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Abstract

In 1975, Erdés and Sauer asked to estimate, for any constant r, the maximum number of edges an n-vertex graph
can have without containing an r-regular subgraph. In a recent breakthrough, Janzer and Sudakov proved that any
n-vertex graph with no r-regular subgraph has at most C,nloglogn edges, matching an earlier lower bound by
Pyber, R6dl and Szemerédi and thereby resolving the Erd&s—Sauer problem up to a constant depending on r. We
prove that every m-vertex graph without an r-regular subgraph has at most Cr’nloglogn edges. This bound is
tight up to the value of C for n > ng(r) and hence resolves the Erdds—Sauer problem up to an absolute constant.

Moreover, we obtain similarly tight results for the whole range of possible values of r (i.e., not just when
r is a constant), apart from a small error term at a transition point near r & logmn, where, perhaps surpris-
ingly, the answer changes. More specifically, we show that every m-vertex graph with average degree at least
min(Crlog(n/r), Cr? loglog n) contains an r-regular subgraph. The bound Crlog(n/r) is tight for 7 > logn, while

the bound Cr?loglogn is tight for r < (1ogn)1*9(1).

These results resolve a problem of R6dl and Wysocka from
1997 for almost all values of r.

To find regular subgraphs efficiently, we replace and improve substantial parts of the Janzer—Sudakov framework
for the Erdds—Sauer problem. Our strategies involve the algebraic techniques of Alon, Friedland and Kalai, the
recent breakthroughs on the sunflower conjecture, techniques to find almost-regular subgraphs developed from
Pyber’s work, and, crucially, a novel random process that efficiently finds a very nearly regular subgraph in any
almost-regular graph. A key step in our proof uses this novel random process to show that every K-almost-regular

graph with average degree d contains an r-regular subgraph for some r = Qg (d), which is of independent interest.

1 Introduction

Finding regular subgraphs with given degree is a fundamental problem in Graph Theory. Many important theorems in
Graph Theory assume that the graph is regular, or are much easier to prove in that case. Hence, developing tools for
finding regular subgraphs is of great importance, and such tools can be applied in many different areas of Combinatorics
(see, e.g., [19] for some of these applications).

In 1975, Erdés and Sauer [13] asked what is the maximum possible average degree that an n-vertex graph can have
without containing an r-regular subgraph. This question received a lot of interest in the case where r is a constant,
and was reiterated in many places such as Bollobas’s book on Extremal Graph Theory [6] and the book of Bondy and
Murty [8], while it was also one of Erdds’s favourite open problems [16].

In the early 80s, a very influential algebraic technique for finding regular subgraphs with given degree was developed
by Alon, Friedland and Kalai [1, 2]. Informally speaking, they proved that a graph which is very close to being regular
(in the sense that its average degree is very close to its maximum degree) contains a regular subgraph of large degree
(see Theorem 1.11 and Corollary 1.12 below for the formal statements). This result, together with new ideas, was used
by Pyber [25] in 1985 to obtain the first strong bounds for the minimum average degree condition which implies the
existence of an r-regular graph.
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Theorem 1.1 (Pyber [25]). For any positive integers r and n, every n-vertex graph with average degree greater than
32r2logn contains an r-reqular subgraph.

When r is constant Theorem 1.1 is tight up to the factor of logn, but as r increases the bound is increasingly far
from optimal (as discussed later). Chvatal had conjectured that some average degree condition depending only on r
should be sufficient to imply the existence of an r-regular graph (see [8]), but interestingly this turns out to be false.
Indeed, in 1995, Pyber, R6dl and Szemerédi [26] constructed examples demonstrating that an n-vertex graph can have
Q(nloglogn) edges, yet no r-regular subgraph, as follows.

Theorem 1.2 (Pyber-Rodl-Szemerédi [26]). There is some absolute constant ¢ > 0 such that, for each n, there is an
n-vertex graph with average degree at least cloglogn which does not contain an r-reqular subgraph for any r > 3.

In light of Theorem 1.1, in 1997, Rdl and Wysocka [28] posed the problem of estimating the smallest d = d(r,n) such
that every n-vertex graph with average degree at least d contains an r-regular subgraph. They proved, for every v > 0,
that every n-vertex graph with average degree at least yn contains an r-regular subgraph for some r > C~3n, where
C' is some absolute constant. This directly improved a previous result of Pyber, R6dl and Szemerédi [26], and also
improves upon Pyber’s bound in Theorem 1.1 when the host graph is fairly dense (more precisely, when its average
degree is greater than roughly n*/%).

Despite continued related work, such as that of Bollobas, Kim and Verstraéte [7] on the threshold for a random
graph to contain an r-regular subgraph, and many papers on finding regular subgraphs in hypergraphs (see, e.g.,
[12, 18, 20, 22, 23, 24]), the bounds O, (logn) and Q(loglogn) for the Erdés—Sauer problem have not been improved
until very recently, when Janzer and Sudakov [19] proved that the answer is O,.(loglogn), as follows.

Theorem 1.3 (Janzer—-Sudakov [19]). For every positive integer r there exists some C, such that any n-vertex graph
with average degree at least C,. loglogn contains an r-reqular subgraph.

In this paper we resolve the problem of Rédl and Wysocka for almost all values of r and n, and in particular, settle the
Erdés—Sauer problem up to an absolute constant factor. Perhaps surprisingly, the answer changes drastically around
r =~ logn. We prove two upper bounds, the first of which is tight when r is small, and the second of which is tight
when r is large.

Theorem 1.4. There exists some C such that for all positive integers if r,n > 3, every n-vertex graph with average
degree at least Cr? loglogn contains an r-regular subgraph.

Theorem 1.5. There exists some C such that for all positive integers r,n with r < n/2, every n-vertex graph with
average degree at least Crlog(n/r) contains an r-regular subgraph.

We prove matching lower bounds for both results, showing that Theorem 1.4 is tight for r» < (log n)l_Q(l), whereas
Theorem 1.5 is tight for » > logn. In particular, to resolve the Erdés—Sauer problem up to an absolute constant, our
Theorem 1.4 improves the value of C, = 16 used in the proof of Theorem 1.3.

Proposition 1.6. There is some ¢ > 0 such that for all positive integers r and n with 3 <r < %log n, there exists an
n-vertex graph with average degree at least cr? log(@) which does not contain an r-regular subgraph. In particular,
Theorem 1.4 is tight up to the value of C' provided that n is sufficiently large compared to r.

Proposition 1.7. There is some ¢ > 0 such that for all positive integers r,n > 2 with %logn < r < n/100, there
exists an n-vertex graph with average degree at least crlog(n/r) which does not have an r-regular subgraph.

We prove Propositions 1.6 and 1.7 using careful modifications of the construction of Pyber, Rédl and Szemerédi [26].
We note that a similar, but slightly less general result to Proposition 1.7 was obtained by Buci¢, Kwan, Pokrovskiy,
Sudakov, Tran, and Wagner [9].

Recall that d(r,n) is defined as the smallest d such that every n-vertex graph with average degree at least d contains an
r-regular subgraph. Combining Theorems 1.4 and 1.5 and Propositions 1.6 and 1.7, we obtain the following interesting
‘phase transition’ phenomenon:

1-Q(1)

e for r < (logn) , we have d(r,n) = O(r?loglogn), whereas

e for r > logn, we have d(r,n) = O(rlog(n/r)).



