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Abstract

In 1975, Erdés asked for the maximum number of edges that an n-vertex graph can have if it does not contain
two edge-disjoint cycles on the same vertex set. It is known that Turén-type results can be used to prove an upper

bound of n?/2te)

However, this approach cannot give an upper bound better than Q(nS/ 2). We show that, for
any k > 2, every n-vertex graph with at least n - polylog(n) edges contains k pairwise edge-disjoint cycles with
the same vertex set, resolving this old problem in a strong form up to a polylogarithmic factor. The well-known
construction of Pyber, R6dl and Szemerédi of graphs without 4-regular subgraphs shows that there are n-vertex
graphs with Q(nloglogn) edges which do not contain two cycles with the same vertex set, so the polylogarithmic
term in our result cannot be completely removed.

Our proof combines a variety of techniques including sublinear expanders, absorption and a novel tool for
regularisation, which is of independent interest. Among other applications, this tool can be used to regularise an

expander while still preserving certain key expansion properties.

1 Introduction

Many questions in Extremal Graph Theory concern finding cycles, for example, see [14, 16, 44], and the nice survey
by Verstragte [45]. There have been numerous powerful methods for embedding cycles (and paths) developed in the
past three decades, such as Robertson and Seymour’s work on graph linkage [38], Krivelevich and Sudakov’s use of
Depth First Search [31], and the use of expanders in a long line of work by Krivelevich (see, e.g., the survey [30]).

Determining, for each k > 2, the maximum number of edges an n-vertex graph can have without containing a cycle
with length 2k is a fundamental problem in Turan theory that goes back to a paper by Erdés in 1938 [17]. The famous
conjecture that the answer to this problem should be Q(n“‘% ), to match an upper bound of Bondy and Simonovits [§],
remains wide open for & = 4 and k > 6. What can we say about the cycles in graphs with n'T°() edges? This has
long been a subject of interest, and, for example, recently, answering a question of Erdés [20] from 1984, Liu and
Montgomery [33] showed among other related results that there is a constant ¢ such that any n-vertex graph with at
least cn edges contains a cycle whose length is a power of 2.

In 1975, Erd6s [19, Problem 29| proposed the following three simple-looking problems concerning cycles. What is the
maximum number of edges that an n-vertex graph can have if it does not contain

e two edge-disjoint nested cycles?
e two edge-disjoint nested cycles with no geometric crossings?
e two edge-disjoint cycles with the same vertex set?

Here, a sequence of cycles C1,Cy, ..., Cy is said to be nested if V(C1) C V(C3) C ... C V(Ck). Two edge-disjoint
nested cycles are said to have no geometric crossings if, when the longer cycle is embedded to make a convex polygon,
the other cycle has no crossing edges.
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Bollobas [7] resolved the first problem in 1978 by showing that there is a constant ¢ such that any n-vertex graph with
at least cn edges contains two edge-disjoint nested cycles. In 1996, Chen, Erdds and Staton [13] extended this result
by showing there is a constant ¢ such that any n-vertex graph with at least cpn edges contains k edge-disjoint nested
cycles. Fernandez, Kim, Kim and Liu [21] resolved the second problem by showing that there is a constant ¢ such that
any n-vertex graph with at least cn edges must contain two edge-disjoint nested cycles with no geometric crossings.

The third problem, however, is different because the answer is not linear in n. Indeed, Pyber, Rodl, and Szemerédi [37]
observed that this problem is related to the well-known Erdés-Sauer problem (as discussed further later), and used
their remarkable construction of n-vertex graphs with Q(nloglogn) edges and no 4-regular subgraph, to show that
there are n-vertex graphs with Q(nloglogn) edges which do not contain two edge-disjoint cycles with the same vertex
set. In this paper, we consider this third problem of Erd&s, which we restate for convenience.

Problem 1 (Erdés [19], 1975). What is the maximum number of edges that an n-vertex graph can have if it does
not contain two edge-disjoint cycles with the same vertex set?

