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Fluctuation Theorem

Non-Conservative Forces but Autonomous Dynamics
(Non-Equilibrium #2)

p(+X) — T
p(—X) ’

p(X) is the distribution of observed values of a quantity X
representing dissipation or entropy production.
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Work (Entropy Production) Relation

Non-Autonomous Dynamics (Non-Equilibrium #1): for any fixed
value of an externally controlled, A\, system is in a Gibbs' state,
characterized by the free energy, F()). Executing a fixed
time-dependent protocol, A(t), —7 < t < 7, repeatedly one gets
the following relation for average

Bibliography:
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Jarzynski equality: Jarzynski (1997)

Crooks (1998,1999,2000)
<e7):> = exp (.7-")\(77_) — ‘7:>\(+T)) Hatano (1999)
Hummer, Szabo (2001)
Hatano, Sasa (2001)
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Unified Framework:

Generalized Fluctuation Theorems and Work Relations

Fluctuation Theorem:

43 ’ ,
2§_z,§ =e, (e™)y=1

Jarzynski Equality:

Recent Progress:

Maes, Poincaré (2003)

Maes, Netocny (2003)

Chernyak, Chertkov, Jarzynski (2005,2006)
Seifert (2005)

Kurchan (2005)

Reid, Sevick, Evans (2005)

Speck, Seifert (2005)

Imparato, Peliti (2006)

Michael Chertkov, Los Alamos NL Fluctuation theorem and entropy production



Fluctuation Theorems & Work Relations Equilibrium vs Non-Equilibrium
Langevin Model
Path Integral & Configurational entropy
Derivations & Applications

Outline

© Fluctuation Theorems & Work Relations

@ Langevin Model

el Chertkov, Los Alamos NL

tion theorem and entropy production



Fluctuation Theorems & Work Relations Equilibrium vs Non-Equilibrium
Langevin Model
Path Integral & Configurational entropy
Derivations & Applications
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@ Over-damped classical system (e.g. polymer in a solution)
@
dt
(€) =0, (&(0g(t))=G;o(t—t)

xi=Fi(x; )+ &i(txN), i=1,--- N
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Langevin Model

@ Over-damped classical system (e.g. polymer in a solution)

d
ax,- = Fi(x; ) +&i(t;x ), i=1--- N

(€) =0, (&(0g(t))=G;o(t—t)
@ Fokker-Planck

ap i i i .
E_—B(,p)—i- 8( ) Lip=-0"J;
3x.t) = (1/2)6(v— Vo, p(x: ) = exp (—o(x: V)
vi=2riF, A=vi4 oy, TiGy =4
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Langevin Model

@ Over-damped classical system (e.g. polymer in a solution)
@
dt
(€) =0, (&(0g(t))=G;o(t—t)

@ Fokker-Planck

op . L il rni — _ _9i

o0 = —0(Fip) + 59 <G,J(01p)> — Lap=—0'J

J(x, t) = (1/2)G(v — V)p, p°(x;A) = exp (—(x; A))
vi=2MUF, A=vi+ 8, TiGk =6

xi=Fi(x; )+ &i(txN), i=1,--- N

@ Detailed Balance?

BROKEN
v(x; A) # =V U(x; \)
A, Jstat 70
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Path Integral

o Forward/Reversed Protocol: AI': [A, B]; AR = \F .

+7
PYRIX|x_,] = Nexp <—/ dt8+(xt,)'<t;)\f/R)> ,

PYRIX] = pa(x—r) PR [X|x-r]

1 ) 1.,
8+(X,k; A) = E(XI — F,)F’J(x, = F,) + 58’[‘_,'.
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Path Integral

o Forward/Reversed Protocol: AI': [A, B]; AR = \F .

—T

+7
PFRIX|x_;] = Nexp <—/ dt8+(xt,xt;AI:/R)> ,
PERIX] = pAx—r) PP/R [X]x ]
Si(xxA) = %(50 — F)MY (% — Fi) + %afF;.

@ "Conjugated twin" of the trajectory: Xt = {xi}f: xi = X_;

+7
PR [XT|XT_T} = N exp [—/ dt Sy (xl, xI; AR)

=7

+7
= N exp [—/ dt S_(X¢, X¢; )\1:)} , o S_(x, % A) = S(x,—x; )

=
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Configurational Entropy

@ Reversed Protocol, Forward Dynamics

PRIX] PR PYIXIx—r]

PRIXTT p(xl )PRIXTIX ]
Entropy/Work

F F
RY[X] = /dmfg‘; /dx-A

exp(R"[X])

F p O o ;
= /dt (Afm+2>'<jr'JFJ+>'gavgo>

v
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Configurational Entropy

@ Reversed Protocol, Forward Dynamics

PRIX] PR PYIXIx—r]

PRIXTT p(xl )PRIXTIX ]
Entropy/Work

F F
RY[X] = /thFa‘p+/ dx - A

exp(R"[X])

)\

F p O o ;
= /dt (Afm+2>'<jr'JFJ+>'gavgo>

v

@ There exist other formulations,
e.g. for Reversed Protocol and Reversed Dynamics
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Fluctuation Theorem

/DX PFIX]6 (R — RY[X])

p"(R)

