The Optimal Constant in Wente’s L1 Estimate

Peter Topping

Abstract

We explore some geometric aspects of compensation compactness associated to Jacobian determinants. We provide the optimal constant in Wente’s inequality - the original motivation of this work - and go on to give various extensions to geometric situations. In fact we improve Wente’s inequality somewhat, making it more appropriate for applications in which optimal results are required. This is demonstrated when we prove an optimal inequality for immersed surfaces of constant mean curvature in R^3, contolling their diameter in terms of their area and curvature.

1 Introduction

Given a map u ∈ H^1(R^2, R^2) it is clear that det(∇u) ∈ L^1(R^2, R). However, over the past thirty years it has become clear that such quantities det(∇u) posess further ‘regularity’ properties. The earliest observations of this form seem to be due to Wente [10] whilst more modern work [5] has established that det(∇u) lies in the Hardy space H^1 ⊂ L^1.

Experience has shown that the quantity det(∇u) arises in, or can be extracted from, a large number of partial differential equations from geometry and physics. At the heart of many of these situations has been the problem { −Δφ = det(∇u) in Ω, φ = 0 on ∂Ω. (1) Moreover, it has been the crucial step in many situations to control φ in L^∞. In particular this provides control of ∇φ in L^2 and the continuity of φ via simple arguments. Whilst Δφ ∈ L^1 is not sufficient to control φ in L^∞, the slightly stronger statement Δφ ∈ H^1 is indeed enough. More modern applications of these improved regularity phenomena have called for optimal constants in the estimates. A large number of references may be found in the forthcoming book of Frédéric Hélein [9].

Prior to this work it was known (see [11], [1] and [3]) that in the case that Ω = D, the 2-disc (and consequently for any simply connected domain Ω by the conformal invariance of the problem) we have the estimate ‖φ‖_L1_{(Ω)} ≤ 1 4π ‖∇u‖^2_L2_{(Ω)}

for solutions of (1). Examples of Baraket in [1] show that the constant^1_{4π} is the best we can hope for in such an estimate (whatever the domain Ω). For general Ω, Bethuel and Ghidaglia [2] (see also [4]) established that ‖φ‖_L1_{(Ω)} ≤ 13‖∇u‖^2_L2_{(Ω)}. (2) In this work we prove such an estimate for general Ω, but with an optimal constant.

Theorem 1 Suppose Ω is a bounded domain in R^2 with regular boundary, and u ∈ H^1(Ω, R^2). Then if φ is the unique solution in W^{1,1}_0 (Ω, R) to (1), we have the estimate

‖φ‖_L1_{(Ω)} ≤ 1 4π ‖∇u‖^2_L2_{(Ω)}. (3)

We refer to (3) as ‘Wente’s inequality.’ It is clear from our proof that there is equality in (3) only when u is constant (on connected components of Ω).

Theorem 1 follows from a more general inequality in which equality is much easier to obtain. To state this, we must define the quantity ω(u) = 1 2 (| | | ∂u ∂x | | | 2 − | | | ∂u ∂y | | | 2 − 2i ⟨ ∂u ∂x , ∂u ∂y ⟩) . We note that both 2ω(u)dz^2 and^1_2 ω(u)dz^2 (where z = x + iy) are often referred to as the ‘Hopf differential,’ the latter being the (2, 0) part of the pullback under u of the metric tensor on R^2. A priori we have the pointwise estimate |ω(u)| ≤^1_2 |∇u|^2, and so defining the global quantities E(u) = 1 2 ∫ Ω |∇u|^2, Θ(u) = ∫ Ω |ω(u)| (so E is the usual Dirichlet energy) we have the inequality Θ(u) ≤ E(u). We remark that Θ(u) measures, in some sense, the extent to which u is not conformal.

Our generalisation of Wente’s inequality is then as follows.

Theorem 2 Suppose Ω is a bounded domain in R^2 with regular boundary, and u ∈ H^1(Ω, R^2). Then if φ is the unique solution in W^{1,1}_0 (Ω, R) to (1), we have the estimate

‖φ‖_L1_{(Ω)} ≤ 1 4π (E(u) + Θ(u)) . (4)

The a priori inequality E(u) + Θ(u) ≤ ‖∇u‖^2_L2_{(Ω)}

ensures that Theorem 2 indeed generalises Theorem 1.