1.1 Almost-regular graphs

In the process of proving Theorems 1.4 and 1.5, we will consider various notions of ‘near-regularity’. Proving results
about nearly-regular subgraphs is interesting in its own right, and has already attracted a lot of interest. The notion
that was the most extensively studied is ‘almost-regularity’.

Definition 1.8. A graph is called K -almost-reqular if the ratio between the maximum degree and the minimum degree
is at most K.

An important reason why this notion is useful is the celebrated ‘regularisation lemma’ of Erdds and Simonovits [15]
from 1970. This result states that any n-vertex graph with at least n'*® edges contains a K-almost-regular subgraph
with m vertices and at least 2m!T® edges for some K = K(«) and m = w(1). This result has since become one of
the most widely used tools in Turén-type problems, as it allows one to reduce such problems to the easier case where
the host graph is almost-regular. This demonstrates the value of results that find ‘dense’ regular or nearly-regular
subgraphs in general graphs, which are the subject of this paper.

Another useful result, which will be the starting point in our proof of Theorem 1.5, allows one to find an almost-regular
subgraph in an arbitrary graph at the cost of a logn factor loss in the degree. The following result was proved in 3]
and in [9], using a variant of Pyber’s proof [25] of Theorem 1.1.

Lemma 1.9 (Alon et al. [3] and Buci¢ et al. [9]). Every n-vertex graph with average degree d contains a 4-almost-regular
subgraph with average degree at least m.

We will in fact need a slightly stronger variant of Lemma 1.9, which we prove using a very similar approach (see
Section 4).

Proposition 1.10. FEvery n-vertex graph with average degree d contains a 4-almost-regular subgraph with average
d

degree at least T00Tog (3om7d) -

A very important result of Alon, Friedland and Kalai (as mentioned earlier) allows one to find regular subgraphs in

graphs that are already very close to being regular.

Theorem 1.11 (Alon-Friedland—Kalai [2]). If ¢ is a prime power, ¢ > r, and ¢ = r (mod 2), then every graph with

mazimum degree A > 2q — 2 and average degree d > gg:f - (A 4 1) contains an r-reqular subgraph.

Often this result is used via the following corollary!.

Corollary 1.12 (Alon-Friedland-Kalai). Let A > 1. Then every graph with average degree d and maximum degree at
most d + X contains an r-reqular subgraph for some r > %.

We prove that almost-regular graphs contain regular subgraphs with essentially the same degree, which is a significant
strengthening of Corollary 1.12 as the condition on the maximum degree is much less restrictive.

Theorem 1.13. For each A > 1, there exists some ¢ = ¢(\) > 0 such that every graph with average degree d and
mazimum degree at most Ad contains an r-reqular subgraph for all r < cd.

This also strengthens a result of Janzer, Sudakov and Tomon [20], which states that every n-vertex A-almost-regular
graph with average degree d contains an r-regular subgraph for all r < ¢(\)d/logn.

Observe that Theorem 1.13, combined with Proposition 1.10, implies Theorem 1.5 (see Section 4 for a formal proof).
Theorem 1.13 will also play a key role in our proof of Theorem 1.4.

Furthermore, we can use Theorem 1.13 to obtain a strengthening of the celebrated Erdés—Simonovits regularization
lemma mentioned above. Before we state our result, we recall a slight variant of the Erds—Simonovits regularization
lemma that is more convenient in applications. This variant is due to Conlon, Janzer and Lee (for an earlier variant,
see Jiang and Seiver [21]).

ITo see how Corollary 1.12 follows from Theorem 1.11, note that one may choose g to be a power of 2 such that % <qg< % and
apply Theorem 1.11 with r = q.



Lemma 1.14 (Conlon—Janzer—Lee [11]). Let e,c¢ be positive reals, where € < 1. Let n be a positive integer that is

sufficiently large as a function of € and c. Let G be a graph on n vertices with e(G) > en'*e. Then G contains a
2

K -almost-regular subgraph G' on q > nTT= vertices such that e(G) > %q“rs and K = 2022571,

Using Theorem 1.13, we can replace the K-almost-regular subgraph G’ by a fully regular subgraph which has essentially
the same properties, and the average degree drops by at most a constant factor that depends on €.

Theorem 1.15. For any positive real € < 1, there exists some 3 > 0 such that the following holds. Let ¢ > 0 and let n
be a positive integer that is sufficiently large as a function of ¢ and c. Let G be a graph on n vertices with e(G) > en'*e.
Then G contains a regular subgraph H on m > n® vertices such that e(H) > Bem!+e.

Note that while Theorem 1.13 does not directly control the number of vertices in the regular subgraph, the lower bound
m = n?%() on the number of vertices in H follows from the lower bound for the degrees of H. We expect Theorem 1.15
to become a significant tool in Turan-type problems.

1.2 Preliminaries and notation

Concentration. We will often use the following basic version of Chernoft’s inequality for binomial random variables
(see, e.g., [4]).

Lemma 1.16 (Chernoff’s bound). Let n be an integer and 0 < §,p < 1. If X ~ Bin(n,p), then, setting p = E[X] = np,
we have

P(X >(1+0)p) < e/, and P(X <(1-6)pu) < e /3,

Notation. We use standard graph theoretic notation throughout the paper. In particular, for a graph or hypergraph G,
we denote by d(G) its average degree, and by 6(G) and A(G) its minimum degree and maximum degree, respectively.
We write |G| and e(G) for the number of vertices and edges in the graph G, respectively. All graphs are assumed to
have a non-empty vertex set. Logarithms are to base 2. For the sake of a cleaner presentation, we sometimes omit
floor and ceiling signs when they are not crucial.

Organization of the paper. In Section 2, we prove Theorem 1.13. In Section 3, we prove Theorem 1.4. Proposi-
tion 1.10 and Theorem 1.5 are proved in Section 4. The proofs of Propositions 1.6 and 1.7 are given in Section 5. In
Section 6, we give some concluding remarks and mention some open problems.

2 Regular subgraphs in almost-regular graphs

In this section we prove Theorem 1.13. Our main novel contribution is the following ‘near-regularisation’ result.

Theorem 2.1. There is an absolute constant ¢ > 0 such that the following holds for all A\ > 1 and d > 0. Let G be a
graph in which d < dg(v) < M\d for each v € V(G). Then, for some d' > cd/\3, G contains a subgraph H with average
degree d' and mazimum degree at most d' + 10® such that |H| > c|G|/\'°.

Theorem 2.1 states that in an almost-regular graph we can find a subgraph with average degree only a constant factor
smaller than the average degree of the original graph that is extremely close to being regular. We can then apply the
algebraic regularization technique of Alon, Friedland and Kalai (Corollary 1.12) to find a fully-regular subgraph. We
note that while we do not need this for the proof of Theorem 1.13, the nearly-regular subgraph given by Theorem 2.1
has a large vertex set, which may be useful for other applications.

