Discrete Breathers: Classical and Quantum

R.S.MacKay^{a,1}

aMathematics Institute, University of Warwick, Coventry CV4 7AL, U.K.

Abstract

Discrete breathers are time-periodic spatially localised motions in networks of oscillators. Their occurrence in three principal contexts is reviewed: (i) autonomous Hamiltonian or reversible systems, (ii) autonomous forced damped systems, and (iii) time-periodically forced systems. The main proposed area of application, however, is to molecular crystals, where quantum effects must be taken into account. Thus an idea for a theory of quantum discrete breathers is also presented, though some details remain to be worked out.

Key words: Localisation; Nonlinear Dynamics; Spectral Projection; Discrete Breather PACS: 63.20.Pw

1 Introduction

Discrete Breathers (DB), also known as Intrinsic Localized Modes, or Nonlinear Localised Excitations, are an important new phenomenon in physics, with potential applications of sufficient significance to rival or surpass the Soliton of integrable partial differential equations. They occur in networks of oscillators rather than spatially continuous media, and are time-periodic spatially localised solutions. The three principal classical contexts in which they arise are:

(1) Autonomous Hamiltonian or reversible systems; (2) Autonomous forced damped systems; (3) Time-periodically forced systems.

1 E-mail: R.S.MacKay@warwick.ac.uk, telephone: +44 24 76 522218, FAX +44 24 76 524182

Preprint submitted to Physica A 7 October 2000

The conditions under which they occur in each of these contexts will be reviewed, together with their principal properties and some connections with experiments.

The main proposed area of application, however, is to molecular crystals, where quantum effects must be taken into account. Thus an idea for a theory of Quantum Discrete Breathers will also be presented.

Before commencing, here are a few comments on terminology.

(1) “Network” includes all crystalline lattices and also quasicrystal and amorphous arrays. Mathematically, it is a countable metric space (S, d). Note that the word “countable” includes the finite case.

(2) “Oscillator” includes rotors (e.g. [108]) and spins (e.g. [70]). The important mathematical feature is that they possess periodic orbits. They differ only in the topology of the state space (R^2 , R × S^1, S^2).

(3) The meaning of “spatially localised” will depend on the context, but the default is exponential localisation, i.e. the amplitude of oscillation at site s is bounded by Cλ^{d(s,o)} for some site o and constants C > 0 and λ ∈ (0, 1).

2 Discrete Breathers in Autonomous Hamiltonian or Reversible Systems

The central class of system for which the idea of discrete breather was developed is autonomous spatially discrete Hamiltonian models. Many of these also possess a time-reversal symmetry, which can simplify the analysis, and indeed can substitute for the Hamiltonian property, so we treat the two cases in parallel. For some other surveys on breathers in the Hamiltonian or reversible case, see [104,47,9].

The class of autonomous Hamiltonian or reversible networks can be arranged in a hierarchy of increasing physical relevance and mathematical difficulty. We start with the simplest case.

2.1 Discrete Self-Trapping networks

The simplest type of autonomous Hamiltonian or reversible network system is a discrete nonlinear Schrödinger (DNLS) network

iψ̇_s = ω_0ψ_s + |ψ_s|^2ψ_s + ε ∑ r∈S Δ_{rs}(ψ_r − ψ_s). (1) and generalisations called discrete self-trapping (DST) equations (e.g. [101]). In addition to a Hamiltonian structure (iψ̇ =^∂_{∂ψ̄} H(ψ, ψ̄)) and a time-reversal symmetry (complex conjugation), they have a global phase rotation symmetry, which implies that there are solutions of the form ψ_s(t) = u_s e^{−iωt} provided u satisfies (for DNLS):

(ω − ω_0)u_s = |u_s|^2u_s + ε ∑ r∈S Δ_{rs}(u_r − u_s). (2)

In particular, if Δ is real, ω > ω_0 and ε is small enough, there are real solutions u close to any configuration σ ∈ {0, ± √ ω − ω_0}^S (a simple application of [81]).

If Δ_{rs} decays suitably with d(r, s), those solutions with only finitely many of the σ_s non-zero are spatially localised (apply [17] or [18]). Thus, one obtain DBs, as found numerically in [34]. They are very special DBs, however, having only a single Fourier harmonic in time.

2.2 Klein-Gordon networks

The next simplest type of system of this class can be called Klein-Gordon networks. They include the DNLS networks but are much more general since global phase rotation symmetry is not imposed. They are Hamiltonian systems consisting of one degree of freedom anharmonic Hamiltonian oscillators coupled weakly in a network. “Anharmonic” means that the frequency of oscillation varies non-trivially with amplitude^2 . The simplest type of coupling is nearest neighbour and linear.

A basic example of a Klein-Gordon network is a 1D chain of Morse oscillators connected by springs, whose Hamiltonian is: H(p, q) = ∑ n∈Z 1 2 p^2_n + V (q_n) + ε 2 (q_{n+1} − q_n)^2, (3)

where

V (q) = 1 2 (1 − e^{−q})^2. (4)

For the Morse oscillator, the frequency of oscillation is given by

ω = 1 − I, (5)

2 A better word is “non-isochronous”, but it seems not to be used much in physics. Note that there are other isochronous potentials besides parabolae, even analytic ones [26].

where I =^1_{2π} ∮ p.dq, integrating around the periodic orbit. The frequency decreases as the amplitude of oscillation increases, so the oscillator is called “soft” (the opposite case, called “hard”, can be treated equally well).

Klein-Gordon models (in common with DST equations) have the additional feature that they are time-reversible: there is a “reversor”, that is an involution of phase space (in this case, p → −p) which reverses the flow.

For ε = 0 there are trivial DBs: simply choose to put one unit, say n = 0, on a periodic orbit, and the remainder at equilibrium q_n = 0. Denote the frequency of the chosen orbit by ω_b and the frequency of linearised oscillations about the equilibria by ω_0 (which is 1 for our normalised Morse oscillator). If the nonresonance condition mω_b ≠ ω_0 holds for all m ∈ Z (which is easy to achieve) then there is an ε_0 > 0 such that the DB persists for all |ε| < ε_0, uniformly in the size of the network. Furthermore, for nearest neighbour or exponentially decaying coupling, the amplitude of oscillation of the DB is bounded by an exponential decay in space, uniformly in the system size.

The proof of the above result given in [80] uses both the Hamiltonian and time-reversible structure, but it is indicated there that one or other structure would suffice. A proof using only the Hamiltonian structure is given in [103] (another proof is sketched in [23] and given in more detail in [92]). The reversible structure alone suffices provided the chosen orbit is symmetric under the reversor. Sometimes a different reversor can be found to render a given periodic orbit symmetric; for example, rotary motion of a pendulum is not symmetric under p → −p but is symmetric under q → −q which is also a reversor. Also the spatial localisation result in [80] is just for the 1D nearest neighbour case, but in [103] a general result for exponentially decaying interactions [17] is used. Power law decay can also be treated [18], which is relevant to dipole-dipole and van der Waals interactions, and leads to power law localisation (results confirmed numerically in [42]).

The existence of DB in Klein-Gordon networks contrasts with two other situations:

(1) In the linearised problem for a 1D nearest neighbour chain, every localised initial condition disperses, because the solution can be written as q_n(t) = ∫ dkA(k) e^{i(kn−ω(k)t)} with ω(k) = ω^2_0 + 4ε sin^2 k/2, and ω^′(k) is not constant.

(2) The continuum limit problem q_{tt} = q_{xx} − V^′(q) has a breather if and only if V is a sinusoid [65].

In the Hamiltonian case, these DB are stable for small coupling, provided the stronger non-resonance condition mω_b ≠ 2ω_0 holds for all m ∈ Z. More precisely, there is an ε_1 > 0 (depending on the model and the distance from resonance) such that they are ℓ_2-linearly stable for ε < ε_1 [82]. Stability in the reversible non-Hamiltonian case remains to be investigated^3 .

Modulo the effect of damping, DB can be demonstrated in chains of pendula connected by torsion springs, e.g. [97]^4 . They are also believed to occur in DNA, where the local oscillators are the hydrogen-bonded base pairs and the coupling is provided by dipole-dipole interaction and via the phospho-diester helices (see [49] and the evidence for local openings in [71]).

By starting with several units excited at ε = 0, one can make “multibreathers”. The chosen oscillations at ε = 0 should be in rational frequency ratio, and unless all the oscillators are excited, the non-resonance condition is required on ω_b, now defined to be the largest number which divides all the excited frequencies integrally. If the system is reversible and the chosen oscillations are symmetric then there are two choices of initial phase (0 and π) for each excited oscillator which give a symmetric periodic orbit; each configuration of phases 0 and π on the excited sites gives rise to a persisting symmetric periodic orbit. If either of those assumptions fail but the system is Hamiltonian and the number N of excited units is finite^5 , then one can still prove existence of at least 2^{N−1} nearby periodic orbits for small coupling, corresponding to phase relations which make an “effective Hamiltonian” stationary, but they do not necessarily move continuously with ε (the idea was mentioned in [80] and fleshed out in [9] and [5]). In general, phase differences other than 0 and π lead to an average energy flow between the excited units, hence most nonsymmetric multi-breathers are transporting energy (a simple rigorous example was given in [80], followed by numerics in [9]). If the phase relations do not correspond to a critical point of the effective Hamiltonian, there still exist “generalised multibreather” solutions, which look like multibreathers but have slowly evolving relative phases [5].

