Existence and Stability of 3-site Breathers in a Triangular Lattice

Vassilis Koukouloyannis† and Robert S. MacKay‡

†Theoretical Mechanics, Department of Physics, Aristoteleion University of Thessaloniki, 54124 Thessaloniki, Greece ‡Mathematics Institute, University of Warwick, Coventry CV4 7AL, UK

E-mail: vkouk@physics.auth.gr

Abstract. We find conditions for existence and stability of various types of Discrete Breather concentrated around three central sites in a triangular lattice of one-dimensional Hamiltonian oscillators with on-site potential and nearest-neighbor coupling. In particular, we confirm that it can support non-reversible breather solutions, despite the time-reversible character of the system. They carry a net energy flux and can be called “vortex breathers”. We prove that there are parameter regions for which they are linearly stable, for example in a lattice consisting of coupled Morse oscillators, whereas the related reversible breathers are unstable. Thus non-reversible breathers can be physically relevant.

Submitted to: J. Phys. A: Math. Gen.

PACS numbers: 63.20.Pw, 05.45.-a

1. Introduction

A large amount of work has been done recently in the field of Discrete Breathers i.e. spatially localised time-periodic motions in extended systems of coupled oscillators, since the numerical evidence of existence of this kind of motion in [14] and precursors. Apart from systems with a phase rotation symmetry, the first existence proof of breathers in discrete systems was provided in [9]. This paper concentrated mainly on time-reversible breathers, but a setting which could support non-reversible solutions was also proposed, specifically, a two-dimensional triangular lattice (figure 1) consisting of one degree of freedom Hamiltonian oscillators with nearest-neighbor coupling through the coupling constant ε. The Hamiltonian of the full system is

H = H_0 + εH_1 = ∞∑ i,j=−∞

p^2_{ij} 2 + V (x_{ij} ) + ε 2 ∞∑ i,j=−∞ { (x_{ij} − x_{i−1,j})^2 + (x_{ij} − x_{i−1,j+1})^2+

+ (x_{ij} − x_{i,j−1})^2 + (x_{ij} − x_{i,j+1})^2 + (x_{ij} − x_{i+1,j−1})^2 + (x_{ij} − x_{i+1,j} )^2 } , and it is assumed that the potential V of the oscillator possesses a stable equilibrium at (x, p) = (0, 0), with V^{′′}(0) = ω^2_{ph} > 0. It is time-reversible with respect to the involution p → −p.

Figure 1. The lattice

It was proposed in [9] that this lattice supports non-reversible space-localised and time-periodic motions, carrying a non-zero mean energy flux, in the form of a rotating wave, which we will call here a “vortex breather”. Here we prove this claim, in suitable parameter regions, and furthermore prove that they can be linearly stable. Thus nonreversible breathers, in particular vortex breathers, can be physically significant. Indeed, some have recently been observed in experiments on interacting optical waveguides [12, 4]. Our analytical work complements the numerical work of Cretegny and Aubry who computed more general non-reversible multibreathers [2, 3] and also found them sometimes to be linearly stable. Similar results have been obtained by Kevrekidis and Malomed [5, 11], who called such breathers “discrete vortex solitons”, but their analysis is limited to the special case of DNLS systems.

2. The method of proof of existence of breathers

The strategy of existence proof for vortex breathers envisaged in [9] was to restrict attention to functions of time on the lattice with the property that x_{R(s)}(t) = x_s(t+T/3) for all sites s and times t, where R is rotation of the lattice by 2π/3 about the centre of a chosen triangle of sites and T a candidate period, and continue the obvious 3- site solution from the uncoupled limit. This restriction removes the relative phase-shift degeneracy of the general uncoupled multibreather, making the continuation problem non-degenerate.

To allow for computation of their stability, however, and also to make a simultaneous treatment of all symmetry types and to permit potential generalisation to situations with no particular spatial symmetry, here we use a general method for existence of multibreathers, which determines how the coupling resolves the relative phase-shift degeneracy, following the lines of [6, 1, 10, 8].