The proof of Theorem 2.1 builds on the ideas recently introduced by the current authors, in [10]. The key idea is to
take an almost-regular graph and show that a small random deletion of vertices and edges (with probability differing
based on whether the vertices involved are low- or high-degree vertices) is likely to produce a subgraph which is slightly
closer to regular and yet has a very similar average degree, before using this iteratively. This will allow us to obtain
the desired nearly-regular subgraph in G by finding a sequence G =: Gy D G1 D G2 D ... of subgraphs such that each



Gi+1 is a ‘bit more regular’ than G; but has similar average degree. We terminate the process once G; is sufficiently
regular and let H be this final subgraph. In [10], we controlled the minimum degree and the maximum degree of each
G;, and using those methods one can show (via the Lovasz local lemma) that with positive probability we end up with
a graph G; in which the minimum degree and the maximum degree differ by at most O(logd). This, however, would
not be sufficient to prove Theorem 1.13, so here we take a slightly different approach. One important observation is
that in order to apply the algebraic regularization technique of Alon, Friedland and Kalai, one does not need to control
the minimum degree; controlling the average degree and the maximum degree is sufficient. This can be achieved by
repeating the following process. In each step, we first apply the small random regularization step from [10]. When
the average degree and the maximum degree are already very close (closer than logd, say), this leaves some outlier
‘high-degree’ vertices, but not too many — we can therefore delete some edges incident to these vertices to ‘push down’
their degrees to the interval we want.

The exact implementation of our small regularization step (i.e. how we obtain G;y; from G;) is given by the following
lemma. After stating the lemma we will motivate the use of the ‘correction’ functions f and f” and comment further
on the narrowing interval in which the (corrected) degrees lie.

Lemma 2.2. Let ¢ < 1/100 such that ed > 10° and A > (1 +10e)d. Let f : V(G) — Z>o be a function. Assume that
G is a graph such that d < dg(v) + f(v) < A for every v € V(G). Then there exist some subgraph G” C G and some
function f" : V(G") — Z>o such that

o |G"| > (1—-4¢)|G|,

* Y vevian I"(0) £ Xpevie) f(v) + |Gl exp(—ed/1000) and

o (1-3e)d<dgr(v)+ f"(v) < (1— Ze)A for every v € V(G").

Compare the intervals in which d(v) 4 f(v) and dgr (v) + f”(v) are bounded for each vertex v: as (1—%e)/(1—3¢) <
(1 — ¢/2), the ratio between the upper and lower bounds is decreasing. We think of the non-negative function f as a
small ‘correction’ term such that all ‘corrected degrees’ dg(v) + f(v) are between d and A. Note that if 3 /(g f(v)
is small, then the average degree of such a graph G cannot be much smaller than d, while the maximum degree of G is
at most A. The lemma states that, at the cost of increasing f(v) very slightly, we can find a subgraph for which this
lower bound d and upper bound A are closer to each other. This corresponds to a subgraph in which the average degree

and the maximum degree are closer than they were in the original graph. Crucially, unlike the corresponding result in
[10], this lemma can be iterated until the average degree and the maximum degree differ by an absolute constant.

Proof of Lemma 2.2. Let v be such that A = (1 + «)d, and note that v > 10e. Let

Up,={ve V(@) :dag() + f(v) < (1+~/2)d} and Ug ={veV(G) :dg(v)+ f(v) > (1 +v/2)d}.
Let G’ be the random subgraph of G obtained by

(i) deleting edges within Uy independently at random with probability 2& — &2,
(ii) deleting edges from Uy, to Uy independently at random with probability €, and
(iii) deleting vertices in Uy, independently at random with probability .
Furthermore, if some v € Uy, belongs to V(G'), let f'(v) be a random variable distributed as Bin(f(v),1 — ), and for

v € Ug, let f'(v) be a random variable distributed as Bin(f(v), (1 —¢)?).

Now note that if v € Uy, and wwv € E(G), then, conditional on v € V(G’), the probability that uv € E(G’) is precisely
1—e. Indeed, if u € Uy, then (conditional on v € V(G’)) uv € E(G’) holds if and only if u did not get deleted by (iii),
which has probability 1 — ¢, and if u € Up, then (conditional on v € V(G")) uv € E(G’) holds if and only if the edge
uv did not get deleted by (ii), which has probability 1 — e.

Hence, if v € Uy, then, conditional on v € V(G’), we have

dar(v) + f'(v) ~ Bin(da(v) + f(v),1 - ), (1)



while if v € Uy, then, for each u € Ng(v), whether or not u is in Uz, the probability uv € E(G’) is (1 — ¢)2, and thus
der (v) + f'(v) ~ Bin(da(v) + f(v), (1 - €)?). 2)

For each v € V(G'), let g(v) be the smallest non-negative integer such that de(v) + f'(v) + g(v) > (1 — 2¢)d. We now
show that with positive probability we have

(a) |G'| = (1 —4e)|Gl,
(b) the number of vertices v € V(G’) with der(v) > (1 — Ze)A is at most 4|G|exp(—eA/500), and

(c)

> 9(v) <4|G|exp(—<d/100). (3)
veV(G’)

To see why (a) holds, note that the expected number of vertices deleted by (iii) is at most ¢|G|, so, by Markov’s
inequality, with probability at least 3/4, we have |G'| > (1 — 4¢)|G/.

For (b), note that if v € Uy, (and v € V(G")), then

dor () + J'(0) < dofv) + J(0) < (14+7/2)d < (1= 21 +7)d = (1~ T2)A.

Moreover, if v € Uy, then by (2)

]P’(dg:() (1—75 ) P(d(;/ >( —5)A)
IP’(Bm 1-¢)?) > (1—ZE>A>
(s

P ( Bin(A,2e — £?) < 5A>

INJIEN|

IN

1
<P (Bin (a, g’e) < 45A) < o~ (/15 D3 < oun (oA /500),

where the penultimate inequality follows from the Chernoff bound (Lemma 1.16 applied with § = 1/15), using that
TeA=(1- ) E[Bln(A )] Hence, by Markov’s inequality, with probability at least 3/4, the number of vertices
veV(E) w1th de (v) > (1 — Te)A is at most 4|G|exp(—eA/500).

For (c), note that, if v € Uy, then, by (1), for any positive integer ¢,

P <dg/(v) + () < [(1 - Zs)d] —t ’ ve V(G/)> <P <Bin(d, 1-¢) < [(1 - %)d} - t)
—P <Bin(d, &) > EedJ + t>
<P (Bin(d + %5_125,5) > gsd+ t)
< exp (—(t +&d)/60),

where the last inequality follows from the Chernoff bound applied with 6 = 1/5.



A similar calculation, using (2), shows that, for each v € Uy and any positive integer ¢, we have
P (dor) + /) < [(1-3e)a] 1) <P (Bin( (14 0)a 0 -o7) < [ (1= 5e)d] 1)
<P (Bin((l +5e)d, (1-)*) < [(1- ga)d—‘ - t)

<P (Bin((l + 5e)d, 2e — 52) > 6ed + t)
< P (Bin(2d, 2¢) > 6ed + t)
<exp(—(t+ed)/60).

Hence, for each v € V(@) and positive integer ¢, the probability that g(v) > ¢ (conditional on v € V(G")) is at most
exp(—(t + ed)/60). It follows that, for each v € V(G),

0 o—1/60
Elg(v) |v e V(G)] = ZIP’(g( )>tlveV(G)) < Zexp (t+ed)/60) = Wexp(—ed/GO) < exp(—ed/100),

and therefore E[}° oy (o) 9(v)] < |G|exp(—ed/100). Hence, with probability at least 3/4, we have 3_ v (g g9(v) <
4|G| exp(—ed/100).