Numerical experiments (e.g. [94]) indicate that in a certain range of energy density e, DBs (or some approximate superposition of them, some of them quasiperiodic) form spontaneously. This appears to contradict the above stability result, because that applies equally well in backwards time. The resolution of the paradox is that the formation of DBs occurs in ℓ_∞ (bounded perturbations) whereas the stability result is only in ℓ_2 (finite energy perturbations). There are interesting interactions between breathers and phonons, e.g. [30], which are relevant to the formation process and breather life-times under perturbation.

An interesting question is whether one can predict the number of DBs which

3 Is there an analogue of symplectic signature?

4 This reference concentrates on travelling DB, but the same apparatus has been used to demonstrate standard DB too.

5 It would be interesting to address the case with infinitely many excited oscillators, where it is non-trivial to use energy conservation.

form, and their distribution of energies. A first attempt was made in [75]. The answer should be given by the canonical ensemble Z(β)^{−1} e^{−βH} dμ, where μ is Liouville measure, Z(β) = ∫ e^{−βH} dμ, and the inverse temperature β = 1/T is related to e by e = − 1 N ∂ ∂β log Z(β). (6)

The only difficulty is to assign to each point in phase space a configuration of DBs. For weak coupling ε, a crude criterion is that there is a DB on a site s if its action I_s exceeds Cε, where C is a constant depending on anharmonicity and the form of coupling, since this is the range of existence given by our proof and is plausibly the right order of magnitude. Using this, the probability of seeing a DB on a given site is P (DB) = ∞∫ Cε e^{−βH(I)} dI/ ∞∫ 0 e^{−βH(I)} dI (7)

For example, for the chain of Morse oscillators with T and ε small, C should be chosen of order 1 and then P (DB) ∼ e^{−βCε}. It would be interesting to test this numerically.

One might be tempted to speculate that DBs can be continued as long as the frequency remains non-resonant with the phonon spectrum, that is the set of frequencies for bounded solutions of the coupled linearised system, but localised modes can also appear on breathers [85], and their Floquet multipliers can approach +1 and lead to breather bifurcation (investigated further in [16], a paper that we did not yet publish because we wanted in addition to predict the number of localised modes). These localised modes can lead to approximate quasiperiodic (QP) breathers, but it is conjectured that true QP breathers do not exist in general. Exact QP breathers are easy to make in DNLS networks, however, as pointed out in [80], by using the above construction to make a non-trivial multibreather (i.e. with more than one Fourier coefficient) for some modified value ω_1 of ω_0 and then phase rotating at rate ω_0 − ω_1 to make a solution for the original problem; if this rate is incommensurate with the chosen frequency, the result is quasiperiodic.

The estimates in the theorems can be made quantitative. In particular, a rigorous domain of existence of DB for the 1D Morse chain in the space of (ω_b, ε) has been obtained in [59].

There is no limit on the dimensionality of the lattice, provided that the vector field remains uniformly C^1. There is no need even for a regular lattice. One just requires a condition on the coupling that the force on one unit due to displacing the others by a bounded amount is bounded. An interesting conjecture, however, is that in two or more dimensions there is a positive minimum energy for a breather [44] (proved in [114] for DNLS), which could have important physical consequences.

There is also no need to suppose that all the oscillators are identical. It is enough to require uniform bounds on the local dynamics. The non-resonance condition just becomes that there exists K > 0 such that for all m ∈ Z and i non-excited, |mω_b −ω_i| ≥ K, and the stability result requires the existence of a K^′ > 0 such that |ω_i +ω_j −mω_b| ≥ K^′ for all i, j non-excited and m ∈ Z [82]. A simple application would be to DNA, where there are two types of oscillator: the C-G and A-T base pairs. If the nonlinearity is reduced as the disorder is increased, interesting connections with the theory of Anderson localisation can be made, e.g. [8,66].

Similarly, the theory generalises to oscillators with more than one degree of freedom. All that is required is a normally non-degenerate family of periodic orbits [103].

2.3 Optic DB in Euclidean invariant systems

Klein-Gordon models, while important, are still quite a special type of Hamiltonian or reversible network, having only “optic” phonons. A crucial extension is to allow the “optic” degrees of freedom to interact with “acoustic modes”. A key feature of such models is “piezoactivity”: presence of an oscillation can lead to a change in the mean lengths of some bonds and hence a distortion of the mean configuration in addition to the localised vibration (e.g. [67,64]).

An example of such a system is a diatomic FPU chain, with masses 1 and M and interparticle potential W (u) =^1_2 u^2 + k_3u^3 + k_4u^4 depending on the separation u. For M large, existence of DB was proved, including an associated kink defect in the mean configuration when k_3 ≠ 0 [74]^6 . An interesting feature for k_4 > 0 and k_3 large enough is that the kink distortion lowers the local frequency, allowing DB with frequencies below the optic band as well as above it^7 . Another simple example is a model for vibrations of a DNA chain allowing for acoustic waves [49]. I sketched how to prove existence of DB in this model during a conference in Crete in September 1995. A third example is treated numerically in [45].

6 Actually, we inserted a linear term rather than a cubic one, but the effects are equivalent.

7 An open problem, probably straightforward, is to prove rigorously the stability results of [99] and extend them to the case k_3 ≠ 0.

One approach towards a more general result was developed in [10], but it requires a periodic lattice and harmonic acoustic degrees of freedom, coupled linearly to the optic ones. At a workshop in Dresden in April 97, however, I proposed a general strategy to treat DB in Euclidean invariant systems, whose cornerstone is a treatment of the statics problem of defects in Euclidean invariant systems [77]. The application to DB is given in [78].

2.4 Acoustic DB in Euclidean invariant systems

Numerics [105,91] and approximate theory (e.g. [32,98]) on monatomic FPU chains and other Euclidean invariant systems strongly suggest that “acoustic DB” can also occur, meaning ones which do not have an approximate description as a vibration of a molecule but instead are an analogue of the continuum sine-Gordon breathers, which are better thought of as the end result of modulational instability of a standing wave. Existence of DB can be proved for FPU chains with pure power potential ([91,41], details completed in [83]), but the question of extension to other potentials remains open (though Friesecke and I are hopeful that it can be treated by constrained minimisation methods).

2.5 Travelling breathers

A challenging open problem is to explain numerics (e.g. the numerous references surveyed in section 9.1 of [47] and the recent paper [13]) indicating the existence of travelling breathers in certain systems. An example with explicit travelling breather solutions was given in [1], but the existence of such solutions with tails going exactly to zero is unlikely to be general. Instead, there can be “nanopterons” [9] (for some rigorous results, see [57]). A proposal for a theory of approximate moving breathers is given in [5], which we are in the process of putting on a firm footing.

3 Discrete Breathers in Autonomous Forced Damped Systems

As a basic example here, consider a chain of pendula, with angles θ_n to the vertical, each with constant torque Γ and damping ν, coupled by torques of the form ε sin(θ_{n+1} − θ_n). For (ν, Γ) in the regions I and II of parameter space indicated in Figure 1, the phase portrait of a single unit has both an attracting equilibrium and an attracting (rotating) periodic orbit (Figure 2). For ε = 0, we can make a DB by putting one pendulum on the periodic orbit and the rest at equilibrium. A result of [103] implies that it persists

Fig. 1. The bistable region of parameter space for the pendulum with damping ν and torque Γ, separated into underdamped (I) and overdamped (II) cases.

for a range of ε uniformly in the length of the chain, the amplitude of motion decays exponentially with distance from the rotating pendulum and it attracts an ℓ_∞-neighbourhood.

Experimental demonstrations of these DB have recently been given in Josephson junction ladders (whose equations are very close to those for chains of damped pendula with torque) [109,25].

Multibreathers can also be obtained in such systems, under certain conditions

Fig. 2. The phase portraits for the bistable cases I and II of the forced damped pendulum.

[4]. A more general result is that the normally hyperbolic N-tori corresponding to N sites being on the periodic orbit, persist for small coupling uniformly in the size of the network (to be written up), but the dynamics on them need not contain periodic orbits close to any of the uncoupled case, nor even any periodic orbits at all. The flow on a 2-torus can not be chaotic but may be quasiperiodic, and the flow on an N-torus with N ≥ 3, for arbitrarily weak coupling, can exhibit remarkably complex behaviour including chaotic, e.g. [15]. The solutions could be called “dissipative generalised multibreathers”. Ignoring the dynamics on them, however, these N-tori could be used for coding. Indeed, one can reinterpret some of the proposed strategies for Josephson supercomputer memory in these terms, though the latest favourite seems to be to trap and eject flux quanta [73].

