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K41 prediction

In three-dimensional turbulence there is an energy cascade from large scales to
small scales is driven by the nonlinear term of the Navier-Stokes equations

Using dimensional analysis we get K41 prediction

Sn(x,re) = ({[u(x +re,t) —u(x,t)] - e}") (1)
= Cp(er)™/3, forn < r < 4o (2)
E(k) = Ce?/3k75/3 foregt < k< n™} (3)

Including intermittency corrections, the real behaviour in the inertial range is:

Sp(x, 7€) = Cn(er)™3(r/£o)»~™/3 (4)
E(k) ~ Ce?/3k=3/3(kty)5/37¢2 ©)

How do we understand: dimensional analysis, intermittency, and universality?
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Outline of presentation

Review of the following ideas:
Similarity analysis
Frisch reformulation of K41
Analytical theories: MSR theory and Lvov-Procaccia theory

Hierarchical definition of local homogeneity
Sufficient condition to eliminate sweeping
Same condition needed to prove 4/5 law

Stronger condition needed to use the Belinicher-Lvov quasi-Lagrangian
transformation

Open guestion: More rigorous elimination of sweeping
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Similarity analysis |

Similarity analysis is a generalization of dimensional analysis.

1. E. Hopf, Statistical hydromechanics and functionals calculus, J. Ratl. Mech.
Anal. 1 (1952) 87-123.

2. S. Moiseev, A. Tur, V. Yanovskii, Spectra and expectation methods of
turbulence in a compressible fluid, Sov. Phys. JETP 44 (1976) 556-561.

3. A.G. Sazontov, The similarity relation and turbulence spectra in a stratified
medium, Izv. Atmos. Ocean. Phys. 15 (1979), 566-570.

4. S.S. Moiseev and O.G. Chkhetiani, Helical scaling in turbulence, JETP 83
(1996), 192—-198.

5. H. Branover, A. Eidelman, E. Golbraikh, and S. Moiseev, Turbulence and
structures: chaos, fluctuations, and helical self organization in nature and the
laboratory, Academic Press, San Diego, 1999.
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Similarity analysis||

Assume gaussian delta-correlated forcing with forcing spectrum F'(k)
parameterized as

F(k) = SFo(kfo) (6)

Using the Hopf formalism, it can be shown rigorously that the energy spectrum
satisfies

E(k, tlv,e,£0) = A~ CBTD Bk, X181, A38— 1 Aep) (7)
From the conditions 0F /0t = 0 and 0E /08 = 0 we find that
E(k,tlv,e,bo) = e2/3k=5/3 Ey(klo, kn) ©)

with n = (v3/e)1/4. If F, fixed, then Ej is fixed.

Assume the limits /o — +o00 and n — 0 converge (similarity assumption).
Likewise for structure functions.
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Frisch reformulation of K41. |

Define the Eulerian velocity differences w,:
We (X, X', 1) = ua (X, t) —ua(x',t). ©)

H1: Local homogeneity/isotropy/stationarity

we (x, %, 1) Y wo(x+y,x +y,t),Vy € R?, (10)

Wa (X, X', 1) "N wea(x0 + A(x — x0), %0 + AX' — x0),t) ,VA € SO(d). (11)

/

we (x, %, 1) " wa (x,x’,t+ At) ,VAt € R. (12)

H2: Self-similarity

/
X,X

wa (Ax, XX, 1) TN Mwea (x, %, t) k)

H3: Anomalous energy sink
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Frisch reformulation of K41. ||

The argument
Hland H3 —=-4/5law — (3 =1
H2 — (,, = nh
Therefore: ¢, = n/3 = k—5/3 scaling
2005: Frisch questions self-consistency of local homogeneity

Proof of 4/5 law
1959: Proof by Monin using local homogeneity (in Russian)
1975: Reprinted by Monin and Yaglom book
1995: Frisch proof uses global homogeneity

1996: Lindborg notes that the pressure gradient/velocity field correlations
cannot be eliminated by local isotropy

1997: Problem corrected by Hill
1999: Rasmussen proof uses global homogeneity
2006: Gkioulekas notes that local homogeneity not sufficient.
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Analytical theories.

In the beginning: Quasinormal closure models.

1957: Kraichnan showed that they give negative E(k).

1958: Kraichnan DIA theory = k& —3/2 scaling.

1961: Wyld shows that DIA is 1-loop line-renormalized diagrammatic theory
1962: Experiments confirm k—5/3 scaling.

1964: Kraichnan notes the need to eliminate the sweeping interactions via a
Lagrangian teansformation.