In the nearly 50 years since Erdds posed this problem, it has been reiterated several times in the literature, including
by Bollobas [6, Chapter 7, Problem 23] in his popular book Fxtremal Graph Theory, by Pyber, Rodl and Szemerédi [37]
in 1995 in the context of the Erdés-Sauer problem as mentioned above, and by Chen, Erdés and Staton [13] in 1996
in the context of finding cycles with many chords. However, despite this, and the development of powerful embedding
techniques for paths and cycles, the only progress on Problem 1 has been concluded from results on Turan numbers.
Here, Chen, Erdds and Staton [13] observed that the upper bound O(n"/4) for Problem 1 follows from a well-known
theorem of Kévari, S6s and Turan [29], since the complete bipartite graph Ky 4 contains two edge-disjoint cycles
with the same vertex set. More generally, we can use as an upper bound the Turan number of any fixed graph H
which contains two edge-disjoint cycles with the same vertex set. This approach, however, cannot yield an upper
bound better than n?/2t°(1) | by a simple application of the probabilistic deletion method. In recent years it has been
observed [42] that this upper bound can indeed be proven using developments on Turan-type problems. For instance,
as the 2-blowup of a cycle contains two edge-disjoint cycles with the same vertex set, a result of Janzer [23] gives an
upper bound of n3/2t°(1) for Problem 1. (Here the 2-blowup of a graph F is the graph obtained by replacing each
vertex of F' with an independent set of size 2 and each edge of F' by a K 5.)

In this paper, we give the first methods to directly approach this problem (Problem 1), greatly reducing the gap
between the previous best known upper bound of n3/2t°(1) and the best known lower bound of Q(nloglogn), and
resolving the problem up to a polylogarithmic factor in the following stronger form.

Theorem 2. There is some t such that the following holds. For each k > 2, there is a constant ¢ = ¢(k) such that
any n-vertez graph with at least cn(logn)t edges contains k pairwise edge-disjoint cycles with the same vertex set.

Key to our result is a novel technique for efficiently finding a nearly regular subgraph in a graph whose vertex
degrees differ by at most some constant multiple. Importantly, this technique combines well with sublinear expansion
properties (see Section 7), allowing us to find subgraphs which are very close to being regular and which have some
expansion properties. Our new regularisation method has further applications, as discussed in Section 8, and is thus
of independent interest.

More on lower bounds and further related results. As mentioned above, Pyber, Rodl, and Szemerédi [37]
noted that the problem of finding edge-disjoint cycles on the same vertex set is related to the well-known Erdgs-Sauer
problem [18] which asks for the maximum number of edges an n-vertex graph can have without containing a k-regular
subgraph. Indeed, for any k > 2, the graph consisting of k pairwise edge-disjoint cycles on the same vertex set is
a 2k-regular graph. Answering a question of Erdds and Sauer, and building on important work of Alon, Friedland
and Kalai [4], Pyber [36] famously proved that for each ¢ > 0 and positive integer k, if n is sufficiently large, then
every n-vertex graph with at least n'*¢ edges contains a k-regular subgraph. The construction of Pyber, Rédl, and
Szemerédi [37] mentioned before shows that, in fact, there is a constant ¢ > 0 such that for every n, there exists an
n-vertex graph with at least c¢nloglogn edges which does not contain a k-regular subgraph for any k£ > 3. Janzer and
Sudakov [24] recently showed that this lower bound is best possible, thus resolving the Erdgs-Sauer problem. More
precisely, they showed that there is a constant ¢ = ¢(k) such that any n-vertex graph with at least cnloglogn edges
contains a k-regular subgraph. It would be very interesting to determine whether our bound in Theorem 2 can also
be improved to Oy (nloglogn).



Note that if we have two edge-disjoint cycles C,Cy on the same vertex set, then C is a cycle with at least as many
chords as it has vertices (as the edges of Cy are chords of Cy). In 1996, Chen, Erdés and Staton [13] considered the
problem of finding such a cycle. They showed that any n-vertex graph with at least 2n3/2 edges has a cycle with as
many chords as vertices. Improving this bound, Draganié¢, Methuku, Munha Correia and Sudakov [15] recently showed
that any n-vertex graph with at least n(logn)® edges contains a cycle with as many chords as vertices. (Note that
Theorem 2 implies this result up to a polylogarithmic factor.) Furthermore, resolving a problem of Erdgs [18] from
1975, Brada¢, Methuku and Sudakov [9] showed that there exists a constant ¢ such that every n-vertex graph with
3/2 edges contains a cycle with all diagonals (where a diagonal in a cycle is a chord joining two vertices at
maximum distance on the cycle).

at least en

Organisation. The rest of this paper is organised as follows. In Section 2, we give an overview of the proof of
Theorem 2. In Section 3, we present the key lemmas that we will need, some of whose proofs are given in the later
sections. In Section 4, we prove our key regularisation lemma. In Section 5, we prove some more auxiliary lemmas
that are needed in our proof. We prove our main result (Theorem 2) in Section 6. In Section 7, building on the work
of [11], we prove a general lemma for expanders which we use to connect pairs of vertices using vertex-disjoint paths
through random subsets of vertices. Some further upcoming applications and extensions of our regularisation lemma
are discussed in Section 8. Finally, in an appendix, we include the variant we need of a standard approach to find a
sublinear expander in an arbitrary graph.

