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Abstract
We formulate and solve the existence problem for Ricci flow on a Riemann
surface with initial data given by a Radon measure. The theory leads us to a large
class of new examples of nongradient expanding Ricci solitons. It also settles the
question of whether a smooth flow for positive time that attains smooth initial data
in a weak sense must be smooth down to the initial time.

1

Introduction

Suppose we have a Radon measure µ on a (connected, typically noncompact) Riemann
surface M , and consider the naive question:
Does there exist a unique smooth complete conformal Ricci flow g(t) on M ,
for t ∈ (0, T ) (for some T > 0), such that the Riemannian volume measure
µg(t) converges weakly to µ as t ↓ 0?
By definition, the Ricci flow g(t) is a solution of the equation ∂g
∂t = −2Kg, where K is
the Gauss curvature, and thus preserves the conformal structure. If we write the flow
with respect to a local complex coordinate z = x + iy as g(t) = u(t)(dx2 + dy 2 ) then the
conformal factor u satisfies the logarithmic fast diffusion equation ut = ∆ log u.
Here we say µg(t) converges weakly to µ, and write µg(t) * µ, if for all ψ ∈ Cc0 (M )
we have
Z
Z
ψdµg(t) →
ψdµ,
M

M

as t ↓ 0, i.e. weak-* convergence in the functional analysis sense.
By virtue of the requested uniqueness, such a flow would give a natural smoothing of
a measure while respecting the conformal structure. For example, whenever we have a
conformal automorphism ϕ : M → M , the smoothing of the pull-back measure ϕ∗ µ :=
(ϕ−1 )# µ would coincide with the pull-back ϕ∗ g(t) of the smoothing g(t) of µ.
From this we can see that our initial question is too naive. If we could find a Ricci
flow g(t), t ∈ (0, T ), smoothing out a Dirac delta mass centred at the origin of R2 , then
ϕ∗ g(t) would be another such smoothing solution for any dilation ϕ : R2 → R2 defined
by ϕ(x) = λx, for fixed λ > 0. By uniqueness we would have to have ϕ∗ g(t) = g(t),
which is impossible for λ 6= 1.
The problem here is not just the existence of a nontrivial conformal automorphism
that leaves the measure invariant. For example, if we adjust the measure above to be
the sum of the Dirac delta mass and Lebesgue measure on the whole of R2 , then there
cannot exist any onward solution achieving this weakly as t ↓ 0. The flow is unable to
concentrate mass at an isolated point as t ↓ 0. More generally, we will prove:
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Theorem 1.1 (No Dirac mass in initial data). Suppose M is any Riemann surface and
µ is a Radon measure on M . Suppose that for some open set Ω ⊂ M the restriction µxΩ
is the sum of a smooth measure (i.e. the volume measure of a smooth conformal, possibly
degenerate, Riemannian metric on Ω) and a Dirac mass centred at a point within Ω.
Then there cannot exist ε > 0 and a smooth complete conformal Ricci flow g(t) on M
for t ∈ (0, ε) such that µg(t) * µ as t ↓ 0.
Despite these problems, our main result tells us that as soon as we rule out atoms in
the initial measure we obtain existence.
Theorem 1.2 (Main existence theorem). Suppose M is any (connected, possibly noncompact) Riemann surface and µ is any (nonnegative) nontrivial Radon measure on M
that is nonatomic in the sense that
µ({x}) = 0 for all x ∈ M.
Define
T :=

 µ(M )

 4π



if M = C ' R2

µ(M )
8π

if M = S 2
otherwise.

∞

(1.1)

Then there exists a smooth complete conformal Ricci flow g(t) on M , for t ∈ (0, T ), such
that the Riemannian volume measure µg(t) converges weakly to µ as t ↓ 0.
In the cases that T < ∞, as t ↑ T we have
Volg(t) (M ) = (1 −

t
T

)µ(M ) → 0.

Moreover, if µ has no singular part then µg(t) → µ in L1loc (M ). More generally, if Ω is
the complement of the support of the singular part of µ, then µg(t) xΩ → µxΩ in L1loc (Ω).
To clarify the final assertion we need to recall that the Lebesgue-Radon-Nikodym
theorem implies that if we pick an arbitrary smooth conformal metric g0 on M , with
volume measure µg0 , then we can write µ as the sum of two mutually singular measures
µac and µsing where the absolutely continuous part µac can be written µac = u0 µg0 for
some nonnegative u0 ∈ L1loc (M ) and the singular part satisfies µsing ⊥ µg0 . The final
assertion says first that if µ = µac and we write g(t) = u(t)g0 , then u(t) → u0 in L1loc (M ).
If the singular part is nontrivial then we have the same convergence in L1loc (Ω) (though
Ω could be empty).
We stress that in Theorem 1.2 we are not just given a smooth underlying surface and
a Radon measure. It is essential that we are also given the underlying complex structure
for the problem to be natural.
In addition to the existence assertion of Theorem 1.2, we also speculate that the flow
should be unique:
Conjecture 1.3. Suppose M is any (connected, possibly noncompact) Riemann surface
and µ is any (nonnegative) nontrivial Radon measure on M such that
µ({x}) = 0 for all x ∈ M.
Suppose that ε > 0 and that g̃(t) is a smooth complete conformal Ricci flow on M , for
t ∈ (0, ε) such that the Riemannian volume measure µg̃(t) converges weakly to µ as t ↓ 0.
We conjecture that if T and g(t) are as in Theorem 1.2, then ε ≤ T and g(t) = g̃(t) for
all t ∈ (0, ε).
The potential noncompactness of M is at the heart of the difficulty in proving this
conjecture.
One case in which the uniqueness does follow from known work is when the measure
has no singular part and is attained in L1loc . The following can be derived from the theory
in [22] (see Lemma 3.3 below for the type of estimate involved) where uniqueness was
established for smooth initial data.
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Theorem 1.4 (Uniqueness for initial data attained in L1 ). Suppose M is any (connected,
possibly noncompact) Riemann surface and µ is any (nonnegative) nonsingular nontrivial
Radon measure on M . Pick any smooth conformal metric g0 on M and write µ = u0 µg0
for some nonnegative u0 ∈ L1loc (M ). If g(t) = u(t)g0 and g̃(t) = ũ(t)g0 are smooth
complete Ricci flows on M , for t ∈ (0, ε), with the property that both u(t) → u0 and
ũ(t) → u0 in L1loc (M ) as t ↓ 0, then we must have g(t) ≡ g̃(t) for all t ∈ (0, ε).
Equipped with the well-posedness theory for measure-valued initial data that we have
just outlined, we are able to generate a large class of new expanding Ricci solitons that
include the first known examples of nongradient Ricci solitons in two dimensions; see
Section 5. (The examples can be trivially extended to higher dimensions also.) This
answers [6, Problem 1.87]. The simplest example that illustrates this idea is when we
start the Ricci flow with a measure H1 xL concentrated on a line in R2 , where H1 is
one-dimensional Hausdorff measure, and L is a line in the plane such as the y-axis. By
the invariance of the initial data under scaling, and the existence theory in this paper,
we can show that a Ricci flow emanates from this measure that is an expanding soliton,
but not a gradient soliton. In fact, in this case we observe that the soliton flow can be
written down explicitly as g(t) = u(x, y, t)(dx2 + dy 2 ) where
u(x, y, t) =

2t
.
t 2 + x2

Amongst the many other examples that can be constructed using this technique are
expanding solitons for which the corresponding diffeomorphisms necessarily move not
just by dilation but also by rotation. As t decreases to zero, these diffeomorphisms make
an unbounded number of full rotations.
In Section 6 we will settle the question of whether one can have a smooth Ricci flow for
t > 0 that converges weakly to a smooth initial metric as t ↓ 0 but not smoothly. It turns
out that this can be engineered by starting the Ricci flow with the Radon measure arising
from adding Lebesgue measure on the plane to the Hausdorff measure H1 restricted to
a line.
Theorem 1.2 generalises the existence theory of [11] to the case of measure-valued
initial data. For comparison and later application, we recall:
Theorem 1.5 ([11]). Suppose (M, g0 ) is any (connected, possibly noncompact) orientable
Riemannian surface and define

Volg0 (M )

if (M, g0 ) is conformally C

4π

T :=





Volg0 (M )
8π

∞

if (M, g0 ) is conformally S 2

(1.2)

otherwise.