4 Discrete Breathers in Time-periodically forced systems

Time-periodic forcing is a common experimental scenario to probe a system. In periodically forced networks of oscillators, DB can occur whose period is commensurate with the forcing [96]. The theory of DB is easier for this case than for autonomous systems, as there is no longer any phase-shift degeneracy. The existence theory applies equally well to Hamiltonian and non-Hamiltonian systems. The stability theory, however, is better developed for non-Hamiltonian systems (I am not aware of a publication on the stability of DB for periodically forced Hamiltonian systems, but it could be treated along similar lines to [82]).

The time-T map of a network of units forced at period T in time is a coupled map lattice. If the coupling for the ODEs is exponentially decaying in space then the same holds for the map, though in general with a weaker exponent [16] (this reference treats only the linearised problem, but that is the key step). So for this section let us consider coupled map lattices F .

Suppose the local dynamics for each unit has a fixed point O and some other periodic orbit P , period p ≥ 1. In the uncoupled case, we can put one unit on P and the rest on O. This gives a DB. If P has no multiplier +1 and O has no multiplier a p^{th} root of unity, then there exists ε_0 > 0 such that the DB persists uniformly in the system size for ε < ε_0 (mentioned in one sentence in [76] by analogy to the case of equilibria which is treated in detail there). It is exponentially localised if the coupling is, and it uniformly exponentially attracts an ℓ_∞ neighbourhood if O and P are linearly attracting.

The last statement perhaps requires some justification, as it was not proved in [76]. Without loss of generality take p = 1 and put the uncoupled fixed point at 0. The idea is to construct an adapted norm on a neighbourhood which is contracted by the linearisation A_0 of F_0. If the multipliers of O and P are contained in the disc of radius r < 1 then for any μ ∈ (r, 1) and any initial norm ||.||, ||x||_μ := ∑ n≥0 μ^{−n}||A^n_0 x|| (8)

defines an equivalent norm ||x|| ≤ ||x||_μ ≤ C(μ)||x||, (9)

where C(μ) = ∑ n≥0 μ^{−n}||A^n|| < ∞, and it is contracted by A_0: ||A_0x||_μ = μ(||x||_μ − ||x||). (10)

Let κ = μ/C(μ). If the coupled map lattice F_ε is locally uniformly C^1 on ℓ_∞, then in a local chart there exists δ > 0, ε_1 > 0 such that ||F_ε(x) − F_ε(y) − A_0(x − y)|| ≤ κ||x − y|| (11)

for ||x||_μ, ||y||_μ ≤ δ and |ε| ≤ ε_1, and ||F_ε(0)|| ≤ (1 − μ)δ for |ε| ≤ ε_1. Hence ||F_ε(x) − F_ε(y)||_μ ≤ ||A_0(x − y)||_μ + C(μ)κ||x − y|| = μ||x − y||_μ (12)

for ||x||_μ ≤ δ and |ε| ≤ ε_1. So F_ε is a μ-contraction on ||x||_μ ≤ δ with respect to the adapted norm^8 . Thus it has a unique fixed point on this ball and it attracts the whole ball at rate at least μ.

Similarly, there are multibreathers: put some units on P and the rest on O.

A recent experiment which can be interpreted in these terms is reported in [100]. I suspect that the experiments of [72] on periodically forced vibrations of model solar sails can also be interpreted in these terms, though non-uniformities are clearly also important there because the system always chooses the same places to localise the vibrations.

In the periodically forced context, one can also obtain localised chaos quite easily. Start with individual units having a hyperbolic fixed point O (no multipliers on the unit circle) and a uniformly hyperbolic set Λ, and put one unit

8 There are alternative constructions of adapted norms ||.||_∗ such that instead of (10), ||A_0x||_∗ ≤ μ||x||_∗, but still ||x|| ≤ ||x||_∗ ≤ C||x||, for some μ ∈ (r, 1) and C ≥ 1, and then one can choose any κ < (1 − μ)/C and obtain contraction constant μ + Cκ < 1 on a neighbourhood, by similar analysis.

on Λ and the rest on O. Then there exists ε_0 > 0 such that for ε < ε_0 there is a continuation of the invariant set, with topologically equivalent dynamics [76]. We call solutions on this invariant set, chao-breathers. Multi-chao-breathers can be constructed by starting with several units on Λ. If the coupling decays exponentially, then the effect of the chaos dies away exponentially in space from the excited units. If O and Λ are attracting, then the resulting invariant sets are uniformly ℓ_∞ exponentially attracting. The argument is an elaboration of the case of an attracting periodic orbit dealt with above, but if one is content just to prove existence of a uniform ℓ_∞ neighbourhood of attraction, it suffices to choose neighbourhoods of attraction for O and Λ, small enough that all η-pseudo-orbits in them are also uniformly hyperbolic for some η > 0, and take their product. Then this is also a neighbourhood of attraction for all |ε| < ε_1, some ε_1 > 0, and the intersection of its forward images is precisely the continued invariant set above.

Persistence of isolated invariant sets, without necessarily preserving topologically equivalent dynamics (cf. numerics of [87,28]), follows more generally from Conley index theory, an extension of the above idea of persistence of neighbourhoods of attraction to invariant sets which are not necessarily attractors nor necessarily uniformly hyperbolic, but are maximal for some neighbourhood. For a review of the basics of Conley index theory and an application to a network problem, see [22]^9 . To establish persistence of some form of chaos, one needs to extend the application of Conley index theory to connection matrices, as in [88].

5 Quantum Discrete Breathers

5.1 Introduction

The principal proposed applications of autonomous Hamiltonian or reversible DB are to motion at the atomic scale, for example:

• Molecular crystals [90], e.g. H − H stretches [55] and rotations in solid H_2 or D_2 [33], C = O stretches and bends in solid CO_2, C = O stretches in acetanilide [35], proton motion along hydrogen bonds in N-methylacetamide and polyglycine I [62], KHCO_3 [38] and benzoic acid, rotations of a methyl group in 4-methyl pyridine [39], bond angle vibrations in NaNO_2 [60], and vibrations in CS_2 [51] and NH_4Cl [52].

9 Note that the application given there is not uniform in the system size, because it involves a tensor product, but probably the method of Section 5.2 of the present paper could be used to obtain results uniform in the system size.

• Other crystals with narrow optic bands, like mica [86], P tCl ethylenediamine chlorate [106], and NaI [64] (proposals for DB in diamond turned out to be incorrect, as shown by [110]).

• Biomolecules with weakly coupled degrees of freedom, like the C = O stretches in globular proteins [101], in particular myoglobin [115], and the hydrogen bonds between base pairs in DNA, e.g. [49], and possibly the operation of some biomotors [11].

• Other polymers, like polyacetylene [112,111]. • Quasicrystals, e.g. Al_{62}Cu_{25.5}F e_{12.5} (section III.G.3 of [95]). • Adsorbed gases on surfaces, e.g. CO on Ruthenium [58], and H on Silicon [27].

• Magnetic spin systems, e.g. the review [70].

• Amorphous solids, e.g. spectral hole burning [11], and interstellar hydrogenated carbon (Aubry, private communication).

There is experimental evidence for DB in many of these, but

(1) Few of the experiments observe spatial localisation, though see figure 4 of [40] and the previously mentioned reference [71] on DNA experiments;

(2) These systems are highly quantum mechanical so the classical theory does not really apply.

In an attempt to rectify the first of these problems, I looked at P tCl ethylenediamine chlorate by neutron scattering instead of the Raman scattering of [106], using the MARI instrument on the ISIS facility at Rutherford Appleton Laboratory [79]. In contrast to light, the neutrons used have a wavelength comparable to interatomic distances, so their scattering could in principle provide information about spatial correlations of vibrations. The material contains long chains of ClP t^{IV} Cl − P t^{II} − ClP t^{IV} Cl − P t^{II} . . ., and the suspected DB are symmetric stretches of the ClP t^{IV} Cl “molecules”. Unfortunately, we were not able to detect the ClP t^{IV} Cl stretches among the many other modes of vibration with similar energies excited by the neutrons, let alone obtain sufficiently well resolved wave-number dependence of the scattering to infer their spatial structure. I proposed instead to try solid O_2. In the β-phase [56] (the stable form from 23.9K to 43.6K), there is just one molecule per rhombohedral unit cell, which makes it simple. The neutron scattering from oxygen is entirely coherent, thus correlations between motions of different O_2 molecules are maximally observable. From [6], however, the intermolecular coupling (even at normal pressures) appears to be stronger than the 0.75% anharmonicity of the O_2 stretch, so DB are unlikely. Perhaps it would be better to try solid D_2, though it has four molecules per unit cell, and except at low temperature it is rotationally disordered (which will allow critics to say the localisation is due to randomness!).

