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Introduction

Axisymmetric NS egs. (with infinite total energy)
vortex stereched by a mean flow

Burgers vortex (1-celled, linear)

Sullivan vortex (2-celled, nonlinear)



Kida-Yanase (1999)
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Donaldson and Sullivan (1960)

Fig. 4. Comparrson of Burgers’ and Sullivan’s solutions.
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{ An approximate treatment of vortices of this type was originated by Einstein

. & Li (1961) and somewhat generalized by Deissler & Perlmutter (1958). In these

E a.na.lyses the axial velooxty is arbitrarily taken as a discontinuous function of

- the radius, and has a jump at the radius of the exhaust. Continuity is then used

i to determine a radial velocity which is independent of the axial coordinate. The

tangential velocity is assumed to be a function of the radius only and can then

be determined directly from the tangential momentum equation by simple
M quadrature,
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Fraure 1. Sketch of vortex flow in which the fluid enters tangentially with high
velocity, spirals radially inward and exits axially at some smaller radius.




Ranque-Hilsch tube

ROTATING ~ Tengelly (1157 )
CYLINDERS -

TOTAL RADIAL
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Fic. 1. Section of a two-dimensional vortex. Vortical flow
exists in annulus between r; and r,. Fluid enters through porous
surface of outer cylinder and is absorbed at inner cylinder.
Boundary conditions are established by angular velocities of the

two cylinders.




0. Basic equations
Ansatz
axisymmetric Navier-Stokes eq. in cylindrical coordinates(r, ¢, z)

U= (urau(pa UZ) — (U (r,t),V(r,t),zW(r,t))
vorticity equation
——==W(rt)w;+VvAw;

Burgers vortex
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U(r,t) =—ar, W(r,t) =2a



Sullivan vortex
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axisymmetric Navier-Stokes egs.
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continuity
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Relationship between U and W

10 I N LN
W = rar(rU)orU(r)_ r/OrW(r)dr

InR2, C(t) =0
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Invisicd case v = 0, blow-up

J.D. Gibbon, D.R. Moore, J.T. Stuart,
Nonlinearity 16 (2003), 1823.

GFD Physica D 132 (1999)497

OG, Phys. Fluids, 12(2000)3181
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Donaldson and Sullivan (1960)
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Relationship between the axiol pressure
- 3.8 gradient parameter |+ a » ~(R¥YpzW"dp/dz-|
ond the Reynolds number based on radial
velocity. Ny = UR/v for the complets class
b P 36 of solutions of the Navier-Stokes equations -
for which the axial velacity w is of the form
w=2W(r). The local character of the oxial
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1. Stationary solutions (viscous)

Stationary Navier-Stokes eqgs.
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non-dimensionalization

x=r?/R%, f(x)=—2rU(r)/RS

g(xX) =RWI(r)/S h(x)=rV (r)/T

f'=g
v _ )
gqu +fH =0
! _ (f/)2—|—4—v(xf”)/ _ 526( )
SR 7
0,h(1) = 0)
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Transformation

or

X=cX C
F(X)
FX)= —=U
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(XF”)/—i—FF”— (F/)2+1: 0

XH'(X)+F(X)h'(X)=0
h(0) =0, F’(c) =0,h(c) = 0)
A=F(0),

= F/(0), F"(0)=A%-1

F(X) = £X Burgers

F(X)=X—-3(1—e*) Sullivan
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2. Nonstationary solutions (viscous)
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Comparison to reaction-diffusion eqgs.

ou
5 = uP+ Au, u(x,t =0) =uy(x)(>0)

Fujita equations (1966) RN
e If 1< p<1+2/N, no global solutions except u= 0 (blow-up)

e If p>1+2/N, some global solutions for 'small’ initial data,
some blow-up for ’large’ initial data

e p=pc=1+2/N blowup
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Meaning of the theorem

e If pis large, diffusion dominates over nonlinearity for small initial data

e decay rate vs. blowup rate

(time)~N/2 = (time)~1/(P—1)
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Are there any self-similar blow-up solutions ?