Thus, with positive probability, we have that (a)—(c) hold. We will show that, if we assume these three properties hold,
then there exist suitable G and f”. Let us first define G”. The vertex set of G” Will be the same as that of G'. We
obtain G” by deleting a minimal collection of edges from G’ such that dg~(v) < (1 — Z£)A holds for each v € V/(G”).
By property (b) and since dg/(v) < A for all v € V(G’), we need to delete at most 4|G\ exp(—eA/500) - 2eA edges in
total. Letting h(v) = dgr(v) — dgr(v) be the number of deleted edges at vertex v, we have

> h(v) < 8|G|exp(—eA/500) - 2eA. (4)
vEV(G')

Moreover, dg (v) + f'(v) + g(v) + h(v) = der(v) + f'(v) + g(v) > (1 — 3¢)d for all v € V(G”), by the definition of g
and h. So, since also dg~(v) < (1 — Ze)A for all v € V(G"), there exmts some non-negative integer valued function
f"(v) < f'(v) + g(v) + h(v) such that (1 — 3¢)d < dgr (v) + f(v) < (1 — Ze)A for each v € V(G”). Then, by (3) and

(4), we have

S s Y fo+ Y g+ S k)

VeV (G") VeV (G") VeV (G") VeV (G')
< Z f(v) + 4|G| exp(—ed/100) + 8|G| exp(—eA/500) - 2e A
veV(G)
< Z f(v) + |G| exp(—ed/1000),
veV(G)
where the last inequality follows from ed > 10 and A > d. O

The following lemma is proven by repeated applications of Lemma 2.2.

Lemma 2.3. There is an absolute constant ¢ > 0 such that the following holds for each A > 1 and d > 0. Let G be a
graph with d < dg(v) < Ad for all v € V(G). Then there exist some subgraph H C G, some function g : V(H) — Z>g
and some d’ > cd/\? such that

o |H| > c|G|/AY,
hd ZvGV(H) g(v) < |H| and

o d <dy(v)+g(w) <d +107 for every v € V(H).

Proof. We will show that ¢ = 1078 satisfies the statement in the lemma. Let G be a graph with d < da(v) < M for
all v € V(G). If d < 103)3, then the statement is trivial as we can let d’ = 1, let H be a maximal matching in G' and



let g be the constant 0 function on V(H). The only non-trivial property to check is that |H| > ¢|G|/A?, which follows
from |G|d/2 < |G|6(G)/2 < e(G) < |H|A(G) < |H|Ad. Hence, we may assume that d > 103\3.

We define d;, A; and ¢; recursively as follows. Let dy = d and Ag = Ad. Having defined d; and A;, we terminate
the process if A; < d; + 107. Otherwise, if A; > d; + 107, we choose ¢; to be maximal subject to g; < 1/100 and
A; > (14 10¢g;)d;. Then we let d;11 = (1 — %si)di and A1 = (1— gai)Ai. Let £ be the minimal non-negative integer
i such that A; < d; + 107, and let k = oo if no such i exists. We now prove three claims about the properties of d;, A;
and &;.

Claim 1. For all 0 < j <k, we have d; > d/\3.

Proof of Claim 1. Note that we have

A Agl 1 Tg Ao’ '
1< =0T < 20T - 2_>\||1— 2),
< dj do 01_%&_ =l L 0( 51/ 51/

1=

S0 H (1 —€i/2) > 1/, Since g; < 1/100 for each i, we have 1 — 5g;/4 > (1 — ¢;/2)3, and hence,

j—1 i—1
dj = do H(l — 581/4) > do H(l — Ei/2)3 > do/)\3 = d/)\g,
1=0 =0
as desired. ]

Claim 2. For all 0 < j < k — 1, we have £;d; > 10°.

Proof of Claim 2. By the definition of €;, we have either ¢; = 1/100 or A; = (1+10¢;)d;. In the former case, we have
g;d; = d;/100 > 108, where we have used Claim 1 and the assumption that d > 108)A3. In the latter case, observe that
A; > d; + 107 by the definition of k, and therefore 10e;d; > 107, so ¢;d; > 10°. B

Claim 3. For all 0 < j <k —2, we have € 11dj41 < 155€5d;.

10(]

Proof of Claim 3. If e; = 1/100, then smdﬁl =ejp1(1— g5)d; < &;(1— g5)d; < F5e;d;, as desired. Else, g; < 1/100

1- €5 .7
and A; = (1+10¢;)d;. Now dJ“ = 1—%8jTj <1 *53'/2)@ = (1—¢;/2)(1+10¢;) < (1+ Be;). Hence, €41 < 5e;

and the claim follows since dJH < d;. G

Note that Claim 2 and Claim 3 together imply that k is finite. We now apply Lemma 2.2 iteratively, for the following
claim.

Claim 4. For all 0 < j < k, there exist a subgraph G; C G and a function f; : V(G;) — Z>o such that d; <
da; (v) + fi(v) < A for every v € V(Gj), |G;| > |G|[]Z ( —4e;), fo = 0 everywhere and, for all 1 < j < k,
ZueV(Gj) fiw) < ‘G | exp(—€;-1d;-1/2000).

Proof of Claim 4. We prove the claim by induction on j. For j = 0, we can take Go = G and let fy be the
constant zero function. Now given suitable G; and f; for some j < k — 1, we apply Lemma 2.2 with € = ¢;, d = dj,
A=A, f=fjand G = G,. The conditions ; < 1/100 and A; > (1 + 10¢;)d; are satisfied by the definition of ¢,
whereas the condition £;d; > 10° is satisfied by Claim 2. Now let Gj41 = G” and f;41 = f” for the graph G” and
function f” provided by Lemma 2.2. Using the properties of Gj4+1 and fj4+1 from Lemma 2.2, the induction hypothesis,
|Gj+1] > (1 —4¢,)|G,| > |G;]/2, Claim 2 and Claim 3, we have

> i) <Gl exp(—g;-1d;-1/2000) + |G| exp(—¢;d; /1000) < |G;41| exp(—e;d;/2000),
veEV(Gj41)

where we define the term |G| exp(—e;_1d;—1/2000) to be zero if j = 0. Hence, these choices satisfy the conditions in
the claim. G

Now let H = G, g = fr and d’ = di. By Claim 1, we have d/ > d/\® > ed/)\3. By the definition of k we have
Ay < dp+107. As observed in the proof of Claim 1, we have H (1 €;/2) > 1/, s0 |H| = |Gk| > |G| 1_[Z o N(1—4g;) >
|G|/A10 > ¢|G|/A. Finally, 2vevim) 9(0) = Xieviay) fr(v) < |H|7 using Claim 4 and Claim 2. O



Lemma 2.3 readily implies Theorem 2.1.

Proof of Theorem 2.1. Using Lemma 2.3, let ¢y < 1 be a constant which satisfies the property in that lemma when
replacing c¢. We will show that ¢ = ¢/2 satisfies the properties of the theorem. This is trivial if d < ¢=*\3, since then
we can take d’ = 1 and let H be a maximal matching in G. Assume therefore that d > ¢~!A\3. By Lemma 2.3, there
exists a subgraph H C G, some function g : V(H) — Zso and some d > cod/\? such that d < dg (v) + g(v) < d + 107
for every v € V(H), |H| > ¢o|G|/A and > vevim) 9(v) < |H|. It follows that H has average degree at least d—1
and maximum degree at most d 4+ 107. Since d — 1 > ¢od/X3 — 1 = 2¢d /X3 — 1 > ¢d /)3, this subgraph H satisfies the
conditions of the theorem. O

Finally, here, we show how to deduce Theorem 1.13 from Theorem 2.1 and Corollary 1.12.

