In either case, D does not contain two cusps, and so D does not contain the overlay
image of any side of any component of C(S − σ). This proves (B). ♦

Proof of (B) =⇒ (A). Assuming (B), again without loss of generality we may as-
sume that F has a single component. We must construct the frame R. To start
with we take R to be a smoothly embedded disc in S whose boundary is transverse
to σ such that F = σ ∩ R is properly embedded in R. We must alter the smooth
structure on R, introducing four corners so as to make R a rectangle, and so that
R becomes a frame for F . Consider a component D of C(R − F ), and note that
∂D = α ∪ β where α is a subsegment of ∂R, β is a topological arc embedded in
F , and α ∩ β = ∂α = ∂β. Note that D has exactly two corners, at the two points
∂α = ∂β, and it may also have cusps in the interior of β. If there are two or more
cusps on β then the segment between two consecutive cusps on β is the overlay
image of a side of C(S − σ), contradicting (B). It follows that there is either zero
or one cusp on β. There are now two cases to consider. In the first case D has
two corners and one cusp, and so D has Euler index zero, and we can impose a
transverse pair of line fields on D, one parallel to the two segments of β and one
parallel to α. If D has no cusp then alter the smooth structure of R by introducing
two corners in the interior of α, subdividing α into three segments, and converting
D into a disc with four corners; after this alteration, D has Euler index zero, and we
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can impose a transverse pair of line fields on D, one of which is parallel to β and to
the middle segment of α, and the other of which is parallel to the two end segments
of α. Employing additivity of Euler index it follows that the index of R equals
zero, and so R is a disc with four corners, that is, a rectangle. Each component of
C(R − F ) has a line field that is transverse to F , and we can adjust that line field
so that it is actually perpendicular to F , with respect to some fixed Riemannian
metric on S. The two line fields defined on the components of C(R − F ) now fit
together continuously to give a transverse pair of line fields on R, one of which
is parallel to F and to one pair of opposite sides of R, and the other of which is
transverse to F and parallel to the other pair of opposite sides of R. These two line
fields are not necessarily uniquely integrable; indeed, assuming F has at least one
switch the line field parallel to F is definitely not uniquely integrable. However, by
a C0 perturbation we may make the two line fields uniquely integrable, after which
they fit together to define a product structure on R. The line field which, before
perturbation, was parallel to F is no longer parallel. However, the line field which
was transverse to F is still transverse, and so F is nowhere vertical on R. This
establishes (A). ♦

The face relation on decorated train tracks. We revert to the formal,
ordered pair notation for decorated train tracks: consider two decorated train tracks
(σ,D), (σ′, D′), with D ⊂ cusps(σ) and D′ ⊂ cusps(σ′). We define (σ′, D′) @ (σ,D)
if σ′ @ σ and if the subset D ⊂ cusps(σ) is contained in the image of the subset D′ ⊂
cusps(σ′) under the bijection cusps(σ′) ↔ cusps(σ) defined above. For example, if
σ = σ′ and if D ⊂ D′ then we have (σ′, D′) @ (σ,D).

As in the undecorated case, the face relation among decorated train tracks is
natural: if f, f ′ : S → S are isotopic homeomorphisms, then (σ,D) @ (σ′, D′) if and
only f(σ,D) @ f ′(σ′, D′).

The linear cell decomposition of Ξ. We are now ready to complete the proof of
Theorem 7.2.2, by showing that the cells of Ξ form a linear cell decomposition, and
proving property (3). Both of these tasks are accomplished by proving that for any
two distinct closed cells c(σ) 6= c(σ′) of Ξ the following statements are equivalent:

(i) c(σ′) ⊂ c(σ)

(ii)
◦
c(σ′) ⊂ ∂c(σ)

(iii)
◦
c(σ′) ∩ ∂c(σ) 6= ∅

(iv) σ′ @ σ.
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Assuming for the nonce that these are equivalent we proceed as follows. Define the
n-skeleton of Ξ to be the union of the closed n-dimensional cells. We must prove
that the boundary of a closed n-cell c(σ) is a union of closed cells of dimension
≤ n − 1. Since ∂c(σ) an n − 1 dimensional topological sphere, it suffices to prove
that ∂c(σ) is a union of cells, but this follows immediately from the equivalence of
(ii) and (iii). Item (3) of Theorem 7.2.2 follows from the equivalence of (i) and (iv),
together with the fact observed earlier that the relation @ is natural.

Now we prove the equivalence of (i)–(iv). To prove (i) =⇒ (ii), since c(σ′) 6= c(σ),
and since interiors of cells form a decomposition of Ξ, it follows that

◦
c(σ′)∩◦c(σ) = ∅,

and as assuming (i) it follows that
◦
c(σ′) ⊂ ∂c(σ). Obviously (ii) =⇒ (iii).

Proof of (iii) =⇒ (iv). Choose ξ ∈ ◦
c(σ′) ∩ ∂c(σ) and η ∈ ◦

c(σ), and so
σ′ = σ(ξ) and σ = σ(η). Let [ξ, η] denote the straight line segment in Ξ from ξ

to η, and let (ξ, η] = [ξ, η] − {ξ}. By convexity we have (ξ, η] ⊂ ◦c(σ(η)). We may
choose the train tracks σ(ξ), σ(η) in their isotopy classes so that the inclusion maps
σ(ξ) ↪→ ν0, σ(η) ↪→ ν0 are decoration respecting, homotopic carrying injections.
For x ∈ (ξ, η] we may identify the train track σ(x) with its image in ν0 under the
decoration respecting, homotopic carrying injection fx : σ(x)→ ν0.

Although not strictly necessary for the proof, we may assume that the train
tracks σ(x) vary continuously in the parameter x ∈ (ξ, η], and as x approaches ξ
we wish to describe how the decorated train tracks σ(x) degenerate to σ(ξ). We
shall show that degeneration can be described as the collapse of a certain forest and
the degeneration of certain cusps. The degeneration is controlled by studying the
behavior of the system Xx as x → ξ. As x varies in (ξ, η], the decorated isotopy
class of the train tracks σ(x) is constant, and so the form of the equations and
inequalities in the system Xx is constant. However, the difference between the two
sides of an inequality in Xx can vary for x ∈ (ξ, η], and this variation will determine
the degeneration.

We shall identify the set of branches of σ(η) with the set of branches of σ(x) for
any x ∈ (ξ, η]; let this set be denoted B, and we use its elements as indexes of the
inequalities Iibj(σ(η)).

Each equation in Eη being a closed condition, these equations all hold for x ∈
[ξ, η]. So, as x approaches ξ in (ξ, η], the only thing that can happen to the system
Xx is that one or more of the strict inequalities in Iη degenerate to equations at
x = ξ. Let B′ be the set of branches b ∈ B such that, for some i, j ∈ I, the strict
inequality Iibj(σ(x)) degenerates to an equation as x → ξ, that is, the difference
of the two sides of Iibj(σ(x)) approaches zero. Let F be a regular neighborhood
in σ(η) of

⋃
B′, and so F deformation retracts to

⋃
B′. Note that

⋃
B′ is the

union of all complete branches of σ(η) that are contained in F . We shall show
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that F is a collapsible forest and that, ignoring decorations, σ(ξ) is obtained from
σ(η) by collapsing F . Having done this, consideration of decorations will show that
σ(ξ) @ σ(η).

First note that for each b ∈ B′ we have

lim
x→ξ

∫
fx(b)
Fv = 0 ((*))

To prove the claim, consider the inequality Iibj(σ(η)), in any of cases 1, 2, or 3 as
described earlier. For each x ∈ ◦c(η), this inequality can also be written in the form
Iibj(σ(x)), from which form it follows that the difference between the two sides of
the inequality is equal in absolute value to `b(σ(x)) =

∫
fx(b)Fv, which therefore goes

to zero as x→ ξ.
First we prove that F is a forest of σ(η). By construction of F , no point in the

frontier of F relative to σ(η) is a switch. If F is not a forest then there exists a
simple closed curve γ in

⋃
B′. Letting γ(x) = fx(γ) ⊂ σ(x), from (∗) it follows that

limx→ξ
∫
γ(x)Fv = 0. But this is impossible, for the following reasons. The curve

γ is homotopically nontrivial in σ(η), and so the curves γ(x) are homotopically
nontrivial in ν0. But clearly there is a positive lower bound for the value of

∫
cFv

over all homotopically nontrivial simple closed curves c in ν0, a contradiction which
proves that F is a forest.

Next we prove that F is collapsible, and for this we will use the characterization
(B) of collapsibility, by proving that

⋃
B′ does not contain the overlay image of

any side of C(S − σ(η)). Suppose otherwise, that there is a side of C(S − σ(η))
whose overlay image is contained in

⋃
B′. Letting s be the corresponding side of

C(S − σ(x)), it follows that

lim
x→ξ

∫
s
Fv = 0

We shall derive a contradiction by proving that there is a positive lower bound for∫
sFv where s is any side of C(S−σ) and σ is any train track which includes into ν0 by

a homotopic carrying injection. Since the carrying injection σ ↪→ ν0 is a homotopy
equivalence, it follows that there is a bijection between the sides of C(S − σ) and
the sides of ν0, so that if s is a side of C(S−σ) and if s′ is the corresponding side of
ν0, then s′ is homotopic along leaves of Fv to some subsegment of s; in particular,∫
sFv ≥

∫
s′ Fv. But ν0 has only finitely many sides, so the desired positive lower

bound is the minimum over all sides of ν0 of the Fv transverse measure of that side.
This completes the proof that F is a collapsible forest.
Now we must check that the (undecorated) train track obtained from σ(η) by

collapsing F is isotopic to σ(ξ). For this we turn directly to an examination of
each x ∈ [ξ, η] as a separatrix family in ν0, the corresponding set of shunts ts(x)
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in bijective correspondence with the switches s of σ(x), and the corresponding set
of rectangles Rb(x) in bijective correspondence with the branches b of σ(x). In
particular, as x→ ξ in [ξ, η], we study how the shunts of x limit to the shunts of ξ,
and we study how the rectangles Rb(x) behave for b ∈ B′.

For each shunt ts(ξ) choose a thin rectangle Rs(ξ) in ν0 which contains ts(ξ) as
a vertical fiber distinct from the two vertical sides, so the interior of each horizontal
side of Rs(ξ) contains one of the endpoints of ts(ξ). Choose these rectangles so
thin that they have pairwise disjoint interiors and vertical sides; there may exist
points p ∈ ξ such that two horizontal sides of rectangles contain p, one approaching
from each side of ξ. Let R′s(ξ) be a rectangle obtained from Rs(ξ) by shaving off
a thin rectangle containing each horizontal side of Rs(ξ), so each horizontal fiber
of R′s(ξ) is also a horizontal fiber of Rs(ξ). For x, y ∈ Ξ let |x− y| denote the
sup norm supi∈I |Length(xi)− Length(yi)|. For i ∈ I let ∆i(x, y) be the symmetric
difference of the finite separatrices xi and yi, and so |x− y| = sup Length(∆i(x, y)).
By choosing a number ε > 0 sufficiently small, it follows that if x ∈ [ξ, η] and if
|ξ − x| < ε then the following hold:

(1) Length(∆i) < ε for all i ∈ I,

(2)
⋃
i∈I

∆i ⊂
⋃

s∈Sw(σ(ξ))

Rs(ξ)

(3) Given b ∈ B, we have Rb(x) ⊂
⋃

s∈Sw(σ(ξ))

Rs(ξ) if and only if b ∈ B′.

Consider each train track σ(x), whose injection into ν0 is identified with the map
fx : σ(x)→ ν0; we may assume that σ(x) is chosen so that its intersection with each
rectangle Rs(ξ) is contained in R′s(ξ) − ∂hR′s(ξ). It follows that σ(x) ∩ R′s(ξ) is a
collapsible tree with frame R′s(ξ), for each s ∈ Sw(σ(ξ)), and so

F ′x =
⋃

s∈Sw(σ(ξ))

σ(x) ∩R′s(ξ)

is a collapsible forest. Moreover, it is clear from the construction that σ(ξ) is
the train track obtained from σ(x) by collapsing F ′x. Certain components of F ′x
are trivial in that they do not contain any branches of σ(x), and are just regular
neighborhoods of switches of σ(x); letting Fx be obtained from F ′x by removing the
trivial components, it still follows that σ(ξ) is obtained from σ(x) by collapsing Fx.
From item (3) above it follows that for each b ∈ B, we have fx(b) ⊂ F ′x if and only
if b ∈ B′, which occurs if and only if b ⊂ F . Thus, under the identification of σ(x)
with σ(η), both Fx and F are regular neighborhoods of

⋃
B′, and so by uniqueness

of regular neighborhoods it follows that σ(ξ) is obtained from σ(η) by collapsing F .
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Finally, we note that the degeneration equations xi = 0 that are in Eη hold for all
x ∈ (ξ, η], and since each of these equations is a closed condition it also holds for x =
ξ. This implies that the set of degenerate cusps of σ(η) corresponds to a subset of
the degenerate cusps of σ(ξ), under the bijection cusps(σ(η))↔ cusps(σ(ξ)) induced
by the forest collapse σ(η) → σ(ξ). This shows that σ(ξ) @ σ(η), completing the
proof of (iii) =⇒ (iv).

Proof of (iv) =⇒ (i). Assuming σ′ @ σ we must show
◦
c(σ′), the solution set

of Xσ′ , is contained in the closure of the solution set of Xσ. Fix a forest F of σ
whose collapse produces σ′. We may assume that both σ and σ′ are included into
ν0 by decoration preserving, homotopic carrying maps.

Consider a degeneracy equation xi = 0 in Eσ. There is one such equation
associated to each degenerate cusp vi of σ, and since σ′ @ σ it follows that the
corresponding cusp v′i of σ′ is also degenerate, and hence xi = 0 holds in

◦
c(σ′).

Consider next a nondegeneracy inequality xi > 0 in Iσ; evidently xi ≥ 0 holds
throughout Ξ, and in particular in

◦
c(σ′).

It suffices therefore to consider the equations Eij(σ) and strict inequalities Iibj(σ)
in Xσ. We shall show that to each equation Eij(σ) in Xσ there is an identical
equation Eij(σ′) in Xσ′ . We shall also show that to each strict inequality Iibj(σ)
there is either an identical inequality Iibj(σ′) in Xσ′ or there is an equation Eij(σ′)
in Xσ′ which is obtained from Iibj(σ′) by changing the strict inequality sign to
an equation sign; the distinction between the two cases is determined by whether
b ⊂ F .

Because we have already taken care of the degeneracy equations and inequali-
ties, and because the forms of the remaining equations and inequalities are invariant
under isotopy through carrying injections, even those which do not respect decora-
tions, we may assume that σ, σ′ are contained in the interior of ν0; this will simplify
the following discussion.

First we alter the choice of σ in a particular way. For each switch s of σ′, choose
a small rectangle Rs whose interior contains s; by choosing each Rs sufficiently small
it follows that the rectangles Rs are pairwise disjoint. From the definition of the
relation σ′ @ σ, it follows that we may choose σ in its isotopy class so that

σ −
⋃

s∈Sw(σ′)

Rs = σ′ −
⋃

s∈Sw(σ′)

and so that for each s ∈ Sw(σ′), either σ′ ∩ Rs = σ ∩ Rs, or Rs is a frame of
a component of the collapsing forest F . From this description it follows that the
collapse map q : σ → σ′ can be extended to a map Q : ν0 → ν0 that is the identity
outside of

⋃
Rs, that is one-to-one except for the identifications made by q, and



7 STABLE EQUIVALENCE OF EXPANSION COMPLEXES 206

that has the property that for each cusp vi of σ and corresponding cusp v′i of σ′, the
map Q takes the cusp triangle Ti of σ associated to vi to the cusp triangle T ′i of σ′

associated to v′i. In particular, any path in Ti from ci to vi is taken by Q to a path
in T ′i from ci to v′i; this will help in understanding how Q acts on the paths ρ...(σ).

Consider now an equation Eij(σ) in Xσ, corresponding to a pair of cusps vi, vj
of σ that are located at the same switch s of σ. The equation has the form

xi ± xj = 〈ρij(σ),Fv〉

Note that v′i, v
′
j are also located at a single switch of σ′, and so the system Xσ′ has

an equation of the form
xi ± xj = 〈ρij(σ′),Fv〉

The ± signs of these two equations are identical, because of the observation that
vi, vj are on the same side of s if and only if v′i, v

′
j are on the same side of s′. Also,

the map Q obviously takes ρij(σ) to a path which is homotopic rel endpoints to
ρij(σ′), because Q takes Ti to T ′i and Tj to T ′j , and since ρij(σ), ρij(σ′) have the same
initial orientation at the cusp ci it follows that the right hand sides of the above
two equations are identical. The equations Eij(σ), Eij(σ′) are therefore identical,
and so the solution set

◦
c(σ′) of the system Xσ′ is contained in the solution set of

Eij(σ).
Consider next an inequality Iibj(σ) in Xσ, corresponding to a pair vi, vj of cusps

of σ located at opposite endpoints of a branch b of σ. The inequality has the form

xi ± xj <> 〈ρibj(σ),Fv〉 Iibj(σ)

where the choice of sign ± and of inequality <> depend on whether vi, vj are
located on the same side as b at their respective switches. We break into two cases,
depending on whether b is contained in the forest F .

If b is not contained in the forest F , then the image of b under the forest collapse
q is a branch of σ′ also denoted b, and there is an inequality Iibj(σ′) in Xσ′ of the
form

xi ± xj <> 〈ρibj(σ′),Fv〉 Iibj(σ′)

Since b is not collapsed, the cusp vi is on the same side as b at its switch if and only
if the cusp v′i is on the same side as b, and similarly for vj , v′j , and it follows that
the ± sign and the <> sign are chosen identically in Iibj(σ) and Iibj(σ′). Also, the
map Q evidently takes ρibj(σ) to a path that is homotopic rel endpoints to ρibj(σ′),
and so the right hand sides of the above two equations are identical. It follows that
the solution set

◦
c(σ′) of Xσ′ is contained in the solution set of the inequality Iibj(σ).
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Suppose now that b is contained in the forest F , and so the image of b under q
is a switch s′ of σ′. The cusps v′i, v

′
j of σ′ are therefore both located at s′, and so

there is an equation Eij(σ′) in Xσ′ , of the form

xi ± xj = 〈ρij(σ′),Fv〉 Eij(σ′)

If vi, vj are both on the opposite side from b at their switches, or if vi, vj are both
contained on the same side from b at their switches, it follows that v′i, v

′
j are on

opposite sides of the switch s′, and in this case the ± sign is chosen to be a + in
both the inequality Iibj(σ) and the equation Eij(σ′). Also, the image under Q of
the path ρibj(σ) is obviously homotopic rel endpoints to the path ρij(σ′), and both
paths have the same initial orientation at ci, so the constants on the right hand
sides of Iibj(σ) and Eij(σ′) are identical. In other words, Eij(σ′) is the equation
obtained from Iibj(σ) by changing the inequality sign into an equality. This shows
that the solution set of

◦
c(σ′) is contained in the closure of the solution set of the

inequality Iibj(σ).
This completes the proof that

◦
c(σ′) ⊂ ∂c(σ), which is the last step in the proof

of Theorem 7.2.2.

7.6 Remarks on noncanonical expansion complexes.

Suppose that F is an arational measured foliation and τ is a generic train track which
carries F noncanonically, with tie bundle ν. Replacing F within its equivalence
class we may assume that we have a carrying bijection F ↪→→ν, but now F is not a
canonical model, instead it has at least one proper saddle connection. We defined
and parameterized the space Ξ of separatrix families of F in Section 4.3. Associated
to each element ξ ∈ Ξ there is still a decorated tie bundle ν(ξ), and we can use
isotopy classes of decorated tie bundles to define an equivalence relation on Ξ as
before. The cell structure theorem remains true: equivalence classes are the interiors
of cells of a cell decomposition on Ξ.

But the stable equivalence theorem fails in this context: if Ξ,Ξ′ are two gener-
alized expansion complexes of the same arational element of MF then Ξ,Ξ′ need
not be stably equivalent. Namely, suppose that Ξ is obtained from F ↪→→ν and Ξ′ is
obtained from F ′↪→→ν ′, and assume that F ,F ′ are equivalent. A little though shows
that stable equivalence of Ξ,Ξ′ implies that F ,F ′ are isotopic, but two noncanon-
ical measured foliations which are equivalent need not be isotopic. What one can
prove is a converse: if F ,F ′ are isotopic then Ξ,Ξ′ are stably equivalent. One can
also prove that if F ′ is obtained from F by slicing along some of the proper saddle
connections of F then Ξ′ is stably equivalent to a subcomplex of Ξ that, although
it is not a neighborhood of infinity in Ξ, nevertheless intersects every neighborhood
of infinity.
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7.7 Unmarked stable equivalence of expansion complexes

We have previously defined (marked) stable equivalence of two expansion complexes
Ξ,Ξ′ to mean the existence of a cellular isomorphism ψ : Ξ̂ → Ξ̂′ between subcom-
plexes that are neighborhoods of infinity, such that ψ preserves the isotopy class of
the decorated train track labelling each cell. We shall define unmarked stable equiv-
alence in a similar manner except that ψ is only required to preserve the combinato-
rial types of train tracks. This turns out not to be quite the correct statement—we
must also require that ψ is natural with respect to the face relation among train
tracks, and in order to do this we must require not just the existence of combina-
torial equivalences between labels of corresponding cells c(σ), c′(σ′) = ψ(c(σ)), but
we must also require the existence of a system of combinatorial equivalences that
fits together locally in a nice way.

Here is the precise statement.
Consider the expansion complex Ξ of an arational measured foliation F based

at a generic train track τ that canonically carries F . Consider two cells Ξ, one a
face of the other: c(σ1) ⊂ c(σ2). Applying the Cell Structure Theorem 7.2.2, there
is a map qσ2σ1 : (S, σ2) → (S, σ1) which collapses some collapsible forest of σ2 and
is otherwise injective, and which is homotopic to the identity on S.

Given two filling train tracks σ, σ′ on S, define an unmarked forest collapse to
be a map g : σ → σ′ which factors as the composition of a forest collapse q : σ → σ′′

postcomposed with an orientation preserving diffeomorphism of S taking σ′′ to σ′;
in other words, we simply drop the requirement that g is homotopic to inclusion.

Consider now expansion complexes Ξ,Ξ′ of arational measured foliations F ,F ′
based at generic train tracks τ, τ ′, respectively. An unmarked stable equivalence
between Ξ and Ξ′ consists of the following data:

• A cellular isomorphism F : Ξ̂ → Ξ̂′ between subcomplexes Ξ̂ ⊂ Ξ, Ξ̂′ ⊂ Ξ′,
each a neighborhood of infinity.

• For each corresponding pair of cells c(σ) ⊂ Ξ̂, c′(σ′) = F (c(σ)) ⊂ Ξ̂′, a
decoration preserving combinatorial equivalence fσσ′ : (S, σ)→ (S′, σ′)

subject to the following condition: for any pair of cells in Ξ̂ one of which is a face of
the other, c(σ1) ⊂ c(σ2), letting the corresponding cells of Ξ̂′ be c′(σ′1) = F (c(σ1)),
c′(σ′2) = F (c(σ2)), the following diagram commutes up to homotopy through un-



7 STABLE EQUIVALENCE OF EXPANSION COMPLEXES 209

marked forest collapse maps:

σ2

fσ2σ
′
2 //

qσ2σ1

��

σ′2
qσ′2σ

′
1

��
σ1

fσ1σ
′
1

// σ′1

(∗)

We describe the latter requirement by saying that the system of stable equivalences
f respects face relations. We say that Ξ,Ξ′ are unmarked stably equivalent if an
unmarked stable equivalence between them exists.

Remarks. It may seem that the choice of a system of combinatorial equiva-
lences fσσ′ is somewhat heavy handed. However, up to isotopy this is a uniformly
finite choice per cell, in that the set of isotopy classes of combinatorial equivalences
from σ to σ′ is a coset of a finite subgroup of MCG, as shown in Corollary 3.15.3.
Moreover, it should be reasonably clear that most (combinatorial types of) filling
train tracks have trivial stabilizer, and so in most cases fσσ′ is unique up to isotopy.
To formulate a rigorous statement along these lines, it should be true that in the
finite set of combinatorial types of filling train tracks on S, the percentage with
trivial stabilizer approaches 100% as the topological type of S goes to infinity.

The requirement that the system of combinatorial equivalences fσσ′ respects
face relations is designed to guarantee that in fact the maps fσσ′ are all in the
same mapping class—this observation is the key step in the proof of Theorem 7.7.1.
Without this requirement, one runs up against the following phenomenon. One can
construct a filling train track σ and two distinct forest collapses f : σ → σ′, g : σ →
σ′′, such that σ′, σ′′ are not isotopic but they are combinatorially equivalent—in
fact, one can take σ to be a generic, recurrent, filling train track on the punctured
torus, and σ′, σ′′ the train tracks obtained by collapsing the two source brances of
σ. The requirement of respecting face relations is thus necessary in order to “tie
together” the combinatorial equivalences between cells. In general, even if by some
coincidence each decorated train track labelling a cell of Ξ̂ had trivial stabilizer
in MCG, one would still need additional information tying together the system
of combinatorial equivalences. For example, in the unmarked stable equivalence
theorem for one cusp expansions, all stabilizers are trivial by Corollary 3.15.3, but
we still need the requirement that parity be respected—in the one cusp setting,
this requirement is essentially the same as respecting face relations. Although we
do not have an example at hand, it seems likely that there are examples of one
cusp expansions where successive train tracks are combinatorially equivalent but
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the expansions are not unmarked stably equivalent; there may also be examples of
this phenomenon among expansion complexes.

Theorem 7.7.1 (Unmarked Stable Equivalence Theorem). If F ,F ′ are ara-
tional measured foliations canonically carried on generic train tracks τ, τ ′ with ex-
pansion complexes Ξ,Ξ′, respectively, then the following are equivalent:

(1) The measured foliations F ,F ′ are topologically equivalent, that is, there exists
Φ ∈MCG such that Φ(PMF(F)) = PMF(F ′).

(2) The expansion complexes Ξ,Ξ′ are unmarked stably equivalent.

Proof. One direction is clear: if (1) is true, then the (marked) Stable Equivalence
Theorem 7.2.3 implies that Φ(Ξ) and Ξ′ are stably equivalent, and so Ξ,Ξ′ are
unmarked stably equivalent, using Φ as a face respecting combinatorial equivalence
between cell labels, proving (2).

For the other direction, assume (2) is true. Each of Ξ̂, Ξ̂′ has a unique non-
compact component, and that component is still a neighborhood of infinity, and
so replacing each with the noncompact component we may assume that Ξ̂, Ξ̂′ are
connected.

The central claim is that as c(σ) varies over all cells of Ξ̂, letting c′(σ′) = F (c(σ)),
the homeomorphisms fσσ′ all lie in the same mapping class. Since the poset of faces
is connected, to prove this claim it suffices to show that for any face relation c(σ1) ⊂
c(σ2) in Ξ̂, setting c(σ′1) = F (c(σ1)) and c(σ′2) = F (c(σ2)), the two homeomorphisms
fσ1σ′1

and fσ2σ′2
are in the same mapping class. In the commutative diagram (∗),

each of the maps may be extended to an ambient map S → S in a unique way up to
proper homotopy, and the diagram of the ambient extensions commutes up to proper
homotopy. We use proper homotopy here because of the presence of punctures. The
ambient extensions of the two maps qσ2σ1 , qσ′2σ′1 are each properly homotopic to the
identity, and it follows that fσ1σ′1

and fσ2σ′2
are properly homotopic. But it is well

known that proper homotopy implies isotopy for homeomorphisms between finite
type surfaces.

Let Φ be the common mapping class of the maps fσσ′ . It follows that Φ(Ξ) is the
expansion complex of Φ(F) based at Φ(τ). Moreover, clearly Φ(Ξ) is marked stably
equivalent to Ξ′. Applying Corollary 7.2.6, we have Φ(PMF(F)) = PMF(Φ(F)) =
PMF(F ′). ♦
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8 The structure of infinite splitting sequences

The Arational Expansion Theorem 6.3.2, and in particular the proof in Section 6.5
of the necessity of the iterated rational killing criterion, brings up a question: what,
exactly, is carried by an infinite splitting sequence τ0 Â τ1 Â · · · , when it does not
carry an arational measured foliation? That is, given a complete splitting sequence
τ0 Â τ1 Â · · · , what can you say about ∩iMF(τi) in general?

One motivation to tackle this question comes from a gap in our dictionary be-
tween continued fraction expansions and train track expansions: for a given contin-
ued fraction, finite or infinite, we know what it is an expansion of; but for a given
complete splitting sequence, so far we only know what it is an expansion of in the
case where the sequence satisfies the iterated rational killing criterion.

To answer this question we must understand the structure of infinite splitting
sequences, in a manner analogous to Thurston’s classification of mapping classes.
In Theorems 8.2.1 and 8.5.1 below, we will show that an infinite splitting sequence
τ0 Â τ1 Â · · · exhibits a blending of two extreme kinds of behavior. These two
behaviors can be distinguished by considering F ∈ ∩iMF(τi) and asking whether
Fi is infinitely split by the splitting sequence τ0 Â τ1 Â · · · .

Theorem 8.2.1 describes a special case which is analogous to a mapping class
that has no pseudo-Anosov pieces. Given a train track τ we shall describe what it
means for τ to be “twistable” along a given closed curve c, and if so then we shall
describe a twist splitting τ Â τ ′ along c. Examples of twist splittings occur in the
description of Penner’s recipe [Pen92]. An infinite splitting sequence τ0 Â τ1 Â · · ·
is said to be a “twist splitting sequence” if there is an essential curve system C
such that each τi Â τi+1 is a twist splitting along some component of C, and each
component of C occurs infinitely often in this manner. If τ0 Â τ1 Â · · · is a twist
splitting sequence then Theorem 8.2.1 will show that there exists a train track µ,
comb equivalent to a subtrack of each τi, such that ∩iMF(τi) = MF(µ), and
moreover no measured foliation is infinitely split by the sequence. Conversely, if
nothing is infinitely split by the sequence τ0 Â τ1 Â · · · then it is eventually a twist
splitting sequence. The proof of Theorem 8.2.1 is quite different from anything else
in this work, involving more train track combinatorics and less measured foliations.

Theorem 8.5.1 and Corollary 8.5 give the structure of a general splitting se-
quence τ0 Â τ1 Â · · · . Theorem 8.5.1 says that ∩iMF(τi) is the join of sets of the
form MF(F1), . . . ,MF(FJ),MF(µ), where F1, . . . ,FJ is a collection of partial
arational measured foliations with pairwise disjoint supports, each of which is in-
finitely split by the sequence τ0 Â τ1 Â · · · , and where µ is a train track on S with
support disjoint from the supports of F1, . . . ,FJ such that MF(µ) consists of all
measured foliations in ∩iMF(τi) that are not infinitely split by the sequence. The
foliations F1, . . . ,FJ have canonical expansions which can be read off from the given
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sequence τ0 Â τ1 Â · · · . Also, the subsurface C
(
S−∪j Supp(Fj)

)
is the support of a

twist splitting sequene which can be read off from the given sequence, and from this
twist splitting sequence one reads off µ. The foliations F1, . . . ,FJ are analogous to
the pseudo-Anosov pieces in the Thurston decomposition; the complementary twist
splitting sequence is analogous to the finite order pieces and the Dehn twists along
the bounding annuli.

Theorems 8.2.1 and 8.5.1 will be used later in constructing efficient algorithms
for reading off the Thurston decomposition of a mapping class in terms of an in-
variant train track.

Section 8.1 gives examples and definitions of twist splittings. Theorem 8.2.1,
characterizing twist splitting sequences, is stated and proved in Section 8.2, one of
the longest sections of this work. Theorem 8.5.1 is stated and proved in Section 8.5.

8.1 Twist splittings

Theorem 8.2.1 will characterize those infinite splitting sequences τ0 Â τ1 Â · · · with
the property that nothing in ∩iMF(τi) is infinitely split.

We start with a class of examples—for an explicit example in this class see
Figure 26. Construct a generic train track τ on S by starting with an essential
closed curve c and attaching source branches to c so that c becomes a subtrack of τ .
Choose a parity d ∈ {l,r}, and make sure that as each branch end approaches c
it turns in the direction d as it comes in tangentially. Also, make sure that there
is at least one branch end on each side of c, and so c contains at least one sink
branch; let a, b ≥ 1 be the number of branch ends on the two sides of c. Let Tc
be the positive Dehn twist around c if d = r, and a negative Dehn twist around c
if d = l. It follows that there is a sequence of splittings of parity d, of the form
τ = τ0 Â · · · Â τn = Tc(τ), where n = a · b.

Now extend the finite splitting sequence τ0 Â · · · Â τn to an infinite splitting
sequence τ0 Â τ1 Â · · · which is Tc-periodic, meaning that Tc(τi) = τi+n for all
i ≥ 0. We claim that ∩iMF(τi) = MF(c). The inclusion MF(c) ⊂ ∩iMF(τi) is
clear. For the opposite inclusion, consider a measured foliation F carried by each
τi, inducing a weight function µi on τi. By isotoping c off of itself in one direction
we obtain an essential closed curve c′, and in the other direction we obtain c′′.
Because all branch ends turn in the same direction as the approach c, both of the
curves c′, c′′ intersect τ0 efficiently, and it follows that c′, c′′ intersect F efficiently.
The intersection number 〈F , c〉 = 〈F , c′〉 = 〈F , c′′〉 may therefore be computed by
summing the µ0 weights over all branch ends on the c′ side of c, and also summing
over all branch ends on the c′′ side of c. But if any one of these weights, say x,
is positive, then as the n splittings of parity d are performed, going from τ0 to
τn = Tc(τ0), each branch weight of µn along c is less than the corresponding branch
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Figure 26: A twist splitting on a train track τ , obtained from an essential closed
curve c by attaching branches w, x, y, z. Each branch end turns to the Left as
it approaches c, with 4 branch ends approaching from the inside and 4 from the
outside. There is a sequence of 4 · 4 = 16 Left splittings going from τ to the train
track Tc(τ), where Tc is the negative Dehn twist around c. If F is any measured
foliation carried by τ then 〈F , c〉 = x + 2y + z = x + 2w + z, and so 〈F , c〉 = 0 if
and only if F is an annular foliation whose leaves are isotopic to c.

weight on µ0 by an amount at least equal to x. Moreover, the branch weight x
itself is unchanged. Thus, as the Dehn twist Tc is iterated, branch weights along c
continue to be decremented by at least the amount x for each twist. This contradicts
the Archimedean principle when x is positive, and it follows that 〈F , c〉 = 0 and µ0

equals zero for each branch not on c. This implies that [F ] ∈MF(c) as required.
We shall describe a generalization of the above example, called a twist splitting

sequence. Theorem 8.2.1 will say that a splitting sequence τ0 Â τ1 Â · · · has the
property that no element of ∩iMF(τi) is infinitely split if and only if the sequence
can be truncated so that what remains after truncation is a twist splitting sequence.
Moreover, in this case ∩iMF(τi) is very easily described: it is equal to MF(ρ) for
some subtrack ρ of a train track in the truncated sequence.

Twist splittings along an essential curve. Given a train track τ and a closed
curve c, we say that c is simply carried by τ if the inclusion map c ↪→ S is isotopic
to a smooth embedding with image in τ . A weaker property is that c is semisimply
carried by τ , which means that there exists a local embedding f : c × [0, 1] → S
such that τc = f(c × 1) is the subtrack of τ fully carrying c, the restricted map
f
∣∣ c × [0, 1) is an embedding with image disjoint from f(c × 1), and f(c × t) is

isotopic to c for t ∈ [0, 1). Denote Ac = f(c× [0, 1]), called a collar of c; note that
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Ac − τc is a half-open annulus in S, foliated by circles isotopic to c. By a regular
homotopy of the map f we may assume that f−1(τ) is a pretrack containing c× 1,
and that each branch of f−1(τ)− c is transverse to the circle direction of c× [0, 1],
with one endpoint at a switch on c× 1 and the other endpoint transverse on c× 0.

For example, if σ ⊂ τ is a dumbbell subtrack then there is an essential closed
curve c that is semisimply carried by τ with carrying image σ, but there is of
course no closed curve that is simply carried by τ with image σ. In general, if c
is semisimply but not simply carried by τ then the carrying map c → τc is one-to-
one over source branches of τc, two-to-one over sink branches of τc, and τc has no
transition branches.

Let c be semisimply carried by τ , and f : c × [0, 1] → Ac a parameterization
of a collar as above, and so f−1(τ) is a pretrack in c × [0, 1] containing c × 1 and
transverse to the circle foliation. We say that c is a twist curve for τ with twist
collar Ac if the following conditions hold:

• f−1(τ)−(c×1) 6= ∅, equivalently, f−1(τ) contains at least one switch on c×1.

• There exists an orientation on c, called the twist orientation, which agrees
with the switch orientation of each switch of f−1(τ) contained in c× 1.

• The subtrack τc contains at least one sink branch of τ .

Using the twist orientation on c we get a product orientation on c × [0, 1] and we
can ask whether the local diffeomorphism f : c × [0, 1] → S preserves orientation.
If it does then we say that c is a Right twist curve, and otherwise c is a Left twist
curve. The parity d ∈ {l,r} of the twist curve c is equivalently characterized by
saying that as a branch approaches τc through Ac it turns in the direction d.

Note that if a twist curve c = τc is simply carried on τ then, given a two-sided
collar neighborhood of c, one or both halves of this collar may be twist collars; if
both halves are twist collars then they must impart opposite twist orientations on
c, in order for τc to contain a sink branch, as in the earlier example. Unlike the
examples in Figure 26, it is not necessary in general for c to be simply carried, and
even if it is it is not necessary for τc to have twist collars on both sides.

We shall define certain homotopic carryings τÂÂτ ′ called twist carryings along
a twist curve of τ . Let c be a d twist curve of τ , d ∈ {l,r}. First, if τ 3 τ ′ is any
comb equivalence then c is still a d twist curve for τ ′, and τ 3 τ ′ is an example of
twisting along c. Consider now a generic train track τ and a sink branch b ⊂ τ such
that b ⊂ τc and such that the carrying map c→ τ contains a d crossing of b. In this
situation the elementary splitting τ Â τ ′ of parity d along b is another example of a
twist carrying along c, called an elementary twist splitting along c; in this situation,
it again follows that c is a d twist curve of τ ′. A general twist splitting τ Â τ ′
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along c is defined, as usual, by the existence of generic train tracks τ1, τ
′
1 comb

equivalent to τ, τ ′ respectively such that τ1, τ
′
1 is an elementary twist splitting along

c. General twist carryings are defined by iteration: τÂÂτ ′ is a twist carrying along
c if it is a comb equivalence or it factors as a sequence of twist splittings along c,
τ = τ0ÂÂτ1ÂÂ · · ·ÂÂτn = τ ′.

Here is another description of twist carryings. Consider a train track c with
twist curve c and twist collar f : c × [0, 1] → Ac. Let q : R × [0, 1] → c × [0, 1] be
a universal covering map which takes the standard orientation on R to the twist
orientation on c. Let F = f ◦q : R× [0, 1]→ Ac. A twist map h : c× [0, 1]→ c× [0, 1]
relative to c× 0 is defined to be a diffeomorphism whose lift to the universal cover
has the form

H(x, t) = (exp(2πi H̃(θ, t)), t)

where the smooth function H̃ : R × [0, 1] → R satisfies: H̃(θ, t) = θ for t in some
neighborhood of 0; H̃(θ + 1, t) = H̃(θ, t) + 1; ∂

∂xH̃ > 0; and ∂
∂tH̃ ≥ 0. Let τ ′ be

obtained from τ by removing τ ∩A = f(f−1(τ)) = F (F−1(τ)) from τ and inserting
F (H(F−1(τ))). Let τ1, τ

′
1 be any train tracks comb equivalent to τ, τ ′ respectively.

Then τ1ÂÂτ ′1 is a twist carrying along c, and moreover every twist carrying along c
has this form up to isotopy.

Twist splittings along an essential curve family. Let C be an essential,
pairwise nonisotopic curve family in S. If τ is a train track such that each c ∈ C
is a twist curve of τ , then we say that C is a twist family for τ , and we denote
τC = ∪c∈Cτc. One can choose simultaneous twist collars fc : c × [0, 1] → Ac ⊂ S,
for all c ∈ C, to have the following property:

Disjointness property (Ac − τc) ∩ (Ac′ − τc′) = ∅ if c 6= c′ ∈ C.

To see why this is possible, assume that one twist collar Ac is chosen, and consider
c′ 6= c ∈ C. The carrying map fc′ : c′ → τ is defined, and we want to extend this
to a twist collar fc′ : c′ × [0, 1] → S with the above disjointness property. This is
possible if we can show that fc′(c′) cannot approach τc from within Ac − τc. If it
does then there are two cases. If fc′ : c′ → τ pulls back continuously via fc to a map
c′ → c× [0, 1] then it follows that c = c′, a contradiction. If fc′ : c′ → τ does not pull
back continuously to c× [0, 1] then, as c′ approaches c from within Ac−τc, it follows
along c for a while but must eventually cross to the other side of c, since it does
not have a continuous pullback; this implies that c and c′ have nonzero intersection
number, also a contradiction.

Given a twist system C for τ , the fact that simultaneous twist collars exist with
the disjointness property implies that if τ Â τ ′ is a comb equivalence or a twist
splitting along some component of C then C is also a twist family for τ ′. Note
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moreover that τ ′C is isotopic to τC , so we may assume that τ ′C = τC as subsets of
S. We may also assume that we have a family of simultaneous twist collars for τ
which is also a family of simultaneous twist collars for τ ′. Henceforth we will make
use of these assumptions without further mention.

We define general twist carryings along C by iteration: assuming C is a twist
family for τ , we define τÂÂτ ′ to be a twist carrying along C if it is a comb equivalence
or it factors as a sequence τ = τ0ÂÂτ1ÂÂ · · ·ÂÂτn = τ ′ of twist splittings along
components of C.

Given an essential curve family C we say that an infinite splitting sequence
τ0 Â τ1 Â · · · is infinitely twisted along C if each splitting τi Â τi+1 is a twist
splitting along some component of C, and each component of C occurs infinitely
often as the curve along which τi Â τi+1 is split.

Normal form for twist splitting sequences. An infinite splitting sequence
which is infinitely twisted along an essential curve family can be put into a nice
normal form, up to comb equivalence.

A train track τ with a twist system C is said to be in normal form rel C if each
switch of τ lying on τC is a generic switch of τ , and each branch of τ intersecting
Ac − τc is a source branch, for each c ∈ C. To put τ in normal form within its
comb equivalence class: first uncomb to make τ generic; then inductively collapse
transition branches that intersects Ac− τc for some c; and then, given a nongeneric,
semigeneric switch s of τ such that s ∈ τC , carefully uncomb s to produce generic
switches connected by a train path of transition branches that are each contained
in τC .

Consider now any twist splitting τ Â τ ′ along c ∈ C, and by comb equivalence
we may assume that τ, τ ′ are generic and that τ Â τ ′ is a splitting along a sink
branch b of τ contained in τc. Extend b slightly into the cusps at each end of b to
give a splitting arc α along which τ Â τ ′ is split, with α ∩ τ = b. Converting τ
into a normal form τ1 by applying the process above, let α1 be a splitting arc of τ1

corresponding to α under the comb equivalence τ ≈ τ1, and from the description
of the normal form process it follows easily that α1 ∩ τ1 ⊂ τC . In terms of the
parameterization fc : c× [0, 1]→ Ac, we can pull back α1 ∩ τ continuously to an arc
in c× 1 denoted α̂. Define a twist map h : c× [0, 1]→ c× [0, 1] which moves α̂ off of
itself and is constant outside of a small neighborhood of α̂. As described earlier, this
twist map determines a twist carrying τ1 Â τ ′1, and clearly τ ′1 is comb equivalent to
τ ′. Moreover, the branches outside of τC are unaltered except for where they attach
to τC , and by construction of h it follows that τC contains no nongeneric switches
of τ ′1, and thus τ ′1 is in normal form rel C. We say that the twist splitting τ1 Â τ ′1
is in normal form rel C.
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By induction using the construction above it follows that if τ0 Â τ1 Â · · · is
infinitely twisted along some essential curve family C, then one can put the entire
splitting sequence in normal form rel C, as follows. First change τ0 in its comb
equivalence class to be in normal form rel C. Assuming inductively that the initial
subsequence τ0 Â · · · Â τi is in normal form rel C, by the previous paragraph we
may alter τi+1 within its comb eqivalence class so that it, and the splitting τi Â τi+1,
are both in normal form rel C.

A digression: Relations between twist carryings and Dehn twists. Con-
sider a twist carrying τÂÂτ ′ along a twist curve c of τ , defined in terms of a rotation
map h : c× [0, 1]→ c× [0, 1]. There is an interesting analytic relation between the
rotation number r(h) and the number of twist splittings it takes to factor τÂÂτ ′.
Recall the definition of r(h): using the lift H(x, t) = (exp(2πi H̃(θ, t)), t) of h as
defined earlier, letting g(θ) = h̃(θ, 1), we have

r(h) = lim
n→∞

gn(θ)
n

which is independent of θ ∈ R.
Suppose now that τÂÂτ ′ factors as twist splittings τ = τ0 Â · · · Â τN in normal

form rel c. Then there exist constants K ≥ 1, A ≥ 0 depending only on τ such that

r(h)−A ≤ N ≤ Kr(h) +A

The lower bound follows because each Dehn twist requires at least one twist split-
ting. The constant K for the upper bound is K = a · b, where a is the number of
branch ends in Ac − τc, and where b is the number of points on c × 1 which map
to switches of τ pointing in the opposing direction. The coarseness constant A is
needed because the rotation number of a circle map is only an asymptotic measure
of how the map rotates the circle.

By using the rotation number inequality above one can prove the following:
letting Tc be the Dehn twist along c, positive if d = r and negative if d = l, then
there exists a constant A such that for any twist carrying τÂÂτ ′ along c there exists
an integer n ≥ 0 such that one can get from Tnc (τ) to τ ′ be a sequence of at most
A twist splittings.

8.2 Characterization of twist splitting sequences

A twist splitting sequence is an infinite splitting sequence which is infinitely twisted
along some essential curve family.

Theorem 8.2.1. For any infinite splitting sequence τ0 Â τ1 Â · · · , the following
are equivalent:
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(1) No element of ∩iMF(τi) is infinitely split.

(2) There exists I such that the truncated sequence τI Â τI+1 Â · · · is a twist
splitting sequence.

In this case there is a train track µ, comb equivalent to a subtrack of τi for each
i ≥ I, such that ∩iMF(τi) =MF(µ).

For the rest of this section we will prove (2) =⇒ (1). The converse direction will
be proved in Sections 8.3—8.4.