There have been several approaches to rectify the second problem, some of which even predate the theory of DB. In particular, the idea that interacting phonons might form a bound state has been around for a long time (e.g. see the reviews [2,3] and [68,69]). Explicit “quantum lattice solitons” have been found in some special quantum models, e.g. [102] plus the review in [101]. Numerics have been performed on (small) quantum systems (and theory on even smaller ones) which suggest narrow bands which have been assigned the name “quantum breather”, e.g. [113]. Einstein-Brillouin-Keller (EBK) quantisation can be applied to classical DB [9], and more sophisticated local mean-field approximations have been developed [93]. Coherent state and path integral approximations have been applied, e.g. [107,48]. I have not, however, found a general rigorous theory about quantum analogues of DB, so I am attempting to develop one. If it works, its scope will be much broader than just quantum DB, having applications to spin systems, electron-phonon systems and many others. The basic idea is to obtain a persistence result for spectral projections; the strategy is outlined below, but the details are not yet finalised.

5.2 Persistence of spectral projections for networks of quantum units

Suppose we have a network S of quantum units. The network has large but finite size N = |S|. The quantum unit at site s ∈ S has local complex Hilbert space U_s, which for purposes of presentation we take to be of finite dimension d_s ≥ 2, and a local Hermitian operator V_s with eigenvalues E^0_s < E^1_s ≤ E^2_s ≤ . . . ≤ E^{ds−1}_s and eigenbasis 0_s, 1_s, 2_s, . . . , d_s − 1 (we suppose at least the lowest eigenvalue to be simple). The simplest example is a two-level unit, representing a spin-^1_2 particle in a magnetic field. For the application to quantum DB, we take one degree of freedom anharmonic quantum oscillators (but truncate the spectrum). For example, the Morse oscillator has eigenvalues E^n = (n +^1_2 )ℏ − 1 2 (n +^1_2 )^2ℏ^2, 0 ≤ n ≤^1_ℏ −^1_2 [89], where ℏ is Planck’s constant (followed by continuous spectrum [^1_2 , ∞)). Without loss of generality, by shifting the zeroes of energy we take E^0_s = 0 for all s. The principal feature that we want for the anharmonic units is that E^2_s ≠ 2E^1_s . For concreteness, we shall suppose

0 = E^0_s < E^1_s < E^2_s < 2E^1_s < E^3_s (13)

(soft but not too soft).

The state of the whole network is an element of the tensor product ⊗_{s∈S} U_s, i.e. the set of multilinear maps ψ : ×_{s∈S} U^∗_s → C , where U^∗ is the dual of U. To make an orthogonal basis B for the tensor product one can take the set of configurations σ = (σ_s)_{s∈S} where for each s, σ_s ranges over the local basis of U_s, and for each configuration σ define the basis element |σ > to be the unique multilinear map such that |σ > (α) = 1 if α_s = σ_s for all s and |σ > (α) = 0 for all other choices of α_s from the bases of U_s.

Consider Hermitian coupling operators Δ^{rs} on the tensor product U_r ⊗ U_s (more than two-body interactions can also be considered, but two suffices for illustration). We suppose that sup_{s∈S} ∑ r∈S ||Δ^{rs}|| ≤ K. (14)

Consider a Hermitian operator H^ε = V + εΔ on ⊗_{s∈S} U_s, where V = ∑ s∈S V_s and Δ = ∑ r,s∈S Δ rs, each term being applied to the tensor product in the natural way.

For ε = 0, the bottom of the spectrum of H^0 is illustrated in Table 1, assuming all units to be identical for simplicity (some non-uniformity could be allowed, in which case we would consider the spectral projections corresponding to groups of nearby eigenvalues). For each eigenvalue, the table indicates typical eigenvectors, its multiplicity, and a name for its spectral projection. Recall that a spectral projection is a projection P onto a subspace corresponding to an isolated subset of the spectrum, whose complementary projection Q = I−P projects onto the subspace corresponding to the complement of the spectrum. The spectral gap for a spectral projection P is g = inf{|E_P − E_Q| : E_P ∈ specH_P , E_Q ∈ specH_Q}, where H_P , H_Q are the restrictions of H to the ranges of P and Q respectively. Table 1 The bottom of the spectrum for an uncoupled network of identical units with (13).

eigenvalue typical eigenvector multiplicity spectral projection

2E^1 110 . . . 0 N(N − 1)/2 P^{(1,1)}

E^2 200 . . . 0 N P^{(2)}

E^1 100 . . . 0 N P^{(1)}

0 000 . . . 0 1 P^{(0)}

I wish to prove persistence of these spectral projections for some range of ε, uniformly with respect to N. This is not straightforward, however.

The usual norm on a tensor product of Hilbert spaces can be written as ||ψ|| = √∑ σ∈B |ψ_σ|^2, where ψ_σ is the component of ψ in basis direction |σ >. The associated norm on operators (as used for Δ^{rs} above) is ||Δ|| = sup_{ψ≠0} ||Δψ||/||ψ|| (which for Hermitian operators is equal to the largest eigenvalue in absolute value). For typical coupling Δ, however, ||Δ|| is of order N, so standard results on persistence of spectral projections, e.g. [61], apply only for ε < c/N for some c of order 1. This is useless for applications to solid-state physics where N is of the order of 10^{23}.

There is a genuine problem: a typical perturbation of a network of quantum units turns the groundstate nearly orthogonal to its initial position as soon as ε > c/ √ N for some c of order 1. A simple illustration is to take V to be twolevel quantum units for which the groundstate |0 > consists of each unit in its groundstate, and to take the perturbation, instead of coupling, to be simply a simultaneous rotation C_ε of all the bases by angle ε (physically, this is spin-^1_2 particles in a magnetic field at angle ε). So H^ε = C_εV C^{−1}_ε . Then the new groundstate is simply C_ε|0 > and its overlap with the original groundstate < 0|C_ε|0 > = cos^N ε which decreases through^1_2 at ε of order 1/ √ N and is exponentially small in N for any fixed ε > 0. Thus the groundstate does not move uniformly in N with respect to ε in the usual norm on the tensor product.

Note also that for typical perturbations, the energies move at rate proportional to N with respect to ε. A simple illustration of this is to take H^ε = ∑ s∈S (V_s + εI_s), where I_s is the identity on U_s, again a perturbation which does not perform any coupling but instead just shifts the local energy levels. Then the energy levels for the network each shift by Nε, which is of order 1 as soon as ε = 1/N. Thus for more general perturbation it is not at all obvious that any spectral gaps will persist for a range of ε independent of N.

The problem is easy to treat in systems which reduce to independent particles on the network: one simply does standard perturbation theory for the single particle problem and then superposes the results to deduce the spectrum for the full problem (for an example, see [19]). But as soon as the Hamiltonian is not quadratic in creation and annihilation operators, because of anharmonicity for example, it is very unlikely to be reducible to independent particles. Persistence of non-degenerate ground-state and its spectral gap has been proved by [63], using cluster expansions for the partition function at non-zero temperature, but they do not obtain that it moves smoothly in any sense, nor does their proof look easy to extend to higher spectral projections. A “size consistent” approach to treating electron correlation is proposed in [24], but it is not clear to me how to use it. Thus I have been trying a new technique.

My proposed solution is to use new norms^{10} on the set of projections P on a tensor product. These norms are defined via the density matrices of infinitesimal changes to P for subsets of the network. For an operator A on ⊗_{s∈S} U_s and a subset Λ ⊂ S, the density matrix A^Λ is the operator T r_{S\Λ}A on ⊗_{s∈Λ}U_s. The partial trace is defined using a basis of the form B, so that A^Λ_{ρ,ρ}′ = ∑ τ A_{ρτ,ρ}′_τ where ρ, ρ^′ are configurations on Λ and τ runs over configurations on S \ Λ. For an introduction to density matrices, see [37], but note that I do not normalise to T rA = 1, nor do I require A^†A non-negative. The importance

10 It is commonplace nowadays to feel free to choose whatever norm is convenient, but some physicists have been happy to do this for many years, e.g. [7].

of density matrices goes back to [31], and was emphasised for example in [29].

For positive integer r, let M_r be the set of orthogonal projections P (i.e. P^2 = P = P^†) of rank r on ⊗_{s∈S}U_s. It is a smooth manifold (a Grassmannian) of real dimension 2r( ∏ s∈S d_s − r). Define the 0-norm on tangent vectors π to M_r at P by (it is easy to check that it has the defining properties of a norm) |||π|||_0 = sup_{Λ⊂S,Λ≠∅} ||π^Λ||/|Λ|. (15)

For example, taking r = 1 and P_ε to be the projection onto the groundstate of our spin-^1_2 system in a magnetic field at angle ε, and π =^{∂Pε}_{∂ε} , then ||π^Λ|| = |Λ|, so |||π|||_0 = 1, uniformly in N, which suggests that the 0-norm is a good idea.

For a quantum system governed by Hermitian operator H, the evolution of any operator A is given by Heisenberg’s equation Ȧ = i[H, A], where [H, A] denotes the commutator HA−AH. In particular, this equation defines a vector field Ṗ = F_H (P ) = i[H, P ] on each of the manifolds M_r (it is easy to check that i[H, P ] is tangent to M_r ).