We remark that equality in (4) is attained for a wide variety of maps u (in contrast to (3)). For example, when Ω = D and u = id we find that det(∇u) = 1, φ = −^1_4 (x^2 + y^2 − 1), E(u) = π and Θ(u) = 0, and hence that both sides in (4) are equal to^1_4 .

In section 4 we will discuss generalisations of Theorem 2 to the case that Ω is a more general surface. This generalisation is then applied to the study of immersed surfaces of constant mean curvature in section 5. The extent to which the target R^2 of the map u may be generalised to other surfaces is considered in section 6.

2 The isoperimetric inequality

Central to our proof will be an isoperimetric inequality. The simplest such inequality relates the area A(Ω) of a domain Ω ⊂ R^2 to the length L(∂Ω) of its boundary, and is very well known.

Lemma 1 Given a domain Ω ⊂ R^2 with regular boundary, we have the estimate

4πA(Ω) ≤ L(∂Ω)^2.

We offer a new proof, inspired by work of Frédéric Hélein [8], which we believe to be shorter than any previously known proof. We use, in order of appearance, simple integration, Cauchy’s theory (plus the fact that dz ∧ dz̄ =^2_i dx ∧ dy when z = x + iy), Fubini’s Theorem, Stokes’ Theorem, and simple estimation. We will denote the path corresponding to ∂Ω, and keeping Ω on the left, by γ.

Proof. 4πA = ∫ Ω (2πi)^2_i dxdy = ∫ Ω [∫ γ dw w − z ] dz ∧ dz̄ = ∫ γ [∫ Ω dz̄ ∧ dz z − w ] dw = ∫ γ [∫ γ z̄ − w̄ z − w dz ] dw ≤ L^2.

Note that in future we will use ∂Ω to represent both the boundary of Ω and the corresponding path traversed keeping Ω on the left.

In fact, we shall require a functional form of the isoperimetric inequality. Given a regular domain Σ ⊂ R^2 and u ∈ C^∞(Σ, R^2) we may define A(Σ, u) = ∫ Σ det(∇u), L(∂Σ, u) = ∫ ∂Σ |∇u.τ|, the area of u(Σ) and the length of u(∂Σ) counted with algebraic and geometric multiplicity respectively. Here τ denotes a unit length vector tangent to the path on which we are integrating.

Lemma 2 For any regular domain Σ ⊂ R^2 and u ∈ C^∞(Σ, R^2) we have the inequality |A(Σ, u)| ≤ 1 4π L(∂Σ, u)^2.

Of course, when u is the identity map, we recover the simplest form of the isoperimetric inequality.

Proof. Let us see u as a map from Σ ⊂ C to C . Then

det(∇u) = |u_z|^2 − |u_{z̄}|^2 = (ūu_z)_{z̄} − (ūu_{z̄})_z,

and so A(Σ, u) = ∫ Σ [(ūu_z)_{z̄} − (ūu_{z̄})_z] 1 2i dz̄ ∧ dz = 1 2i ∫ ∂Σ ūu_zdz + ūu_{z̄}dz̄ = 1 2i ∫ ∂Σ ūdu. Writing γ = u ∘ ∂Σ and reinterpreting du as a form on the target C , we have A(Σ, u) = 1 2i ∫ γ ūdu. Let us take any simply connected regular domain Λ in the target C which encloses u(∂Σ). Then A(Σ, u) = 1 2i ∫ γ ū ( 1 2πi ∫ ∂Λ dv v − u ) du = 1 4π ∫ γ ∫ ∂Λ ū u − v dv du = 1 4π ∫ γ ∫ ∂Λ ū − v̄ u − v dv du, where the last equality holds because γ cannot wind around v ∈ ∂Λ and so ∫ γ 1 u − v du = 0. Simple estimation now gives us |A(Σ, u)| ≤ L(∂Λ)L(∂Σ, u). The lemma follows upon shrinking Λ around u(∂Σ).

3 The proof of Theorem 2

Let us consider the Green function G = G^a related to Ω as in Theorem 2, and a ∈ Ω - in other words the solution G : Ω → R to { −ΔG = δ_a in Ω, G = 0 on ∂Ω. (5) Recall that G(x) = − 1 2π log |x − a| + h(x), (6) where h = h^a ∈ C^∞(Ω, R) is harmonic, and hence that G is smooth away from a. The maximum principle tells us that G is positive on Ω.