Proof of (2) =⇒ (1). The following lemma shows how to define the train track µ:

Lemma 8.2.2. Consider a train track τ with a twist system C, and with simulta-
neous twist collars Ac for c ∈ C. Let µ be the largest recurrent subtrack of τ that is
disjoint from ∪c∈C(Ac − τc). Then µ is the unique recurrent subtrack of τ with the
property that for all [F ] ∈ MF(τ), we have [F ] ∈ MF(µ) if and only if 〈F , c〉 = 0
for all c ∈ C.

Note that µ 6= ∅ because, by the disjointness property for simultaneous twist
collars, each subtrack τc is contained in µ. In the example of Figure 26, µ = τc = c.

Proof. We may choose each c ∈ C in its isotopy class to coincide with the image
of c × 1

2 under the map c × [0, 1] → Ac. With this choice, the curve c and the
train track τ intersect efficiently, because all branch ends intersecting c turn in the
same direction as they approach τc. In particular, for any F carried by τ inducing
a weight function w ∈ W (τ), we can compute the intersection number 〈F , c〉 by
summing w(x) over x ∈ c ∩ τ . It follows that 〈F , c〉 = 0 if and only if w(b) = 0 for
each branch b intersecting Ac− τc, and therefore 〈F , c〉 = 0 for all c ∈ C if and only
if F is carried by µ. ♦

Proof of (2) =⇒ (1). Assume that τ0 Â τ1 Â · · · is infinitely split along the
essential curve family C, and is in normal form rel C. As mentioned earlier we may
assume that τC = ∪c∈Cτc is a subtrack of each τi, and that there is a simultaneous
family of twist collars Ac, c ∈ C, for each τi. Let µi be the largest subtrack
of τi disjoint from each Ac − τc. Note that µi survives the splitting τi Â τi+1

with descendant µi+1, and that µi ≈ µi+1 is a comb equivalence; indeed, since the
splittings are in normal form rel C it follows that all the µi are isotopic to each other;
let µ be a train track in this isotopy class, identified with µ0. We therefore have
MF(µ) ⊂ ∩iMF(τi) and moreover nothing in MF(µ) is infinitely split. To prove
(2) =⇒ (1) it therefore suffices to show that ∩iMF(τi) ⊂MF(µ). By applying the
above lemma it suffices to show that if F ∈ ∩iMF(τi) then 〈F , c〉 = 0 for all c ∈ C.
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Let wi : τi → [0,∞) be the invariant weight induced by F . Using the intersection
number formula for 〈F , c〉 from the proof of the above lemma, if b is any branch of
τ0 intersecting Ac − τc it suffices to prove that w0(b) = 0.

Suppose then that c ∈ C is fixed and that there is a branch b of τ0 intersecting
Ac − τc such that r = w0(b) > 0. We shall derive a contradiction, similar to the
contradiction derived in the earlier example, by showing that the values of wi on
points of τc are infinitely decremented by amounts of at least r, which contradicts
the Archimedean principle.

Consider the parameterization fc : c× [0, 1]→ S of the twist collar Ac. A point
x ∈ c × 1 is called an opposing switch of τi if fc(x) is a switch of τi whose switch
orientation pulls back via the derivative of fc to an orientation of the tangent line
of x in c × 1 which points in the direction opposite to the twist orientation on
c × 1. Enumerate the branch ends of f−1

c (τ0) in Ac − τc in cyclic order, starting
with b, as b = b1, . . . , bM ; equivalently, we may think of these as the branches of
f−1
c (τ0) − (c × 1), and by normality they end at points in c × 1 which are distinct

from each other and from the opposing switches. In the twist splitting sequence
τ0 Â τ1 Â · · · , we know that infinitely many of the twist splittings occur along c;
enumerate these as τij Â τij+1, 1 ≤ j < ∞, and let hj : c × [0, 1] → c × [0, 1] be
a twist map which determines the twist splitting τij Â τij+1. For m = 1, . . . ,M
let b0m = bm and by induction on j ≥ 0 note that bjm = hj−1(bj−1

m ), are precisely
the branches of f−1

c (τij ) − (c × 1). Thus, hj has the effect of taking some cyclic
subinterval of the branches bj1, . . . , b

j
M and moving each of them past one or more

opposing switches of τij , leaving the rest of the branches bjm unmoved.
Notice that wij (b

j
m) is constant independent of j.

Notice also that for each x ∈ τC the weights wi(x) form a nonincreasing sequence:
wi+1(x) − wi(x) is equal to the sum of the weights of the branch ends which are
moved past x under the twist splitting τi Â τi+1.

However, we claim that for any point x ∈ τc there are infinitely many values of
j for which the branch end bj1 is moved past x, and since wij (b

j
1) = w0(b) = r is

positive, this claim contradicts the Archimedean principle.
To prove the claim, suppose by contradiction that for sufficiently large j, say

j ≥ J , the branch bj1 is not moved past x. It follows that no branch ends are moved
past f−1

c (x) by hj for any j ≥ J , and hence hj only moves points forward within
the set (c× 1)− f−1

c (x) which consists of one or two open subintervals of the circle
c× 1. This implies that each time a branch end is moved past an opposing switch
in the set (c × 1) − f−1

c (x) it cannot move past that switch again. Since there
are only finitely many branch ends and finitely many opposing switches, eventually
no branch end moves past an opposing switch in c × 1. This contradicts that the
sequence τ0 Â τ1 Â · · · is infinitely split along the twist curve c, completing the
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proof of (2) =⇒ (1) in Theorem 8.2.1.

8.3 Cutting one train track out of another

In this subsection we develop some concepts that will be needed in the proof that
(1) =⇒ (2) in Theorem 8.2.1, as well as in the proof of Theorem 8.5.1.

Consider an infinite splitting sequence τ0 Â τ1 Â · · · . Recall that a line of
descent consists of a sequence of subtracks σi ⊂ τi defined for all sufficiently large
i, say i ≥ I, such that each σi survives the splitting τi Â τi+1 with descendant σi+1.
Each line of descent is a carrying sequence σIÂÂσI+1ÂÂ · · · such that each σiÂÂσi+1

is either a comb equivalence or a parity splitting. Up to truncation there are only
finitely many lines of descent, and so we can and often will truncate the splitting
sequence so that every line of descent starts in τ0.

For any F ∈ ∩iMF(τi), letting σi ⊂ τi be the subtrack that fully supports F ,
we obtain a full carrying sequence σ0 Â σ1 Â · · · . This need not be a line of descent
because not every carrying σi Â σi+1 need be homotopic, however only finitely many
of them are not homotopic and hence for some I ≥ 0 we obtain a line of descent
σI Â σI+1 Â · · · , and by truncation we usually assume that I = 0.

The strategy for proving (1) =⇒ (2) in Theorem 8.2.1 will be to examine the
structure of the lines of descent associated to elements of ∩iMF(τi). More specif-
ically, assuming that τ0 Â τ1 Â · · · satisfies (1), we shall look for a certain line
of descent which can be cut out of τ0 Â τ1 Â · · · , to produce a simpler infinite
splitting sequence that still satisfies (1). Applying induction, this simpler sequence
will satisfy (2), and then we put the pieces back together to conclude (2) for the
sequence τ0 Â τ1 Â · · · .

The “cutting out” operation referred to above will be defined whenever one train
track τ carries another σ. The result of cutting σ out of τ will not be a train track
but a more general object called a “track with terminals”.

Tracks with terminals. A track with terminals in S is a smooth, compact
1-complex π ⊂ S satisfying all the axioms of a pretrack except that for each x ∈ π,
we do not require the existence of a smooth open arc in π containing x, but we
do require the existence of a smooth compact arc in π that contains x, possibly as
an endpoint. A point which does not lie on any smooth open arc in π is called a
terminal. Given a terminal s ∈ π, on one side of the tangent line at s there exists at
least one incident branch end; the number of such branch ends is called the valence
of s. A valence 1 terminal is called a stop [Pen92]. Each branch of π incident to
two stops is an entire component of π diffeomorphic to a closed interval in the real
line.
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If π is a track with terminals, there is a subtrack with terminals π′ ⊂ π obtained
from π by pulling out the stops, which means that we remove from π each stop and
the interior of each branch incident to a stop, repeating such removals inductively
until there are no stops, and finally removing any isolated points that remain. Put
another way, π′ is the largest track with terminals in π that has no stops.

Many of the definitions concerning train tracks extend in a straightforward
way to tracks with terminals, such as: tie bundles; comb moves and comb equiv-
alence; carrying; elementary splittings, splitting arcs, and wide splittings; splitting
sequences, etc. We shall refer as needed to extensions of basic results from the
category of train tracks to the category of tracks-with-terminals; the proofs of these
extended results are left to the reader. One slight change is that for purposes of
defining sink branches, source branches, and transition branches of a track-with-
terminals π, for any branch b ⊂ π with an endpoint at a terminal s we should
regard s as an outflow of b. Thus, if b has an inflow at its opposite end then b is a
transition branch and we can comb π along b.

Consider a track with terminals π. The union of any two pretracks that are
contained in π is a pretrack contained in π, and hence there is a maximal pretrack
in π. In the contexts that we will be studying, these pretracks will always be train
tracks, which can be easily checked as needed, and hence we will abuse terminology
and refer to the maximal pretrack of π as the maximal train track of π.

A track with terminals π is transient if either of the following equivalent condi-
tions hold: the maximal train track in π is empty; there are no closed train paths
in π; there is an upper bound to the combinatorial length of each train path in π.

Lemma 8.3.1. Given a transient track with terminals π, there is an upper bound
to the length of any splitting sequence starting with π.

Proof. The proof requires studying maximal train paths in π. Each maximal train
path has both ends at terminals. There is only a finite number of maximal train
paths, because if there were infinitely many then they would be indefinitely long,
and so there would be one which crosses some branch twice in the same direction,
giving a closed train path.

Let M(π) be the number of maximal train paths. The number M(π) is invariant
under comb equivalence of transient tracks-with-terminals.

Given a splitting π Â π′ where π is transient, note that π′ is also transient.
Moreover, the fold map π′ → π takes the set of maximal train paths of π′ injectively
to the set of maximal train paths of π. We claim that the image of this map misses
at least one maximal train path in π. For instance, if π Â π′ is a parity splitting
then we may assume by comb equivalence that π Â π′ is an elementary splitting
of parity d ∈ {l,r} along a sink branch b ⊂ π, in which case any d̄ crossing of b
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extends to a maximal train path in π which is not the image under folding of any
maximal train path in π′. The case of a central splitting is similar. This proves
that M(π′) < M(π), and it follows by induction that any splitting sequence starting
with π has at most M(π) splittings. ♦

We will need to strengthen the above lemma. Given a track with terminals π,
a smoothly embedded circle γ ⊂ π is called a peripheral circle if γ is a boundary
circle of a compact annulus A ⊂ S such that A ∩ π = γ. We say that π is transient
rel periphery if its maximal recurrent train track is a disjoint union of peripheral
circles.

Lemma 8.3.2. If the track with terminals π is transient rel periphery, then there
is a bound to the length of any splitting sequence starting with π.

Proof. Unlike in the transient case, we cannot prove this lemma by counting all
maximal train paths, because there are infinitely many of them: a train path can
cycle around a peripheral curve any number of times.

Instead of counting arbitrary train paths, we consider train paths in π which
are embeddable meaning that there exists an embedded lift to the interior of the
I-bundle over π. A train path which enters a peripheral curve γ, goes more than
one time around γ, and then leaves γ is not embeddable. However, a train path
α which enters γ and then spirals infinitely around γ is embeddable; in fact, if an
embeddable α goes more than once around γ then it is constrained to stay in γ in
at least one direction.

Any embeddable train path can be extended to a maximal embeddable train
path. To see how, suppose α is an embeddable train path with at least one endpoint
that is not at a terminal, and we regard α as lifted to the I-bundle over π. Starting
from any endpoint of α that is not at a terminal, start extending α in the I-
bundle; there is no obstruction to continuing the extension indefinitely while staying
embedded in the I-bundle, unless the path arrives at the tie over a terminal. Once
one endpoint has been extended either infinitely or to a terminal, the other endpoint,
if it exists, can then be extended.

For any branch b ⊂ π which is not in a peripheral circle, a train path cannot
traverse b more than once in each direction, for otherwise one easily constructs a
recurrent subtrack which is not a peripheral circle. Similarly, for any peripheral
circle γ, if a train path α : I → π traverses two branches of γ in the same direction
then all branches traversed by α between these two are also in γ, and hence α−1(γ)
contains at most two components.

The previous paragraph, together with the constraint on embeddable train paths
going more than once around a peripheral curve, implies that there are only finitely
many maximal embeddable train paths α up to reparameterization of the domain of
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the train path, because α is determined up to finite ambiguity by which peripheral
curves it intersects and which nonperipheral branches it traverses.

Let N(π) be the number of maximal embeddable train paths. Note that N(π)
is invariant under comb equivalence. For any splitting π Â π′, the track with
terminals π′ is also transient rel its periphery Γ′, and the fold map π′ → π maps
Γ′ diffeomorphically onto Γ. Now the proof proceeds exactly as in Lemma 8.3.1,
showing that N(π′) < N(π) by mapping the set of maximal embeddable train paths
in π′ injectively but not surjectively to the set of maximal embeddable train paths
in π. By induction it follows that any splitting sequence starting with π has at most
N(π) splittings. ♦

Note: When π is transient the bound N(π) is better than the bound M(π) in
Lemma 8.3.1. However, N(π) is still probably a pretty bad bound: a single splitting
most likely wipes out lots of maximal embeddable train paths.

Cutting one train track out of another. Here is our main construction of
tracks with terminals.

Let τ, σ be train tracks on S such that τÂÂσ. We shall define a track with
terminals ρ ⊂ S−σ which is obtained from τ by “cutting out” σ, denoted ρ = τ \σ.

Choose tie bundles ν(σ), ν(τ) and a carrying injection ν(σ) ⊂ int(ν(τ)). Define
ν(ρ′′) = ν(τ)− int(ν(σ)), and decompose ν(ρ′′) into ties, each a maximal subtie of
ν(τ) which is disjoint from int(ν(σ)). Collapse each tie of ν(ρ′′) to a point to obtain
a track with terminals ρ′′ having one terminal for each cusp of σ. Note that each
terminal of ρ′′ is a stop at the endpoint of a branch b ⊂ ρ′′ whose opposite endpoint
is a switch with one branch end on the side of b and two or more branch ends
on the opposite side. Let ρ′ be obtained from ρ′′ by pulling all the stops, so each
component of ρ′′ deformation retracts to a component of ρ′, and all components of
ρ′ occur in this way. Note that ν(ρ′′)∩ν(σ) = ∂ν(σ). Each component γ of ∂ν(σ) is
thus contained in ν(ρ′′), and the projection γ 7→ ρ′′ is locally injective except where
it folds around a stop. When the stops are pulled then the map γ → ρ′′ homotopes
to a local injection γ → ρ′, called a peripheral curve of ρ′. Given a component C
of ρ′, we say that C is trivial if it is the embedded image of some peripheral curve;
equivalently, there exists a component c of ∂ν(τ) which projects diffeomorphically
onto C under the projection ν(ρ′′) 7→ ρ′′. Now define ρ = τ \σ by removing from ρ′

all trivial components. Each nontrivial peripheral curve of ρ′ has image contained
in ρ and is called a peripheral curve of ρ. The set of peripheral curves of ρ is denoted
Γρ.

For example, if τ = σ, or more generally if we have a homotopic carrying τ
hÂÂ σ,

then every component of ρ′ is a trivial peripheral curve and so ρ = τ \ σ = ∅. This
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indicates that what we are mainly interested in is cutting out train tracks σ which
are carried by τ but not homotopically carried, usually proper subtracks or smooth
closed curves.

Note that as a consequence of Proposition 3.5.2, if τ carries σ then the carrying
injection ν(σ) ↪→ ν(τ) is well defined up to homotopy through carrying injections.
It follows that the tie bundle ν(ρ′′), and the set of curves ν(ρ′′) ∩ ν(σ), are well
defined independent of the choice of the carrying injection ν(σ) ↪→ ν(τ), showing
that ρ and Γρ are also well defined.

In the special case that σ is a subtrack of τ , each peripheral curve of ρ′ is
embedded in ρ′, and hence the same is true of ρ. This is true because for each tie
t of ν(ρ′′), either t ∩ ∂ν(σ) is at most one point, or t projects to a point of ρ′′ − ρ′,
or t projects to a terminal of ρ′.

When σ is a subtrack of τ then there is an alternate description of τ \ σ which
may be enlightening. Consider the surface-with-cusps C(S − σ), with overlay map
q : C(S − σ) → S. Note that ρ′ = q−1(τ) is a track with terminals in C(S − σ)
containing ∂ C(S − σ) and with one terminal at each cusp of C(S − σ); no terminal
of ρ′ is a cusp. The peripheral curves of ρ′ are precisely the components of ∂ C(S−σ),
making clear that each peripheral curve of ρ′ is embedded in ρ′. The track with
terminals ρ is defined by first removing from ρ′ any peripheral curve which is an
entire component of ρ′, and then isotoping the rest into int(C(S − σ)) = S − σ.

Tracks with moats. When τÂÂσ and ρ = τ \ σ, the union ω = σ ∪ ρ is a track
with terminals in S which has a particular structure that we now describe. A track
with moats in S is a track with terminals ω ⊂ S such that each component of
C(S − ω) is either a surface with cusps of negative Euler index, or an annulus µ
called a moat, such that the following hold:

• For each moat µ there is an integer n ≥ 0 such that one component of ∂µ
has n cusps and the other component has n reflex cusps, and hence the Euler
index of µ equals zero. If n = 0 we say µ is a smooth moat.

• For each moat µ there is a distinguished component of ∂µ called the peripheral
curve, such that when µ is not smooth the peripheral curve is the component of
∂µ with reflex cusps (the peripheral curves need not be embedded in general).

• There is a foliation of µ by arcs connecting the two components of ∂µ.

• There is a smooth map φ : S → S homotopic to the identity which collapses
(the overlay image of) each leaf of each moat to a point, and is otherwise one-
to-one and locally diffeomorphic. This map φ is called draining the moats.
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Let Γ be a set consisting of one peripheral curve for each moat. We index moats
by their peripheral curves, letting µγ be the moat with peripheral curve γ, and
denoting tγ = ∂µγ − γ. We will occasionally confuse µγ with its image in S; there
is no loss in doing this because the image of µγ determines µγ unambiguously.

When τÂÂσ and ρ = τ \σ then ω = σ∪ρ is a track with moats whose peripheral
curves are precisely the peripheral curves of ρ as in the definition of “cutting out”.
This can be seen by noticing that in the tie bundle ν(τ), we can isotope ν(ρ′′) =
ν(τ) − int(ν(σ)) until ν(ρ′′) is disjoint from ν(σ), after which each component of
∂ν(σ) includes as one boundary circle of an annulus component of Cl

(
S − (ν(σ) ∪

ν(ρ′′))
)
. Some of these annuli are adjacent to trivial components of ν(ρ′′), but the

rest of these annuli give rise to the moats of ω.
We need a moderate generalization of “cutting out”, as follows. Consider a

track with terminals π in S, and suppose that π has no stops. Given a subtrack σ
carried by π, we choose in the obvious way a carrying injection ν(σ) ↪→ int(ν(π)),
and from this point on the definition of the track with terminals ρ = π \ σ and of
the peripheral curves of ρ are word for word as in the case when π is a train track.
If π has the additional structure of a track with moats then it follows easily that
σ ∪ ρ is a track with moats, such that each moat of π is still a moat of σ ∪ ρ, with
additional moats coming from nontrivial components of ∂ν(σ).

Lemma 8.3.3. Given a track with terminals π, if σ is the maximal train track of π,
and if ρ = π \σ, then the maximal train track of ρ is precisely the smooth periphery
of ρ, that is, the set of smooth peripheral curves.

Proof. Any bi-infinite train path γ in ρ must map, via draining the moat σ∪ρ→ π,
into σ, because σ is the maximal train track in π. This is only possible if γ is carried
by the smooth periphery of ρ, that being the only part of ρ whose image under the
map σ ∪ ρ → π is contained in σ. It follows that the maximal train track of ρ is
precisely the smooth periphery. ♦

Given a splitting sequence τ0 Â τ1 Â · · · and an infinitely surviving subtrack
σ0 ⊂ τ0 with line of descent σ0ÂÂσ1ÂÂ · · · , for each i we will be interested in the
track with terminals πi = τi \σi. The following lemma shows that, in the context of
tracks with terminals, we obtain a carrying sequence π0ÂÂπ1ÂÂ · · · such that each
πiÂÂπi+1 is either a comb equivalence or a splitting.

Lemma 8.3.4. Given a parity splitting τ Â τ ′ and a subtrack σ ⊂ τ that survives
with descendant σ′, if π = τ \ σ and π′ = τ ′ \ σ′ then πÂÂπ′ and this carrying is
either a comb equivalence or a splitting.

Proof. Consider first the case that τ, τ ′ are generic and τ Â τ ′ is an elementary
splitting of parity d ∈ {l,r} along a sink branch b ⊂ τ . For concreteness we assume
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d = l. Let a neighborhood N(b) be denoted as in Figure 13, with ∂N(b) ∩ τ =
{r, s, t, u}, and given a subset P ⊂ {r, s, t, u} let P denote the smallest connected
subset of N(b)∩τ containing P . The set σ∩N(b) is called the interaction of σ with
the splitting. Since σ survives a Left splitting, we have the following restrictions on
the interaction: either su ⊂ σ or rt 6⊂ σ. This implies that σ ∩N(b) fits into one of
the cases named in the following table:

Name of Interaction σ ∩N(b) πÂÂπ′
Empty ∅ Splitting
Tangential ru or st Splitting
Diagonal su Isotopy
Y rsu or stu Isotopy
X rstu Isotopy

The table shows the nature of the carrying πÂÂπ′ in each case, either a splitting or
an isotopy, and we refer to Figure 27 for verification.

Consider next the case of a comb equivalence τ ≈ τ ′ in which τ ′ obtained from
τ by combing a transition branch b ⊂ τ . In this case it is easy to see that π ≈ π′

is a comb equivalence, in fact either a comb move along a transition branch or an
isotopy; an analysis as in Figure 27 may easily be carried out in this case.

For a general splitting τ Â τ ′ the proof follows by induction, factoring it into
comb moves and an elementary splitting. ♦

8.4 Proof of (1) =⇒ (2) in Theorem 8.2.1

Consider an infinite splitting sequence τ0 Â τ1 Â · · · that does not infinitely split
anything in ∩iMF(τi).

As the proof goes along, certain statements will only be true for sufficiently large
values of the index i, and as we accumulate more such statements the lower bound
i ≥ I for the truth of all these statements will increase. Instead of keeping track
of the increasing value of the lower bound I, we will simply truncate the original
splitting sequence τ0 Â τ1 Â · · · so that the statements become true for all i.

Note that τ0 Â τ1 Â · · · has only finitely many lines of descent up to truncation:
this follows from the fact that each τi has only finitely many subtracks, and that
two lines of descent are equivalent up to truncation if and only if they coincide in
any τi where they are both defined. By truncating τ0 Â τ1 Â · · · we may therefore
assume that each line of descent starts in τ0, and hence has the form σ0ÂÂσ1ÂÂ · · ·
for σi ⊂ τi. Furthermore, each line of descent either has infinitely many splittings
or finitely many, and by further truncation we can assume that each line of descent
which has finitely many splittings actually consists entirely of comb equivalences,
thereby having the form σ0 ≈ σ1 ≈ · · · .
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empty interaction

split

split

tangential interaction

split

split

cut  open cut  open

cut  open cut  open

diagonal interaction

split

isotope

cut  open cut  open

Y  interaction

split

cut  open cut  open

isotope

X  interaction

split

cut  open cut  open

isotope

Figure 27: Interactions of a surviving subtrack σ ⊂ τ with an elementary Left
splitting τ Â τ ′ with descendant σ′ ⊂ τ ′. The subtracks σ, σ′ are shown in bold.
The carrying πÂÂπ′ is shown just below the splitting in each case.
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Given any splitting τ Â τ ′ and a subtrack σ ⊂ τ that survives with descendant
σ′ ⊂ τ ′, it is evident that σ is a smooth peripheral circle of τ if and only if σ′ is a
smooth peripheral circle of τ ′. Furthermore, each smooth peripheral circle of τ does
indeed survive in τ ′. It follows that for any line of descent σ0ÂÂσ1ÂÂ · · · , if there
exists i such that σi is a smooth peripheral circle of τi then this is true for all i.
Such lines of descent will be called peripheral, and we want to avoid them, because
for any train track τ and subtrack σ which is a disjoint union of smooth peripheral
circles, it is evident that cutting τ along σ yields τ back again. In fact we shall
prove the existence of a line of descent which is nonperipheral in a strong sense.

Given a splitting τ Â τ ′ and a subtrack σ ⊂ τ that survives with descendant
σ′ ⊂ τ ′, and given a smooth peripheral circle γ ⊂ τ with descendant γ′ ⊂ τ ′, it is
evident that γ ⊂ σ if and only if γ′ ⊂ σ′. It follows that for any line of descent
σ0ÂÂσ1ÂÂ · · · , if some σi contains a peripheral circle then they all do. A subtrack
(or its line of descent) which contains no peripheral circle is called aperipheral.

Step 1: There is an aperipheral, noninfinitely split line of descent.
We begin with:

Claim 8.4.1. If the train track τ is not transient rel periphery, then there exists
an aperipheral recurrent subtrack of τ .

To prove the claim, let σ ⊂ τ be a recurrent subtrack that is not contained in
the union of peripheral circles. By an obvious induction it suffices to show that
if σ contains some peripheral circle γ of τ then there exists a recurrent subtrack
σ′ ⊂ σ such that γ 6⊂ σ′ but σ′ − γ = σ − γ. Let F be a partial measured foliation
fully carried on σ, with a surjective inclusion of F into the tie bundle ν(σ). Since
γ lifts to a smooth boundary component of ν(σ) it follows that F has an annular
component F ′ carried by γ. Let w ∈ W (σ) be the invariant weight induced by F ,
and let r > 0 be the smallest value of w(b) for branches b ∈ γ; choose b ⊂ γ so that
w(b) = r. The transverse weight of F ′ is clearly equal to r. It follows that if F ′′
is the union of all foliation components of F except F ′, then the maximal subtrack
σ′ ⊂ σ carrying F ′′ is a recurrent train track not containing b. Since F ′ is carried
by γ it follows that σ′ − γ = σ − γ, proving the claim.

The proof of the claim clearly shows that if F is carried by a train track τ , and
if σ ⊂ τ is the subtrack fully carrying F , then σ contains a peripheral curve γ of τ
if and only if F has an annular component with core isotopic to γ.

Fix I ≥ 0 and consider the train track τI . Since τI is the start of an infinite
splitting sequence, by applying Lemma 8.3.2 it follows that τI is not transient rel
periphery. This implies that τI has an aperipheral recurrent subtrack; choose a mea-
sured foliation F fully carried by this subtrack. Clearly we have [F ] ∈ ∩Ii=1MF(τi).
Moreover, the subtrack of τ0 fully carrying F is aperipheral, because τ0 and τI have
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the same peripheral circles up to isotopy, and none of them is the core of an annular
component of F .

To summarize, for each I ≥ 0 there exists a recurrent, aperipheral subtrack
σ ⊂ τ0 such that MF(σ) ∩

(
∩Ii=1MF(τi)

)
6= ∅. Since τ0 has only finitely many

subtracks, it follows that there is an aperipheral recurrent subtrack σ ⊂ τ0 such
that MF(σ) ∩

(
∩∞i=1MF(τi)

)
6= ∅. Choosing F in this set, it follows that the line

of descent fully carrying F is aperipheral and is not infinitely split, finishing Step 1.

Step 2: Cutting open the splitting sequence. Let σ0 ≈ σ1 ≈ · · · be a non-
peripheral line of descent, consisting entirely of comb equivalences, for the splitting
sequence τ0 Â τ1 Â · · · . We may assume that each σi is connected. Cut σi out
of τi to obtain π′i = τi \ σi. Applying Lemma 8.3.4 we obtain a carrying sequence
π′0ÂÂπ′1ÂÂ · · · where each π′i Â π′i+1 is a comb equivalence or a splitting. Let ρi ⊂ π′i
be the maximal subtrack. Clearly we have a full carrying ρiÂÂρi+1 which is either
a comb equivalence or a splitting, possible a central splitting, but the sequence
ρ0ÂÂρ1ÂÂ · · · can have at most finitely many central splittings and so by truncation
we may assume that are all comb equivalences or parity splittings. Cut ρi out of π′i
to obtain πi = π′i \ ρi. Applying Lemma 8.3.4 and truncating we may again assume
that the sequence π0ÂÂπ1ÂÂ · · · consists of comb equivalences and parity splittings.
By Lemma 8.3.3 each πi is transient rel a pairwise disjoint collection of smooth
peripheral curves, and hence by Lemma 8.3.2 the sequence π0ÂÂπ1ÂÂ · · · contains
only finitely many splittings. After another truncation we have a sequence of comb
equivalences π0 ≈ π1 ≈ · · · . Since the train track ρi is carried by τi it follows that
∩iMF(ρi) ⊂ ∩iMF(τi). Given F ∈ ∩iMF(ρi), since F is not infinitely split by
τ0 Â τ1 Â · · · it follows that F is not infinitely split by ρ0 Â ρ1 Â · · · .

If ρ0ÂÂρ1ÂÂ · · · has infinitely many splittings then, by ignoring the comb equiva-
lences in the sequence, we may regard it as an infinite splitting sequence, and hence
the sequence ρ0ÂÂρ1ÂÂ · · · satisfies (1). In this case we wish to apply induction to
conclude that ρ0ÂÂρ1ÂÂ · · · satisfies (2), but in order to do so we need to know that
ρi is less complex than τi in some well ordered sense. This is where it is crucial
that σi is a nonperipheral subtrack of τi. For example, if σi were a disjoint union
of peripheral circles of τi then ρi = τi \ σi would be isotopic to τi, giving us no
foundation for an inductive proof.

Recall that if F is a finite type surface-with-boundary, of genus g and with
a total of p punctures and boundary components, then the complexity of F is
defined to be the dimension of the Teichmüller space of the interior of F , namely
d(F ) = 6g − 6 + 2p. Note that d(Supp(ρi)) and d(Supp(τi)) are each constant
independent of i. We want to apply Lemma 3.2.4 to obtain the inequality

d(Supp(ρi)) < d(Supp(τi))
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To start with Supp(σi) is an essential subsurface of Supp(τi). Now it is not true
that π′i ⊂ S−Supp(σi), because a nonpunctured or once punctured disc component
A of S − σi need not be disjoint from π′i. However, if the set A ∩ π′i is nonempty
then it is a transient component of π′i and so is disjoint from ρi. This implies that
Supp(ρi) ⊂ Supp(τi) − Supp(σi) ⊂ Supp(τi), and so by Lemma 3.2.4 we at least
have the nonstrict inequality d(Supp(ρi)) ≤ d(Supp(τi)). Now we use that σi is not
peripheral, which implies that no component of Supp(τi) − Supp(σi) is isotopic to
Supp(τi), and hence Supp(ρi) is not isotopic to Supp(τi), and applying Lemma 3.2.4
it follows that the inequality is strict.

By induction on complexity of subsurfaces it follows that the sequence ρ0ÂÂρ1ÂÂ · · ·
either has finitely many splittings or it has infinitely many splittings and, regarding
it as an infinite splitting sequence by ignoring comb equivalences in the sequence,
the sequence satisfies (2). Applying induction we may conclude that, after fur-
ther truncation, either we have an essential curve family C ′ 6= ∅ along which the
sequence ρ0ÂÂρ1ÂÂ · · · is infinitely twisted, or we have a sequence of comb equiva-
lences ρ0 ≈ ρ1 ≈ · · · and in this case we set C ′ = ∅.

We may regard C ′ is a train track carried on each ρi, so we may cut C ′ out of
ρi to obtain ωi = ρi \ C ′.

Let us now review what has happened. Cutting σi out of τi we obtain the
track-with-terminals π′i = τi \ σi and the track with moats σi ∪ π′i, with set of
moats denoted M1 that is independent of i. Drainage of the moats in M1 allows
reconstruction of τi from σi ∪ π′i. Next, cutting the maximal subtrack ρi out of π′i
we obtain the track with terminals πi = π′i \ ρi, and a track with moats σi ∪ ρi ∪ πi.
Each moat in M1 is still a moat of σi ∪ ρi ∪ πi, and together with a new collection
of moats M2 arising from cutting ρi out of π′i, the set of all moats of σi ∪ ρi ∪ πi
is just M1 ∪M2, again independent of i. Drainage of the moats M1 ∪M2 allows τi
to be reconstructed from σi ∪ ρi ∪ πi. Finally, cutting the essential curve system C ′

out of ρi we obtain ωi = ρi \ C ′, and a track with moats denoted

τ̂i = σi ∪ πi ∪ ωi

Again each moat of M1 ∪M2 is a moat of τ̂i, and together with a new collection of
moats M3, one for each curve in C ′, the set of all moats of τ̂i is M = M1∪M2∪M3,
again independent of i. Drainage of the moats in M allows τi to be reconstructed
from τ̂i. The key feature of this construction is that we have a sequence of comb
equivalences τ̂0 ≈ τ̂1 ≈ · · · .

Let qi : τ̂i → τi be the map which drains the moats M .

Step 3: Moat analysis. We analyze how the moats M of τ̂i interact with the
splittings in the sequence τ0 Â τ1 Â · · · , stating the key point in Lemma 8.4.2 and
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proving (1) =⇒ (2) using this lemma. The proof of the lemma is given in steps 4
and 5.

Given a moat µ ∈M let γµ be its core curve.
We defined earlier what it means for the splitting τi Â τi+1 to be a twist splitting

with respect to some twist curve. We generalize this by saying that a moat µ
interacts with the splitting τi Â τi+1 if there is a smooth train path β ⊂ ∂µ such
that hi(β) is a d-crossing of the sink branch along which τi Â τi+1 is split, where d
is the parity of the splitting; equivalently, there is a smooth train path β ⊂ ∂µ such
that hi+1(β) contains the post-splitting arc of τi+1. Note that the each moat in M3,
obtained from C ′, interacts with infinitely many of the splittings τ0 Â τ1 Â · · · . The
goal of moat analysis is to determine exactly which moats in the whole collection
M interact with infinitely many of the splittings.

Note that it is possible for as many as two moats to interact with a splitting
τi Â τi+1.

Classify the moats of M into four types:

• Nonsmooth moats.

• Smooth moats which are not twistable, meaning that each component of the
boundary of the moat contains a sink branch of τ̂i, a property which is inde-
pendent of i. Note that a smooth moat µ is not twistable if and only if γµ is
not a twist curve of τi.

• Smooth twistable moats µ which are only finitely split, meaning that they
interact with only finitely many splittings in the sequence τ0 Â τ1 Â · · · .
Equivalently, γµ is a twist curve but only finitely many of the splittings τ0 Â
τ1 Â · · · are twist splittings along γµ.

• Smooth twistable moats µ which are infinitely split, meaning that infinitely
many of the splittings τ0 Â τ1 Â · · · are twist splittings for γµ; obviously this
includes all moats with core curve in C ′.

The meanings of “smooth” and “twistable” are defined with respect to any τ̂i, and
they are independent of i.

Here is the key point:

Lemma 8.4.2. Any nonsmooth moat and any smooth nontwistable moat interacts
with only finitely many splittings.

Using the lemma we finish the proof of (1) =⇒ (2) as follows.
Define C to be the core curves of the smooth, twistable moats which interact

with infinitely many splittings of τ0 Â τ1 Â · · · . Note that C ′ ⊂ C. Evidently each
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curve c ∈ C is a twist curve for each τi, and infinitely many splittings are twist
splittings along c.

By applying the lemma, we can truncate the splitting sequence τ0 Â τ1 Â · · ·
so that any nonsmooth or smooth nontwistable moat interacts with none of the
splittings, and we can truncate further so that any smooth, twistable, finitely split
moat interacts with none of the splittings. Thus, the only moats µ which interact
with τ0 Â τ1 Â · · · are those which are smooth, twistable, and infinitely twisted,
implying that each splitting τi Â τi+1 is a twist splitting along some curve in C.
This proves (2).

To start the proof of Lemma 8.4.2, consider a moat µ ∈ M with core curve
γµ. Each boundary circle of the annulus C(µ) maps to a track with terminals in τ̂i;
denote these two subsets ∂±i µ ⊂ τ̂i. If µ is smooth then ∂±i µ are subtracks of τ̂i.

Consider a c-splitting arc α of τi; and recall that each end of α emerges into some
cusp of τi. We say that α crosses the moat µ if α can be written as a concatenation
of the form α = α− ∗ α0 ∗ α+ so that the following properties hold:

(1) For ε ∈ {−,+} the path αε lifts smoothly to a path α̂ε whose intersection
with τ̂i is a union of transition branches ending at the first point where α̂ε
intersects ∂εiµ.

(2) For each ε ∈ {−,+} the path α0 lifts smoothly to a path α̂ε0 in ∂εiµ, in such
a way that α− ∗ α0 lifts smoothly to α̂− ∗ α̂−0 and α0 ∗ α+ lifts smoothly to
α̂+

0 ∗ α+.

Note that α̂−, α̂+ hit the periphery of τ̂i only at their inner endpoints, for if they
hit the periphery of τ̂i any earlier then they could never leave afterwards since they
consist solely of transition paths, but that means that they hit ∂µ earlier than their
inner endpoint, a contradiction.

Step 4: Proof of Lemma 8.4.2 for a smooth, nontwistable moat µ. Since
µ is nontwistable, the two sides ∂εµ, ε ∈ {−,+}, each contain a sink branch of τ̂i.
Let Ai be the set of relative isotopy classes of c-splitting arcs α which cross µ such
that at least one of the lifts α̂−0 , α̂

+
0 ⊂ τ̂i does not contain a sink branch of τ̂i. Let

Ni = |Ai|.
We claim that Ni−1 ≥ Ni with strict inequality if the moat µ interacts with

the splitting τi−1 Â τi; this clearly implies that µ interacts with only finitely many
splittings, finishing Step 4. In proving the claim, note that the number Ni is an
invariant of the comb equivalence class of τi, and so we are free to assume that
τi−1 Â τi is an elementary splitting of some parity d ∈ {l,r}.
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We use the usual technique of defining an injective map Ai → Ai−1 which is
nonsurjective if µ interacts with the splitting τi−1 Â τi. Given α ∈ Ai, to show that
α corresponds to some element of Ai−1 the key is showing that the carrying map
τi → τi−1 is injective on α. Consider the concatenation α = α− ∗ α0 ∗ α+ and lifts
α̂−, α̂−0 , α̂+

0 , α̂+.
Arguing by contradiction, suppose that α does not inject in τi−1, which implies

that α contains each of the switches at the ends of the postsplitting branch of τi;
see Figure 28. There exists a moat µ′ which interacts with the splitting τi−1 Â τi,
and hence the postsplitting branch b of τi is contained in the carrying image of
the curve γµ′ . However, the only peripheral points of τ̂i contained in α̂− or α̂+

are their inner endpoints, and so these endpoints lie on ∂−i µ
′, ∂+

i µ
′, respectively,

implying that µ′ = µ. Thus, the postsplitting branch b lifts to bε ⊂ ∂εiµ for each
ε ∈ {−,+}. Moreover, the two endpoints of the b lift to the inner endpoints of α̂−1,
α̂1, respectively. Notice that α0 must go around all of the carrying map γµ → τi,
from one endpoint of b to the other, without traversing b itself. It follows that for
each ε ∈ {−,+} the path α̂ε0 must go all the way around ∂εiµ except for bε. But
since ∂εiµ contains a sink branch of τ̂i it follows that α̂ε0 contains a sink branch,
contradicting the fact that α ∈ Ai.

We have shown that α injects in τi−1. The concatenation α = α− ∗α0 ∗α+ used
to conclude α ∈ Ai works, with small adjustments, to show that the image of α
under the carrying map τi → τi−1 is an element of the set Ai−1. This defines the
map Ai → Ai−1. The map is obviously injective.

Assuming µ interacts with the splitting τi−1 Â τi we prove that Ai → Ai−1 is
nonsurjective by exhibiting an element of Ai−1 which is not in the image. Let b′

be the sink branch along which τi−1 Â τi is split, and since µ interacts with the
splitting it follows that the carrying map of γµ → τi−1 traverses a d-crossing of b′.
This implies that if α′ is the c-splitting arc intersecting τi−1 in b′ then α′ crosses
µ. Obviously neither of the lifts α̂′+0 , α̂′−0 contains a sink branch of τ̂i−1, since the
two lifts of b′ to τ̂i−1 are not sink branches of τ̂i−1. This shows that α′ ∈ Ai−1, but
clearly α′ is not in the image of Ai.

This finishes Step 4.

Remark: The proof of step 4 will fail if µ is a twistable moat of τ̂i, as it should
in order for infinite twisting to be possible. The reason the proof fails is that the
carrying map τi → τi−1 need not be injective on α if one of ∂−µ, ∂+µ consists solely
of transition branches of τ̂i, in which case no map from Ai to Ai−1 is defined.

Step 5: Proof of Lemma 8.4.2 for nonsmooth moats. We will sketch this
proof briefly; it is similar to but simpler than Step 4.



8 THE STRUCTURE OF INFINITE SPLITTING SEQUENCES 234

α-

α+

α0

α0

cut along µ

b
b+

b-

α+
0

α+
0

α+

α-

α-
0

α-
0

 ̂

 ̂

 ̂

 ̂

 ̂

 ̂

Figure 28: If the c-splitting arc α of τi crosses the smooth nontwistable moat µ,
and if α contains the endpoints of the postsplitting branch b of τi−1 Â τi, then α0

goes all the way around the carrying image of the closed curve γµ except for the
branch b, implying that each of α̂+

0 , α̂−0 must contain a sink branch of τ̂i. This
figure shows the case that α−, α+ each intersect τi in a single point, which in the
present situation must be an endpoint of b; the cases where α− or α+ intersect τi
nontrivially are similarly depicted.
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Fix a nonsmooth moat µ of τ̂i. For a c-splitting arc α of τi, the definition of α
crossing µ is exactly the same. The set Ai is defined to be the set of all c-splitting
arcs of τi which cross µ (the issue of sink branches of τ̂i is irrelevant here). Let
Ni = |Ai|.

Again we prove Ni−1 ≥ Ni with strict inequality whenever τi−1 Â τi intersects
with the moat µ, and again the technique is to produce an injective map Ai →
Ai−1 which is not surjective whenever τi−1 Â τi intersects with the moat µ. Let
α = α− ∗ α0 ∗ α+ be in Ai, with lifts α̂−, α̂+

0 , α̂−0 , α̂+. Again the key is showing
that the carrying map τi → τi−1 is injective on α. Again, the only way this could
fail is if the splitting involves µ, implying that the postsplitting branch b of τi is
contained in hi(s) for some side s of µ, one endpoint of b lying in α−, and the other
endpoint in α+. But this is impossible because the train path α0 must traverse
the train path hi(s) from one endpoint of b to the other, staying disjoint from the
interior of b (see Figure 28), but b disconnects its two endpoints in the train path
hi(s) — here we are using the fact that s is an arc, rather than a circle as in Step 4.
The map Ai → Ai−1 is thus defined. Injectivity is obvious as before, and when µ is
involved with the splitting τi−1 Â τi then failure of surjectivity is proved as before.

This completes step 5, and the proof of (1) =⇒ (2) in Theorem 8.2.1. ♦

8.5 General splitting sequences.

The following theorem gives the structure of a general splitting sequence.

Theorem 8.5.1. Given an infinite splitting sequence τ0 Â τ1 Â · · · , there exists a
train track µ and a set of partial arational measured foliations {F1, . . . ,FJ}, J ≥ 0,
such that the supports of µ, F1, . . . ,FJ are pairwise disjoint, and such that

∩iMF(τi) =MF(F1) ∗ · · · ∗MF(FJ) ∗MF(µ)

Moreover, an element of ∩iMF(τi) is infinitely split if and only if it has a component
in MF(Fj) for some j = 1, . . . , J .

Corollary 8.5.2. Given an infinite splitting sequence τ0 Â τ1 Â · · · with F1, . . . ,FJ ,
µ as above, the following description of τ0 Â τ1 Â · · · holds. After truncation there
exists a line of descent σ0ÂÂσ1ÂÂ · · · , and for each i there exists a pairwise disjoint
collection Ai of c-splitting arcs of σi, so that Ai survives σiÂÂσi+1 with descendant
Ai+1, and so that if ρi is the train track obtained from σi by c-splitting along the
arcs of Ai, then:

• The components of ρi can be listed as ρij, j = 1, . . . , J , so that for each
j = 1, . . . , J the sequence ρ0jÂÂρ1jÂÂ · · · consists of comb equivalences and
infinitely many parity splittings and, ignoring its comb equivalences, it is a
canonical expansion of Fj on the surface Supp(Fj).
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• Letting ωi be the maximal train track of the track with terminals τi \ρi, we ob-
tain a sequence of comb equivalences and parity splittings ω0ÂÂω1ÂÂ · · · which
satisfies one of two possibilities: either it consists entirely of comb equiva-
lences; or, ignoring its comb equivalences, it is an infinite twist splitting se-
quence. Moreover, there is a train track µ′ comb equivalent to a subtrack of
each of the ωi such that ∩iMF(ωi) =MF(µ′) =MF(µ).

In these results, either the train track µ or the set {Fj} may be empty. If the
latter is empty then the results reduce to Theorem 8.2.1.

Proof of Theorem 8.5.1. The proof of the theorem will be obtained by piecing to-
gether the conclusions of the Arational Expansion Theorem 6.3.2 and Theorem 8.2.1,
using Section 5.3 as a bridge.

The first case is that τ0 Â τ1 Â · · · does not infinitely split anything in
∩iMF(τi), in which case the theorem follows immediately from Theorem 8.2.1.

Consider now the case that τ0 Â τ1 Â · · · infinitely splits some measured foliation
which we denote F1. By truncation we may assume there are no central splittings,
and so the number of cusps of τi is constant independent of i. We will proceed by
induction on this number.

Since F1 is infinitely split, it follows that some foliation component of F1 is
infinitely split, and replacing F1 by that component we may assume that F1 has
a single, infinitely split component. By Lemma 4.2.1, F1 is partial arational. Let
πi ⊂ τi be the carrying image of F1, and by truncation we obtain a sequence
π0ÂÂπ1ÂÂ · · · consisting of comb equivalences and infinitely many parity splittings.
Since there are no central splittings, we may choose F1 in its equivalence class so
that for each i there is a carrying bijection F1↪→→ν(πi). Let Σ be the set of proper
saddle connections of F1. Applying the corollary of the Stability Lemma 6.7.1 to
F1, by truncation we may assume that each tie bundle ν(πi) → πi is injective on
Σ, taking each component of Σ to a c-splitting arc of πi; let Bi be this collection
of c-splitting arcs, and so Bi survives πiÂÂπi+1 with descendant Bi+1. Let ρ1i be
obtained from πi by central splittings along the arcs of Bi. We may choose a carrying
injection ν(ρ1i) ⊂ int ν(πi), and note that ν(ρ1i) is the carrying image of a canonical
model for F1. Let τ ′i be the maximal train track in the track with terminals τi \ρ1i,
and by truncation we obtain a sequence of comb equivalences and parity splittings
τ ′0ÂÂτ ′1ÂÂ · · · . Applying Proposition 5.3.2 it follows that

∩iMF(τi) =MF(F1) ∗ ∩iMF(τ ′i)

If the sequence τ ′0ÂÂτ ′1ÂÂ · · · has only finitely many parity splittings then we may
truncate so that it consists entirely of comb equivalences, and the theorem follows.
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If this sequence has infinitely many parity splittings and no element of ∩iMF(τ ′i)
is infinitely split then we apply Theorem 8.2.1 and the theorem follows.