Now it turns out that every non-degenerate equilibrium of F_H on M_r (i.e. P such that F_H (P ) = 0 and the derivative DF_H (P ) is invertible) is a spectral projection of rank r with gap at least |||DF^{−1}_H |||^{−1}_0 , and for an uncoupled network any spectral projection is a non-degenerate equilibrium with |||DF^{−1}_H |||^{−1}_0 equal to the spectral gap. To show these results, we use that DF_H π = i[H, π]

and T M_{r,P} = {π : π^† = π, πP = Qπ}, so in a basis for which P = 0 0 0 I and

Q = I 0 0 0 , then π has the form

π = 0 α α^† 0 , (16)

and so if [H, P ] = 0 then H =

H_Q 0 0 H_P and

DF_H π = i 0 H_Qα − αH_P H_P α^† − α^†H_Q 0 . (17)

So at a spectral projection of an uncoupled network with gap g bounded away from zero, DF_H is invertible uniformly in N in the 0-norm.

Now^{∂FHε}_{∂ε} (P ) = i[Δ, P ], so it can be shown that ||| ∂F ∂ε |||_0 ≤ sup_s ∑ r ||Δ^{rs}||, (18)

which is bounded by K. Unfortunately, in general DF fails to be continuous in (P, ε) uniformly^{11} in N. Otherwise we could use the implicit function theorem to deduce that a non-degenerate equilibrium of F_H persists for an interval of ε, with estimates uniform in N, giving a smooth continuation P_ε of the spectral projection P_0 for H^0, moving with velocity^{dP}_{dε} = −DF^{−1}_Hε^{∂FHε}_{∂ε} (P_ε), bounded uniformly in N.

In fact, such a result can not hold without using more features of our problem, like non-degeneracy of the groundstates of the individual units, otherwise it would imply contradictions with the known behaviour of some models like the half-filled 1D Hubbard model, for which the gap between the “Heisenberg antiferromagnet band” and the “charge excitations” closes at an electron hopping amplitude of around 1/ √ N. An even easier counterexample is to take

E^0_s = E^1_s = 0, E^2_s = 1 and Δ = ∑ s∈S Δ^s with Δ^s =

0 0 0

0 1 0

0 0 0

, for which

the spectrum of H^ε is {0, ε, . . . , Nε, 1, 1 + ε, . . . , 1 + (N − 1)ε, . . .}, and so the spectral gap for the spectral projection continuing that onto the groundstates of ε = 0 closes^{12} at ε = 1/N. Thus we must use the assumption of non-degenerate groundstate.

Another basic problem with the strategy so far is that DF is not bounded uniformly in N: typically, its 0-norm grows linearly with N. So there is no reason that DF should remain invertible for small changes in (P, ε). To take care of this problem, we define the 1-norm on tangent vectors π at P_0 by |||π|||_1 = |||[H^0, π]|||_0 (19) 11 A family of functions G : X → Y between metric spaces all depending on N is continuous uniformly in N if there exists a function ω : R_+ → R_+ independent of N with ω(r) → 0 as r → 0 and d(G(x), G(x^′)) ≤ ω(d(x, x^′)) for all x, x^′ ∈ X. 12 In generic one-parameter families, gaps do not close exactly, but for generic perturbations of these two examples the continuations of the spectral projections would cease to be uniformly smooth around these parameter values.

(it is a norm since P_0 is a spectral projection for H^0), and regard F_H as mapping M_r endowed with a metric induced by the 1-norm (in a manner to be explained shortly), to T M_r with the 0-norm^{13} . Then the norm of DF_H becomes |||DF_H |||_{1→0} = sup_{π≠0} |||[H, π]|||_0 |||[H^0, π]|||_0 = 1 + |ε| sup_{π≠0} |||[Δ, π]|||_0 |||[H^0, π]|||_0 , (20)

which, at the spectral projections of Table 1 under hypothesis (13), is at most 1 + |ε|K/g, where K was defined in (14). Such a bound does not hold if E^0_s is not required to be simple, because Δ can link pairs of states, one in the range of P_0 and the other in the range of Q_0, with amplitude of order N, for which in contrast the unperturbed energy difference is of order 1.

The next problem is that M_r is not a linear space so we need to understand how to compare tangent vectors at different points, which is implicit in any discussion of how DF_H varies with position and is now crucial because we defined the 1-norm only at P_0. To resolve this, we define a diffeomorphism P from a neighbourhood of 0 in T M_{r,P0} to a neighbourhood of P_0 in M_r , and use it to transport everything back to T M_{r,P0} .

To define P, let J = Q_0 − P_0, and given π ∈ T M_{r,P0} , let P(π) = e^{Jπ}P_0e^{−Jπ}, which is a unitary transformation of P_0 and hence remains in M_r (the exponential can be defined by power series or as the solution after time 1 of the differential equation U̇ = JπU on the unitary group starting at the identity). Furthermore, the derivative of P at 0 is easily seen to be the identity, so P is a local diffeomorphism.

For k ∈ {0, 1}, let M_k denote T M_{r,P0} with the k-norm. Then, in place of the vector field F_H on M_r , we define a map between linear spaces G_H : M_1 → M_0 by G_H (π) = ie^{−Jπ}[H, P(π)]e^{Jπ} = i[A_π(H), P_0], (21)

where A_π(H) = e^{−Jπ}He^{Jπ}. (22) 13 This is analogous to the treatment of differential operators in functional analysis: for a function ρ, the map u → (ρu)_x on functions u of x is considered as mapping C^1 to C^0, the space C^1 being defined by applying the C^0-norm to the result of the standard differential operator u → u_x. Here, I use the uncoupled Hamiltonian H^0 to define the 1-norm.

Note that G_H (π) is of the form (16) with α = A_π(H)_{QP} , the block which maps the range of P_0 to the range of Q_0, so we will often represent π and G_π(H) by just this block, and define the k-norm of such a block to be the k-norm of the full matrix (16).

We have to bound the derivatives^{∂G}_{∂ε} and DG, check that DG is invertible at (0, 0) and show that DG depends continuously on (π, ε), all uniformly in N. Firstly, ∂G ∂ε = iA_π(Δ)_{QP} . (23)

At π = 0 this is simply Δ_{QP} , and as before, |||Δ_{QP} |||_0 ≤ K. We leave discussion of the case π ≠ 0 for later.

Secondly, to evaluate DG we need the derivative of e^{Jπ} with respect to π. Using the differential equation acting on a variation σ, this is ∂ ∂π e^{Jπ}(σ) = e^{Jπ}B_π(σ), (24)

where

B_π(σ) = 1∫ 0 A_{πt}(Jσ) dt. (25)

Then

DG_{H,π}(σ) = i[A_π(H), B_π(σ)]_{QP} . (26)

At π = 0, we have B_π(σ) = Jσ, so

DG(σ) = i[H, Jσ]_{QP} = i(H_Qσ − σH_P ). (27)

Now the 1-norm of σ is defined to be the 0-norm of i[H^0, σ] = i(H^0_Qσ − σH^0_P ). Thus at ε = π = 0, we have |||DG|||_{1→0} = |||DG^{−1}|||_{0→1} = 1.

Thirdly, for π = 0, we have ∂DG ∂ε (σ) = i[Δ, Jσ]_{QP} = i(Δ_Qσ − σΔ_P ), (28)

so |||^{∂DG}_{∂ε} |||_{1→0} ≤ K/g, at the spectral projections of Table 1 assuming (13).

The question remaining is how DG and^{∂G}_{∂ε} vary with π (including at ε ≠ 0), and this is the point at which my work is incomplete. It is most simply tackled by looking at their derivatives with respect to π. Now

D^2G(σ, τ) = i[[A_π(H), B_π(τ)], B_π(σ)]_{QP} (29)

+ i[A_π(H), 1∫ 0 [A_{πt}(Jσ), B_{πt}(τ)] dt]_{QP} .

To achieve a uniform bound on D^2G, the size of this needs measuring in the 0-norm and comparing to the product of the 1-norms of σ and τ. I expect it to be bounded, but I have not yet analysed this. Similarly, at general π, ∂DG ∂ε (σ) = i[A_π(Δ), B_π(σ)]_{QP} , (30)

whose 0-norm I also expect to be bounded in terms of the 1-norm of σ.

I hope to check these two matters in the near future, but if we assume uniform bounds “β” on D^2G and^{∂DG}_{∂ε} then we would deduce that each spectral projection of H^0 persists uniformly in N to a spectral projection of H^ε for a range of ε depending only on the “strength” K of the coupling, the initial spectral gap g and the bounds β. In particular, the spectral projections P^{(0)}, P^{(1)}, P^{(2)}, P^{(1,1)} for H^0 would persist to spectral projections P^{(0)}_ε , P^{(1)}_ε , P^{(2)}_ε , P^{(1,1)}_ε for H^ε for ε < ε^{(0)}, ε^{(1)}, ε^{(2)}, ε^{(1,1)} respectively, all positive, uniformly in N.