Then there exists a smooth Ricci flow g(t) on M , for t ∈ [0, T ), such that g(0) = g0
and g(t) is complete for all t ∈ (0, T ). In the cases that T < ∞, we have Volg(t) (M ) =
(1 − Tt ) Volg0 (M ) → 0 as t ↑ T .
In this smooth case uniqueness was proved in [22], and is included in Theorem 1.4.
Remark 1.6. Let us illustrate Theorem 1.5 with one example that will serve us later.
Suppose M is the punctured disc B \ {0}, and g0 is the standard flat metric on M . This
metric is incomplete because both the boundary of B and the puncture can be reached
from the interior in a finite distance. Theorem 1.5 solves this by immediately blowing up
near the boundary of B to look like a Poincaré metric scaled to have curvature −1/(2t),
and blowing up near the puncture to look like a hyperbolic cusp scaled to have curvature
−1/(2t). It will be important to register that a hyperbolic cusp has finite area.
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Theorem 1.2 also connects with a number of earlier works in which rough initial data
is considered for Ricci flow. In one direction there has been much recent progress in
understanding the existence problem for Ricci flows starting with metric spaces having
suitably controlled geometry, e.g. [16, 20, 2, 18]. There is a closer connection to earlier
work in Kähler Ricci flow. Although the subtleties of this paper (and of [11, 22]) largely
stem from the possible noncompactness of the underlying space M , if we were to impose
compactness then one could appeal to work of Guedj and Zeriahi [14] for existence and
Di Nezza and Lu [10] for uniqueness. As we will see during the paper, some of the
techniques we have at our disposal originate in the study of the logarithmic fast diffusion
equation. See [27] for an overview.
Acknowledgements: PT was supported by EPSRC grant EP/T019824/1. HY was supported by NSFC grant 11971451.
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Pointwise a priori bounds for Ricci flows on surfaces

Before we start the proof of Theorem 1.2, we recall and adapt some a priori upper and
lower bounds for the conformal factors of Ricci flows on surfaces.

2.1

Upper bounds for the conformal factors

If we have a Ricci flow g(t) on a Riemann surface, for t ∈ [0, T ), and we know that on
some simply connected subdomain B ⊂ M we have
g(0) ≤ λh,

(2.1)

where h is the unique complete conformal hyperbolic metric on B, and λ > 0, then this
ordering is preserved under Ricci flow and we deduce that g(t) ≤ (λ + 2t)h for all t. In
particular, we obtain a purely local ongoing upper bound for the flow.
In this paper we need to deduce a uniform local upper bound without being able to
assume an initial L∞ bound of the form (2.1). We will only have access to initial L1
control. The estimate we require is contained in the following theorem, which can be
derived from Theorem 1.1 in [23].
Theorem 2.1. Suppose g(t) = u(t)(dx2 + dy 2 ) is a smooth conformal Ricci flow on the
ball B2r , for some r > 0 and all t ∈ [0, T ), that need not be complete. If t ∈ (0, T )
Volg(0) (B2r )
then
satisfies t ≥
2π
sup u(t) ≤ C0 r−2 t,
Br

where C0 < ∞ is universal.
Vol

(B

)

2r
g(0)
It is worth emphasising that for smaller times, say for t <
, no such uniform
4π
upper bound on u(t) can hold, see [23].
An intuitive way of viewing this result is that the Ricci flow averages the conformal
factor of the initial metric over balls that are large enough to have initial volume of
order t, at least in the sense of upper bounds. This property can be compared with the
smoothing
√ of the normal linear heat equation, where averaging takes place over balls of
radius t.
We will apply this theorem to obtain uniform upper bounds on a sequence of Ricci
flows.

Corollary 2.2. Suppose Ω ⊂ R2 is open and µ is any nontrivial Radon measure on Ω
such that µ({x}) = 0 for all x ∈ Ω. Suppose gi (t) = ui (t)(dx2 + dy 2 ) is a sequence of
smooth conformal Ricci flows (possibly incomplete) on Ω over some common time interval
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[0, T1 ], with T1 ∈ (0, ∞), such that the Riemannian volume measure µgi (0) converges
weakly to µ. Suppose that 0 < τ < T1 and K ⊂ Ω is compact. Then there exists a
constant L < ∞ (depending on Ω, µ, T1 , τ , K) such that
sup ui (t) ≤ L
K

for all t ∈ [τ, T1 ] and for all i sufficiently large.
Proof. For each x ∈ Ω, we can pick r > 0 sufficiently small so that B3r (x) ⊂ Ω and
µ(B3r (x)) ≤ πτ . Here we are using that µ is nonatomic.
By the weak convergence of µgi (0) to µ, we must have
lim sup Volgi (0) (B2r (x)) ≤ µ(B2r (x)).
i→∞

Therefore, for sufficiently large i we have Volgi (0) (B2r (x)) ≤ 2πτ .
As a result, for i that large we are in a position to apply Theorem 2.1 to give
sup ui (t) ≤ C0 r−2 t ≤ C0 r−2 T1

(2.2)

Br (x)

for all t ∈ [τ, T1 ] and universal C0 .
We can make this analysis at each point x ∈ K, and then appeal to compactness of
K to reduce to finitely many such balls Brj (xj ) that cover K. It remains to set L to
be the largest value of the right-hand side of (2.2), which will correspond to the ball of
smallest radius.

2.2

Lower bounds for the conformal factors

Lower bounds for solutions of the logarithmic fast diffusion equation are quite different
in nature than upper bounds. It is no longer possible to derive local lower bounds given
controlled initial data locally. Indeed, in [13, Theorem A.3] for arbitrarily small ε > 0
an example is given of a Ricci flow g(t) = u(t)(dx2 + dy 2 ) on the unit disc B ⊂ R2 , for
t ∈ [0, ε), such that u(0) ≡ 1 (i.e. we start with the flat unit disc) and yet u(t) → 0
uniformly as t ↑ ε.
Loosely speaking, we will avoid such counterexamples by establishing that in the cases
of interest if the conformal factor is too small at some point (x, t) in space time then
a little later in time the conformal factor will also be small in a whole neighbourhood.
This is then something that we can hope to rule out later by considering volume. Such
an estimate can be viewed as a Harnack estimate for − log u. By considering an appropriately scaled version of the cigar soliton Ricci flow we find that an extra hypothesis is
required to make this work, and here we assume an upper bound for the flow. Note that
an upper bound hypothesis u ≤ M0 will imply positivity of − log Mu0 , as we expect to be
required in order to prove a Harnack estimate.
In practice we will also appeal to a piece of global information, as established by B.L.
Chen [4], that on any complete n-dimensional Ricci flow the scalar curvature satisfies
n
R ≥ − 2t
. In particular, we have the following result that can be shown to be equivalent
to the so-called Aronson-Benilan inequality when working with maximal solutions on R2 .
Lemma 2.3 ([4]). If we have a complete Ricci flow g(t) on a surface, t ∈ (0, T ), then
1
.
K ≥ − 2t
1
Two simple consequences of having a Ricci flow satisfying K ≥ − 2t
are that if we
1
2
2
write g(t) = u(dx + dy ) in a local coordinate chart B2ρ (x0 ), so K = − 2u
∆ log u, then

∆ log u ≤

5

u
t

(2.3)

and

u(x, t)
is decreasing for each x.
(2.4)
t
In the following main result giving lower bounds we opt to assume the conclusion of
the lemma above rather than assume completeness.
t 7→

Theorem 2.4 (cf. [7] page 655). Suppose we have a conformal Ricci flow g(t) =
u(t)(dx2 + dy 2 ) on a domain containing B2ρ (x0 ) for times in (0, t2 ], and assume that
K ≥ −1/(2t). Suppose in addition that t1 ∈ (0, t2 ] and that u(x, t) ≤ M0 for all t ∈ [t1 , t2 ]
and x ∈ B2ρ (x0 ). Then for all y0 ∈ Bρ (x0 ) we have
log

M0
M0
t2
2ρ2 M0
ρ2 M0
≤ 4 log
+ 4 log +
+
.
u(y0 , t1 )
u(x0 , t2 )
t1
(t2 − t1 )
8t1

(2.5)