Consider then the remaining case that the sequence τ ′0ÂÂτ ′1ÂÂ · · · has infinitely
many splittings and some element of ∩iMF(τ ′i) is infinitely split. The number of
cusps of τ ′i is a constant independent of i, and moreover it is strictly less than the
number of cusps of τi. By induction, the sequence satisfies the conclusions of the
theorem, which we state as follows. After truncation, there exists a train track µ,
and measured foliations F2, . . . ,FJ for some J ≥ 2, such that

∩iMF(τ ′i) =MF(F2) ∗ · · · ∗MF(FJ) ∗MF(µ)

and such that an element of ∩iMF(τ ′i) is infinitely split by the sequence τ ′0ÂÂτ ′1ÂÂ · · ·
if and only if it has a foliation component in one of MF(F2), . . . ,MF(FJ). To-
gether with the previous equation, gives us the desired expression for ∩iMF(τi), and
it follows that an element of ∩iMF(τi) is infinitely split by the sequence τ0ÂÂτ1ÂÂ · · ·
if and only if it has a foliation component in one ofMF(F1),MF(F2), . . . ,MF(FJ).

♦

Proof of Corollary 8.5.2. Let σi be the subtrack of τi that fully carries the measured
foliation F = F1∪· · ·∪FJ , and truncate so that the sequence σ0ÂÂσ1ÂÂ · · · consists of
comb equivalences and infinitely many parity splittings. Choose F in its equivalence
class so that there is a carrying bijection F ↪→→ν(σ0), and let Σ be the union of proper
saddle connections of F . Since σ0ÂÂσ1ÂÂ · · · has no central splittings it follows that
there is a carrying bijection F ↪→→ν(σi). By Theorem 8.5.1, each of F1, . . . ,FJ is
infinitely split, and so by the corollary to the Stability Lemma 6.7.1 we may truncate
so that the image of Σ under the carrying map F → σi is a pairwise disjoint
collection of saddle connections Ai. Let ρi be obtained from σi by central splitting
along all the arcs of Ai. It follows that ρi has components ρi1, . . . , ρiJ so that ρij
canonically carries Fj and so that ρ0jÂÂρ1jÂÂ · · · consists of comb equivalences and
infinitely many parity splittings, and is a canonical expansion of Fj .

Let ωi be the maximal train track of the track with terminals τi \ ρi. Applying
Proposition 5.3.2 J times in succession it follows that for any G ∈ ∩iMF(τi), if
G has no component in MF(F1), . . . ,MF(FJ), equivalently, if G ∈ MF(µ), then
G ∈ ∩iMF(ωi). Conversely, if G ∈ ∩iMF(ωi) then G is not infinitely split by the
sequence τ0 Â τ1 Â · · · and so G ∈ MF(µ). This shows that ∩iMF(ωi) =MF(µ).
It is clear from this that nothing in ∩iMF(ωi) is infinitely split by the sequence
ω0ÂÂω1ÂÂ · · · , and so by Theorem 8.2.1 it also follows that there is a train track µ′

comb equivalent to a subtrack of each ωi such that ∩iMF(ωi) =MF(µ′). ♦
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9 Constructing pseudo-Anosov homeomorphisms

TO DO:

• Given the FDA point of view.

• Recall Γ, Γd from earlier section, Section ??.

• Define splitting circuits, canonical splitting circuits, etc.

• Corollary: pseudo-Anosov splitting circuits form a regular language, in both
noncanonical and canonical versions. For each singularity type, canonical
loops of that type form a regular languate.

• In each construction, emphasize the regular language point of view.

• In the one-sink section, explain the connection with interval exchange maps,
in the case of oriented train tracks. Explain Kerckhoff’s contribution here.

Many constructions of pseudo-Anosov mapping classes proceed by first produc-
ing the mapping class φ together with an “invariant train track” for φ, and then
applying some method which uses the invariant train track to verify the pseudo-
Anosov property for φ. An exception to this is Thurston’s original construction in
[Thu88], and similar constructions of Teichmüller curves [Vee89], [McM02a], which
are far outside the scope of this work.

In this section we will apply the results of Sections 6 and 8 to give proofs of
several constructions of pseudo-Anosov mapping classes, all deriving from the same
general method involving invariant train tracks.

Section 9.1 will describe a general method which, starting from a homeomor-
phism φ and an invariant train track τ , decides whether the mapping class of φ
is pseudo-Anosov. Such methods were commonly discussed in the early 1980’s,
but the first careful description of a general method is due to Casson [CB], which
has been a useful method in the literature for checking when mapping classes are
pseudo-Anosov, e.g. [Bau92]. In Theorem 9.1.1 we describe Casson’s method as well
as several other equivalent methods which offer some computational improvements.
In Theorem 9.1.2 we will also describe several equivalent methods which, when φ is
pseudo-Anosov, allow one to decide whether the singularity type of φ matches the
singularity type of τ .

Section 9.1 also contains two general algorithms derived from Theorems 9.1.1
and 9.1.2, one using an invariant train track to decide whether a mapping class is
pseudo-Anosov, the other which decides equality of singularity types of a pseudo-
Anosov mapping class and an invariant train track. These algorithms ought to be
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efficiently programmable on the computer. Similar algorithms in [CB] require some
linear programming, but we avoid this by using splitting cycles and c-splitting arcs.

In the following sections, we illustrate the methods of Theorems 9.1.1 and 9.1.2
by using them to justify some constructions of pseudo-Anosov homeomorphisms
from the literature, including: a recipe due to R. Penner [Pen88], in Section 9.3;
and in Section 9.4 a construction due to this author [Mos86], which generates some
power of every pseudo-Anosov mapping class. These constructions all share a cer-
tain flavor, reminiscent of the iterated killing criteria of Section 6. In each of these
constructions, special classes of invariant train tracks are used to find special al-
gorithms which are much more efficient than the general algorithm, although they
ultimately derive from the general algorithm.

9.1 Invariant train tracks

Given a homeomorphism φ : S → S, an invariant train track of φ is a train track
τ satisfying τÂÂφ(τ). In this case the action of φ, and the identification of MF(τ)
with W (τ), induces a linear map φ : W (τ)→W (τ).

In Theorem 9.1.1 we give several equivalent criteria which employ a φ-invariant
train track τ to decide whether the mapping class of φ is pseudo-Anosov. One such
criterion, due to Casson [CB], is included as item (2) in the theorem. Other criteria
offer some computational improvements. The proof of equivalence of these criteria
depend on the results of Sections 6 and 8, although as remarked after the proof, if
one is willing to weaken Casson’s criterion then one can get a proof of equivalence
using only the results of Section 6.

When φ is pseudo-Anosov, Theorem 9.1.1 also describes how to obtain the un-
stable foliation F of φ from the action of φ on PMF(τ), namely, ∩iPMF(φi(τ)) =
{P[F ]}.

We will also prove Theorem 9.1.2 which, in the case that φ is pseudo-Anosov,
gives several equivalent criteria for deciding whether a φ-invariant train track τ
canonically carries the unstable foliation for φ; if this happens then we say that τ
is a canonical invariant train track .

In order to state these theorems we must describe the relation between invariant
train tracks, periodic splitting sequences, and associated measured foliations.

Given a mapping class φ, an infinite splitting sequence τ0 Â τ1 Â · · · is said to
be φ-periodic if there exists N > 0 such that φ(τi) is isotopic to τi+N for all i ≥ 0.
The number N is the period of the sequence. Notice that the number of cusps i(τn)
is a constant independent of n; this follows from φ-periodicity together with the
fact that i(τn) is nonincreasing (Corollary 3.14.2).

There is a very close connection between φ-invariant train tracks and φ-periodic
splitting sequences. If τ0 Â τ1 Â · · · is φ-periodic then clearly τ0 is φ-invariant.
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Conversely, if τ is φ-periodic then there exists a φ-periodic splitting sequence τ =
τ0 Â · · · Â τN = φ(τ0) Â · · · . To see why the converse is true, first note that
the carrying τÂÂφ(τ) is full, for otherwise there is a proper subtrack σ ⊂ τ that
fully carries φ(τ), and so i(τ) > i(σ) ≥ i(φ(τ)) = i(τ), a contradiction; recall
that i(·) denotes the number of cusps, and the second inequality is a consequence

of Corollary 3.14.2. Knowing that τ
fÂÂ φ(τ), Corollary 3.14.2 and the fact that

i(τ) = i(φ(τ)) implies that τ
hÂÂ φ(τ), and the existence of a finite splitting sequence

τ = τ0 Â · · · Â τN = φ(τ) to φ(τ) now follows from Proposition 3.14.1. This finite
sequence evidently extends in a unique way (up to isotopy) to an infinite φ-periodic
splitting sequence.

Theorem 9.1.1. Given a homeomorphism φ : S → S, an invariant train track τ
for φ, and a φ-periodic splitting sequence τ = τ0 Â τ1 Â · · · Â τN = φ(τ0) Â · · · ,
the following are equivalent:

(1) The mapping class of φ is pseudo-Anosov.

(2) [CB] Every φ-invariant subtrack σ ⊂ τ0 fills S and satisfies the following:

Cσ: For every diagonal extension ρ of σ which is also an invariant train track
of φ, the induced map φ : W (ρ)→W (ρ) has no fixed points.

(3) Every φ-invariant subtrack σ ⊂ τ0 fills S and satisfies the following:

Dσ: The carrying σÂÂφ(σ) is not a comb equivalence, and there does not exist
a sequence of splitting cycles γ1, . . . , γN of σ such that φ(γi) is isotopic
to γi+1 for each i ∈ Z/N .

(4) For each subtrack σ ⊂ τ0, if σ is nonfilling then it is eventually killed, and if
σ is not eventually killed then each splitting cycle of σ is eventually killed.

(5) The splitting sequence τ0 Â τ1 Â · · · satisfies the iterated rational killing
criterion.

Furthermore, if these properties hold, and if F is an unstable measured foliation for
φ, then ⋂

j≥0

PMF(φj(τ0)) =
⋂
i≥0

PMF(τi) = {P[F ]}

Assuming that φ is pseudo-Anosov, we can also get a list of equivalent conditions
that characterize when the splitting sequence τ0 Â τ1 Â · · · is a canonical expansion
of the unstable foliation F .
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Theorem 9.1.2. Given a pseudo-Anosov homeomorphism φ : S → S with unstable
measured foliation F , and given an invariant train track τ for φ and a φ-periodic
splitting sequence τ = τ0 Â τ1 Â · · · Â τN = φ(τ0) Â · · · , the following are
equivalent:

(1) The singularity types of F and of τ are identical.

(2) τ canonically carries F .

(3) τ0 Â τ1 Â · · · is a canonical expansion of F .

(4) τ0 Â τ1 Â · · · satisfies the iterated canonical killing criterion.

(5) Each proper subtrack of τ0 is eventually killed, and each c-splitting arc of τ0

is eventually killed.

(6) There are no proper φ-invariant subtracks of τ0, and there does not exist a
sequence of c-splitting arcs α1, . . . , αN of τ0 such that for each i ∈ Z/N the
splitting arc αi survives the carrying τÂÂφ(τ) with descendant φ(αi−1).

When the conditions of Theorem 9.1.2 hold then we say that τ is a canonical
invariant train track for φ.

As we shall see in the following sections, item 5 is very useful for checking that
φ is pseudo-Anosov with the correct singularity type.

Before turning to the proofs of Theorems 9.1.1 and 9.1.2, we first show how they
can be used to develop some algorithms for deciding the pseudo-Anosov property
and the canonical invariant train track property.

Algorithms. As pointed out in [CB] the equivalence of (1) and (2) in Theo-
rem 9.1.1 provides the basis for an algorithm which, given a mapping class φ and
an invariant train track τ for φ, decides whether φ is pseudo-Anosov. The most la-
borious part of this procedure is enumerating diagonal extensions ρ which are also
invariant train tracks and deciding whether any of the linear maps φ : W (ρ)→W (ρ)
have a fixed point.

Item (3) in Theorem 9.1.1 reduces the labor by an algorithm employing splitting
cycles. Item (6) in Theorem 9.1.2 uses a similar algorithm to decide whether τ is a
canonical invariant train track, thereby deriving the singularity type of φ. Here is
a description of these algorithms.

First we need an important subroutine, namely, an enumeration of the φ-invariant
subtracks of τ . Choose a splitting sequence τ = τ0 Â τ1 Â · · · Â τn = φ(τ). For each
subtrack σ, use Propositions 6.1.3 and Lemma 6.1.4 to decide whether σ survives
in τn; if it does survive let its sequence of descendants be σ = σ0ÂÂσ1ÂÂ · · ·ÂÂσn =
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σ′ ⊂ τn. Now compare σ′ to φ(σ), and we claim that σ is a φ invariant subtrack if
and only if σ′ = φ(σ). One direction of this claim is clear; for the other direction,
if σ is φ-invariant then the fact that σÂÂφ(σ) and the fact that σ and φ(σ) have
the same number of cusps implies, by Corollary 3.14.2, that σ survives the carrying
τÂÂφ(τ) with descendant φ(σ).

Another useful subroutine checks, for each φ-invariant subtrack σ, whether the
carrying σÂÂφ(σ) is a comb equivalence. To decide this quickly, note that each
carrying σiÂÂσi+1 is either a comb equivalence or a splitting, and the distinction
between the two is easily decidable; then σÂÂφ(σ) is a comb equivalence if and only
if the entire sequence σ = σ0ÂÂ · · ·ÂÂσn = φ(σ) consists of comb equivalences.

A pseudo-Anosov algorithm. Here is the algorithm that carries out prop-
erty (3) of Theorem 9.1.1 and thus decides whether φ is pseudo-Anosov:

(1) Search for invariant subtracks σ of τ which do not fill S. If one is found, stop:
φ is not pseudo-Anosov. Otherwise continue.

(2) Search for invariant subtracks σ such that σÂÂφ(σ) is a comb equivalence. If
one is found, stop: φ is not pseudo-Anosov. Otherwise continue.

(3) For each invariant subtrack σ — which at this stage is guaranteed to fill S
and not to be comb equivalent to φ(σ) — do the following:

(a) Enumerate the set of splitting cycles Γ of σ.

(b) Compute the action of φ on the set Γ as follows: for each γ ∈ Γ, decide
whether γ survives the carrying σÂÂφ(σ) — using, say, Lemma 6.2.3
together with a splitting sequence from σ to φ(σ). If γ survives the
carrying σÂÂφ(σ), with descendant γ′ a splitting cycle of φ(σ), then set
φ(γ′) = γ.

(c) Decide whether the action of φ on Γ has a periodic point. If one is found,
stop: φ is not pseudo-Anosov. Otherwise continue with the next σ.

(4) If the algorithm reaches this step, φ is pseudo-Anosov.

An algorithm for canonical invariant train tracks. Here is the algorithm
which carries out item (6) of Theorem 9.1.2, thereby computing the singularity type
of a pseudo-Anosov homeomorphism φ:

(1) Search for proper invariant subtracks of τ . If one is found, stop: τ is not a
canonical invariant train track for φ.
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(2) If τÂÂφ(τ) is a comb equivalence, stop: τ is not a canonical invariant train
track for φ.

(3) Enumerate the set A of splitting arcs of τ .

(4) Compute the action of φ on A as follows: for each α ∈ A, decide whether α
survives the carrying τÂÂφ(τ), and if it does, with descendant α′ a splitting
arc of φ(τ), set φ(α′) = α.

(5) Decide whether the action of φ on A has a periodic orbit. If one is found stop:
τ is not a canonical invariant train track for φ.

(6) If the algorithm reaches this step, τ is a canonical invariant train track for φ.

Now we turn to:

Proof of Theorem 9.1.1. Let φ be a mapping class with invariant train track τ and
with φ-periodic splitting sequence τ = τ0 Â · · · Â τN = φ(τ0) Â · · · .

The last sentence of the proof, regarding the unstable foliation, will be proved
below as part of the proof that (5) =⇒ (1).

For any subtrack σ ⊂ τ , we note that if σ is φ-invariant then σ survives forever
with line of descent σ = σ0ÂÂσ1ÂÂ · · · , for subtracks σi ⊂ τi.

One fact we will use more than once is that every line of descent for τ0 Â τ1 Â · · ·
is a truncation of a line of descent that starts in τ0. To see why, consider a
line of descent σIÂÂσI+1ÂÂ · · · starting in some τI . We claim that the sequence
σIÂÂσI+1ÂÂ · · · is periodic with respect to some power φM and with period MN ,
where N is the period of τ0 Â τ1 Â · · · . To see why this is true, the train
tracks φ−m(σI+mN ) are all subtracks of τI , and so they must eventually repeat,
say, φ−m(σI+mN ) = φ−m

′
(σI+m′N ) with m < m′. Setting M = m′ −m the claim

follows by φ periodicity of the sequence τ0 Â τ1 Â · · · . Now we can extend the line of
descent σI Â σI+1 Â · · · back to σ0 using the periodicity formula φM (σi) = σi+MN ,
and the result is evidently a line of descent starting in τ0.

Proof of (4)⇐⇒ (5). Note that (5) obviously implies (4).
For the converse, item (4) says that lines of descent that start in τ0 satisfy the

requirements of the iterated rational killing criterion, whereas item (5) says the same
thing for all lines of descent. Thus, we need only note that every line of descent is
a truncation of a line of descent that does indeed start in τ0, as just proved above.
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Proof of (5) =⇒ (1). The map φ : PMF(τ0) → PMF(τN ) composed with
the inclusion PMF(τN ) ↪→ PMF(τ0) defines a map φ : PMF(τ0) → PMF(τ0)
which, by the Brouwer fixed point theorem, has a fixed point P[F ].

Since φ(PMF(τi)) = PMF(τi+N ) it follows that P[F ] ∈
⋂
i PMF(τi), that is,

τ0 Â τ1 Â · · · is a train track expansion of F . Since τ0 Â τ1 Â · · · satisfies the
iterated rational killing criterion it follows that F is arational.

Choose coordinates for W (τ0), so that the self-map φ : MF(τ0) → MF(τ0) is
expressed as a linear map W (τ0) → W (τ0) given by a square integer matrix M .
It follows that F is expressed as a non-negative eigenvector of M , with eigenvalue
λ > 0, and since M is an integer matrix we clearly have λ ≥ 1.

Suppose that λ = 1. Let σi ⊂ τi be the subtrack fully carrying F , and let
wi be the invariant weight on σi induced by F , so the carrying induced injection
W (σi+N ) ↪→ W (σi) takes wi+N to wi. The line of descent σ0ÂÂσ1ÂÂ · · · is periodic
for φ, and moreover the map φ : W (σi) → W (σi+N ) takes wi to wi+N , because of
the assumption that λ = 1. It follows that none of the entries of wi approach zero
as i → ∞, and so by Lemma 4.2.2 the carrying σi Â σi+1 is a comb equivalence
for sufficiently large i. But by φ periodicity it follows that the entire sequence
consists of comb equivalences σ0 ≈ σ1 ≈ · · · . This implies that every splitting
cycle of σ0 survives infinitely, contradicting the iterated rational killing criterion for
τ0 Â τ1 Â · · · .

We conclude therefore that λ > 1. Now we can quote [FLP+79] for the theorem
that if φ is a homeomorphism, F is a measured foliation, λ > 1, and φ[F ] = λ[F ],
then φ is isotopic to a pseudo-Anosov homeomorphism whose unstable foliation
is equivalent to F . This can be seen directly by showing that the action of φ−1

on W⊥(σi) has an eigenvector of eigenvalue λ, representing a measured foliation
F ′, such that F ,F ′ are transverse and so that φ is isotopic to a pseudo-Anosov
homeomorphism with stable foliation F ′ and unstable foliation F .

From Theorem 5.1.1 we have that

∩jPMF(φj(τ)) = ∩iPMF(τi) = PMF(F)

The fact that F is the unstable foliation of a pseudo-Anosov homeomorphism φ
is well known to imply that F is uniquely ergodic — briefly, the action of φ on
the Choquet simplex PMF(F) would have to preserve the set of extremal points
of the simplex, giving a finite periodic set for φ. However, φ acts on PMF with
source-sink dynamics, the stable foliation being a repelling fixed point and the
unstable foliation being an attracting fixed point, and so PMF(F) must be a zero-
dimensional simplex, that is, PMF(F) = {P[F ]}. This proves the last sentence of
Theorem 9.1.1.
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Proof of (1) =⇒ (2). Suppose that φ is pseudo-Anosov. If σ is any φ-
invariant train track then σ must fill S, because otherwise the boundary of the
support of σ is a φ-invariant essential curve system. Also, φ has no fixed points in
MF , and so φ has no fixed point in W (ρ) for any invariant train track ρ.

Proof of (2) =⇒ (3). Consider a φ-invariant subtrack σ ⊂ τ with line of
descent σ = σ0ÂÂσ1ÂÂ · · · . Assuming that σ fills S and satisfies criterion Cσ, we
prove that σ satisfies criterion Dσ. Suppose then that Dσ fails.

One way Dσ can fail is if the carrying σÂÂφ(σ) is a comb equivalence, and in this
case some power of φ acts as the identity on W (σ). Since PW (σ) is a compact disc,
the action of φ on PW (σ) has a fixed point, and so the action of φ on W (σ) has an
eigenvector with positive eigenvalue λ. But since some power of φ is the identity on
W (σ), it follows that λ = 1, that is, φ has a fixed point in W (σ), contradicting (2).

The other way Dσ can fail is if there exists a sequence of splitting cycles
γ1, . . . , γN of σ such that φ(γi) is isotopic to γi+1 for each i ∈ Z/N .

We consider the case that each of the splitting cycles γ1, . . . , γN is a circle;
the case of a proper line will be sketched later. Let Γ = {γ1, . . . , γN}. Choose
φ in its isotopy class, and choose the elements of Γ in their isotopy classes rel σ,
so that Γ is in general position in S − σ, and so that Γ is φ-equivariant, meaning
that for each γ ∈ Γ the closed curve φ(γ) is an element of Γ, not just isotopic to
an element of Γ. For each transverse intersection point x of Γ in S − σ, choose
a surgery direction on x, replacing the two crossing strands ab, cd near x by two
disjoint strands with the same set of four endpoints; there are two ways to make this
choice, either ac, bd, or ad, bc, and the choice surgery directions of each x should be
made in a φ-equivariant manner. This has the effect of replacing the curve system Γ
by a new φ-equivariant curve system without transverse intersection points in S−σ;
the inessential components of this curve system are all contained in the complement
of σ, and so by deleting them we obtain a φ-equivariant essential curve system Γ′,
such that each component of Γ′ − σ is a diagonal of σ. This implies that there is a
φ-invariant diagonal extension ρ of σ such that each element of Γ′ is carried by ρ.
Moreover, each γ′ ∈ Γ′ induces an invariant weight w′γ ∈W (ρ), and

∑
γ′∈Γ′ w

′
γ is a

fixed point for φ in W (ρ), again contradicting (2).
In the case that each γ1, . . . , γN is a proper line, the elements of the set Γ are

not the proper lines γ1, . . . , γN themselves, but instead closed curves homotopic to
the boundaries of regular neighborhoods of γ1, . . . , γN . The rest of the proof goes
through.

Having proved that (4)⇐⇒ (5) =⇒ (1) =⇒ (2) =⇒ (3), the following will finish
the proof of the theorem:
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Proof of (3) =⇒ (5). This proof uses the results on the structure of general
splitting sequences from Section 8. We break into two cases, depending on whether
or not some element of ∩iMF(τi) is infinitely split by the sequence τ0 Â τ1 Â · · · .

Case 1: No element of ∩iMF(τi) is infinitely split. Applying Theo-
rem 8.2.1, the sequence τ0 Â τ1 Â · · · is eventually an infinite twist sequence, and
it then follows by φ-periodicity that it is an infinite twist sequence starting from τ0.
Let C be the essential curve family along which τ0 Â τ1 Â · · · is infinitely twisted.
Let σi ⊂ τi be the carrying image of C in τi, and so σ0ÂÂσ1ÂÂ · · · is a line of de-
scent. Noting that C is also the curve system along which the truncated sequence
τN = φ(τ0) Â τN+1 = φ(τ1) Â · · · is infinitely twisted, it follows by naturality that
φ(C) = C, and so φ(σi) = σi+N . However, since C is a family of twist curves for
τ0, for each c ∈ C the twist annulus Ac has interior disjoint from σ0, and so σ0 does
not fill S. This contradicts item (3), and so Case 1 cannot occur.

Case 2: Some element of ∩iMF(τi) is infinitely split. By applying Corol-
lary 8.5.2, we obtain the following description of the splitting sequence τ0 Â τ1 Â · · · .

For some J ≥ 1 we have a set of partial arational measured foliations F1, . . . ,FJ
with pairwise disjoint supports H1, . . . , HJ . We have a line of descent σ0ÂÂσ1ÂÂ · · ·
and a collection of pairwise disjoint c-splitting arcs Ai of σi, such that Ai survives
σi Â σi+1 with descendant Ai+1. Letting ρi be the train track obtained from σi
by simultaneously splitting along the arcs in Ai, we have a carrying sequence ρ0 Â
ρ1 Â · · · . The components of each train track ρi can be listed as ρ1

i , . . . , ρ
J
i , such

that for each j = 1, . . . , J we have a sequence ρj0ÂÂρ
j
1ÂÂ · · · consisting entirely of

comb equivalences and infinitely many splittings, so that Supp(ρji ) is isotopic to Hj ,
and so that ρj0ÂÂρ

j
1ÂÂ · · · is a canonical expansion of F j . Finally, a partial arational

measured foliation in ∩iMF(τi) is infinitely split if and only if it is contained in
one of MF(F1), . . . ,MF(FJ).

We claim that the line of descent σ0ÂÂσ1ÂÂ · · · is φ-periodic. To see why, first
note that the action of φ onMF must preserve the subset {MF(F1), . . . ,MF(FJ)},
because this is the set of classes of partial arational elements of ∩iMF(τi) that are
infinitely split by the sequence τ0 Â τ1 Â · · · , and it is also the set of classes of
partial arational elements of φ(∩iMF(τi)) = ∩iMF(φ(τi)) that are infinitely split
by the sequence φ(τ0) = τN Â φ(τ1) = τN+1 Â · · · . Thus, the carrying image of
F1 ∪ · · · ∪ FJ in τi, which is just σi, is taken by φ to the carrying image in τi+N ,
which is just σi+N , proving the claim.

From item (3) it follows that σ0 fills S and that no splitting cycle of σ0 survives
infinitely. But this immediately implies that ρ0 is connected, that is, J = 1, and
that ρ0 fills S: if either of these failed, then from the set of splitting arcs A0 we
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could extract a subset which lie on an infinitely surviving splitting cycle of σ0. Thus,
F = F1 is arational, and since τ0 Â τ1 Â · · · is an expansion of F1 it follows from
Theorem 6.3.2 that τ0 Â τ1 Â · · · satisfies the iterated rational killing criterion. ♦

Remark on the proof. In the above proof, we used the results of Section 8 to
get the final implication (3) =⇒ (5). If we allowed ourselves to weaken items (2)
and (3) in the theorem, then we could avoid using the results of Section 8. The
point is that instead of quantifying over every φ-invariant subtrack of τ0 in items (2)
and (3), we could instead quantify over every sequence of subtracks σ1, . . . , σM of
τ0 such that φ(σm)ÂÂσm+1, where m varies cyclically over Z/M ; we’ll call this a
φ-periodic subtrack orbit. For instance, in place of item (3) we would have:

(3′) For every φ-periodic subtrack orbit σ1, . . . ,ΣM of τ0, each σm fills S and there
does not exist a sequence γ1, . . . , γMK , such that γm+Mk is a splitting cycle
of σm for each k = 1, . . . ,K and each m = 1, . . . ,M , and such that φ(γi) is
isotopic to γi+1 for each i ∈ Z/MK.

One can similarly restate item (2) to get (2′) by quantifying over φ-periodic subtrack
orbits rather than over φ-invariant subtracks. The point is that (3) obviously implies
that τ0 Â τ1 Â · · · satisfies the iterated rational killing criterion, without quoting
the results of Section 8. The implications (1) =⇒ (2′) and (2′) =⇒ (3′) are proved
exactly as before.

Now we turn to:

Proof of Theorem 9.1.2. We can make use of Theorem 9.1.1 in several places to
make the proof shorter.

Proof of (1) ⇐⇒ (2). The direction (2) =⇒ (1) is obvious. For the other
direction, suppose τ and F have the same singularity type. Let F ′ be a partial
measured foliation equivalent to F which has a carrying injection into a tie bundle
ν(τ). Slicing along all proper saddle connections of F ′ we obtain a canonical model
F ′′ of F carried on ν(τ). If τ does not canonically carry F then it follows that either
F ′ is not fully carried by τ , or F ′ is fully carried and there is at least one proper
saddle connection; in either case, it follows that the number of boundary singularities
of F ′′ is strictly less than the number of cusps of τ , and so the singularity type of τ
is not equal to the singularity type of F ′′ (which equals the singularity type of F).

Proof of (2) =⇒ (3). We know from Theorem 9.1.1 that τ0 Â τ1 Â · · · is an
expansion of F , and we also know from item (2) that τ = τ0 canonically carries F .
We need only observe that canonical carrying of F follows for each τi, i ≥ 0. To see
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why this is true, suppose by induction that τi canonically carries F . Since τi Â τi+1

is a parity splitting and since τi+1 carries F it follows that τi+1 fully carries F . If
τi+1 did not canonically carry F then there would exist a partial measured foliation
F ′ equivalent to F and a carrying bijection F ′↪→→ν(τi+1) such that F ′ has at least
one proper saddle connection, but composing with a surjection ν(τi+1) → ν(τi)
which takes each tie into a tie and is injective on the interior we obtain a carrying
bijection F ′↪→→ν(τi), contradicting that τi canonically carries F .

Proof of (3) =⇒ (4) =⇒ (5) =⇒ (6). The implication (3) =⇒ (4) is
an immediate consequence of Theorem 6.4.2, (4) =⇒ (5) is obvious, and (5) =⇒
(6) follows from the fact that every φ-invariant subtrack of τ0 survives forever, and
every c-splitting arc of τ0 contained in a sequence as in (6) survives forever.

Proof of (6) =⇒ (2). From Theorem 9.1.1 we know that ∩iMF(τi) = {[F ]}.
Letting σi ⊂ τi be the subtrack that fully carries F , since the map φ : PMF(τ0)→
PMF(τN ) takes P[F ] to P[F ] it follows that φ takes σ0 to σN , and so σ0 is an
invariant subtrack. By item (6) we must have σ0 = τ0, that is, F must be fully
carried by τ0. Choose F ′ equivalent to F so that there is a carrying bijection
F ′↪→→ν(τ0). By the corollary to the Stability Lemma 6.7.1, and by φ-periodicity,
any proper saddle connection of F yields a c-splitting arc of τ0 which survives
infinitely, which is ruled out by item (6). It follows that F ′ is a canonical model for
F , and hence τ0 canonically carries F .

♦

9.2 Automata for canonical splitting circuits (in progress).

The results of the previous section can be re-interpreted in terms of finite automata
and regular languages. In particular, given a splitting sequence τ0 Â · · · Â τn =
Φ(τ0) Â · · · which is periodic with respect to some mapping class Φ, the period loop
τ0 Â · · · Â τn = Φ(τ0) can be interpreted as a cyclic word in a certain language; this
word is called a “splitting circuit”. We shall study the sublanguage of all “canon-
ical splitting circuits”, meaning those splitting circuits that arise from periodic,
canonical expansions of unstable foliations of pseudo-Anosov mapping classes. Our
main theorem is that the set of canonical splitting circuits forms a regular language.
The tools that we describe here will be applicable in many other situations where
we study various killing criteria on splitting circuits, and we show in several such
situations that the class of such circuits is a regular language.

The idea behind these results is that the killing criteria that we use to study
splitting sequences all have a finitistic character that makes them amenable to study
using finite automata.
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Automata and regular languages. Let A be a finite set, called an alphabet.
Let A∗ be the set of finite sequences of elements of A, called words over A. A
language over A is a subset of A∗.

A finite automaton over A is a finite directed graph G whose vertices S(G) are
called states and whose directed edges T (G) are called transitions, together with a
labelling of each transition by some element of A, and with a specified subset of the
states called the start states and another subset called the stop states. An accepted
path in G is a finite, directed path going from a start state to a stop state. Let
L(G) be the set of all words (a1, . . . , an) ∈ A∗ such that, for some accepted path
e1 ∗ · · · ∗ en in G, the label of ei is ai for all i = 1, . . . , n. A language over G is
a subset of L(G). A language over A is said to be regular if it is the same as the
language over some finite automaton defined over A. In A∗, the union of any two
regular languages is regular, the intersection of any two regular languages is regular,
and the complement of any regular language is regular; see [HU79].

Often one requires a finite automaton G to be deterministic meaning that for
each state s of G and each letter a of the alphabet there is at most one transition
leaving s and labelled with a. This property will hold for all of our examples and so
it is harmless to assume it, nevertheless it does not alter any of the basic language
theory, because of the result that the language accepted by a nondeterministic
automaton will also be accepted by some deterministic automaton [HU79].

Suppose now that we fix a finite directed graph G which is self labelled, meaning
that the alphabet A is the set of transitions of G and every transition is labelled with
itself. We assume that every state is both a start and a stop state. An automaton
over G consists of a finite automaton G′ over the set of transitions of G, with
the property that there exists a directed map f : G′ → G taking states to states
and transitions to transitions, such that each transition e′ of G′ is labelled by the
transition f(e′) of G; the map f is uniquely determined. The language L(G′) can
be described as the sublanguage of L(G) represented by directed paths in G that
have a continuous lift which is an accepted path in G′. It follows that a sublanguage
of L(G) is regular if and only if it is the full language L(G′) of some automaton G′

over G.
Here are some important examples.

Loops. Given a finite automaton, the language of loops in G, denoted Λ(G),
is the sublanguage of L(G) labelled by accepted paths which start and stop at the
same state. The language Λ(G) is regular, because we can construct an automaton
G′ = G × S(G) over G, whose start and stop states consist of the diagonal in
S(G′) = S(G)× S(G), and clearly L(G′) ∩ L(G) is the language of loops in G.
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Killing automata. Suppose that G′ is an automaton over G. We interpret
G′ as a killing automaton over G by considering the sublanguage of G killed by G′,
denoted L(G,G′), to be the set of all words labelling directed paths p in G such
that p does not lift to an accepted path in G′. This language is a regular language
because it equals (A∗ − L(G′)) ∩ L(G).

Loops and killing automata. Combining the previous two examples, given
an automaton G′ over G define the language of loops killed by G′, denoted Λ(G;G′),
to be the language of all loops Λ in G such that no iterate Λn lifts to G′; here Λn

is the loop obtained by going n times around Λ. The language Λ(G;G′) is regular,
as we now show. First, letting m be the maximum number of vertices of G′ over a
vertex of G, it follows that a loop Λ of G is in the language Λ(G;G′) if and only if
none of the loops Λ,Λ2, . . . ,Λm lift to G′. By using complements and intersections
it therefore suffices to prove for each fixed integer k ≥ 1 that the language of all
loops Λ in G such that Λk lifts to G′ is a regular language. Define an automaton
G′k over G as follows. For each state s of G, the states of G′k over s consist of all
ordered k-tuples of states of G′ over s. Given two states (s1, . . . , sk), (s′1, . . . , s

′
k) of

G′k, there is a transition (s1, . . . , sk)→ (s′1, . . . , s
′
k) over an edge e of G if and only

if there are transitions s1 → s′1, . . . , sk → s′k each over e. It follows that Λk lifts to
G′ if and only if Λ lifts to a loop of G′k, and so the language of loops Λ whose kth
iterate lifts to G′ coincides with the regular language Λ(G) ∩ Λ(G′k).

We are also interested in infinitary languages over a finite alphabet A, which
are sublanguages of the set A∞ of all infinite sequences (a1, a2, . . . ) of elements in
A. Consider a finite automaton G over A; we ignore start and stop states. There
is an infinitary language denoted L∞(G) consisting of all elements of A∞ which
label infinite directed paths in G. Note that there is a natural bijection between
periodic elements of L∞(G) with a specified period and the language of loops Λ(G):
an element (a1, a2, . . . ) of period n corresponds to a loop (a1, . . . , an) ∈ L(G).

Given a finite automaton f : G′ → G, a path e1 ∗ e2 ∗ . . . satisfies the iterated
killing criterion associated to G′ if for each m ≥ 0 there exists n ≥ m such that
the subpath em ∗ · · · ∗ en does not lift to G′. The language of all words over G
labelling paths that satisfy the iterated killing criterion associated to G′ is denoted
L∞(G;G′). Note that the period bijection described above restricts to a bijection
between the periodic elements of L∞(G;G′) with specified period and elements of
Λ(G;G′).

The graph of train tracks. Define the graph of train tracks on S, denoted
Γ̂ = Γ̂(S) to be the directed graph whose vertices are isotopy classes of filling train
tracks on S, with a directed edge between (the isotopy classes of) train tracks τ, τ ′
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if and only if τ Â τ ′ is a splitting of parity l or r. A splitting sequence on S, based
at τ0, with no c-splittings, and with all train tracks filling, is up to isotopy the same
thing as an infinite directed path in Γ̂ starting at (the isotopy class of) τ0.

Define the canonical killing graph over Γ̂ to be the directed graph Γ̂# equipped
with a directed map Γ̂# → Γ̂ defined as follows. Given a vertex τ of Γ̂, the vertices
of Γ̂# lying over τ consist of all ordered pairs (τ, x) where x is either a proper,
nonempty subgraph of τ or a c-splitting arc of τ . The directed edges of Γ̂# lying
over a given directed edge τ → τ ′ of Γ̂ consist of all edges of the form (τ, x)→ (τ ′, x′)
where x survives the splitting τ Â τ ′ with descendant x′. The directed map Γ̂# can
therefore be thought of as the forgetful map, which forgets x.

In this language, a splitting sequence on S corresponds to a directed path τ0 Â
τ1 Â · · · in Γ̂, and the sequence satisfies the canonical killing criterion if each vertex
τi on the path is the initial vertex of a finite subpath τi Â · · · Â τj that does not
lift to Γ̂#.

The mapping class group acts on Γ̂ and Γ̂# respecting the map Γ̂# → Γ̂. We
would like to pass to quotient graphs under this action, but since the action ofMCG
on Γ̂ can have nontrivial stabilizers in MCG, the quotient map Γ̂ → Γ̂/MCG need
not satisfy unique path lifting. The stabilizers are always finite subgroups, however,
and if we are willing to augment a train track with a cusp then the stabilizer becomes
trivial, by Corollary 3.15.3. In order to get free actions we therefore proceed as
follows.

Define a directed graph Γ̃ whose vertices are the isotopy types of filling, one
cusp train tracks (τ, v). For every splitting τ Â τ ′ of parity l or r between filling
train tracks, and for every cusp v ∈ cusps(τ), there is a unique v′ ∈ cusps(τ ′) that
corresponds to v under the bijection cusps(τ)↔ cusps(τ ′) induced by the splitting,
and we define a splitting edge in Γ̃ from the isotopy type of (τ, v) to the isotopy type
of (τ ′, v′). Also, for every filling train track and any two cusps v 6= v′ ∈ cusps(τ), we
define a directed change of cusp edge in Γ̃ from (τ, v) to (τ ′, v′). The mapping class
group evidently acts on Γ̃, and by Corollary 3.15.3 the action is free, with quotient
graph Γ and a covering map Γ̃ → Γ whose deck transformation group is MCG.
Note that the vertices of Γ are precisely the combinatorial types of filling, one cusp
train tracks. The directed edges of Γ can be thought of as the combinatorial types
of splitting edges and of change of cusp edges. In particular, it follows that Γ is a
finite directed graph. We will use square brackets [·] to denote combinatorial types,
so the vertex of Γ corresponding to a vertex (τ, v) of Γ̃ is denoted [τ, v].

Every directed loop in Γ determines a conjugacy class in MCG. This is just
a special case of the general fact that if a group G acts freely on a space X̃ with
quotient X = X̃/G, then every continuous loop p : [0, 1] → X, p(0) = p(1), deter-
mines a well-defined conjugacy class in G, as follows. Choose a lift p̃(0) of the base
point p(0), extend to a continuous lift p̃ : [0, 1]→ X̃, and since p̃(0) and p̃(1) are in
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the same orbit under the action of G there exists g ∈ G such that g · p̃(0) = p̃(1).
The conjugacy class of g is well-defined because for any other choice of a lift p̃′(0)
determining a lift p̃′ : [0, 1]→ X̃, when we take g′ ∈ G so that g′ · p̃′(0) = p̃′(1), and
when we take h ∈ G so that h · p̃(0) = p̃′(0), then we clearly have h · p̃(1) = p̃′(1)
and so h · g · p̃(0) = g′ · h · p̃(0) implying that hg = g′h.

Define a splitting circuit to be a directed loop in Γ.

Proposition 9.2.1. Given a splitting circuit [τ0, v0] → [τ1, v1] → · · · → [τn, vn], if
we choose a lift (τ0, v0), and if Φ ∈MCG is the mapping class corresponding to this
lift, then τ0 is an invariant train track for Φ. If we choose another lift (τ ′0, v

′
0), and

if Φ′ ∈MCG corresponds to this lift, then τ0 is a canonical invariant train track for
Φ if and only if τ ′0 is a canonical invariant train track for Φ′.

Proof. The path in Γ̃ that lifts the given splitting circuit is a path of the form
(τ0, v0) → (τ1, v1) → · · · → (τn, vn) = Φ(τ0, v0) where for each i = 1, . . . , n either
τi−1 Â τi is a splitting or τi−1 = τi and the move (τi−1, vi−1) → (τi, vi) is a change
of cusp. In other words we have a carrying sequence τ0ÂÂτ1ÂÂ · · · τn = Φ(τ0) where
each carrying τi−1ÂÂτi is either a splitting or an isotopy, implying that τ0 is an
invariant train track for Φ.

Suppose that τ0 is a canonical invariant train track for Φ, and so Φ is a pseudo-
Anosov mapping class with unstable foliation Fu satisfying PMF(Fu) = ∩∞i=0Φi(PMF(τ0)),
and with τ0 canonically carrying Fu. Choosing (τ ′0, v

′
0) as in the statement of

the proposition, there is a mapping class Ψ such that Ψ(τi, vi) = (τ ′i , v
′
i) for all

i, and such that Ψ conjugates Φ to Φ′. It follows that Φ′ is a pseudo-Anosov
mapping class with unstable foliation F ′u = Ψ(Fu), and moreover PMF(F ′u) =
Ψ(PMF(Fu)) = ∩∞i=0Ψ(Φi(PMF(τ0))) = ∩∞i=0Φ′i(PMF(τ ′0)) and τ ′0 canonically
carries F ′u. That is, τ ′0 is a canonical invariant train track for Φ′. ♦

As a consequence of this proposition, we define a splitting circuit [τ0, v0] →
· · · → [τn, vn] to be canonical if it satisfies the conditions of the proposition with
respect to some, and hence any choice of a lift (τ0, v0) of [τ0, v0].

Here is our main result:

Theorem 9.2.2. The language of canonical splitting circuits is a regular sublan-
guage of the language Λ(Γ) of all loops in Γ.

Proof. We prove this by constructing a killing automaton Γ# → Γ over Γ so that
the language of canonical splitting circuits is the same as the language Λ(Γ; Γ#) of
loops in Γ no power of which lifts to Γ#. With our earlier discussion of the directed
graphs Γ̂# and Γ̂, it is clear how to proceed, and we can describe the proof quickly
in terms of pushout diagrams.
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There is a forgetful map Γ̃ → Γ̂ which takes each vertex (τ, v) to the vertex τ ,
takes each splitting edge (τ, v) Â (τ ′, v′) to the edge τ Â τ ′, and takes each change
of cusp edge (τ, v)→ (τ, v′) to the vertex τ .

Construct a pushout diagram

Γ̃#

~~||||||||

��????????