Let S ⊂ Ω denote the set of critical points of G. Clearly S is a set of isolated points, as it also represents the zero set of the holomorphic function G_z. In particular S is countable which suffices for our purposes, though as we shall now argue, the critical points of G are isolated in Ω and therefore S is a finite set of points. If this were not the case, we could pick an accumulation point x ∈ ∂Ω of critical points of G. Then by straightening out the boundary ∂Ω via a conformal reparameterisation of Ω and reflecting G across the boundary locally, the extension of G would have an accumulation point at x which is impossible as G_z is now holomorphic on a neighbourhood of x.

We make the further definitions R_+ = (0, ∞)\G(S) and Ω^′ = {x ∈ Ω | G(x) ∈ R_+} = Ω\G^{−1}(G(S)). Moreover, we label the level sets of G by V (γ) = G^{−1}(γ) and define W (γ) = G^{−1}((γ, ∞]), so that ∂W (γ) = V (γ). Note that the level sets of G were also considered in Bethuel and Ghidaglia’s proof of (2). By a simple Implicit Function Theorem argument, for any γ, V (γ) is locally a smooth curve away from the set S, and hence for γ ∈ R_+, V (γ) is a union of smooth closed paths. A further consequence is that Ω and Ω^′ differ only by a set of measure zero.

We will need to appeal several times to a coarea formula. Taking integration to be with respect to Lebesgue measure on R^2 (or an appropriate induced measure) when not stated explicity, we give the following specialisation of [6, Theorem 3.2.12].

Proposition 1 Let Σ ⊂ R^2 be a regular domain. Then for any g ∈ L^1(Σ, R) and s ∈ C^∞(Σ, R) with ∇s ≠ 0 (so that s^{−1}(γ) is a smooth curve for every γ) we have ∫ Σ g|∇s| = ∫ R (∫ s�1_{(γ)}^g ) dγ.

From the properties of the Green function G discussed above, and in particular the smallness of the set S of critical points, we can effectively ignore the critical points of G by removing small balls around them - putting g = f/|∇G|, s = G and Σ = W (η) for some η ≥ 0, we have the following corollary.

Corollary 1 Let G : Ω → R be the Green function as defined in (5). Then for any η > 0 and f ∈ L^1(Σ, R) we have ∫ W (η) f = ∫_∞ η (∫ V (γ) f |∇G| ) dγ.

Finally we prepare an a priori estimate on the directional energy density of a map.

Lemma 3 For u ∈ W^{1,2}(Ω, R^2) and τ ∈ S^1 → R^2, we have the pointwise estimate |∇u.τ|^2 ≤ 1 2 |∇u|^2 + |ω(u)|.

Proof. Defining τ_θ = (cos θ, sin θ), a calculation reveals that |∇u.τ_θ|^2 = | |∂u ∂x | |^2 cos^2 θ + | | ∂u ∂y | |^2 sin^2 θ + ⟨ ∂u ∂x , ∂u ∂y ⟩ sin 2θ (7) = 1 2 |∇u|^2 + 1 2 ⟨ τ_{2θ}, (| | | ∂u ∂x | | | 2 − | | | ∂u ∂y | | | 2 , 2 ⟨ ∂u ∂x , ∂u ∂y ⟩)⟩ , (8)

at which point the lemma follows via the Cauchy-Schwarz inequality.

The more geometrically inclined reader may wish to carry through the following proof of Theorem 2 with the ordinary metric on Ω\S scaled by a conformal factor of 1/|∇G|^2. This removes the factors of |∇G| in the calculations, and does not alter the value of ‖∇u‖^2_{L2(Ω)}.

Proof. (Theorem 2.)

Let us assume that u ∈ C^∞(Ω, R^2) ∩ H^1(Ω, R^2). For general u we may reduce to this case by taking a smooth approximating sequence {u_n} with u_n → u in H^1(Ω, R^2), and analysing the limiting behaviour of the solutions to (1).