Thus, if at the centre point x0 at the later time t2 we have a lower bound for u, then
we get a lower bound at nearby points y0 and earlier times t1 . This is allowing us to
move the point x0 to y0 compared with the simple estimate that is following from the
fact that t 7→ u(x, t)/t is decreasing.
If we can establish a lower bound for u(x0 , t2 ) then Theorem 2.4 gives some lower
bound for u(y0 , t1 ) but this bound is not very sharp as t1 becomes small, and it relies
on an upper bound u ≤ M0 that may not hold for very small times. However, if we use
Theorem 2.4 to give a lower bound for u(y0 , t1 ) and then invoke the fact that t 7→ u(yt0 ,t)
is decreasing (from (2.4)) we obtain:
Corollary 2.5. In the setting of Theorem 2.4, for all y0 ∈ Bρ (x0 ) and t ∈ (0, t1 ], we
have
u(y0 , t) ≥ εt
where ε > 0 can be given explicitly as
− log ε := 4 log

M0
2ρ2 M0
ρ2 M0
+ 4 log t2 − 3 log t1 − log M0 +
+
.
u(x0 , t2 )
(t2 − t1 )
8t1

The following proof largely follows the work of Davis, DiBenedetto and Diller [7].
Proof of Theorem 2.4. For 0 < r ≤ ρ, define a function
1
G(r, ρ) := log ρ − log r + ρ−2 (r2 − ρ2 ).
2
We think of ρ as a radius of a ball on which we will work, and r as a polar radial
coordinate on that ball. Observe the following properties:
1. G(ρ, ρ) = 0
2. ∂G
∂r (ρ, ρ) = 0
3. 0 ≤ G(r, ρ) ≤ log ρ − log r.
Note above that the inequality 0 ≤ G follows because for s ∈ (0, 1] we can write
1
G(sρ, ρ) = − log s + (s2 − 1) =: f (s),
2
and f (s) ≥ 0 because f 0 (s) ≤ 0 and f (1) = 0.
For z0 ∈ R2 we are interested in the function on Bρ (z0 ) defined by
x 7→ G(|x − z0 |, ρ),
which inherits analogues of the properties above, and satisfies
Z
Z ρ
Z 1
π
2
G(|x − z0 |, ρ)dx =
2πrG(r, ρ)dr = 2πρ
sf (s)ds = ρ2
4
Bρ (z0 )
0
0
6

(2.6)

and
∆G = −2πδz0 + 2ρ−2 .
In particular, if f ∈ C 2 (Bρ (z0 )) then
Z
Z
1
−
∆f.G(|x − z0 |, ρ).
f = f (z0 ) +
2π Bρ (z0 )
Bρ (z0 )

(2.7)

Applying this identity in the case that f (x) = log u(x, t), where u is the conformal factor
of a Ricci flow that lives on a domain containing Bρ (z0 ), gives (at some time t)
Z
Z
1
−
log u = log u(z0 ) +
∆ log u . G(|x − z0 |, ρ).
(2.8)
2π Bρ (z0 )
Bρ (z0 )
We will handle the ∆ log u term in two different ways to give pointwise bounds from above
and below. In the first way we appeal to (2.3) and apply (2.8) with z0 = y0 ∈ Bρ (x0 ) to
give
Z
Z
1
−
log u ≤ log u(y0 ) +
u G(|x − y0 |, ρ).
2πt Bρ (y0 )
Bρ (y0 )
Because u(t1 ) ≤ M0 on B2ρ (x0 ) ⊃ Bρ (y0 ), equation (2.6) gives us
Z
ρ2 M0
,
−
log u(·, t1 ) ≤ log u(y0 , t1 ) +
8t1
Bρ (y0 )
i.e.

!
M0
ρ2 M0
log
+
u(·, t1 )
8t1
Bρ (y0 )
!
Z
ρ2 M0
M0
+
≤4 −
log
u(·, t1 )
8t1
B2ρ (x0 )

M0
≤
log
u(y0 , t1 )

Z
−

(2.9)

This should be compared with (55) in [7]. Note that we again used the hypothesis
u ≤ M0 to ensure that the integrand was nonnegative, allowing us to enlarge the domain
of integration. (The factor 4 comes from the fact that we are taking average integrals
and we are quadrupling the area.)
There is another way we can make progress with (2.8), again using the inequality
K ≥ −1/(2t), but this time using its consequence that u(x, t)/t is decreasing in t, for
each fixed x. This will give an inequality in the other direction. Take (2.8) at some time
s ∈ [t1 , t2 ], and z0 = x0 and ρ replaced by 2ρ (so now we need the Ricci flow to exist on
B2ρ (x0 )). Subtracting log s from both sides, we obtain
Z
Z
u(·, s)
u(x0 , s)
1
−
log
= log
+
∆ log u(x, s) G(|x − x0 |, 2ρ),
s
s
2π B2ρ (x0 )
B2ρ (x0 )
and thus
Z
−

log
B2ρ (x0 )

u(·, t1 )
u(x0 , t2 )
1
≥ log
+
t1
t2
2π

Z
ut (x, s)G(|x − x0 |, 2ρ).
B2ρ (x0 )

Averaging over s (only the final term depends on s now) gives
Z
Z
u(x0 , t2 )
1
u(·, t1 )
≥ log
+
[u(x, t2 )−u(x, t1 )]G(|x−x0 |, 2ρ).
−
log
t1
t2
2π(t2 − t1 ) B2ρ (x0 )
B2ρ (x0 )
Using u(·, t2 ) ≥ 0 and u(·, t1 ) ≤ M0 again, as well as (2.6), gives
Z
Z
u(·, t1 )
u(x0 , t2 )
M0
−
log
≥ log
−
G(|x − x0 |, 2ρ)
t1
t2
2π(t2 − t1 ) B2ρ (x0 )
B2ρ (x0 )
u(x0 , t2 )
ρ2 M0
= log
−
.
t2
2(t2 − t1 )
7

(2.10)

Rearranging gives
Z
−

log

B2ρ (x0 )

M0
t2
ρ2 M 0
M0
≤ log
+ log +
.
u(·, t1 )
u(x0 , t2 )
t1
2(t2 − t1 )

This can now be combined with (2.9) to conclude
log

3

M0
M0
t2
2ρ2 M0
ρ2 M0
≤ 4 log
+ 4 log +
+
.
u(y0 , t1 )
u(x0 , t2 )
t1
(t2 − t1 )
8t1

L1 bounds for Ricci flows on surfaces

In general, a locally defined Ricci flow can lose volume at uncontrolled rate. The following result rules this out when the Ricci flow in question lies within an instantaneously
complete Ricci flow defined on the whole plane.
Lemma 3.1. Suppose g(t) is an instantaneously complete Ricci flow on R2 for t ∈ [0, T ),
with Volg(0) (B) ≥ v0 > 0. Then there exists η > 0 universal such that for all t ∈ [0, T )
with t < ηv0 we have
Volg(t) (B2 ) ≥ v0 /2.
Proof. Let H̃ be the complete hyperbolic metric on R2 \ B3/2 , and note that VolH̃ (R2 \
B2 ) < ∞.
Pick a sequence of smooth metrics gi on R2 such that gi ≤ H̃/i (where defined)
and so that gi ≤ g(0) throughout R2 , with gi ≡ g(0) on B. Let gi (t) be the unique
instantaneously complete Ricci flow on R2 starting with gi . Then gi (t) ≤ g(t), because
g(t) is ‘maximally stretched’ [11], so Volg(t) (B2 ) ≥ Volgi (t) (B2 ), and gi (t) ≤ ( 1i + 2t)H̃,
so Volgi (t) (R2 \ B2 ) ≤ ( 1i + 2t) VolH̃ (R2 \ B2 ).
Because Volgi (R2 ) ≥ Volgi (B) = Volg(0) (B) ≥ v0 , we have Volgi (t) (R2 ) ≥ v0 − 4πt
and gi (t) exists for at least a time v0 /(4π). Therefore
Volg(t) (B2 ) ≥ Volgi (t) (B2 )
= Volgi (t) (R2 ) − Volgi (t) (R2 \ B2 )
≥ v0 − 4πt −

( 1i

(3.1)

2

+ 2t) VolH̃ (R \ B2 ),

and by sending i to infinity we deduce that

Volg(t) (B2 ) ≥ v0 − t 4π + 2 VolH̃ (R2 \ B2 ) ,
which is enough to conclude.
We will also require a bound in the opposite direction. In contrast to the estimate
above, this is now a purely local assertion.
Lemma 3.2. Suppose 0 < r < s and g(t) is a conformal Ricci flow on Bs , for t ∈ [0, T ).
Then there exists η > 0 depending on r/s such that
Volg(t) (Br ) ≤ ηt + Volg(0) (Bs )
for all t ∈ [0, T ).
This lemma can be proved directly via techniques developed for the study of the
logarithmic fast diffusion equation. We will work via the following result, stated in [24,
Lemma 2.12] based on the estimates in [22].
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1/3