1965: LHDIA theory = Locality = k—°/3 scaling.
1973: Martin-Siggia-Rose theory (MSR theory)
1977: Phythian reformulates MSR theory in terms of path integrals.
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MSR theory. |. Formulation

In MSR formalism we have a quadratic problem of the form

OU g,

a5 as Vpysuyus + Dapgua + Popfp (14)

with gaussian forcing: Qg = (fa f3)-

Define the correlators
Faﬁ — <uau5> ) Gaﬁ = <5ua/5f5> (15)
The Dyson-Wyld equations are

8G o 5(t ‘
af(_) = Doy Grp(t) + Papd(t) + /O i FoyXys(t1)Gep(t —t1)  (16)

Fop(t) = / dt1 / dta Gony|Qs(t —t1 +t2) + Prs5(t — t1 + 12)]Gsg(t2)
(17)
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MSR theory. |l. Diagram expansion

The operators >, 3 and ®,3 can be represented with a Feynman diagram
expansion

Sap =g + i+ (18)
cI)ozB . (I)é5+q)iﬁ+"‘ (19)

In Eulerian formulation, the 1-loop approximation gives DIA:

Yag ~ X = Vaar + Vara)(Vasa + Veas)GapFra (20)
D5 = (19(1)5 = Vaar(Veea + Veas)FaBFra (21)

Problem: In Eulerian formulation, IR divergences arise from sweeping interactions
1987: Belinicher-Lvov quasi-Lagrangian transformation
1995-2001: L'vov and Procaccia go beyond the LHDIA theory
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Quasi-Langrangian transformation. |. Definition

Let uq (x,t) be the Eulerian velocity field, and let p. (x0, to|t) be the position of
the unique fluid particle initiated at (xg, tg) at time ¢ relative to its initial position at

time tg.

First, we introduce v, (%0, to|x,%) as

t
pa (X0, tolt) = / dT we(xo0 + p(x0,t0|T), T)
to (22)

’Ua(Xo,to|X, t) — ua(X + p(Xo,tolt),t).

Then, we subtract the velocity of the fluid particle uniformly:

wa(X07t0|X7 t) . va(X07t0|X7 t) I apa(x()at()lt)
= V« (XO7 tO|X7 t) — Vo <X07 tO|X07 t) (23)

= ua(x + p(X0,t0[t), t) — ua(xo + p(x0,tot), ).
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Quasi-L angrangian transformation. |1. Navier-Stokes eguations

Let wq (%0, to|x, t) be defined as

Wea(x0,to|x,x',t) = wa (%0, to]X, t) — wa (X0, to|x’, t) (24)

= va (X0, to]|x, t) — va (%0, to|x’, t). (25)

Differentiating with respect to time gives an equation of the form

OWq

ot I vaB'yWBW’y — V(V)Qc + Vi/)Wa + Foza (26)

where V,, 3~ Is a bilinear integrodifferential operator of the form
VQBWWBWW = // dXBdX7 Vaﬁfy(xO|onaXBaX'V)WB(XB)W’V(XW)- (27)

All the terms, and especially the nonlinear term, are written in terms of velocity
differences!
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Quasi-L angrangian transformation. I11. Thetheory

Consider the Dyson-Wyld equations with

Fop(x0,to|x1,%x2,t) = (wa (X0, to|x1, t)wg(x0, to|x2,t)) (28)

dwa (X0, to|x1,1) >

(29)
6 f3(x0,to|x2,t)

Gap(x0,to|x1,x2,1) =<

Main results of L'vov and Procaccia theory.
Individual diagrams in X2, g and ¢, g converge when £; — oo and n — 0.
Thus, to n-loop order approximation we obtain K41 prediction ¢,, = n/3.
This is a generalization of Kraichnan’s LHDIA theory.
Diagram locality and rigidity = Fusion Rules =—- Anomalous energy sink.
Intermittency emerges via a multi-interaction effect involving all diagrams
Scheme for perturbative calculation of scaling exponents ¢,
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Outline of my argument

The Lvov-Procaccia theory aims to weaken the assumption of self-similarity used
by Frisch (H2) while tolerating the other two assumptions: (H1) and (H3)

A homogeneity assumption stronger than the assumption of local homogeneity, as
envisioned by Frisch is required for

the elimination of the sweeping interactions

the derivation of the 4 /5-law
The quasi-Lagrangian formulation to eliminate the sweeping interactions uses an

even stronger homogeneity assumption which involves many-time correlations
instead of one-time correlations.

Local homogeneity is in fact a consistent framework provided that the sweeping
Interactions can be eliminated in a more rigorous mannetr.
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Definitions of local homogeneity. |.