In the limit ε → 0, we consider the three encircled oscillators of figure 1 moving in identical periodic orbits with period T but in arbitrary phases (rationally related periods could also be considered, but we intend to make use of the 2π/3 rotation symmetry of the lattice). From now on we call these oscillators “central” and denote them by the indices 1, 2, 3. This state defines a trivially localised and time-periodic motion with period T . We seek conditions under which this motion can be continued for ε ≠ 0 to provide a breather, and we seek to determine the linear stability of the resulting solutions. We apply the action-angle canonical transformation to the central oscillators. The system is described now by the set of variables (x_{ij} , p_{ij}, w_k, I_k) with k ∈ S and i, j ∈ Z^2 \ S where S is the set of “central” oscillators. So the above mentioned unperturbed periodic orbit is described at time t by z_0(t) = (x_{ij} (t), p_{ij}(t), w_k(t), I_k(t)) with z_0(t + T ) = (x_{ij} (t), p_{ij}(t), w_k(t) + 2π, I_k(t)).

In [1] (extended in [8] and [10]) it is proven that under the non-resonance condition 2πn/T ≠ ω_{ph}∀n ∈ Z there is an effective Hamiltonian H^{eff} whose critical points correspond to periodic orbits (in fact breathers) of the full system for ε small enough. The effective Hamiltonian is defined by

H^{eff} (J_1, J_2, A, ϕ_1, ϕ_2) = 1 T ∮ H ∘ z(t) dt,

where z is a periodic path in the phase space obtained by a continuation procedure for given relative phases ϕ, relative momenta J and symplectic “area” A. In the lowest order of approximation, the unperturbed orbit z_0 can be taken for z. In our case, this coincides with the averaged Hamiltonian over an angle, for example w_3 = ω_3t + w_{30} , due to the linear relationship of w_3 with t. Since, by construction, the resulting effective Hamiltonian does not depend on the selected angle w_3, a canonical transformation to the “central” oscillators is induced ϑ = w_3 ϕ_1 = w_1 − w_3 ϕ_2 = w_2 − w_3

A = I_1 + I_2 + I_3 J_1 = I_1 J_2 = I_2

Existence and Stability of 3-site Breathers in a Triangular Lattice 4

and, in the lowest order of approximation, the effective Hamiltonian becomes

H^{eff} = H_0(J_1, J_2, A) + ε⟨H_1⟩(J_1, J_2, A, ϕ_1, ϕ_2), (1)

where ⟨H_1⟩ = 1 T ∮ H_1dt

which coincides with ⟨H_1⟩_{w3} , the average value of H_1 over the angle w_3 . Note that since H^{eff} is independent of ϑ, A is a constant of motion.

As we have already mentioned, the critical points of this effective Hamiltonian correspond to breathers. But for non-degenerate critical points, to leading order in ε this condition reduces to the conditions

∂⟨H_1⟩ ∂ϕ_i

= 0 i = 1, 2 ,

which coincides with the result of [6].

The linear stability of the fixed point of H^{eff} determines also the linear stability of the breather. This is proven in [1] for the first order approximation to H^{eff} , under the assumption of distinct eigenvalues of the first order matrix, and in [8] for the general case. The linear stability of this point is determined by the eigenvalues of the matrix

E = ΩD^2H^{eff} , where Ω = ( 0 −I I 0 ) and I the 2×2 identity matrix. More specifically,