Lemma 3.3. Suppose 1/2 < r0 < r0 < R < 1, and γ ∈ (0, 12 ). Suppose g1 (t) =
u1 (t)(dx2 + dy 2 ) is any complete Ricci flow on B, and g2 (t) = u2 (t)(dx2 + dy 2 ) is any
Ricci flow on BR , both for t ∈ (0, T ]. Then we have for all t ∈ (0, T ] that
1
# 1+γ

"Z

1
 1+γ

Z
≤ lim inf

(u2 (t) − u1 (t))+

(u2 (s) − u1 (s))+

s↓0

Br0

BR


+ C(γ)

t
γ
(− log r0 ) [log(− log r0 ) − log(− log R)]

1
 1+γ

.
(3.2)

Proof of Lemma 3.2. By scaling the parametrisation, we may assume that s = 1. We
apply Lemma 3.3 with g1 (t) the big-bang Ricci flow on B, i.e. 2t times the Poincaré
metric H = h(dx2 + dy 2 ), and g2 (t) equal to the Ricci flow g(t) = u(t)(dx2 + dy 2 ) we are
analysing. Evaluating the limit s ↓ 0, we find that
1
# 1+γ

"Z
(u(t) − 2th)+

Z
≤

B r0

1
 1+γ
u(0)

BR



t
+ C(γ)
γ
(− log r0 ) [log(− log r0 ) − log(− log R)]

1
 1+γ

.

Taking the limit R ↑ 1 and then r0 ↑ 1 gives
Z
(u(t) − 2th)+ ≤ Volg(0) (B).
B

In particular, we have
Volg(t) (Br ) ≤ Vol2tH (Br ) + Volg(0) (B)
= 2t VolH (Br ) + Volg(0) (B)

(3.3)

for all t ∈ [0, T ), which is the lemma with an explicit value of η.

4

The proof of the main existence theorem 1.2

The proof will take the familiar structure that we will approximate the initial measure
µ by objects that we know how to flow, and then try to take a limit of those flows. In
our case we approximate µ by the volume measure of smooth Riemannian surfaces, and
then flow each one of these using the theory of instantaneously complete Ricci flows that
was introduced in [21] and developed in [11]. We need estimates that will not only give
convergence of a subsequence to a limit flow, but also guarantee that the initial data is
not lost in the limit.

4.1

The approximation

It is standard to use mollification to smooth out a measure. In our situation that we
have a Radon measure µ on a Riemann surface M , we can take a countable atlas on M
and use a partition of unity to decompose µ into a countable sum of measures that are
each supported within a coordinate chart. We can then mollify within each chart to give
degenerate smooth conformal Riemannian metrics u(dx2 + dy 2 ) and recombine a large
but finite number of these to give a sequence of (typically degenerate) smooth conformal
Riemannian metrics g̃i on M whose volume measures converge weakly to µ (and in L1loc
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if µ has no singular part). If we now pick any conformal Riemannian metric g0 on M ,
then we can define smooth conformal nondegenerate Riemannian metrics
gi := g̃i +

g0
i

whose volume measures will converge weakly to µ (and in L1loc if µ has no singular part).
It is a feature of such a construction that volume can only be lost, not gained, in the
limit i → ∞. By mollifying sufficiently aggressively and picking g0 to have finite volume
(which is possible because we are not insisting on completeness) we can ensure that the
volumes Volgi (M ) are finite and converge to µ(M ). To summarise, we find:
Lemma 4.1. Let µ be a Radon measure on a Riemann surface M . Then there exists a
sequence of smooth conformal finite-volume Riemannian metrics gi on M such that
µgi * µ

Volgi (M ) → µ(M ),

and

as i → ∞. If µ has no singular part, and thus if g0 is any smooth conformal metric we can
write µ = u0 µg0 where u0 ∈ L1loc (M ) is nonnegative, then if we write gi = ui g0 we may
assume that ui → u0 in L1loc (M ). More generally, if Ω is the complement of the support
of the singular part of µ and we write µxΩ = u0 µg0 xΩ for nonnegative u0 ∈ L1loc (Ω),
then we may assume that ui → u0 in L1loc (Ω).

4.2

Generating the approximating Ricci flows

Being smooth Riemannian metrics on a (connected) surface, each gi from Lemma 4.1
can be evolved uniquely as an instantaneously complete Ricci flow gi (t) using Theorem
1.5. The existence time interval is [0, Ti ) where Ti = ∞ unless M = S 2 , in which case
we are in the classical situation of Hamilton and Chow [15, 5] and the existence time
Volgi (M )
, or M = C and Volgi (M ) < ∞, in which case our solutions coincide
is Ti =
8π
with the maximal solutions of the logarithmic fast diffusion equation studied in [9], for
Volgi (M )
example, and Ti =
.
4π
µ(M )
)
2
By Lemma 4.1, we have Ti → T∞ , where T∞ := µ(M
8π if M = S and T∞ := 4π if
M = C, but otherwise T∞ := ∞.
The essential point is that we can pick T > 0 independent of i such that gi (t) exists
for all t ∈ [0, T ). It is a further consequence of Theorem 1.5 that in the cases that M = C
or M = S 2 , for all t ∈ (0, T ) we have
Volgi (t) (M ) ≤ Volgi (0) (M ) → µ(M )

(4.1)

as i → ∞. This will be useful to verify that the existence time of the Ricci flow g(t) we
are trying to construct cannot be larger than claimed.
The key ingredient in order to construct g(t), and to verify its initial condition, is to
establish upper and lower bounds for the conformal factors of the approximate flows gi (t)
that are uniform in i, using the estimates from Section 2. Parabolic regularity theory
will then give us compactness.

4.3

Extracting a short time limit flow

In Section 4.2 we found conformal instantaneously complete Ricci flows gi (t) on M , for
t ∈ [0, T ), with the volume measures of gi (0) converging weakly to µ as i → ∞. The
goal of this section is to prove the following compactness result for this or any other such
sequence gi (t).
Lemma 4.2. Suppose that we have a sequence of smooth instantaneously complete conformal Ricci flows gi (t) on a Riemann surface M , for t ∈ [0, T ), such that the volume
10

measures of gi (0) converge weakly to a nonatomic Radon measure µ. Then after passing
to a subsequence, and possibly reducing T > 0, we have gi (t) → g(t) smoothly locally
on M × (0, T ), where g(t) is itself a smooth complete Ricci flow on M for t ∈ (0, T ).
Moreover, the volume measures of g(t) converge weakly to µ as t ↓ 0.
The proof will require uniform (i-independent) a priori estimates on the conformal
factors of the flows gi (t), which parabolic regularity will turn into C k estimates thus
giving us the required compactness. The a priori estimates will also allow us to deduce
completeness of the limit. The following is the main sub-lemma that gives these required
estimates.
Lemma 4.3. Under the hypotheses of Lemma 4.2 there exists T0 ∈ (0, T ) so that for
every τ ∈ (0, T0 ), each point x ∈ M admits a coordinate neighbourhood B such that after
passing to a subsequence in i and writing gi (t) = ui (t)(dx2 + dy 2 ) we have the uniform
estimates
ui (t) ≤ L
on B × [τ, T0 ]
(4.2)
and
ui (t) ≥ εt

on B × [0, T0 ]

(4.3)

where L and ε are independent of i and t. In the special case that M = B, so we can
define the conformal factors ui (t) globally in B, we have the improved estimate
ui (t) ≥ 2th

on B × [0, T )

(4.4)

where h(dx2 + dy 2 ) is the Poincaré metric on B.
It is not necessary to pass to a subsequence in the lemma above, but allowing this
will give a small shortcut in the proof.
There is one additional estimate giving a lower bound for the conformal factors that
we will need in the case that M = R2 in order to show that the extracted limit is
complete.
Lemma 4.4. If e2v (dx2 + dy 2 ) is a smooth complete Riemannian metric on R2 with
Gauss curvature bounded below by K ≥ −σ1 throughout, and so that kvkC 2 (B2 ) ≤ σ2 ,
then there exists δ > 0 depending only on σ1 and σ2 such that
e2v ≥