Γ#

!!CCCCCCCC Γ̃

~~~~~~~~~~

Γ

To be precise, given a vertex τ of Γ, and vertices (τ, x) of Γ# and (τ, v) of Γ̃ over
τ , there is a vertex (τ, x, v) of Γ# mapping to (τ, x) in Γ# and to (τ, v) in Γ̃. For
any vertex (τ, x) of Γ# mapping to a vertex τ of Γ, and for any cusp change edge
(τ, v) → (τ, v′) in Γ̃ mapping to τ , there is an edge (τ, x, v) → (τ, x, v′) in Γ̃#

mapping to the vertex (τ, x) in Γ# and mapping to the edge (τ, v) → (τ, v′) in Γ̃.
For any edge τ Â τ ′ in Γ, and edges (τ, x) Â (τ ′, x′) of Γ# and (τ, v) Â (τ ′, v′) of Γ̃
over τ Â τ ′, define an edge (τ, x, v) Â (τ ′, x′, v′) of Γ̃# over the edges (τ, x) Â (τ ′, x′)
of Γ# and (τ, v) Â (τ ′, v′) of Γ̃. Thus, the map Γ̃# → Γ# forgets the cusp, and the
map Γ̃# → Γ̃ forgets the subtrack or c-splitting arc x.

The free action of MCG on Γ̃ lifts to a free action on Γ̃#. The quotient graph
Γ# is well-defined, and the quotient map Γ̃# → Γ# is a covering map with deck
transformation groupMCG. The directed map Γ̃# → Γ̃ is equivariant with respect
to the action of MCG, and descends to a directed map Γ# → Γ.

It remains to check that a splitting circuit is canonical if and only if it is in the
language Λ(Γ; Γ#) . . .

♦

The killing graph.

9.3 Penner’s recipe

TO DO:

• Make it clearer the difference between full and fractional recipes.

• Give example, say, 5 punctured sphere, of full and fractional recipes.

• Plug this example into the “regular language” point of view.
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• Explain the subtlety of Penner’s conjecture: the twist systems have arbitrarily
high intersectio number, so the train tracks have arbitrarily large number of
bigons, so they do not obviously fall under our ordinary notion of train track
expansions.

In his original description of the theory of pseudo-Anosov mapping classes
[Thu88] Thurston gave a construction of pseudo-Anosov homeomorphisms which
among other examples included the following: if c, d are two curves on S which in-
tersect transversely and efficiently and fill the surface, then any word in the positive
Dehn twist τc around c and the negative Dehn twist τ−1

d around d is a pseudo-
Anosov mapping class, as long as each of τc and τ−1

d occurs at least once. Penner
used train tracks to generalize this construction, replacing the single curves c, d by
curve systems C,D. We describe Penner’s recipe here, together with a new and
more general recipe that allows fractional Dehn twists. Behind this recipe is a cer-
tain subclass of train track expansions factored into “fractional Dehn twists”, and
a special version of the canonical killing criterion that holds for such expansions.

Define a twist system of S to be a pair C,D, each a pairwise disjoint, pairwise
nonisotopic family of essential simple closed curves, such that C and D intersect
transversely and efficiently, and each component of C(S − (C ∪ D)) is a polygon
with at most one puncture. It follows that each component has an even number of
sides, either ≥ 4 sides and no puncture or ≥ 2 sides and one puncture. A curve
of C,D is a curve of C or a curve of D. An arc of C,D is a component of C − D
or a component of D − C. The singularity type of C,D is the pair of sequences
(i3, i4, . . . ; p1, p2, . . . ) such that among the components of C(S − (C ∪D)) there are
ik components which are nonpunctured 2k-gons for each k ≥ 3, and there are pk
components which are once punctured 2k-gons for each k ≥ 1; there may also be
some number of nonpunctured 4-gons, which do not affect the singularity type..

Theorem 9.3.1 ([Pen88]; see also [Fat92]). Let C,D be a twist system on S.
Let τ1, τ2, . . . , τn be a sequence of homeomorphisms of S such that each τi is either
a positive Dehn twist around a curve of C or a negative Dehn twist around a curve
of D. Suppose furthermore that each curve of C, D occurs at least once as a twist
curve in the sequence τ1, . . . , τn. Then the homeomorphism φ = τ1 ◦ · · · ◦ τn is
isotopic to a pseudo-Anosov homeomorphism.

For an additional conclusion to this theorem, namely that the singularity type
of φ matches the singularity type of the twist system C,D, see Theorem 9.3.2. For
a partial converse, see Proposition 9.3.3.

With some additional effort to formulate, but with no more effort to prove, we
can generalize Penner’s recipe to “fractional Dehn twists”, as follows.

Consider a twist system C,D on S. Let A(C,D) denote the set of arcs of C,D.
Given a curve c of C,D, let n(c) be the number of transverse intersection points of
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c with other curves of C,D. For each rational number r with denominator n(c) we
shall define a fractional Dehn twist of exponent r around the curve c. This is not a
mapping class, but just a relation between two twist systems. When r is an integer,
the two twist systems are C,D and τ rc (C), τ rc (D) where τc is the positive Dehn twist
around c.

Here is the intuition for the fractional Dehn twist of exponent 1/n(c) around c.
Let’s say that c ∈ C. Consider a point x ∈ c ∩ D, and a short segment I ⊂ D
containing x, with endpoints a, b. Under a full Left Dehn twist, the segment I is
replaced by a segment which starts from a, moves along I until it approaches c, then
turns Left and moves past n(c) succesive points of c∩D, returning to I once again,
and then it continues along I until the opposite endpoint b. The same is done for
each of the n(c) points of c ∩ D. To define the fractional Dehn twist of exponent
1/n(c) along c, let the points of c ∩ D be listed in cyclic order as x1, . . . , xn(c),
and choose a short segment Ii ⊂ D containing xi, with endpoints ai, bi, so that
a1, . . . , an are on one side of c and b1, . . . , bn are on the other side. The segment
Ii is replaced by a segment which starts at ai, moves along Ii until it approaches c,
then turns Left and moves along c to the next segment Ii+1 (where the index is an
element of Z/n(c)), and then continues along Ii+1 to bi+1.

Here is a more formal definition of fractional Dehn twists along c. Let Rn ⊂ S1

be the set of nth roots of unity. Let A be an annulus neighborhood of c with
a parameterization A ≈ S1 × [−1, 1] such that c ≈ S1 × 0 and (C ∪ D) ∩ A ≈
(S1 × 0) ∪ (Rn(c) × [−1, 1]). Let h : [0, 1] → [0, 1] be a smooth, monotonically
decreasing map such that h(x) = 1 for x in a neighborhood of 0 and h(x) = 0 for
x in a neighborhood of 1. Given k ∈ Z let φk : S → S be the map which is the
identity on S −A and whose restriction to A has the form

φk(z, t) =

{
(z, t) if t ∈ [−1, 0)(
z · exp

(
2πikh(t)
n(c)

)
, t
)

if t ∈ [0, 1]

Notice that φk : S → S is discontinuous along c if k is not a multiple of n. Nev-
ertheless, the pair C′ = φk(C), D′ = φk(D) is also a twist system on S, which we
say is obtained from C,D by a fractional Dehn twist, along the twist curve c, of
exponent k

n(c) . Note that the singularity type of C′,D′ is identical to that of C,D.
The elements of A(C,D) contained in the twist curve c are said to be killed by the
fractional Dehn twist, and all other elements of A(C,D) survive. Note that the map
φk induces a bijection between the elements of A(C,D) that survive and a subset of
A(C′,D′); if b ∈ A(C,D) survives then φk(b) ∈ A(C′,D′) is called the descendant of
b in A(C′,D′).

Define a positive word of fractional Dehn twists to be a sequence of twist systems
(C1,D1), . . . , (Cn,Dn) such that for each i = 1, . . . , n the system (Ci+1,Di+1) is
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obtained from (Ci,Di) by a fractional Dehn twist of positive exponent along some
curve of Ci or of negative exponent along some curve of Di.

Theorem 9.3.2. Let (C1,D1), . . . , (Cn,Dn) be a positive word of fractional Dehn
twists, and let φ : S → S be a homeomorphism such that φ(C1,D1) = (Cn,Dn).
Consider the disjoint union

A = A(C1,D1) t · · · t A(Cn,Dn)

and let d : A → A be the partial bijection defined as follows: if i = 1, . . . , n− 1 and
if b ∈ A(Ci,Di) survives the next fractional Dehn twist then d(b) ∈ A(Ci+1,Di+1)
is the descendant of b; and if b ∈ A(Cn,Dn) then d(b) = φ−1(b) ∈ A(C1,D1).
Then the following is a sufficient condition for φ to be isotopic to a pseudo-Anosov
homeomorphism whose singularity type matches that of C1,D1:

Arc Killing Criterion For each b ∈ A(C1,D1) there exists k ≥ 0 and i =
1, . . . , n − 1 such that dk(b) ∈ A(Ci,Di) is defined but dk(b) is killed by the
next fractional Dehn twist and so dk+1(b) is not defined.

For a partial converse, see Proposition 9.3.3.

Remarks. The additional information about singularity type is implicit in [Pen88]
and [Fat92].

In the context of Penner’s recipe, namely full Dehn twists on the curves of a
twist system C,D, the Arc Killing Criterion is clearly equivalent to the statement
that every curve of C,D occurs at least once as a twist curve: if one arc is not killed,
then none of the arcs in the same twist curve are killed, and that twist curve is not
used.

In the context of Theorem 9.3.2, if all fractional Dehn twists are true Dehn
twists, and if φ is the product of these Dehn twists, then the Arc Killing Criterion
reduces to Penner’s recipe. A slightly more general case occurs when the fractional
Dehn twists are all true Dehn twists, but φ is not their product; instead φ is the
composition of their product with a finite order diffeomorphism preserving (Cn,Dn).
This case also reduces to Penner’s recipe: there is some power φn which does occur in
Penner’s recipe, and moreover the Arc Killing Criterion for φ implies the hypothesis
of Penner’s recipe for φn, which implies that φn is pseudo-Anosov, which implies in
turn that φ is pseudo-Anosov.

Problem. It would be interesting to show that by allowing fractional Dehn twists
which are not true Dehn twists one obtains pseudo-Anosov mapping classes φ such
that neither φ nor any power φn occurs in Penner’s original recipe (note that if
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φ is produced by Penner’s recipe then φ fixes each singularity and each separatix,
but the same property can always be acheived by passing to a power). A proof of
this might follow by considering the function of λ which, for each recipe, counts the
number of conjugacy classes in that recipe whose expansion factor is at most λ. It
would also be interesting to show by similar means that there exist pseudo-Anosov
mapping classes which do not occur in the fractional Dehn twist version of Penner’s
recipe.

Proof. The bulk of the proof is to show sufficiency of the Arc Killing Criterion.
We do this by showing that the appropriate splitting sequence satisfies the iterated
canonical killing criterion, which then allows us to apply Theorems 9.1.1 and 9.1.2.

First we reduce to the case that each 4-gon component of S − (Ci ∪ Di) has
a puncture. If not, let Q ⊂ S consist of one point in each nonpunctured 4-gon
component of S − (C1 ∪ D1). Choosing the annulus defining each fractional Dehn
twist to be disjoint from Q, it follows by induction that for each i = 1, . . . , n the
set Q consists of one point in each nonpunctured 4-gon component of S− (Ci ∪Di).
The map φ takes nonpunctured 4-gon components of S − (C1 ∪ D1) to those of
S − (Cn ∪Dn), and so by isotoping φ relative to C1 ∪D1 we may assume φ(Q) = Q.
Let S′ = S − Q. The hypotheses of the theorem stated for φ and for φ′ = φ

∣∣ S′
are equivalent. If we prove the theorem for φ′, then φ′ is pseudo-Anosov on S′,
with singularity type identical to that of the twist system C1 ∪ D1 on S′. This
implies that φ is pseudo-Anosov on S, with singularity type identical to that of φ′

except that there are |Q| fewer two-pronged puncture singularities, which gives a
singularity type identical to that of the twist system C1 ∪D1 on S. This completes
the reduction.

Following [Pen88], to each twist system (C,D) we associate a train track τ(C,D)
as described in Figure 29. The fact that τ(C,D) is indeed a train track follows from
our assumption that there are no nonpunctured 4-gons (otherwise τ(C,D) would
only be a bigon track). The points of C ∩ D correspond bijectively with the sink
branches of τ(C,D); we visualize the sink branches as being very short, tantamount
to nongeneric switches, though for compatibility with earlier results it is useful to
leave them in their uncombed form, as sink branches. The arcs of the twist system
C,D correspond bijectively with source branches of τ(C,D); henceforth we will make
use of this bijection without mention.

Any train path in τ(C,D) with endpoints on the switches can be expressed as
an alternating concatenation of source branches of and sink branches; visualizing
the sink branches as being very short, we can therefore express a train path as a
concatenation of source branches. Grouping these into C-segments and D-segments,
it follows that any train path can be expressed uniquely as an alternating concate-
nation of C-segments and D-segments. Consider a sink branch b of τ(C,D) (see
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C

D
smooth

the
intersection

C

D

C

D

C

D

Figure 29: The train track τ(C,D) of a twist system (C,D), obtained by a smoothing
near each x ∈ C ∪ D to create a sink branch corresponding to x. Working in an
oriented chart centered at x in which C corresponds to the y-axis and D corresponds
to the x-axis, smooth the intersection to produce a nongeneric switch with two
branch ends on each side, so that the tangent line along C is never horizontal, the
tangent line along D is never vertical, and the tangent line at the nongeneric switch
has negative slope. Then uncomb each nongeneric switch to form a sink branch.

Figure 29). Wherever the interior of a C-segment of a train path passes over b, the
train path has a Right crossing of b; wherever the interior of a D-segment passes
over b, the train path has a Left crossing of b; and wherever a train path switches
from a C-segment to a D-segment as it passes over b, there is neither a Left nor a
Right crossing of b. Two embedded train paths are said to intersect transversely at
a sink branch b if one has a Left crossing and the other has a Right crossing of b.

Let γ be a curve of C,D, and let C′,D′ be obtained by doing a fractional Dehn
twist along γ, of positive exponent 1

n(γ) if γ ∈ C and negative exponent − 1
n(γ)

if γ ∈ D. There is a homotopic carrying τ(C,D)ÂÂτ(C′,D′) which factors into a
sequence of splittings

τ(C,D) = τ0 Â · · · Â τn = τ(C′,D′)

where n = n(γ), one splitting along each sink branch in C. If γ ∈ C then each of
these is a r splitting, whereas if γ ∈ D then each is a l splitting. See Figure 30.

Now we investigate how a c-splitting arc or proper subtrack of τ(C,D) survives
or is killed under the carrying τ(C,D)ÂÂτ(C′,D′) induced by a fractional Dehn twist
from C,D to C′,D′. Let γ be the twist curve, realized as a curve carried on τ(C,D).
Suppose that the exponent of the twist has absolute value k/n(γ); the numerator k
plays a significant role in the analysis below. Note that γ contains Left crossings of
all the sink branches it passes over if γ ∈ C, whereas γ contains all Right crossings
if γ ∈ C.
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C

D

C C

fractional 
twist along D

Figure 30: The carrying τ(C,D)ÂÂτ(C′,D′) associated to a fractional Dehn twist
from C,D to C′,D′.

Case 1: A c-splitting arc α of τ(C,D). Let sb(α) be the number of source
branches of τ(C,D) in α, so sb(α) = 0 if α ∩ τ(C,D) is sink branch and sb(α) > 0
otherwise.

Case 1a: γ ∩α = ∅. In this case α does not cross any sink branches in γ, and
so by Proposition 6.4.1 α survives with descendant α′ ⊂ τ(C′,D′), sb(α′) = sb(α).
Also, all arcs of C,D contained in α survive, and their descendants are the arcs of
C′,D′ contained in α′.

Case 1b: γ ∩ α 6= ∅, and sb(α) = 0. In this case α ∩ τ(C,D) is a sink
branch contained in γ, and so it contains partial Left and Right crossings of this
sink branch, implying that α is killed in τ(C′,D′), by Proposition 6.4.1.

Case 1c: γ ∩ α 6= ∅, and sb(α) > 0. If γ has transverse intersection with
some C-segment or D-segment of α, or if γ contains some terminal sink branch of
α without containing the incident source branch of α, then α has a full or partial
crossing of a sink branch of γ with the wrong parity, and so α is killed in τ(C′,D′),
by Proposition 6.4.1. Suppose now that these possibilities do not occur.

Each component of α ∩ γ is a C or D-segment. Suppose one of these segment
has length `. Each fractional Dehn twist along γ of exponent ±1/n(γ) reduces
the length of the segment by 1, and so after a fractional Dehn twist of exponent
`/n(γ) the length is reduced to zero corresponding to a transverse intersection; by
the previous paragraph it now follows that α is killed if ` < k. If all the segments
of α ∩ γ have length ≥ k, then α survives with descendant α′ ⊂ τ(C′,D′), each
component of α∩γ corresponds to a component of α′∩γ with length reduced by k,
the length of each C or D-segment of α not contained in γ remains unaltered, and
so we have sb(α′) < sb(α).

Now we turn to:
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Case 2: A proper subtrack σ of τ(C,D). Let n(σ) be the total number
of C and D-arcs contained in σ, equivalently the number of source branches of τ
contained in σ.

Case 2a: γ ∩ σ = ∅, or γ ⊂ σ. In either case σ survives with descendant
σ′ ⊂ τ(C′,D′), n(σ′) = n(σ), and each C,D arc contained in σ − γ survives, with
descendant a C′,D′ arc of σ′ − γ.

Case 2b: γ ∩σ is a nonempty, proper subset of γ. If some component of
γ ∩ σ is a sink branch then σ crosses that sink branch with the wrong parity, and
has no crossing with the right parity, and so σ is killed by Proposition 6.1.2. So
we may assume that each component δ of γ ∩ σ is a C or D segment of length ≥ 1.
Any sink branch b of τ contained in δ and incident to an endpoint of δ is said to be
terminal in δ, and in this case we define the valence v(b) to be the number of ends
of source branches of τ in σ incident to b. Note that v(b) = 2 or 3, and v(b) = 2 if
and only if b is contained in the interior of a branch of σ; v(b) = 4 is ruled out by
the fact that b is terminal.

Case 2bi: There exists a component of γ ∩ σ with a terminal sink
branch of valence 3. In this case σ contains a crossing of the wrong parity and
no crossing of the correct parity, so σ is killed, by Proposition 6.1.2.

Case 2bii: For any component of γ ∩ σ, its terminal sink branches
each have valence 2. This is like case 1c above: if any component of γ ∩ σ has
length < k then σ dies; otherwise, σ survives with descendant σ′ ⊂ τ(C′,D′), each
component of γ ∩ σ has length reduced by k, and n(σ′) < n(σ).

Now we use the information on survival just described to prove Theorem 9.3.2.
Under the hypotheses of the theorem it follows that

τ(C1,D1)ÂÂ · · ·ÂÂτ(Cn,Dn)

and that φ(τ(C1,D1)) = τ(Cn,Dn). Now extend this to a φ-periodic sequence

τ(C1,D1)ÂÂ · · ·ÂÂτ(Cn,Dn)ÂÂτ(Cn+1,Dn+1)ÂÂ · · · (9.1)

We may regard this as a splitting sequence by factoring τ(Ci,Di)ÂÂτ(Ci+1,Di+1)
into splittings; but we will abuse terminology by suppressing the intermediate train
tracks in this factorization.
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We refer to the fractional Dehn twist from Ci,Di to Ci+1,Di+1 as the ith fractional
Dehn twist. The descent maps of this sequence of fractional Dehn twists forms a
sequence of partial bijections

A(C1,D1) d−→ . . .
d−→A(Cn,Dn) d−→A(Cn+1,Dn+1) d−→ · · ·

Under the hypothesis of the theorem, if follows that for any n ≥ 0 and any
α ∈ A(Cn,Dn) there exists k ≥ 0 such that α survives with descendant dk(α) ∈
A(Cn+k,Dn+k), but dk(α) is killed in A(Cn+k+1,Dn+k+1), and so α is killed in
A(Cn+k+1,Dn+k+1). Using this fact, we show explicitly that all splitting cycles and
proper subtracks of τ(C1,D1) are eventually killed, which establishes item (4) in
Theorem 9.1.1 and item (5) in Theorem 9.1.2, and by applying those theorems it
follows that the sequence (9.1) is a canonical expansion.

Consider first a c-splitting arc α1 of τ(C1,D1), and as long as it survives let αi be
its descendant in τ(Ci,Di). From case 1 above it follows that n(α1) ≥ n(α2) ≥ · · · ,
and so n(αi) is constant when i ≥ I, for some I ≥ 0. By Case 1a it follows that for
i ≥ I, the C and D arcs of αi which survive have as their descendants C and D arcs
of αi+1, and so eventually some arc of αi is involved in the next fractional Dehn
twist. This implies, by cases 1b and 1c, that either αi is killed or n(αi+1) < n(αi),
but the latter is ruled out for i ≥ I. Thus, α1 is eventually killed.

Consider next a proper subtrack σ1 of τ(C1,D1), and as long as it survives let σi
be its descendant in τ(Ci,Di). From case 2 above it follows that n(σ1) ≥ n(σ2) ≥ · · · ,
and so n(σi) is constant when i ≥ I, for some I ≥ 0. Now we use the fact that σ1 is
proper to conclude that σI is proper, and so there exists a twist curve γ of τ(CI ,DI),
a component δ of γ ∩σI , and a terminal sink branch b of δ, such that v(b) = 2 or 3.
Let b′I be a source branch of τ(CI ,DI) incident to b but not contained in σI , and as
long as b′I ∈ A(CI ,DI) survives for i ≥ I let b′i ∈ A(Ci,Di) be its descendant. Note
by induction that b′i 6⊂ σi but b′i ∩ σi 6= ∅. For some i ≥ I, the arc b′i is involved in
the ith fractional Dehn twist. By cases 2bi, 2bii, either σi dies or n(σi+1) < n(σi),
but the latter is ruled out for i ≥ I. ♦

Now we prove a partial converse to Theorem 9.3.2:

Proposition 9.3.3. In the context of Theorem 9.3.2, suppose that no component
of S − (C1 ∪ D1) is a nonpunctured 4-gon. If φ is a pseudo-Anosov mapping class
whose singularity type equals that of C1,D1, then the Arc Killing Criterion holds.

Proof. Since no component of S − (C1 ∪D1) is a nonpunctured 4-gon, the splitting
sequence 9.1 in the proof of Theorem 9.3.2 lives on the surface S itself, without the
need to remove additional punctures.
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Assuming that the Arc Killing Criterion fails, we must prove that the splitting
sequence 9.1 fails the Canonical Killing Criterion, and we do this by exhibiting a
proper subtrack which survives forever.

Consider a fractional Dehn twist (C,D)→ (C′,D′) along a curve c of (C,D). Let
α be an arc of (C,D) which is not killed, that is, α 6⊂ c. Let α′ be its descendant in
(C′,D′). We may regard α, α′ are source branches of τ(C,D), τ(C′,D′), respectively.
Under the fold map τ(C′,D′)→ τ(C,D), note that the inverse image of the interior
of α is an open subarc of α′. This implies that σ = τ(C,D) − int(α) carries σ′ =
τ(C′,D′)− int(α′), and evidently the carrying map is a homotopy equivalence.

It follows that, in the context of Theorem 9.3.2, is some arc of C1,D1 survives
forever, then some proper subtrack of τ(C1,D1) survives forever. ♦

9.4 One sink train track expansions

TO DO:

• Give credit to Kerckhoff for mentioning them in Simplicial Systems.

In this section we review [Mos86] which gives a recipe for constructing all pseudo-
Anosov mapping classes up to a power, using what we call here “one sink train
tracks”. To be precise, this recipe produces every pseudo-Anosov mapping class
on S which has a fixed separatrix, but there always exists a power with a fixed
separatrix, with exponent bounded in terms of the topology of S. The methods of
[Mos86] were couched more in the language of “ideal arc systems” than in train track
language, but here we will emphasize train tracks.7 Theorem 9.4.1 gives a recipe
for constructing pseudo-Anosov mapping classes using one sink expansions. Behind
this recipe is a concept of a “one sink train track expansions”, and a description of
how the canonical killing criterion simplifies in this context. One sink train track
expansions also occur, in the context of orientable measured foliations, in [Ker85]
(see p. 270).

In Section 10 we show that every pseudo-Anosov mapping class is constructed
in terms of one sink train track expansions, up to a power. In particular, every
pseudo-Anosov mapping class which fixes some separatrix occurs. We will also
review another result of [Mos86] which describes how one sink expansions can be
used to virtually classify pseudo-Anosov mapping classes up to conjugacy.

A one sink train track is a completely combed, semigeneric, filling train track
with one sink branch, together with a choice of transverse orientation on the sink
branch. Since a completely combed train track has no transition branches, it follows
that every branch except the one sink branch is a source branch.

7The usage of ideal arc systems in [Mos86] was the main reason for their continued usage in the
unfinished monograph [Mos93].
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Recurrence of a one sink train track τ is easy to check. Note that τ is orientable
if and only if each source branch has its endpoints at opposite ends of the sink
branch, in which case τ is clearly recurrent. If τ is nonorientable then there exists
an endpoint s of the sink branch with the property that some source branch of τ
has both of its ends located at s, and τ is recurrent if and only if both endpoints of
the sink branch have this property.

The construction given in Proposition 3.6.1 shows that every arational measured
foliation is carried by a one sink train track.

Let τ be a one-sink train track with sink branch bs. We now describe Left and
Right one sink splittings τ Â τl, τ Â τr that depend naturally on the choice of
transverse orientation on bs, and which produce new one sink train tracks τl, τr.
Figure 31 shows an example on a nonpunctured surface of genus 2 with two 4-cusped
complementary regions; the reader can follow along with this figure in order to
understand the construction of the splittings τ Â τl, τ Â τr. The naturality of
the construction of one sink splittings allows us to associate a natural one sink
splitting sequence to each choice of a one sink train track τ and a sequence of
parities d1, d2, . . . ∈ {l,r}.

There is a natural choice of tangential orientation on the transversely oriented
sink branch bs, so that the direct sum of the tangential and transverse orientations
equals the given orientation on the surface S. Choosing an oriented local coor-
dinate system in which bs is horizontal, with the transverse orientation pointing
upward and the tangential orientation pointing rightward (as in Figure 31), there
is a natural labelling of the ends of bs, one as the Left endpoint and the other as
the Right endpoint. Let E = E(τ) denote the set of ends of source branches of
τ , decomposed as E = El ∪ Er, where El = El(τ), Er = Er(τ) denote the ends of
source branches incident to the Left and Right endpoints of bs, respectively. The
transverse orientation on bs determines naturally a linear ordering on the sets El,
Er. Let el = el(τ) ∈ El denote the last (topmost) branch end in the set El, and
er = er(τ) the last branch end in the set Er. Let bl, br be the source branches
containing the ends el, er respectively; note that bl 6= br, for otherwise some side
of some component of C(S − τ) has no cusps, contradicting that τ is filling. There
exists a splitting arc α determined naturally up to isotopy rel τ by the property
that the two cusps into which the ends of α emerge are the unique cusps incident
to the branch ends el, er, respectively. For each d ∈ {l,r} there is a wide splitting
of parity d along α, denoted τ Â τ ′d.

Notice that τ ′l, τ
′
r are each semigeneric with a unique sink branch, but neither

is completely combed. In the example indicated in Figure 31, for each d ∈ {l,r}
the train track τ ′d has two transition branches, one mapping to a subpath of bs
under the fold map to τ , and the other mapping to a train path that contains bd̄.
In general it is possible for the latter transition branch not to exist: it exists if
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Figure 31: Splitting a one sink train track τ . The sink branch b has the upward
transverse orientation, with branch ends on the Left indexed 1–5 and on the right
indexed 6–10. bl is the highest branch on the Left with two ends indexed 3, 5, and
br is the highest branch on the Right with two ends indexed 1, 10. The splitting
arc α separates ends 1–4 from end 5 on the Left and it separates ends 6–9 from end
10 on the right. Under a Left splitting, the source branch br has no descendant;
descendants of other source branches with ends indexed 2–9 are indicated in τl.
Under a Right splitting, bl has no descendant; descendants of other source branches
with ends indexed 1, 2, 4, 6–10 are indicated in τr.
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and only if there are at least three branch ends on the d̄ end of bs, in which case
τ ′d has two transition branches as in the example of Figure 31; otherwise, τ ′d has
only one transition branch, mapping to a subpath of bs. Combing the transition
branches of τ ′d produces a completely combed train track with one sink branch
denoted τd. Any carrying map τ ′d → τ takes the sink branch of τ ′d diffeomorphically
to a subinterval of the sink branch of τ , and any two carrying maps are homotopic
through carrying maps (Proposition 3.5.2), from which it follows that the transverse
orientation on the sink branch of τ pulls back naturally to a transverse orientation
on the sink branch of τ ′d. Similarly, the transverse orientation on the sink branch
of τ ′d pulls back naturally to a transverse orientation on the sink branch of τd. This
completes the definition of the one sink train track τd and the splitting τ Â τd. The
source branch of τd which corresponds under the comb equivalence τ ′d 3 τd with the
postsplitting branch of τ ′d will be called the postsplitting branch of τd—in fact, this
branch is bd̄(τd).

There is a particularly nice carrying map f : τd → τ , the one sink carrying
map, determined up to homotopy relative to the switches of τd by the following
properties: f takes the sink branch of τd diffeomorphically to the sink branch bs of
τ ; there exists a source branch of τd whose image under f is the train path bl∗bs∗br;
and every other source branch of τd is taken diffeomophically to a source branch of
τ . Note in particular that the postsplitting branch of τd, namely bd̄(τd), is taken
diffeomorphically to bd̄(τ).

Next we define survival and descent of source branches under a one sink splitting.
Let Src(τ) denote the set of source branches of a one sink train track τ . Given
d ∈ {l,r}, we say that the source branch bd̄ is killed by the splitting τ Â τd, and
every other source branch of τ is said to survive the splitting. If b survives, then
there is a unique source branch b′ ⊂ τd such that b ⊂ f(b′), where f is the one sink
carrying map, and we say that b′ is the descendant of b and b is the ancestor of b′

(note that for the one source branch bd̄ of τ which is killed in τd, there are two distinct
branches of τd whose image under f contains bd̄, namely the postsplitting branch
and the descendant of bd). Note that if b 6= bd then the descendant of b is mapped
diffeomorphically to b by f , whereas the descendant of bd is mapped to the train
path bl ∗ bs ∗ br. Letting δ(b) ∈ Src(τd) be the descendant of b ∈ Src(τ), we obtain a
partial bijection δ : Src(τ)→ Src(τd), whose domain is everything in Src(τ) except
for bd̄, and whose image is everything in Src(τd) except the postsplitting branch.

Theorem 9.4.1 ([Mos86]). Consider a homeomorphism φ : S → S and a one
sink splitting sequence τ0 Â τ1 Â · · · Â τn such that φ(τ0) is isotopic to τn. Let
Src be the disjoint union Src(τ0)t · · · t Src(τn), and let δ : Src→ Src be the partial
bijection on Src which restricts to the descendant map δ : Src(τi−1) → Src(τi) for
each i = 1, . . . , n, and which restricts to the induced map of φ−1 from Src(τn)
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to Src(τ0). Then the following condition is necessary and sufficient for φ to be a
pseudo-Anosov homeomorphism whose singularity type equals that of τ0:

Periodic source branch killing criterion For each b ∈ Src there exists k ≥ 0
and i ∈ {0, . . . , n − 1} such that δk(b) ∈ Src(τi) is defined but δk(b) is killed
by the splitting τi Â τi+1 and so δk+1(b) is not defined.

Proof. Extend the finite splitting sequence τ0 Â τ1 Â · · · Â τn = φ(τ0) to a φ-
periodic, infinite, one sink splitting sequence τ0 Â τ1 Â · · · . Let dj ∈ {l,r} be the
parity of τj Â τj+1, and let fj+1 : τj+1 → τj be a one sink carrying map. Given
I ≤ J and b ∈ Src(τI), we say that b survives in τJ if there exists a sequence
b = bI , bI+1, . . . , bJ with bi ∈ Src(τi) for i = I, . . . , J such that if I+1 ≤ i ≤ J then
bi−1 survives the one sink splitting τi−1 Â τi with descendant τi. If b ∈ Src(τI) does
not survive in τJ then we say that b is killed in τJ . Clearly the ““Periodic source
branch killing criterion” stated above is equivalent to the following:

Source branch killing criterion For each i and b ∈ Src(τi) there exists j > i
such that b is killed in τj .

Applying item (4) in Theorem 9.1.1 and item (5) in Theorem 9.1.2, we must
prove that the source branch killing criterion is equivalent to the statement that
every proper subtrack and every c-splitting arc of τ0 is eventually killed.

Indeed we shall prove more: discarding the assumption that τ0 Â τ1 Â · · · , we
shall prove that the source branch killing criterion is equivalent to the canonical
killing criterion, which says that for each i every proper subtrack and every c-
splitting arc of τi is eventually killed.

Suppose that the source branch killing criterion holds: for each m and each
b ∈ Src(τm) there exists l ≥ m such that b is killed in τl. Using this fact, we study
how ends of source branches evolve under a one sink splitting sequence.

Consider a one sink splitting τ Â τ ′ of parity d ∈ {l,r}, with one sink carrying
map f : τ ′ → τ . The induced map f : E(τ ′) → E(τ) respects the decomposition
E = El ∪ Er and respects the linear ordering on each side, so for each d′ ∈ {l,r}
we have an induced map f : Ed′(τ ′) → Ed′(τ) which preserves the linear order.
Moreover, order is strictly preserved in the sense that if e1 < e2 then f(e1) < f(e2),
with a single exception: if êd̄ denotes the end of bd̄ opposite ed̄, and if êd̄ ∈ Ed′(τ),
then there are exactly two ends e1 6= e2 ∈ Ed′(τ ′) such that f(e1) = f(e2) = êd̄; one
of e1, e2 is an end of the postsplitting branch bd̄(τ

′), and the other is an end of the
descendant of bd(τ). Also, the image of f contains every end in E(τ) except for the
topmost end ed in Ed(τ). To summarize, f is injective with the exception of a single
pair of ends that are identified under f , and f is surjective with the exception of a
single end that is missed by the image of f .
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In Figure 31, for example, the end êr ∈ El(τ) is indexed 1 and one can see its two
unindexed pre-images in El(τl); the end of E(τ) indexed 5 has no preimage in E(τl);
and all other ends are in bijective correspondence under τ Â τl where the bijection
is indicated with the indices 2–4, 6–10. Also, the end êl ∈ El(τ) is indexed 3, and
one can see its two unindexed pre-images in El(τr); the end of E(τ) indexed 10
has no preimage in E(τr); and all other ends are in bijective correspondence under
τ Â τr where the bijection is indicated with indices 1, 2, 4–9.

End evolution is related to survival and descent of source branches as follows.
If b ∈ Src(τ) survives the d-splitting τ Â τ ′ with descendant b′ ∈ Src(τ ′), then we
have b 6= bd̄, and one of two possibilities occurs. If b 6= bd then f induces a bijection
between the ends of b′ and the ends of b. On the other hand, if b = bd then f maps
one end of b′ to one end of bd; the other end of b′ maps to êd̄, and the end ed of bd
is not in the image of f .

We claim that in the splitting sequence τ0 Â τ1 Â · · · , every end eventually
evolves to the top of the food chain and suddenly goes extinct, unless it stays on
the very bottom for all time. To make sense of this claim, define an evolution of
the splitting sequence τ0 Â τ1 Â · · · to be a sequence of the form e0, e1, e2, . . . such
that ej ∈ Ed(τj) for some fixed d ∈ {l,r}, fj+1(ej+1) = ej , and the sequence is
maximal in the sense that it is not a finite initial subsequence of any longer such
sequence. For example, if we define e∞d (τj) to be the bottom-most element of Ed(τj)
then e∞d (τ0), e∞d (τ1), e∞d (τ2), . . . is an infinite evolution.

The formal statement of the claim says:

End Evolution Claim: There is a unique infinite evolution, and for every finite
evolution e0, e1, . . . , eJ , the final entry eJ is equal to ed(τJ) (the topmost
element of Ed(τJ)), and moreover the next splitting τJ Â τJ+1 has parity d so
that ed(τJ) has no pre-image under fJ+1.

To prove the claim, note that the set of all e ∈ Ed(τj) which are in an infinite
evolution forms an initial segment of the linear ordering on Ed(τj), denoted E∞d (τj),
containing at least the first (bottom-most) element e∞d (τj) ∈ Ed(τj). Observing
that the cardinality of E∞d (τj) is nondecreasing, it follows that the cardinality is
constant for sufficiently large j, say j ≥ J . Assuming that the stable cardinality
is ≥ 2 we shall derive some contradiction. The only element of E(τj) having more
than one pre-image in E(τj+1) is êd̄j , and for j ≥ J it follows that êd̄j is either
not in E∞d (τj) or it is the topmost element of E∞d (τj) and only the bottom-most of
its two preimages is in E∞d (τj+1). By the assumption that E∞d (τj) has at least two
elements it follows that its bottom-most element e∞d (τj) is not equal to êd̄j . Also,
clearly e∞d (τj) is not equal to the topmost element ed̄j of Ed̄j (τj). This implies that
e∞d (τj) is not an end of the source branch bd̄j , which is the only source branch of τj
that is killed in τj+1. Letting b∞j be the source branch of τj containing e∞d (τj), we
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have shown that b∞j survives the splitting τj Â τj+1. Moreover, from the discussion
above relating end evolution to descent of source branches, the descendant of b∞j
in τj+1 is clearly b∞j+1. It follows that b∞j is not eventually killed, contradicting the
hypothesis of the theorem.

Using the above claim about evolution of ends, we now verify that each proper
subtrack and each c-splitting arc of τ0 is eventually killed.

First we consider c-splitting arcs. Given a one sink train track τ with sink
branch bs, each c-splitting arc α satisfies α ∩ τ = bs, and α emerges into one cusp
at the Left endpoint of bs and one cusp at the Right endpoint. Given a one sink
splitting τ Â τ ′ of parity d ∈ {l,r} and a splitting arc α of τ , note that α is killed
if and only if the the cusp into which α emerges at the d endpoint of bs is incident
to the end ed(τ).

Consider now a c-splitting arc α0 of τ0, and suppose that α0 survives forever,
with descendant αi in τi. Let ai < bi ∈ El(τi) be the ends incident to the cusp into
which α0 emerges on the Left endpoint of bs(τi), and let ci < di ∈ Er(τi) be the
ends incident to the cusp into which αi emerges on the Right endpoint. Since αi
survives the splitting τi Â τi+1, it follows from the previous paragraph that αi is
not incident to the end edi(τi). From this, together with the definition of descent
for c-splitting arcs, it follows that fi+1(ai+1) = ai and similarly for bi, ci, di. This
implies that b0, b1, b2, . . . and d0, d1, d2, . . . are infinite evolutions of the splitting
sequence τ0 Â τ1 Â · · · , on the Left and Right respectively, and neither is equal to
the bottom-most evolution on the Left or Right. This contradicts the End Evolution
Claim, and so α0 is eventually killed.

Next we consider proper subtracks. Given a one sink splitting τ Â τ ′ of parity
d ∈ {l,r} and a proper subtrack σ ⊂ τ , note that σ is killed if and only bd ⊂ σ and
bd̄ 6⊂ σ.

Consider now a proper subtrack σ0 of τ0, and suppose that σ0 survives forever,
with descendant σi in τi. We must derive a contradiction.

First we reduce to the case that there exists i such that either bl(τi) or br(τi)
is in σi. If this is not the case, then for all i the one sink carrying map fi+1 maps
σi+1 diffeomorphically onto σi. Pick any e0 ∈ Src(τ0) which is contained in σ0, and
continuing by induction, having picked ei ∈ Src(τi) which is contained in σi, then
there exists ei+1 ∈ Src(τi+1) which is contained in σi+1 such that fi+1(ei+1) = ei. It
follows that e0, e1, . . . is an infinite evolution in the splitting sequence τ0 Â τ1 Â · · · .
But we can pick e0 lying in σ0 so that e0 is not the bottom-most end in either El(τ0)
or Er(τ0), because otherwise the only ends of τ0 that lie in σ0 are the two bottom-
most ends, implying that those two ends lie in the same source branch, implying
that some component of C(S − τ0) has a smooth closed curve in its boundary,
contradicting that τ0 fills (this is the same argument used before to conclude that
that the two topmost branches bl, br are distinct).
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Suppose now that either bl(τI) or br(τI) is in σI . We show by induction that
for all i ≥ I either bl(τi) or br(τi) is in σI . If there exists d ∈ {l,r} such that
bd(τi) ⊂ σi but bd̄(τi) 6⊂ σi, since σi survives it follows τi Â τi+1 has parity d̄, which
implies that bd(τi+1) ⊂ σi+1. On the other hand, if both bl(τi) and br(τi) are in σi,
and if τi Â τi+1 has parity d, it follows that bd̄(τi+1) ⊂ σi.

Since σ0 is proper, there exists b0 ⊂ τ0 such that b0 6⊂ σ0. We shall derive our
ultimate contradiction by showing that b0 survives infinitely. Assume by induction
that b0 survives with descendant bi ⊂ τi such that bi 6⊂ σi. If bi = bd(τi) for
d ∈ {l,r} it follows by the previous paragraph that τi Â τi+1 has parity d, and
so bi survives. On the other hand, if bi 6= bd(τi) for either d ∈ {l,r} then bi
also survives. In either case bi survives with descendant bi+1 ∈ Src(τi+1). To
complete the induction it remains to observe that bi+1 6⊂ σi+1, for if bi+1 ⊂ σi+1

then bi ⊂ fi+1(bi+1) ⊂ fi+1(σi+1) = σi.
This completes the proof of sufficiency of the source branch killing criterion.
The proof of necessity is similar to the proof of Proposition 9.3.3. Assume that

some source branch b0 of τ0 survives forever, with descendant bi ⊂ τi. This means
that under the carrying map τi+1 → τi, the preimage of the interior of bi is a subarc
of bi+1. It follows that the sequence of subtracks σi = τi − int(bi) is a sequence of
surviving proper subtracks and their descendants. ♦

9.5 Remarks on the complexity of the Canonical Killing Criterion

Consider a splitting sequence τ0 Â τ1 Â · · · . In formulating the Canonical Killing
Criterion, one associates to each train track τ a finite set which we shall denote
A(τ), and to each splitting τ Â τ ′ one associates a “descendant” relation between
A(τ) and A(τ ′), which can be iterated to define a descendant relation between A(τ)
and A(τ ′) for any τ ′ homotopically carried by τ . The Canonical Killing Criterion
says that for each i and each a ∈ A(τi) there exists j ≥ i such that a does not have
a descendant in A(τj).

The complexity of the Canonical Killing Criterion can be measured by the size
of the finite set A(τ). In the general form, A(τ) consists of all proper subtracks
and c-splitting arcs of τ . A little thought shows that the cardinality |A(τ)| grows
exponentially with the topological complexity of the surface. For example, if τ is
the train track associated to a twist system C,D, then distinct proper subsets of the
set of twist curves C ∪D yield distinct proper subtracks of τ , and the cardinality of
such subtracks is exponential in the genus and number of punctures.

In Sections 9.3 and 9.4 we showed that in certain cases the Canonical Killing
Criterion can be reformulated in a particularly efficient manner. In Section 9.3 we
showed that if the sequence can be factored in the form τn0ÂÂτn1ÂÂ so that each τni
is the train track associated to a twist system and each τniÂÂτni+1 is a Dehn twist
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then one can formulate the canonical killing criterion using only a linear amount of
data: the set A(τni) can be taken as the set of curves in the twist system associated
to τni , and clearly |A(τni)| grows linearly in the genus and number of punctures.
For sequences which can be factored as fractional Dehn twists, A(τni) is the set of
arcs of the twist system, which still grows linearly. In Section 9.4, where each τn is
a one sink train track and each τn Â τn+1 is a one sink splitting, the set A(τn) can
be taken to be the set of source branches of τn, which grows linearly in the genus
and number of punctures.

This raises the question: for a general splitting sequence, can the Canonical
Killing Criterion be reformulated so that |A(τ)| grows at most linearly in the genus
and number of punctures?

As remarked in Section 9.4 without proof, every arational measured foliation
has a canonical one sink expansion, and in this case as we have just remarked the
Canonical Killing Criterion has linear complexity. We have also seen in Section 7.1
that every arational measured foliation has a canonical one cusp expansion, and we
shall show later in Section 11.1 that for one cusp splitting sequences the Canonical
Killing Criterion also has linear complexity. Thus, if one is content with either
one sink or one cusp expansions, then one gets linear complexity of the Canonical
Killing Criterion in a sufficiently universal context to obtain expansions of every
arational measured foliation.

TO DO:

• Describe how a killing criterion gives a killing graph Γ̃#(S), mapped to Γ̃(S).

• Describe the variations, with particular emphasis on the canonical killing cri-
terion.

• Describe how to use these graphs to interpret when a splitting sequence sat-
isfies a killing criterion.

• Describe the quotient as a finite automaton, and its associated killing automa-
ton.

• Describe the language of canonical expansions as an infinitary regular language
(I’m not quite sure what this means; perhaps it is the complement of an
infinitary regular language?)
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10 Classifying pseudo-Anosov conjugacy classes

TO DO:

• Recast the classification, so that it is completely described in terms of splitting
circuits.

• First talk about the virtual centralizer.

• Then a theorem: two group elements are conjugate if and only if their virtual
centralizers are conjugate, and when conjugated into the same virtual central-
izer, the two elements become conjugate within the virtual centralizer. Same