the form of the stability matrix is

E = −^{∂2Heff}

∂ϕ_1∂J_1 −

∂^2H^{eff} ∂ϕ_1∂J_2 −

∂^2H^{eff}

∂ϕ^2_1 −

∂^2H^{eff} ∂ϕ_1∂ϕ_2

−^{∂2Heff}

∂ϕ_2∂J_1 −

∂^2H^{eff} ∂ϕ_2∂J_2 −

∂^2H^{eff} ∂ϕ_2∂ϕ_1 −

∂^2H^{eff} ∂ϕ^2

∂^2H^{eff} ∂J^2_1

∂^2H^{eff} ∂J_1∂J_2

∂^2H^{eff} ∂J_1∂ϕ_1

∂^2H^{eff} ∂J_1∂ϕ_2

∂^2H^{eff} ∂J_2∂J_1

∂^2H^{eff} ∂J^2_2

∂^2H^{eff} ∂J_2∂ϕ_1

∂^2H^{eff} ∂J_2∂ϕ_2

or to first order in ε, by taking (1) into consideration,

E = −ε^{∂2⟨H1⟩}

∂ϕ_1∂J_1 −ε

∂^2⟨H_1⟩ ∂ϕ_1∂J_2 −ε

∂^2⟨H_1⟩

∂ϕ^2_1 −ε

∂^2⟨H_1⟩ ∂ϕ_1∂ϕ_2

−ε^{∂2⟨H1⟩}

∂ϕ_2∂J_1 −ε

∂^2⟨H_1⟩ ∂ϕ_2∂J_2 −ε

∂^2⟨H_1⟩ ∂ϕ_2∂ϕ_1 −ε

∂^2⟨H_1⟩ ∂ϕ^2 ∂^2H_0 ∂J^2_1 + ε

∂^2⟨H_1⟩ ∂J^2_1

∂^2H_0 ∂J_1∂J_2 + ε

∂^2⟨H_1⟩ ∂J_1∂J_2 ε

∂^2⟨H_1⟩ ∂J_1∂ϕ_1 ε

∂^2⟨H_1⟩ ∂J_1∂ϕ_2

∂^2H_0 ∂J_2∂J_1 + ε

∂^2⟨H_1⟩ ∂J_2∂J_1

∂^2H_0 ∂J^2_2 + ε

∂^2⟨H_1⟩

∂J^2_2 ε

∂^2⟨H_1⟩ ∂J_2∂ϕ_1 ε

∂^2⟨H_1⟩ ∂J_2∂ϕ_2

. (2)

If the eigenvalues of matrix (2) lie on the imaginary axis and are simple to first order in ε (or have definite “signature”, to be explained later) then for small enough ε the discrete breather is linearly stable.

3. Analysis for a lattice with a general on-site potential

3.1. Existence of solutions We consider a lattice like that described in section 1, without specifying the potential of the oscillators. The solution of an uncoupled one-dimensional oscillator is then described by x(t) = ∞∑ n=0 A_n(I) cos nw = ∞∑ n=0 A_n(I) cos [n(ωt + ϑ)] (3)

In order to calculate the breather solutions on this lattice we have to calculate first the average value of H_1 along the unperturbed periodic orbit described in the previous section. Now

H_1 = 1 2 [ (x_1 − x_2)^2 + (x_2 − x_3)^2 + (x_1 − x_3)^2 ] = x^2_1 + x^2 + x^2_3 − x_1x_2 − x_1x_3 − x_2x_3.

Since the squared terms are independent of ϕ_i we will see they do not contribute, so we deal only with the mixed terms. We calculate first

I_1 =

∫_T 0 x_1x_3dt,

and drop the terms which are independent of ϕ_i. Using (3) this becomes

I_1 =

∫_T 0 ∞∑ n=1 ∞∑ s=1 A_{1n}(J_1) cos(nw_1)A_{3s}(J_3) cos(sw_3)dt = ∞∑ n=1 ∞∑ s=1 A_{1n}(J_1)A_{3s}(J_3)