5.3 Definition of quantum discrete breathers

Let us suppose that bounds β of the previous subsection exist for the anharmonic quantum network. Then we can define quantum discrete breathers (QDB).

Definition 1 Non-zero vectors in the ranges of P^{(0)}_ε , P^{(1)}_ε , P^{(2)}_ε , P^{(1,1)}_ε are called groundstate, first excited QDB, second excited QDB, (1, 1)-multiQDB, respectively.

Extension to more highly excited QDB and multiQDB is obvious, but the range of coupling over which they persist is likely to be smaller.

It remains to justify the names. First we show that the parts of the spectrum associated with these spectral projections come in the same order as for the uncoupled case. In considering the vector field F_H on M_r we lose track of the absolute position of the spectrum of H, but we do retain information about the signed spectral differences between specH_P and specH_Q for P ∈ M_r . Even though M_r is not a complex manifold (P^† = P is not a complex equation), there is a natural complex structure on the tangent space T M_{r,P} at P , because it is parametrised by the complex ( ∏ s d_s − r) × r matrices α of (16). Now the linearised vector field at an equilibrium in an eigenbasis for H is

α̇_{qp} = i(E_q − E_p)α_{qp}, (31)

with q labelling eigenstates of H_Q and p labelling those of H_P . So the C - eigenvalues of the linearised vector field are i(E_q − E_p). The spectrum of the equilibrium would move continuously with ε if the bounds β hold (apply standard analysis to the resolvent [DF_Hε (P_ε) − λ]^{−1} for λ not in the spectrum, e.g. [61]), and is always on the imaginary axis, thus as long as the equilibrium remains non-degenerate, none of its spectrum can cross 0. Hence the signs of the spectral differences remain constant. In particular the groundstate remains the groundstate and the spectrum associated with P^{(0)}_ε , P^{(1)}_ε , P^{(2)}_ε , P^{(1,1)}_ε and their total complement remain in order.

Secondly, we show that the range of P^{(1)}_ε looks like one unit first excited and the rest in their groundstates. This is not true of all elements of the range nor necessarily of the eigenstates; for example, in a translation invariant system, the eigenstates can be chosen to be Bloch waves. But it is true of the subspace taken as a whole, in the sense that the density matrix for P^{(1)}_ε on a single site s has the form

(P^{(1)}_ε )^{{s}} =

N − 1 0 0

0 1 0

0 0 0

+ O(ε) (32)

in the basis 0_s, 1_s|2_s, . . ., where the remainder above is measured in the norm for the single unit. It is standard that the expectation of a density matrix in a state, divided by its trace, is interpreted as the probability of being in that state. The trace of any density matrix of a projection operator is simply its rank, so N in this case. Thus in the range of P^{(1)}_ε the probability of seeing unit s in state 0_s is 1 − (1 + O(ε))/N, that for state 1_s is (1 + O(ε))/N and that summed over all other basis states of unit s is O(ε)/N. Thus indeed we have a probability close to 1/N of seeing any given unit in its first excited state. We can strengthen the statement by analysing the density matrix for a pair of states:

(P^{(1)}_ε )^{{r,s}} =

N − 2 0 0 0

0 1 0 0

0 0 1 0

0 0 0 0

+ O(2ε) (33)

in the basis 0_r0_s, 1_r0_s, 0_r1_s|1_r1_s, . . .. Thus the probability of seeing the pair r, s is state 0_r0_s is near 1 − 2/N, those for 1_r0_s and 0_r1_s are near 1/N and the probability of any other basis state, in particular 1_r1_s, is near zero. Thus there is a strong anticorrelation in range P^{(1)}_ε for two excitations. Similarly, the range of P^{(2)}_ε looks like one unit second excited and the rest in their groundstate, and the range of P^{(1,1)}_ε looks like two units first excited and the rest in their groundstate.

To justify the name of QDB fully, I would like to show a stronger spatial localisation result, if the coupling matrix Δ has finite range or exponential decay with distance d(r, s) between units. Namely, for the range of P^{(2)}_ε I conjecture that the probability of seeing units r, s in state 1_r1_s is less than Cελ^{d(r,s)} for some C > 0 and λ < 1 independent of N (though in general dependent on ε), and analogous results for the other spectral projections, but this will have to wait for a future publication.

5.4 Discussion

At the conference, the above concept of QDB generated some controversy, so some discussion could be helpful. The apparent problem is that it would apply even to translation invariant systems, where all eigenstates are extended (Bloch waves). It is important to understand, however, that I am not claiming that the eigenstates are localised. What I am claiming (modulo establishing the bounds β of section 5.2) is that there is a range of weak coupling, independent of system size, for which there are spectral projections whose density matrices show strong anticorrelations between the positions of excitations. Note that this would hold even for what is traditionally called the “phonon band”, namely my first excited QDB (a point not mentioned in [113] or [101]). I believe that my definition of QDB fits with the goal of all those previous attempts to formalise it which were listed in subsection 5.1.

One way of looking at the situation was understood by chemists in small systems since the 70s. They had found that spectroscopic measurements on benzene, for example, were much better interpreted in terms of localised C-H stretches and bends rather than normal modes. Even though all the eigenstates are extended, they resolved the paradox by estimating that the time it would take for a localised initial disturbance to tunnel to a different site was longer than the radiative decay time (see a nice discussion of this story in [101]). Our method is probably not required for benzene (N is only 6), though it could be expected to lead to a factor 6 extension of the range of electron hopping allowed for the validity of the local mode picture there.

A second question that has been raised is what about permutation symmetry for indistinguishable particles? In the setting treated here, however, the sites of the network are regarded as distinguishable, so I do not think the issue arises. Nonetheless, the method can easily be applied to problems with permutation symmetry, by restricting the tensor product to its odd or even subspace as appropriate.

Note that if a model has symmetries then these can be exploited to obtain more information about the spectrum. For example, in a crystal with a lattice of translation symmetries, pseudo-momentum vector k is a good quantum number, so one can treat each subspace of given k separately (Bloch waves), leading to a decomposition of the spectral projections as integrals over k.

The programme of subsection 5.2 is likely to have many other applications than to QDB. For example, it would show that an array of spin-^1_2 particles in a magnetic field interacting weakly with neighbours has a unique groundstate, a first excited part of spectrum corresponding to one spin being misaligned, a second excited part corresponding to two spins being misaligned, etc.. An interesting extension is that A_{πε} (H^ε)_P would define an exact effective Hamiltonian for the dynamics on the range of the spectral projection P_ε.

The method would also allow us to extend results on existence of bipolarons in the adiabatic Holstein model [12,19–21] to the Holstein-Hubbard model, firstly in the adiabatic limit and secondly with quantum phonons. We sketch the idea for the first extension. When the electron hopping is zero, one can put each site into any of the electronic states ∅, ↑, ↓, ↑↓ and obtain an equilibrium of the local optic degree of freedom u_s = 0, −1, −1, −2, respectively. Given a configuration of the (u_s)_{s∈S} near the values 0 and −2, there is a non-degenerate groundstate consisting of ∅ on sites with u_s near 0 and ↑↓ on sites with u_s near −2, and a gap to the rest of the spectrum. The method of this paper would prove that this groundstate and gap persist uniformly under changes in u and electron hopping amplitude. This is the key step that is required to prove persistence of the equilibrium configurations with u_s ∈ {0, −2}.

Perhaps the method could also be applied to excitons in polyphenylvinylene [53]. This is a material in which localised excitations can be created by passing a current, which decay by emitting visible light. Cambridge Display Technologies are producing flat screen displays using it, but they would like to know what determines the spatial size of the exciton.

I believe the method would find many other uses in quantum many body theory on lattices and simplify a lot of the calculations: no Feynman diagrams appear, there are no infinities to cancel, and no cluster expansions (contrast [84,54,14,36,50] for example) – just the standard implicit function theorem with novel norms.

I think also that an ℓ_1 version of the method will apply to problems in probability theory, such as the effect of weak coupling of many Markov processes into a network, where very similar issues to tensor products occur but the basic norm is the total variation norm (ℓ_1) rather than Hilbert (ℓ_2).

6 Conclusion

Discrete breathers are a widespread phenomenon in networks of oscillators, whether the dynamics is autonomous Hamiltonian or reversible, autonomous forced damped, time-periodically forced, or quantum. Discrete breathers are likely to provide explanations for many puzzling problems in physics and the basis for exciting new technology. For a recent conference proceedings on the subject, see [46], and for many further references, see the webpage [43]. A general method to prove persistence of spectral projections in quantum many body problems is proposed, with which it is hoped to put quantum discrete breathers onto a rigorous foundation, and if successful it is likely to have many other applications in solid-state physics.

Acknowledgements

I am grateful to Serge Aubry for having stimulated my interest in DB in 1993 and for many subsequent fruitful exchanges on the subject, to the CNRS and the Institut Non-Linéaire de Nice for their hospitality over Christmas 1998 during which my first ideas on quantum discrete breathers were worked out, to the Royal Society of London for travel expenses to attend this interesting conference in Hong Kong, to Bambi Hu and the sponsors for partial local support, and to Nicholas d’Ambrumenil for extensive feedback on my persistence of spectral projections ideas. The paper was completed in the frame of EC contract HPRN-CTR-1999-00163.

