DISCRETE AND CONTINUOUS Website: http://AIMsciences.org DYNAMICAL SYSTEMS–SERIES B Volume a, Number 0b, XXXX 200x pp. 1–9

A. Berger

Institute of Mechanics Vienna University of Technology A-1040 Vienna, Austria

R.S. MacKay

Mathematics Institute University of Warwick Coventry, CV4 7AL, UK

V.M. Rothos

Department of Mathematics and Computer Science University of Leicester Leicester, LE1 7RH, UK

(Communicated by S. Aubry)

A CRITERION FOR NON-PERSISTENCE OF TRAVELLING BREATHERS FOR PERTURBATIONS OF THE ABLOWITZ–LADIK LATTICE

Abstract. The Ablowitz–Ladik lattice has a two-parameter family of travelling breathers. We derive a necessary condition for their persistence under perturbations of the system. From this we deduce non-persistence for a variety of examples of perturbations. In particular, we show that travelling breathers do not persist under many reversible perturbations unless an additional symmetry is preserved, and we address the case of Hamiltonian perturbations.

1. Introduction. The phenomenon of discrete breathers, i.e. spatially localised periodic oscillations in nonlinear lattices, has attracted much recent interest (see e.g. the review articles [2, 4, 6, 8]). One largely unresolved topic in this context is the rigorous mathematical status of travelling discrete breathers: although such objects have repeatedly been observed in numerical simulations (e.g. [3, 5, 10]), their existence has been proved for only a few rather special models ([1, 5]). In search of a better mathematical understanding, a natural first question is whether the known travelling breathers persist under certain perturbations of the respective underlying system. In this note we discuss a necessary condition for smooth persistence of travelling discrete breathers under perturbations of the Ablowitz–Ladik (AL) lattice. Our condition establishes non-persistence for a variety of types of perturbations, but it fails to settle the persistence question for some important examples like the Salerno family, which will require more refined methods of analysis.

Although our subsequent discussion of the persistence of travelling breathers applies to a wider class of lattices with hardly any modification, we shall, for the sake of concreteness, exclusively deal with the AL lattice

iu̇_k = |u_k|^2(u_{k−1} + u_{k+1}) + u_{k−1} − 2u_k + u_{k+1} , k ∈ Z. (1)

For ease of notation, let Ω = l^2(Z; C ) denote the Hilbert space of all square-summable bi-infinite complex-valued sequences; for any u, v ∈ Ω and λ ∈ C we denote by λu, u, |u|, uv and u + v the sequences (λu_k)_{k∈Z}, (u_k)_{k∈Z}, (|u_k|)_{k∈Z}, (u_kv_k)_{k∈Z}and (u_k + v_k)_{k∈Z}, respectively. As usual, the norm of u ∈ Ω is symbolized by ‖u‖. Also, ζ and η with ζ(u) = (u_{k+1})_{k∈Z}and η(u) = (u_{−k})_{k∈Z} are continuous and one-to-one, and they map Ω onto itself; the map ζ is the (left) shift, and η

2000 Mathematics Subject Classification. Primary 37K60; Secondary 34L40, 37L60. Key words and phrases. travelling breather, Hamiltonian lattice, first integral.

1

2 A. BERGER, R.S. MACKAY, AND V.M. ROTHOS

will be referred to as skew-flip. Finally, R_ϑ : Ω → Ω with R_ϑ(u) = e^{iϑ}u denotes the rotation by ϑ ∈ R. With these notations, (1) may be rewritten as a differential equation in Ω, iu̇ = |u|^2 ( ζ(u) + ζ^{−1}(u) ) + ζ(u) − 2u + ζ^{−1}(u) . (2) Below we shall deal with functions S : Ω → C which are (real) differentiable with respect to the real and imaginary part of u_k = v_k + iw_k, for all k ∈ Z. Rather than v_k, w_k we use u_k, u_k as coordinates, and also partial derivatives of S with respect to the latter, ∂S ∂u_k = 1 2 ∂S^∗ ∂v_k + 1 2i ∂S^∗ ∂w_k , ∂S ∂u_k = 1 2 ∂S^∗ ∂v_k − 1 2i ∂S^∗ ∂w_k , where S^∗(v_k, w_k) ≡ S(v_k + iw_k) .

