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Introduction

• Turbulence

★ Driving and dissipation

★ Existence of an inertial range

★ Steady states characterised by constant flux

• Interacting particle systems

★ Coagulating particles

★ Sandpile model

★ Granular systems



Questions

Turbulence
Particle
Systems

S3(r) = 〈(vl(0) − vl(r))3〉 = −4
5
εr

Sn(r) = 〈(vl(0) − vl(r))n〉

?



Plan

• Aggregation model

• Constant flux condition (ZT)

• Uniqueness

• Locality

• Numerical results

• Other models



Aggregation Model

Particles carry mass, m=1,2,...

JInput:                       

Diffusion:                       D(m) ∝ m−µ

Aggregation:                       λ(m1,m2)

λ(Λm1,Λm2) = Λβλ(m1,m2)



River Networks
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Surface
growth

Coarsening
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Diffusion limited

d < dc : Diffusion limited
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d〈N(m)〉
dt

= −
∫ ∞

0
dm1

∫ ∞

0
dm2λ(m1,m)〈N(m1)N(m)〉δ(m1 + m − m2)

−
∫ ∞

0
dm1

∫ ∞

0
dm2λ(m,m2)〈N(m)N(m2)〉δ(m + m2 − m1)

+
∫ ∞

0
dm1

∫ ∞

0
dm2λ(m1,m2)〈N(m1)N(m2)〉δ(m1 + m2 − m)

+
J

m0
δ(m − m0)

d

dt

∫ ∞

0
dm m〈N(m)〉 = J

Constant Flux

N(m)
dt

= D∇2N(m) +
J

m0
δ(m−m0)

− 2
∫ ∞

0
dm1

∫ ∞

0
dm2λ(m1,m)N(m1)N(m)δ(m1 + m−m2)

+
∫ ∞

0
dm1

∫ ∞

0
dm2λ(m1,m2)N(m1)N(m2)δ(m1 + m2 −m) + η



Zakharov Transform
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d〈N(m)〉
dt

= −
∫ ∞

0
dm1

∫ ∞

0
dm2λ(m1,m)〈N(m1)N(m)〉δ(m1 + m − m2)

−
∫ ∞

0
dm1

∫ ∞

0
dm2λ(m,m2)〈N(m)N(m2)〉δ(m + m2 − m1)

+
∫ ∞

0
dm1

∫ ∞

0
dm2λ(m1,m2)〈N(m1)N(m2)〉δ(m1 + m2 − m)

+
J

m0
δ(m − m0)



〈N(Km1)N(Km2)〉 = K−h〈N(m1)N(m2)〉

0 =
∫ ∞

0
dm1

∫ ∞

0
dm2λ(m1,m2)〈N(m1)N(m2)〉

(m2h−2−β − m2h−2−β
1 − m2h−2−β

2 )δ(m1 + m2 − m)

2h− 2− β = 1

h =
3 + β

2

〈N(m)N(m)〉 ∼ 1
m3+β

in all d



Uniqueness

f(x) = 1− xα − (1− x)α

0 =
∫ ∞

0
dm1

∫ ∞

0
dm2λ(m1,m2)〈N(m1)N(m2)〉

mαf
(m1

m

)
δ(m1 + m2 − m)

α = 2h− 2− β



f(x) sign definite for α != 1

-0.7

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0  0.2  0.4  0.6  0.8  1

f(x
)

x

! = 0.3

! = 0.6

! = 1.5



Locality
0 = −

∫ ∞

0
dm1

∫ ∞

0
dm2λ(m1,m)〈N(m1)N(m)〉δ(m1 + m − m2)

−
∫ ∞

0
dm1

∫ ∞

0
dm2λ(m,m2)〈N(m)N(m2)〉δ(m + m2 − m1)

+
∫ ∞

0
dm1

∫ ∞

0
dm2λ(m1,m2)〈N(m1)N(m2)〉δ(m1 + m2 − m)

λ(m1,m2) ∼ mµ
1mν

2 , m2 " m1

〈N(m1)N(m2)〉 = (m1m2)−h/2Φ
(

m1

m2

)

h

2
ε [ν + 1− θ, µ + 2 + θ]

Φ(x) ∼ xθ, x→ 0



Locality ..

θ = 0 in meanfield

θ = cε when ε = dc − d

Numerical simulations

θ >
1
2
(ν − µ− 1)
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β ≥ 0
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Mass dependent diffusion

D(m) ∝ 1
mµ

10-8

10-7

10-6

10-5

10-4

10-3

10-2

10-1

100

100 101 102 103 104 105

!N
(m

)"

m

µ = 0.50
µ = 0.00

10-12

10-10

10-8

10-6

10-4

10-2

100

100 101 102 103 104 105

! "
(m

)#

m

µ = 0.50
µ = 0.00

one-point two-point



Constant flux relation

C(pm1, . . . , pmn−1) = pyC(m1, . . . ,mn−1)

C(m1, . . . ,mn−1) = 〈N(m1) . . . N(mn−1)〉

y = −ζ − n, in all d
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Other models

• Charge Model

★ Negative masses

★        input

★ no flux in mass

★ constant flux in mass square

★ CFR can be worked out

±m0



• Sandpile Models

1 4 4 2

4 1 2 3

4 2 3 2

1 2 2 4

2 1 5 2

4 2 2 3

4 2 3 2

1 2 2 4

2 2 1 3

4 2 3 3

4 2 3 2

1 2 2 4



• Directed abelian sandpile model

★ Maps onto aggregation model (β = 0)

s1
s2 P̃ (s1, s2) ∼ 〈N(s1)N(s2)〉



• Undirected abelian sandpile

★ Edge avalanches
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• Ballistic Aggregation

• Wave turbulence (Connaughton)



Summary

• Kolmogorov 4/5-th law

• No mean field assumption

• Locality