could be said for any conjugacy invariant subgroup containing an element,
such as the centralizer, or the normalizer, etc.

• Then discussion of the structure of the virtual centralizer of a pseudo-Anosov,
its translation subgroup, etc.

• Then splitting circuits.

• Then a conjugacy invariant for the virtual centralizer: for each direction, it
has a particular element, namely the lowest power that fixes all separatrices
and that moves in that direction; prove that this element is unique in the
translation subgroup.

• Classify this element by its splitting circuits.

• Now go on to the circular expansion complex, and explain how it incorpo-
rates the previous information. In particular, explain how, given the circular
expansion complex for one pseudo-Anosov, one can determine the virtual cen-
tralizer and its translation subgroup, and how one can determine the circular
expansion complex for the smallest guy in the same direction which fixes all
separatrices.

In this section we will give a complete classification of pseudo-Anosov conjugacy
classes in MCG. In Section 10.1 we explain the method for the torus, and in
Sections 10.2 and 10.3 we give two classification methods on a general surface, using
one cusp expansions in Section 10.2 and using expansion complexes in Section 10.3.

Before explaining the methods we will follow to classify pseudo-Anosov conju-
gacy classes, first we explain a folk theorem showing how to obtain this classification
in a simple minded way using invariant train tracks. Suppose that τ is a canonical
invariant train track for a mapping class Φ, choose a representative homeomor-
phism φ for Φ, and choose a carrying map f : φ(τ) → τ with the proviso that f
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takes switches to switches; this is easily obtained by homotoping an arbitrary carry-
ing map φ(τ)→ τ through carrying maps. The composition f ◦φ : τ → τ associates,
to each branch b of τ , a train path f ◦ φ

∣∣ b which is a concatenation of branches
denoted p(b), called a combinatorial train path in τ . The pair (τ, p) is an example
of a combinatorial self carrying, which is a train track and a map p from Br(τ) to
the set of combinatorial train paths, such that for any two branches b1 ∗ b2 forming
a combinatorial train path, the path p(b1) ∗ p(b2) is also a combinatorial train path.
Thus we have described a process which associates, to each pseudo-Anosov mapping
class Φ, a set of combinatorial self carryings. For a given Φ and τ there are finitely
many self-carryings, because there are finitely many choices of the map f ◦ τ up to
homotopy rel switches.

A conjugacy between two combinatorial self carryings (τ, p), (τ ′, p′) is a home-
omorphism ψ ∈ Homeo+ such that ψ(τ) = τ ′ and, for each branch b of τ , we have
ψ(p(b)) = p(b′). There is clearly a simple algorithm which will decide whether two
combinatorial self carryings are conjugate.

If Φ is a pseudo-Anosov mapping class, then the set of conjugacy classes of
combinatorial self carryings associated to Φ is a finite set; let this set be denoted
T (Φ). The finiteness of T (Φ) is a consequence of the fact that each invariant train
track determines finitely many combinatorial self-carryings, and the fact that there
are only finitely many Φ orbits of invariant train tracks of Φ; the latter follows, for
example, from the Stable Equivalence Theorem 7.2.3.

If Φ,Ψ are two pseudo-Anosov mapping classes, then Φ,Ψ are conjugate in
MCG if and only there is a bijection T (Φ) ↔ T (Ψ) such that any element of
T (Φ) is conjugate to the corresponding element of T (Ψ). Assuming that one can
compute T (Φ) and T (Ψ), the existence of such a bijection can clearly be checked
algorithmically, thus giving the desired conjugacy classification of pseudo-Anosov
mapping classes.

The difficulty with the approach just outlined is the data size, which is so large
as to make this an impractical method. For example, if τ is an invariant train track
for Φ, and if the carrying map φ(τ)→ τ factors into K alternating blocks of l and
r parity, then the lengths of the train paths p(b) are exponential in K.

The way around this difficulty is to package the information more efficiently.
As a first attempt, instead of describing the carrying map of a canonical invari-

ant train track τ by using combinatorial self carryings, describe it by factoring the
carrying map into splittings τ = τ0 Â τ1 Â · · · Â τn = φ(τ). The combinatorial
types of the train tracks in this splitting sequence form a splitting circuit, as ex-
plained in Section 9. If the mapping class Φ is pseudo-Anosov, then the set of such
circuits is finite, and forms a complete conjugacy invariant of Φ. Unfortunately
this method still has its inefficiencies: in constructing a splitting sequence from τ
to φ(τ), there are enough choices in which cusps to split that there may still be
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exponentially many different splitting sequences from τ to φ(τ).
In Sections 10.2 and 10.3 we offer two solutions to this difficulty, by describing

much more efficient data structures for conjugacy classification of pseudo-Anosov
mapping classes. In Section 10.2 the solution is to restrict to a very small subclass
of splitting circuits, namely the one cusp canonical splitting circuits that arise from
one cusp canonical expansions of the unstable foliation. In Section 10.3 the alter-
nate solution is to package all splitting circuits for Φ into a single structure, the
“circular expansion complex”, just as we used the expansion complex to package
up all canonical expansions of an arational measured foliation (up to stable equiv-
alence). Circular expansion complexes are somewhat unwieldy compared to one
cusp splitting circuits, however circular expansion complexes have some theoretical
advantages as well as practical advantages. One such advantage is the ability to
quickly calculate the virtual normalizer and virtual centralizer of a pseudo-Anosov
mapping class. Indeed, these subgroups play an crucial role in the classification
using one cusp splitting circuits.

We begin by describing our methods in the case of the torus.

10.1 The torus

In Section 1.3 we described the torus T = R2/Z2, its mapping class groupMCG ≈
SL(2,Z), Teichmüller space T ≈ H2, projective measured foliation space PMF ≈
RP 1, measured foliations Fr of constant slope r ∈ R∗, essential simple closed curves
cr of constant slope r ∈ Q∗, and filling bigon tracks τ[p,q], p = a

b , q = c
d ∈ Q∗ with

ad− bc = ±1.
As mentioned briefly at the end of Section 1.3, if we puncture the torus T

at a single base point, say the image of the origin under the universal covering
map R2 → T , we obtain the once punctured torus T1, and the inclusion map
T1 ↪→ T induces an isomorphism of mapping class groups, as well as an equivariant
homeomorphism of compactified Teichmüller spaces. We can therefore transfer all
of the above notation from T over to T1 without any ambiguity, with the slight
caveat that we always choose curves cr and train tracks τ[p,q] to be disjoint from the
base point so that they are included in T1. The reason for using T1 is that is has
negative Euler characteristic, and so τ[p,q] is a true train track, not a bigon track.

We shall describe the conjugacy classification in MCG(T1) = SL(2,Z). The
center of SL(2,Z) is the order 2 subgroup {I,−I}, each element of which forms
a conjugacy class all on its own. Outside of these two special cases, one uses the
trace, a conjugacy invariant, to break the conjugacy classification into three broad
cases: elliptic elements with |Tr(M)| < 2, parabolic elements with |Tr(M)| = 2, and
hyperbolic or Anosov elements with |Tr(M)| > 2.

Note that multiplication by −I changes the sign of the trace, and M,N ∈
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SL(2,Z) are conjugate if and only if −M,−N are conjugate. It therefore suffices to
classify the elements of non-negative trace. We will describe explicitly all conjugacy
classes with traces between −2 and +2, and after that all conjugacy classes with
trace > 2.

Elliptic and parabolic elements. Elements M ∈ SL(2,Z) with |Tr(M)| ≤ 1 all
have finite order, and they are completely classified by the rotation number of their
action on the circle of rays in R2. Elements of trace 0 have order 4, and there are two
conjugacy classes, one of rotation number +1/4 represented by

(
0 −1
1 0

)
, the other

of rotation number −1/4 represented by
(

0 1
−1 0

)
. Elements of trace 1 have order 6,

and there are two conjugacy classes, one of rotation number +1/6 represented by(
0 −1
1 1

)
, and the other of rotation number −1/6 represented by

(
1 1
−1 0

)
. Elements of

trace -1 have order 3, and there are two conjugacy classes, one of rotation number
+1/3 represented by

(−1 −1
1 0

)
, and the other of rotation number −1/3 represented

by
(

1 1
−1 0

)
.

Each M ∈ SL(2,Z) with Tr(M) = 2 is conjugate to a unique matrix of the form(
1 n
0 1

)
, and the integer n is a complete conjugacy invariant. Each M ∈ SL(2,Z)

with Tr(M) = −2 is conjugate to a unique matrix of the form
(−1 n

0 −1

)
and again n

is a complete conjugacy invariant.
We leave the proofs of the elliptic and parabolic classifications to the reader.

Anosov elements. It remains to describe the conjugacy classification for ele-
ments A ∈ SL(2,Z) with Tr(A) > 2. There are two positive eigenvalues λ > 1 and
λ−1 < 1. Let r be the slope of the eigenvector with eigenvalue λ. The number r
is called the expanding eigendirection of A, and it is an attracting fixed point with
respect to the fractional linear action of A on R∗. Using the equation A(r) = r it
follows easily that the number r is a quadratic irrationality, and hence by a standard
theorem its continued fraction expansion r = [n0, n1, n2, . . . ] is eventually periodic.
Let 2j be the smallest positive even integer that is a period for [n0, n1, n2, . . . ], and
for a sufficiently large even integer i define the primitive even period loop for r to
be the sequence of integers (ni, ni+1, . . . , ni+2j−1), well-defined up to even cyclic
permutation. Even cyclic permutation means that an even number of terms are
removed from the beginning of the sequence and attached to the end.

Theorem 10.1.1. Given A ∈ SL(2,Z) satisfying Tr(A) > 2, and with expanding
eigendirection r, the trace of A together with the even cyclic permutation class of the
primitive even period loop of the continued fraction expansion of r form a complete
conjugacy invariant for A.

Rather than proving this theorem in “elementary” terms, expressed purely in
terms of continued fractions, we prefer to give a train track proof of this theorem, in
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order to motivate the generalization to arbitrary finite type surfaces. In particular,
the proof we give will generalize to prove Theorems 10.2.7 and 10.3.2, our main
theorems on classification of pseudo-Anosov conjugacy classes.

Moreover, the proof we give for Theorem 10.1.1 could be translated directly into
“elementary” terms by simply replacing the train track τ[a

b
, c
d

], ad− bc = ±1 by the
Farey interval [ab ,

c
d ], and then doing everything in terms of these Farey intervals.

Train track expansions on the torus. Every recurrent, filling, completely
combed train track on T1 is isotopic to some τ[p,q].

A key fact needed in the proof of Theorem 10.1.1 will be that if τ, τ ′ are any
two recurrent, filling, completely combed traintracks on T1 then there exists C ∈
SL(2,Z) such that MC(τ) = τ ′ up to isotopy. To see why this is true, let τ = τ[a

b
, c
d

]

and τ ′ = τ
[a
′
b′ ,

c′
d′ ]

. Then the matrix

C =
(
a′ b′
c′ d′

)(
a b
c d

)−1

will do the trick.
As described in Section 1.3, there are unique splittings of parity r, l, and c

on τ[p,q]; the resulting train tracks are easily described easily in terms of Farey
summation. It follows that for every measured foliation Fr carried on a train track
τ0 there exists a unique train track expansion of Fr based at τ0 consisting entirely of
completely combed train tracks, and this expansion is unique up to isotopy subject
to the requirement that if r is rational then the expansion ends in the simple closed
curve cr. From the Stable Equivalence Theorem 7.2.3 applied to the surface T1 (or
from well known facts about stable equivalence of continued fraction expansions),
it follows that when r is irrational, any two train track expansions of Fr are stably
equivalent. In the case that r ∈ [0,∞] and τ0 = τ[0,∞], the continued fraction
expansion of r can be read off from the rl sequence of the train track expansion
of r, as noted in Section 1.3.

Consider now an Anosov matrix A ∈ SL(2,Z) with Tr(A) > 2, and correspond-
ing mapping class MA on T1. Let r be the expanding eigendirection of A, and λ
the expanding eigenvalue, and it follows that MA(Fr) = λFr, and that the pro-
jective class of Fr is an attracting fixed point in PMF . Choosing any train track
expansion τ0 Â τ1 Â · · · for Fr, the splitting sequence MA(τ0) ÂMA(τ1) Â · · · is a
train track expansion for λFr and hence also for Fr. It follows that τ0 Â τ1 Â · · ·
is stably equivalent to MA(τ0) Â MA(τ1) Â · · · , that is, for some m,n ≥ 0 and
each i ≥ 0 the train tracks τm+i, MA(τn+i) are isotopic, and the parities of the
splittings τm+i Â τm+i+1 and MA(τn+i) Â MA(τn+i+1) are identical. As we saw in
Section 9.1, since Fr is the unstable foliation it follows that n < m, and by truncat-
ing the sequence at τn we may assume that n = 0 and that MA(τi) = τm+i for all
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i ≥ 0. Let Di be the parity of the splitting τi−1 Â τi, so the sequence D1, D2, . . .
is periodic with period m (which might not be the primitive period). Consider the
period loop (D1, . . . , Dm) indexed by the Z/m; we call this the parity loop, and it
depends ostensibly on the choice of τ0.

We shall reduce Theorem 10.1.1 to the following:

Theorem 10.1.2. The parity loop (D1, . . . , Dm), up to cyclic permutation, is a
complete conjugacy invariant for A.

Proof. First we check that the parity loop (D1, . . . , Dm), up to cyclic permutation,
is well-defined independent of the choice of base train track τ0. For any other base
train track τ ′0, the expansion of Fr based at τ ′0 is stably equivalent to that based
at τ0, and hence the parity sequences are stably equivalent. Moreover, for some
m,n,m′, n′ we have MA(τn+i) = τm+i and MA(τ ′n′+i) = τ ′m′+i for all i ≥ 0, and
by stable equivalence of the sequences τ, τ ′ it follows that m − n = m′ − n′. This
implies that the parity loops associated to τ0 and to τ ′0 are identical up to cyclic
permutation.

Next we check that the parity loop is a conjugacy invariant. If A,A′ ∈ SL(2,Z)
are conjugate, and both have trace > 2, choose C ∈ SL(2,Z) so that C−1A′C = A.
Let r, r′ be the expanding eigendirections of A,A′, respectively, and so we have
c(r) = r′, and so MC(Fr) = Fr′ . Choose a base train track τ0 for an expansion
τ0 Â τ1 Â · · · of Fr, and taking τ ′i = MC(τi) it follows that τ ′0 Â τ ′1 Â · · · is an
expansin of Fr′ . It also follows that the parity of the splitting τi−1 Â τi equals the
parity of τ ′i−1 Â τ ′i , and that the translation distance of MA acting on τ0 Â τ1 Â · · ·
equals the translation distance of MA′ acting on τ ′0 Â τ ′1 Â · · · . Thus, the period
loops of MA and of MA′ are identical.

Finally we check that the parity loop is a complete conjugacy invariant.
Define

Al =
(

1 1
0 1

)
, Ar =

(
1 0
1 1

)
Note that Al(τ[0,∞]) = τ[1,∞] and Ar(τ[0,∞]) = τ[0,1]. It follows that for r ∈ [0,∞], if
Fr has train track expansion τ[0,∞] = τ0 Â τ1 Â · · · with a lr sequence D1, D2, . . . ,
then then FAl(r) has a train track expansion

τ[0,∞] Âl τ[1,∞] = Al(τ0) Â Al(τ1) Â · · ·

and similarly for FAr(r). To put it another way, the effect of acting by Al on train
track expansions starting at τ[0,∞] is to prepend an l to the lr sequence, and the
effect of acting by Ar is to prepend an r.

Given any parity loop (D1, . . . , Dm) consisting of at least one l and one r,
we shall show that any element of SL(2,Z) with trace > 2 and with parity loop
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(D1, . . . , Dm) is conjugate to the matrix

A(D1, D2, . . . , Dm) = AD1AD2 · · ·ADm

Consider the infinite train track sequence

τ[ 0
0
, 1
0

] = τ0 ÂD1 τ1 ÂD2 · · · ÂDm τm Â · · ·

where we extend the period loop (D1, D2, . . . , Dm) to a sequence of period m in-
dexed by i ≥ 1. Note that

MA(D1,... ,Dm)τi = τm+i

and hence (D1, . . . , Dm) is the parity loop of the matrix A(D1, . . . , Dm). Now
consider any A ∈ SL(2,Z) with trace > 2, with expanding eigendirection r′, and
with the same period loop (D1, . . . , Dm). As we saw above, by truncating any train
track expansion for Fr′ we obtain an expansion of the form

τ ′0 ÂD1 τ ′1 ÂD2 · · · ÂDm τ ′m Â · · ·

whose rl sequence is the periodic extension of (D1, . . . , Dm). As noted earlier, there
exists C ∈ SL(2,Z) so that C(τ0) = τ ′0; since the splitting sequences τ0 Â τ1 Â · · ·
and τ ′0 Â τ ′1 Â · · · have the same rl sequence, it follows that C(τi) = τ ′i for all
i ≥ 0. We thus have CA(τ0) = A′C(τ0) and so C−1A′−1CA fixes the train track τ0.
The only two mapping classes that can fix a filling track track on T1 are ±I. Since
A,A′ have positive trace, it is easy to check that C−1A′−1CA = −I is impossible,
and hence C−1A′−1CA = I, proving that A,A′ are conjugate. ♦

Proof of Theorem 10.1.1. To carry out the proof we must simply translate between
the invariants described in Theorem 10.1.1 and those in Theorem 10.1.2.

Consider a parity loop (D1, . . . , Dm) with at least one r and one l. By cyclic
permutation we may assume that D1 = l and Dm = r, and so m is even. Let n0

be the number of initial ls, n1 the number of following rs, . . . , nm−1 the number
of final rs. First note that if A ∈ SL(2,Z) is conjugate to A(D1, . . . , Dm) with
expanding eigendirection r then the continued fraction expansion of r is eventually
periodic with period loop (n0, . . . , nm−1). Since m is even, this immediately implies
that the primitive even period loop is determined up to even cyclic permutation by
the even cyclic permutation class of (n0, . . . , nm−1). This proves that the even cyclic
permutation class of the primitive even period loop is a conjugacy invariant of A.

Conversely, suppose that A,A′ have the same trace > 2, and expanding eigendi-
rections r, r′ with the same primitive even period loop (n0, . . . , nm−1), m even. By
conjugating A,A′ we may assume that the continued fraction expansions of r, r′ are
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both periodic with period loop (n0, . . . , nm−1), in which case we have r = r′. It
suffices to show that A = A′.

A finite sequence is primitive if it cannot be expressed as an interate of a shorter
finite sequence. Letting D1, . . . , Dk be the lr sequence starting with n0 ls, followed
by n1 rs, etc., up to nm−1 rs, it follows that (D1, . . . , Dk) is a primitive sequence,
because (n0, . . . , nm−1) cannot be expressed as an iterate of a shorter sequence of
even length. Consider the matrix A(D1, . . . , Dk). Since A(r) = r and A′(r) = r, it
follows that the parity loops of both A and A′ are iterates of (D1, . . . , Dk), which
implies that both A and A′ are powers of A(D1, . . . , Dk). However, distinct powers
of A(D1, . . . , Dk) have distinct traces, and so A = A′. ♦

Remark on data size. If A ∈ SL(2,Z) with Tr(A) > 2 then A is conjugate
to a positive matrix, and there is a finite number of positive matrices in the con-
jugacy class of A, to be precise: all matrices of the form A(D1, . . . , Dm) where
(D1, . . . , Dm) is any rl sequence in the same cyclic permutation class as the parity
loop of A. The set of these matrices is therefore a complete invariant of M up to
conjugacy. However, the size of the data needed to store this set of matrices is
considerably larger than the size of the data needed to describe the parity loop of
M . Consider an example for which the parity loop is primitive, of length N , and
has all constant parity blocks of length 1 or 2. In this case the number of positive
matrices in the conjugacy class is N , and each entry of each matrix has a number
of decimal digits which is linear in N , thereby requiring storage of size on the order
of N2 decimal digits. On the other hand, the parity loop itself has size N . Thus,
one obtains a much more tractable invariant—one which takes up much less storage
space and which is still a complete invariant—by using the parity loop. Not the
least advantage of the parity loop is the ease of comparison needed to efficiently
solve the conjugacy problem: once the parity loop of two matrices of trace > 2 has
been computed, comparing the loops for cyclic equivalence is a snap.

As noted in the introductory remarks to Section 10, data size is also an important
factor in obtaining efficient conjugacy invariant of pseudo-Anosov in general.

10.2 Pseudo-Anosov conjugacy using one cusp splitting circuits

In this section we show how to use one cusp splitting circuits to obtain a com-
plete classification of pseudo-Anosov conjugacy classes. Our goal is to make the
classification so explicit that, in Section 11.1, we will (almost) be able to enumer-
ate pseudo-Anosov conjugacy classes, as was done in Section 10.1 for the torus (the
meaning of “almost” enumeration will be explained in the beginning of Section 11.1).

Here is an outline of the method.
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Consider a pseudo-Anosov mapping class φ with unstable foliation F , choose
a separatrix ` of φ, and let τ0 Â τ1 Â · · · be a canonical one cusp expansion of φ
associated to the separatrix `. If φ fixes ` then by One Cusp Stable Equivalence ??
we may truncate the sequence and choose M so that φ(τi) = τi+M for all i ≥ 0.
We therefore obtain a circuit of combinatorial types of one cusp train tracks [τ0] Â
· · · Â [τM ] = [τ0], and we will prove in Theorem ?? that the set of such circuits, one
for each separatrix fixed by φ, is a complete invariant of the conjugacy class of φ.

This leaves us with the problem of classifying pseudo-Anosov conjugacy classes
which do not have a fixed separatrix. To solve this problem, we use the virtual cen-
tralizer VC(φ) of a pseudo-Anosov mapping class φ ∈MCG, which is the subgroup
of all ψ ∈MCG such that ψ commutes with some power of φ. We shall prove:

Proposition 10.2.1. Two pseudo-Anosov mapping classes φ, ψ ∈ MCG are con-
jugate if and only if the subgroups VC(φ), VC(ψ) are conjugate, say VC(φ) =
α−1 VC(ψ)α, and the elements φ, α−1ψα are conjugate in the group VC(φ).

Thus, we reduce the conjugacy classification of pseudo-Anosov mapping classes
to two problems: the conjugacy classification of maximal two-ended virtually pseudo-
Anosov subgroups; and the conjugacy classification within such subgroups. The lat-
ter problem is straightforward: in general, conjugacy classification in a two-ended
group G is easy, assuming one has an explicit description of G.

For the former problem, given a pseudo-Anosov mapping class φ, we shall pick
out of VC(φ) a particular pseudo-Anosov element φ̄ which is canonical in the sense
that VC(φ) and VC(φ′) are conjugate subgroups of MCG if and only if φ̄, φ̄′ are
conjugate elements of MCG. Moreover, φ̄ will have the property that it fixes every
separatrix of its unstable foliation, and so the conjugacy class of φ̄ is completely
described by its set of one cusp canonical splitting circuits. Thus we obtain a
classification of φ̄, which gives a classification of VC(φ), which gives the desired
classification of φ.

The virtual centralizer of a pseudo-Anosov mapping class. In any group
G, define the virtual centralizer VC(g) of g ∈ G to be the subgroup of all h ∈ G
such that for some m 6= 0 we have h−1gmh = gm. Let 〈g〉 be the infinite cyclic
group generated by g. Define the virtual normalizer VN(g) to be the subgroup of
all h ∈MCG such that 〈g〉 ∩ h−1〈g〉h has finite index in both 〈g〉 and h−1〈g〉h.

Proposition 10.2.1 is a special case of the following elementary fact, which has
the effect of factoring conjugacy classification into two steps:

Proposition 10.2.2. In any group G, two elements g, g′ are conjugate if and only if
the subgroups VC(g),VC(g′) are conjugate and, for any h ∈ G such that h−1 VC(g′)h =
VC(g), the elements h−1g′h and g are conjugate in the group VC(g). ♦
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Indeed, this proposition holds with VC(g) replaced by VN(g) or by any subgroup
H(g) naturally associated to g and containing g, such as the ordinary centralizer or
normalizer; here “natural” means that for any group isomorphism f : G → G′ and
any g ∈ G we have f(H(g)) = H(f(g)).

Recall that a finitely generated group V is two-ended if its Cayley graph has
two ends; by Stallings’ theory of ends [Sta68] this is true if and only if V contains a
finite index, infinite cyclic subgroup. If V is two ended then the action of V on its
Cayley graph extends to an action on its set of ends, whose kernel is a characteristic
subgroup of index at most 2 in V called the translation subgroup T (V ). There is a
commutative diagram with exact rows

1 // K(V ) // T (V )� _

��

// Z� _

��

// 1

1 // K(V ) // V // C // 1

with the following properties: either C ≈ Z or C ≈ D∞, the infinite dihedral group;
the injection Z→ C has index 1 or 2; and K(V ) is a characteristic finite subgroup
of V called the kernel of V . Note that V = T (V ) if and only if C is infinite cyclic.
Also, if C is infinite dihedral, then each element of V − T (V ) has square lying in
K(V ) and hence has finite order. Thus, all infinite order elements of V lie in T (V ).
Given a group G and g ∈ G for which VN(g) is two-ended, the subgroup T (V (g))
is equal to VC(g).

Consider a pseudo-Anosov mapping class Φ ∈ MCG, with repelling fixed point
ξr and attracting fixed point ξa in PMF . We denote K(Φ) = K(VN(Φ)). The
following proposition is essentially from [BLM83], with a few details added:

Proposition 10.2.3. If Φ ∈ MCG is pseudo-Anosov, then VN(Φ) is two-ended
and VC(Φ) is the translational subgroup of VN(Φ). The group VN(Φ) is equal to
the subgroup of all Ψ ∈ MCG such that Ψ{ξr, ξa} = {ξr, ξa}, and the action of
VN(Φ) on the set {ξr, ξa} is conjugate to the action of VN(Φ) on its set of ends. It
follows that VC(Φ) is equal to the subgroup of all Ψ ∈ MCG such that Ψ(ξr) = ξr

and Ψ(ξa) = ξa. ♦

The group VN(Φ) can be made to act on the surface S itself in a particularly
nice manner. Let Fs,Fu be the stable and unstable foliations of a pseudo-Anosov
representative φ of Φ, and so P [Fs] = ξr and P [Fu] = ξa. The measured foliations
Fs,Fu determine a singular Euclidean structure on S: away from the singular
points this structure is described by the metric ds2 = (dFs)2 + (dFu)2, where dFs
and dFu denote the transverse measures on Fs and Fu. Define Âff(φ) to be the
set of homeomorphisms of S which are affine with respect to the singular Euclidean
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structure ds and which preserve the collection of horizontal and vertical leaves,
possibly interchanging horizontal with vertical. Define Aff(φ) to be the subgroup
of index at most two in Âff(φ) which preserves horizontal and preserves vertical.
Define Isom(φ) to be the finite subgroup of Aff(φ) which acts isometrically on S.
We have:

Proposition 10.2.4. The quotient map Homeo+ →MCG restricts to an injection
of Âff(φ) with image VN(Φ), taking Aff(φ) to VC(Φ), and taking Isom(φ) to K(Φ).

♦

It follows that Aff(φ) acts on the set Su(φ) of separatrices of Fu. The kernel of
this action is an infinite cyclic subgroup of Aff(φ) that we denote Z(φ), and there is
a unique generator of this group denoted ζ(φ) which is pseudo-Anosov with stable
foliation Fs and unstable foliation Fu (the other generator has stable foliation
Fu and unstable foliation Fs). If we choose φ′ to be any other pseudo-Anosov
representative of Φ, with stable and unstable foliations F ′s,F ′u, then there exists
ψ ∈ Homeo0 and constants α, β > 0 such that ψ(F ′s) = αF ′s and ψ(F ′u) = βF ′u,
and hence ψ conjugates the action of Aff(φ) to the action of Aff(φ′). This implies
that the quotient map Homeo+ →MCG takes Z(φ) to a well defined subgroup of
VC(Φ) denoted Z(Φ), and it takes ζ(φ) to a well-defined element of VN(Φ) denoted
ζ(Φ). Moreover we have:

Proposition 10.2.5. Given pseudo-Anosov mapping classes Φ,Φ′ ∈ MCG, the
subgroups VC(Φ),VC(Φ′) are conjugate if and only if the mapping classes ζ(Φ), ζ(Φ′)
are conjugate.

Proof. If Φ,Φ′ are conjugate, one can choose pseudo-Anosov representatives φ, φ′

and ψ ∈ Homeo+ conjugating φ to φ′, and it follows that ψ conjugates ζ(φ) to ζ(Φ′),
and so the mapping class Ψ of ψ conjugates ζ(Φ) to ζ(Φ′). Conversely, suppose that
ζ(Φ), ζ(Φ′) are conjugate, and it follows that VC(ζ(Φ)), VC(ζ(Φ′)) are conjugate,
but clearly VC(Φ) = VC(ζ(Φ)) and VC(Φ′) = VC(ζ(Φ′)). ♦

Combining Propositions 10.2.1 and 10.2.5, we have reduced pseudo-Anosov con-
jugacy classification to two problems: classifying the elements ζ(Φ) up to conjugacy,
and classifying elements of a two-ended, translational group up to conjugacy.

The conjugacy problem in a two ended, translational group G has an easy solu-
tion as follows. The group G is a semidirect product K(G)of Z where Z is infinite
cyclic, and f : Z → Aut(K(G)) is an action of Z on K(G) which determines the
semidirect product by the usual formula (k, z) · (k′, z′) = (k · f(z)(k′), z · z′). Let z
be a generator of Z. The kernel of the action f is an infinite cyclic subgroup of Z
generated by zk for some k ≥ 1, and clearly zk is in the center of G. It follows that
if (k, zp) is conjugate to (l, zq), then there is a conjugator of the form (m, zr) where
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0 ≤ r < k. In order to test conjugacy in G, therefore, we are restricted to a finite
set of possible conjugators that need to be tested.

Remark. A little speculation and/or calculation should convince one that
“most” pseudo-Anosov mapping classes Φ have the property that VC(Φ) is infinite
cyclic; it would be interesting to prove a concrete formulation of this statement.
The property that VC(Φ) is infinite cyclic is clearly a conjugacy invariant of Φ.

One cusp splitting circuits. Given a pseudo-Anosov mapping class Φ, we have
associated to Φ a pseudo-Anosov mapping class z(Φ) with the same stable and
unstable foliations, characterized as the smallest mapping class acting as the identity
on the separatrices of the stable and unstable foliations. We have reduced the
conjugacy classification of Φ to the conjugacy classification of z(Φ).

What we shall do in this section is to use one cusp splitting circuits to give
a complete conjugacy classification of all pseudo-Anosov mapping classes Φ which
have at least one fixed separatrix.

Consider a pseudo-Anosov mapping class Φ represented by a homeomorphism
φ with stable and unstable foliations Fs,Fu and expansion factor λ > 0, and let
` ∈ s(Fu) be a separatrix fixed by φ. Let τ0 be any train track that canonically
carries Fu. Let v ∈ cusps(τ0) be the cusp corresponding to `. Let τ0 Â τ1 Â · · · be
the one cusp expansion of Fu based at τ0 with starting cusp v0.

Lemma 10.2.6. With the notation as above, the splitting sequence τ0 Â τ1 Â · · ·
is eventually φ-periodic, that is, there exists integers I ≥ 0, N ≥ 1 such that for all
i ≥ I we have φ(τi) = τi+N up to isotopy.

Proof. Applying φ to τ0 Â τ1 Â · · · we obtain a one cusp expansion φ(τ0) Â φ(τ1) Â
· · · of φ(Fu) = λFu, based at the cusp φ(v0) ∈ cusps(φ(τ0)) that corresponds to
φ(`). Since PMF(Fu) = PMF(λFu) it follows that φ(τ0) Â φ(τ1) Â · · · is the
one cusp splitting of Fu based at τ0, with starting cusp φ(v0) corresponding to
φ(`). Since φ(`) = `, the cusps v0 and φ(v0) correspond via the separatrices of Fu.
Applying Theorem 7.1.5, it follows that the splitting sequences τ0 Â τ1 Â · · · and
φ(τ0) Â φ(τ1) Â · · · are stably equivalent. Choose integers a, b ≥ 0 so that for all
i ≥ 0 the train tracks τa+i and φ(τb+i) are isotopic.

We must show that a > b. It cannot happen that a = b because in that case
φ(τa) = τa implying by Corollary 3.15.3 that the mapping class Φ has finite order,
a contradiction. If a < b then from the equation φ−1(τn) = τn+(b−a) for n ≥ a it
follows that τa is an invariant train track for φ−1, and that τa Â τa+1 Â · · · is a
φ−1 periodic splitting sequence, and hence by applying Theorem 9.1.1 we conclude
that ∩iPMF(τa+i) = PMF(Fs), because Fs is the unstable foliation of φ−1. But
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by applying the Expansion Convergence Theorem 5.1.1 we obtain ∩iPMF(τi) =
PMF(Fu), contradicting the obvious fact that PMF(Fu) ∩ PMF(Fs) = ∅. ♦

From the lemma, it follows that the train track τI is an invariant train track
for φ and the splitting sequence τI Â τI+1 Â · · · is φ-periodic with period N . The
construction of this sequence depended on the choice of a separatrix ` ∈ s(Fu), and
we call this a one cusp φ-periodic expansion of Fu, associated to the separatrix `.
Although the sequence τI Â τI+1 Â · · · depended on the choice of τ0, clearly it is
independent of τ0 up to stable equivalence.

Remark. Taking φ-periodicity into account, we can say a little more: if τ ′I′ Â
τ ′I′+1 Â · · · is another one cusp φ-periodic expansion of Fu associated to `, one of
the two splitting sequences τI Â τI+1 Â · · · and τ ′I′ Â τ ′I′+1 Â · · · is obtained from
the other (up to reindexing) by truncating an initial segment. It follows that a one
cusp, φ-periodic expansion of Fu associated to ` extends to a well-defined bi-infinite
φ-periodic expansion of Fu associated to `, which we think of as a “train track axis”
of φ.

Now we show how to associate a “splitting circuit” to each φ-periodic one cusp
train track axis. This circuit is a cyclically ordered sequence of combinatorial types
of one cusp train tracks, together with a parity assigned to each successive pair of
train tracks in the circuit.

Let τ0 Â τ1 Â · · · be a φ-periodic, one cusp expansion of Fu, associated to
a φ-invariant sepratrix ` of Fu. Choose cusps vi ∈ cusps(τi) corresponding to `,
so (τi−1, vi−1) Â (τi, vi) are one cusp splittings. Let N be the periodicity of the
sequence. It follows that φk(τi, vi) = (τi+kN , vi+kN ) for each i, k ∈ Z, and hence for
any congruence class I ∈ Z/N , for all integers i ∈ I the one cusp train tracks (τi, vi)
are all combinatorially equivalent; let TI denote this combinatorial equivalence class
of one cusp train tracks. It also follows that for i, i′ in the same congruence class
mod N the parities of the splittings τi−1 Â τi and τi′−1 Â τi′ are equal; for a
congruence class I ∈ Z/N let dI ∈ {l,r} denote the associated parity. The pair
cyclic sequences TI , dI (I ∈ Z/N) is called the one cusp splitting circuit associated
to φ and `, and we denote this data as

T0 Âd1 T1 Âd2 · · · ÂdN TN = T0

Two one cusp splitting circuits are considered to be equivalent if they have the same
length N and their terms are identical up to a cyclic permutation of the index set
Z/N .

Since any two cusp expansion of Fu associated to ` are stably equivalent, it
follows that their one cusp splitting circuits are equivalent.
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The following theorem combines with Lemma ?? to give a complete almost
conjugacy classification of pseudo-Anosov mapping classes, but it does a little more:
it gives a complete conjugacy classification of pseudo-Anosov mapping classes Φ
that have at least one fixed separatrix. The gist of the theorem is that the one cusp
splitting circuits associated to the fixed separatrices form a complete conjugacy
invariant of Φ. The proof is basically an adaptation of the proof of unmarked stable
equivalence for one cusp expansions 7.1.7.

Theorem 10.2.7 (Conjugacy of pseudo-Anosovs with fixed separatrices).
Let Φ be a pseudo-Anosov mapping class represented by a pseudo-Anosov homeo-
morphism φ that fixes at least one separatrix of its unstable foliation Fu. Given
Φ′ ∈MCG, the following are equivalent:

(1) Φ and Φ′ are conjugate

(2) Φ′ is represented by a pseudo-Anosov homeomorphism φ′ that fixes at least
one separatrix of its unstable foliation F ′u, and the one cusp splitting circuit
of φ associated to some fixed separatrix ` ∈ s(Fu) is equivalent to the one cusp
splitting circuit of φ′ associated to some fixed separatrix `′ ∈ s(F ′u).

(3) Φ′ is represented by a pseudo-Anosov homoemorphism that fixes at least one
separatrix of its unstable foliation, and there is a bijective correspondence
between the set of one cusp splitting circuits of Φ and the set of one cusp
splitting circuits of Φ′, such that corresponding circuits are equivalent.

Proof. The implication (3) =⇒ (2) is immediate.
The proof of (1) =⇒ (3) is a consequence of naturality of one cusp expansions,

as follows. Assuming Φ = ΨΦ′Ψ−1, we have Ψ(Fu) = F ′u, inducing a bijection
s(Fu)→ s(F ′u) that takes Φ fixed separatrices to Φ′ fixed separatrices. If ` ∈ s(Fu)
is fixed by Φ, and if τ0 Â τ1 Â · · · is the one cusp expansion associated to `, it follows
that `′ = Ψ(`) is fixed by Φ′ and that Φ(τ0) Â Φ(τ1) Â · · · is the one cusp expansion
associated to `′. But clearly the one cusp splitting circuits associated to these two
expansions are equivalent: the mapping class Φ provides the needed combinatorial
equivalencies between one cusped train tracks.

To prove (2) =⇒ (1), consider one cusp expansions of Fu,F ′u associated to fixed
separatrices `, `′ of Φ,Φ′, respectively:

τ0 Â τ1 Â · · ·
τ ′0 Â τ ′1 Â · · ·

and suppose that the associated splitting circuits of these two sequences are both
equivalent to

T0 Âd1 T1 Âd2 · · · ÂdN TN = T0
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We show that Φ,Φ′ are conjugate. Choose cusp sequences vi ∈ cusps(τi), v′i ∈
cusps(τ ′i), i ≥ 0, so that (τi, vi) Â (τi+1, vi+1) and (τ ′i , v

′
i) Â (τ ′i+1, v

′
i+1) are one cusp

splittings for each i ≥ 0. Up to truncation and reindexing of the splitting sequences
it follows that for each congruence class I modulo N and each i ∈ I the one cusp
train tracks (τi, vi) and (τ ′i , v

′
i) are in the combinatorial equivalence class TI , and

the one cusp splittings τi−1 Â τi and τ ′i−1 Â τ ′i have the same parity di. Choose a
combinatorial equivalence θi from (τi, vi) to (τ ′i , v

′
i). The same argument that was

used in the proof of Theorem 7.1.7 (2) =⇒ (1) shows that the mapping classes of
the θi are all identical; let Θ denote this mapping class. We have

ΘΦ(τ0, v0) = Θ(τN , vN ) = (τ ′N , v
′
N )

and
Φ′Θ(τ0, v0) = Φ′(τ ′0, v

′
0) = (τ ′N , v

′
N )

and so by Lemma 3.15.2 it follows that ΘΦ = Φ′Θ. ♦

10.3 Pseudo-Anosov conjugacy using circular expansion complexes

In the previous section, we used stable equivalence for one cusp expansions to prove,
essentially, that the one cusp expansions associated to unstable foliations of pseudo-
Anosov homeomorphisms are eventually periodic in the sense of combinatorial type.
The periodicity data was used to obtain a not-quite-complete conjugacy classifica-
tion of pseudo-Anosov mapping classes: we obtained a complete classification up
to almost conjugacy, which by Lemma ?? is a uniformly bounded finite-to-one
conjugacy classification; we also obtained a complete classification of a subclass of
pseudo-Anosov mapping classes, namely those with a fixed separatrix, and this sub-
class contains a uniformly bounded power of every pseudo-Anosov mapping class.

In order to obtain a complete conjugacy classification, we use the expansion
complex to tie up into one package all expansions (up to stable equivalence) of the
unstable foliation, not just the one cusp expansions. Stable equivalence of expansion
complexes will imply that expansion complexes of pseudo-Anosov unstable foliations
are eventually periodic in the appropriate sense, and we use the periodicity data to
obtain a complete conjugacy classification of pseudo-Anosov mapping classes.

Eventual periodicity of expansion complexes. Consider a pseudo-Anosov
mapping class Φ represented by a pseudo-Anosov homeomorphism φ with unstable
foliation Fu. Fix a train track τ canonically carrying Fu. Let Ξ be the expansion
complex of Fu based at τ , each of whose closed cells c(σ) is labelled by the isotopy
class of a decorated train track σ. We shall prove Lemma 10.3.1 which expresses
eventual Φ-periodicity of Ξ.
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Recall from Section 7.7 that for each face relation c(σ) ⊂ c(σ′) in Ξ there is
a forest collapse map qσ′σ : σ′ → σ, well defined up to homotopy through forest
collapse maps.

Consider now Φ(Ξ), which is the expansion complex of Φ(Fu) based at Φ(τ).
Since PMF(Fu) = PMF(Φ(Fu)) it follows from the Stable Equivalence Theo-
rem 7.2.3 or from its corollary 7.2.6 that Ξ and Φ(Ξ) are stably equivalent. We
may therefore fix subcomplexes Ξ̂ ⊂ Ξ, Ξ̂′ ⊂ Ξ, each a neighborhood of infinity,
such that Φ takes Ξ̂ isomorphically to Ξ̂′, by a map taking a cell c(σ) to the cell
c(Φ(σ)). Moreover, from the proof of Unmarked Stable Equivalence 7.7.1, for any
face relation c(σ) ⊂ c(σ′) in Ξ̂ the following diagram commutes up to homotopy
through unmarked face collapse maps:

σ′
φ //

qσ′σ

��

Φ(σ′)

qΦ(σ′)Φ(σ)

��
σ

φ
// Φ(σ)

(∗)

Lemma 10.3.1 (Eventual periodicity of expansion complexes). The subcom-
plex Ξ̂ of Ξ can be chosen so that it is a connected neighborhood of infinity, and so
that Φ(Ξ̂) ⊂ Ξ̂. For all ξ ∈ Ξ̂, the sequence Φn(ξ) diverges to infinity in Ξ as
n→∞.

We shall apply this lemma repeatedly in what follows.

Proof. Start with a subcomplex Ξ̂ ⊂ Ξ, a neighborhood of infinity, so that Φ(Ξ̂) ⊂ Ξ,
as constructed above using stable equivalence of Ξ and Φ(Ξ). We describe how to
alter Ξ̂ so as to guarantee that Φ(Ξ̂) ⊂ Ξ̂.

We claim that there exists a cell c(σ) such that c(φn(σ)) is a cell of Ξ̂ for all
n ≥ 0. To prove the claim, choose a separatrix ` of Fu and choose K so that
φK(`) = `. The coordinate axis of Ξ̂ corresponding to ` is labelled by an elementary
factorization of the one cusp expansion of F based at τ associated to `, denoted
τ = τ0 Â τ1 Â · · · . By Lemma 10.2.6, this sequence is eventually φK periodic,
that is, there exists N, I ≥ 0 such that φK(τi) = τi+N for all i ≥ I. For each
i = I, . . . , N − 1 the sequence of cells c(τi), c(τi+N ), c(τi+2N ), . . . lies in a single
coordinate axis of Ξ, diverging to infinity in that axis, and hence the sequence
eventually lies in Ξ̂. It follows that there exists I ≥ 0 such that c(τi) ∈ Ξ̂ for all
i ≥ I. Taking σ = τI proves the claim.

For each i consider the subcomplex Ξ̂(φi(σ)) consisting of all cells c(σ′) ⊂ Ξ̂ such
that φi(σ)ÂÂσ′. By Corollary 7.2.4, Ξ̂(φi(σ)) is a neighborhood of infinity. Now we
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redefine Ξ̂ to be

Ξ̂ =
∞⋃
i=0

Ξ̂(φi(σ)) =
K−1⋃
i=0

Ξ̂(φi(σ))

This is clearly a connected neighborhood of infinity, and Φ(Ξ̂) ⊂ Ξ̂. For each
cell c(σ), if φn(c(σ)) did not diverge to infinity then there would be an infinite
subsequence ni such that φni(c(σ)) is constant, contradicting Corollary 3.15.3 which
says that the stabilizer of a filling train track is a finite subgroup ofMCG. It follows
that φn(ξ) diverges to infinity for each ξ ∈ Ξ. ♦

Here is a somewhat more informative proof that φn(ξ) diverges to infinity for
each ξ ∈ Ξ, which will be useful in what follows.

Consider the length function L : Ξ → [0,∞) defined by L(ξ) =
∑

i Length(ξi).
Divergence to infinity of a point ξ ∈ Ξ is equivalent to divergence to infinity of the
length function L(ξ). For t > 0 the level set L−1(t) inherits a stratification from
Ξ, and with respect to this stratification L−1(t) is a simplex. Choose T > 0 so
that L−1[T,∞) ⊂ Ξ̂. Note that for n ≥ 0 the set Φn(L−1[T,∞)) = L−1[λnT,∞))
is a subset of Ξ̂, where λ > 1 is the expansion factor of Φ. It follows that if
ξ ∈ L−1[T,∞) then Φn(ξ) diverges to infinity as n→∞. Each of the finitely many
cells of Ξ̂ which are not contained in L−1[T,∞) will be mapped into L−1[T,∞) after
some finite power of Φ.

The simplices L−1(t) form the fibers of a fibration of L−1[T,∞) over [T,∞),
giving this domain the structure of a (simplex)×(half-line).

Circular expansion complexes. The circular expansion complex of Φ, denoted
Ω, will be a stratified topological space, equipped with a labelled cell structure and
a labelled face relation.

As a cell-complex, Ω = Ξ̂/Φ is the quotient of Ξ̂ by the action of the semigroup
generated by Φ; let Q : Ξ̂→ Ω denote the quotient map. The cells of Ω fit together
to define a CW-decomposition of Ω. We shall slightly alter our notation for cells,
reserving a lower case c for cells of Ω and an upper case C for cells of Ξ. The cell
of Ξ labelled by a decorated train track σ is thus denoted C(σ).

Note that Q need not be injective on each closed cell of Ξ̂, and so the closure of
an open cell of Ω need not be homeomorphic to a closed cell, that is, Ω need not be
a cell complex. However, this situation seems extremely rare, and it might be hard
to construct a concrete example where Ω is not a cell complex. One would need
to construct an example with a closed cell C ⊂ Ξ̂ and two faces C(σ′), C(σ′′) ⊂ C
such that Φn(σ′) = σ′′ for some n ≥ 0.

Ignoring for a moment the cell structure of Ω, the topology and the stratification
of Ω can be described alternately as follows. Note that Ω is identified with the
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quotient of L∞[T,∞) by Φ, with the non-negative powers of Φ acting as deck
transformation semigroup. A fundamental domain for this semi-group action is
L−1[T, λT ], with Φ taking the simplex fiber L−1(T ) isomorphically to the simplex
fiber L−1(λT ), mapping vertices to vertices according to the action of Φ on unstable
separatrices. The fibration of L−1[T,∞) over [T,∞) descends to a fibration of Ω over
the circle S1

λ = R/ log(λ) · Z, as described in the following commutative diagram:

L−1[T,∞)
Q //

L
��

Ω

��
[T,∞)

log // S1
λ

The strata of Ξ intersected with Ξ̂ descend to strata of Ω. Each stratum is a
subcomplex. Each fiber of the fibration Ω → S1

λ, intersected with the strata, gives
that fiber the structure of a simplex, and so as a stratified space Ω has the structure
of a simplex bundle over the circle. Note that the permutation on the vertices of
this simplex, under the monodromy map of the fibration, is conjugate to the action