Notation. We use standard graph theoretic notation throughout the paper. In particular, for a graph G, we denote
by d(G) its average degree, and by §(G), A(G) its minimum degree and maximum degree, respectively. A graph G
is called K-almost-regular if A(G) < K§(G). We call a graph (d + d’)-nearly-regular if every vertex in the graph has
degree between d — d’ and d + d'. For a set F' C E(G), we denote by G — F the graph obtained from G after deleting
all the edges in F. For a set S C V(G), let G[S] denote the subgraph of G induced by S. We denote the number of
edges of G by e(G), and for S C V(G), let ec(S) denote the number of edges of G induced by S. For v € V(G) and
S C V(G), we write dg(v, S) for |[Ng(v) NS|. For two disjoint sets A, B C V(G), G[A, B] is the bipartite subgraph
of G with parts A and B consisting of all edges of G between A and B. Moreover, eg(A, B) is the number of edges
of G which are incident to both A and B. For a bipartite graph G with the bipartition AU B, a set S C V(G) is
called balanced (with respect to the bipartition of G) if |[S N A| = |S N B|. A p-random subset of a set S is obtained
by keeping each element of S independently at random with probability p.

For distinct vertices u,v, a u-v path is a path joining v and v. For a u-v path P, the vertices u,v are called the
endpoints of P, and the rest of the vertices of P are called internal vertices of P. For a set V, a path through V is
one whose internal vertices are all in V.

The asymptotic notation o(1) denotes a function that tends to 0 as n — oo, unless specified otherwise. Throughout
the paper we often omit the rounding functions of real numbers for the clarity of presentation. For a positive integer
n, we write [n] to denote the set {1,2,...,n}. Logarithms are with base 2.

2 Proof sketch

In order to first introduce the main ideas in our proof, we will describe how to approach a simplified version of our
problem in Subsection 2.1, before covering the additional ideas needed for the full problem in Subsection 2.2. We
then give a detailed outline of our proof of Theorem 2 in Subsection 2.3 and a sketch of our key near-regularisation
lemma in Subsection 2.4. In our discussion, we say a graph is ‘almost-regular’ if its vertex degrees are the same up to
a constant factor, while it is ‘(very) nearly regular’ if it is much closer to being regular and the vertex degrees are the
same up to some small additive polylogarithmic term.

2.1 A simplified problem: combining near-regularity and expansion

In order to introduce some of the ideas we use, we will first consider a simpler ‘approximate’ version of the problem.
Suppose we have an n-vertex graph G with at least n(logn)® edges (for some large constant C') in which we wish to
find k edge-disjoint cycles C?, i € [k], such that |V (C)AV(CY)| = o(|C?|) for each i # j. Suppose we found within



G a d-regular subgraph H with d ~ (logn)“/? (this can be achieved with known techniques, using, e.g., Pyber [36]).
Taking t = (logn)©/*, we could divide V(H) into t sets V1, V5, ..., V; of roughly equal size and conclude using a simple
Chernoff bound that, with high probability, every H[V}, V;;1] is approximately regular. Within each H[V}, Vj41] we
could use this near-regularity (via, for example, Vizing’s theorem) to find k large edge-disjoint matchings, M ;, i€ (k]
These matchings will be large enough that, for each i € [k], letting F'* be U; M ]7 together with some isolated vertices,
F* will be a linear forest with vertex set V(H) with (1 + o(1))|V (H)|/¢ paths. Dividing into random vertex sets and
finding matchings to glue together to create linear forests is a well known technique, used, for example in [25]. If we
can then, edge-disjointly, join up each linear forest F* into a cycle C using short connecting paths, we will have found
k edge-disjoint cycles with almost the same vertex set.

A common way to join vertices by paths is to use expansion properties. We will use a very weak form of expansion
called sublinear expansion (which originates from the work of Komlos and Szemerédi [27, 28] and has since found several
important applications, see e.g., [2, 11, 26, 33] and the nice survey by Letzter [32]). It is easy to prove that sublinear
expanders can be found in essentially any graph. Moreover, recent work by Buci¢ and Montgomery [11] (using some
ideas from Tomon [43]) shows that random vertex subsets in sublinear expanders with at least polylogarithmic average
degree are likely to inherit some expansion properties. Thus, if the graph H above was also a sublinear expander (see
Subsection 3.1 for the notion of expansion we use), we could change our partition of V(H) to R,Vi,...,V;, before
proceeding as outlined above to obtain edge-disjoint linear forests F i € [k], with vertex set U;-:le and then using
vertices from R to connect each linear forest F* into a cycle C".

