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Some questions about Turbulence

-

#® Number of degrees of freedom NN in the flow ?

# What is the number of determining modes M ?

V= CnVm, v(t =0) = vy
u=> " dnUn, v(t =0) = ug
Vm < M lim;_g |¢,, — d| =0 = lim; g [[lu—v| =0

M S N (Constantin et al. 85)
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Some questions about Turbulence

#® Number of degrees of freedom NN in the flow ?

# What is the number of determining modes M ?

® What set of modes is the suited ?

A

function to expand
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M S N (Constantin et al. 85)

A

fi

2 modes needed

Lq

T

loads needed !
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Plan

-

# Small scales and determining modes in homogeneous
turbulence

# Bounds on the attractor dimension in homogeneous
turbulence

°

Heuristics in MHD turbulence

# Bounds on the attractor dimension and least dissipative
modes in MHD turbulence
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The Heuristics of Kolmogorov (K41)

o N

1
ou=—-u-Vu—Vp+ —Viu~+f

Re
Q Q s L — |. Large scales
N .
0000 o L/k — |I. Inertial range
000000000 # L/kmas = Ly — Il Dissipative scales
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The Heuristics of Kolmogorov (K41)

o N

1
ou=—-u-Vu—Vp+ —Viu~+f

Re
Q Q ,L — |. Large scales
0000 + L/k — Il. Inertial range
T
000000000 #L/kmax — 1, — M. Dissipative scales
Il. B = E(e, L/k) ENE(L)k—5/3
IIl. Inertia ~ Dissipation ko~ (UiL)?’/4

; |
%. R N ~ Re®
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Global attractor for NS

-

u=cC (t)Vl + CQ(t)VQ + Cg(t)Vg + ...
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Global attractor for NS

-

u=cC (t)Vl + CQ(t)VQ + Cg(t)Vg + ...

® Vi < 00, € < 0o = there is a global attractor
(Babin 78, Sermange 83)

9 dim(,A) — cM (Constantin et al. 85)
4 =
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Estimate for d

duo

,C3 . dus
oug D (du;)i=1..n independent disturbances in
c2 A the vicinity of A
n > dim(A) = V,, = ||[dui1 X...xduy|| — 0
dim A =2

Y
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Estimate for d

duo

,C3 . dus
oug e (du;)i=1..n independent disturbances in
c2 A the vicinity of A
n > dim(A) = V,, = ||[dui1 X...xduy|| — 0
dim A =2
c1

Evolution of one perturbation
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d:du; = L[u]du; + O(||6u;]|?)
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Estimate for d

- o N

,C3 . dus
oug e (du;)i=1..n independent disturbances in
c2 A the vicinity of A
n > dim(A) = V,, = ||[dui1 X...xduy|| — 0
dim A =2
c1

Evolution of one perturbation
drdu; = Lu]du; + O(||du;]|?)

Evolution of volume V,,
0tV = Tr(L[u]Pn) Vi,
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Estimate for d

- o N

,C3 . dus
oug e (du;)i=1..n independent disturbances in
c2 A the vicinity of A
n > dim(A) = V,, = ||[dui1 X...xduy|| — 0
dim A =2
c1

Evolution of one perturbation
drdu; = Lu]du; + O(||du;]|?)

Evolution of volume V,,
0tV = Tr(L[u]Pn) Vi,

Estimate for d
dy < minn € {n713ax Tr(L[u]Pr) < 0}

,.-"'r TECHNISCHE
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Bounds d,,for Navier-Stokes with periodic b. c.

o N

® FEvolution equation for a perturbation Ju;

1
otdu; = —IO0u;-Vu—u-Vou; + —V25ui
Re
Lu] = B(,u+D

® B(-,u) produces modes — Tr(B(-,u)Prn) >0
® D dissipative — Tr(DP,) <0
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® FEvolution equation for a perturbation Ju;

1
otdu; = —IO0u;-Vu—u-Vou; + —v25ui
Re
Lu] = B(,u+D

® B(-,u) produces modes — Tr(B(-,u)Prn) >0
® D dissipative — Tr(DP,) <0

® 3d periodic case

TrB(-, u)Prn < nRe? = dpr < cRe3

9
(Constantin et. al. 85) N ~ Rea!l

TrDP,, < —en

—rediddscue J
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Bounds d,,for Navier-Stokes with periodic b. c.