Our objective is to control |φ(a)|. We begin with Green’s representation φ(a) = ∫ Ω det(∇u)G, to which we apply the coarea formula Corollary 1 with f = det(∇u)G and η = 0 to get φ(a) = ∫_∞ 0 (∫ V (γ) det(∇u)G |∇G| ) dγ. A second application of the coarea formula with f = det(∇u) and η = γ gives us A(W (γ), u) ≡ ∫ W (γ) det(∇u) = ∫_∞ γ (∫ V (ξ) det(∇u) |∇G| ) dξ, which we may differentiate to find that − dA(W (γ), u) dγ = ∫ V (γ) det(∇u) |∇G| . Combining these two threads we obtain φ(a) = − ∫_∞ 0 dA(W (γ), u) dγ γ dγ. We would like to integrate by parts, though we must first prove that the boundary term at infinity is negligible - in other words that A(W (γ), u)γ → 0 as γ → ∞. To see this, we first observe that for x ∈ B_r (a), det(∇u)(x) = det(∇u)(a) + o(1), as r → 0, and then, by virtue of (6), that W (γ) ⊂ B_{η(γ)} (a), where η(γ) = e^{−2π(γ−sup h)} = Ce^{−2πγ}.

Combining, we find that A(W (γ), u) = A(W (γ)) det(∇u)(a) + o(η(γ)^2), and so |A(W (γ), u)|γ ≤ η(γ)| det(∇u)(a)| + o(1) = o(1), as γ → ∞.

We can now integrate by parts as planned, to get φ(a) = ∫_∞ 0 A(W (γ), u)dγ. (9) Applying Lemma 2 (ignoring the irrelevant case γ /∈ R_+) we find that |φ(a)| ≤ 1 4π ∫_∞ 0 L(V (γ), u)^2dγ. (10) We proceed by using the definition of L to estimate

L(V (γ), u) ≤ ∫ V (γ) |∇u.τ| ≤ (∫ V (γ) |∇G| ) 1_2 (∫ V (γ) |∇u.τ|^2 |∇G| ) 1_2 .

However, denoting outwards normal differentiation by^∂_{∂ν} , we observe that ∫ V (γ) |∇G| = − ∫ ∂W (γ) ∂G ∂ν = ∫ W (γ) (−ΔG) = 1,

which together with Lemma 3 leads to L(V (γ), u)^2 ≤ ∫ V (γ) 1 2 |∇u|^2 + |ω(u)| |∇G| .

Returning to (10) a final application of the coarea formula Corollary 1 with f =^1_2 |∇u|^2 + |ω(u)| and η = 0 delivers the concluding estimate |φ(a)| ≤ 1 4π ∫_∞ 0 (∫ V (γ) 1 2 |∇u|^2 + |ω(u)| |∇G| ) dγ = 1 4π ∫ Ω ( 1 2 |∇u|^2 + |ω(u)| ) = 1 4π (E(u) + Θ(u)) .

For historical reasons, we give an equivalent of Theorem 1 with u expressed in coordinates (a, b), and with coordinates (x, y) on the domain.

Corollary 2 Suppose Ω is a bounded domain in R^2 with regular boundary, and a, b ∈ H^1(Ω, R). Then if φ is the unique solution in W^{1,1}_0 (Ω, R) to { −Δφ = a_xb_y − a_yb_x in Ω, φ = 0 on ∂Ω,

then we have the estimate ‖φ‖_L1_{(Ω)} ≤ 1 2π ‖∇a‖_L2_{(Ω)}‖∇b‖_L2_{(Ω)}.

Proof. For λ > 0 let us define û = (λa,^1_λ b). Observing that det(∇u) = det(∇û) we may use Theorem 1 to estimate ‖φ‖_L1 ≤ 1 4π ‖∇û‖^2_L2 ≤ 1 4π ( ‖∇(λa)‖^2_L2 + ‖∇( b λ )‖^2_L2 ) = 1 4π ( λ^2‖∇a‖^2_L2 + 1 λ^2 ‖∇b‖^2_L2 ) . The corollary follows by setting λ^2 = ‖∇b‖_L2 ‖∇a‖_L2 in the case that both ‖∇a‖_L2 ≠ 0 and ‖∇b‖_L2 ≠ 0, or by taking an appropriate limit if not.

Finally, let us note that although Theorem 1 gives us an estimate for ‖∇φ‖_L2 via the calculation

‖∇φ‖_L2_{(Ω)} = ( − ∫ Ω φ Δφ ) 1_2

≤ (‖φ‖_L1‖ det(∇u)‖_L1 )^{12} ≤ ( 1 4π ‖∇u‖^2_L2 1 2 ‖∇u‖^2_L2 ) 1_2 ≤ √ 1 8π ‖∇u‖^2_L2 ,

the constant

√_1 8π is not optimal (though it may be improved using Theorem 2). The optimal constant in this case is given in the following result of Ge [7].