It is a well-known fact (see [1]) that (2) admits a two-parameter family (u_{α,β}) of travelling breathers, i.e. spatially localised solutions of the form u_{α,β;k}(t) = e^{−iσt}U (k − ct) , k ∈ Z, t ≥ 0 . (3) They are given by U (x) = e^{−iαx} sinh β cosh βx , x ∈ R, with frequency and speed according to

σ = σ(α, β) = 2(cos α cosh β − 1) + αc , c = c(α, β) = 2 sin α sinh β β , respectively. Since u_{α+2π,β} = u_{α,β}, u_{α,−β} = −u_{α,β} and u_{−α,β}(−t) = u_{α,β}(t), we may assume 0 ≤ α ≤ π, β > 0 without loss of generality. As can be seen from (3), u_{α,β} moves with constant velocity c which is nonzero unless α = 0 or α = π.

2. A necessary condition for persistence. As outlined above, we will discuss whether some of the travelling breathers may persist (possibly slightly altered) if the AL lattice (2) is perturbed to iu̇ = |u|^2 ( ζ(u) + ζ^{−1}(u) ) + ζ(u) − 2u + ζ^{−1}(u) + εX(u) , (4) where ε > 0, and X : Ω → Ω represents a continuous, shift- and rotation-equivariant perturbation, i.e. X ∘ ζ = ζ ∘ X and X ∘ R_ϑ = R_ϑ ∘ X for all ϑ ∈ R. We restrict our attention to this class of perturbations, else it does not make sense to look for solutions of the form (3), and one would have to generalise the definition of a travelling breather (see [5] for a discussion). Also, we tacitly assume in the sequel that solutions of (4) exist for all times t ≥ 0.

Fix a function S : Ω → C which is (real) differentiable with respect to all coordinates u_k, u_k. Later we will impose further conditions on S as appropriate. Let u = u(t) be any solution of (4). For the rate of change of s : t → S ( u(t) ) under (4) we have

ṡ(t) = d dt S ( u(t) ) = ∑ k∈Z ( ∂S ∂u_k u̇_k(t) + ∂S ∂u_k u̇_k(t) ) = (5)

= i ∑ k∈Z ( ∂H ∂u_k ∂S ∂u_k − ∂H ∂u_k ∂S ∂u_k )| | |_{u(t)}(1 + |uk(t)|^2) + iε ∑ k∈Z ( ∂S ∂u_k X_k − ∂S ∂u_k X_k )| | |_{u(t)} with the Hamiltonian H : Ω → R ⊂ C for (1) defined as

H(u) := ∑ k∈Z ( u_k(u_{k−1} + u_{k+1}) − 2 log(1 + |u_k|^2) ) . (6)

By means of the (non-standard) Poisson bracket for differentiable functions F, G : Ω → C , {F, G} := i ∑ k∈Z ( ∂F ∂u_k ∂G ∂u_k − ∂F ∂u_k ∂G ∂u_k ) (1 + |u_k|^2) , (7)

relation (5) can be written as d dt S ( u(t) ) = {H, S}|_{u(t)} + iε ∑ k∈Z ( ∂S ∂u_k X_k − ∂S ∂u_k X_k )| | |_{u(t)} . (8)

NON-PERSISTENCE OF TRAVELLING BREATHERS FOR THE ABLOWITZ–LADIK LATTICE 3

In analogy to (3), we ask whether (4) has, for sufficiently small ε > 0, any spatially localised solution of the form u^{(ε)}_k (t) = e^{−iσεt}U_ε(k − c_εt) , k ∈ Z, t ≥ 0 , (9) where c_ε ≠ 0 and the functions U_ε : R → C satisfy ∫ R|U_ε(x)|^2dx ≤ C with a constant C not depending on ε. We call such a solution u^{(ε)} = ( u^{(ε)}_k ) k∈Za continuation of the unperturbed solution u_{α,β} if lim_{ε→0} u^{(ε)}(t) = u_{α,β}(t) holds in Ω locally uniformly in t. Equivalently, we say that u_{α,β} persists for ε > 0. It follows from (9) that for c_ε ≠ 0 u^{(ε)}_k (t + c^{−1}_ε ) = e^{−iσεc−1ε} u^{(ε)}_{k−1}(t) , k ∈ Z, t ≥ 0 , in other words, ζ ( u^{(ε)}(t + c^{−1}_ε ) ) = R_{−σεc}−1_ε u^{(ε)}(t). To utilise (8) we assume more specifically that the function S is shift- and rotation-invariant, i.e. S ∘ ζ = S, and S ∘ R_ϑ = S for all ϑ ∈ R. Under these assumptions, ∫_c−1_ε 0 ( ∂S ∂u_k X_k − ∂S ∂u_k X_k )| | |_{u(ε)(t)} dt = ∫_{(−k+1)c}−1_ε −kc^{−1}_ε ( ∂S ∂u_0 X_0 − ∂S ∂u_0 X_0 )| | |_{u(ε)(t)} dt , k ∈ Z. Consequently, the evaluation of (8) along u^{(ε)} yields