Proof of Theorem 1.13. Using Theorem 2.1, let ¢y be a constant which satisfies the property in that theorem when
replacing ¢. We will show that ¢ = ¢(\) = 1071%/(4))? satisfies the conditions of the theorem. Let G be a graph
with average degree d and maximum degree at most Ad. By standard results, G has a bipartite subgraph G’ with
average degree at least d/2, which, in turn, has a subgraph G” with minimum degree at least d/4. Since G” still has
maximum degree at most Ad, we can apply Theorem 2.1 for G” with d/4 in place of d and 4\ in place of A to find a
subgraph H and some d’ > co(d/4)/(4))? such that H has average degree d’ and maximum degree at most d’ + 108.
ﬁ > cd. Since H' is an s-regular bipartite
graph (as it is a subgraph of G’), repeated applications of Hall’s theorem yield an r-regular subgraph of H' for all
1 <r <'s. This finishes the proof of Theorem 1.13. O

By Corollary 1.12, H contains an s-regular subgraph H’ for some s >

3 Proof of Theorem 1.4

In this section we prove Theorem 1.4. Similarly to the strategy in Janzer and Sudakov’s resolution of the Erd&s-Sauer
problem [19], to find an r-regular subgraph we will first reduce to two cases by finding a subgraph in which either 1) no
vertices have very high degree or 2) most of the edges contain an endvertex with high degree.

In case 1, we can use the methods developed in [19] to find a sufficiently dense almost-regular subgraph. Then,
crucially, using Theorem 1.13 that we proved in the previous section, we will be able to find an r-regular subgraph
with no further loss. This is brought together to tackle case 1 as Lemma 3.3.

In case 2, more precisely, we find a bipartite subgraph G’ with parts A and B such that every v € B has degree
precisely r in G’, and the degrees of vertices in A are at most d'*zr and on average at least d, for some d which is
quite a bit larger than . We will then show that such a graph contains an r-regular subgraph (see Lemma 3.4 below).
A similar result was proved in [19], however with an extra assumption on the codegrees of G’. This assumption (which
cannot be easily removed from the proof in [19]) results in a huge loss for the bounds if r is not a constant, so we
develop a new approach, using a similar strategy to that used to find regular subgraphs in hypergraphs by Janzer,
Sudakov and Tomon [20, Section 5|, and earlier by Kim [22].

We now turn to the details. For dealing with case 1, we will need the following definition and lemma from [19].

Definition 3.1. A bipartite graph G with vertex classes A and B is (L, s)-almost-biregular if the following holds. For
every v € B, dg(v) = s and, writing d = e(G)/|A|, we have d > s (or, equivalently, |A| < |B]) and dg(u) < Ld for
every u € A.

Lemma 3.2 (Janzer—Sudakov [19, Lemma 3.5]). Let G be an (L, s)-almost-biregular graph for some L > s > 2. Then

G has a 64-almost-reqular subgraph with average degree at least ﬁ,

Using our Theorem 1.13, we can immediately improve Lemma 3.2 to give a regular subgraph, as follows.

Lemma 3.3. There is an absolute constant ¢ > 0 such that the following holds. Let G be an (L, s)-almost-biregular
graph for some L > s > 2. Then G has an r-regular subgraph for every r < cs/log L.



For case 2, where we work in a subgraph where most of the edges have an endvertex of high degree, our key lemma
will be as follows.

Lemma 3.4. The following holds for all sufficiently large positive integers r. Let G be a bipartite graph on at most n
vertices with parts A and B such that dg(v) = r for every v € B, dg(u) < A and e(G) = d|A|, where d > 3" (logn)?
and A < d'F27. Then G contains an r-reqular subgraph.

It will be crucial to turn this lemma into an essentially equivalent statement on regular subgraphs in multi-hypergraphs.
Here, d(G) and A(G) are, respectively, over v € V(G), the average and maximum number of edges in G containing v.

Lemma 3.5. The following holds for all sufficiently large positive integers r. Let G be an r-uniform multi-hypergraph
on N wvertices such that A(G) < d(G)'*2r and d(G) > r* (log N)2. Then G contains an r-regular sub(multi)hypergraph.

Let us first see why Lemma 3.5 implies Lemma 3.4. Given a graph G satisfying the conditions of Lemma 3.4, let G be
the r-uniform multi-hypergraph on vertex set A whose hyperedges are Ng(v) for all v € B. Note that G has at most
n vertices, it has average degree r - e(G)/|A| = r|B|/|A| = e(G)/|A| = d and maximum degree at most A. Hence, by
Lemma 3.5, G contains an r-regular sub(multi)hypergraph H. The vertices of H, together with the vertices v € B for
which Ng(v) is an edge in H, induce an r-regular subgraph in G.

Hence, it will suffice to prove Lemma 3.5. In the proof of this lemma, we will use the recent breakthrough on the
celebrated Sunflower conjecture [14]. Given a positive integer r, a collection of r sets is an r-sunflower if there exists a
(possibly empty) set X (called the core) such that the intersection of any two distinct elements in the collection is X.
It was proved by Alweiss, Lovett, Wu, and Zhang [5] that every t-uniform family of size at least (logt)! - (r loglogt)?®
contains an r-sunflower, which was subsequently improved by Frankston, Kahn, Narayanan, and Park [17] and Rao [27].
We use the following version, proved by Rao [27].

Lemma 3.6. There is a constant o such that any family with more than (arlog(tr))t sets of size t contains an
r-sunflower.

The r-regular subhypergraph in Lemma 3.5 will come from an r-sunflower in a collection of large matchings in G. To
bound the number of matchings from below, we will use the following simple lemma.

Lemma 3.7. Let G be an r-uniform multi-hypergraph on N vertices with A(G) < pd(G). Let t < % +1 be a positive

2p
e(9)

52 )" matchings of size t.

integer. Then G contains at least (

Proof. We generate a matching of size ¢ with the following greedy procedure. Let G = G. In step i (1 < i < ¢), if
G; is already defined and G; is nonempty, select an arbitrary hyperedge e; of G;, and let G,;1 be the hypergraph we
get after removing e; and all hyperedges intersecting e; from G;. Clearly, {e1,...,e;} is a matching. Note that every
hyperedge of G intersects at most rA(G) hyperedges, so

_1A@©) 2 e(@) - Sa—rud(@) = e(9)2.