ODE
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2
(Ef /nf )dn — 12 =2

BC f/(0) =0, f(c0) =0

By Jo d&
> 2 — p
2/0 EF(E)2dE =0= f(£) =0

Trivial ones only

cf. constant sols. f =0, 1

2 (&t
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Consider LP-norm

w(r,t) >0

Jwlp= [~ co(r)P2mrdr = (w(r)P)

djew|| B dw\ >
_ p+1_ _ et p—2
g = (PHDljell—v(p—1) (dr) w

fU=0

|8 dw\
_ p+1 . v p—2
g = Pl —v(p-1) (m) %
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Numerics

V=1x10"2 dt=2x103dr=1x102

N = 1000Q L = 100

W(r) =re"
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3 . . — Present Class
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L2-norm

E(t)
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Proof of blow-up( global nonexistence )
method of subsolution
Deng, Kwong and Levine(1992)

1
Us = Uxx+ suux+§(a||u(-,t)|]p_l+b)u, accR, b>0p>1

In 2 steps
(I) comparison principle

d.u= A(u) +F(u)

A(u) = diffusion term, F (u) = nonlinear term

du—A(u) —F(u) > dv—A(V) —F(v) = u(-,t) > v(-,t),
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(i)construction of subsolution

OKwitha>4b+1

1

(1) > () = == F()
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Performing

we find
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Thus

(00}

| @-@)pmrdr = [ "(ey(r) ~a(r)) o Ojrdr

0

t 00 740 dp 10 [ do
/ o v / AN g -
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A1) = 2(w+ ), B(r,t) — % /O " eo(r')dr
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An, BheC®(D1), An— A By—BinDyasn— o

backward problem

J¢h oph 10 [ o\
DA m B OGP v (1) <o

(h(e,t')=0,0<t' <t
@h(r,t) =x(r),r>0

X(r)eCy(0,w),0< x <1
® = liMp_ e @h With An, B replaced by A,B, ¢ > 0
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0

t 00
< MM, /O dt /O (w(r') —@(r")) Hdr

20
or

M = sup,_ @], My =sup| 57|, Mg =[5 @(r)dr
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|1, if w(r)—a(r)>0
-{5

X(r otherwise

| (@) ~w(n)*rdr < my / " (@o(r) — @p() e
+M,M /dt/ NFrldr’

[ (@r) @)y Frr < eV [

0

Gronwall

(wy(r) — @o(r) Frel

QED



Summary
Burgers-Donaldson-Sullivan class

e Survey on stationary solutions

e Non-stationary solutions
numerics suggests blow-up
methods of reaction-diffusion eq. — proof of blow-up for large IC

Non-zero constant self-similar solution — suggests asymptotic self-similar
blow-up
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THE REST IS SUPPLEMENTARY MATERIALS, WHICH ARE NOT USED IN
THE TALK.
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We must envisage a much broader class of flows in the entire x-space. Some
sort of condition at infinity must, however, be imposed in order to insure reason-
able behaviour of the flow. This is shown by the solutions

Ui =8, Xy, P=—(&+8585,)%%
of the equations of flow where the a, are entirely arbitrary functions of t subject
to the conditions

Ay = &, agg = 0.
Such a solution can become infinite at a finite moment of time. It can also start

from the state of rest with u = p = 0 without staying at rest. Presumably no such
things happen if a condition of the following sort is imposed....

Hopf(1952)
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Properties of solutions with finite energy are deeply rooted in our consciousness.
What you will see may appear bizzard.

Infinite energy

y+2Z Z+X X+Yy
u(X’y’z’t):(t-—T’t—-T’t-T)

X2 +y2 47
(t—T)e

p(X7 Y; th) - =

S.Childress and E. Spiegel

G.F.D. Duff “As Professor G. Duff points out, in case one is willing to accept
Infinite energies, one can easily do this just using (such an example).” Marsden,
Ebin & Fisher (1972)
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Fujita equation blow-up
Sketch of Proof

Crux inequality
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e /Rn ex'“(‘ : 4ty| > @(y)dy < C(p)(4mt)"/?

g

—~ 4l ,
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—— > — = contradiction
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cf. H.A. Levine, SIAM Review, 32(1990)262,

K. Deng & H.A. Levine, J. Math. Anal. Appl. 243(2000)85.
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Proof
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Stability of Burgers vortex
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Equivalently,
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Critical case

Assume

n
t3e”9(x) <C, lgll, , <C, lu)] , <C

Q> kGy, k,a >0

u(t) > € (p>eAkGa

Ju®)l2> [ 1669 2u(s)P) ¢
t
> [6 94 (&kGy)P 10

t S/ P
> [11(¥KGa) | s
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reaction-diffusion egs with advection

%—f— (a-0)ud=uP+ Au,

: 2 2q
=min{1+4+—-14+—-
P (+N’ NF1

Aguirre & Escobedo (1993)

)
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Bandle-Levine (1994)

%Jr(b-ﬂ)u: uP + Au,

u(x,t = 0) = uy(x)(> 0)
(b-O)u=0-B, |B| < cuf

2
1< p<1+N—>bIowup
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