∫_T 0 cos[n(ω_1t + w_{10} )] cos[s(ω_3t + w_{30} )]dt = ∞∑ n=1 ∞∑ s=1 A_{1n}A_{3s} 2 ∫_T 0 ({cos[n(ω_1t + w_{10} ) + s(ω_3t + w_{30} )] + cos[n(ω_1t + w_{10} ) − s(ω_3t + w_{30} )]} dt

and since ω_1 = ω_3 by choice,

I_1 = ∞∑ n=1 A_{1n}A_{3n} 2 ∫_T 0 cos[n(w_{10} − w_{30} )]dt = ∞∑ n=1 A_{1n}A_{3n}T 2 cos(nϕ_1),

where as we have already mentioned ϕ_1 = w_1 − w_3 = w_{10} − w_{30} . In the same way, by putting ϕ_2 = w_2 − w_3 = w_{20} − w_{30} and ϕ_3 = w_2 − w_1 = w_{20} − w_{10} = ϕ_2 − ϕ_1, we calculate

I_2 = ∞∑ n=1 A_{2n}A_{3n}T 2 cos(nϕ_2) and I_3 = ∞∑ n=1 A_{1n}A_{2n}T 2 cos(nϕ_3).

So, we finally obtain

⟨H_1⟩ = C(J) − 1 2 {_∞ ∑ n=1 A_{1n}A_{3n} cos nϕ_1 + A_{2n}A_{3n} cos nϕ_2 + A_{1n}A_{2n} cos nϕ_3 } . Note that the three angle variables are not independent. In the following we assume that ϕ_3 depends on the other two according to the relation ϕ_3 = ϕ_2 − ϕ_1. Bearing that in mind and using the fact that I_1 = I_2 = I_3 and consequently A_{1n} = A_{2n} = A_{3n} = A_n, the condition for periodic orbits to leading order in ε becomes

∂⟨H_1⟩ ∂ϕ_1 = 1 2 ∞∑ n=1 nA^2_n (sin nϕ_1 − sin nϕ_3) = 0

∂⟨H_1⟩ ∂ϕ_2 = 1 2 ∞∑ n=1 nA^2_n (sin nϕ_2 + sin nϕ_3) = 0.

This is satisfied for all choices of harmonic content if ∀n ∈ N,

sin(nϕ_1) − sin[n(ϕ_2 − ϕ_1)] = 0 sin(nϕ_2) + sin[n(ϕ_2 − ϕ_1)] = 0.

This system has at least the solutions

ϕ_1 = 0 ϕ_2 = 0 ϕ_1 = 0 ϕ_2 = π ϕ_1 = π ϕ_2 = 0 ϕ_1 = π ϕ_2 = π

which correspond to time-reversible breather-solutions, and the solutions

ϕ_1 =^{2π}_3 ϕ_2 =^{4π}_3

ϕ_1 =^{4π}_3 ϕ_2 =^{2π}_3

which correspond to non–reversible breather solutions. Under non-degeneracy assumptions, these leading order in ε solutions have unique continuations to true solutions. The true solutions have the same symmetry properties as the leading order ones, by uniqueness of the continuation. Note that due to the symmetry of the system under rotation by an angle δ =^{2π}_3 , the time-reversible solutions of the system can be grouped in two classes. The first has the “central” oscillators moving in phase and the second has one of the “central” oscillators moving in anti-phase with the other two. Depending on the type of the oscillator (i.e. the sequence (A_n)), we could have other solutions also, but we will not examine that possibility here.

3.2. Stability of the calculated solutions

In order to evaluate the linear stability of the solutions, we need to evaluate the eigenvalues of the stability matrix E. Bearing always in mind that ϕ_3 = ϕ_2 − ϕ_1, its various components are calculated as

∂^2⟨H_1⟩ ∂ϕ^2_1 = 1 2 ∞∑ n=1 n^2A^2_n (cos nϕ_1 + cos nϕ_3) = f_1 + f_3

∂^2⟨H_1⟩ ∂ϕ^2 = 1 2 ∞∑ n=1 n^2A^2_n (cos nϕ_2 + cos nϕ_3) = f_2 + f_3

∂^2⟨H_1⟩ ∂ϕ_1∂ϕ_2 = − 1 2 ∞∑ n=1 n^2A^2_n (cos nϕ_3) = −f_3

with f_i = f(ϕ_i) = 1 2 ∞∑ n=1 n^2A^2_n (cos nϕ_i) .