_ /DXPR[XT] exp (RV[X]) 0 (R — R¥[X])

— exp(R) /DXT PRIXT] (R + RR[XT])

— exp(R)"(~R)

Michael Chertkov, Los Alamos NL Fluctuation theorem and entropy production



Fluctuation Theorems & Work Relations Equilibrium vs Non-Equilibrium
Langevin Model
Path Integral & Configurational entropy
Derivations & Applications

Application in chem /bio physics

Equilibrium Information from Ja rzyns ki equa | ity:
Nonequilibrium Measurements

in an Experimental Test of
quality

Jarzynski

(e7) = &xp (Fa(—r) — Faim)

Fast exploration of the phase space

The number of necessary observations grows as what is typical in
equilibrium is atypical (rare) for a fast protocol, and vise versa.

Current Focus of Research
Design of efficient protocols for the free energy exploration
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Y is the generalized work produced by an external field in time,
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Large Deviation Functional

P(L;t) x exp (—tQ(X/t))
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Statistics of Entropy Production Large Deviation Functional

Polymer in a flow

Y is the generalized work produced by an external field in time,
or the energy (heat) dissipated by the system in time t,
or the entropy generated in time t

Large Deviation Functional
P(%; ) ox exp (—tQ(/1))

Fluctuation Theorem

Qw) - Qw) =w

"complex” averaging (noise+disorder) may brake FT (see below)
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Statistics of Entropy Production Large Deviation Functional
Polymer in a flow

Xj = ojjixj — O, U(x) + &;

ojj(t)x; is force exerted
by flow on polymer

Velocity (sn/s)

<fi(t)fj(t/)> — 2T5(t—t/)5U Steinberg et al.(2004)
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Polymer in a flow

Xj = ojjixj — O, U(x) + &;

ojj(t)x; is force exerted
by flow on polymer

<fi(t)fj(t/)> — 2T5(t—t/)5U Steinberg et al.(2004)
t
z = d loof 4/ af B[4+
/0 t'Xx*(t)o P xP(t)
p(t)=xt
Py ~ / Dp exp[—S4]
p(0)=xo
55, — 5. - ZEUB(O) - Uis()
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Y, = exp —S? 0V = LW,

I, =—ve (aaﬂxﬂ e U(x)) + TVeve
V& = 0%+ %6°‘ﬁxﬁ
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Generating functional

V& = 0% + %6°‘ﬁxﬁ

Linear elasticity, U(x) = x?/(27) & & = const

t — oo: looking for the “ground” state in a Gaussian form

W, = exp(—A\st) exp (—x,-B_ijxj)
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Linear Elasticity, Constant Flow

e d=2 g *
° 5 — a b+ C/2 Lg: 15
~\b—c/2 -a 5
< 104
z 5 10
P (L) ~ exp (—tQ(Z/(Tt))) 5 o |
22 2 2.2 o
Q(W) = \/(4+C T2():S.W e ) — ]- — g b w, Egtropy productioi(:ale ©

To notice

@ Q(w) depends only on rotation,
o FT is satisfied: Q(w) — Q(—w) =w
@ Linear asymptotics for large deviations, |w| > 1
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Chaotic flow case

Annealed vs Quenched

o Fr = (Ps(2))e
log(Fs)s vs (logFo)o
o Standard FT for annealed: Q(w) — Q(—w) = w

e Modified FT for quenched: ([F;]") ~ exp (—tQn(2/ Tt))

Qn(w) — Qu(—w) = nw
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Chaotic flow case

Annealed vs Quenched

o Fr = (Ps(2))e
log(Fs)s vs (logFo)o
o Standard FT for annealed: Q(w) — Q(—w) = w

e Modified FT for quenched: ([F;]") ~ exp (—tQn(2/ Tt))

Qn(w) — Qu(—w) = nw

Lack of FT for the Largish Deviations: w > (w)
Gaussian 6: —log(F,) o< \/w
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oru+ (uV)u+ Vp=vAu+f J

Work produced in time t Energy dissipated in time t
Y1 =1/2 [, dt’ [ dr(uf) Yo =v/2 [; dt’' [ dr(Vu)?
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Entropy/Work Production in Turbulence Work & Kolmogorov flux

oru+ (uV)u+ Vp=vAu+f J

Work produced in time t Energy dissipated in time t
Y1 =1/2 [, dt’ [ dr(uf) Yo =v/2 [; dt’' [ dr(Vu)?

o Test Large Deviations: at t > 7, P(X) ~ exp (—tQ(X/t))
In case it works, Q(w) may serve gives an ultimate measure
of possible " universality” classes in turbulence

o Check if Fluctuation Theorem applies: Q(w) — Q(—w) = w

@ Verify if Q1 = Q= ---

@ Work Relations and Protocol Optimization may find practical
applications in Non-Stationary Turbulence
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Summary

Summary

@ Production of entropy/work (in finite time) is a universal
characteristic explaining breakdown of the detailed balance

@ Generalized Fluctuation Theorem gives a useful and nontrivial
relation

@ Large Deviation Functional is an ultimate and rich tester of a
non-equilibrium stat mech system (e.g. turbulence)
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