δ
(r log r)2

on R2 \ B2

(4.5)

where r2 = x2 + y 2 .
Proof of Lemma 4.4. This result is very similar to [11, Theorem 3.2], so we only sketch
the proof. Define a function on R2 \ B by
γ(x, y) = − log(r log r)
so that e2γ (dx2 + dy 2 ) is the unique complete conformal hyperbolic metric on R2 \ B.
Choose a cut-off function ϕ ∈ Cc∞ (B2 , [0, 1]) with ϕ ≡ 1 on B3/2 . Then we can define a
complete interpolated metric G := e2w (dx2 + dy 2 ) on R2 \ B by setting
w = ϕγ + (1 − ϕ)v,
and it is easy to verify that the Gauss curvature −e−2w ∆w of G is bounded below by
some constant −1/δ < 0 depending only on σ1 , σ2 and our choice of ϕ. But the Gauss
curvature of δe2γ (dx2 + dy 2 ) is identically −1/δ, and so Yau’s version of the Schwarz
lemma, in the form given in [11, Theorem B.3], tells us that δe2γ ≤ e2w . Restricting to
R2 \ B2 , where w = v, then gives
e2v ≥ δe2γ =

11

δ
.
(r log r)2

Let us assume Lemma 4.3 for the moment and try to complete the proof of Lemma
4.2.
Let T0 be as in Lemma 4.3. That lemma then tells us that for each τ ∈ (0, T0 ), each
point x ∈ M admits a coordinate neighbourhood B so that ui (t) is sandwiched between
ετ and L on B × [τ, T0 ]. Such uniform control is enough to bring parabolic regularity
theory into play and give uniform interior C k bounds on B ×(τ, T0 ]. Since τ ∈ (0, T0 ) was
arbitrary we deduce that a subsequence of ui (t) converges smoothly locally on B × (0, T0 ]
to the conformal factor u(t) of a smooth Ricci flow for t ∈ (0, T0 ]. By repeating for
countably many suitable centre points x ∈ M and taking a diagonal subsequence we
deduce that there exists a smooth limit Ricci flow g(t) on M for t ∈ (0, T0 ], as required.
At this point we have to verify that g(t) is complete. For this purpose, by lifting
to the universal cover, we may as well assume that M is either S 2 , B or R2 , and the
completeness is obvious in the case M = S 2 . If M = B, then the lower bound (4.4) of
Lemma 4.3 passes to the limit to give u(t) ≥ 2th, and so g(t) inherits the completeness
of the Poincaré metric. If M = R2 , then we will use Lemma 4.4. For each t ∈ (0, T0 ) we
have Kgi (t) ≥ −1/(2t) throughout by Lemma 2.3. If we write gi (t) = ui (t)(dx2 + dy 2 )
globally on R2 then we have already established i-independent C 2 bounds on B2 , say,
at each t ∈ (0, T0 ). (These bounds depend on t.) Therefore Lemma 4.4 gives us a lower
bound
δ
on R2 \ B2
(4.6)
ui (t) ≥
(r log r)2
for positive δ that can depend on t etc. but not on i. This bound passes to the limit,
ensuring that the limit conformal factor does not decay so fast that completeness could
fail. This completes the proof that g(t) is instantaneously complete in all cases.
In order to verify the weak convergence of µg(t) to µ it suffices to check it in some
neighbourhood of an arbitrary point x0 ∈ M . This is provided by the following lemma.
Lemma 4.5. Suppose we have a sequence of Ricci flows gi (t) = ui (t)(dx2 + dy 2 ) on B,
each for t ∈ [0, T ), with the properties that gi (t) converges smoothly locally on B × (0, T )
to a Ricci flow g(t) = u(t)(dx2 + dy 2 ). Suppose that µgi (0) * µ as i → ∞ and we have
the uniform control that there exists ε > 0 such that ui (t) ≥ εt for all i and all t ∈ [0, T ).
Then
µg(t) * µ as t ↓ 0.
This lemma is pinning down a precise condition that allows us to interchange the
limits t ↓ 0 and i → ∞.
Proof. We need to establish that for all ϕ ∈ Cc0 (B) we have
Z
Z
lim
ϕu(t) =
ϕdµ.
t↓0

B

B

What we know already is that
Z

Z

lim

ϕui (0) =

i→∞

ϕdµ

B

B

and that for all t ∈ (0, T ),
Z

Z

lim

ϕui (t) =

i→∞

B

ϕu(t).
B

It remains to prove
Z
ϕ(ui (t) − ui (0)) = 0

lim
t↓0

B

uniformly with respect to i.
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Recall that ui is a smooth solution to the equation ∂t ui = 4 log ui . Pick r ∈ (0, 1)
such that Br contains the support of ϕ, and set s = (1 + r)/2 so that r < s < 1. We
have
Z
Z
Z
(4.7)
4ϕ log ui
ϕ4 log ui =
∂t
ϕui (t) =
B
B
B
Z
≤ C
|log ui |
Br
Z
Z
≤ C
ui + C
|log ui |
Br ∩{ui ≥1}

Br ∩{ui <1}

≤

Volgi (t) (Br ) + C |log(εt)|

≤

ηt + Volgi (0) (Bs ) + C |log(εt)|

≤

ηt + µ(Bs ) + 1 + C |log(εt)| ,

for sufficiently large i, using Lemma 3.2. Now that the right-hand side does not depend
on i, this inequality can be integrated with respect to t to give the required control.
In order to prove Lemma 4.2 it thus suffices to prove Lemma 4.3.
Proof of Lemma 4.3. By lifting to the universal cover it suffices to assume that M is S 2 ,
C or B.
The case M = B.
This is the easiest case, given the existing literature. We are free to pick any T0 ∈ (0, T )
(although L will depend on T0 ). We will take our coordinate neighbourhood to be
explicitly some ball B = Br (x) ⊂ B.
For our given x ∈ B, pick r > 0 sufficiently small so that B2r (x) ⊂ B. Corollary 2.2,
applied with K there equal to Br (x) here, and T1 there equal to T0 here, immediately
gives us the required upper bound (4.2).
For the uniform lower bound (4.4) – and hence (4.3) – on ui (t), consider the Poincaré
metric H = h(dx2 + dy 2 ) on B. According to [11], the Schwarz-Pick-Ahlfors-Yau lemma
can be applied in order to prove that any complete Ricci flow on B lies above the big-bang
Ricci flow 2tH, and in particular gi (t) ≥ 2tH and hence ui (t) ≥ 2th for all t ∈ (0, T ).
This completes the argument in the case M = B.
The remaining two cases are more subtle because the Schwarz-Pick-Ahlfors-Yau lemma
cannot be applied to obtain the global information required for a uniform lower bound.
The case M = C.
By translating the solution within C, we may assume that µ(B1/2 ) > 0. If we set
v0 = 12 µ(B1/2 ) then Volgi (B1/2 ) ≥ v0 for sufficiently large i. We can safely ignore the
finitely many terms that fail this inequality.
Then Lemma 3.1 tells us that Volgi (t) (B) ≥ v0 /2 provided t ≤ ηv0 . (If necessary,
reduce v0 so that ηv0 < T .) We are already in a position to define T0 := 21 ηv0 . Because
of the volume bound at time ηv0 = 2T0 , for each i there exists xi ∈ B such that
ui (xi , 2T0 ) ≥ v0 /(2π).
The upper bound (4.2) near x, e.g. on B := B1 (x) will follow immediately from Corollary
2.2. In fact, we will need a more extensive upper bound in order to obtain the required
lower bound. With this in mind we set ρ = |x| + 2 and apply Corollary 2.2 with T1 there
equal to 2T0 here, τ there equal to T0 here, and K there equal to B2ρ+1 (0). We deduce
a uniform upper bound that we write
ui (t) ≤ M0

throughout B2ρ+1 (0) × [T0 , 2T0 ].
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(4.8)

