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DedicatedtoPeterSwinnerton-Dyeron
theoccasionofhisseventy-fifthbirthday

ThisnoteconcernstheDiophantinesystem

x
2
1+x

2
2+x

2
3=y

2
1+y

2
2+y

2
3

x
3
1+x

3
2+x

3
3=y

3
1+y

3
2+y

3
3(1)

x
4
1+x

4
2+x

4
3=y

4
1+y

4
2+y

4
3

whichrepresentsasurfaceofdegree24.Thesystemisofinterestinthat
Palamà[7]in1951showedthattheonlyrealpointson(1)inthepositive
quadrant(xi>0,yi>0fori=1,2,3)aretrivialpoints,thatis,points
where(x1,x2,x3)isapermutationof(y1,y2,y3).Geometrically,theonlyreal
pointson(1)inthepositivequadrantlieuponafinitenumberofplanes.
Choudhry[2]discoversthenontrivialrationalpoint(whichwealsoreferto
asanontrivialsolution)

(x1,x2,x3;y1,y2,y3)=(358,−815,1224;−776,1233,−410),

andweobservethatthispointalsosatisfiesx1+x2+y1+y2=0.Inthis
note,weinvestigatethesectionofthesurface(1)cutbytheplane

x1+x2=t(y1+y2)(2)

fort=±1.Thereareonlyfinitelymanynontrivialpointsonthesectionwith
t=1,butinfinitelymanynontrivialpointsonthesectionwitht=−1.

First,makethesubstitution

x1=a1m+b1n,y1=a1m−b1n

x2=a2m+b2n,y2=a2m−b2n(3)

x3=a3m+b3n,y3=a3m−b3n

wheremn6=0,sothat(2)abovebecomes

m(t−1)(a1+a2)=n(t+1)(b1+b2).
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CaseI:t=1

Thenb2=−b1,andsubstituting(3)into(1)gives:

a1b1−a2b1+a3b3=0
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Nontrivialsolutionsdemanda16=a2,a36=0.Eliminatingm,nin(4)and
usingb3=(−a1+a2)b1/a3gives
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Thisquarticcurveissingularatthepoint(a1,a2,a3)=(1,1,0),andhas
genus2.Put

a1=u,a2=u−v,a3=w

togive
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Thediscriminant(asfunctionofu)beingsquareimplies
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Thislattercurveofgenus2hasofcourseonlyfinitelymanyrationalpoints.
ItsJacobianisisogenoustotheproductofthetwoellipticcurves
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−4V

2
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E2:−3(1−4W+12W
2
−12W

3
)=S

2
2,

bothofwhichareofrank1(withgenerators(0,6)and(1,3)respectively).
Accordingly,Chabauty’smethod(seeforexampleColeman[3])fordetermin-
ingtherationalpointson(6)doesnotapply.Itispossiblethatmethods
ofFlynnandWetherell[6]maybeeffective,butwehavenotpursuedthe
calculation;seealsoBruinandElkies[1].Inanyevent,thereareonlyfinitely
manysolutionsofthesystem(1)satisfyingx1+x2=y1+y2,andtheirdeter-
minationisaffordedbyfindingallrationalpointsonthecurve(6).Amodest
computersearchfindsonlythepoints(u,v,w)=(1,0,0),(1,0,2),(0,1,1),
(1,1,1)on(5),correspondingtotrivialsolutionsof(1).
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CaseII:t=−1

Nowa1+a2=0,and

a1b1−a1b2+a3b3=0,

3(a
2
1b1+a

2
1b2+a

2
3b3)m

2
+(b

3
1+b

3
2+b

3
3)n

2
=0,(7)

(a
3
1b1−a

3
1b2+a

3
3b3)m

2
+(a1b

3
1−a1b

3
2+a3b

3
3)n

2
=0.

Nontrivialsolutionsdemandb16=b2,a36=0.Eliminatingm,nat(7)and
usingb3=(−b1+b2)a1/a3gives

a1(b1−b2)(a1b1−a3b1−a1b2−a3b2)P(a1,a3,b1,b2)=0,

where
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Consequently,eithera1=0,orb1=b2,or(a1−a3)b1=(a1+a3)b2,allof
whichleadtotrivialsolutionsoftheoriginalsystem,or

(a1−a3)
3
(a1+a3)b

2
1−(2a

4
1+8a

2
1a

2
3−a

4
3)b1b2+(a1−a3)(a1+a3)

3
b

2
2=0.

Thediscriminantofthelatteris
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whichaccordinglyissquarepreciselywhen
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sothat(withoutlossofgenerality,onchangingthesignofvifnecessary)
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Thenfrom(7),

−9(3u−v)
2
(u+v)

6
m

2
+b

2
2(9u

4
−24u

3
v−26u

2
v

2
−8uv

3
+v

4
)n

2
=0,



     

66ADiophantinesystem

thatis,
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where

V=v/u,U=
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3

b2u2m/n.

AWeierstrassmodelfor(8)is
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andusingtheAPECSprogram[4]ofIanConnell,orthetablesofCremona
([5]),where(9)isnumberedasthecurve552E1,wediscoverthat(8)isof
rank1,withgeneratorP(V,U)=(−9/4,−111/16).Accordingly,wecan
constructinfinitelymanyrationalpoints(equivalently,integerpoints)on(1).
Indeed,from
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weobtain
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ThepointP(V,U)=(−9/4,−111/16)pullsbacktothesolution

(−815,358,1224;−776,1233,−410),

andthepoint2P(V,U)=(−148/33,29219/1089)tothesolution

(378382959,−931219912,−156845590;357088490,195748463,−932263416).
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[7]GiuseppePalamà,Sistemiindeterminatiimpossibili,Boll.Un.Mat.Ital.
(3)6(1951)113–117

AndrewBremner,
DepartmentofMathematicsandStatistics,
ArizonaStateUniversity,
Tempe,AZ85287-1804,USA
e-mail:bremner@asu.edu