We have also ∂^2H_0 ∂J^2_1

= 2c

∂^2H_0 ∂J_1∂J_2 = c ∂^2H_0 ∂J^2_2

= 2c

with c = dω dJ . On the other hand if we put

g_i = g(ϕ_i) = ∞∑ n=1 nA_n

∂A_n ∂I sin nϕ_i

then, ∂^2⟨H_1⟩ ∂ϕ_1∂J_1

= g_3

∂^2⟨H_1⟩ ∂ϕ_1∂J_2

= g_1 + g_3

∂^2⟨H_1⟩ ∂ϕ_2∂J_1

= g_2 − g_3

∂^2⟨H_1⟩ ∂ϕ_2∂J_2

= −g_3

So the stability matrix (2) becomes

E = −εg_3 −ε(g_1 + g_3) −ε(f_1 + f_3) εf_3 −ε(g_2 − g_3) εg_3 εf_3 −ε(f_2 + f_3)

2c + ε

∂^2⟨H_1⟩ ∂J^2_1 c + ε

∂^2⟨H_1⟩ ∂J_1∂J_2 εg_3 ε(g_2 − g_3)

c + ε

∂^2⟨H_1⟩ ∂J_1∂J_2

2c + ε

∂^2⟨H_1⟩ ∂J^2_2 ε(g_1 + g_3) −εg_3 (4)

The eigenvalues of the matrix for the first class of time-reversible solutions with ϕ_1 = ϕ_2 = 0 are to leading order of approximation

λ_{1,2,3,4} = ± √ −3cf(0) √ ε + O(ε).

Since f(0) = 1 2 ∞∑ n=1 n^2A^2_n > 0

the sign of the anharmonicity c determines the linear stability of the breather. If εc < 0 the specific solution is unstable, while for εc > 0 the leading order calculation suggests linear stability but since up to this order the eigenvalues have multiplicity two, which can lead to complex instability, we have to perform a symplectic signature analysis as is described in [7]. For the specific case, with f(0) = f it is

D^2H^{eff} =

2c c 0 0 c 2c 0 0 0 0 2εf −εf 0 0 −εf 2εf ,

which leads to the quadratic form

δ^2H = 3 2 c (J_1 + J_2)^2 + 1 2 c (J_1 − J_2)^2 + 1 2 εf (ϕ_1 + ϕ_2)^2 + 3 2 εf (ϕ_1 − ϕ_2)^2 ,

which is definite if εc > 0, and thus the breather remains linearly stable for all small perturbations.

For the other class of solutions with at least one ϕ_i = π the eigenvalues of the stability matrix E are

λ_{1,2} = ± √ −c(2f(0) + f(π)) √ ε + O(ε), λ_{3,4} = ± √ −3cf(π) √ ε + O(ε).

Since f(π) = 1 2 ∞∑ n=1 (−1)^nn^2A^2_n

we cannot know its sign in general, but from the above we conclude that

2f(0) + f(π) > 0.

So in order to have both pairs of eigenvalues in the imaginary axis, i.e. this class of solutions to be linearly stable, we need f(π) and εc > 0.

The eigenvalues of the matrix for the non-reversible solutions are for both cases

λ_{1,2,3,4} = ±i √ 3cf √ ε + O(ε)

with f = f ( 2π 3 ) = f ( 4π 3 ) = ∞∑ n=1 (−1)^nn^2A^2_n cos (nπ 3 ) and g = g ( 2π 3 ) = −g ( 4π 3 ) = ∞∑ n=1 (−1)^{n+1}nA_n

∂A_n ∂I sin (nπ 3 )

The leading order of these eigenvalues implies linear stability if εcf > 0, but since, up to this order of approximation, the multiplicity of the eigenvalues is two we perform a symplectic signature analysis. Now

ϕ_2 = 4π 3 ϕ_1 = 2π 3 ⇒ ϕ_3 = ϕ_2 − ϕ_1 = 2π 3 , so for this solution

f_1 = f_2 = f_3 = f, g_1 = g_3 = g and g_2 = −g.