0 = S ( u^{(ε)}(c^{−1}_ε ) ) − S ( u^{(ε)}(0) )

= ∫_c−1_ε 0 {H, S} | | |_{u(ε)(t)} dt + iε ∫_c−1_ε 0 ∑ k∈Z ( ∂S ∂u_k X_k − ∂S ∂u_k X_k )| | |_{u(ε)(t)} dt (10)

= ∫_c−1_ε 0 {H, S} | | |_{u(ε)(t)} dt + iε ∫ R ( ∂S ∂u_0 X_0 − ∂S ∂u_0 X_0 )| | |_{u(ε)(t)} dt . To allow the passage to the limit ε → 0 in the last integral (and also to justify the above interchange of integration and summation) we wish to apply dominated convergence to (10). To this end, we assume that the quantities^{∂S}_{∂u0} ,^{∂S}_{∂u0} and X_0 are bounded and locally dominated in the following sense: with a continuous function φ : R → R and a number N ∈ N chosen appropriately, the estimate max {| | | ∂S ∂u_0 (u) | | | | , | | | | ∂S ∂u_0 (u) | | | | , |X^0(u)| }_2 ≤ φ(‖u‖) N∑ k=−N |u_k|^2 (11)

holds for all u ∈ Ω. If S is conserved under the dynamics of the unperturbed AL lattice, i.e., if {H, S} = 0, then we obtain from (10) the following necessary condition for the persistence of the travelling breather u_{α,β}.

Proposition 1. Assume that u_{α,β} persists for 0 < ε < ε_0, and let S and X satisfy (11). If {H, S} = 0, then

Φ_{α,β}(S; X) := ∫ R ( ∂S ∂u_0 X_0 − ∂S ∂u_0 X_0 )| | u_{α,β} (t) dt = 0 . (12)

Remark 2. The term ∫_c−1_ε 0 {H, S} in (10) can be transformed to i ∫ R ( ∂H ∂u_0 ∂S ∂u_0 − ∂H ∂u_0 ∂S ∂u_0 )| | |_{uα,β(t)}(1 + |uα,β;0(t)|^2) dt . (13) Setting ε = 0 in (10) we therefore obtain the interesting fact that (13) vanishes for all α, β and for all shift- and rotation-invariant functions S, even if they are not conserved under the dynamics of (2). For example, (13) necessarily equals zero when evaluated for the function

S = S(u) = ∑ k∈Z u_ku_ku^2_{k+1}u^2_{k+1} = ∑ k∈Z |u_k|^2|u_{k+1}|^4 ,

for which obviously S ∘ ζ = S and S ∘ R_ϑ = S, yet {H, S} ≠ 0.

4 A. BERGER, R.S. MACKAY, AND V.M. ROTHOS

Condition (12) may in particular be checked for each of the well-known independent first integrals (I_m)_{m∈N0} of (1), as worked out in [1]; for m = 0, . . ., 3 these integrals are

I_0 = ∑ k∈Z log(1 + |u_k|^2) ,

I_1 = ∑ k∈Z u_ku_{k+1} ,

I_2 = ∑ k∈Z ( u_{k−1}u_{k+1}(1 + |u_k|^2) + 1 2 u^2_ku^2_{k+1} ) , (14)

I_3 = ∑ k∈Z ( u_{k−2}u_{k+1}(1 + |u_{k−1}|^2)(1 + |u_k|^2) +

+ (u^2_{k−1}u_ku_{k+1} + u_{k−1}u_ku^2_{k+1})(1 + |u_k|^2) + 1 3 u^3_ku^3_{k+1} ) ; notice that H = I_1 + I_1 − 2I_0.