References

[1] Ablowitz MJ, Ladik JF, Nonlinear differential-difference equations and Fourier analysis, J Math Phys 17 (1976) 1011–8.

[2] Agranovich VM, Biphonons and Fermi resonance in vibrational spectra of crystals, in: Spectroscopy and Excitation dynamics of condensed molecular systems, eds Agranovich VM, Hochstrasser RM (N. Holland, 1983) 83–138.

[3] Agranovich VM, Lalov II, Effects of strong anharmonicity in the spectra of optical phonons and polaritons, Sov Phys Usp 28 (1985) 484–505.

[4] Ahn T, Multisite oscillations in networks of weakly coupled autonomous oscillators, Nonlinearity 11 (1998) 965–989.

[5] Ahn T, MacKay RS, Sepulchre J-A, Dynamics of relative phases: generalised multibreathers, Nonlinear Dynamics, in press

[6] Akahara Y, Kawamura H, High-pressure infrared spectroscopy of solid oxygen, Phys Rev B 61 (2000) 8801–5.

[7] Ando T, Properties of Fermion density matrices, Rev Mod Phys 35 (1963) 690–702.

[8] Archilla J, MacKay RS, Marin J-L, Discrete breathers and Anderson modes:

two faces of the same phenomenon?, Physica D 134 (1999) 406–418.

[9] Aubry S, Breathers in nonlinear lattices: existence, linear stability and quantization, Physica D 103 (1997) 201–250.

[10] Aubry S, Discrete breathers in anharmonic models with acoustic phonons, Ann Inst H Poincaré Phys Théor 68 (1998) 381–420.

[11] Aubry S, Discrete breathers in nonlinear lattices: new perspectives in physics and biological physics, unpublished

[12] Aubry S, Abramovici G, Raimbault JL, Chaotic polaronic and bipolaronic states in the adiabatic Holstein model, J Stat Phys 67 (1992) 675–780.

[13] Aubry S, Cretegny T, Mobility and reactivity of discrete breathers, Physica D 119 (1998) 43–46.

[14] Auerbach A, Interacting electrons and quantum magnetism (Springer, 1994).

[15] Baesens C, Guckenheimer J, Kim S, MacKay RS, Three coupled oscillators:

mode-locking, global bifurcations and toroidal chaos, Physica D 49 (1991) 387– 475.

[16] Baesens C, Kim S, MacKay RS, Localised modes on coherent structures, draft manuscript (Sept 1996)

[17] Baesens C, MacKay RS, Exponential localization of linear response in networks with exponentially decaying coupling, Nonlinearity 10 (1997) 931–940.

[18] Baesens C, MacKay RS, Algebraic localisation of linear response in a network with algebraically decaying interaction, and application to breathers in dipoledipole networks, Helv Phys Acta 72 (1999) 23–32.

[19] Baesens C, MacKay RS, Improved proof of existence of chaotic polaronic and bipolaronic structures of the adiabatic Holstein model and generalisations, Nonlinearity 7 (1994) 59–84.

[20] Baesens C, MacKay RS, Effect of temperature on polaronic and bipolaronic structures of the adiabatic Holstein model, J Stat Phys 85 (1996) 471–88.

[21] Baesens C, MacKay RS, Finite coherence length for equilibria of the adiabatic Holstein model, J Math Phys 38 (1997) 2104–14.

[22] Baesens C, MacKay RS, Excited states in the adiabatic Holstein model, J Phys A 31 (1998) 10065–85.

[23] Bambusi D, Exponential stability of breathers in Hamiltonian networks of weakly coupled oscillators, Nonlinearity 9 (1996) 433–457.

[24] Becker KW, Fulde P, Application of projection techniques to the electron correlation problem, J Chem Phys 91 (1989) 4223–8.

[25] Binder P, Abraimov D, Ustinov AV, Flach S, Zolotaryuk Y, Observation of breathers in Josephson ladders, Phys Rev Lett 84 (2000) 745–8.

[26] Bolotin S, MacKay RS, Isochronous potentials, unpublished

[27] Bonart D, Honke R, Mayer AP, Pavone P, Schröder U, Strauch D, Wehrer RK, On the attenuation of anharmonic adsorbate vibrations, Phys D 119 (1998) 56–67.

[28] Bonart D, Page JB, Intrinsic localized modes and chaos in driven damped rotator lattices, Phys Rev E 60 (1999) R1134–7.

[29] Coleman AJ, Structure of Fermion density matrices, Rev Mod Phys 35 (1963) 668–689.

[30] Cretegny T, Aubry S, Flach S, 1D phonon scattering by discrete breathers, Physica D 119 (1998) 73–87.

[31] Dirac PAM, Cam Phil Soc 27 (1930) 240–

[32] Dolgov AS, Localization of vibrations in a nonlinear crystalline structure, Sov Phys Solid State 28 (1986) 907–9.

[33] Eggert JH, Mao H-K, Hemley RJ, Observation of a two-vibron bound-to-unbound transition in solid deuterium at high pressure, Phys Rev Lett 70 (1993) 2301–4.

[34] Eilbeck JC, Lomdahl PS, Scott AC, The discrete self-trapping equation, Physica D 16 (1985) 318–338.

[35] Eilbeck JC, Lomdahl PS, Scott AC, Soliton structure in crystalline acetanilide, Phys Rev B 30 (1984) 4703–12.

[36] Enz CP, A course on many body theory applied to solid-state physics (World Sci, 1992).

[37] Feynman RP, Statistical mechanics (Benjamin, 1972).

[38] Fillaux F, The Pauli principle and the vibrational dynamics of protons in solids: a new spin-related symmetry, Phys D 113 (1998) 172–183.

[39] Fillaux F, Carlile CJ, Inelastic neutron scattering study of methyl tunneling and the quantum sine-Gordon breather in isotopic mixtures of 4-methylpyridine at low temperature, Phys Rev B 42 (1990) 5990–6006.

[40] Fillaux F, Carlile CJ, Kearley GJ, Inelastic neutron scattering study of the sine-Gordon breather interactions in isotopic mixtures of 4-methyl-pyridine, Phys Rev B 58 (1998) 11416–9.

[41] Flach S, Existence of localized excitations in nonlinear Hamiltonian lattices, Phys Rev E 51 (1995) 1503–7.

[42] Flach S, Breathers on lattices with long range interaction, Phys Rev E 58 (1998) R4116–9.

[43] http://www.mpipks-dresden.mpg.de/∼flach/breather.DIR/db.bib [44] Flach S, Kladko K, MacKay RS, Energy thresholds for discrete breathers in one-, two- and three-dimensional lattices, Phys Rev Lett 78 (1997) 1207–10.

[45] Flach S, Kladko K, Takeno S, Acoustic breathers in two-dimensional lattices, Phys Rev Lett 79 (1997) 4838–41.

[46] Flach S, MacKay RS (eds), Localization in Nonlinear Lattices, special issue of Physica D 119 (1998) 1–238.

[47] Flach S, Willis CR, Discrete breathers, Phys Rpts 295 (1998) 181–264. [48] Fleurov V, Schilling R, Flach S, Tunneling of a quantum breather in a onedimensional chain, Phys Rev E 58 (1998) 339–346.

[49] Forinash K, Cretegny T, Peyrard M, Local modes and localization in a multicomponent nonlinear lattice, Phys Rev E 55 (1997) 4740-56.

[50] Fradkin E, Field theory of condensed matter systems (Addison-Wesley, 1991). [51] Geirnaert ML, Gale GM, Flytzanis C, Time-resolved spectroscopy of vibrational overtones and two-phonon states, Phys Rev Lett 52 (1984) 815–8.

[52] Gorelik VS, Mitin GG, Sushchinskii MM, Raman scattering of light by a vibrational biexciton in a NH_4Cl crystal, Sov Phys Sol State 16 (1974) 1019.

[53] Greenham NC, Friend RH, Semiconductor device physics of conjugated polymers, Solid State Phys 49 (1995) 1–149.

[54] Gross EKU, Runge E, Heinonen O, Many-particle theory (Adam Hilger, 1991).

[55] Gush HP, Hare WFJ, Allin EJ, Welsh HL, Double transitions in the infrared spectrum of solid hydrogen, Phys Rev 106 (1957) 1101–2.

[56] Hörl EM, Structure and structure imperfections of solid β-Oxygen, Acta Cryst 15 (1962) 845–850.

[57] Iooss G, Kirchgässner K, Travelling waves in a chain of coupled nonlinear oscillators, Commun Math Phys 211 (2000) 439–64.

[58] Jakob P, Dynamics of the C-O stretch overtone vibration of CO/Ru(001), Phys Rev Lett 77 (1996) 4229–32.

