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v =
∑∞

m=1 cmvm, v(t = 0) = v0

u =
∑∞

m=1 dmum, v(t = 0) = u0

∀m ≤ M limt→0 |cm − dm| = 0 ⇒ limt→0 ‖u − v‖ = 0
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Plan

Small scales and determining modes in homogeneous
turbulence

Bounds on the attractor dimension in homogeneous
turbulence

Heuristics in MHD turbulence

Bounds on the attractor dimension and least dissipative
modes in MHD turbulence
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L/k

L/kmax = Ld

→ I. Large scales

→ II. Inertial range

→ III. Dissipative scales

II. E = E(ε, L/k) E ∼ E(L)k−5/3

III. Inertia ∼ Dissipation kmax ∼
(

ULL
ν

)3/4

N ∼ Re9/4
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Global attractor for NS
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∀t < ∞, ε < ∞ ⇒ there is a global attractor
(Babin 78, Sermange 83)

dim(A) = cM (Constantin et al. 85)
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n > dim(A) ⇒ Vn = ‖δu1×...×δun‖ → 0

Evolution of one perturbation

∂tδui = L[u]δui + O(‖δui‖2)

Evolution of volume Vn

∂tVn = Tr(L[u]Pn)Vn

Estimate for dM

dM ≤ min n ∈ {max
Pn

Tr(L[u]Pn) < 0}

(Kaplan-Yorke)
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Bounds dM for Navier-Stokes with periodic b. c.

Evolution equation for a perturbation δui

∂tδui = −δui · ∇u − u · ∇δui +
1

Re
∇2δui

L[u] = B(·,u) + D

B(·,u) produces modes → Tr(B(·,u)Pn) ≥ 0

D dissipative → Tr(DPn) ≤ 0

3d periodic case

TrB(·,u)Pn ≤ nRe2

TrDPn ≤ −cn
5

3

⇒ dM ≤ cRe3

(Constantin et. al. 85) N ∼ Re
9

4 !!

2d periodic case
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Lorentz Forces Inertia
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Ha2/Re >> 1 Ha2/Re = σB2L
ρU

∼ 1 Ha2/Re << 1
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L/k⊥, L/kz

L/k⊥m , L/kzm

→ I. Large scales

→ II. Inertial range (Joule !)

→ III. Dissipative scales

II. Inertia ∼ Lorentz and k⊥
kz

= cst E ∼ E(L)k−3

⊥ (Alemany et al. 79)

III. Inertia ∼ Dissipation k⊥m ∼ Re1/2 and kzm ∼ Re/Ha

N ∼ Re2

Ha
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Bounds for dM in MHD

The problem...
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Eigenmodes of DHa
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Modes classification according to κz
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Modes classification according to κz
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Analytical estimates in the case Ha
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(Sommeria & Moreau 82)
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→ Match on Ha, but Re2 instead of Re
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Modes classification according to δ
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Modes classification according to δ
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Modes classification according to δ
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boundary separating quasi- 2D and 3D sets: Re2 = cHa Re ∼ Ha

b. s. sets with and without Joule cone: Re =
√

3

51/4
Ha2 Re ∼ Ha

b. s. sets with single and multiple layers: Re = cHa2 ?
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Concluding remarks

Strict bounds for the attractor dimension between 2 walls,
with good agreement on the exponent of Ha

A particular forcing can take the real flow very far from the
bounds

Bounds could be improved with a better estimate from the
inertial terms

Hierarchy of least dissipative modes mimic the flow in
great details

LDM don’t carry any Energy information but could be a
good basis of functions for DNS

Warwick 2006 – p. 16
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