We apply the Harnack inequality implication of Corollary 2.5 with x0 there equal to
xi here, and with [t1 , t2 ] there equal to [T0 , 2T0 ] here. Note that B2ρ (xi ) ⊂ B2ρ+1 (0)
where we have the upper bound (4.8) for ui (t).
We deduce lower bounds for ui at all points y0 ∈ Bρ (xi ). But Bρ (xi ) ⊃ B|x|+1 (0) ⊃
B1 (x), and so we deduce the required lower bounds throughout B = B1 (x), and at all
times t ∈ (0, T0 ].
The case M = S 2 .
There are various ways that this case can be handled, exploiting the compactness of S 2 .
Indeed, we could have taken an approach as we did to handle the case M = C and not
need to pass to a subsequence. Instead we take a shorter route.
For sufficiently large i we must have Volgi (0) (S 2 ) ≥ 12 µ(S 2 ). Because Ricci flows on
S 2 lose area at a rate 8π, we must then have Volgi (t) (S 2 ) ≥ 12 µ(S 2 )−8πt. In particular, if
1
we fix T0 := 64π
µ(S 2 ), then over the time interval [0, 2T0 ] we have Volgi (t) (S 2 ) ≥ 41 µ(S 2 ).
Because of the flexibility of Möbius transformations, after passing to a subsequence and
writing gi (t) = ui (t)(dx2 + dy 2 ) with respect to an appropriate conformal coordinate
chart R2 ⊂ S 2 , we can be sure both that there exists a sequence xi → 0 ∈ R2 with
ui (xi , 2T0 ) ≥ δ > 0,
for all i, and also that the point x from the lemma lies in B.
From here the proof is essentially the same as the M = C case. Again we obtain the
upper bound on B1 (x) from Corollary 2.2. This time we also apply Corollary 2.2 on the
time interval [T0 , 2T0 ] to get a bound ui (t) ≤ M0 on B7 (0) × [T0 , 2T0 ], and apply the
Harnack inequality of Corollary 2.5 with ρ = 3. This gives the required lower bound at
all points y0 ∈ Bρ (xi ). But Bρ (xi ) ⊃ B2 (0) ⊃ B1 (x).

4.4

Extending the limit flow

Lemma 4.2 gives us short time existence of a complete flow g(t) starting with the measure
µ, when applied to the flows gi (t) constructed in Section 4.2. In this section we extend
this flow to the maximal existence time given in Theorem 1.2.
Take any sequence si ↓ 0, and consider g(si ) as a smooth complete initial metric on
M . According to Theorem 1.5, there exists a unique complete Ricci flow starting with
g(si ), with an explicit maximal existence time Ti . By uniqueness of this flow, proved
in [22], while both this flow and the original short-time flow exist, they must agree.
Appealing to uniqueness once more, we see that these flows give a smooth extension that
does not depend on i.
It remains to establish that the extension flow exists for the correct time. More
)
µ(M )
2
precisely, we must show that limi→∞ Ti is µ(M
8π if M = S , and 4π if M = C.
What we know is that in the former case we have Ti =
case Ti =

Volg(si ) (M )
.
4π

Volg(si ) (M )
,
8π

and in the latter

Thus it remains to establish that
lim Volg(si ) (M ) = µ(M ).

i→∞

By (4.1) we know that lim supi→∞ Volg(si ) (M ) ≤ µ(M ). On the other hand, because
µg(t) * µ as t ↓ 0, we have lim inf i→∞ Volg(si ) (M ) ≥ µ(M ).
This completes the proof of Theorem 1.2 except for the stronger claim in the case
that µ has no singular part.

4.5

Better convergence away from the singular part

In this section we establish the improved attainment of the initial data on the complement of the support of the singular part of µ that is claimed in Theorem 1.2. Multiple
applications of the following proposition will imply what we claimed there.
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Proposition 4.6. Suppose that µ is a nonatomic Radon measure on a Riemann surface
M , and g(t) is the smooth complete conformal Ricci flow on a Riemann surface M , for
t ∈ (0, T ), starting with µ, that has been constructed as a limit of flows gi (t) from Section
4.2.
Then whenever we take a coordinate chart B3 on which µ is nonsingular, and write
µ = u0 µ0 for µ0 the Lebesgue measure and write g(t) = u(t)(dx2 + dy 2 ), we have
in L1 (B)

u(t) → u0
as t ↓ 0.

We will prove the proposition using the following relative of Lemma 3.3. One can
compare with results from the literature of the fast diffusion equation, e.g. [19].
Lemma 4.7. Suppose gi (t) = ui (t)(dx2 + dy 2 ), i = 1, 2, are Ricci flows on the disc B2
for t ∈ [0, T ), and suppose that u1 (t) ≥ εt, for some ε > 0, throughout B2 × [0, T ). Then
 21

Z

 21

Z
≤

[u2 (t) − u1 (t)]+

[u2 (0) − u1 (0)]+
B2

B

  12
t
+c
,
ε

for all t ∈ [0, T ), where c is universal.
Proof of Lemma 4.7. We start by choosing a cut-off function ϕ ∈ Cc∞ (B2 ), taking values
1
in [0, 1], with the properties that |∆ϕ| ≤ βϕ 2 for some constant β, and ϕ ≡ 1 on B.
Then we can compute
Z
Z
d
[u2 − u1 ]+ ϕ =
[∆ log u2 − ∆ log u1 ]ϕ
dt B2
{u >u }
Z 2 1
[log u2 − log u1 ]+ |∆ϕ|
≤
B2

 12
1
u2
2
≤β
− 1 ϕ2
u
1
B2
+
 12
 π  21 Z
≤ 4β
[u2 − u1 ]+ ϕ
εt
B2


Z

(4.9)

1

where we used the inequality log s ≤ 2[s − 1] 2 , for s ≥ 1, and Cauchy-Schwarz. Further
details of this type of calculation can be found in [12, Page 38]. Therefore
d
dt

 12

Z
[u2 − u1 ]+ ϕ

r
≤ 2β

B2

π −1
t 2,
ε

which integrates to give the lemma.
Proof of Proposition 4.6. The Ricci flow g(t) = u(t)(dx2 + dy 2 ) for t ∈ (0, T ] arises as a
smooth local limit on B3 × (0, T ] of flows gi (t) = ui (t)(dx2 + dy 2 ) for t ∈ [0, T ]. We know
that
ui (t) ≥ εt and hence u(t) ≥ εt,
on B2 for some ε > 0, after possibly reducing T > 0.
By the assumption that µ has no singular part, Lemma 4.1 tell us that ui (0) → u0
in L1loc (B3 ) as i → ∞. However, the initial data of g(t) is only initially known to be
attained weakly in the sense that for all ϕ ∈ Cc0 (B3 ) we have
Z
Z
u(t)ϕ →
u0 ϕ
B3

B3
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as t ↓ 0. We would like to show that we have the strong convergence
u(t) → u0 in L1 (B).
In particular, for arbitrarily small η > 0, we need to show that
ku(t) − u0 kL1 (B) < η
for sufficiently small t > 0.
By the L1loc (B3 ) convergence ui (0) → u0 , we can fix i ∈ N such that for all j ≥ i (in
particular for j = i) we have
kuj (0) − u0 kL1 (B2 ) ≤ η/8.
Thus, for j ≥ i we have
kui (0) − uj (0)kL1 (B2 ) ≤ η/4.
By Lemma 4.7, we know that
Z
Z
|ui (t) − uj (t)| ≤ 2
B

|ui (0) − uj (0)| + C0 t ≤ η/2 + C0 t.

B2

Sending j → ∞ gives
kui (t) − u(t)kL1 (B) ≤ η/2 + C0 t.
We now insist that t > 0 is sufficiently small so that C0 t < η/8, and also so that
kui (t) − ui (0)kL1 (B) ≤ η/8 for our fixed i. By the triangle inequality we can then
conclude
ku(t) − u0 kL1 (B) ≤ ku(t) − ui (t)kL1 (B) + kui (t) − ui (0)kL1 (B) + kui (0) − u0 kL1 (B)
< (η/2 + η/8) + η/8 + η/8
< η,
(4.10)
as required to complete the proof.
At this point the proof of Theorem 1.2 is complete.

5

Nongradient Ricci solitons originating from measure data

In [26] it was shown how to use appropriate periodically scale-invariant smooth initial
data in Theorem 1.5 in order to construct nontrivial breathers. Now that we can start
the Ricci flow with rougher initial data, we can do a related construction in order to
construct new examples of Ricci solitons, answering a number of open problems. For
example, we show how to construct nongradient Ricci solitons on a surface, and solitons
on R2 without rotational symmetry.