Theorem 3 With Ω, u and φ as in Theorem 1, we have the inequality

‖∇φ‖_L2_{(Ω)} ≤ 1 8 √ 3 π ‖∇u‖^2_L2_{(Ω)}.

4 Generalisations of the domain

Although we have only considered the case in which Ω is a domain in R^2, we remark that the proof carries through in exactly the same way if Ω is a compact Riemannian surface with boundary. Note now that the equation −Δφ = det(∇u) in Ω (11) is to be satisfied with respect to local isothermal coordinates, and that this is a well defined notion owing to the conformal invariance of (11). Moreover the quantities E and Θ do not depend on the local isothermal coordinates with which they are calculated.

We may also extend to the case that Ω is a compact Riemannian surface without boundary. Without boundary conditions, a solution of (11) is now only unique up to a constant, and so what we wish to control is the oscillation of φ

osc(φ) = ess sup_{x,y∈Ω} |φ(x) − φ(y)|.

Although the statement of the following result appears to require a Riemannian metric on Ω, we observe that all the quantities and notions involved are dependent only on its conformal structure, and we therefore allow Ω to be merely a Riemann surface.

Theorem 4 Suppose Ω is a compact Riemann surface and u ∈ H^1(Ω, R^2). Then if φ is a solution in W^{1,1}(Ω, R) to −Δφ = det(∇u) in Ω, we have the estimate osc(φ) ≤ 1 4π (E(u) + Θ(u)) . (12)

Proof. As in the proof of Theorem 2 we need only consider the case that u is smooth. Let x ∈ Ω be a point at which φ attains its minimum value, which we may assume to be zero. Fixing some ε > 0, let us then choose a small ball B ⊂ Ω around x such that φ|_B ≤ ε.

We will compare φ with the unique solution v of { −Δv = 0 in Ω\B, v = φ on ∂B, which satisfies v ≤ ε throughout Ω\B. Indeed applying the above-mentioned extension of Theorem 2 on the domain Ω\B to φ − v, we see that ‖φ − v‖_L1_{(Ω\B)} ≤ 1 4π (E(u) + Θ(u)) ,

and hence that 0 ≤ φ ≤ ε + 1 4π (E(u) + Θ(u)) .

Since ε was an arbitrary positive number, the proof is complete.

5 Immersed surfaces of constant mean curvature

With the extensions of our results discussed in the previous chapter, we can obtain restrictions of immersed surfaces of constant mean curvature in R^3. This application was inspired by Wente’s use of his original inequality.

Theorem 5 Let Ω be a compact orientable surface and suppose X : Ω → R^3 describes an immersed surface of constant mean curvature H. Hence turning Ω into a Riemann surface with the conformal structure which makes X conformal, the equation −ΔX = 2H ∂X ∂x × ∂X ∂y (13)

is satisfied where x + iy is a local complex coordinate on Ω. Then we have the inequality Diameter(X(Ω)) ≤ Area(X(Ω))H 2π . (14)

This inequality is optimal in the sense that equality holds when X is the inclusion S^2 → R^3, in which case both sides are equal to 2.

Proof. Let us write X = (X^1, X^2, X^3) and u = (X^1, X^2). As X is conformal, we see that 0 = 1 2 (| | | ∂X ∂x | | | 2 − | | | ∂X ∂y | | | 2 − 2i ⟨ ∂X ∂x , ∂X ∂y ⟩) = ω(u) + 1 2 (| | | ∂X^3 ∂x | | | 2 − | | | ∂X^3 ∂y | | | 2 − 2i ∂X^3 ∂x ∂X^3 ∂y ) , and hence that |ω(u)| = 1 2 |∇X^3|^2. In particular, Θ(u) = E(X^3). (15)

Now let us take the third component of the equation (13)

−ΔX^3 = 2H det(∇u).

Applying Theorem 4 and using (15) we see that

osc(X^3) ≤ 2H 1 4π (E(u) + Θ(u)) = H 2π ( E(u) + E(X^3) ) = H 2π E(X) = Area(X(Ω))H 2π where the final equality uses again the conformality of X. Without loss of generality, the direction of the third component in R^3 is the direction of maximum oscillation, and so the proof is complete.