So D^2H^{eff} becomes

D^2H^{eff} =

2c c εg −2εg c 2c 2εg −εg εg 2εg 2εf −εf −2εg −εg −εf 2εf .

Consequently the corresponding quadratic form is

δ^2H = 2cJ^2_1 +2cJ_1J_2+2cJ^2_2 +2εgJ_1ϕ_1+4εgJ_2ϕ_1+2εfϕ^2_1−4εgJ_1ϕ_2−2εgJ_2ϕ_2−2εfϕ_1ϕ_2+2εfϕ^2,

which can be expressed as

δ^2H = c 2 ( 2J_1 + J_2 + εg c (ϕ_1 − 2ϕ_2)

)_2 + 3c 2 ( J_2 + εgϕ_1 c )_2 + ε 2 ( f − εg^2 c ) (ϕ_1 + ϕ_2)^2 + 3ε 2 ( f − εg^2 c ) (ϕ_1 − ϕ_2)^2 ,

which is definite if εfc > 0 and ε is small enough, and so the discrete breather remains linearly stable for all small perturbations. Note that g is not used to extract our results, so we don’t need to compute it, as we can see also in the following example.

4. The Morse oscillator

We apply the previous analysis to a triangular lattice consisting of Morse oscillators. The Hamiltonian of the Morse oscillator is

H_M = p^2 2 + ( e^{−x} − 1

)_2 . The solution of the corresponding system in the domain of bounded motion is

x(t) = ln 1 − √ E cos (√ 2(1 − E)t + ϑ ) 1 − E .

The Fourier series of this solution is, [13]

x(t) = C_0 − 2 ∞∑ s=1 s^{−1}e^{−sa} cos [ s( √ 2(1 − E) t + ϑ) ] , where E is the pertinent value of the total energy for the specific orbit, cosh a = E^{− 1}2 and C_0 a factor independent of t. By applying the method of the previous section, we obtain for the average value of H_1

⟨H_1⟩ = 2 {∫ arctan sin ϕ_1 z_1 − cos ϕ_1 dϕ_1 + ∫ arctan sin ϕ_2 z_2 − cos ϕ_2 dϕ_2 + ∫ arctan sin ϕ_3 z_3 − cos ϕ_3 dϕ_3 } +C(J),

where as before ϕ_3 = ϕ_2 − ϕ_1, C(J) is independent of ϕ, and

z_1 = e^{a1 +a3} , z_2 = e^{a2 +a3} , z_3 = e^{a1 +a2} .

Since the central oscillators are moving in identical orbits we have a_i = a and z_i = z = e^{2a}. The only critical points of the corresponding effective Hamiltonian are those we mentioned in the previous section. Next, we calculate the components of the stability matrix for the specific case. Let

f_i = 2 z cos ϕ_i − 1 1 + z^2 − 2z cos ϕ_1 , then ∂^2⟨H_1⟩ ∂ϕ^2_1

= f_1 + f_3

∂^2⟨H_1⟩ ∂ϕ_1∂ϕ_2

= −f_3

∂^2⟨H_1⟩ ∂ϕ^2

= f_2 + f_3.

The form of the unperturbed part of the Hamiltonian, in action-angle variables, is

H_0(I_1, I_2, I_3) = 1 2 (2 √ 2I_1 + 2 √ 2I_2 + 2 √ 2I_3 − I^2_1 − I^2_2 − I^2_3 ). So, ∂^2H_0 ∂J^2_1

= −2

∂^2H_0 ∂J_1∂J_2

= −1

∂^2H_0 ∂J^2_2

= −2.