-

® FEvolution equation for a perturbation Ju;

1
otdu; = —IO0u;-Vu—u-Vou; + R—v25ui
(&

Llu] = B(,u)+D

® B(-,u) produces modes — Tr(B(-,u)Prn) >0
® D dissipative — Tr(DP,) <0

® 3d periodic case

TrB(-, u)Prn < nRe? = dpr < cRe3

TIDP. < —ens (Constantin et. al. 85)

® 2d periodic case
dyr < g% (14 In g)% (Constantin et al. 88)

— dpg
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N ~ Reall

Log-optimal ! (Ohkitani 89)
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Heuristics on MHD turbulence

o N

Lorentz Forces
\ B

> u+ du
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Lorentz Forces

AlB
oBu + ocBdu
ZalN u + du
oBu u
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Heuristics on MHD turbulence

o N

Lorentz Forces

A
° oBdu

;/ﬂ > u+ du
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Heuristics on MHD turbulence

o N

Lorentz Forces

LB
—oB?du

- ‘//q| > u+du

| ~ Lo B2du
u

oBdu
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Heuristics on MHD turbulence

-

Lorentz Forces
iB
—oB?*du
- A//q > u -+ du

e ; " Lo B2du

oBdu
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Heuristics on MHD turbulence

Lorentz Forces

Inertia

e o Bdu
- A//q > u-+du .
-
Ha?/Re >> 1 Ha?/Re = “fQL Ha*/Re << 1
7 ;
‘13 & Cj;? - ‘]%i:><::> <:> Igi) O >
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Kolmogorov-like heuristics in MHD

o N

1
otu=—u-Vu—Vp+ o (Vzu — Ha28§2v_2u) + f
e
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Kolmogorov-like heuristics in MHD

B -
00 -

0000 L/k,,L/k, — |I. Inertial range (Joule !)

000000000

— |. Large scales

N
e
-t — lll. Dissipative scales
1
T
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Kolmogorov-like heuristics in MHD

-

1
otu=—u-Vu—Vp+ T (VQu — Ha28§2v_2u) + f

€
T
o0 .-

— |. Large scales

_r
e - .
0000 L/k,, L/ks — Il Inertial range (Joule !)
I — |ll. Dissipative scales
000000000 T L/kLm, L/k, .
ll. Inertia ~ Lorentz and ’Z—i = cst E ~ E(L)kl3 (Alemany et al. 79)
lIl. Inertia ~ Dissipation ki ~ Re'/? and k,,, ~ Re/Ha
N~ B
Ha
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Bounds for d;; in MHD

-

® The problem...

‘B
) ® incompressible, conducting fluid
® 27L-z,y periodic box
T $ u=0andj-n=0atz=-1,1
Q o forced flow
T

TECHNISCHE

« UMIVERSITAT

ILMENAU Warwick 2006 — p. 10
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® The problem...

A B
#® incompressible, conducting fluid
® 27L-z,y periodic box
® u=0andj-n=0atz=-1,1
& forced flow
® Evolution equation for du;
1
otdu; = —dou;-Vu—u-Viu; + R_ (V2 — Ha2(9§2 V_Q) ou;
(&

Lu] = B(,u)+ Dy,
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Bounds for d;; in MHD

-

® The problem...

B
#® incompressible, conducting fluid
® 27L-z,y periodic box
® u=0andj-n=0atz=-1,1
& forced flow
® Evolution equation for du;
1
otdu; = —dou;-Vu—u-Viu; + R_ (V2 — Ha2(9§2 V_Q) ou;
(&

Llu] = B(,u)+ Dy,

® Bound on d;; achieved for the set of n least dissipative eigenmodes of D g,
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Eigenmodes of Dy,

=== === ==== _— - -

0.8} —

0.6 [

ol — — ® Fourier modes in the (z,y) plane

= — 2 _ 1.2 2

02} -— | k'J_ = kz + ky
YA -_— . . .

of = — Kz ® Dispersion relation

02 2 2 1 pe
- = — A= —k$ —pu;+ 772 L
s - L z Ha kJJ_ —|-,Ll,g
gl § = — ® =2150orpu==+tik,

_08 \L - ——

Emmmm=m=m= === === ;’?"