of Φ on unstable separatrices.

Now we discuss the labelling on cells and on face relations of Ω.
Each cell c of Ω is labelled with a decorated train track as follows. Choose a lift

C = C(σ) of c, meaning a cell C of Ξ̂ whose interior projects via Q homeomorpically
to the interior of c. Now label the cell c with the same decorated train track σ that
labels C; the cell c labelled by σ is denoted c(σ). Note that σ is not well-defined up
to isotopy independent of the choice of the chosen lift C, although it is well-defined
up to combinatorial equivalence: cells in the same Φ orbit of Ξ̂ are labelled by
decorated train tracks which are combinatorially equivalent via powers of Φ.

Each face relation c(σ) ⊂ c(σ′) of Ω is labelled with an unmarked forest col-
lapse qσ′σ : σ → σ as follows. Consider the chosen lifts C(σ), C(σ′) ⊂ Ξ̂. By
construction there exists an integer n, not necessarily positive, such that C(σ) is a
face of Φn(C(σ′)) = C(Φn(σ′)). It follows that there is a (marked) forest collapse
q : Φn(σ′)→ σ, and we define the unmarked forest collapse qσ′σ as the composition

σ′
Φn //

qσ′σ

66Φn(σ′)
q // σ

This completes the description of the circular expansion complex Ω of a pseudo-
Anosov mapping class Φ. Notice that Ω depends ostensibly on choices, namely,
the choice of the the expansion complex Ξ, and the choice of the lifted cells C = c̃
used to define the labelling on Ω. However, we shall show that Ω is a well-defined
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independent of these choices, with the appropriate definition of “isomorphism” of
circular expansion complexes. Not only that, but Ω is a well-defined invariant of
the conjugacy class of Φ, and in fact it is a complete invariant, as we will prove in
Theorem 10.3.2 below.

Remarks. Notice that unlike the situation with one cusp splitting circuits, we do
not just label a cell with the whole combinatorial type of a decorated train track:
we must choose a particular representative of this combinatorial type, in order to
have a domain and range for the unmarked collapse map qσ′σ. This would all be
unnecessary if we had assurances that the decorated train tracks σ, σ′ had trivial
stabilizers inMCG, for then any choice of representatives of the combinatorial types
of σ, σ′ would yield a unique unmarked forest collapse qσ′σ up to homotopy through
forest collapses, and hence there would be no loss in labelling the cells c, c′ by the
combinatorial types of σ, σ′ rather than by the isotopy types of σ, σ′. However, the
possibility of finite stabilizers inMCG forces the labelling structure to be described
in terms such as we have done. Readers familiar with the theory of orbihedra
[Hae91] may discern that another way to approach this issue is by working in the
category of orbihedra.

Consider now two circular expansion complexes Ω,Ω′. An isomorphism from
Ω to Ω′ consists of a stratification preserving CW-isomorphism G : Ω → Ω′, and
for each cell c(σ) ⊂ Ω with image c(σ′) = G(c(σ)) ⊂ Ω′, a decoration preserving
combinatorial equivalence gσσ′ : σ → σ′, so that for each face relation c(σ1) ⊂
c(σ2) in Ω, setting c(σ′1) = G(c(σ1)) and c(σ′2) = G(c(σ2)), the following diagram
commutes up to homotopy through unmarked forest collapses:

σ2

qσ2σ1

��

gσ2σ
′
2 // σ′2

qσ′2σ
′
1

��
σ1 gσ1σ

′
1

// σ′1

Using this notion of isomorphism we next show that the circular expansion
complex Ω of a pseudo-Anosov mapping class Φ is well-defined up to isomorphism,
independent of the choices in the construction of Ω. There are two choices to
consider: choice of the lifts of cells c ⊂ Ω; and choice of the expansion complex Ξ
of the unstable foliation of Φ.

Consider a cell c(σ) ⊂ Ω and its chosen lift C(σ) ⊂ Ξ̂. Let Ω′ be the circular
expansion complex obtained from Ω by changing the chosen lift C to another lift
C ′ = C(σ′) ⊂ Ξ̂. Thus, the labelling on c is changed from σ to σ′, and all unmarked
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forest collapse maps labelling face relations c1 ⊂ c and c ⊂ c2 are changed appropri-
ately; all labels not involving c are unchanged. We shall prove that the identity map
G : Ω→ Ω′ is an isomorphism. There exists an integer n such that Φn(σ) = σ′ and
Φn(C) = C ′; and so gσσ′ = Φn is a decoration preserving isomorphism from σ to
σ′, as required to define an isomorphism. Consider a face c1 = c(σ1) of c in Ω, and
let C1 = C(σ1) ⊂ Ξ̂ be the chosen lift of c1. There exists an integer m such that C1

is a face of Φm(C), and we have an unmarked forest collapse q : Φm(σ) → σ1 that
labels the face relation c1 ⊂ c in Ω. Changing the label on c from σ to Φn(σ) = σ′,
note that C1 is a face of Φm−n(C ′) = Φm(C), and so the unmarked forest collapse
q′ : Φm−n(σ′) → σ1 is the label of the face relation c1 ⊂ c in Ω′. Clearly q′ is ho-
motopic to Φn ◦ q through unmarked forest collapses—in fact they are the same
map—as required for an isomorphism. A similar argument when c is a face of a cell
c2 ⊂ Ω establishes that the identity map G : Ω→ Ω′ is an isomorphism.

We have shown that Ω is well-defined up to isomorphism when we change the
chosen lift of a single cell, and by induction on the number of such changes it follows
that Ω is well-defined independent of the choice of lifts.

Next we show that Ω is well-defined when we change the expansion complex Ξ
of Fu. Suppose we choose another expansion complex Ξ′, based at a train track τ ′.
Choose subcomplexes Ξ̂ ⊂ Ξ, Ξ̂′ ⊂ Ξ′, neighborhoods of infinity, so that Φ(Ξ̂) ⊂ Ξ̂
and Φ(Ξ̂′) ⊂ Ξ̂′. Let Ω = Ξ̂/Φ, Ω′ = Ξ̂′/Φ be the circular expansion complexes.

Applying the Stable Equivalence Theorem 7.2.3 we obtain subcomplexes ˆ̂Ξ ⊂ Ξ and
ˆ̂Ξ′ ⊂ Ξ′, each a neighborhood of infinity, and a (marked) isomorphism F : ˆ̂Ξ → ˆ̂Ξ′.
Note that this isomorphism commutes with Φ, and so F induces a stratification
preserving, cellular isomorphism from Ω to Ω′. To check that cell labels and face
relation labels are preserved, we make use of the freedom of choosing lifts of cells:
define labels on Ω by choosing lifts of cells to lie in ˆ̂Ξ∩ Ξ̂∩F−1(ˆ̂Ξ′ ∩ Ξ̂′), and define
Ω′ by choosing lifts of cells to be the images under F of the lifts of cells in Ω,
necessarily lying in F (ˆ̂Ξ ∩ Ξ̂) ∩ ˆ̂Ξ′ ∩ Ξ̂′. It follows that Ω,Ω′ are isomorphic. This
completes the proof that circular expansion complexes are well-defined.

Here is our main classification theorem:

Theorem 10.3.2. Two pseudo-Anosov mapping classes Φ,Φ′ ∈ MCG are con-
jugate in MCG if and only if the circular expansion complexes of Φ and Φ′ are
isomorphic.

The proof of this theorem shares several features with the proof of unmarked
stable equivalence of expansion complexes 7.7.1.

Proof. Let Fu,F ′u be unstable foliations for Φ,Φ′. Choose a train tracks τ, τ ′

canonically carrying Fu,F ′u, let Ξ,Ξ′ be the expansion complexes of Fu based at
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τ, τ ′, and choose subcomplexes Ξ̂ ⊂ Ξ and Ξ̂′ ⊂ Ξ′, neighborhoods of infinity, so
that Φ(Ξ̂) ⊂ Ξ̂ and Φ′(Ξ̂′) ⊂ Ξ̂′. We have circular expansion complexes Ω = Ξ̂/Φ,
Ω′ = Ξ̂′/Φ′.

Suppose that Φ,Φ′ are conjugate, Φ′ = ΨΦΨ−1 for Ψ ∈ MCG. It follows that
F ′u = Ψ(Fu) is an unstable foliation for Φ′. We may choose Ξ′ = Ψ(Ξ) based
at τ ′ = Ψ(τ). Moreover, Ψ is an unmarked stable equivalence between Ξ and Ξ′.
Since Φ′Ψ = ΨΦ, we may choose Ξ̂′ = Ψ(Ξ̂) ⊂ Ξ′. It follows that Ψ induces an
isomorphism between circular expansion complexes Ω = Ξ̂/Φ and Ω′ = Ξ̂′/Φ′.

We now prove the converse: if Ω,Ω′ are isomorphic then Φ,Φ′ are conjugate.
The idea of the proof is that the isomorphism G : Ω→ Ω′ lifts to an unmarked stable
equivalence between Ξ and Ξ′, which according to Theorem 7.7.1 is induced by some
mapping class Ψ, and we will have Φ′ = ΨΦΨ−1. The details are a bit trickier and
we do not, in fact, quote Theorem 7.7.1, although we do use one important step
from the proof.

First, we want to lift G : Ω→ Ω′ to a stratification preserving CW-isomorphism
F : Ξ̂ → Ξ̂′ with the property that Φ′ ◦ F = F ◦ Φ. But we can’t always get
what we want, because the quotient maps Q : Ξ̂ → Ω and Q′ : Ξ̂′ → Ω′ are not
true covering maps, and so it seems that we cannot use lifting theory ([Spa81],
chapter 2). However, we get what we need by dropping the requirement that F be
a surjection, requiring F only to be a stratification preserving, CW-isomorphism
onto a subcomplex of Ξ̂′. To do this, fix a base cell c ⊂ Ξ̂. If the cell Q(c) ⊂ Ω is
lifted via Q′ to a cell c′ of Ξ̂′ so that c′ is sufficiently close to infinity, then the proof
of lifting theory provides the needed map F so that F (c) = c′. Details are left to
the reader. Note that F (Ξ̂) is a neighborhood of infinity in Ξ′.

Next we want to lift the combinatorial equivalencies gσσ′ , relating cell labels
of Ω and labels of Ω′, to combinatorial equivalencies fσσ′ that relate cell labels
of Ξ̂ to cell labels of F (Ξ̂). The chosen lifts of cells of Ω lie in Ξ̂, and we may
assume that the chosen lifts of cells of Ω′ lie in Ξ̂′. In fact, we may assume that
for each cell c(σ) of Ω, if c′ = c(σ′) = G(c) ⊂ Ω, and if C = C(σ) ⊂ Ξ̂ and
C ′ = C(σ′) ⊂ Ξ̂′ are the chosen lifts, then F (C) = C ′. The isomorphism between
Ω and Ω′ provides us with a combinatorial equivalence gσσ′ : σ → σ′. This gives us
a combinatorial equivalence from some representative of each Φ orbit of cells in Ξ̂
to some representative of each Φ′ orbit of cells in Ξ̂′. Now we use equivariance to
extend this as follows. Consider an arbitrary cell C of Ξ̂, let c = Q(C) ⊂ Ω, and
let c′ = G(c) ⊂ Ω′. Choose an integer n so that Φn(C) ⊂ Ξ̂ is the chosen lift of c.
It follows that C ′ = Φ′n(F (C)) = F (Φn(C)) is the chosen lift of c′. Letting σ, σ′ be
the decorated train tracks labelling the cells C,C ′, it follows that Φn(σ) and Φ′n(σ′)
are the labels of c, c′, and hence we have a combinatorial equivalence

g = gΦn(σ),Φ′n(σ′) : Φn(σ)→ Φ′n(σ′)
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By composition we define a combinatorial equivalence fσσ′ : σ → σ′:

σ Φn //

fσσ′

55Φn(σ)
g // Φ′n(σ′) Φ′−n // σ′

We now wish to show that F and the system of combinatorial equivalences
fσσ′ form an unmarked stable equivalence from Ξ to Ξ′, and to do this we must
verify that the maps fσσ′ respect face relations. The verification is aided by the
commutative diagram below. In this diagram and the accompanying discussion, as
a shorthand each cell of Ξ or Ξ′ is represented by its labelling train track, e.g. we
write σ as a shorthand for C(σ).

Consider a face relation C(σ1) ⊂ C(σ2) in Ξ̂ and the image face relation C(σ′1) =
F (C(σ1)) ⊂ C(σ′2) = F (C(σ2)) in F (Ξ̂). We must prove commutativity of the
square labelled ? in the diagram below.

The orbit of C(σ1) contains a cell C(σn1 ) = C(Φn(σ1)) which is the chosen lift of
the cell Q(C(σ1)) ⊂ Ω, and the orbit of C(σ′1) contains a cell C(σ′1

n) = C(Φ′n(σ′1))
which is the chosen lift of Q(C(σ′1)). The isomorphism G : Ω → Ω′ provides us
with a combinatorial equivalence g1 : σn1 → σ′1

n. Square 1 commutes by definition
of fσ1σ′1

.
Letting σn2 = Φn(σ2) and σ′2

m = Φ′n(σ′2), squares 2 and 3 commute by naturality
of (marked) forest collapse maps.

The orbit of C(σ2) contains a cell C(σm2 ) = C(Φm(σ2)) which is the chosen lift of
the cell Q(C(σ2)) ⊂ Ω, and the orbit of C(σ′2) contains a cell C(σ′2

m) = C(Φ′m(σ′2))
which is the chosen lift of Q(C(σ′2)). The isomorphism G : Ω→ Ω′ provides us with
a combinatorial equivalence g2 : σm2 → σ′2

m. The exterior square in the diagram,
which is unlabelled, commutes by definition of fσ2σ′2

.
Since Φm−n(σn2 ) = σm2 , the labelling of face relations of Ω provides us with

an unmarked forest collapse q : σm2 → σn1 which, by definition, is the composition
qσn2 σn1 ◦Φn−m, and hence triangle 4 commutes. Similarly, since Φ′m−n(σ′2

n) = σ′2
m, Ω′

provides us with an unmarked forest collapse q′ : σ′2
m → σ′1

n which equals qσ′2n◦σ′1n ◦
Φ′n−m, and hence triangle 5 commutes.

Commutativity of square 6 follows because G : Ω → Ω′ is an isomorphism, all
the cells involved in this diagram are the chosen lifts of cells in Ω or Ω′, and the
requirement that the combinatorial equivalences of an isomorphism respect face
relations.

Commutativity of triangles 7 and 8 is obvious, and the desired commutativity
of square ? follows.
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σm2
g2 //

q

��@@@@@@@@@@@@@@@@

4
6

σ′2
m

q′

~~}}}}}}}}}}}}}}}}

5
σn2 qσn2 σ

n
1

//

Φm−n

OO

2

σn1
g1 //

1

σ′n1

3

σ′n2qσ′2
nσ′1

n
oo

Φ′m−n

OO

σ2
qσ2σ1 //

Φn

OO
Φm

<<

7

fσ2σ
′
2

99σ1

Φn

OO

fσ1σ
′
1 //

?

σ′1

Φ′n

OO

σ′2

Φ′n

OO 8

qσ′2σ
′
1oo

Φ′m

aa

This completes the proof that F is an unmarked stable equivalence from Ξ to Ξ′.
By the same argument used in the proof of Theorem 7.7.1, all of the combinatorial
equivalences fσσ′ : σ → σ′ = F (σ) are in the same mapping class, denoted Ψ.
Now choose a cell C(σ) ⊂ Ξ̂ that lies on an axis of Ξ, and hence the decoration
of σ contains a unique nondegenerate cusp v. It follows that σ′ = F (C(σ)) =
C(Ψ(σ)) lies on an axis of Ξ′ and hence has a unique nondegenerate cusp v′. Since
fσσ′ preserves decorations, the bijection Ψ: cusps(σ) → cusps(σ′) takes v to v′.
The cell Φ(C(σ)) = C(Φ(σ)) is also on an axis, the undecorated cusp of Φ(σ)
is Φ(v), and the cell Φ′(C(σ′)) = C(Φ′(σ′)) is on an axis, and the undecorated
cusp of Φ′(σ′) is Φ′(v′). Finally, since fΦ(σ)Φ′(σ′) preserved decorations it follows
that Ψ: cusps(Φ(σ)) → cusps(Φ′(σ′)) takes Φ(v) to Φ(v′). We have shown that
ΨΦ(σ, v) = Φ′Ψ(σ, v). Applying Lemma 3.15.2 it follows that ΨΦ = Φ′Ψ, and so
Φ,Φ′ are conjugate in MCG. ♦

Two cusp splitting circuits.

TO DO:

• Describe the strata Ω(n).

• Discuss how Ω(1) is just the one cusp splitting circuits for the first return
maps of all separatrices. So, Ω(1) does not suffice to classify pseudo-Anosov
conjugacy classes. Discuss what it would take to come up with an explicit
counterexample, but I don’t have one up my sleeve.
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• Discuss Ω(2). All splitting circuits contained in here are called “two cusp
splitting circuits”.

• Theorem: Ω(2) is a complete conjugacy invariant.

• Proof: Just need connectivity.

• Why this is somewhat better than all of Ω. Can one do better? Is there some
scheme which augments Ω(1) with a minimal amount of extra data to make
the classification complete? Discussion of one such scheme . . .

11 Enumeration of pseudo-Anosov conjugacy classes

In this section we enumerate the canonical one cusp splitting circuits that are used
in Section 10 to classify pseudo-Anosov conjugacy classes. Because these circuits
only enumerate a “finite index” collection of pseudo-Anosov conjugacy classes, and
because the enumeration is “finite-to-one”, we do not obtain a bijective enumeration
of pseudo-Anosov conjugacy classes by this method, however we will be content here
with an “almost enumeration”.

The first step in the enumeration is to study the canonical killing criterion in the
context of one cusp splitting sequences, in order to prove that the canonical killing
automaton over the one cusp train track automaton has degree bounded by a linear
function of the genus and number of punctures; this is carried out in Section 11.1.

Then over the next several sections we describe how to enumerate combinatorial
types of one cusp train tracks, with a goal towards explicit construction of the one
cusp train track automata and their canonical killing automata.

11.1 The canonical killing criterion for one cusp splitting sequences
get rid of
“almost
conjugacy”.
Rewrite
FDA com-
ments, in
light of
putting
FDAs ear-
lier: “we
will ex-
plicitly
construct
the FDAs.”

One cusp splitting circuits are used in Theorem 10.2.7 to classify pseudo-Anosov
mapping classes up to almost conjugacy, in fact to classify up to conjugacy those
pseudo-Anosov mapping classes that fix at least one separatrix. Our goal in the
next few sections is to show how to enumerate such one cusp splitting circuits in
a particularly efficient fashion, using finite deterministic automata. This enumera-
tion does not quite suffice to obtain an exact enumeration of conjugacy classes of
pseudo-Anosov mapping classes: not every pseudo-Anosov mapping class Φ fixes a
separatrix, although a uniformly bounded power of Φ does; and a pseudo-Anosov
homeomorphism Φ may fix more than one separatrix, yielding more than one split-
ting circuit, but we will not have the technology to compare distinct splitting circuits
for conjugacy until a later section.
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In Section 7.1 we studied stable equivalence of one cusp train track expansions.
We defined a one cusp train track to be an ordered pair (τ, v) where τ is a generic
train track and v ∈ cusps(τ). In that section we also defined three relations between
one cusp train tracks: “one cusp elementary splittings”; “one cusp slides”; and
“one cusp splittings” which are a kind of wide splitting that factors uniquely into
one cusp slides followed by a one cusp elementary splitting. The objects of study
in Section 7.1 were one cusp splitting sequences, that is, sequences of the form
(τ0, v0) Â (τ1, v1) Â · · · where each (τi, vi) Â (τi+1, vi+1) is a one cusp splitting.

In this section we prove Theorem 11.1.10 which gives an efficient reformulation
of the Canonical Killing Criterion for one cusp splitting sequences. In particular,
we shall formulate the Canonical Killing Criterion in this context with linear com-
plexity, as remarked in Section 9.5. We will need extensive technical preliminaries
before we can state the theorem.

Stable train tracks. It turns out that in order to understand a one cusp expan-
sion up to stable equivalence, one need only consider a subclass of one cusp train
tracks, called “stable train tracks”, as we now explain.

Recall that the cusps of a train track τ are identified with the cusps of C(S− τ).
Consider a generic, filling, one cusp train track (τ, v). Let sv denote the switch of
τ at which the cusp v is located, let bv be the branch on the one-ended side of sv,
and let cv denote the component of C(S − τ) having v as a cusp. An open side of
C(S − τ) is a component of ∂ C(S − τ) − cusps(C(S − τ)), and a closed side is the
closure of an open side. Let ∂̄v be the union of the cusps and open sides of ∂ C(S−τ)
whose closures do not contain v, and let ∂v = ∂ C(S − τ) − ∂̄v. To be explicit: ∂̄v

contains the complete boundary of each component of C(S − τ) distinct from cv; if
cv has n ≥ 3 cusps then ∂̄v contains the n − 2 closed sides of cv that are disjoint
from v, and ∂v consists of v and the two open sides of cv incident to v; if cv has
exactly 2 cusps then ∂̄v contains, as an isolated point, the cusp of cv distinct from
v, and ∂v consists of the rest of ∂cv; and if cv has exactly 1 cusp then ∂cv = ∂v. The
case where cv has exactly 2 cusps is somewhat exceptional and must be handled
with care, which is why ∂v and ∂̄v are defined the way they are. We shall let ∂(∂̄v)
denote either the two cusps forming the manifold boundary of ∂̄v when cv has ≥ 3
cusps, or the isolated cusp of ∂̄v when cv has 2 cusps, or the empty set when cv has
1 cusp.

A stable train track is a generic, filling, one cusp train track (τ, v) such that
the overlay map C(S − τ) → S is injective on the set ∂̄v. Note that stability is
a combinatorial invariant of one cusp train tracks. To emphasize the usage, the
phrase “stable train track” necessarily refers to a one cusp train track (τ, v).

The following results, particularly the corollary, explain the terminology “sta-
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ble”:

Lemma 11.1.1. If (τ, v) is a stable train track and if (τ, v)ÂÂ(τ ′, v′) is a one cusp
slide or a one cusp elementary split then (τ ′, v′) is stable.

Applying this lemma inductively to the elementary factorization of a one cusp
splitting sequence we obtain:

Corollary 11.1.2. If (τ0, v0) Â (τ1, v1) Â · · · is a one cusp splitting sequence, and
if (τI , vI) is stable for some I, then (τi, vi) is stable for all i ≥ I. ♦

Proof of Lemma 11.2.1. Let (τ, v)ÂÂ(τ ′, v′) be a one cusp slide or elementary split,
and suppose that (τ, v) is stable. Consider the overlay maps f : C(S − τ) → S,
f ′ : C(S − τ ′) → S. From the local model for a slide (Figure 11) or elementary
split (Figure 13) one sees easily that for each neighborhood U of v in C(S − τ)
there is a diffeomorphism g : C(S − τ ′) → C(S − τ) with the following property: if
x ∈ C(S − τ ′)− g−1(U) then f ′(x) = f(g(x)). We can choose U so that U ∩ ∂̄v = ∅,
and so g−1(U) ∩ ∂̄v′ = ∅. Since f is injective on ∂̄v it follows that f ′ is injective on
∂̄v
′
. ♦

Next we show that stable train tracks do, in fact, occur in one cusp expansions:

Proposition 11.1.3. If (τ0, v0) Â (τ1, v1) Â · · · is a one cusp, canonical expansion
of an arational measured foliation F , then for all sufficiently large i the one cusp
train track (τi, vi) is stable.

Proof. By Corollary 11.2.2 we just have to prove that some (τi, vi) is stable, although
the proof will show directly that (τi, vi) is stable for all sufficiently large i.

Let ν0 be a tie bundle over τ0, with tie foliation Fv equipped with a positive
Borel measure, and with F chosen in its equivalence class to be a canonical model
with a surjective carrying inclusion F ↪→→ν0, so F is the horizontal foliation. Let ` be
the separatrix of F corresponding to the cusp v0. Let ξt be the initial segment of ` of
length t. By Lemma 7.1.4 it follows that the elementary move sequence associated to
the growing separatrix family ξt is the one cusp elementary factorization of (τ0, v0) Â
(τ1, v1) Â · · · . Let νt be the tie bundle obtained from ν0 by slicing along ξt, let τt
be the quotient train track, and let vt the the cusp of τt associated to the boundary
point of ξt. We must show that (τt, vt) is stable for sufficiently large t. Let ∂̄vνt
be the union of cusps and open sides of νt that are disjoint from vt. It suffices to
show that for sufficiently large t, the map νt → τt is injective on the set ∂̄νt, or
equivalently, each tie of νt intersects ∂̄vνt in at most one point. To guarantee this,
simply choose t = Length(ξt) sufficiently large so that each tie of ν0 which intersects
∂̄vν0 also intersects the interior of ξt. ♦



11 ENUMERATION OF PSEUDO-ANOSOV CONJUGACY CLASSES 297

v

Figure 32: A stable train track, obtained from splitting Figure 6(b). This example
is of type 1. A one cusp slide on this example will produce a type 2 stable train
track.

The import of Proposition 11.2.3 for our present needs is that in order to study
periodic one cusp expansions it suffices to focus on stable train tracks; there is no
need to study one cusp train tracks that are not stable.

It should be clear that not every generic, filling train track τ has a cusp v such
that (τ, v) is stable: consider for example Figure 6; consider also any one sink train
track; and consider also any train track associated to a twist system. In Section 11.2
we shall describe a method for constructing all stable train tracks.

The proof of Proposition 11.2.3 suggests a method for constructing stable train
tracks: take an arbitrary one cusp train track (τ, v), and start doing one cusp splits
and slides, trying to maneuver so as to eventually split through every branch of τ .
Once this is accomplished, the resulting one cusp train track (τ ′, v′) is guaranteed
to be stable. Carrying this process out on the train track in Figure 6(b) results in
Figure 32.

Uniqueness of the stable cusp. Given a generic, filling train track τ , we
have seen that there may or may not exist v ∈ cusps(τ) for which (τ, v) is stable.
One question which arises is: if v exists, how unique is it? The following result gives
an (almost) complete answer:

Proposition 11.1.4. If τ is a generic filling train track then there are exactly zero,
one, or two cusps v such that (τ, v) is a stable train track. If there are two cusps,
then one of the following happens:

(1) There exists a punctured bigon c of C(S − τ) such that for each of the two
cusps v of c, (τ, v) is a stable train track.

(2) There exists a component c of C(S − τ) with ≥ 3 sides, and there exist two
adjacent cusps v1, v2 of c, such that (τ, v1) and (τ, v2) are stable train tracks.
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As a converse to (1), if (τ, v) is stable, if v is a cusp of a punctured bigon c of
C(S − τ), and if v′ is the other cusp of c, then (τ, v′) is also stable.

Stable train tracks which satisfy item (2) in this proposition are somewhat ex-
ceptional. In fact they can be safely ignored: if (τ0, v0) Â (τ1, v1) Â · · · is a one
cusp expansion of an arational measured foliation then only finitely many of the
(τi, vi) satisfy (2). One can prove this using the methods of Section 11.2.

Proof. Let p : C(S − τ)→ S be the overlay map.
First observe that if (τ, v) is a stable train track then p(∂̄v) ⊂ p(∂v), and so

p(∂v) = τ .
Suppose that v1 6= v2 ∈ cusps(τ) are such that (τ, v1) and (τ, v2) are both stable.
If ∂v1∩∂v2 = ∅ then ∂v1 ⊂ ∂̄v2 and ∂v2 ⊂ ∂̄v1 , and so from the above observation

it follows that p(∂v1) = p(∂v2) = τ . However, by definition of stability both ∂̄v1 and
∂̄v2 inject into S, and so p(∂v1) = p(∂v2) = τ is a nonsmooth 1-manifold, which is
absurd.

The intersection ∂v1∩∂v2 must therefore contain at least an open side of ∂ C(S−
τ), which implies that v1, v2 are adjacent cusps on the same component c of ∂ C(S−
τ). It follows that v1, v2 are the only cusps v of τ for which (τ, v) is stable, and
items (1) and (2) are immediate.

The converse to (1) follows immediately from the observation that if c is a
punctured bigon with cusps v, v′ then ∂v = ∂v

′
and ∂̄v = ∂̄v

′
. ♦

Types of stable train tracks. Let (τ, v) be a one cusp train track. We fix more
notation that will be used hereafter in any discussion of stable train tracks.

Drawing the branch bv vertically with sv at the top and the switch orientation
pointing downward, the branches on the two-ended side of sv located to the Left
and Right of sv are denoted bl and br. To be precise, going around the point v in
counterclockwise order the branches are encountered in the cyclic order br, bl, bv.
The switch sv has three overlay pullbacks, one of which is a cusp of C(S − τ)
identified with v, and the other two are regular points of ∂ C(S− τ). We distinguish
the two regular pullbacks of sv as the Left pullback s̃l and the Right pullback s̃r; to
be precise, there is a continuous pullback of bl with endpoint s̃l and a continuous
pullback of br with endpoint s̃r.

Assuming that the one cusp train track (τ, v) is stable, at least one of the two
points s̃l, s̃r must be in ∂v. If two of s̃l, s̃r are in ∂v then we say that (τ, v) is
of type 2. If exactly one of s̃l, s̃r is in ∂v then (τ, v) is of type 1, and we further
distinguish type 1l when s̃l ∈ ∂̄v and type 1r when s̃r ∈ ∂̄v. Note that the type is
a combinatorial invariant.
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For each branch b of τ , the overlay pre-image of int(b) consists of two smooth
arcs in ∂ C(S − τ), at least one of which is in ∂v, since (τ, v) is stable. If exactly
one of these arcs is in ∂v then we say that b is a type 1 branch, and if both are in
∂v then b is a type 2 branch. For example, the branch bv has type 2 if and only if
(τ, v) has type 2.

For each cusp v′ 6= v of τ , the switch sv
′

has three overlay pre-images in ∂ C(S−
τ), two regular points and one cusp identified with v′, and since v′ ∈ ∂̄v it follows
that the two regular points are in ∂v.

The type 1 branches of a stable train track can be described as follows:

Proposition 11.1.5. Let (τ, v) be a stable train track. If (τ, v) is of type 2 then
the overlay image of each side of ∂̄v is a single type 1 source branch of τ . If (τ, v)
is of type 1 then the same is true for all but one side of ∂̄v. The exception, when
(τ, v) has type 1d, d ∈ {l,r}, is the unique side α containing s̃d, and in this case
the overlay image of α is a union of two type 1 branches, namely bd ∪ bv. Every
type 1 branch of τ is one of the branches described above.

Proof. Let p : C(S − τ) → S be the overlay map. Suppose that p(int(α)) contains
a switch s′, and let v′ be the cusp located at s′; we regard v′ as a cusp of C(S − τ).
If s′ 6= sv then v′ ∈ ∂̄v, but v′ is identified with a point of int(α), contradicting
injectivity of ∂̄v. It follows that p(int(α)) contains at most one switch and that
switch must be sv; moreover, in this case clearly (τ, v) is of type 1. The remaining
contentions of the proposition are straightforward. ♦

Splits and slides of stable train tracks. If (τ, v) is a one cusp train track, then
the branch bv has an inflow at sv and so bv is either a transition branch or a sink
branch. If bv is a transition branch then there is a one cusp slide (τ, v) 3 (τ ′, v′), and
Proposition 11.1.5 implies that this always happens when (τ, v) is of type 1. If bv is
a sink branch then there is a one cusp split (τ, v) Â (τ ′, v′) of each parity d ∈ {l,r}.
We now analyze these possibilities more carefully when (τ, v) is stable. The case
analysis is more complicated when ∂(∂̄v) 6= ∅, so on first reading it may help to
focus on the case where ∂(∂̄v) = ∅, which is to say that cv is a once punctured
monogon.

First we handle the case of a type 1 stable train track. To state the result,
and for later purposes, we need to define the parity of a slide move. Consider a
generic train track τ and a transition branch b. Orient b from its inflow s0 to its
outflow s1. Choose an oriented coordinate system defined on a neighborhood of b,
taking b to a vertical segment in the plane pointing downward from s0 to s1. At the
outflow s1 there is another branch b′ on the two-ended side of s1, and the branch
b′ is located on either the Left or the Right side of b; choosing d ∈ {l,r} so that b′
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slide

Figure 33: A type 1 stable train track (τ, v). The only one cusp elementary move
(τ, v) 3 (τ ′, v′) is a slide move, resulting in a type 2 stable train track (τ ′, v′). The
shading shows sides of ∂v and ∂v

′
. This example shows a slide of parity r.

is on the d-side of b, we define d to be the parity of the transition branch b. Also,
if τ 3 τ ′ is the slide move along b, then we define d to be the parity of this slide
move. Figures 33 and 35(b) show slide moves of parity r, and Figure 11 shows one
of parity l.

Proposition 11.1.6. Suppose that (τ, v) is a type 1 stable train track, and so by
Proposition 11.1.5 we know that bv is a transition branch and there is a one cusp
slide move (τ, v) 3 (τ ′, v′). Then (τ ′, v′) has type 2. Moreover, assuming that (τ, v)
has type 1d, for d ∈ {l,r}, the following are true:

• bv is a transition branch of parity d and the slide move (τ, v) 3 (τ ′, v′) has
parity d.

• The branch bd is of type 1 and the branch bd̄ is of type 2.

Proof. Choose d ∈ {l,r} so that (τ, v) has type 1d. Let α be the side of ∂̄v

containing s̃d, so the overlay image of α is bd ∪ bv. It immediately follows that bd

has type 1 and bd̄ has type 2. Letting s1 be the switch at the end of bv opposite
sv, it follows that bv has an outflow at s1, and so bv is a transition branch and
(τ, v) 3 (τ ′, v′) is therefore a slide move. Moreover, the cusp v1 located at s1 is
clearly on the d-side of bv, and so the slide move has parity d.

Regarding v1 as a cusp of C(S− τ), we have v1 ∈ α ⊂ ∂̄v and so by stability the
two regular pullbacks of s1 are in ∂v. This implies that the branch on the one-ended
side of s1 is of type 2. Choosing a point x1 in the interior of this branch, we can do
the slide so that the two regular preimages of sv

′
are identified with the two regular

preimages of x1, and so (τ ′, v′) has type 2. See Figure 33. ♦

It follows from Proposition 11.1.6 that in any sequence of one cusp splits and
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slides on stable train tracks, there can never be two consecutive type 1 train tracks.
This motivates the following definition.

Given a pair of type 2, stable train tracks (τ, v), (τ ′, v′), we say that (τ, v)ÂÂ(τ ′, v′)
is a type 2 move if:

• (τ, v) 3 (τ ′, v′) is a one cusp elementary split or slide.

• (τ, v)ÂÂ(τ ′, v′) factors as (τ, v)ÂÂ(τ ′′, v′′)ÂÂ(τ ′, v′), each a one cusp elementary
split or slide, where (τ ′′, v′′) is of type 1.

In the second case it follows from Proposition 11.1.6 that (τ ′′, v′′) 3 (τ ′, v′) is a
one cusp slide, but it is still ostensibly possible for (τ, v)ÂÂ(τ ′′, v′′) to be either a
one cusp slide or a one cusp elementary split. In fact only the latter can occur, so
a type 2 move cannot be a concatenation of two one cusp slides, as the following
proposition shows.

Proposition 11.1.7. Given a type 2 stable train track (τ, v), each type 2 move
(τ, v)ÂÂ(τ ′, v′) satisfies one of the following:

Type 2 slide: (τ, v) 3 (τ ′, v′) is a one cusp slide.

Elementary Type 2 splitting: (τ, v) Â (τ ′, v′) is a one cusp elementary split-
ting.

Nonelementary type 2 splitting: There exists d ∈ {l,r} and there exists a
type 1 stable train track (τ ′′, v′′) such that (τ, v) Â (τ ′, v′) factors as (τ, v) Â
(τ ′′, v′′) 3 (τ ′, v′), a one cusp elementary splitting of parity d followed by a
slide of parity d.

The three possibilities in Proposition 11.1.7 are depicted in Figure 34.
Proposition 11.1.7 is an immediate consequence of a more precise statement,

Proposition 11.1.8. In understanding this statement and its proof, it may be best
on first reading to consider the special case that ∂(∂̄v) = ∅, which occurs precisely
when cv is a once punctured monogon. In this case Proposition 11.1.8 simplifies to
the statement that every type 2 move is a nonelementary type 2 splitting.

Let ŝv denote the endpoint of bv opposite sv and let v̂ denote the switch of τ
located at ŝv. In the case that bv is a sink branch, recalling the definition of l and
r crossings of a sink branch, and also recalling the definition of bl and br above, it
follows that the interior of bl intersects the l crossing of bv and the interior of br

intersects the r crossing; we define b̂l, resp. b̂r, to be the branches on the two-ended
side of ŝ whose interiors intersect the l, resp. r crossings of bv.
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type 2 slide type 2 elementary split

type 2 nonelementary split

elementary
 split

type 1 slide

Figure 34: Type 2 moves, all of parity d = r. Shading shows sides of ∂v (b̂d̄ is
shown of type 1, but it could also be of type 2). If bv is a transition branch then
there is a type 2 slide (τ, v) 3 (τ ′, v′). If bv is a sink branch and b̂d is a type 2
branch then there is a type 2 elementary split (τ, v) Â (τ ′, v′) of parity d. If bv is
a sink branch and b̂d is a type 1 branch then there is a type 2 nonelementary split
(τ, v) Â (τ ′, v′) of parity d.

Proposition 11.1.8. Consider a type 2 stable train track (τ, v), so by Proposi-
tion 11.1.5 each type 1 branch of (τ, v) is the overlay image of a side of ∂̄v. The
type 2 moves (τ, v)ÂÂ(τ ′, v′) are completely described as follows:

• If bv is a transition branch then v̂ ∈ ∂(∂̄v), the branch on the one-ended side
of ŝ is of type 2, and there is a type 2 slide (τ, v) 3 (τ ′, v′).

• If bv is a sink branch, then for each d ∈ {l,r}, if b̂d is of type 2 then there
is a type 2 elementary split (τ, v) Â (τ ′, v′) of parity d, whereas if b̂d is of
type 1 then there is a type 2 nonelementary split (τ, v) Â (τ ′, v′) factoring as
an elementary split of parity d followed by a slide of parity d. Moreover:

– If v̂ ∈ ∂(∂̄v) and cv has 2 cusps then both of b̂l, b̂r are of type 2.

– If v̂ ∈ ∂(∂̄v) and cv has ≥ 3 cusps then one of b̂l, b̂r are of type 2 and
the other is of type 1.

– If v̂ 6∈ ∂(∂̄v) then both of b̂l, b̂r are of type 1.

Proof. To follow the proof, refer to Figure 34. Recall that since (τ, v) is type 2, the
branch bv is type 2.
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Suppose that bv is a transition branch. Since v̂ 6= v it follows that v̂ ∈ ∂̄v, but
since bv has type 2 it follows that one of the sides of C(S− τ) incident to v̂ is in ∂v,
and so v̂ ∈ ∂(∂̄v). By stability it follows that the two regular points of ∂ C(S − τ)
mapping to ŝ are in ∂v, and so the branch on the one-ended side of ŝ is of type 2.
It follows that (τ, v) 3 (τ ′, v′) is a type 2 slide.

Suppose next that bv is a sink branch. Note that the two regular points in the
overlay pre-image of ŝ are both contained in ∂v, because they are contained in the
same sides, respectively, as the two regular points s̃l, s̃r in the overlay pre-image
of sv. If v̂ ∈ ∂(∂̄v) and if cv has exactly 2 cusps then it follows that both sides of
C(S − τ) incident to v̂ are in ∂v and so both b̂l, b̂r are of type 2. If v̂ ∈ ∂(∂̄v) and
if cv has ≥ 3 cusps then one side of C(S − τ) incident to v̂ is in ∂v and the other
is in ∂̄v, and so one of b̂l, b̂r is of type 2 and the other is of type 1. If v̂ 6∈ ∂(∂̄v)
then both sides of C(S− τ) incident to v̂ are in ∂̄v, and so both b̂l, b̂r are of type 1.
To complete the proof, given d ∈ {l,r}, it suffices to observe that if b̂d is of type 2
then the one cusp splitting of parity d on (τ, v) results in a type 2 stable train track,
whereas if b̂d is of type 1 then the one cusp splitting of parity d on (τ, v) results in
a type 1 stable train track. ♦

One cusp fold maps. Given an arbitrary one cusp slide or elementary split
(τ, v)ÂÂ(τ ′, v′) we define a special kind of carrying map F : τ ′ → τ called a one cusp
fold (see Figure 35), defined by the property that for each switch s′ of τ ′ distinct from
sv
′
, the image s = F (s′) is also a switch, and the map F takes some neighborhood of

s′ in τ ′ diffeomorphically to a neighborhood of s in τ . In other words, the only cusp
that F folds is the one cusp v′. Note that F (sv

′
) is an interior point of a uniquely

determined branch of τ . Existence of a one cusp fold F : τ ′ → τ is clear from the
definition of slides and elementary splittings as described in Sections 3.12 and 3.13,
and moreover F is unique up to homotopy through one cusp folds, by a homotopy
which is stationary on all switches of τ ′ except sv

′
.

Given stable train tracks (τ, v), (τ ′, v′) and a one cusp fold F : τ ′ → τ , we claim
that each side b′ of ∂̄v

′
is mapped diffeomorphically onto a side b of ∂̄v, inducing a

bijection of sides. To see why this is true, for each neighborhood U of v in C(S− τ)
there exists a neighborhood U ′ of v′ in C(S − τ ′) such that F lifts to a partial
diffeomorphism F̃ : C(S− τ ′)→ C(S− τ), defined on C(S− τ ′)−U ′ and with image
C(S − τ)−U . Noting that ∂̄v

′ ∩U ′ = ∅ and ∂̄v ∩U = ∅, it follows that F̃ induces a
diffeomorphism from ∂̄v

′
to ∂̄v, proving the claim.

Given a one cusp train track (τ, v) define Br(τ, v) = Br(τ)− {bv}. In the stable
case, for i = 1, 2 define Bri(τ, v) ⊂ Br(τ, v) to be the set of all type i branches of τ
except bv.

Proposition 11.1.9. Given a one cusp slide or elementary split (τ, v)ÂÂ(τ ′, v′),
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(a) One cusp elementary split (b) One cusp slide

Figure 35: The one cusp fold F : τ ′ → τ associated to a one cusp split or slide
(τ, v)ÂÂ(τ ′, v′) maps the switches of τ ′ except for sv

′
bijectively to the switches

of τ except for sv, taking a neighborhood of each switch diffeomorphically to a
neighborhood of its image. In the stable case, F induces a bijection between ∂v and
∂v, mapping each side of ∂v

′
diffeomorphically to the corresponding side of ∂v. Also,

there is a unique bijection Br(τ)−{bv} ↔ Br(τ ′)−{bv′} with the property that if b
corresponds to b′ then the image of int(b′) under the fold has nontrivial intersection
with int(b); corresponding branches under this bijection are labelled with the same
integer.

there is a unique bijection Br(τ, v)! Br(τ ′, v′) with the property that for any one
cusp fold F : τ ′ → τ :

• b! b′ =⇒ F (int(b′)) ∩ int(b) 6= ∅.

Assuming moreover that (τ, v) and (τ ′, v′) are stable, it follows that if b ! b′

then b, b′ have the same type, and so the bijection Br(τ, v)! Br(τ ′, v′) restricts to
bijections Bri(τ, v)! Bri(τ ′, v′) for each i = 1, 2.

Proof. Define a relation ∼ between the sets Br(τ, v) and Br(τ ′, v′) where b ∼ b′ if
and only if b′ maps partly over b, meaning that F (int(b′))∩ int(b) 6= ∅. This relation
is well-defined independent of F , because F is unique up to homotopy through one
cusp folds. Notice that b ∼ b′ is not a bijection: using the labelling from Figure 35,
there are branches b1 6= b2 ∈ Br(τ, v) and b′1 6= b′2 ∈ Br(τ ′, v′) such that b1 ∼ b′1,
b2 ∼ b′1, b2 ∼ b′2. However, this is the only deviation from bijection: every branch
of Br(τ, v) except b1, b2 is mapped partly over by a unique branch of Br(τ ′, v′), and
every branch of Br(τ ′, v′) except b′1, b

′
2 maps partly over a unique branch of Br(τ, v).

It follows that by removing one relator from ∼, namely the relator b2 ∼ b′1, we
obtain a uniquely determined bijection !.

Suppose now that both (τ, v) and (τ ′, v′) are stable. Fix a neighborhood U of
v in C(S − τ) disjoint from ∂̄v, and choose a neighborhood U ′ of v′ in C(S − τ ′)
disjoint from ∂̄v

′
and a diffeomorphism F̃ : C(S − τ ′) − U ′ → C(S − τ) − U that
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lifts the fold map F , and so that F̃ induces a diffeomorphism from ∂̄v
′

to ∂̄v.
Consider corresponding branches b! b′. Notice that with the single exception of
the related branches b2 ! b′2 labelled 2 in Figure 35, one can choose x ∈ int(b)
and x′ ∈ int(b′) so that F (x′) = x, and so that both overlay preimages of x are
in C(S − τ) − U and both overlay preimages of x′ are in C(S − τ ′) − U ′. Since
F̃ : C(S− τ ′)−U ′ → C(S− τ)−U takes ∂̄v

′
diffeomorphically to ∂̄v it easily follows

that b has type 2 if and only if b′ has type 2, with the possible exception of the
related pair b2 ! b′2. Choose x ∈ int(b2) and x′ ∈ int(b′2) so that F (x′) = x. There
exists one pair of lifts x̃ ∈ ∂ C(S− τ)−U , x̃′ ∈ ∂ C(S− τ ′)−U ′ such that F̃ (x̃) = x̃′,
and so x̃ ∈ ∂̄v if and only if x̃′ ∈ ∂̄v′ . There is another pair of lifts x̂ ∈ ∂ C(S−τ)−U ,
x̂′ ∈ ∂ C(S − τ) ∩ U ′, and so F̃ (x̂′) is not defined. However, notice that x̂′ ∈ ∂v′ . In
order to complete the proof we must show that x̂ ∈ ∂v. Arguing by contradiction,
suppose that x̂ ∈ ∂̄v. By examining Figure 35 it is clear that there exists d ∈ {l,r}
such that the point s̃d, one of the two the regular overlay pullbacks of sv, is on the
same side of C(S − τ) as x̂, and it follows that s̃d ∈ ∂̄v. This shows that (τ, v) is of
type 1, and by applying Proposition 11.1.6 it follows that bv is a transition branch
and (τ, v) 3 (τ ′, v′) is a slide move. Moreover, letting s1 be the outflow switch of bv

and b′′ the other branch on the two-ended side of s1, it is clear from Figure 35 that
b′′ is on the d̄ side of bv, and so (τ, v) is of type 1d̄ and the slide move (τ, v) 3 (τ ′, v′)
is of parity d̄. However, applying Proposition 11.1.6 again it follows that s̃d̄ ∈ ∂̄v.
Since sv has two lifts s̃d, s̃d̄ that are in ∂̄v, we have contradicted the assumption
that (τ, v) is stable. ♦

TO DO:

• Must also consider killing of type 1 branches: they are killed simply when
they are split.

• Remark on the difference between killing of type 1 and type 2 branches: type 1
are killed when they are split, type 2 are killed when they do the splitting.
Why is this difference? I do not know, go ask your dad.

One cusp survival and descent. For any sequence of one cusp splittings (τ0, v0) Â
· · · Â (τn, vn), by composing the bijections Br(τ0, v0)! · · ·! Br(τn, vn) we obtain
a bijection denoted with the same symbol Br(τ0, v0)! Br(τn, vn).

We shall define killing, survival, and descent for type 2 moves between stable
train tracks, rather than for elementary one cusp moves. where is parity

of a slide move
discussed? That
might be the good
place to describe
the two excep-
tional transition
branches

Consider a type 2 stable train track (τ, v) and a type 2 move (τ, v)ÂÂ(τ ′, v′)
of parity d ∈ {l,r}. There are two branches of Br(τ, v) which are killed by this
move: in Figures 35(a,b), they are the two branches of τ labelled 1 and 2. The
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branch labelled 1 is just bd̄. The branch labelled 2 is b̂d, using the notation from
before the statement of Proposition 11.1.8, and it is characterized uniquely by the
following properties: b̂d is incident to the endpoint ŝv of bv opposite v, and if
bd̄ ! b′ ∈ Br(τ ′, v′) then b̂d ∼ b′, that is, b′ maps partly over b̂d via the one cusp
fold τ ′ → τ . The two branches bd̄, b̂d ∈ Br(τ, v) each depend naturally on the
parity d. Every branch b ∈ Br(τ, v) − {bd̄, b̂d} survives, and its descendant is the
unique branch b′ ∈ Br(τ ′, v′) such that b! b′. Note that bd̄ is a type 2 branch of τ .
When (τ, v)ÂÂ(τ ′, v′) is a type 2 nonelementary split, then b̂d is of type 1; whereas
when (τ, v)ÂÂ(τ ′, v′) is a type 2 slide or elementary split, the branch b̂d is one of the
two transition branches of type 2, contained in ∂Cv and incident to ∂(∂̄v). explain these two

exceptional tran-
sition branches
more clearly
earlier

Given a sequence of type 2 moves on stable train tracks (τ0, v0)ÂÂ(τ1, v1)ÂÂ · · · ,
we define a new killing criterion:

The branch killing criterion: For every I, each branch b ∈ Br(τI , vI) is even-
tually killed in the following sense: there exists J ≥ I and a sequence b =
bI , . . . , bJ , with bi ∈ Br(τi, vi) for I ≤ i ≤ J , such that for I < i ≤ J the
branch bi−1 survives the splitting (τi−1, vi−1) Â (τi, vi) with descendant bi,
but bJ is killed by the splitting (τJ , vJ) Â (τJ+1, vJ+1).

Theorem 11.1.10. If (τ0, v0)ÂÂ(τ1, v1)ÂÂ · · · is a sequence of type 2 moves on sta-
ble train tracks, then the sequence satisfies the canonical killing criterion if and only
if it satisfies the branch killing criterion.

Proof. Let di ∈ {l,r} be the parity of the move (τi, vi) Â (τi+1, vi+1). The
branches killed by this move are bd̄ii and b̂dii . Let Fi : τi+1 → τi denote the fold
map which is either the one cusp fold map when (τi, vi)ÂÂ(τi+1, vi+1) is a type 2
slide or elementary splitting, or is the concatenation of two one cusp fold maps when
(τi, vi) Â (τi+1, vi+1) is a type 2 nonelementary splitting.

Let us fix an indexing B(τ0, v0) = {b10, . . . , bJ0 }, and by induction we extend
this to an indexing B(τi, vi) = {b1i , . . . , bJi } so that for each j = 1, . . . , J and
each i ≥ 0 we have bji ! bji+1. In each train track τi, the only unindexed