The random velocity field u, is a member of the homogeneity class 3, (A) where
A C R? aregion in R?, if and only if Vn € N*, Vx;, y.,y’, € A we have

(Z Oay,x; T Z(aﬁz,.‘)’l + aﬁz,yll)> < [H oy (Xl’t)] [H U, (yk’y/kﬁ’t)] > =0
=1 k=1 =1

k=1

The random velocity field u is a member of the homogeneity class J}, (A) where
A C R? aregion in R?, if and only if Vn € N*, Vx;, y.,y’, € A we have

(Z Oay,x; + Z(aﬁz,.‘)’l +aﬁz,3”l)> < [H Ua<xl>tl)] [H wg,, (yk,y’k,t)]> =0
=1

=1 k=1 k=1
We also write I, = F,, (R?) and 3¥, = 3*, (RY) and define

Ho(A) =[] Hiu(A) and I (A) = [ Hi(A). (30)
keN keN
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Definitions of local homogeneity. | 1.

The homogeneity classes are hierarchically ordered, according to the following

relations
Ho (‘A) C Hy, (‘A)v Vk € N, (31)
He, (A) C Hi(A), Vk €N, (%)
Ha(A) C FHp(A) AT (A) C FH(A), Ya,b e N:a > b, €%))
Ha(A) C I, (A), Va € N. (34)

Local homogeneity, in the sense of Frisch: u € Hy(A).

The homogeneity condition sufficient to

eliminate the sweeping interactions over the domain A: u € 3 (A).
prove the 4/5-law over the domain A: u € 3 (A).
employ the Belinicher-Lvov quasi-Lagrangian transformation: u € 3.
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Balance equations and sweeping. |.

The clearest way to understand the sweeping interactions is by employing the
balance equations introduced by L'vov and Procaccia (1996).

The Navier-Stokes equations, where the pressure term has been eliminated, read

OU gy

22+ Pagdh(ugun) = vV%ua + Papfa, @)

where Po3 = 6,3 — 0o 03V ~2 is the projection operator
B B B

The Eulerian generalized structure function is defined as

Forozan (fx x"1 ) = < [H Way, (xk,x'k,t)] > , €5)

k=1

where {x, x’},, is shorthand for a list of n position vectors.
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Balance equations and sweeping. 1.

The balance equations are obtained by differentiating the definition of F',, with
respect to time ¢ and substituting the Navier-Stokes equations:

oF,
ey = vdp +Q €

where D,, represents the contributions from the nonlinear term and

Q2o ({X}n,t) = ) < [ Il woxx0t)

k=1 \ |1=1,1#k

:Pak,g(fﬁ(xkat) I f,@(xlkat))> .

(38)
Jp P2 (X, t) = Dp F 2 ({X i, t) (39)

n
=D (V3 + Vi )F21227%n ({X}n, 1), (40)
k=1
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Balance equations and sweeping. |11.

L'vov and Procaccia (1996) showed that the contribution of the nonlinear term D ,,
can be rewritten as D,, = O, F,+1 + I, where O,, is a linear integrodifferential
operator, and I,, is given by

Igloég..-ozn ({X}n,t) = Z (85,,% + 8/3,)(/]{:) <U5({X}n,t) [ Wq (Xl,t)] > :

k=1 =1
(41)
where Ug({X}n,t) is defined as
1 n
Ua ({X1n, t) = . > (wa(xpk,t) + ta(x'k, 1)) - (42)
k=1

The second term, I,,, represents exclusively the effect of the sweeping
interactions.

To set I,, = 0 we need the homogeneity assumption u € 3 (A).
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Dropping sweeping: The 4/5-law proof

If we assume u € 3 (A) and set Iy = 0, then one can calculate (3 is from the
solvability condition of the homogeneous equation O2 F3 = 0, as shown by L'vov
and Procaccia (1996).

Use the conservation of energy to show that

1d[S3(r12) — S3(r12/)] N 1d[S3(r1/27) — S3(r1/2)]

O2 F5(x1,x"1,%2,%x'3) =

2 d’r'l 2 d’l"ll
- C3—1 Cz3—1 C3—1 ¢3—1
=Alriy =iy Ay~ |

(43)

where r19 = ||X1 — X2||, etc.
It follows that D,, =~ O2F3 =0<= (3 =1

Dropping I3 cannot be justified under u € 3y (A), i.e. local homogeneity in the
sense of Frisch.
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Dropping sweeping: The multifractal formalism.

The homogeneous equations O, F;,+1 = 0 are invariant with respect to the
following group of transformations

rioAr, F, - AMhPROE (44)
Thus, in an inertial range, solutions F), j, that satisfy the self-similarity property
Fro (%5, AX 0y, t) = NP2, (s, X 6 1y, ), (45)

are admissible.

The correct solution is the linear combination of these solutions, given by
= / dp(h)Fy, p. (46)

This conclusion also needs the assumption u € JHj (A).
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The Bottom Line

If we assume u € H;(A),
then we can simply “exterminate” the sweeping term,
with no further worries.
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Quasi-Langrangian to Eulerian.