€(0:) 2 e(9) = (i = rA(@) 2 e(@) = (t = VrA(g) = e(9) - 5 5 27

Hence, at step i, there are at least 3e(G) choices for the hyperedge e;, so in total there are at least (3e(G))’ sequences
e1,...,e; such that {e1,...,e;} is a matching. But, then, there are at least %(1e(G))" > (‘92—?)’f matchings of size t in

G, as each matching corresponds to t! such sequences. O

Proof of Lemma 3.5. Let p = d(G)?  and let t = [quw. By Lemma 3.7, G contains at least M = (ez—f))t matchings
of size t. Each such matching covers exactly tr vertices, so by the pigeonhole principle there exists a set U C V(G)
of size tr such that at least M/(g) matchings of size ¢ span U. Using (§) < (ea/b)’, t > 35—, p = d(G)2 and

2r2p?
d(G) > r*"(log N)?, we have

/()= (%) = (5 (5) ) = (52 (a) ) = (o (a3) )

= (Td(g)pr"‘lr (W)Ty > (d((Qgeil)f)t > (2arlog N)* > (arlog(tr))’,

v
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where « is a constant with the property in Lemma 3.6. Let F be the family of sets whose ground set consists of all
the edges of G in U (note that multi-edges give rise to multiple elements in the ground set) and whose sets are the
matchings spanning U. By the above equality, we have |F| > (arlog(tr))t, so Lemma 3.6 guarantees that F contains an
r-sunflower S. This is a collection of r matchings spanning U, such that every edge either belongs to all the matchings
or only to one of them. Remove the edges contained in the core of S, and let the resulting set be S’. Then the edges
in S’ form an r-regular sub(multi)hypergraph of G, finishing the proof. O

We are now ready to prove Theorem 1.4.

Proof of Theorem 1.4. We may assume that r is sufficiently large (e.g. because the case where r is small follows
from Theorem 1.3). Suppose then that C' is a sufficiently large absolute constant, that n > 3, and that G is an n-vertex
graph with average degree at least Cr? loglogn. Note that G has a bipartite subgraph G’ with average degree at least
%7’2 loglogn and G’ has a subgraph G” with minimum degree at least %rz loglogn. Let A and B be the parts of G”
such that |A| < |B|. Let H be a spanning subgraph of G” such that dg(v) = %7’2 loglogn for every v € B.

Let tg = 100rloglogn and let ¢ be the smallest non-negative integer such that to(1 + %)Z > logn. Note that
(1+ %)6”%10“’ > exp(loglogn) > lotg;", so £ < 6rloglogn. For each 1 <4 < ¢, let t; = to(1 + 3—1T)7 By definition,
ty > logn.

Let Ag ={u€ A:dy(u) <2%} and foreach 1 <i </, let A; ={u€ A:2%1 <dy(u) <2%}. Clearly, these sets
partition A. Hence, for every v € B, either v has at least dy(v)/2 = %7"2 loglog n neighbours (in the graph H) in A,
or £ > 0 and there is some 1 < i < £ such that v has at least d(v)/(20) > <r > r neighbours in A; (where the last
inequality holds as C is sufficiently large).

Therefore, at least one of the following two cases must occur.
Case 1. There are at least |B|/2 vertices v € B which have at least %7"2 loglogn neighbours in Ay.
Case 2. There exist some 1 < ¢ < ¢ and at least |B|/(2¢) vertices v € B which have at least r neighbours in A;.

In Case 1, let B’ C B be a set of size at least |B|/2 such that every v € B’ has at least %7’2 loglog n neighbours in
Ap. For technical reasons, let us take a random subset Af C AO of size |Ap|/3. With positive probability, there is a
set B” C B’ of at least 2|B’|/3 vertices which all have at least 1oor 2loglog n neighbours in A). Let H' be a spanning
subgraph of H[A{ U B”] obtained by keeping precisely 100T 2loglogn edges from each vertex in B”. Now note that
|AGl = |Aol/3 < |A|/3 < |B|/3 < 2|B'|/3 < |B"|. Moreover, dy/(u) < dg(u) < 2% for every u € Aj. This implies
that H' is (L, s)-almost biregular for L = 2t = 2100rloglogn apq ¢ — Cp2]oglogn. Note that L > s. Hence, by

100
Lemma 3.3, H' has an r-regular subgraph since C' is sufficiently large.

In Case 2, let us choose some 1 < i < ¢ and a set B’ C B of size at least |B|/(2¢) such that, for every v € B’, v has
at least r neighbours in A;. Let H' be a subgraph of H[A; U B’] obtained by keeping precisely r edges incident to
each v € B’. We will apply Lemma 3.4 to this graph. Note that £ > 1 implies that r < logn. Let A = 2% and let
§ =AY+, Clearly 6 > Al/2 > 2to/2 = 950rloglogn ~ .37 (Jog )2 where the last inequality follows from 7 < logn.
Note that for any u € A4;, we have dy(u) < dy(u) < 2% = A. Using that |B|- $r?loglogn = e(H) > |4;| - 2%~ and
that ¢ < 6rloglogn, we get

H) ) A2t
%Kr loglogn — 3Cr2(loglogn)? — 3Cr2(loglogn)?

e(H') =|B'|r > |B|r/(2() =

Note that
2151'71

§ = AV (+zp) — oti/(tgp) — gtica(dg)/(hg) < otici—r < 2
i} ; — 3Cr2(loglogn)?’

to = 10loglogn, r < logn and r is sufficiently large. Hence, e(H') > §|A;|.

where the last inequality holds since 10 T

Thus, we can apply Lemma 3.4 to the graph H' (with d = e(H')/|A;| > §) and get an r-regular subgraph. O
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4 Proof of Theorem 1.5

In this section we first prove Proposition 1.10 using a method of Pyber [25] developed similarly as was done in [3, 9]
for the slightly weaker Lemma 1.9. We then deduce Theorem 1.5 from it, using our result on regular subgraphs in
almost-regular graphs (Theorem 1.13). As is well-known, and as we have used in the deduction of Theorem 1.13, every
graph with average degree d has a bipartite subgraph with minimum degree at least d/4. Hence, Proposition 1.10
follows from the following result.

Lemma 4.1. Let G be a bipartite graph on at most n vertices with minimum degree at least d > 1. Then G has a
4-almost-regular subgraph with average degree at least m.

Proof. Let A and B be the parts of an arbitrary bipartition of G. Without loss of generality, assume that |A| > | B].
Let A; C A be a minimal non-empty subset with |[Ng(A1)| < |A1|. This is well-defined since |[Ng(A4)| < |B| < |A|. Let
B; = Ng(A1). By the minimality of A; and as d > 1, we have |B;| = |A;1|. Again by the minimality of A;, for each
non-empty S C A;, we have [Ng(S)| > |S|, so by Hall’s theorem, there is a perfect matching M; between A; and By
in G. Let GO =G and G1 = G[AhBl] - Ml.

We now iteratively find sequences of vertex sets A1 D Ay D ... D Ag and By D By D ... D By along with disjoint
matchings My, Ma, ..., My such that, for each i € [d], |A;| = |B;|, M; is a perfect matching in the graph G[A;, B;], and,
setting G; = G[A;, B;] — My — ... — M;, dg,(u) > d — i for each u € A;. Suppose then that 1 <1i < d is an integer and
we have found A; C A and B; C B with |A;| = |B;| and a bipartite graph G; between them such that dg, (u) > d — i
for each u € A;. We define A; 1, B;+1 and G, as follows. Let A;1; C A; be a minimal non-empty subset so that
|ING, (Ai+1)] < |Ai41|. This is well-defined since |Ng, (4;)] < |B;| = |Ai|]. Let B;y1 = Ng,(Ai+1). By the minimality of
Ai+1 and using that dg, (u) > d — i > 0 for every u € A;, we have |B; 1| = |4;11]. Again by the minimality of A; 41,
for each non-empty S C A;, we have |Ng, (S)| > |S|, so by Hall’s theorem, there is a perfect matching M; ;1 between
Aiy1 and B4 in G;. Let Giy1 = G;[Aiv1, Bit1] — M;41. Note that, as B;y1 = Ng,(Ai+1), each u € A; ;1 has degree
at least d —i — 1 in G;41, so that we can continue the iteration until i = d.