5 T —-2r -15 -1 -05 0 ; 5

velocity
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Eigenmodes of Dy,

=== === ==== _— - -

0.8} —

0.6 [

ol — — ® Fourier modes in the (z,y) plane

= — 2 _ 1.2 2

02} -— | k'J_ = kz + ky
YA -_— . . .

of = — Kz ® Dispersion relation

02 _ 2 2 1 pe
el — ] )\ — _k - 'Ll: —|_ 2 2 <
04} — + ® Ha? k3 +p3
gl § = — ® =2150orpu==+tik,

-0.8r \L ——

.12.5"'T".§ """ T B T B

velocity

® One eigenmode defined by (ks , ky, k) OF (kz, ky,d)
k. spans a discrete real spectrum

® We have to minimise >~ A(ky, ky, k2)
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Modes classification according to «.

o N

Eigenmodes repartition

-~ _ *\ \ — |SO—)\
e % - p0|ntS of maximum KZ

== Joule cone bordure

Joule cone

— B estimate
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Modes classification according to «.
Attractor dimension

Eigenmodes repartition
IR — is0-\
S ~ - points of maximum k_ ol '
* +=+= Joule cone bordure

@

o upper bound for dM

—2—quasi-2D-3D transition|
-~ Ha* slope :
- - -Haslope
Joule cone transition
. /|
" M 1 1
lU“ .71 : 0 1 2 3
10 10 10 10 10
2"2 Ha

Warwick 2006 — p. 12
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Analytical estimates in the case Z% ~ 1

-

Re

Estimates Heuristics

97r5 Re4 R62

dyr < 256+/2 Ha N~ Ha

1
kng(%)lee k'_]_ ~ Re2
1
o 3 \2 Re? L.~ Re
z >\ 9.2 Ha z Ha

TECHNISCHE
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1
: Re '\ 2
sin 6 (Ha2 )

(Sommeria & Moreau 82)
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Analytical estimates in the case

2

€

Ha
7 1

)

Estimates Heuristics
97r5 Re4 ~ R62
dyr < 256+/2 Ha N~ Ha

TECHNISCHE
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ILMENAU

1
: Re '\ 2
sin 6 (Ha2 )

(Sommeria & Moreau 82)

— Match on Ha, but Re? instead of Re

|
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Modes classification according to ¢

10

—— min. thickness
— — —max. thickness

2125 Ha
=

15.811388
2V25- 28.117066

50
88.913971
158.11388
281.17066

500
889.13971
1581.1388
2811.7066

5000

1 1

I

10
10

10" 10°
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Modes classification according to ¢

o N

10 .
in. thickness ® Estimates
— — —max. thickness
e 5min — F 5
10l A a 2 1 Re
A V2 +2Ha2
CIB = ’LJ{;; :i TAL 7;::# :7, ?L 5ma:13 - HCL R€2
o 100 == szl '~::~:~,J;“;ﬂ:::‘=__ \/§ 1— 5
Y 2Ha
3 15.811388
N 2M25= 28.117066 ] _
® Heuristics
. 158.11388
10 281.17066 ] 1
889.51030971 $ 51‘”’””‘”” ~ Ha
1581.1388
281170660 ® double deck turbulent
10° T T N Hartmann Iayer
10 10 10 10 10 10
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Modes classification according to ¢

T

10

T T T

- A -2D-3D transition
@& Hartmann layer transition

—— Joule cone transition

;‘ 3d anisotropic flow
with Joule cone

. K

= laminar Hartmann,”

4

A

3d quasi-isotroic flow - layer ’
no Joule cone
& 'y
4
,A
turbulent Hartmann layer A/
/
A
, .
10t ’ quasi—2d flow
4
A
10" 10’ 10" 107 10°
2Y2Ha
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Modes classification according to ¢

- A -2D-3D transition
@& Hartmann layer transition

® 3d anisotropic flow

10 | —— Joule cone transition with Joule cone ,‘
. K
laminar Hartmann,”
3d quasi-isotroic flow - layer ’
no Joule cone L4
& : 'y
/A,
turbulent Hartmann layer A/
V4
A
10t A' quasi-2d flow
A’
10 10° 10" 107 10°
2Y2Ha
Estimates Heuristics
boundary separating quasi- 2D and 3D sets: Re? = cHa Re ~ Ha
b. s. sets with and without Joule cone: Re = Y7 Ha? Re ~ Ha
b. s. sets with single and multiple layers: Re = cHa? ?
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Concluding remarks

-

#® Strict bounds for the attractor dimension between 2 walls,
with good agreement on the exponent of Ha

# A particular forcing can take the real flow very far from the
bounds

#® Bounds could be improved with a better estimate from the
Inertial terms

#® Hierarchy of least dissipative modes mimic the flow In
great details

# LDM don’t carry any Energy information but could be a
good basis of functions for DNS
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