5.1

Ricci flow starting with a line: An explicit example

One of the simplest nontrivial instances in which we can apply our existence theorem
1.2 is when the underlying Riemann surface is C ' R2 and the starting measure is the
uniform measure on a line. More precisely, define L := {0} × R ⊂ R2 to be the y-axis in
the plane, and set
µ = H1 xL.
(5.1)
This measure is invariant under translations in the y direction, and when we pull it back
by a dilation ϕλ (x) = λx, for λ > 0, the measure is scaled by a factor λ.
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Both translations and dilations are biholomorphic maps, so if we believe in our uniqueness conjecture 1.3 then these invariance properties will imply invariance properties for
the Ricci flow g(t) on R2 , for t > 0, starting at µ, whose existence is given by Theorem
1.2. In particular, the pull-back ϕ∗λ g(t) and the scaled flow λg(t/λ) will both be complete
Ricci flows that start with the same measure λµ, so
ϕ∗λ g(t) = λg(t/λ).
In particular, by first setting t = 1, and then redefining t = 1/λ, we find that
g(t) = tϕ∗1 g(1),
t

and we have an expanding Ricci soliton.
This argument is not complete as written because we have not established uniqueness
in this generality. However, it turns out that we have enough information from the
discussion above to explicitly construct this soliton. In order to keep the constants as
clean as possible we opt to analyse the soliton generated by flowing the initial measure
in (5.1) scaled by a factor of 2π.
Theorem 5.1. On R2 , the complete Riemannian metric g0 = u0 (x, y)(dx2 +dy 2 ) defined
by
2
u0 (x, y) :=
1 + x2
is a nongradient expanding Ricci soliton. In particular,
g(t) = tϕ∗1 g0
t

is a complete Ricci flow for t > 0 that can be written explicitly as g(t) = u(x, y, t)(dx2 +
dy 2 ) where
2t
u(x, y, t) = 2
(5.2)
t + x2
and satisfies
µg(t) * 2πH1 xL.
(5.3)
The proof is a straightforward computation. In particular, we can verify that the
conformal factor that is given explicitly by (5.2) satisfies
∂u
2(x2 − t2 )
= 2
= ∆ log u.
∂t
(t + x2 )2
The assertion that the soliton is nongradient follows from the well-known fact that a
gradient Ricci soliton on a surface with potential function f must have the rotated
gradient J∇f being a Killing field (see e.g. [6, Chapter 1, §3.1]). Up to scaling, the
only Killing field for g0 is vertical translation. This is the first nongradient soliton
that is known in two dimensions. It extends to higher dimensions by taking a product
with a Gaussian soliton. In higher dimensions, homogeneous nongradient solitons have
been constructed in [1, 17]. In contrast, gradient solitons have been classified in two
dimensions; see e.g. [3].
We see from the formula for this soliton that this Ricci flow diffuses the mass over
length scales of order t. This is consistent with the estimates elsewhere in this paper,
and can be contrasted
with the standard linear heat equation, which averages over length
√
scales of order t.
As for the geometry of the metric g0 , we can compute its Gauss curvature to be


1 1 − x2
K=
.
2 1 + x2
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For large x, it looks like spatial infinity in the half-space model of hyperbolic space (scaled
to have Gauss curvature − 12 ). Along the y axis the Gauss curvature is 21 . The effect of
the Ricci flow away from the y-axis begins like the big-bang Ricci flows on the half-spaces
on either side of the y axis. The Gauss curvature is controlled by
−

1
1
< Kg(t) ≤ .
2t
2t

Remark 5.2. The metric we construct here can be considered as being dual to the hyperbolic plane, scaled to have curvature − 21 , in the sense of Buscher duality from string
theory. See the discussion in [6].

5.2

More Ricci solitons on the plane

The idea motivating the construction above generalises to give a large class of additional
examples of Ricci solitons on surfaces. By lifting them to the universal cover, we can
consider them on R2 and the half plane.
5.2.1

Translating solitons in the plane

If we are given a nonnegative function f ∈ L1loc (R) that is not identically zero, we can
generate a function u0 : R2 → [0, ∞) by defining
u0 (x, y) := ex f (y).
Taking u0 to be the density of a measure µ on the plane, we can apply Theorem 1.2 to give
a Ricci flow g(t) starting with µ. Defining the shift Tσ : R2 → R2 by Tσ (x, y) = (x+σ, y),
we see that
Tσ∗ µ = eσ µ,
and so both Tσ∗ g(t) and eσ g(te−σ ) are Ricci flows starting with the same initial measure.
By the uniqueness of Theorem 1.4 we deduce that
eσ g(te−σ ) = Tσ∗ g(t),
which implies
g(t) = t T−∗ log t g(1),
and we have generated an expanding soliton on R2 that moves by translation.
For context, consider the trivial case that f ≡ 1. Then geometrically µ is the volume
measure of the universal cover of the punctured plane. The soliton we have described in
this trivial case is the universal cover of the time 1 instantaneously complete evolution
of the punctured plane.
5.2.2

Dilating and rotating solitons in the plane

As a variation of the construction above, if we are given α > 0, β ∈ R and a nonnegative
function f ∈ L1loc (S 1 ) that is not identically zero, we can generate a function u0 : R×S 1 →
[0, ∞) by defining
u0 (x, θ) := eαx f (θ + βx).
Taking u0 to be the density of a measure on the cylinder R × S 1 , and pushing it forward
to the plane under the conformal map (x, θ) 7→ (ex , θ) gives a Radon measure µ on the
whole plane with density relative to Lebesgue measure given in polar coordinates by the
L1loc function
(r, θ) 7→ rα−2 f (θ + β log r).
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Note that asking for α to be strictly positive makes µ locally finite, in particular near
the origin. That density function has been constructed so that if we pull back µ under
the conformal diffeomorphism ψλ : R2 → R2 defined in polar coordinates by
ψλ (r, θ) = (λr, θ − β log λ),
where λ > 1 (corresponding to adding log λ to x and rotating by −β log λ in the cylinder
picture) then it is scaled according to
ψλ∗ µ = λα µ.
A trivial example would be f ≡ 1, β = 0 and α = 2, which gives the flat plane. Changing
α adjusts this to a nontrivial cone metric.
Let g(t) be the Ricci flow starting with µ, as given by Theorem 1.2. Consider starting
the Ricci flow with the initial measure λα µ. On the one hand, ψλ∗ g(t) is such a flow, and
on the other hand λα g(t/λα ) is such a flow. By the uniqueness of Theorem 1.4, we then
must have
ψλ∗ g(t) = λα g(t/λα ).
Then
g(t) = tψt∗−1/α g(1),
and we have an expanding Ricci soliton. In the case that β 6= 0, we see that the
diffeomorphism ψt−1/α rotates an unbounded number of times as t ↓ 0.
A simple example corresponding to the case α = 2 is the soliton generated by the
measure on the plane that is Lebesgue measure in a half space, and the trivial measure
on the complementary half space.

5.3

Solitons in the half plane

Essentially identical constructions to the ones above give a large class of new expanding
solitons on the half plane, or equivalently on the disc.
First, we can modify Section 5.2.1 by taking instead f ∈ L1loc (0, ∞), in which case u0
will live on R × (0, ∞). We then apply Theorem 1.2 on the half plane instead, and the
rest of the argument follows verbatim with the shift Tσ restricted to this half plane.
Meanwhile, we have a half plane version of the dilating solitons of Section 5.2.2 arising
by restricting f to half a circle, i.e. the interval (0, π), and setting β = 0. Thus the density
is given in polar coordinates by
(r, θ) 7→ rα−2 f (θ),
We apply Theorem 1.2 in the half plane and end up with an expanding soliton of the
form
g(t) = tϕ∗t−1/α g(1).,
Example 5.3. A simple example corresponding to the case α = 2 and f ≡ 1 is the
soliton generated by the half plane {y > 0} with the Euclidean metric. The corresponding
Ricci flow could be written u(x, y, t)(dx2 + dy 2 ) where
 
y
u(x, y, t) = F √
t
for some decreasing function F : (0, ∞) → (1, ∞) satisfying an appropriate ODE with
asymptotic behaviour F (s) ↓ 1 as s → ∞ (which is guaranteed by the smooth local
convergence of any Ricci flow generated by Theorem 1.5 to its smooth initial data) and
2
F (s)
 ≥ s2 (which is forced because the Ricci flow corresponding to the conformal factor
F

y
√
t

must lie above the conformal factor of the big-bang Ricci flow corresponding to

the conformal factor

2t
y 2 .)

One could check that F (s) ∼
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2
s2

for small s > 0.