3. Examples. Both the usefulness and the limitations of the simple necessary condition (12) can be seen most clearly by means of a few examples. Whenever the perturbation X_k(u) is a polynomial in the coordinates u_l, u_l, then the determination of Φ_{α,β}(I_m; X) reduces to the computation of integrals of the form ∫_∞ −∞ R(e^x) dx = ∫_∞ 0 y^{−1}R(y) dy with R denoting a rational function which has no poles on the real axis; this observation can be helpful for actual computations.

Example 1. Let X_k(u) = (1 + |u_k|^2)(u_{k−1} + u_{k+1}), k ∈ Z. It is easily verified that, for all α, β,

Φ_{α,β}(S; X) = 0 ,

if S equals any of the integrals (14). Thus no information is gained from (12). This, however, is not at all surprising because all travelling breathers u_{α,β} persist under this particular perturbation: more precisely, U_ε = U for all ε, and frequency and speed are perturbed according to σ_ε = 2 ( (1 + ε) cos α cosh β − 1 ) + αc_ε, c_ε = 2(1 + ε) sin α sinh β β . Example 2. For X_k(u) = −iu_k, k ∈ Z, a short calculation yields

Φ_{α,β}(I_1; X) = 2ie^{iα} β sin α , so that no travelling breather persists in this case. Again, this is not surprising as the system is dissipative in a sense: from (5) we deduce that d dt I_1 ( u^{(ε)}(t) ) = −2εI_1 ( u^{(ε)}(t) ) , t ≥ 0 , implying that I_1 ( u^{(ε)}(t) ) = e^{−2εt}I_1 ( u^{(ε)}(0) ) . For travelling breathers of the form (9) to exist therefore necessarily I_1 ( u^{(ε)}(0) ) = 0 for 0 < ε < ε_0. If u^{(ε)} is a continuation of u_{α,β} then also I_1 ( u_{α,β}(0) ) = 0, which obviously contradicts

I_1 ( u_{α,β}(0) ) = e^{iα} ∑ k∈Z sinh^2β cosh βk cosh β(k + 1) ≠ 0 . Example 3. Consider now the family of perturbations

X^{(ψ)}_k (u) = 4iu_k − e^{iψ}(u_{k−1} − u_{k+1})(1 + |u_k|^2) , k ∈ Z,

where ψ ∈ R. First we calculate Φ_{α,β}(S; X^{(ψ)}) with S = I_0, Φ_{α,β} ( I_0; X^{(ψ)} ) = 4iβ sin α cosh β

(sin α cosh β cos ψ − 2) .

NON-PERSISTENCE OF TRAVELLING BREATHERS FOR THE ABLOWITZ–LADIK LATTICE 5

Accordingly, no travelling breather persists if cos ψ = 0. If on the other hand cos ψ ≠ 0, then u_{α,β} may persist if sin α cosh β cos ψ = 2. For a further analysis, we evaluate (12) with S = I_1 and obtain Φ_{α,β} ( I_1; X^{(ψ)} ) = 4e^{iα} cot α (sinh β − β cosh β) cos ψ + e^{iα} cosh β Φ_{α,β} ( I_0; X^{(ψ)} ) . For cos ψ ≠ 0 therefore Φ_{α,β} ( I_1; X^{(ψ)} ) vanishes exactly if

α = α_0 = π 2 sign(cos ψ) , β = β_0 = cosh^{−1} ( 2 | cos ψ| ) , and it is easily confirmed that u_{α0,β0} indeed persists for ε > 0 with U_ε ≡ U and

σ_ε = α_0c_ε − 2 + 4ε tan ψ , c_ε = 2 sin α_0 sinh β_0 β_0 ; here, as usual, sign(0) = 0 and sign(x) =^x_{|x|} for x ≠ 0. In this example, the simple analysis of Φ_{α,β} ( I_1; X^{(ψ)} ) gives a complete picture of the persistence or non-persistence of individual travelling breathers.