Let t = |d/2]. Then each u € A; has degree at least d —t > d/2 in Gy, and hence in particular |B;| > d/2. Therefore,
|A¢| > d/2. Let k = [log(2n/d)| +1 = |log(8n/d)| — 1 and let s = [t/log(8n/d)|. Note that (k+1)s <¢,s01+ks <t
(else, if s = 0, the statement of our lemma is trivial). Since |A;| < n, |[A11ks| > |Ai] > d/2 and 2% > 2n/d, there exists
some j > 1 with |A;4s] > |A4;]/2. Let H be the graph whose vertex set is A; U B; and whose edge set is the union of
the matchings M;, M1, ..., M;ts. Bach of these matchings has size at least |4, 5| > |A4;]/2, so e(H) > (s+1)|A4;|/2.
Thus, H has average degree at least (s + 1)/2. Then H contains a non-empty subgraph H’ with minimum degree at
least (s + 1)/4. On the other hand, clearly H has maximum degree at most s + 1 and therefore so does H'. It follows

that H' is 4-almost-regular with minimum degree at least (s +1)/4 > O

t > d
4log(8n/d) = 25log(8n/d)"

Proof of Theorem 1.5. By Theorem 1.13, there exists some Cy > 1 such that every 4-almost-regular graph with
average degree at least Cyr contains an r-regular subgraph. Let G be an n-vertex graph with average degree d >
100Cyr log(n/r). By Proposition 1.10, G has a 4-almost-regular subgraph H with average degree at least
Note that

d
1001og(32n/d) "

d < 100Cyr log(n/r) - 100Cyrlog(n/r) O
100log(32n/d) = 100log(32n/d) — 100log(n/r)
where the second inequality used that d > 32r. Hence, H contains an r-regular subgraph by the choice of Cj. O

5 Graphs without dense regular subgraphs

In this section we prove our lower bounds, namely Propositions 1.6 and 1.7.

For Proposition 1.6, it suffices to prove the following result.

Proposition 5.1. There exists some ¢ > 0 such that the following holds. For any positive integers r and n with
¢! <r <clogn, there exists a bipartite graph with at least n but at most 2n vertices and with average degree at least

1657 log(lo%), which does not contain an r-reqular subgraph.
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To see that Proposition 5.1 indeed implies Proposition 1.6, note that for » < ¢~! Proposition 1.6 follows from Theo-
rem 1.2, whereas for clogn < r < %log n, we can apply Proposition 5.1 with r = [clogn]| and use that an r-regular
bipartite graph has an s-regular subgraph for every s < r (and in each case, we select an n-vertex induced subgraph
uniformly at random).

Proof of Proposition 5.1. Let ¢ be a sufficiently small positive constant. Let iy, = %T logr + r and let ipax =
210r10g logn — r. Let A be a set of size n and for each i, < i < inax, let B; be a set of size n/2220m such that all
these sets are pairwise disjoint. Consider a random bipartite graph G with parts A and U“‘“" _ B;, where each vertex

in A is joined to precisely |r/8| random vertices of B;, for each imin < 7 < imax.

Note that for each imin <7 < imax — 1, we have

‘BA/‘B%H‘ _ 2220(i+1)/r/2220i/r _ 2220(124—1)/7‘722071/7‘ _ 22207',/7‘(220/7‘71) > 22207:/r_T >9 Lo 210. (5)

In particular, |B;+1]| < |B;]/2, so Zimax

T me

B;| < n. Hence, G has at most 2n vertices. The number of edges in G is

precisely 7+ (imax — imin + 1) - [7/8] > s55nr?(loglogn —logr — 100) = 555nr (log(log") 100). Since r < clogn and ¢

is sufficiently small we have 100 < log(log") therefore e(G) > fisnr? log(log") It follows that the average degree
of G is at least 2 1og(log")

400 r

It remains to prove that with positive probability G does not contain an r-regular subgraph. This will follow shortly
from the following claim.

Claim. Let m be a positive integer no greater than 2n. Let j be the largest integer in the interval [ipip, zmax] such that
|B;| > m (if no such j exists, then let j = i,,in). Then the probability that there exists a set S C AU U7 i Bjof
size at most m such that G[S] contains at least mr/8 edges is at most 2.

Proof of Claim. If j = iy, then there is nothing to prove, so let us assume that j > i, + 1. We will use the union
bound. The number of ways to choose S is at most >~ , (3") < 3, (4;) < m(%:) < m(4en/m)™ < (8en/m)™. The
number of ways to choose which [mr/8] edges should be present in G is at most ([m”:js]) < (em?/[mr/8])Imr/81 <
(8em/r)[™m7/81. Moreover, the probability that these [mr/8] edges are present in G is at most (|r/8]/|Bj_1])I™"/81 <
(r/|B;—1])I™"/81. Indeed, the individual probability that such an edge is present is at most |r/8]/|B;_1|, and condi-
tional on some edges being present, this probability can only decrease. Hence, the probability that there exists a set
SCAU Uz;.lmin B, of size at most m such that G[S] contains at least mr/8 edges is at most

(8en/m)™ - (8em,/r) [mr/8] (T/|Bj71|)|—mr/8-‘ = (8en/m)™ - (8€m/|Bj71|)(mr/8] < (8671/|Bj|)m . (8€|Bj|/‘Bj71D[mr/81
8en [ 8e|By| /8™
< (8en/|B; 8e|B;|/|Bj_1|)™"/® = ( J)
(Sen/|B, )" - (SelB,|/|By ) <|B (B

By (5), we have |B;|/|Bj_1| < 27277 % so

7‘/8
n B 205 /7 20(—1)/r 5 205 /r 20j/r. 6 1.9205/r 1 .9logr+20
<|J|> <22 272 i <22 .272 5 =27572 <2 52 <210T.

1B;| \|Bj-1l|
It follows that Igg?l . (ﬁ;‘fi || )"/8 < 1/2, which completes the proof of the claim. O

We will now show that if for all 1 < m < 2n and every set S C AU Uz i
than mr/8 edges (with j depending on m as in the claim), then G does not contain an r-regular subgraph. (This is
sufficient to complete the proof of the proposition, using the claim and the union bound.)

B; of size at most m, G[S] has fewer

Indeed, for the sake of contradiction, assume that G contains an r-regular subgraph H. Let m = |H|. Note that
e(H) = mr/2. Let j be defined as in the claim, and let S = V(H)N (AU Ug;lmin B;). By the assumption on G, H[S]
has fewer than mr /8 edges. Furthermore, by the construction of G, each vertex in A sends at most r/8 edges to B; and
t0 Binin(j+1,imay)- Hence, the number of edges in H incident to Um_m(jﬂ’i‘“‘""‘) B; is less than mr/8+2-m-r/8 = 3mr/8.

1=%min
This leads to a contradiction if j > 4. —1. Otherwise, it follows that H has at least e(H)/4 edges incident to U“‘_‘}’;Q
On the other hand, by the definition of j, we have |Bj+1| < m and hence, using (5), |U;2§’;2 Bi| < 2|Bjya| < m/lO.
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Therefore, as H is r-regular, the number of edges in H incident to U;’;’;Q B; is at most {5 -7 < e(H)/4. This is a

contradiction, and completes the proof. O

Most cases of Proposition 1.7 follow from the following result.