[59] Kadelburg V, Discrete Breathers, Fourth term assessment, DAMTP, University of Cambridge (Aug 1999)

[60] Kato R, Ashida M, Köhler J, Schmid D, Bound multiphonon complexes in NaNO_2, Phys Lett A 157 (1991) 435–440.

[61] Kato T, Perturbation theory for linear operators (Springer, 1966).

[62] Kearley GJ, Fillaux F, Baron M-H, Bennington S, Tomkinson J, A new look at proton transfer dynamics along the hydrogen bonds in amides and peptides, Science 264 (1994) 1285–9.

[63] Kennedy T, Tasaki H, Hidden symmetry breaking and the Haldane phase in S = 1 quantum spin chains, Commun Math Phys 147 (1992) 431–484.

[64] Kiselev SA, Sievers AJ, Generation of intrinsic vibrational gap modes in threedimensional ionic crystals, Phys Rev B 55 (1997) 5755–8.

[65] Kitchenassamy S, Breather solutions of nonlinear wave equations, Commun Pure Appl Math 44 (1991) 789–818.

[66] Kopidakis G, Aubry S, Intraband discrete breathers in disordered nonlinear systems I Delocalization, Physica D 130 (1999) 155–186.

[67] Kosevich AM, Kovalev AS, Self-localization of vibrations in a one-dimensional anharmonic chain, Sov Phys JETP 40 (1975) 891–6.

[68] Kranendonk J van, Solid hydrogen (Plenum, 1983).

[69] Kranendonk J van, Karl G, Theory of the rotational and vibrational excitations in solid parahydrogen, and frequency analysis of the infrared and Raman spectra, Rev Mod Phys 40 (1968) 531–555.

[70] Lai R, Sievers AJ, Nonlinear nanoscale localization of magnetic excitations in atomic lattices, Phys Rep 314 (1999) 147–236.

[71] Leroy JL, Kochoyan M, Tam H-D, Guéron M, Characterization of base-pair opening in deoxynucleotide duplexes using catalyzed exchange of the imino proton, J Mol Biol 200 (1988) 223–238.

[72] Levine-West MB, Salama MA, Mode localization experiments on a ribbed antenna, Am Inst Aero Astro J 31 (1993) 1929–37.

[73] Likharev K, Superconductors speed up computation, Phys World 10:5 (1997) 39–43.

[74] Livi R, Spicci M, MacKay RS, Breathers on a diatomic FPU chain, Nonlinearity 10 (1997) 1421–34.

[75] MacKay RS, Three topics in Hamiltonian dynamics, in: Dynamical Systems and Chaos vol.2, eds Aizawa Y, Saito S, Shiraiwa K (World Sci, 1995) 34–43.

[76] MacKay RS, Dynamics of networks: features which persist from the uncoupled limit, in: Stochastic and spatial structures of dynamical systems, eds SJ van Strien and SM Verduyn Lunel (N Holland, 1996) 81–104.

[77] MacKay RS, Defects in solids, large molecules and space-structures, Proc Roy Soc Lond A 456 (2000) 1883–95.

[78] MacKay RS, Optic discrete breathers in Euclidean invariant systems, Int J Nonlin Sci Num Sim 1 (2000) 99–103.

[79] MacKay RS, Quantum breathers, ISIS Experimental Reports (2000) RB10545

[80] MacKay RS, Aubry S, Proof of existence of breathers for time-reversible or Hamiltonian networks of weakly coupled oscillators, Nonlinearity 7 (1994) 1623–43.

[81] MacKay RS, Sepulchre J-A, Multistability in networks of weakly coupled bistable units, Physica D 82 (1995) 243–254.

[82] MacKay RS, Sepulchre J-A, Stability of discrete breathers, Physica D 119 (1998) 148–162.

[83] MacKay RS, Spicci M, Existence of discrete breathers in pure-power FPU chains, in preparation.

[84] March NH, Young WH, Sampanthar S, The many-body problem in quantum mechanics (Cambridge, 1967; reprinted by Dover, 1995).

[85] Marin JL, Aubry S, Breathers in nonlinear lattices: numerical methods based on the anti-integrability concept, in “Nonlinear Klein-Gordon and Schrödinger systems: theory and applications”, eds Vazquez L, Streit L, Perez-Garcia VM (World Sci, 1995) 317–323.

[86] Marin JL, Eilbeck JC, Russell FM, Localized moving breathers in a 2D hexagonal lattice, Phys Lett A 248 (1998) 225–9.

[87] Martinez PJ, Floria LM, Falo F, Mazo JJ, Intrinsically localized chaos in discrete nonlinear extended systems, Europhys Lett 45 (1999) 444–9.

[88] Mischaikow K, Mrozek M, Isolating neighborhoods and chaos, Japan J Ind Appl Math 12 (1995) 205–236.

[89] Morse PM, Diatomic molecules according to the wave mechanics. II vibrational levels, Phys Rev 34 (1929) 57–64.

[90] Ovchinnikov AA, Localized long-lived vibrational states in molecular crystals, Sov Phys JETP 30 (1970) 147–150.

[91] Page JB, Asymptotic solutions for localized vibrational modes in strongly anharmonic periodic systems, Phys Rev B 41 (1990) 7835–8.

[92] Perfetti P, An infinite-dimensional extension of a Poincaré’s result concerning the continuation of periodic orbits, Disc Cont Dyn Sys 3 (1997) 401–418.

[93] Proville L, Aubry S, Quantum Breather, in preparation.

[94] Peyrard M, The pathway to energy localization in nonlinear lattices, Phys D 119 (1998) 184–199.

[95] Quilichini M, Janssen T, Phonon excitations in quasicrystals, Rev Mod Phys 69 (1997) 277–314.

[96] Rössler T, Page JB, Intrinsic localized modes in driven anharmonic lattices with realistic potentials, Phys Lett A 204 (1995) 418–426.

[97] Russell FM, Zolotaryuk Y, Eilbeck JC, Dauxois T, Moving breathers in a chain of magnetic pendulums, Phys Rev B 55 (1997) 6304–9.

[98] Sandusky KW, Page JB, Interrelation between the stability of extended normal modes and the existence of intrinsic localized modes in nonlinear lattices with realistic potentials, Phys Rev B 50 (1994) 866–887.

[99] Sandusky KW, Page JB, Schmidt KE, Stability and motion of intrinsic localized modes in nonlinear periodic lattices, Phys Rev B 46 (1992) 6161– 8. [100] Schwarz UT, English LQ, Sievers AJ, Experimental generation and observation of intrinsic localized spin wave modes in an antiferromagnet, Phys Rev Lett 83 (1999) 223–6.

[101] Scott A, Nonlinear Science (Oxford, 1999).

[102] Scott AC, Eilbeck JC, Gilhoj H, Quantum lattice solitons, Phys D 78 (1994) 194–213.

[103] Sepulchre J-A, MacKay RS, Localised oscillations in conservative and dissipative networks of weakly coupled autonomous oscillators, Nonlinearity 10 (1997) 679–713.

[104] Sievers AJ, Page JB, Unusual anharmonic local mode systems, in “Dynamical properties of solids”, vol VII, eds Horton GK, Maradudin AA (N.Holland, 1995) 137–255.

[105] Sievers AJ, Takeno S, Intrinsic localized modes in anharmonic crystals, Phys Rev Lett 61 (1988) 970-973.

[106] Swanson BI, Brozik JA, Love SP, Strouse GF, Shreve AP, Bishop AR, Wang W-Z, Salkola MI, Observation of intrinsically localized modes in a discrete low-dimensional material, Phys Rev Lett 82 (1999) 3288–91.

[107] Takeno S, Kawasaki K, SU(2) coherent state path integral formulation of nonlinear collective modes of magnons in Heisenberg antiferromagnets – selflocalised magnons and vortices, J Phys Soc Japan 61 (1992) 4547–58.

[108] Takeno S, Peyrard M, Nonlinear modes in coupled rotator models, Phys Rev E 55 (1997) 1922–8.

[109] Trias E, Mazo JJ, Orlando TP, Discrete breathers in nonlinear lattices:

experimental detection in a Josephson array, Phys Rev Lett 84 (2000) 741–4.

[110] Tubino R, Birman JL, Two-phonon spectrum of diamond, Phys Rev Lett 35 (1975) 670–2.

[111] Wallace DS, Stoneham AM, Hayes W, Fisher AJ, Testa A, Theory of defects in conducting polymers II. Application to polyacetylene, J Phys Cond Mat 3 (1991) 3905–20.

[112] Wang CL, Martino F, Photogenerated exciton-breather state in transpolyacetylene, Phys Rev B 34 (1986) 5540–7.

[113] Wang WZ, Gammel JT, Bishop AR, Salkola MI, Quantum breathers in a nonlinear lattice, Phys Rev Lett 76 (1996) 3598–3601.

[114] Weinstein MI, Excitation thresholds for nonlinear localized modes on lattices, Nonlinearity 12 (1999) 673–91.

[115] Xie A, Meer L van der, Austin RH, Long-lived amide I vibrational modes in myoglobin: heavy breathers in biology?, preprint 1999