Example 4. In general, an answer as satisfactory as in the last example should not be expected. If, for instance, X_k(u) = −|u_k|^2 ( u_{k+1} + u_{k−1} + i(u_{k+1} − u_{k−1}) ) − 4u_k 1 + |u_k|^2 , k ∈ Z, then again one travelling breather survives in its original form (i.e. with U_ε ≡ U ), namely

α = α_0 = π 4 , β = β_0 = cosh^{−1} √ 2 with σ_ε = σ − 4ε, c_ε = c, but for reasons explained in Example 7 below, Φ_{α,β}(S; X) ≡ 0 for S equal to any of the first integrals (14). In this case, Proposition 1 does not give any information.

Example 5. Let the perturbation X be (time-)reversible, i.e. X(u) = X(u) for all u ∈ Ω. For example, the perturbation in Example 1 above is reversible whereas the perturbations in Examples 2, 3 and 4 are not. If X is reversible, and if u is a solution of (4), then so is ~u : t → u(−t). Proposition 1 may or may not give useful information in the reversible case. Indeed, for the one-parameter family X^{(ψ)} of reversible, shift- and rotation-equivariant perturbations

X^{(ψ)}_k (u) = u_k|u_k|^2 + ψu_{k+1}|u_{k+1}|^2 , k ∈ Z, ψ ∈ R,

one obtains through an elementary computation Φ_{α,β} ( I_1; X^{(ψ)} ) = − ψ 24 sin α cosh^3 β ( 2 sinh^32β + 3e^{2iα}(2β − sinh 2β cosh 2β) ) . (15)

Since the bracketed expression does not vanish for β > 0, no travelling breather persists for ψ ≠ 0. On the other hand, Φ_{α,β} ( S; X^{(0)} ) ≡ 0 for S equal to any first integral (14).

In the light of (15) it is worth recalling that the calculations leading to Proposition 1 make sense only for travelling breathers. Due to the reversibility of X^{(ψ)}, stationary breathers – corresponding to sin α = 0 here – may well persist ([9]).

Example 6. We now consider perturbations which preserve the Hamiltonian structure of (2). More precisely, we assume that the individual equations in (4) can equivalently be written in the form u̇_k = {H_ε, u_k}_ε , k ∈ Z, (16) where 0 ≤ ε < ε_0, and both the Hamiltonian and the Poisson bracket may (smoothly) depend on ε; clearly, we require that H_0 and {·, ·}_0 equal the unperturbed Hamiltonian H and {·, ·}, respectively, as given by (6) and (7). We are going to show that Proposition 1 generally does not yield any information for this type of perturbation.

6 A. BERGER, R.S. MACKAY, AND V.M. ROTHOS

We first assume that {·, ·}_ε = {·, ·}_0 for 0 ≤ ε < ε_0, whereas the Hamiltonian H is perturbed according to H_ε = H + εH^{(1)} with H^{(1)} : Ω → R being a differentiable shift- and rotationinvariant function. Consequently, X_k(u) =^{∂H}_{∂uk}^{(1)}(1 + |u_k|^2), and an evaluation of Φ_{α,β}(I_0; X) leads to

Φ_{α,β}(I_0; X) = ∫ R ( u_0 ∂H ∂u_0 (1) − u_0 ∂H ∂u_0 (1) ) | | |_{uα,β (t)}dt = ∫_{c(α,β)}−1 0 ∑ k∈Z ( u_k ∂H ∂u_k (1) − u_k ∂H ∂u_k (1) ) = 0 for all α, β with c(α, β) ≠ 0, because H^{(1)} is real-valued and rotation-invariant. In order to calculate Φ_{α,β}(I_m; X) for m ≥ 1 we assume H^{(1)} to be locally determined in the sense that

H^{(1)}(u) = ∑ k∈Z f(u_k, . . . , u_{k+N} ) , u ∈ Ω , (17) with some N ∈ N and a rotation-invariant function f : C^{N +1} → R. Since f together with its first derivatives can be uniformly approximated by polynomials on any compact set in C^{N+1} , we focus on the special case f(u_k, . . . , u_{k+N} ) = u^{p0}_k u^{q0}_k . . . u^{pN}_{k+N} u^{qN}_{k+N} + c.c. , where p_l, q_l denote nonnegative integers not all of which are zero; to ensure rotation-invariance, ∑_N l=0(p_l − q_l) = 0. As an example, we verify that Φ_{α,β}(I_1; X) ≡ 0. In fact, as a result of an elementary calculation,