branch is the branch bvi on the one-ended side of the switch svi . The relation
! respects the classification of branches into type 1 and 2 by Proposition 11.1.9,
and so we can choose the indexing and choose K ≥ J so that for all i ≥ 0,
B1(τi, vi) = {b1i , . . . , bKi } and B2(τi, vi) = {bK+1

i , . . . , bJi }. MAYBE SAY MORE
HERE: THE RELATION! RESPECTS TYPE 1, TYPE 2, AND THE EXCEP-
TIONAL TRANSITION BRANCHES. BUT THIS HAS TO BE STATED WITH
THE AUGMENTED BRANCHES, WHERE bv IS AUGMENTED ONTO ANY
BRANCH WITH ENDPOINT sv. WAIT, THIS AUGMENTED BIT, IT’S NOT
TRUE FOR THE KILLED BRANCH!!!! THAT’S PART OF THE HEART OF
THE ARGUMENT, ISN’T IT?
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Branch killing criterion =⇒ proper subtrack killing criterion. Sup-
pose that the branch killing criterion is satisfied, but there exists I ≥ 0 and a proper,
nonempty subtrack σI ⊂ τI that survives forever with descendant σi ⊂ τi for i ≥ I;
from this we shall derive a contradiction. The fold map Fi : τi+1 → τi restricts to a
homotopic carrying map σi+1 → σi.

For i ≥ I let Ni = Ni(σi) be the number of branches of B(τi, vi) that are
contained in σi. We claim that for each i ≥ I and j = 1, . . . ,K, if bji+1 ⊂ σi+1

then bji ⊂ σi; this follows because Fi(b
j
i+1) ⊂ σi, but Fi(b

j
i+1) contains a point in

the interior of bji and so bji ⊂ σi. As a consequence of the claim, the sequence
Ni is nonincreasing, and so by increasing I if necessary the sequence Ni becomes
constant for i ≥ I, and moreover if i ≥ I and j = 1, . . . ,K, then bji ⊂ σi if and only
if bji+1 ⊂ σi+1.

Now we break into two cases, depending on whether or not σI contains every
type 2 branch of τI .

Case 1: σI contains every type 2 branch of τI . It follows that for all
i ≥ I, σi contains every type 2 branch of τI . Since σI is proper, there exists a
type 1 branch bjI of τI such that bjI 6⊂ σI . It follows that for all i ≥ I, bji is a type 1
branch of τi such that bji 6⊂ σi. By the branch killing criterion, there exists i ≥ I

such that bji = b̂dii is killed by the move (τi, vi)ÂÂ(τi+1, vi+1). Since b̂dii is of type 1,
this move is a type 2 nonelementary splitting. Let bj

′

i = bd̄ii be the other branch of
τi which is killed by the splitting, a type 2 branch. It follows that bj

′

i+1 is a type 2
branch of τi+1 and so bj

′

i+1 ⊂ σi+1. However, Fi(b
j′

i+1) ⊃ b̂dii , by the characterization
of the branch b̂dii killed by the parity di, type 2 move (τi, vi) Â (τi+1, vi+1). This
shows that bji = b̂dii ⊂ Fi(σi+1) = σi, a contradiction.

Case 2: σI does not contain every type 2 branch of τI . Nevertheless
σI , like any subtrack of τI , does contain at least one type 2 branch of τI .

The branch killing criterion implies that for each j = K + 1, . . . , J there exist
infinitely many i such that bji is killed by (τi, vi) Â (τi+1, vi+1): if this were not true
then for some I ′ ≥ I the branch bjI would survive forever with descendant bji ⊂ τi,
i ≥ I ′. Also, we have just shown that for each j, the statement bji ⊂ σi is either
true for all i ≥ I or false for all i ≥ I. It follows that:

• There exists i ≥ I and j 6= j′ ∈ {K+1, . . . , J}, such that the branch bd̄ii = bji ,
which is killed by the move (τi, vi)ÂÂ(τi+1, vi+1), satisfies bji ⊂ σi, but the
branch b

d̄i+1

i+1 = bj
′

i+1, which is killed by the move (τi+1, vi+1)ÂÂ(τi+2, vi+2),
satisfies bj

′

i+1 6⊂ σi+1.



11 ENUMERATION OF PSEUDO-ANOSOV CONJUGACY CLASSES 308

Fi

τi τi+1

j

j′

j

j′

(b) Type 2 elementary split

j

j′

j

j′
(c) Type 2 nonelementary split
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Figure 36: A subtrack σi killed by a move (τi, vi) Â (τi+1, vi+1) of parity d; the figure
shows d = r. As argued in the text, if σi survives with descendant σi+1 we may
reduce to the case that the branch bli = bji ⊂ σi, whereas bri+1 = bj

′

i+1 6⊂ σi+1. By
stabilizing the cardinality of B(τi, vi) ∩ σi, it follows that bji+1 ⊂ σi+1 and bj

′

i 6⊂ σi.
This contradicts that bji+1 contains a point that maps to an interior point of bj

′

i .

It follows that bji+1 ⊂ σi+1 and bj
′

i 6⊂ σi. Referring to Figure 36, the fold map
Fi : τi+1 → τi maps an interior point of bji+1 to an interior point of bj

′

i , implying
that bj

′

i ⊂ Fi(σi+1) = σi, a contradiction.
This completes the proof that the branch killing criterion implies the subtrack

killing criterion.

Branch killing criterion =⇒ c-splitting arc killing criterion. Suppose
that the branch killing criterion is satisfied but there exists I ≥ 0 and a c-splitting
arc αI ⊂ τI which survives forever with descendant αi ⊂ τi, i ≥ I. In this case
although it is evidently true that Fi(αi+1) ⊂ αi, the reverse inclusion does not
necessarily hold, in fact it fails precisely when svi is an endpoint of αi. Nevertheless,
the inclusion Fi(αi+1) ⊂ αi is sufficient to prove, by the same method as above, that
for each j = 1, . . . , J , if bji+1 ⊂ αi+1 then bji ⊂ αi. The number Ni = Ni(αi) of
branches in B(τi, vi) that are contained in αi is therefore a nonincreasing sequence,
and so we may increase I if necessary so that Ni is constant when i ≥ I. It follows
that for i ≥ I and j = 1, . . . , J , we have bji ⊂ αi if and only if bji+1 ⊂ αi+1.
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Note that αI cannot contain every type 2 branch of τI ; for example, both of the
branches blI , b

r
I are of type 2, but they cannot both be contained in τI . Arguing as in

case 2 above, we may choose j, j′ ∈ {K+1, . . . , J} so that the branch bd̄i = bji , which
is killed by the splitting τi Â τi+1, is contained in αi, but the branch bd̄i+1 = bj

′

i+1,
which is killed by the splitting τi+1 Â τi+2, is not contained in αi+1. It follows that
bji+1 ⊂ αi+1 and bj

′

i 6⊂ αi. As before, Fi takes some point of bji+1 to an interior point
of bj

′

i , leading to the contradiction that bj
′
i ⊂ αi.

This completes the proof of one direction of Theorem 11.1.10, that the branch
killing criterion implies the canonical killing criterion.

Canonical killing criterion =⇒ branch killing criterion. Assume that
the branch killing criterion fails, so there exists I ≥ 0 and j = 1, . . . ,K such that for
each i ≥ I the branch bji ∈ B(τi, vi) survives (τi, vi)ÂÂ(τi+1, vi+1) with descendant
bji+1 ∈ B(τi+1, vi+1). Letting di be the parity of (τi, vi)ÂÂ(τi+1, vi+1), we have
bji 6= bd̄ii . We shall produce either a proper, nonempty subtrack or a c-splitting arc
of τI which survives forever.

Define a train path αi as follows:

αi =

{
bji if bji 6= bdii
bji ∗ bvi if bji = bdii

In the second case the concatenation takes place at the switch svi . In particular,
the train path αi traverses either one or two branches, and in the latter case the
interior switch of αi is svi . The train path αi is an embedding except possibly that
its endpoints are identified. Neither end of αi is located at the switch svi , for if
bji 6= bdii then αi = bji has no end located at svi , and if bji = bdii then αi = bji ∗ bvi
has svi as an interior point.

The proof is an extremely delicate sifting of cases, some of which lead to con-
tradictions of the canonical killing criterion, others of which lead to various other
contradictions. The top level of the case analysis depends on properties of αI . Each
endpoint of the train path αI is either an inflow or an outflow, and so by mimicking
the classification of branches we can classify αI as either a sink path (two inflows),
a transition path (an inflow and an outflow), or a source path (two outflows). If αI
is a transition path or source path then its endpoints might be identified, but if αI
is a sink path then it is embedded.

Case 1: αI is a sink path. In other words, αI is a c-splitting arc of τi. We
prove that αI survives forever, showing by induction that for i ≥ I the path αi is a
c-splitting arc that survives the splitting τi Â τi+1 with descendant αi+1. Suppose
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by induction that αi is a c-splitting arc. There are two subcases, depending on
whether αi = bji 6= bdii or αi = bdii ∗ bvi . In each of these subcases, αi survives: if
αi = bji 6= bdii then svi 6∈ ∂αi which implies that αi does not contain a partial d̄i
crossing of bvi ; and if αi = bdii ∗ bvi then it is immediately obvious that αi does not
contain a partial d̄i crossing of bvi . In either case, svi 6∈ ∂αi. Letting α′ ⊂ τi+1 be
the descendant of αi, we must show that α′ = αi+1. Note that svi+1 6∈ ∂α′, because
the cusps at the endpoints of α′ correspond to the cusps at the endpoints of αi,
and svi 6∈ ∂αi. Since αi contains exactly one branch in Br(τi, vi), namely bji , we
have Ni(αi) = 1. By the earlier discussion, in the proof of “Branch killing criterion
=⇒ c-splitting arc killing criterion”, since αi survives with descendant α′ we have
Ni(αi) ≥ Ni+1(α′), and Fi(α′) = αi. Since svi+1 6∈ ∂α′ it follows that α′ 6= bvi+1 and
so Ni+1(α′) ≥ 1. This proves that Ni+1(α′) = 1 and again by the earlier discussion
we have bji+1 ⊂ α′. The set Cl(α′ − bji+1) is either empty or it consists of the arc
bvi+1 . If Cl(α′−bji+1) = ∅ then α′ = bji+1 and, knowing that svi+1 6∈ ∂α′, we conclude
that αi+1 = bji+1 = α′. If Cl(α′ − bji+1) = bvi+1 then the endpoint of bvi+1 in the
interior of α′ must be svi+1 , because we know that svi+1 6∈ ∂α′, and it follows that
αi+1 = bji+1 ∗ bvi+1 = α′. This proves that αI survives forever and so the canonical
killing criterion fails.

Case 2: αI is a source path. We prove by induction that for each i ≥ I,
αi = bji is a type 1 branch identified with the overlay image of a side of ∂̄vi =
∂̄vi C(S − τi), which is then used to contradict the canonical killing criterion. In
the induction, most of the work goes into the basis step, proving that αI = bjI is
the overlay image of a side of ∂̄vI , and to do this there are several subcases to rule
out by various contradictions. The basis step of the induction is established, and
the inductive step proved, in case 2Bii, which then breaks into further subcases
each producing either a violation to the canonical killing criterion or some other
contradiction.

Recall the definition of the types of source branches: ll, rr, or lr. The type
of the source path αI is similarly defined: for each end η of αI there is a parity
dη ∈ {l,r} such that η is on the dη side of the cusp incident to η; the type of αI is
dη,dη′ where η, η′ are the two ends of αI .

We need some notation; see Figure 37. Let v, v′ be the cusps at the two ends
of αI , located at switches sv, sv

′
. Let bv, bv

′
be the branches on the one-ended sides

of sv, sv
′
, respectively. Let av, av

′
be the branches with interiors disjoint from αI

on the two-ended sides of sv, sv
′
, respectively. Since sv, sv

′ 6= svI it follows that
v, v′, regarded as cusps of C(S − τI), are in ∂̄vI . This implies that bv, bv

′
are type 2

branches.
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Case 2A: αI is a source path of type LL or RR. See Figure 37(A). From
the hypothesis of Case 2A, the cusps v, v′ are on opposite sides of αI , as are the
branches αv, αv

′
, and moreover v 6= v′. If αI = bjI , that is if αI contains no switch,

it also follows that αI is a type 2 branch; on the other hand, if αI = bdi ∗ bvI then,
since (τI , vI) is a type 2 stable train track, it follows that each of bdi , bvI are type 2
branches. In either case it follows that v, v′ are each in ∂(∂̄vI ), and since v 6= v′ it
follows that ∂̄vI is a topological arc with endpoints v, v′ and that αv, αv

′
are type 1

branches. In this case we derive a contradiction. We first remark that in this case
αI is embedded, with its endpoints at distinct switches. Assuming that αI is of
type ll, it follows that, in the boundary orientation that ∂ C(S − τI) inherits from
the oriented surface C(S − τI), each of v, v′ are the initial endpoints of the oriented
topological arc ∂̄vI . In other words, v = v′, a contradiction. Under the assumption
that αI is of type rr, it follows that v, v′ are the terminal endpoints of ∂̄vI , reaching
the same contradiction that v = v′.

Case 2B: αI is a source path of type LR. There are two subcases, de-
pending on whether αI = bdII ∪ bvI or αI = bjI 6= bdII .

Case 2Bi: αI = bDI
I ∪ bvI . In this case the cusps v, v′ and the branches αv, αv

are all on the same side of αI . The cusp vI can be on either side of αI , and so we
break into two further subcases.

Case 2Bia: vI is on the side of αI opposite the cusps v, v′. See Fig-
ure 37(Bia). The fact that (τI , vI) is of type 2 implies that both of the branches
bdII , b

vI are of type 2. However, since vI is on the side of αI opposite v, v′ it follows
that αI is the image of a side of ∂ C(S− τI) denoted α̃ whose endpoints are the two
cusps v, v′, and since v, v′ ∈ ∂̄vI it follows that α̃ ⊂ ∂̄vI . This implies that the two
branches bdII , b

vI comprising αI are of type 1, a contradiction.

Case 2Bib: vI is on the same side of αI as the cusps v, v′. See Fig-
ure 37(Bib). Notice that bvI is a transition branch and the type 2 move (τI , vI) 3
(τI+1, vI+1) is a type 2 slide. Choosing the notation so that v′ is the cusp at the
end of bvI opposite vI , since bdII is on the dI side of vI it follows that αv

′
is on the

d̄I side of v′, from which it follows that the transition branch bvI has parity d̄I and
so the slide (τI , vI) 3 (τI+1, vI+1) has parity d̄I and the branch bdII is killed, but we
have assumed that the parity is dI and bdII survives, a contradiction. Figure 37(Bib)
shows the case dI = r, but the slide evidently has parity l.
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αIv
v′

bv

αv′
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Figure 37: αI is a source path of type ll. In (A) and (Bia), shading indicates ∂vI ,
no shading indicates ∂̄vI . In (A), svI may be an interior point of αI , with incident
branch bd̄ii . In (A) the contradiction is that v = v′ ∈ ∂(∂̄vI ), but evidently v 6= v′. In
(Bia) the contradiction is that bdII has type 1, contradicing that (τI , vI) has type 2.
In (Bib) the contradiction is that the slide (τI , vI) 3 (τI+1, vI+1) has parity d̄I , but
we have assumed that the parity of (τI , vI) 3 (τI+1, vI+1) is dI ; the diagram shows
dI = r.

Case 2Bii: αI = bjI . It follows that bjI is a type 1 branch, and is the image of
a side of ∂̄vI , completing the basis step of the induction.

We are at last ready for the induction step: assume that αi = bji is a type 1
branch identified with a side of ∂̄vi . Consider the parity dI type 2 move (τi, vi)ÂÂ(τi+1, vi+1).
We know that bji is not killed by this move, and so bji 6= b̂di . This implies that
Fi : τi+1 → τi maps bji+1 bijectively to bji , and so bji+1 is also a type 1 branch identi-
fied with a side of ∂̄vi+1 , implying that αi+1 = bji+1. This completes the induction.

Notice in the course of the induction we have shown that F−1
i (bji ) = bji+1. It

follows that if we define σi = τi − int(bji ) then Fi(σi+1) = σi.
Let ci be the component of C(S − τi) which contains the side of ∂̄vi mappin

to bji . The one cusp fold Fi : τi+1 → τi lifts to a cusp preserving diffeomorphism
ci+1 ∩ ∂̄vi+1 → ci ∩ ∂̄vi . Let n ≥ 1 be the number of cusps of ci, for all i ≥ I.

Case 2Biia: n ≥ 2. The endpoints of bji are therefore at distinct switches
for all i ≥ I, and so σi is a subtrack of τi. Moreover, clearly σi survives the move
(τi, vi)ÂÂ(τi+1, vi+1) with descendant σi+1. Thus, σI is a proper, nonempty subtrack
of τI that survives forever, contradicting the canonical killing criterion.

Case 2Biib: n = 1. The branch bji is the overlay image of the boundary of a
one-cusped monogon component of C(S − τi), and in this case σi is unfortunately
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not a subtrack of τi, so we must find another way to show that the canonical killing
criterion fails.

Let si be the switch at which both ends of bji are located. Let b′i be the branch
on the one-ended side of si, a type 2 branch. Notice that b′i 6= bvI , because if b′i = bvI

then bji = b̂li = b̂ri and so bji is killed by the splitting τi Â τi+1 regardless of the
parity of this splitting. Notice also that b′i ! b′i+1 for all i ≥ I, and so we may
choose j′ ∈ {1, . . . , J} so that b′i = bj

′

i for all i ≥ I.
We now break into further subcases depending on the nature of b′I .

Case 2Biibx: bj
′

I is a sink branch. In other words, bj
′

I is a c-splitting arc,
and in this case we show that each bj

′

i is a c-splitting arc and that bj
′

I survives
forever with descendant bj

′

i in τi, contradicting the canonical killing criterion.
Assuming by induction that bj

′

i is a sink branch, since bj
′

i 6= bvI we can now argue
as in Case 1 that bj

′

i , regarded as a c-splitting arc, survives the splitting τi Â τi+1.
Let b′′ be its descendant in τi+1, a c-splitting arc. Clearly b′′ ⊃ bj

′

i+1, and we must
prove that b′′ = bj

′

i+1. The only way this could fail is if the switch contained in the
interior of b′′ is svi+1 , but this implies that bj

′

i+1 = bvi+1 which we have already seen
is impossible.

Case 2Biiby: bj
′

I is a transition branch, with switch s′I 6= svI opposite
sI . A similar argument as in Case 2Biibx proves that for all i ≥ I, bj

′

i is a transition
branch with switch s′i 6= svi opposite si, and moreover F−1

i (bj
′

i ∪ b
j
i ) = bj

′

i+1 ∪ b
j
i+1.

We may now define a proper, nonempty subtrack σi = Cl(τi− (bj
′

i ∪b
j
i )), and clearly

σI survives forever with descendant σi ⊂ τi, contradicting the canonical killing
criterion.

Case 2Biibz: bj
′

I is a transition branch, with switch svI opposite sI .
It is possible in this case that bj

′

I is killed, and if this happens then bj
′

I+1 is also a
transition branch with switch svI+1 opposite sI+1. If this continues infinitely, then
σi = Cl(τi − (bj

′

i ∪ b
j
i )) is a subtrack of τi, and σI survives forever with descendant

σi ⊂ τi, a contradiction.
Otherwise, there exists I ′ ≥ I such that bj

′

I′ is a transition branch with switch
svI′ opposite sI′ , but bj

′

I′ is not killed. If bvI′ is a sink branch it follows that bj
′

I′+1 is
a sink branch that falls into case 2Biibx, and if bvI′ is a transition branch it follows
that bj

′

I′+1 is a transition branch that falls into case 2Biiby, both of which lead to
contradictions. Change nota-

tion: s∗i for the
distinguished
switch, v∗i for
the distinguished
cusp. Use ∗
in general for
these objects,
starting from the
beginning of the
one cusp theory,
and use it in
diagrams too.
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Case 3: αI is a transition path. The first step is showing that each αi is a
transition path; this is accomplished in Lemma 11.1.11 below. Afterwards we use
this fact to show that the Canonical Killing Criterion fails.

Assuming that αi is indeed a transition path, we classify αi into one of three
types as follows. Let sin

i be the inflowing switch and sout
i the outflowing switch of

αi. The path αi has a flow orientation uniquely characterized by agreeing with the
switch orientations at sin

i and sout
i . Let vin

i , etc., denote the cusps at the correspond-
ing switches. There are three types of αi to keep in mind: type T for transition;
type TT for transition–transition; and type SS for source–sink.

Type T: svi 6∈ αi. In this case αi = bji is a transition branch.

Type TT: svi ∈ αi with switch orientation agreeing with the flow orientation. In
this case αi = bdii ∗ bvi , b

di
i is a transition branch with ends at sin

i and svi , and
bvi is a transition branch with ends at svi and sout

i .

Type SS: svi ∈ αi with switch orientation opposite the flow orientation. In this
case αi = bdii ∗ bvi , b

di
i is a source branch with ends at sout

i and svi , and bvi is
a sink branch with ends at svi and sin

i .

Before proceeding, we first claim that, after increasing I if necessary, each τi is
recurrent for i ≥ I. To see why, supposing that some τj is nonrecurrent, then τi
is nonrecurrent for all i ≥ j, and letting σi be the maximal recurrent subtrack, it
follows that σi is a proper, nonempty subtrack of τi for i ≥ j. Moreover, σiÂÂσi+1

for all i ≥ j, and hence this carrying is eventually homotopic, and so some σi
survives forever, contradicting the canonical carrying criterion. By increasing I we
may henceforth assume that each τi is recurrent for i ≥ I.

Now we analyze the paths αi for all i ≥ I.

Lemma 11.1.11. After increasing I by at most 1, the following holds. For each
i ≥ I, αi is an embedded transition path, and if its type is TT or SS then the cusps
vi and vout

i are on opposite sides of αi. Moreover, αi is a union of type 2 branches.

Proof. The proof is illustrated in Figure 38, broken into cases (a–h).
First we show that if αi is a transition path then it is embedded. For type T

(case a) and type TT (case b) this follows from recurrence of τi. For type SS (case
c), suppose to the contrary that αi is not an embedded train path, and so it must
be a smooth closed curve embedded in τi, regarded as a subtrack of τi. Since bji is
not killed, it follows that the subtrack αi is not killed, and its descendant in τi+1

is also an embedded smooth closed curve, but that curve contains only one switch
and hence is a sink loop, contradicting recurrence of τi+1.
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(a) (b) (c)

(d1)

(e2)

(f)

(g)

(h2)

(e1)

(d2)

(h1)

αi

γi
0

αi+1

γ0
i+1

Figure 38: If αi is a transition path then so is αi+1. αi must be embedded: if not,
then in types T and TT τi is not recurrent (a,b), and in type SS τi+1 is not recurrent
(c). If αi is of type T then αi+1 either (d) of type T, or (e) of type TT, or (f) of
type SS. If αi is of type TT, then αi+1 of type T (g). If αi is of type SS, then αi+1

is of type T (h). The source branch γ0
i survives in all cases except (e1) and (h2).

The paths αi, αi+1 and the adjacent source branches γ0
i , γ

0
i+1, are labelled explicitly

in (d1), and are left implicit in (d2)–(h2).
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Next we show by induction that each αi is an embedded transition path for
i ≥ I. Assuming this is so for αi, we analyze the three possible types T, TT, SS for
αi in separate cases.

Cases (d–f): αi is of type T: Let U be a regular neighborhood of αi in τi.
Note that U contains four branch ends incident to αi: both ends on the two-ended
side of vin, the end on the one-ended side of vout, and the end disjoint from αi on
the two-ended side of vout.

One case occurs when Fi is injective over U (meaning that Fi is injective on
F−1
i (U)), in which case F−1

i (αi) = αi+1 is a transition path of type T (not shown
in Figure 38).

By examining the diagrams for type 2 moves in Figure 34, one sees that if Fi
is not injective over U , then Fi fails to be injective on some subset E of the ends
incident to αi, and we can make a case analysis based on this subset. If E is the
pair of ends incident to vout, then αi+1 is a transition path of type T (case (d));
there are two subcases, (d1) and (d2), depending on which direction the the cusp
vi points. If E is a single end on the two-ended side of vin then αi+1 is a transition
path of type TT (case (e)); there are two subcases, (e1) and (e2), one for each of
the two ends on the two-ended side of vin. Note that in case (e1), the train track
τi+1 has the property that vi+1 and vout

i+1 are on the same side of the transition path
αi+1; see case (g) below for the proof that this cannot happen. If E is the single
end on the one-ended side of vout, then αi+1 is a transition path of type SS (case
(f)). These are all of the possible cases: if Fi fails to be injective over two or more
ends incident to αi, then it must be the two ends incident to vout and disjoint from
αi.

Case (g): αi is of type TT. In this case we first establish that vi and vout
i

are on opposite sides of αi, but this is an immediate consequence of the fact that
bdii ⊂ αi and that the type 2 slide τI 3 τi+1 has parity di.

It now follows immediately that, under the parity di type 2 slide τI 3 τI+1, the
fold map Fi takes bji+1 bijectively to αi, and that αi+1 = bji+1 is a transition path
of type T.

Case (h): αi is of type SS. In this case, since the parity is di and bdii = αi
survives the splitting τi Â τi+1, it follows that αi+1 is a transition path of type T.
There are again two subcases, (h1) where vi and vout

i are on the same side of αi,
and case (h2) where they are on the opposite side.

Although it is possible that αI itself has type SS with the cusps vI and vout
I on

the same side of αI , as shown in Figure 38(h2), for any i ≥ I the only way that
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αi+1 is of type SS is in case (f), and in that case the cusp vi+1 ∈ int(αi+1) is on the
opposite side of αi+1 from the cusp located at the outflowing switch of αi+1. Thus,
for i ≥ I + 1, if αi is of type SS then the cusps vi and vout

i are on opposite sides of
αi.

Finally, if vi ∈ αi then all branches incident to vi are of type 2 since (τi, vi) is of
type 2, and if vi 6∈ αi then αi is a transition branch which is always of type 2. ♦

Now we use Lemma 11.1.11 to reach a contradiction in Case 3. From the fact
that in types SS or TT the cusps vi, vout

i are on opposite sides of αi, it follows that
αi lifts to a smooth arc α̃i ⊂ ∂ C(S−τi) with one endpoint at the cusp vout

i . Since αi
is a union of type 2 branches it follows that α̃i ⊂ ∂vi , and so vout

i ∈ ∂(∂̄vi). Let βi be
the side of ∂vi containing α̃i, with one endpoint on vout

i and the other endpoint on
vi. Subdivide βi into subarcs concatenated at the points which project to switches
6= svi . This concatenation can be written in the form

βi = α̃i ∗ γ0
i ∗ ρ1

i ∗ · · · ∗ ρKi ∗ γKi ∗ b̃d
′

with the following properties. The subarc adjacent to the endpoint vout
i is α̃i.

The subarc adjacent to the endpoint vi is a lift b̃d
′
i of bd

′
i for some d′ ∈ {l,r}.

The remaining subarcs alternate between γ’s and ρ’s. The overlay image of each
γii , i = 0, . . . , k, is a type 1 source branch of τi. The overlay image of each ρki ,
k = 1, . . . ,K, is a c-splitting arc, consisting of either a single type 2 sink branch, or
a concatenation of two type 2 branches, one of which is a transition branch identified
with bri or bli and the other a sink branch identified with bvi . The key fact we need
from all this is that the subarc of βi adjacent to α̃i is γ0

i , whose overlay image is a
type 1 source branch.

We claim that the source branch γ0
i survives forever, throwing us into Case 2,

whose subcases each lead to some contradiction. The proof that γ0
i survives forever

follows the same case analysis as the proof of Lemma 11.1.11. The train track τi
must be in one of the cases (d)–(h) excepting cases (e1) and (h2) (case (e1) is ruled
out because vi+1 and vout

i+1 must be on opposite sides of αi+1, and case (h2) is ruled
out because vi and vout

i must be on opposite sides of αi), or τi is in the unnamed
case in which both αi and αi+1 are of type T. Among all these cases, however, cases
(e1) and (h2) are the only ones in which γ0

i is killed, as Figure 38 shows. Thus, γ0
i

survives forever.
This completes the proof of Theorem 11.1.10. ♦

11.2 Combinatorial types of stable train tracks

We shall show that there is a special class of one cusp train tracks, called stable
train tracks, which have the property that if τ0 Â τ1 Â · · · is a one cusp canonical
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expansion of an arational measured foliation then τn is stable for all sufficiently large
n. The “stable” property is a combinatorial invariant, and hence each one cusp
splitting circuit that classifies a pseudo-Anosov conjugacy class consists entirely of
combinatorial types of stable train tracks.

This section describes stable one cusp train tracks, and classifies their combina-
torial types. The next section uses this classification to describe an enumeration of
one cusp splitting circuits of pseudo-Anosov mapping classes.

We describe correspondence between stable one cusp train tracks and a certain
class of decorated cell divisions on S, called “stable cell divisions with distinguished
prongs” or “stable CDPs”. This correspondence holds on the level of isotopy types
as well as combinatorial types; see Proposition 11.2.5. Then we describe the com-
binatorial types of stable CDPs in terms of “chord diagrams”, following [Mos83],
[Mos93], and [Mos96]. In particular, [Mos96] gives an in depth description of chord
diagrams for triangulations with a single vertex. Our discussion of chord diagrams
here will be for cell divisions with a single vertex, a sufficiently similar context that
we shall appeal to [Mos96] for many of the details.

Stable train tracks. Consider a filling, one cusp train track (τ, v). We identify v
with a cusp in the cusped surface C(S − τ). Let sv denote the switch of τ at which
the cusp v is located, and let cv denote the component of C(S − τ) having v as a
cusp. Let ∂v = ∂v C(S−τ) be the union of sides of C(S−τ) incident to v, consisting
of either one or two sides of cv depending on whether cv has one side or ≥ 2 sides.
Let ∂̄v = ∂̄v C(S − τ) be the union of all the sides of C(S − τ) that are not incident
to v, so ∂̄v contains the complete boundary of each component of C(S − τ) distinct
from cv, and if cv has n ≥ 3 sides then ∂̄v contains the n − 2 sides of cv that are
disjoint from v.

A stable train track is a one cusp train track (τ, v) such that the overlay map
C(S − τ) → S is injective on the set ∂̄v. Note that stability is a combinatorial
invariant: if (τ, v) is a stable train track and φ is a homeomorphism then (φ(τ), φ(v))
is a stable train track. To make the usage clear, a “stable train track” is always
a one cusp train track (τ, v), that is, a train track τ decorated with a particular
cusp v.

The following results, particularly the corollary, explain the terminology “sta-
ble”:

Lemma 11.2.1. If (τ, v) is a stable train track and if (τ, v)ÂÂ(τ ′, v′) is a one cusp
slide or a one cusp elementary split then (τ ′, v′) is stable.

Applying this lemma inductively to the elementary factorization of a one cusp
splitting sequence we obtain:
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Corollary 11.2.2. If (τ0, v0) Â (τ1, v1) Â · · · is a one cusp splitting sequence, and
if (τI , vI) is stable for some I, then (τi, vi) is stable for all i ≥ I. ♦

Proof of Lemma 11.2.1. Let (τ, v)ÂÂ(τ ′, v′) be a one cusp slide or elementary split,
and suppose that (τ, v) is stable. Consider the overlay maps f : C(S − τ) → S,
f ′ : C(S− τ ′)→ S. From the local model for a slide (Figure 11) or elementary split
(Figure 13) one sees easily that there is a diffeomorphism g : C(S−τ ′)→ C(S−τ) and
a neighborhood U ⊂ C(S − τ ′) of v′ disjoint from ∂̄v

′
such that if x ∈ C(S − τ ′)−U

then f ′(x) = f(g(x)). In other words, except near the cusp v′, the overlay map
f ′ makes no identifications that are not already made by f . Since f makes no
identifications on ∂̄v, and since U ∩ ∂̄v′(S − τ ′) = ∅, it follows that f ′ makes no
identifications on ∂̄v

′
(S − τ ′), and hence (τ ′, v′) is stable. ♦

Next we show that stable train tracks do, in fact, occur in one cusp expansions:

Proposition 11.2.3. If (τ0, v0) Â (τ1, v1) Â · · · is a one cusp expansion of an
arational measured foliation F , then for all sufficiently large i the one cusp train
track (τi, vi) is stable.

Proof. By Corollary 11.2.2 we just have to prove that some (τi, vi) is stable, although
the proof will show directly that (τi, vi) is stable for all sufficiently large i.

Let ν0 be a tie bundle over τ0, with tie foliation Fv equipped with a positive
Borel measure, and with F chosen in its equivalence class to have a surjective
carrying inclusion F ↪→→ν0, so F is the horizontal foliation. Let ` be the separatrix
of F corresponding to the cusp v0. Let ξt be the initial segment of ` of length t. By
Lemma 7.1.4 it follows that the elementary move sequence associated to the growing
separatrix family ξt is the one cusp elementary factorization of (τ0, v0) Â (τ1, v1) Â
· · · . Let νt be the tie bundle obtained from ν0 by slicing along ξt, let τt be the
quotient train track, and let vt the the cusp of τt associated to the boundary point
of ξt. We must show that (τt, vt) is stable for sufficiently large t. Letting ∂̄vνt be the
union of sides of νt that are disjoint from vt, we must show that the map ∂̄vνt → τt
is injective for sufficiently large t, or equivalently, that each tie of νt intersects ∂̄vνt
in at most one point. To guarantee this, simply choose t = Length(ξt) sufficiently
large so that each tie of ν0 which intersects ∂̄vν0 also intersects the interior of ξt. ♦

The import of Proposition 11.2.3 for our present needs is that in order to study
one cusp splitting circuits it suffices to understand the combinatorial types of one
cusp train tracks which are stable; there is no need to study nonstable ones.

The structure of stable train tracks. We shall give a general construction of
stable train tracks, in terms of cell divisions of S with a particularly simple structure.
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The construction is summarized in Proposition 11.2.5. As we will see below, this
construction will make it easy to classify stable train tracks up to combinatorial
equivalence.

For any one cusp train track (τ, v) we let sv be the switch of τ at which the cusp
v, and let bv be the branch on the one-ended side of sv.

First we classify stable one cusp train tracks (τ, v) into two types. Let s1, s2 ∈
∂ C(S − τ) be the two regular boundary points which are pullbacks of sv via the
overlay map. Note that at least one one of points s1, s2 is contained in ∂v: they
cannot both be contained in ∂̄v, because they both map to sv and the overlay map
is injective on ∂̄v. We say that (τ, v) is of type 1 if one of s1, s2 is contained in ∂v,
and (τ, v) is of type 2 if both are. Note that the type is a combinatorial invariant.

Proposition 11.2.4. If (τ, v) is of type 1 then bv is a transition branch and the
one cusp slide move (τ, v) 3 (τ ′, v′) along bv produces a type 2 one cusp train track
(τ ′, v′).

Proof. Let α be the side of ∂̄v that contains one of the regular points s1 ∈ ∂ C(S−τ)
that maps to sv. Following along α in the direction of v, at the end of α we reach
a cusp v1 of C(S − τ). The segment [s1, v1] embeds in τ , and moreover its interior
contains no switches of τ , because such a switch would pull back via the overlay
map to some cusp v′′ of C(S − τ), but v′′ 6= v and so v′′ ∈ ∂̄v, contradicting that ∂̄v

injects into τ . Thus, the image of [s1, v1] is equal to bv, and it is a transition branch.
Moreover, the two regular points of ∂ C(S − τ) that are identified with v1 must be
in ∂v, by injectivity of ∂̄v → τ , and so if s is a point of τ just beyond v1 then s pulls
back via the overlay map to two points of ∂v. We can slide along bv past the cusp
v1 to the point x, to produce a new one cusp train track (τ ′, v′), such that the two
regular pullbacks of v′ are identified with the two pullbacks of x, which are in ∂v,
and hence (τ ′, v′) is of type 2. ♦

From Proposition 11.2.4 it follows that if we can construct all type 2 stable train
tracks then we can also construct all type 1 stable train tracks. We now concentrate
on the type 2 construction. The method is to show that each type 2 train track can
be obtained by a simple construction from a simple class of cell divisions of S.

For present purposes a cell division C of S is a CW-decomposition of S, with
k-skeleton denoted C(k), that satisfies the following provisions:

• No open 1-cell of C contains a puncture.

• Each open 2-cell of C contains at most one puncture.

• Each nonpunctured 2-cell of C has at least three sides.
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Figure 39: Ends ei and prongs πi = (ei, ei+1), i ∈ Z/5, around a 0-cell v of valence 5.
Arrows represent the successor map that defines the circular ordering on Ends(v).

Note that a 0-cell of C may or may not be a puncture. Given a cell division C, let
V (C) be the set of 0-cells or vertices, E(C) the set of 1-cells or edges, and F (C)
the set of 2-cells or faces. For each e ∈ E(C) let Ends(e) be the set of ends of e,
a two element set; formally, Ends(e) is the set of ends of int(e) in the sense of
Freudenthal. Let Ends(C) =

⋃
e∈E(C) Ends(e). Each η ∈ Ends(e) ⊂ Ends(C) is

located at a particular 0-cell v, meaning that as a point on e diverges to the end
η then, in S, the point converges to v. For each v ∈ V (C) let Ends(v) be the
subset of Ends(C) of all ends η located at v. The set Ends(v) inherits a circular
ordering from the orientation on S (see Figure 39). We regard this circular ordering
as being defined by a permutation of Ends(v) with one cycle, called the successor
map, denoted e 7→ Succ(e) = e′, whose inverse map is called the predecessor map
e′ 7→ Pred(e′) = e. Define a prong at v to be an ordered pair (e, e′) ∈ Ends(v) where
e′ = Succ(e). Let Pr(v) be the set of prongs of v, with the circular ordering inherited
from Ends(v): given e, e′, e′′ ∈ Ends(v) with e′ = Succ(e) and e′′ = Succ(e′), the
successor of (e, e′) in Pr(v) is (e′, e′′). For each 2-cell c of C with n sides, as we
traverse the boundary of c in counterclockwise order we enconter n prongs, and the
circularly ordered set of these prongs is denoted Pr(c).

Next we define the dual pretrack of a cell division C, denoted τ⊥(C) (see Fig-
ure 40). First, for each e ∈ E(C) let b⊥(e), the dual branch of e, be an arc that
intersects C(1) transversely in a single point located in the interior of e. Next, con-
sider a 2-cell c of C, which we regard formally as a component of C(S −C(1)). List
the n sides of c in circular order as e1, . . . , en. Let πi be the prong between the
sides ei, ei+1, i ∈ Z/n. The overlay pullback of

⋃
e∈E(C) b

⊥(e) to c consists of n
“half-branches” b′1, . . . , b

′
n, where b′i has one endpoint in the interior of ei and one

endpoint in the interior of c. Let g(c) be a cusped n-gon in the interior of c, with
one cusp at the interior endpoint of each b′i forming a generic train track switch at
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e1

e3

e2

π2π1

π3

b⊥ (e1)

b⊥ (e2)

b⊥ (e3)

b⊥ (π1) b⊥ (π2)

b⊥ (π3)

Figure 40: The dual track τ⊥(C) of a cell division C has dual branches b⊥(e), b⊥(π)
for each 1-cell e ∈ E(C) and each prong π ∈ Pr(C).

that point, and with the interior of g(c) containing the puncture of c if there is one.
For each prong πi ∈ Pr(c) there exists a side b⊥(πi) of g(c), called the dual branch
of πi, such that b′i ∪ b⊥(πi)∪ b′i+1 is a smooth path. Identifying g(c) with its overlay
image in S, we now define

τ⊥(C) =

 ⋃
e∈E(C)

b⊥(e)

 ∪
 ⋃
c∈F (C)

g(c)

 =

 ⋃
e∈E(C)

b⊥(e)

 ∪
 ⋃
π∈Pr(C)

b⊥(π)


It follows that for c as above, τ⊥(C)∩ c = b′1∪ · · · ∪ b′n∪ g(c), which we call the dual
track of c.

The components of C(S − τ⊥(C)) and their indices may be listed as follows. In
the interior of each punctured n-gon c of C there is a punctured, cusped n-gon g(c),
with ι(g(c)) = −n

2 < 0. In the interior of each nonpunctured n-gon c of C there is
a nonpunctured, cusped n-gon g(c), with ι(g(c)) = 1− n

2 < 0, where the inequality
holds by the requirement that n ≥ 3. Containing each puncture 0-cell v of C there
is a punctured nullgon g(v) with ι(g(v)) = 0. Containing each nonpuncture 0-cell
v of C there is a nonpunctured nullgon g(v) with ι(g(v)) = 1. The existence of
non-negative index components of C(S − τ⊥(C)) implies that τ⊥(C) is not a train
track.

Consider now an ordered subset Π ⊂ Pr(C). The pair (C,Π) is called a cell
division with distinguished prongs or CDP. The ordering on Π will be significant
only in the stable setting below; otherwise one may ignore the ordering and think
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of Π as just a subset of Pr(C). Define

τ⊥(C,Π) = τ⊥(C)−
⋃
π∈Π

int(b(π))

Notice that a necessary and sufficient condition for τ⊥(C,Π) to be a pretrack is that
for each 2-cell c of C and any two successive prongs π, π′ in the circularly ordered
set Pr(c), at least one of π, π′ is not in Π. In particular, if Π contains at most one
prong in each 2-cell and Π does not contain the prong of any punctured monogon,
then τ⊥(C,Π) is a pretrack.

Assuming now that τ⊥(C,Π) is a pretrack, there is a simple computation that
determines the indices of the components of C(S − τ⊥(C,Π)), from which one can
decide whether τ⊥(C,Π) is a train track by checking that all indices are negative.
Namely, construct a bipartite graph Γ with one vertex for each 0-cell and each
2-cell of C, and with an edge connecting a 0-cell v to a 2-cell c for each prong
π ∈ Pr(v) ∩ Pr(c) ∩ Π. The components of C(S − τ⊥(C,Π)) correspond bijectively
to the components of Γ. Given a component of Γ, by adding the indices of the
components of C(S−τ⊥(C)) corresponding to vertices of the given component of Γ,
we obtain the index of the corresponding component of C(S− τ⊥(C,Π)). Assuming
that τ⊥(C,Π) is a train track, there is another simple computation that allows one
to determine whether τ⊥(C,Π) is filling: each component of Γ should be a tree and
should contain at most one vertex corresponding to a puncture 0-cell of C.

Consider a CDP (C,Π) where Π is an ordered subset of Pr(C) consisting of
one or two prongs, the first called the distinguished prong and denoted π∗ and the
second—if it exists—called the secondary prong and denoted π#. Let c∗ be the
2-cell of C containing π∗. If π# exists let c# be the 2-cell of C containing π#. We
say that (C,Π) is a stable CDP if the following properties hold:

• c∗ is a nonpunctured triangle of C called the distinguished triangle.

• If the 0-cell of C is not a puncture then π# must exist.

• If π# exists then:

– c# 6= c∗, and

– c# is not punctured, and hence c# has at least three sides (by definition
of a cell division).

Note that these conditions guarantee that τ = τ⊥(C,Π) is a filling train track (see
Figure 41). In fact the singularity type of τ is computable from the combinatorics of
(C,Π), as follows: τ has a nonpunctured cusped n-gon for every nonpunctured n-gon
of C outside of c∗ and c#; τ has a punctured cusped n-gon for every punctured n-gon
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Figure 41: If (C,Π) is a stable CDP then its dual track τ = τ⊥(C,Π) has a naturally
determined cusp v such that (τ, v) is a type 2 stable train track. If the secondary
prong π# does not exist then the component cv of C(S− τ) containing v is a cusped
monogon. If the secondary prong π# exists and is contained in an n-gon c# then
cv is a cusped (n− 1)-gon.

of C; and τ has one other complementary component P containing the 0-cell of C,
either a cusped monogon when the secondary prong does not exist, and otherwise
a cusped (n − 1)-gon if c# has n sides. Letting v be the unique cusp of τ that is
contained in c∗, we say that (τ, v) is the dual one cusp train track of (C,Π).

Note the following naturality properties of the dual one cusp train track. Given
a stable CDP (C,Π):

• The isotopy type of the dual one cusp train track (τ, v) is well-defined, and
depends only on the isotopy type of (C,Π).

• For any φ ∈ Homeo+, φ(τ, v) is (isotopic to) the dual one cusp train track of
φ(C,Π).

Note also that (τ, v) is a type 2 stable train track: each component of S−C, except
for c∗, and except for c# when it has three sides, contains the embedded image of
a component of ∂̄v C(S − τ), and these images are disjoint because the components
of C(S − C) are disjoint. Type 2 follows because the cusp v is in c∗ and thus is
isolated from the images of the components of ∂̄v C(S − τ). This proves part of the
following:

Proposition 11.2.5. The map which assigns to each stable CDP its dual one cusp
train track induces a bijection between the set of isotopy (resp. combinatorial) types
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of stable CDPs and isotopy (resp. combinatorial) types of type 2 stable train tracks.

Proof. We have described a map which associates, to each stable CDP, a type 2
stable train track. We must construct an inverse map: for every type 2 stable train
track (τ, v) we construct a dual stable CDP (C,Π). The naturality and duality
provisions that we need will follow easily from the construction:

• (C,Π) is well-defined up to isotopy, depending only on the isotopy type of
(τ, v).

• If φ ∈ Homeo+ then φ(C,Π) is the dual stable CDP of φ(τ, v).

• The dual of the dual of a stable train track (τ, v) is isotopic to (τ, v), and the
dual of the dual of a stable CDP (C,Π) is isotopic to (C,Π).

To start with, ignoring the stable setting for the moment, se associate to every
generic, filling train track τ a CDP (C ′,Π′) whose dual is τ . The cell division C ′

has one 0-cell in each component of C(S − τ), corresponding with the puncture in
that component if there is one; there is one 1-cell e⊥(b) dual to each branch b of τ ;
and there is one 2-cell containing each switch of τ , and by necessity this 2-cell is a
nonpunctured triangle. Note that for each triangle t of C ′ there is a unique prong
π′(t) ∈ Pr(t) such that τ ∩ t is obtained from the dual track of t by removing the
branch dual to the prong π′(t). Letting Π′ = {π′(t)

∣∣ t ∈ F (C ′)}, clearly (C ′,Π′)
is a CDP, called the dual CDP of τ . The dual CDP of τ is well-defined up to
isotopy, depending only on the isotopy type of τ , and it is natural with respect to
the action of Homeo+. It follows that the dual CDP induces a bijection between
the set of isotopy (resp. combinatorial) types of generic, filling train tracks τ and
the set of isotopy (resp. combinatorial) types of CDPs (C ′,Π′) having the property
that each 2-cell of C ′ is a nonpunctured triangle, and for each 0-cell v ∈ V (C), the
set Π′∩Pr(v) has at least one element if v is a puncture and at least three elements
if v is not a puncture.

Suppose now that (τ, v) is a type 2 stable train track. Let (C ′,Π′) be the dual
CDP of the generic train track τ . We shall remove certain edges of C ′ to produce
a cell division C.

Recall that each side α of ∂̄v maps bijectively to a source branch of τ via the
oerlay map, and so there is a 1-cell e⊥α of C ′ dual to α.

Define C by removing from C ′ each 1-cell e⊥α dual to a side α of ∂̄v. We have
several tasks: prove C is a cell division, which requires identifying the 2-cells of C;
identify the distinguished prong π∗; identify the secondary prong π#, in particular
saying when π# exists; prove that (C,Π) is a stable CDP; and prove the naturality