5.4

Solitons arising from singular measures

The constructions above can be generalised further, replacing each of the L1loc functions
f by more general Radon measures. If we could assume the uniqueness conjecture 1.3
then the constructions would be identical to the ones above. For example, the explicit
example of Section 5.1 would arise from the abstract construction of Section 5.2.2 by
taking f to be the sum of two delta masses on opposite sides of the circle, and setting
α = 1 and β = 0. The interested reader can verify that we can nevertheless treat these
cases rigorously by mollifying the Radon measures that substitute for f , generating the
corresponding expanding Ricci solitons as above, and then taking a limit as we mollify
less and less, using the estimates developed in this paper.
As an example, one could imagine the soliton generated by flowing the Hausdorff
measure H1 restricted to a logarithmic spiral in the plane.

6

Smooth Ricci flows attaining smooth initial data
weakly

Suppose g(t) is a smooth complete Ricci flow on a surface M for t ∈ (0, ε) with the
property that the distance function dg(t) : M × M → [0, ∞) converges locally uniformly
to the distance function dg0 : M × M → [0, ∞) of a smooth complete Riemannian metric
g0 as t ↓ 0.
It is a question raised by A. Deruelle and T. Richard as to whether this implies that
g(t) converges smoothly locally to g0 as t ↓ 0; see [18, 25, 8]. In [8] it is shown that the
answer is yes if certain curvature hypotheses are added to g(t).
The purpose of this section is to demonstrate that the answer is no in general.
Theorem 6.1. There exists a Ricci flow g(t) on R2 , for t > 0, with initial data given
by the measure
µ := µg0 + H1 xL,
where g0 is the Euclidean metric, so that dg(t) → dg0 locally uniformly as t ↓ 0.
If we could appeal to the uniqueness conjecture 1.3, then we would have said the Ricci
flow with µ as initial data.
Proof. The Ricci flow g(t) will arise directly as in the proof of Theorem 1.2, except that we
would like to specify the approximations gi explicitly rather than by appealing to Lemma
4.1. (It is not significant that we will allow our approximating metrics to have infinite
volume.) First we ask that gi = ui (x)(dx2 + dy 2 ) for some function ui : R → (0, ∞)
with ui (x) = ui (−x). That is, the metric is invariant under vertical translations and by
reflection in the y axis.
Next we ask that gi ≥ g0 for all i. This bound will be inherited by the subsequent
flows gi (t) given by Theorem 1.5, i.e. gi (t) ≥ g0 for all t ≥ 0, and ultimately inherited
by the limit Ricci flow g(t) = u(x, t)(dx2 + dy 2 ). Consequently we have u(x, t) ≥ 1, and
thus
dg(t) ≥ dg0
for all t > 0 and throughout R2 × R2 .
It will be even more helpful to ask that gi = g0 on {|x| ≥ 1/i}, i.e. away from a strip
around the y axis, since this will allow us to derive an upper barrier for gi , which in turn
will give upper bounds on dg(t) . Recall the soliton proposed in Example 5.3 that originates
from flowing a half space with the Euclidean metric. As discussed there,
 we consider
 if
that soliton on the right half plane {x > 0}, then we can write it as F √xt (dx2 + dy 2 ).
(Recall that F (s) is a decreasing function that converges to 1 as s → ∞.) Because
F ≥ 1,

x−1/i
√
the Ricci flow on the shifted half plane {x > 1/i} with conformal factor F
will
t
20

(being ‘maximally stretched’ [11]) lie above the conformal factor ui (x, t) of the restriction
of gi (t) to {x > 1/i}, i.e.


x − 1/i
√
,
ui (x, t) ≤ F
t
for x > 1/i and t > 0. If we then extract a (subsequential) limit Ricci flow g(t) =
u(x, t)(dx2 + dy 2 ), as in the proof of Theorem 1.2, it will inherit the upper bound
 
x
u(x, t) ≤ F √ .
t
We can use this upper bound in order to control u(x, t) to be close to 1 outside a
strip around the y axis L that is becoming thinner and thinner. More precisely, given
2
arbitrarily
√ small ε > 0, pick Q > 0 large enough so that F (Q) ≤ (1 + ε) . Then for
x ≥ Q t we have
 
x
u(x, t) ≤ F √ ≤ F (Q) ≤ (1 + ε)2 .
t
√
Although Q is liable to be large, we will be able to take such small t that Q t can be
made as small as we like, i.e. the strip can be made very thin.
This upper bound
√ for u gives us very good control on dg (t)(p, q) for p and q in the
half plane {x ≥ Q t}. Precisely, we have
dg(t) (p, q) ≤ (1 + ε)dg0 (p, q).
By √
symmetry, we also then have control for p and q in the opposite half plane {x ≤
−Q t}. All remaining cases can be reduced to the problem of controlling dg(t) (p, q) for
p ∈ L (i.e. p on the y axis) and q in √
the half plane {x ≥ 0}. By imagining shifting both
p and q to the right by an amount Q t, and using the case above, we reduce to showing
√
that the dg(t) distance between a point on the y axis L and its shift to the right by Q t
can be made as small as we like. But
! 21
Z Q√t p
Z Q√t
√
1 1
u(x, t)dx
dg(t) ((0, 0), (Q t, 0)) =
u(x, t)dx ≤ Q 2 t 4
0

0

and
Z

1

u(x, t)dx → 3
−1

as t ↓ 0 because Volg(t) ([−1, 1] × [0, 1]) will have to converge to µ([−1, 1] × [0, 1]) = 3.
It may be worth pointing out that the length of a vertical path between two points
on the y axis L that are Euclidean distance 1 from each other will blow up as t ↓ 0. In
reality, the vertical path is not the shortest.

7

There cannot exist a solution starting with a Dirac
mass

In this section we prove Theorem 1.1, ruling out the existence of flows starting at measures
with isolated atoms. An important ingredient will be the following a priori estimate that
controls an arbitrary Ricci flow starting locally at initial data with bounded conformal
factor.
Lemma 7.1. Suppose g(t) = u(t)(dx2 + dy 2 ) is a smooth Ricci flow on BR , some R > 0,
for t ∈ (0, T ). Suppose that u0 ∈ L∞ (BR ) with 0 ≤ u0 ≤ L. Suppose µg(t) converges
weakly to the measure µ := u0 µ0 corresponding to u0 as t ↓ 0, where µ0 is the Lebesgue
21

measure. Then for t ∈ (0, T ) satisfying t ≤ R2 L the conformal factor at the origin is
controlled by
u(0, t) ≤ C1 L,
for universal C1 .
1

Proof. Because t ≤ R2 L, if we set r = 31 ( Lt ) 2 then B3r ⊂ BR . Because u0 ≤ L, we must
have µ(B3r ) ≤ Lπ(3r)2 = πt. By the weak convergence µg(t) * µ as t ↓ 0, for sufficiently
small t0 ∈ (0, t) we must have Volg(t0 ) (B2r ) ≤ 2π(t − t0 ). Thus we can apply Theorem
2.1, thinking of time t0 here as time 0 there, to deduce that
u(0, t) ≤ C0 r−2 (t − t0 ) = 9C0 L(t − t0 )/t ≤ 9C0 L.

Proof of Theorem 1.1. Suppose a flow g(t) did exist, contrary to the claim of the theorem.
By taking an appropriate coordinate chart B2 in M we would have a Ricci flow g(t) =
u(t)(dx2 + dy 2 ) for t ∈ (0, ε) and a smooth function u0 : B → [0, 1] such that
u(t)µ0 * δ0 + u0 µ0
as t ↓ 0. Let C1 be the universal constant from Lemma 7.1. Then according to Lemma
7.1, for each x ∈ B \ {0}, we have
u(x, t) ≤ C1
for all t ∈ (0, T ) with t ≤ |x|2 , or equivalently we have the bound for all t ∈ (0, T ) and all
x ∈ B \ B√t . Therefore for each r ∈ (0, 12 ), if ur (t) is the conformal factor of the unique
smooth instantaneously complete Ricci flow on B \ Br starting with a conformal factor
identically equal to C1 then u(t) ≤ ur (t) where defined, for all t ∈ (0, T ). Here we start
the comparison at some time t < |x|2 . Letting r ↓ 0, we find that u(t) lies below the
conformal factor of the unique smooth instantaneously complete Ricci flow on B \ {0}
starting identically equal to C1 . In particular, for each r > 0 (however small) we have
lim sup Volg(t) (Br ) ≤ C1 πr2 ,
t↓0

which converges to zero as r ↓ 0. This contradicts the weak convergence to µ since there
cannot then be a delta mass at the origin.
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