Φ_{α,β}(I_1; X) = ∫ R ( u_{−1} ∂H ∂u_0 (1) − u_1 ∂H ∂u_0 (1)) | | |_{uα,β(t)}(1 + |uα,β;0(t)|^2) dt

= − e^{iα(1+ψ)} ∫ R N∑ l=0 ( p_l |u_{α,β;l}(t)| |u_{α,β;l−1}(t)| − q_l |u_{α,β;l}(t)| |u_{α,β;l+1}(t)| ) Ψ(t) dt +

+ e^{iα(1−ψ)} ∫ R N∑ l=0 ( p_l |u_{α,β;l}(t)| |u_{α,β;l+1}(t)| − q_l |u_{α,β;l}(t)| |u_{α,β;l−1}(t)| ) Ψ(t) dt where ψ := ∑_N l=0 l(p_l − q_l) and Ψ := ∏_N l=0 |u_{α,β;l}|^{pl+ql} . Scrutinising for example the integral multiplied by e^{iα(1+ψ)}, we see that it is the sum of the two expressions, ∫ R N∑ l=0 p_l ± q_l 2 ( |u_{α,β;l}(t)| |u_{α,β;l−1}(t)| ∓ |u_{α,β;l}(t)| |u_{α,β;l+1}(t)| ) Ψ(t) dt , which have to be read, respectively, with upper and lower signs only. As a matter of fact, both expressions vanish: ∫ R N∑ l=0 p_l + q_l 2 ( |u_{α,β;l}(t)| |u_{α,β;l−1}(t)| − |u_{α,β;l}(t)| |u_{α,β;l+1}(t)| ) Ψ(t) dt =

− 1 2 sin α ∫ R N∑ l=0 (p_l + q_l) |u_{α,β;l}|^′ |u_{α,β;l}| Ψ(t) dt = − 1 2 sin α ∫ R Ψ^′(t) dt = 0 , ∫ R N∑ l=0 p_l − q_l 2 ( |u_{α,β;l}(t)| |u_{α,β;l−1}(t)| + |u_{α,β;l}(t)| |u_{α,β;l+1}(t)| ) Ψ(t) dt = ∫ R N∑ l=0 (p_l − q_l) cosh β Ψ(t) dt = cosh β N∑ l=0 (p_l − q_l) ∫ R Ψ(t) dt = 0 .

As can be seen clearly, the reason for the first equality to hold is the algebraic relations among the individual components of u_{α,β} and their derivatives, whereas the second equality follows from ∑_N l=0(p_l −q_l) = 0, i.e., from the rotation-invariance of f. An analogous yet increasingly laborious computation shows that Φ_{α,β}(I_m; X) ≡ 0 for all first integrals (14). Since |u_k(t)| ≤ sinh β for

NON-PERSISTENCE OF TRAVELLING BREATHERS FOR THE ABLOWITZ–LADIK LATTICE 7

all k ∈ Z, t ≥ 0, the aforementioned approximation argument shows that Φ_{α,β}(I_m; X) ≡ 0 for all m ∈ N_0 whenever the perturbation X is derived from the Hamiltonian (17).

A well-known Hamiltonian perturbation of the AL lattice is the so-called Salerno family X_k(u) = −|u_k|^2(u_{k−1} − 2u_k + u_{k+1}) , k ∈ Z, introduced in [11]; with 0 ≤ ε < 1 and

H_ε(u) = ∑ k∈Z ( u_k(u_{k−1} + u_{k+1}) − 2 (1 − ε)^2 log(1 + (1 − ε)|u_k|^2) + 2ε 1 − ε |u_k|^2 ) ,

{F, G}_ε = i ∑ k∈Z ( ∂F ∂u_k ∂G ∂u_k − ∂F ∂u_k ∂G ∂u_k ) ( 1 + (1 − ε)|u_k|^2 ) , the individual equations in (4) are indeed equivalent to (16). This perturbation is more general than the ones studied above because the Poisson bracket also depends on ε. However, it is readily confirmed that this variation of the Poisson bracket can be compensated for by a modification of the Hamiltonian function. More precisely, one has u̇_k = {H_ε, u_k}_ε = { ~H_ε, u_k}_0 , k ∈ Z, (18) where the modified Hamiltonian ~H_ε is given by

~H_ε(u) = H_0(u) + ε ∑ k∈Z u_k(u_{k−1} − 2u_k + u_{k+1})h(|u_k|^2) =: H_0(u) + ε ~H^{(1)}(u) ,

with the C^∞ function h defined as

h(x) := { x^{−1} log(1 + x) − 1 if x > −1, x ≠ 0 , 0 if x = 0 .