Then the form of the stability matrix for the Morse oscillator coincides with that of (4). The eigenvalues for the reversible solutions are to leading order of approximation, for the first class of time-reversible solutions

λ_{1,2,3,4} = ± √ 6 z − 1 √ ε + O(ε), while for the second they are

λ_{1,2} = ± √ 2 z + 3 z^2 − 1 √ ε + O(ε), λ_{3,4} = ±i √ 6 1 + z √ ε + O(ε).

This means that the time-reversible solutions are unstable. The eigenvalues of the matrix E for the non-reversible solutions are

λ_{1,2,3,4} = ±i √ 3 2 + z 1 + z + z^2 √ ε + O(ε),

which means, using also the results of the previous section, that these solutions are linearly stable.

5. Conclusions

We proved the existence of various 3-site breathers in this triangular lattice, both timereversible and non-reversible; the latter are “vortex breathers”. After that we examined their linear stability and extracted general stability criteria. In particular, we found that the rotating wave solutions in the Morse-triangular lattice are linearly stable, while the time-reversible ones are unstable. So, in that specific case, the non-reversible solutions are the important ones.

Acknowledgments

Our collaboration was supported by a visiting studentship for V. Koukouloyannis to the EC Doctoral Training Site in Dynamical Systems at Warwick, in the Autumn of 2003.

[1] T. Ahn, R.S. MacKay, and J-A. Sepulchre. Dynamics of relative phases: Generalised multibreathers. Nonlinear Dynamics, 25:157–182, 2001.

[2] T. Cretegny and S. Aubry. Spatially inhomogeneous time-periodic propagating waves in anharmonic systems. Physical Review B, 55:11929, 1997.

[3] T. Cretegny and S. Aubry. Patterns of energy flux in periodic solutions of Klein-Gordon lattices.

Physica D, 113:162–165, 1998.

[4] J.W. Fleischer, G. Bartal, O. Cohen, O. Manela, M. Segev, J. Hudock, and D.N. Christodoulides.

Observation of vortex-ring discrete solitons in 2D photonic lattices. Physical Review Letters, 92:123904, 2004.

[5] P.G. Kevrekidis, B.A. Malomed, and Yu.B. Gaididei. Solitons in triangular and honeycomb dynamical lattices with the cubic nonlinearity. Physical Review E, 66:016609, 2002.

[6] V. Koukouloyannis and S. Ichtiaroglou. Existence of multibreathers in chains of coupled onedimensional Hamiltonian oscillators. Physical Review E, 66:066602, 2002.

[7] R. S. MacKay. Stability of equilibria of Hamiltonian systems. In S. Sarkar, editor, Nonilinear Phenomena and Chaos, pages 254–270. Institute of Physics, 1986.

[8] R. S. MacKay. Slow manifolds. In T. Dauxois, A. Litvak-Hinenzon, R.S. MacKay, and A. Spanoudaki, editors, Energy localisation and Transfer, pages 149–192. World Scientific, 2004.

[9] R. S. MacKay and S. Aubry. Proof of existence of breathers for time-reversible or Hamiltonian networks of weakly coupled oscillators. Nonlinearity, 7:1623–1643, 1994.

Existence and Stability of 3-site Breathers in a Triangular Lattice 12

[10] R. S. MacKay and J-A. Sepulchre. Effective Hamiltonian for travelling discrete breathers. Journal of Physics A, 35:3985–4002, 2002.

[11] B.A. Malomed and P.G. Kevrekidis. Discrete vortex solitons. Physical Review E, 64:026601, 2001. [12] D.N. Neshev, T.J. Alexander, E.A. Ostrovskaya, Y.S. Kivshar, H. Martin, I. Makasyuk, and Z. Chen. Observation of discrete vortex solitons in optically induced photonic lattices. Physical Review Letters, 92:123903, 2004.

[13] F. Oberhettinger. Fourier Expansions: A Collection of Formulas. Academic Press, New York, 1973.

[14] A.J. Sievers and S. Takeno. Intrinsic localized modes in anharmonic crystals. Physical Review Letters, 61:970–973, 1988.