Proposition 5.2. There is some ¢ > 0 such that for all positive integers r,n > 2 with 20logn < r < n/100, there
exists an n-vertex graph with average degree at least crlog(n/r) which does not have an r-regular subgraph.

Proof. Let ¢ = }log(n/r), and let A, By, Ba, ..., B, be disjoint sets with |[A| = n/2 and |B;| = 2'r for all i € [(].
We will define a random bipartite graph G with parts A and UZ_1 B; which with positive probability will satisfy the
following properties simultaneously: (i) G has at least 800 nrlog(n/r) edges and (ii) G has no r-regular subgraph. Since
\Ule B;| < 21y < 2(n/r)Y/?r < n/2, the graph G has at most n vertices, so (after adding isolated vertices to G if
necessary) we obtain a suitable n-vertex graph.

For each i € [{], let each edge between A and B; be present independently at random with probability p; = ﬁ.

Now, note that

¢
= Z Z Z Di = Z Z r/100 = %ﬁnr = ﬁnrlog(n/r)

i=1 uc AveB; i=1 ucA

and

¢
Var(e ZZ Zpl 1—pi) < ZZ sz‘ = E[e(G)]

i=1 uecAveB; i=1 uc AveB;
so, by Chebysev’s inequality, P (e(G) < gignrlog(n/r)) = o(1).

It remains to prove that G does not contain an r-regular subgraph with probability 1 — o(1). This will be shown using
the following claim.

Claim. Let m be a positive integer. Let j be the largest integer in [¢] such that |B;| < m/4, and if no such integer
exists, then let j = 0. Then the probability that there exist A’ C A and B’ C Uf:j+1 B; such that |A'| <m, |B'| <m
and eg(A’, B’) > mr/2 is at most n="™.

Proof of Claim. The statement is trivial for j = £, so let us assume that j < £. Fix some A’ C A and B’ C U2 j+1Bi
such that |A’| < m, |B’| < m. Note that if v € B, then v € B; for some i > j + 1, so p; < 15557+ By the definition

of j, we have 27Ty = |B; 1] > m/4, so p; < . Thus, applying a Chernoff bound (Lemma 1.16),

< 16w < 1w
Pleg(A', B') > mr/2) < P(Bin(m?,r/4m) > mr/2) < exp(—mr/8).

The number of choices for the pair (A B’) is at most (3", (}))? < n®™, so by the union bound the probability
that there exist A” C A and B’ C Uz i1 Bi such that [A'] < m, |B| < m and eg(A’,B’) > mr/2 is at most
n?mexp(—mr/8) < n~™, where for the last inequality we used that r > 20logn. This completes the proof of the
claim. -

We will now show that if for all positive integers m there exist no A’ C A and B’ C Ul —j+1 Bi such that |A'[ < m,
|B'| < m and eg(A’,B’) > mr/2 (with j depending on m as in the claim), then G does not contain an r-regular
subgraph. (This is sufficient to complete the proof of the proposition, using the claim and the union bound.)

Indeed, for the sake of contradiction, assume that G does contain an r-regular subgraph H. Let A’ = V(H) N A, let
m = |A’| and let B = V(H) N Uf:j-‘rl B;. Note that, by the regularity of H, we have B < |V(H)nU'_, Bi| =
|V(H) N Al = m. Moreover, since H is r-regular and (by the definition of j) | J]_; B;| < m/2, we have ey (A’,B’) >
e(H) — §r = mr/2, which contradicts the assumption about G. O
To obtain the remaining cases of Proposition 1.7 which do not follow from Proposition 5.2 (i.e. where %logn <r<
20logn), we can apply Proposition 1.6 to obtain an n-vertex graph Gy with average degree Q(log2 n) and no s-regular
subgraph for s = %log n. Let G be a bipartite subgraph of Gy containing at least half of the edges of Gy. Then G is a
suitable construction since any r-regular subgraph of G would have an s-regular subgraph for s = % logn.
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6 Concluding remarks

Recall that d(r,n) is defined to be the smallest d such that every n-vertex graph with average degree at least d contains
an r-regular subgraph. In this paper we proved that

d(r,n) = O(rlog(n/r)), for %logn <r<n/2
Q(r? log(lo%)) < d(r,n) < O(r*loglogn), for 3<r < ilogn

It is natural to make the following conjecture.

Conjecture 6.1. There exists some C such that if r < %log n, then every n-vertex graph with average degree at least
Cr? log(lo%) contains an r-reqular subgraph.

The difficulty in proving Conjecture 6.1 using the proof method of Theorem 1.4 is that when r ~ logn, then one can
construct graphs in which typical edges have an endvertex of large enough degree so that we cannot apply the strategy

of case 1, but where this degree is not large enough to apply the strategy of case 2 (see Section 3). More precisely, if
logn
T
). However, this means that in order to be able to deal with case 2, we would need to strengthen Lemma 3.4
o) which is significantly smaller than r3"(log n)? when

r is close to logn. A natural approach to achieve this would be strengthening Lemma 3.7 by allowing ¢ to be larger,

our host graph has average degree 2 log( ), then in the proof of Theorem 1.4 we cannot choose t( to be larger than

rlog(lo%

so that the required lower bound on d is only about 2% ~ (

but there are examples of almost-regular r-uniform hypergraphs with no matchings covering significantly more than
1/r proportion of the vertices, showing that ¢ cannot be taken to be larger in that lemma.

Regularising hypergraphs. Some of our techniques can also be used to (nearly-)regularise hypergraphs. In particu-
lar, an analogue of Theorem 2.1 can be proved for linear hypergraphs by modifying the proof of Lemma 2.2 as follows.
We split the vertex set of our k-uniform linear hypergraph G into the set Up of ‘low-degree’ vertices and the set Uy
of ‘high-degree’ vertices as before, and we let G’ be the subhypergraph obtained from G by applying the following
random edge and vertex deletions for some appropriate small € > 0.

(a) Each e € E(Q) is deleted independently with probability 1 — (1 — ¢)%¢, where s, = |[e N Ug].

(b) Each v € Uy, is deleted independently with probability e.

Note that in the graph (k = 2) case we recover the random deletions applied in the proof of Lemma 2.2. Now, let
e € E(G). Observe that e is deleted by (a) with probability 1 — (1 — ¢)®¢, and it is deleted by (b) with probability
1 — (1 —¢)k*¢ (since each of the k — s, vertices in e N Uy, survives with probability 1 — ¢). Hence, the probability
that e € E(G’) is precisely (1 — ¢)*. However, for any v € Uy, if we condition on the event that u € V(G’), then
each hyperedge containing u survives with a greater probability, (1 — ¢)¥~1. Furthermore, if our hypergraph is linear,
then, for each u € V(G), conditional on u € V(G’), the events that e € E(G’) are independent over all e € E(G)
containing u. Hence, the degrees of low-degree vertices will drop slower than the degrees of high-degree vertices, and
we can expect the hypergraph to become more regular.

Unfortunately, there is no known analogue of Corollary 1.12 for hypergraphs. Thus, we are unable to extend Theo-
rem 1.13 to this setting, and instead make the following conjecture.

Conjecture 6.2. For each positive integer k > 2 and A > 1, there exists some ¢ = c(k,\) > 0 such that every k-
uniform linear hypergraph with average degree d and mazimum degree at most \d contains an r-reqular subhypergraph
for some r > cd.
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