Evidently, ~H^{(1)} is of the form (17), and consequently Proposition 1 does not give any information for the Salerno family: Φ_{α,β}(S; X) ≡ 0 for all first integrals (14).

In general, it may not be possible to represent a Hamiltonian perturbation through a perturbation of the Hamiltonian function alone as in (18), even up to O(ε^2) terms. However, the prospects of fruitfully applying Proposition 1 are, as a rule, not improved by this generalisation. Specifically, let H_ε = H_0 + εH^{(1)} + O(ε^2) , {·, ·}_ε = {·, ·}_0 + ε[·, ·] + O(ε^2) .

Comparing (4) and (16) yields, for all k ∈ Z,

X_k(u) = ∂H ∂u_k (1) (1 + |u_k|^2) + i[H_0, u_k] + iε[H^{(1)}, u_k] + O(ε^2)

=: X^{(1)}_k (u) + X^{(2)}_k (u) + εX^{(3)}_k (u) + O(ε^2) , so that X_k itself depends on ε. As explained above, Φ_{α,β} ( I_m; X^{(1)} ) ≡ 0 holds for all m ∈ N_0 under fairly mild assumptions. If in addition Φ_{α,β} ( I_m; X^{(2)} ) = 0, then the ε-dependence of X rules out any conclusion in the spirit of Proposition 1 to be drawn from (10), because the different orders of ε may no longer be distinguished clearly. To make use of (10) one would have to independently evaluate ∂ ∂ε ∫ R ( ∂S ∂u_0 ( X^{(1)}_0 + X^{(2)}_0 ) − ∂S ∂u_0 ( X^{(1)}_0 + X^{(2)}_0 ) )

at ε = 0, which clearly is impossible without further information about u^{(ε)}. For the concrete example of the Salerno family,

H^{(1)}(u) = −4 ∑ k∈Z log(1 + |u_k|^2) + 2 ∑ k∈Z 2|u_k|^2 + |u_k|^4 1 + |u_k|^2 [F, G] = −i ∑ k∈Z ( ∂F ∂u_k ∂G ∂u_k − ∂F ∂u_k ∂G ∂u_k ) |u_k|^2

8 A. BERGER, R.S. MACKAY, AND V.M. ROTHOS

and thus

X^{(2)}_k (u) = − ∂H_0 ∂u_k |u_k|^2 , X^{(3)}_k (u) = − ∂H ∂u_k (1) |u_k|^2 , k ∈ Z. It is easy to check that Φ_{α,β} ( I_m; X^{(2)} ) ≡ 0 for all m ∈ N_0. Even if Φ_{α,β} ( I_1; X^{(3)} ) did not vanish, this fact could not be used to deduce non-persistence of any travelling breather.

Thus to pursue the question of persistence of travelling breathers under Hamiltonian perturbations one will need to use another method. Probably results can be obtained by considering the existence problem as one of homoclinic orbits to a saddle-centre equilibrium for an associated advance-delay differential equation, as proposed by the second author several years ago. Such an approach has been implemented by Iooss and Kirchg”assner for small amplitude travelling solutions of a Klein–Gordon chain, but the analysis presented in [7] does not reach far enough to obtain conditions for solutions that go to zero at plus and minus infinity. The expected conditions are that certain quantities which describe the interaction with phonons travelling at the same phase velocity must all vanish.