6 Generalisations of the target

It is clear from the proof given in section 3 that the reason for the compensation phenomena discussed in this paper is the existence of an isoperimetric inequality on the target R^2 of the map u. We would therefore expect to be able to generalise the target providing we preserve this property.

Let us consider the case that the target of u is a compact Riemannian surface without boundary N , and let us denote its volume form by Λ. The problem we would now like to solve is { (−Δφ)dx ∧ dy = u^∗(Λ) in Ω, φ = 0 on ∂Ω.

(16)

Let us assume that Ω = D. How we progress depends on the genus of N .

If the genus of N is at least 1, then an isoperimetric inequality holds, and our results extend. Indeed, we may lift the map u to the universal cover of N , which is either R^2 or D with an appropriately periodic metric, and apply our results as before. Of course we can expect a worse constant in the inequalities than we had for the flat metric on the target R^2.

However, if N is S^2, no suitable isoperimetric inequality holds and the results fail as stated. A counterexample is the map u : D → S^2 ∼= R^2 ∪ {∞} (using stereographic projection) given by u(x) = λx for λ > 0. We find that E(u) = Area(u(D)) < Area(S^2) = 4π (note that u is conformal) for any λ > 0 but that as λ → ∞ the value of φ(0) tends to infinity. This may be seen by calculation, but is most easily seen using the representation (9) in the proof of Theorem 2.

In contrast, if N is the round 2-sphere and E(u) < 4π then the isoperimetric inequality on the sphere L^2 ≥ A(4π − A) gives us the inequality L^2 ≥ A(4π − E(u)), and our results extend with the constant^1_{4π} in Theorems 1 and 2 replaced by^1_{4π−E(u)} .

7 Acknowledgements

Since being informed about the compensation properties of det(∇u) by John Ball, the author has learnt most of what he knows about this subject from several interesting discussions with Frédéric Hélein and from early drafts of his eagerly awaited new book [9].

This work has been entirely supported by The Leverhulme Trust.

CMLA, ENS - Cachan, 61 avenue du President Wilson, 94235 Cachan Cedex, France. Mathematics Institute, University of Warwick, Coventry, CV4 7AL, England.

From 1 October 1996:

Mathematik, ETH-Zentrum, CH-8092 Zürich, Switzerland.

References

[1] S. BARAKET, Estimations of the best constant involving the L^∞ norm in Wente’s inequality.

Preprint CMLA No. 9323, to appear in Ann. fac. sci. Toulouse.

[2] F. BETHUEL and J.-M. GHIDAGLIA, Improved Regularity of Solutions to Elliptic Equations involving Jacobians and Applications. J. Math. Pures Appl. 72 (1993) 441-474.

[3] H. BREZIS and J.-M. CORON, Multiple solutions of H-systems and Rellich’s conjecture.

Comm. Pure Appl. Math. 37 (1984) 149-187.

[4] S. CHANILLO and Y.-Y. LI, Continuity of solutions of uniformly elliptic equations in R^2.

Manuscripta Math. 77 (1992) 415-433.

[5] R. COIFMAN, P. L. LIONS, Y. MEYER and S. SEMMES, Compensated Compactness and Hardy Spaces. J. Math. Pures Appl. 72 (1993) 247-286.

[6] H. FEDERER, ‘Geometric Measure Theory.’ Springer-Verlag (1969).

[7] Y. GE, Estimations of the best constant involving the L^2 norm in Wente’s inequality. Preprint (1996).

[8] F. HÉLEIN, Isoperimetric inequalities and calibrations. ‘Progress in partial differential equations: the Metz surveys 4.’ M. Chipot and I. Shafrir ed., Pitman Research Notes in Mathematics, Series 345, Longman (1996).

[9] F. HÉLEIN, ‘Applications harmoniques, lois de conservation et repère mobile.’ Diderot, to appear.

[10] H. C. WENTE, An existence theorem for surfaces of constant mean curvature. J. Math. Anal.

Appl. 26 (1969) 318-344.

[11] H. C. WENTE, Large solutions to the volume constrained Plateau problem. Arch. Rat. Mech.

Anal. 75 (1980) 59-77