and duality provisions.
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First we identify the distinguished triangle and distinguished prong of C. Let c∗
be the triangle of C ′ containing the switch sv. None of the three branches incident
to sv are images of sides of ∂̄v, by definition of a type 2 stable train track, and it
follows that c∗ is a complementary component of C. In particular, we can define
the distinguished prong to be π∗ = π′(c∗).

Next we identify a further collection of 2-cells of C. Consider a component
P of C(S − τ), an n-cusped polygon for some n ≥ 1, such that ∂P is completely
contained in ∂̄v. The overlay map embeds P in S. Let α1, . . . , αn be the sides of
P , let vi = αi ∩ αi+1, and let βi be the branch on the one-ended side of vi. Note
that αi ⊂ ∂̄v but βi 6⊂ ∂̄v, for each i = 1, . . . , n. Each e⊥αi is therefore removed from
C, but none of the e⊥βi are removed. It follows that e⊥β1

, . . . , e⊥βn form the sides of
an n-gon component c⊥P of C(S − C(1)) containing P , and containing no puncture
except for the one in P if there is one. Moreover, c⊥P ∩ τ is clearly a dual track of
c⊥P .

We still have to identify the secondary prong π# and the 2-cell c# containing
π#, if they exist. Consider the component cv of C(S − τ) having v as one of its
cusps, and suppose that P is an n-cusped polygon for n ≥ 1. If n = 1 then the
secondary prong does not exist, and if n ≥ 2 then it does exist. We consider the
two cases n ≥ 3, n = 2 separately.

If n ≥ 3 then cv contains the unique component of ∂̄v which is not a closed curve,
and instead is an arc consisting of a concatenation of n− 2 sides α1, . . . , αn−2. Let
v0, . . . , vn−2 be the cusps at the ends of these arcs, with ∂αi = {vi−1, vi}. Let βi be
the branch on the one-ended side of vi. Note that each e⊥αi is removed from C ′, but
none of the e⊥βi are removed, and so C ′ has an (n+1)-sided 2-cell c# whose sides are
identified with e⊥β0

, . . . , e⊥βn . The secondary prong π# is identified with the prong
at which e⊥β0

, e⊥βn join. Note that the interior of c# is unpunctured.
If n = 2 let v′ be the cusp of cv distinct from v, and let c# be the unpunctured

triangle of C ′ containing v′. Let β0, β1, β2 be the three branches of τ incident to v′

with β1 on the one-ended side of v′, so the three sides of c# are e⊥β0
, e⊥β1

, e⊥β2
. None

of β0, β1, β2 are identified with sides of ∂̄v: β1 is not a source branch, and β0, β2

could only be identified with sides of ∂v. It follows that none of e⊥β0
, e⊥β1

, e⊥β2
are

removed, and so c# is a nonpunctured triangular 2-cell of C. The secondary prong
π# is identified with the prong at which e⊥β0

, e⊥β2
join.

In both of the cases n ≥ 3 and n = 2, it is clear from the description that τ ∩ c#

is obtained from a dual track of c# by removing the dual branch of the cusp π#.
We claim that every component of S−C(1) occurs in the accounting above, and

to prove this we must show that every triangle t of C ′ is contained in one of the
components of S − C(1) described above. Let vt be the cusp of τ contained in t. If
vt = v then c = c∗, so suppose that v 6= vc. If vt is a cusp of a component P of
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C(S−τ) such that ∂P ⊂ ∂̄v then clearly t ⊂ c⊥P . Finally, if vt is a cusp of cv distinct
from v then clearly t ⊂ c#.

This completes the proof that (C,Π) is a stable CDP, and it is clear from the
construction that the naturality and duality provisions hold. ♦

I keep dropping
the “type 2”. Per-
haps the terminol-
ogy should be sim-
plified.Combinatorial types of stable train tracks. By Proposition 11.2.5, in order to

classify combinatorial types of stable train tracks it suffices to classify combinatorial
types of stable CDPs. We do this as follows.

Consider a stable CDP (C,Π). The counterclockwise circular ordering on Ends(C)
is characterized by the successor map Succ: Ends(C) → Ends(C), a permuta-
tion with a single cycle. The inverse permutation of Succ is the predecessor map
Pred: Ends(C) → Ends(C). Define the opposite end map Opp: Ends(C) →
Ends(C) to be the transposition which interchanges the two ends of any 1-cell
of C. Recall that a prong π ∈ Pr(C) is formally an ordered pair π = (e, e′) such
that e′ = Succ(e). Each prong π ∈ Pr(C) is a corner of some 2-cell c ∈ F (C), and
the next corner of c in counterclockwise order around c from π, denoted Next(π),
is given by the formula

Next(e,Succ(e)) = (Pred ◦Opp(e),Opp(e))

In other words, the natural bijection Ends(C) ↔ Pr(C) given by e ↔ (e,Succ(e))
conjugates the permutation Pred ◦Opp with the “next corner” map Next: Pr(C)→
Pr(C). It follows that the 2-cells of C are in natural one-to-one correspondence
with the cycles of the permutation Pred ◦Opp. Define Punct to be the union of the
cycles of Pred ◦Opp corresponding to the corners of punctured 2-cells of C. The
quintuple (Ends(C),Succ,Opp,Punct,Π) is called the combinatorial diagram of the
CDP (C,Π).

Given two stable CDPs (C,Π), (C′,Π′), an isomorphism between their combina-
torial diagrams (Ends(C),Succ,Opp,Punct,Π) and (Ends(C ′),Succ′,Opp′,Punct′,Π′)

is defined to be a bijection Ends(C)
f−→ Ends(C ′) that preserves the structure of

the combinatorial diagrams, that is: f ◦ Succ = Succ′ ◦f , f ◦ Opp = Opp′ ◦f ,
f(Punct) = Punct′, and f(Π) = Π′.

Proposition 11.2.6. Given two type 2 stable train tracks (τ, v), (τ ′, v′) with dual
stable CDPs (C,Π), (C ′,Π′), the following are equivalent:

(1) (τ, v) and (τ ′, v′) are combinatorially equivalent.

(2) (C,Π) and (C ′,Π′) are combinatorially equivalent.

(3) The combinatorial diagrams of (C,Π) and (C ′,Π′) are isomorphic.
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Figure 42: A chord diagram for a CDP (C, π∗) on a once-punctured surface of
genus 2. There are 9 1-cells, 18 ends, and 18 prongs. There are 6 2-cells, each
a nonpunctured triangle, one of them the distinguished triangle. The dual stable
train track (τ, v) has singularity type consisting of a once-punctured monogon with
cusp v, and 5 nonpunctured trigons.

Proof. The equivalence of (1) and (2) was established in Proposition 11.2.5. The
implication (2) =⇒ (3) is obvious.

To prove (3) =⇒ (2) we must construct a combinatorial equivalence F : (C,Π)→
(C ′,Π′). Choose a handle decomposition of S dual to C, and another dual to C ′.
Since f ◦ Succ = Succ′ ◦f , we can construct F taking the unique 0-handle D0 of C
to the unique 0-handle D′0 of C ′ by an orientation preserving homeomrophism so
that F (D0 ∩ C(1)) = D′0 ∩ C ′(1), and so that F induces the map Succ: Ends(C)→
Ends(C ′). Since f◦Opp = Opp′ ◦f , we may extend F to a homeomorphism from the
0-handles union the 1-handles of C to the 0-handles union the 1-handles of C ′, taking
C(1) to C ′(1). We may now extend F over the 2-cells, and since f(Punct) = Punct′

this extension can be defined to be a bijection on punctures. Since f(Π) = Π′ it
follows that F (Π) = Π′, and hence F is a combinatorial equivalence from (C,Π) to
(C ′,Π′). ♦

Chord diagrams. With Proposition 11.2.6 it becomes clear how to enumerate
combinatorial types of stable train tracks: simply enumerate combinatorial diagrams
of stable CDPs.

To visualize the combinatorial diagram of a stable CDP (C,Π), the chord dia-
gram is a useful device. With practice, the chord diagram can be used to decide by
inspection when two combinatorial diagrams are isomorphic. Figure 42 shows an
example on a once-punctured surface of genus 2, and Figure 43 shows an example
on a thrice-punctured torus.

First we describe the chord diagram of C itself. Draw a round circle in the plane
and mark one point on the circle for each element of Ends(C); the correspondence
should preserve circular ordering, where we use the usual counterclockwise ordering
for the circle, and the permutation Succ for Ends(C). Then connect two points by
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Figure 43: A stable CDP on a thrice-punctured torus, with chord diagram. There
are two nonpunctured triangles (one the distinguished triangle), a punctured trian-
gle, and a punctured monogon. The dual stable train track (τ, v) has singularity
type consisting of two punctured monogons, one with cusp v, a punctured trigon,
and two nonpunctured trigons.

a chord if they correspond to two ends which are interchanged by the transposition
Opp. It is often easier to see what is going on by drawing hyperbolic chords —
circular arcs perpendicular to the outer circle — instead of Euclidean chords. If S
has no puncture in the interior of any 2-cell of C then Punct = ∅ and this completes
the description of the chord diagram of C. More generally, elements of Pr(C) are
represented in the chord diagram by gaps, which are circular segments between
adjacent chord endpoints, and we indicate the elements of Punct by drawing a solid
dot adjacent to each appropriate gap, called a gap dot, so a punctured n-gon will
yield n gap dots around the periphery of the circle. This completes the description
of the chord diagram of C.

To describe the chord diagram of (C,Π), represent the distinguished prong π∗
by drawing a ∗ adjacent to the appropriate gap, and for the secondary prong π#,
when it exists, draw a # adjacent to the appropriate gap.

The representation of punctured n-gons by gap dots is somewhat inefficient when
n is large; for example, the two punctured n-gons in Figure 43 are represented by
four gap dots. On a multi-punctured sphere, the punctured regions of a stable CDP
(C,Π) can be represented in a particularly efficient way in the chord diagram. The
chord diagram of C can be viewed as a literal copy of C: the chords divide the
interior of the circle into regions, and the whole closed disc bounded by the circle
can be mapped to the sphere by collapsing the boundary circle to the unique 0-cell
of C, taking each chord to 1-cell, and taking each region of the disc to a 2-cell
of C. Hence, we can indicate a punctured region simply by putting a dot in the
appropriate complementary region of chords. Figure 44 shows two examples of an
stable CDP on an 8-punctured sphere using this notation.
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Three round heads and a cyclops 
looking down a manhole

Figure 44: Some chord diagrams in genus 0 with 8 punctures. The first example has
5 punctured monogons, 1 punctured bigon, and 1 punctured 4-gon, in addition to the
distinguished triangle. The second has 7 punctured monogons and 5 nonpunctured
triangles, including the distinguished triangle.

Another nice feature of CDPs for multipunctured sphere is that one can super-
impose the dual stable train track onto the chord diagram quite clearly, as shown
in Figure 45.

Now we use these ideas to enumerate certain combinatorial types in low genus.

Genus 0 with 4 punctures. On a 4-punctured sphere, every recurrent, stable
train track has the same singularity type, namely 4 once-punctured monogons, and
there is a unique combionatorial type of stable train track with this singularity type,
shown in Figure 45(b).

Genus 0 with 5 punctures. We give a complete enumeration of combina-
torial types of stable, filling train tracks on the 5-punctured sphere. There are
two possible singularity types of filling train tracks: 5 punctured monogons and 1
nonpunctured triangle; or 4 punctured monogons and 1 punctured bigon.

Consider a recurrent, stable train track (τ, v) with 5 punctured monogons and
one nonpunctured triangle, with v located in a punctured monogon. The corre-
sponding stable CDP (C, π∗) has 4 punctured monogons and 2 non-punctured tri-
angles including the distinguished triangle. To obtain the possible chord diagrams
for C, note that sides of the 4 punctured monogons bound a nonpunctured 4-gon,
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Figure 45: Some genus 0 chord diagrams and their dual train tracks. (a) shows the
dual train track for the first example in Figure 44. (b) shows the unique combina-
torial type of a recurrent, stable train track on a 4-punctured sphere.

* * *
Figure 46: On a 5-punctured sphere, there are 3 combinatorial types of stable train
tracks with 5 punctured monogons and 1 nonpunctured trigon. Each of these 3
examples has 3 possible positions for the secondary prong, giving 9 combinatorial
types of stable train tracks with 4 punctured monogons and 1 punctured bigon.
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which can be triangulated into 2 triangles in two different ways. However, these two
triangulations are equivalent via a one quarter rotation of the 4-gon. Hence there
is again a unique chord diagram for C, shown in Figure 46. This time there are six
possible positions for the distinguished prong, but up to the 2-fold rotational sym-
metry of the chord diagram there are only 3 possible nonisomorphic chord diagrams,
all shown in Figure 46, with their dual stable train tracks.

Consider next a stable train track (τ, v) with 4 punctured monogons and one
punctured bigon containing the cusp v. The corresponding stable CDP (C, (π∗, π#))
again has 4 punctured monogons and 2 nonpunctured triangles, one triangle con-
taining the distinguished prong π∗ and the other containing the secondary prong π#.
Once the choice of the distinguished prong is made among the 3 possible choices,
the remaining nonpunctured triangle has three possible choices for the secondary
prong, making 3 · 3 = 9 combinatorial types.

Consider next the case where (τ, v) has 4 punctured monogons and one punc-
tured bigon, with the cusp v contained in a punctured monogon. The dual stable
CDP (C, π∗) has three punctured monogons, a punctured bigon, and the distin-
guished triangle. The combinatorial type of C is uniquely determined and there
are 3 positions for the distinguished prong, giving 3 combinatorial types altogether.
The chord diagrams are left to the reader.

Finally consider the case where (τ, v) has 5 punctured monogons and a non-
punctured triangle, with the cusp v located in the nonpunctured triangle. The dual
stable CDP (C, (π∗, π#)) has 5 punctured monogons, one nonpunctured triangle
containing π∗, and one nonpunctured 4-gon containing the secondary prong π#.
There are 3 positions for the distinguished prong, and 4 positions for the secondary
prong, giving 3 · 4 = 12 combinatorial types altogether, whose chord diagrams are
left to the reader.

This completes the enumeration, giving 3 + 9 + 3 + 12 = 27 combinatorial types
of filling, stable train tracks on a 5-punctured sphere.

Genus 0 with 6 and 7 punctures. We enumerate only the combinatorial
types of stable, filling train tracks (τ, v) with the “principle” singularity type, namely
a punctured monogon around each puncture and the rest nonpunctured trigons, and
with v located in a punctured monogon.

When (τ, v) has 6 punctured monogons and 3 nonpunctured trigons, the dual
stable CDP (C, π∗) has 5 punctured monogons and 3 nonpunctured triangles, with
v located in one of the nonpunctured triangles. There is one combinatorial type for
C: the boundaries of the 5 punctured monogons form a nonpunctured 5-gon, which
can be subdivided into 3 nonpunctured triangles in 5 different ways, but these 5
ways differ by rotation of the 5-gon, leading to a unique combinatorial type. There
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6 punctures

7 punctures

Figure 47: Chord diagrams for stable CDPs (C, π∗) with one puncture the vertex, a
punctured monogon around every other puncture, and the rest nonpunctured trian-
gles. With 6 punctures there is a unique combinatorial type, and with 7 punctures
there are four combinatorial types, two of which differ by an orientation reversing
homeomorphism.

are 3 ·3 = 9 positions for the distinguished prong π∗, yielding 9 combinatorial types.
When (τ, v) has 7 punctured monogons and 4 nonpunctured trigons, the dual

stable CDP (C, π∗) has 6 punctured monogons and 4 nonpunctured triangles, with v
located in one of the nonpunctured triangles. There are 4 combinatorial types for C:
the boundaries of the 6 punctured monogons form a nonpunctured 6-gon which can
be subdivided into 4 triangles, and up to rotation of the 6-gon there are 4 distinct
ways to do this triangulation. The combinatorial type of (C, π∗) depends on where
π∗ is located. One of the 4 types for C has no rotational symmetry, and the choice of
π∗ gives 3·4 = 12 combinatorial types. Two of the 2 types for C have Z/2 rotational
symmetry, and the choice of π∗ gives an additional 2 · 1

2 · 3 · 4 = 12 combinatorial
types. The remaining type for C has Z/3 rotational symmetry, and the choice of
π∗ gives 1

3 · 3 · 4 = 4 combinatorial types. Altogether there are 12 + 12 + 4 = 28
combinatorial types.

Genus 1. On a once-punctured torus, there is a unique combinatorial equiv-
alence class of recurrent stable train tracks (τ, v), shown in Figure 48. It has a
punctured bigon.

Consider next a twice punctured torus, and a stable train track (τ, v) with two
punctured monogons and two punctured trigons, and with v located in a punctured
monogon. The dual CDP (C, π∗) has one punctured monogon and three nonpunc-
tured triangles, one of which is the distinguished triangle. There is a unique com-
binatorial type for C, which can be seen as follows. If the boundary edge of the
punctured monogon of C is removed, the resulting cell division has a punctured
bigon and two non-punctured triangles. If the puncture in the bigon is removed
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Figure 48: On a once-punctured torus, there is a unique combinatorial type of
recurrent, stable train tracks.

Figure 49: On a twice-punctured torus, if (C, π∗) is a stable CDP with one punctured
monogon and three nonpunctured triangles, the combinatorial type of C is unique.
The chord diagram is obtained from the unique chord diagram for a triangulation of
a once punctured torus by splitting one chord and inserting a punctured monogon.

and the bigon is collapsed by identifying its two boundary arcs, the result is a cell
division C ′ of a once punctured torus with two triangles, whose combinatorial type
is unique. This suggests that C can be reconstructed from C ′ by choosing an end
η ∈ Ends(C ′), splitting the 1-cell containing η into two parallel 1-cells bounding
a bigon, thereby splitting η into one of the prongs of the bigon, and inserting a
punctured monogon at this prong. This operation can be performed on the chord
diagram of C ′, as illustrated in Figure 13.25. There are 6 ends η to choose from, but
they are equivalent up to a 6-fold rotation of C ′, hence there is a unique combina-
torial type for C. The three nonpunctured triangles of C have 9 prongs altogether,
from which to choose the distinguished prong π∗.

The method used for the twice-punctured torus can be adapted to the thrice
punctured torus, to enumerate combinatorial types of stable train tracks (τ, v) with
three punctured monogons and three nonpunctured triangles, with v in a punc-
tured monogon; there are 60 such types. The combinatorial types of tye dual CDPs
(C, π∗), each with two punctured monogons and four nonpunctured triangles, are
constructed as follows. Start from the unique chord diagram for a one vertex trian-
gulation of a torus. Choose two ends of the chord diagram, not necessarily distinct,
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T1 T2 T3 T4 T5 T6

Figure 50: On a thrice-punctured torus, there are 60 combinoatiral types of stable
CDPs (C, π∗) with two punctured monogons and three nonpunctured triangles,
obtained from 6 combinatorial types for C itself by inserting a distinguished prong.

as positions for two punctured monogons to be inserted. Then split the chords and
insert the monogons. If both monogons are inserted at ends of the same chord,
there will be a 4-gon to be triangulated. Figure 51 shows the 6 different chord
diagrams obtained in this manner, labelled T1 through T6. T1 and T2 are obtained
by inserting monogons at the same chord end, and triangulating the resulting 4-gon
in two different ways. T3 is obtained by inserting the monogons at adjacent chord
ends. T4 is obtained by inserting the monogons at chord ends separated by a single
chord end. T5 and T6 are obtained by inserting monogons at opposite ends of the
same chord, and triangulating the resulting 4-gon. For each chord diagram, there
are 12 possible positions for the distinguished prong. Diagrams T1 − T4 have no
symmetries, and diagrams T5, T6 have 2-fold rotational symmetry. Hence there are
4 · 12 + 2 · (12/2) = 60 distinct combinatorial types.

Genus 2 with one puncture. On a once-punctured surface of genus 2, there
are 105 combinatorial types for a stable train track (τ, v) with a punctured monogon
containing v and 5 nonpunctured triangles. In the dual stable CDP (C, π∗), C
is a one vertex triangulation of a genus 2 surface, of which there are 9 different
combinatorial types, shown in Figure ??. We refer the reader to [Mos96] for this
enumeration. Of these types, 3 have no rotational symmetry, 5 have 2-fold rotational
symmetry, and 1 has 3-fold rotational symmetry. Each have 18 prongs, giving the
count of 3 · 18 + 5 · (18/2) + 1 · (18/3) = 105.

These 105 combinatorial types are the exact same objects as the 105 states in the
“principal layer” of the word acceptor for the automatic structure of the mapping
class group of a once punctured surface of genus 2, as described in [Mos96].

11.3 Enumeration of one cusp splitting circuits

Each one cusp splitting on a stable train track produces a stable train track, and
hence one can construct a directed graph Γ̃ = Γ̃(S) whose vertices are the isotopy
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Figure 51: The 9 combinatorial types of one vertex triangulations of a genus 2
surface.

types of one cusp train tracks and whose directed edges are the one cusp splittings.
The mapping class group acts on Γ̃, and by Lemma ?? the action is free. Also,
there are only finitely many orbits of the action, and hence there is a finite quotient
graph Γ = Γ(S) whose vertices are the combinatorial types of stable train tracks,
called the canonical digraph of S. We give an algorithmic construction of Γ, by
using chord diagrams to describe the combinatorial types of one cusp train tracks.

The directed loops in Γ are precisely the one cusp splitting circuits, although
not all such loops arise from pseudo-Anosov mapping classes with fixed separatrices.
Given a directed loop γ in Γ, we say that γ is a canonical pseudo-Anosov loop if
there exists a pseudo-Anosov mapping class Φ and a fixed separatrix ` such that γ
is the one cusp splitting circuit associated to Φ and `.

In order to acheive our enumeration we must answer the following question in
an effective manner:

• Given a directed loop γ in Γ, how do we tell whether γ is a canonical pseudo-
Anosov loop?

The first answer to this question is that the Arationality Theorem 6.3.2 can be
applied, yielding a version of the canonical killing criterion applied to directed loops
γ in Γ, with the conclusion that γ satisfies the canonical killing criterion if and
only if γ is a canonical pseudo-Anosov loop. In the course of this we will give an
equivalent formulation of the canonical killing criterion that applies to one cusp
splitting sequences and circuits, and which is analogous to the criterion developed
in Section 9.4 for one switch splitting sequences.

The second answer to this question is to consider the collection Λ of directed
loops as a regular language over the alphabet consisting of the directed edges of Γ;
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we prove that the subcollection Λps of canonical pseudo-Anosov loops is a regular
sublanguage. This is accomplished by constructing a finite directed graph Γ′ and
a directed map d : Γ′ → Γ and proving that a directed loop γ in Γ is in Λps if and
only if no iterate of γ lifts to Γ′; only a uniformly bounded number of iterates need
to be checked, which suffices to prove that Λps is regular.

We will give several examples of components of Γ and the portion of Γ′ lying
over that component, which immediately leads to rich collections of pseudo-Anosov
conjugacy classes.

Finally, we shall show how the canonical diagraph encodes not only one cusp
splitting circuits, but also the one switch splitting circuits described in Section ??;
in fact, we shall describe a duality between one cusp splitting circuits and one switch
splitting circuits, which relates a pseudo-Anosov conjugacy class to its inverse.

Good elementary moves: no secondary prong. Consider a stable CDP (C, π)
with distinguished prong π, distinguished triangle t, and no secondary prong. Re-
calling that, formally, a prong is an ordered pair of ends of C such that one succeeds
the other in the circular order, we denote π = (el, er); in diagrams we draw t with
π pointing upward, and using the counterclockwise ordering on ends as we look at
the page it follows that er is the end to the Right of π and el is the end to the Left.
Given d ∈ {l,r} let hd be the 1-cell with end ed. Let hOpp be the third side of t,
opposite the distinguished prong π.

We need the observation that no two sides of t are identified, because this would
force the existence of at least two vertices in C. It follow that each cell of C opposite
a side of t is distinct from t.

Given a cell division C and a 1-cell h of C such that the cells on eithe side of h are
distinct and at most one is punctured, removal of h produces a cell division C ′, and
there is a natural coalescence map p : Pr(C) → Pr(C ′) defined as follows: for each
prong π = (e, e′) ∈ Pr(C) such that e, e′ 6∈ Ends(h), it follows that e, e′ ∈ Ends(C ′)
and that (e, e′) ∈ Pr(C ′), and we define p(π) = π. For each end e of h, let (e′, e),
(e, e′′) ∈ Pr(C) be the prongs incident to e′. It follows that (e′, e′′) ∈ Pr(C ′), and
we define p(e′, e) = p(e, e′′) = (e′, e′′). Thus, the coalescence map is two-to-one on
the four prongs incident to ends of h, and one-to-one otherwise.

Given a parity d ∈ {l,r}, we describe an operation (C, π) → (C ′, π′) called a
good elementary move or GEM of parity d as follows. Let cd denote the cell of C
which is attached to t along hd. As observed above, t 6= cd. Thus, when we remove
hd we obtain a cell division C ′′, in which t and cd join into a single 2-cell c′′ of C ′′.
Define π′′ to be the image of π under coalescence. Since π′′ ∈ Pr(c′′) and c′′ is not
a triangle, it follows that (C ′′, π′′) is not a CDP. However, there is up to isotopy
a unique way to add a 1-cell h′′ to C ′′, so that π′′ is a prong of a nonpunctured



11 ENUMERATION OF PSEUDO-ANOSOV CONJUGACY CLASSES 338

triangle t′′ whose opposite side is h′′; let C ′ be this cell division. There is moreover a
unique prong π′ ∈ Pr(C ′) whose image under the coalescene map Pr(C ′′)→ Pr(C ′)
is equal to π′′. Under these circumstances we say that (C, π) → (C ′, π′) is a GEM
of parity d.

We have proved the first part of the following:

Lemma 11.3.1. For each CDP (C, π) with no secondary prong and for each parity
d ∈ {l,r}:

Outgoing GEM There exists a CDP (C ′, π′) such that (C, π)→ (C ′, π′) is a good
elementary move of parity d.

Incoming GEM There exists a CDP (C ′′, π′′) such that (C ′′, π′′) → (C, π) is a
good elementary move of parity d.

For both the incoming and outgoing GEMS, the isotopy class of (C ′, π′) depends
only on the isotopy class of (C, π) and the parity d.

Proof. To prove the second part one simply works the construction in the reverse:
remove the 1-cell of C opposite π and identify the appropriate 1-cell to insert to
produce C ′′. ♦

Good elementary moves: with secondary prong. Next we consider good
elementary moves in contexts where a secondary prong exists. Things are more
complicated, because the location of the secondary prong can effect whether incom-
ing and outgoing GEMs exist. In order to understand this, given a good elementary
move (C, π) → (C ′, π′) without secondary prong we explain the relation between
prongs of C and prongs of C ′.

Given a stable CDP with secondary prong (C, (π, ρ)), if we remove ρ then (C, π)
may or may not be a stable CDP, depending on whether the unique 0-cell v of C is
a puncture; to proceed with the discussion we shall, if necessary, imagine that v is
a puncture, so we can imagine that (C, π) is a CDP.

Let t be the distinguished triangle of (C, π), and define Pr∗(C, π) = Pr(C) −
Pr(t). Any secondary prong must be an element of Pr∗(C, π). Consider a GEM
(C, π) → (C ′, π′) of parity d, and let C ′′ be the intervening cell division, obtained
from C by removing hd and from C ′ by removing h′Opp. The coalescence map
Pr(C, π)→ Pr(C ′′) is injective and its image is everything except for a single prong
denoted πC′ . The coalescence map Pr(C ′, π′)→ Pr(C ′′) is injective and its image is
everything except for a single prong denoted πC . Note that πC 6= πC′ . The unique
inverse image of πC in Pr∗(C, π) is denoted πd

in; it is incident to the distinguished
prong π along the end ed. The unique inverse image of πC′ in Pr∗(C ′, π′) is denoted
πd
out. By composing the coalescence map Pr∗dout = Pr∗(C, π)−{πd

out} → Pr(C ′′) with
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the inverse of the coalescence map Pr∗din = Pr∗(C, π)− {πd
in} → Pr(C ′′) we obtain a

bijection Pr∗din(C, π)↔ Pr∗dout(C
′, π′).

Consider now a secondary prong ρ ∈ Pr∗(C, π), so that (C, (π, ρ)) is a stable
CDP. If ρ 6= πd

in then let ρ′ be the corresponding prong in Pr∗(C ′, π′), and we define
(C, (π, ρ))→ (C, (π, ρ′)) to be a GEM of parity d. We have proved the first part of:

Lemma 11.3.2. Given a stable CDP (C,Π) with distinguished prong π and sec-
ondary prong ρ, and given d ∈ {l,r}, the following hold:

Outgoing GEM If ρ 6= πd
in then there exists a CDP (C ′, π′) such that (C, π) →

(C ′, π′) is a good elementary move of parity d.

Proof. The second part follows easily from the definitions. ♦

Good elementary moves and one cusp splittings. Given a good elementary
move (C,Π) → (C ′,Π′), we shall show that the dual one cusp train tracks τ =
τ⊥(C,Π) and τ ′ = τ⊥(C ′,Π′) are related by one cusp elementary moves.

Here is the key observation which justifies the concept of “stability”:

Lemma 11.3.3. Given a good elementary move (C, π) → (C ′, π′) of parity d, let-
ting (τ, v) and (τ ′, v′) be the dual one cusp train tracks of (C, π), (C ′, π′) respectively,
there is a sequence

(τ ′, v′) 3 (τ ′′, v′′) Â (τ, v)

consisting of a one cusp elementary splitting of parity d followed by a one cusp
slide. ♦

Proof. The proof is a picture, given in Figure ??. ♦

THERE ARE NOT QUITE RIGHT AS STATED, BECAUSE OF THE REFAC-
TORIZATION THAT IS NEEDED: “SPLITS LAST” RATHER THAN “SPLITS
FIRST”. AND EVEN THEN IT’S NOT QUITE RIGHT BECAUSE SOME GEMS
ARE ONLY SLIDE MOVES, DEPENDING ON WHERE THE SECONDARY
PRONG IS LOCATED.

Corollary 11.3.4. If (τ ′, v′) is a stable one cusp train track of type I, and if
(τ ′, v′) Â (τ, v) is the one cusp splitting of parity d, then (τ, v) is stable and the
elementary factorization of (τ ′, v′) Â (τ, v) consists of a one cusp slide followed by
a one cusp elementary splitting of parity d. ♦

Corollary 11.3.5. If (τ0, v0) Â (τ1, v1) Â · · · is a one cusp splitting sequence, and
if (τI , vI) is stable for some I,then (τi, vi) is stable for all i ≥ I. ♦
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TO DO:

• Start by describing elementary moves with no secondary prong, “split slide”
moves.

• Describe the map on prong sets outside of the distinguished triangle.

• Describe the special prongs in the domain and range.

• Now introduce the secondary prong.

• One thing I’m worried about: did I leave out considerations of the secondary
prong in the one switch killing criterion????

• Describe elementary moves, classified according to their effect on the dual
train track:

Slide type: Secondary cusp incident to hOpp; a slide leading directly to an-
other type I stable train track.

Split type: Secondary cusp incident to a cusp incident to hOpp; an elemen-
tary split leading directly to another type I stable train track.

Split–slide type: Neither of the above; the dual branch b(hOpp); an elemen-
tary split leading to a type II stable train track; then a slide leading to
a type I. stable train track.

• Explain how the type II stable train tracks are the ones that are truly stable.

• Prove that every separatrix has a stable one cusp train track, and hence by
stable equivalence all of the train tracks that appear in a one cusp train track
axis are stable.

• Conclusion: Proposition: a one cusp splitting sequence consists eventually
of stable train tracks; but are they type II? But when the secondary prong
intervenes, you can go directly from a type I to another type I without passing
a type II, so that’s not right either . . .

The canonical diagraph.

Canonical pseudo-Anosov loops.
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TO DO:

• Deciding the canonical killing criterion using finite automata: canonical di-
graphs and degeneracy graphs.

• We have to give a simple version of the canonical killing criterion for one cusp
splitting sequences. Ultimately it will be dual to the version for one switch
splitting sequences. I wonder if it can be proved equivalent? Except that they
go in the opposite direction . . .

Examples.

TO DO:

• Many examples, taken from [Mos93]. check [Mos86]
to see how the
pictures are
drawn, with the
transverse ori-
entation upward
or downward. It
seems to make
a difference in
how the chord
diagrams are
drawn.

One cusp — one switch duality. A START ON THE CANONICAL DI-
GRAPH

Let Γ̃c be the graph of one cusp train tracks and one cusp splittings. To be
precise, the vertices of Γ̃c are comb equivalence classes of pairs (τ, v) where τ is a
generic, filling, recurrent train track and v ∈ cusps(τ), and where (τ, v) is comb
equivalent to (τ ′, v′) if τ is equivalent to τ ′ and v, v′ correspond under the bijection
cusps(τ)↔ cusps(τ ′) induced by the comb equivalence. Let [τ, v] denote the comb
equivalence class of (τ, v). Define a directed edge [τ, v] Â [τ ′, v′] if there are repre-
sentatives (τ, v), (τ ′, v′) of these comb equivalence classes so that (τ, v) Â (τ ′, v′) is
a one cusp splitting.

We claim that the natural action of MCG on the directed graph Γ̃c is free. It
suffices to prove that the action on vertices is free. Suppose that Φ[τ, v] = [τ, v],
and so φ(τ, v) = (τ ′, v′) where (τ, v) and (τ ′, v′) are comb equivalent and φ is a
representative of Φ. We must prove that φ is isotopic to the identity; this is a
strengthening of Lemma 3.15.3. Choose a tie bundle ν over τ and let ψ : S → S be
a carrying inclusion of τ ′ into ν. Replacing φ with ψ ◦ φ we may assume that φ . . .

TO DO:

• Put this into the “comb equivalence” section.

• Proof: show directly that two comb equivalent but nonisotopic train tracks
are

WHERE WILL THIS GO???
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• One cusp and two cusp expansions. Structure of circular expansion complexes.

– Show that the one cusp property is stable under splitting along any
splitting involving that cusp. Thus we get one cusp splitting sequences,
as expansions of each train track.

• The 2-strata suffice to classify up to conjugacy; a simpler structure to keep
track of, rather than the whole circular expansion complex.

• The 1-strata do not suffice to classify up to conjugacy, however, they do classify
almost conjugacy, as long as you keep track of multiplicity.

• Relate one cusp expansions to one sink expansions; connection with [Mos93].
Proof that every pseudo-Anosov homeomorphism with a fixed separatrix has
a one sink expansion and a one cusp expansion.

• Enumeration of pseudo-Anosov conjugacy classes, using the canonical killing
criterion.

• OLD DISCUSSION OF CANONICAL DIGRAPHS AND DEGENERACY
DIGRAPHS

Given a finite splitting sequence τ0 Â · · · Â τn one wants to know whether the
rational killing criterion holds, i.e. whether MF⊥(τ0)×MF(τn) ⊂ FP. From the
definition it is clear that this question is decidable, but we shall show that it is
decidable in a very elementary sense, using finite deterministic automata. To be
precise, consider a directed graph Γ̃(S) whose vertices are isotopy classes of train
tracks and whose directed edges are isotopy classes of splittings. The mapping
class groupMCG(S) acts on Γ̃(S) by directed isomorphisms, with quotient digraph
Γ(S) = Γ̃(S)/MCG(S); this is the canonical digraph of S (actually, this definition
doesn’t quite work because the action of MCG(S) on Γ̃(S) can have nontrivial
stabilizer groups; we shall give a more formal definition which gets around this
problem). The canonical digraph Γ(S) is finite: there are only finitely many orbits
of isotopy classes of train tracks and splittings, up to the action of MCG(S). A
splitting sequence τ0 Â · · · Â τn descends to a directed path [τ0] Â · · · Â [τn] in
Γ(S). Now the decision problem for the rational killing criterion may be precisely
stated and solved:

Theorem 11.3.6 (Degeneracy Theorem). There exists a finite directed graph
Γ′(S) and a directed map Γ′(S) 7→ Γ(S) such that a splitting sequence τ0 Â · · · Â τn
satisfies the rational killing criterion if and only if the directed path [τ0] Â · · · Â [τn]
in Γ(S) does not lift to Γ′(S).
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The directed graph Γ′(S) is called the degeneracy digraph. It will also be con-
structed as the quotient Γ̃′(S)/MCG(S) of some directed graph Γ̃′(S) on which the
mapping class group acts, and the directed map Γ′(S) 7→ Γ(S) will be the quotient
of an MCG(S)-equivariant finite-to-one directed map Γ̃′(S) 7→ Γ̃(S). The directed
graph Γ̃′(S) will, in a sense, keep track of potential degeneracies. That is, given
a train track τ , a degeneracy of τ is an essential curve which has zero intersection
with some element of both MF⊥(τ) and some element of MF(τ). We shall show
that τ0 Â · · · Â τn fails the rational killing criterion if and only if there is a certain
degeneracy of each τi, i = 1, . . . , n, which somehow survives each splitting in the
sequence. Moreover, we will show that for each train track τ one need only keep
track of a special finite set of degeneracies: the sequence τ = τ0 Â · · · Â τn fails the
rational killing criterion if and only if there a degeneracy of τ in the special finite
set which survives the entire splitting sequence.

Before launching into the formal definition and proof we shall show what happens
on the torus.

11.4 Example: the once-punctured torus (in progress)

11.5 Formal definition of the canonical digraph (in progress)

11.6 Proof of the Degeneracy Theorem (in progress)

11.7 Further examples (in progress)

• The five punctured sphere.
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12 The conjugacy problem in MCG (in progress)

In this section we augment the results of the previous section with work of Nielsen
and a few additional ideas to obtain complete conjugacy invariants in MCG. We
then show how to compute these invariants for any mapping class, thus solving the
conjugacy problem in MCG.

12.1 Conjugacy invariants of finite order mapping classes, after
Nielsen (in progress)

Finite order conjugacy classes in MCG were completely classified by Nielsen in a
series of papers. Nielsen proved that each finite order conjugacy class in MCG is
represented by a finite order homeomorphism S [Nie86a]. Furthermore, that rep-
resentative is unique up to topological conjugacy (reference???). Thus, classifying
finite order conjugacy classes in MCG is equivalent to classifying finite order, ori-
entation preserving homeomorphisms of S up to topological conjugacy. The latter
classification was acheived by Nielsen in [Nie86b]. The invariants are simply the
local rotation numbers attached to the nonregular periodic points . . .

12.2 Conjugacy invariants of algebraically finite mapping classes,
after Nielsen (in progress)

A mapping class is algebraically finite if it has a reducing system on whose com-
plement the mapping class has finite order. Nielsen gave a complete conjugacy
classification of algebraically finite mapping classes [Nie86c] . . .

12.3 Conjugacy invariants of the Thurston reduction (in progress)

12.4 Complete conjugacy invariants (in progress)

12.5 Tailoring the Bestvina-Handel algorithm (in progress)

Bestvina and Handel described in [BH95] an algorithm which, given φ ∈ MCG,
decides whether φ is finite order, reducible, or pseudo-Anosov, and in the latter
case produces an invariant train track of φ. We can augment their algorithm to
obtain an algorithm that computes complete conjugacy invariants for any mapping
class.

12.6 Two cusp expansion complexes.

Given a pseudo-Anosov mapping class Φ, the Bestvina-Handel algorithm outputs an
invariant train track τ for Φ, and in fact the algorithm produces a splitting sequence
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from τ to Φ(τ). From this we need to construct a complete conjugacy invariant for
Φ, perhaps a circular expansion complex. We shall focus more on the more easily
computed 2-strata of the circular expansion complex. This requires a study of the
2-strata of a general expansion complex, which requires an understanding of “two
cusp expansions” of an arational measured foliation.
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c-splitting arc, 104, 140

c, 98
ÂÂ, 70
MF(τ), 80
PMF(τ), 80
≈, 94
C, 53
· \ ·, 219
d, 98
d̄, 98
fÂÂ, 106
hÂÂ, 106
l, 98
MCG, 33
ν(ξ), 115
d̄, 137
P , 32
r, 98
σ(ξ), 115
3, 92
Â, 97
S, 32
S̄, 32
T , 32
ancestor

of a subtrack, 137
of splitting cycle, 141

arational, 9, 13, 37
partial, 45

awl, 84

basin, 59
branch, 51

post-splitting, 98
sink, 58
source, 58

transition, 58

canonical model, 43
carrying

bijection, 73
canonical, 73
full

of a measured foliation, 73
of a train track, 106

homotopic, 106
injection, 70, 73
map

of a measured foliation, 73
of a train track, 70

of a class in MF , 80
carrying equivalence, 92, 95
carrying image, 76
central splitting, 103

elementary, 98
Choquet simplex, 15
closed curve

essential, 32
peripheral, 32
trivial, 32

collapsing rectangle, 98
comb equivalence, 94, 95

of splittings, 101
combinatorial equivalence, 54
combinatorial invariant, 54
combinatorial length, 51
combinatorial type, 109
complete, 84

expanding separatrix family, 118
splitting sequence, 112

complete combing, 95
completion, 53
conformal structure, 32
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corner
reflex, 52
regular, 52

cross bundle, 53
crossing, 99, 137

partial, 142
cusp

reflex, 52
regular, 52

cutting out, 219

descendant
of a subtrack, 137
of splitting cycle, 141
of c-splitting arc, 148

diagonal, 84
diagonal extension, 85
dumbbell, 89

elementary factorization, 122
end, 51
equivalence of measured foliations, 13,

42, 350
topological, 22, 164
unmeasured, 15, 22, 42, 124

essential
curve family, 112

essential subsurface, 56

fiber of carrying map, 71
filling, 84
fold map, 104
forest, 194

collapse map, 194
unmarked, 204

collapsible, 194
fractional Dehn twist, 251

generic
switch, 51
train track, 14, 51

hyperbolic structure, 32

infinitely split, 130
inflow, 58
invariant weight, 81
isotopy, 54

join, 133

killing
of splitting cycle, 141
of subtracks, 137
of c-splitting arc, 148

killing criterion
canonical, 149
iterated canonical, 149
iterated rational, 134
rational, 134, 147
splitting cycle, 135, 147
subtrack, 135, 146

leaf, 36
closed, 35
cycle, 36
nonsingular, 35

leaf cycle, 13
leaf segment, 36

nonsingular, 36
legal, 85
line of descent, 152

mapping class group, 33
measured foliation, 35, 36

arational, 37
canonical, 43
component, 44
partial, 39
total, 39

moduli space, 33
multi-ended side, 51

one-ended side, 51
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outflow, 58
overlay map, 53

parity, 98
of a slide move, 296
of a transition branch, 296

parity splitting
elementary, 98

perturbable transverse orientation, 36
pinch map, 104
pinch points, 41
pinched subsurface, 41
pinching, 17
polar cross bundle, 54
postsplitting branch, 104
pretrack, 51
pseudo-Anosov, 49
puncture, 32

quadratic differential, 33

recurrent, 88
reducible, 49
relative isotopy, 102

of splitting cycles, 141

saddle connection, 13, 36
semigeneric

switch, 51
separatrix

finite, 36
infinite, 36
proper, 39

shunt, 116
singularity

canonical, 43
singularity type of

arational measured foliation, 44
filling train track, 84
pseudo-Anosov homeomorphism, 49
twist system, 250

sink
branch, 58
loop, 59

slide, 92
one cusp, 164

source branch, 58
ll, rr, lr, 59

splitting
central, 97, 104
elementary, 97
forced, 100
general, 101
left, 97
notation, 98
one cusp, 165
one sink, 259
parity, 97
right, 97
wide, 102

splitting arc, 102, 104
c, 140

splitting circuit, 234, 244, 248
splitting cycle, 140
splitting sequence, 14, 112

one cusp, 165
periodic, 235

stable under extension, 146
stablizer

of train track, 111
subtrack, 56
support

of a partial measured foliation, 39
of a train track, 56

surface with cusps, 53
surface-with-corners, 52
survival

of splitting cycle, 141
of subtracks, 137
of c-splitting arc, 148

survive, 261
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switch, 51
generic, 51
semigeneric, 51

switch condition, 81

tie, 68
tie bundle, 68
track with terminals, 51, 216

transient, 217
train line, 61
train path, 51
train ray, 61
train track, 54

canonical invariant, 235, 237
decorated, 171
expansion, 14, 112
invariant, 235
one cusp, 110, 164, 247
one sink, 258
stable, 291, 314

transition
branch, 58
forest, 59
tree, 59

twist system, 250

weight function, 81
Whitehead

collapse, 36
equivalence, 36
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Glossary (in progress)

Equivalence. The equivalence relation on measured foliations on S is generated by
isotopy and Whitehead moves. The equivalence relation on partial measured
foliations is generated by isotopy, Whitehead moves, and partial fulfillment.
Measured foliation space MF =MF(S) may be described either as equiva-
lence classes of measured foliations or equivalence classes of partial measured
foliations. Unmeasured equivalence of partial measured foliations is generated
by ordinary equivalence and by the relation of having the same underlying
unmeasured partial foliation. Topological equivalence of partial measured fo-
liations is generated by unmeasured equivalence and the relation of differing
by an element of Homeo+(S).
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