Example 7. It is an all-important property of the breather solutions u_{α,β} of (1) that they are invariant under the skew-flip combined with a time-reversal, that is, u_{α,β}(t) = ηu_{α,β}(−t) holds for all α, β and t ∈ R. Also, if S equals any of the first integrals (14) then S ∘ η = S. This latter property implies that ∂S ∂u_k ∘ η = ∂S ∂u_{−k} , ∂S ∂u_k ∘ η = ∂S ∂u_{−k} , k ∈ Z. Assume now that the perturbation X satisfies X ∘ η = η ∘ X. In this case

Φ_{α,β}(S; X) = ∫ R (( ∂S ∂u_0 X_0 ) ∘ η − ∂S ∂u_0 X_0 ) | | |_{uα,β(t)} = ∫ R ∂S ∂u_0 X_0|_{uα,β(−t)} − ∫ R ∂S ∂u_0 X_0|_{uα,β(t)} = 0

for all α, β, provided that S ∘ η = S. Therefore, if the function S and the perturbation X are, respectively, invariant and equivariant under the skew-flip, then Proposition 1 does not provide any information. It is easily checked that in this case, with u being a solution of (4), the Ω-valued function ~u : t → ηu(−t) defines a solution of (4), too. To any travelling breather thus corresponds a breather of skewflipped shape which travels into the opposite direction with the same speed. These two solutions cannot be distinguished by means of Φ_{α,β}(S; X). As in the case of Hamiltonian perturbations, ruling out the persistence of travelling breathers in this more symmetric (and hence more degenerate) situation will require additional tools. This observation pertains to Examples 1, 4, the ψ = 0 case in Example 5 as well as the Salerno family.

Remark 3. For the perturbations studied in this article, Φ_{α,β}(S; X) vanishes identically for any first integral S from (14) only if either X is Hamiltonian or X ∘ η = η ∘ X. (Both properties hold simultaneously for the Salerno family.) Thus besides Hamiltonian perturbations of (2) skew-flip equivariant perturbations apparently play a very special role for the AL lattice. In this context it is interesting to note that skew-flip symmetry is analogous to CPT symmetry in quantum field theory (see [13]), believed to be an inviolable symmetry of nature.

Acknowledgments. The first author was supported by the European Commission Research Training Network Locnet (HPRN-CT-1999-00163); the third author was supported by a European Commission Postdoctoral TMR Fellowship (ERBFMBICT983236).

NON-PERSISTENCE OF TRAVELLING BREATHERS FOR THE ABLOWITZ–LADIK LATTICE 9

REFERENCES

[1] M.J. Ablowitz, J.F. Ladik, Nonlinear differential-difference equations and Fourier analysis, J. Math. Phys.

17(1976), 1011–1018.

[2] S. Aubry, Breathers in nonlinear lattices: Existence, linear stability and quantization, Phys. D 103(1997), 201–250.

[3] S. Aubry, T. Cretegny, Mobility and reactivity of discrete breathers, Phys. D 119(1998), 34–46. [4] D. Bambusi, D. Vella, Quasi periodic breathers in Hamiltonian lattices with symmetries. Discrete Contin.

Dyn. Syst. Ser. B 2(2002), 389–399.

[5] S. Flach, K. Kladko, Moving discrete breathers?, Phys. D 127(1999), 61–72. [6] S. Flach, C.R. Willis, Discrete breathers, Phys. Rep. 295(1998), 181–264.

[7] G. Iooss, K. Kirchg”assner, Travelling waves in a chain of coupled nonlinear oscillators, Comm. Math.

Phys. 211(2000), 439–464.

[8] R.S. MacKay, Discrete breathers: classical and quantum, Phys. A 288(2000), 174–198. [9] R.S. MacKay, S. Aubry, Proof of existence of breathers for time-reversible or Hamiltonian networks of weakly coupled oscillators, Nonlinearity 7(1994), 1623–1643.

[10] M. Remoissenet, “Waves Called Solitons. Concepts and experiments”, Springer-Verlag, 1994. [11] M. Salerno, Quantum deformation of the discrete nonlinear Schr”odinger equation, Phys. Rev. A 46(1992), 6856–6859.

[12] A.V. Savin, Y. Zolotaryuk, J.C. Eilbeck, Moving kinks and nanopterons in the nonlinear Klein–Gordon lattice, Phys. D 138(2000), 267–281.

[13] S. Weinberg, “The Quantum Theory of Fields”, Vol. 1: Foundations, Cambridge University Press, 1995.

Received February 2003; revised May 2003.

E-mail address: arno.berger@tuwien.ac.at E-mail address: mackay@maths.warwick.ac.uk E-mail address: v.m.rothos@mcs.le.ac.uk