Consider the definitions

Fﬁélaz...an ({X,X/}n,t) — <

g:'gloéz...an (X07t0|{x,xl}n,t) — <

|. The claim

o)
li

The claim of L'vov and Procaccia was that it can be shown that

Fn (%0, to|{x,x"}n,t)

= Fro({x,x'}n,t),Vn € N*

The claim can be rewritten equivalently as

/

Wea(x0,to]x,x’, 1) Y we (x, %', 1).

X07t0lxkax k:vt)] > .

(47)

(48)

(49)

(50)
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Quasi-Langrangian to Eulerian. Il. Proofs

Proof was re-examined recently by Gkioulekas.
The claim holds if and only if

/
X,X

Wa(x0,to + At|x,x',t) "~ Wea(x0,to|x,x',t), VAt € R — {0} (51)

If w € JC,, and u, IS incompressible, then

/
X,

Wa(x0,t0 + At|x, x’, t) ) Wa(x0,to|x,x’, ). (52)

u € JC is a sufficient but perhaps not necessary assumption
However, the assumption u € J; (A) is not sufficient

The artifact introduced by the quasi-Lagrangian formulation is that the turbulent
velocity field is being perceived from the viewpoint of an arbitrary fluid particle
whose own motion is also stochastic.
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Quasi-Langrangian to Eulerian. 111. Another proof

Introduce the conditional correlation tensor defined as

gj’n(x07t07y|{x}n7t) . < H Wak; (X07t0|xkaxlkt7t) p(x07t0|t) — y> (53)
k

n
=1
n
=1l

. < H wak(xkﬁ +y7x/kt +y7t)
k

p(xo0,tolt) = .Y> (54)

The random velocity field u is a member of the homogeneity class J{§, if and only
if Vy € R?, Vx;,x';, € R% we have

n
Z (98y,y% T 95y, )Fn(x0,t0,y[{X}n,t) =0,,Vn € Nyn > 1 (55)
k=1

The condition u € JHg implies The claim
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Elimination of the sweeping interactions. |.

One may conjecture that the sweeping interactions act as a large-scale forcing
term whose effect is forgotten in the inertial range.

It is possible to use the theoretical work based on the quasi-Lagrangian
transformation in a way that requires only the assumption u € 3 (A).

The guasi-Lagrangian formulation modifies the Navier-Stokes equations by
redefining the material derivative.

The modified equation remains mathematically equivalent to the
Navier-Stokes equation if the velocity field is reinterpreted from an Eulerian
field into a quasi-Lagrangian field.

This reinterpretation necessitates the stronger assumption u € I to enable
a return back to the Eulerian representation.

If we accept the hypothesis that the sweeping interactions act as a large-scale
forcing, we can just modify the equation of motion in precisely the same way
without interpreting the velocity field as quasi-Lagrangian, but rather as
Eulerian.
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Elimination of the sweeping interactions. 1.

To prove that the sweeping interactions act as a large-scale forcing it is sufficient to
calculate the scaling exponent A ,, associated with the ratio

(56)

B (7)%
(OnFrny1)(R{X}n) lo ’

Then, provided that one starts with the assumption u € Hg, proving A,, > 0 is
also a proof that u € J; (A) which is sufficient to eliminate the sweeping
interactions.

If we assume that the generalized structure functions F, (R{X},) satisfy the
fusion rules, then the scaling exponent of O, F, 1 (R{X}n) is {(n+1 — 1 and it
follows that A,, = Ay, — (Cn+1 — 1).

The problem of calculating the scaling exponents )\, needs to be investigated
primarily with numerical simulations and the analysis of experimental data.
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Elimination of the sweeping interactions. I11.

Commit the following crimes against reality:

Assume that the velocity field u,(x, t) can be modeled as a random gaussian
delta-correlated (in time) stochastic field acting at large scales.

Assume that the velocity field u, (x, t) has an effect on the velocity
differences w, (x, x’, t) via the sweeping interactions

Disregard that u.,(x, t) and wq (x, x’, t) are obviously constrained by the
definition of wq, (x, X', ).

Using the multifractal formulation, the contribution that supports the Holder
exponent h gives ¢, = nh + Z(h) , which gives the following evaluation:

An(h) =—-2h+ X+ 2 (57)

The window for positive scaling exponents A ,, covers the entire range h € (0, 1) of
local scaling exponents.

The real challenge is to determine what happens in reality
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Conclusion

Analytical theories are an extension of the Frisch
reformulation of K41

The main stumbling block is the elimination of the
sweeping interactions

Lagrangian methods do not prove that the sweeping
Interactions are negligible in the inertial range.

The open question: prove that sweeping is negligible in
the inertial range.
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