In order to successfully combine these approaches by regularity and by expansion, we will need to answer the following
meta-question.

Question. Given any graph with at least polylogarithmic average degree, can we find a dense subgraph H which is
extremely close to being reqular and which has some expansion properties?

Despite regularity and sublinear expansion being key properties that have been used to prove various results about
sparse graphs, there has been no good answer to this meta-question so far in the literature. Perhaps the closest is
by Dragani¢, Methuku, Munh& Correia and Sudakov [15], who recently used sublinear expanders which are almost-
regular, but the 100-almost-regularity they achieve is far too weak for the proposed outline above. A key contribution
of this paper is to address this issue by developing a novel near-regularisation technique for a graph G that is (say)
already 100-almost-regular, allowing us to find a subgraph H of G which is not only extremely close to being regular
but also contains a large random set of vertices A C V(G), and which contains a good proportion of the density of G.
In conjunction with our careful development of the techniques in [11] (for transferring some expansion properties into
the random subset A), this would allow us to carry out the outline above to find k edge-disjoint cycles with almost
the same vertex set.

This new regularisation technique has the potential to be an important tool in this area, and variants of this tool
allow it to be effective even in graphs with only (large) constant average degree. For example, in our upcoming paper
[12], building on this technique, we develop powerful methods for finding regular (or nearly-regular) subgraphs of large
degree. Variants of this lemma will also be used in [35]. For more on this, see the concluding remarks in Section 8.
We now state the variant we prove for this paper.

Lemma 3 (Regularisation lemma). For every A > 1, there is some C > 1 such that the following holds. Let G be an
n-vertezx graph in which every vertex has degree between d and Ad. Let A C V(QG) be chosen by including each vertex
of G independently at random with probability 1/C. Then, with probability 1 — o(1), G contains a (d' 4+ 1055 logn)-
nearly-regular subgraph H with d/C < d' < d and A C V(H).

Due to its independent interest, we give a sketch of the proof of Lemma 3 in Subsection 2.4 before giving a complete
proof in Section 4. To reiterate, what makes this lemma particularly effective for our application (and potentially
others) is that it ensures that a large random subset A of vertices of the original graph G is contained in the nearly-
regular subgraph H (with high probability), allowing us to exploit the expansion properties of G. To illustrate this,
suppose that G is an expander. Then it is quite possible that the nearly-regular subgraph H we find in it is not an
expander (making H potentially useless for making the path connections required for building our edge-disjoint cycles
with the same vertex set). However, fortunately, since A is a random subset of the expander G, the lemma still allows
us to use the expansion properties of G to connect vertices of H using paths in G through the random subset A.



2.2 The full problem: incorporating absorption

In order to find k edge-disjoint cycles with exactly the same vertex set, we will use absorption (the powerful method first
codified by Rodl, Ruciniski and Szemerédi [39]). A natural absorption strategy applied to the outline in Subsection 2.1
would be to find a path Q¢ (for each i € [k]) which can absorb any set L' C R of vertices that we do not use for
connecting the paths in the linear forest F*. Here, this would mean that there is a path Q% with the same endvertices
as Q' which has vertex set V(Q%) U L. To simplify matters, imagine that we could even find Q* as one of the paths
within F. Then, substituting Q° by Q% in the cycle C? in the outline (given in Subsection 2.1) will give a cycle with
vertex set exactly V(F') U R =V (H) for all i € [K].

It is relatively easy to find a suitable absorbing path Q* using expansion properties; however, we cannot guarantee that
it is one of the paths within F?, so the difficulty here is to find Q? in a way that it combines well with our approach
requiring near-regularity. More precisely, suppose that the final vertex set of the cycles C? that we aim to find is VUR
for some V' C V(H)\ R. Then, note that, for the strategy outlined in Subsection 2.1 to succeed, we would like to have
that H[V \ V(Q")] is very nearly regular, for each i € [k]. (Indeed, if this near-regularity does hold, then we can find a
spanning linear forest F* with few components in H[V \ V(Q%)], and we can connect the endpoints of the paths in F*
and the endpoints of Q% using paths through R to form a cycle, which can absorb the unused vertices of R, yielding a
cycle C* with vertex set VU R for all i € [k].) We will achieve this near-regularity by constructing the absorbing paths
Q' by concatenating s randomly selected short absorbing paths, each able to absorb just one pair of vertices. More
precisely, for some s, and vertex set X = {x1,...,75,1}, each path Q° will consist of the concatenation of s short
absorbing paths, each joining z; and z;4; for some j € [s], and with (log n)O(l) vertices. To randomise these s short
absorbing paths, we do the following. Using some set U disjoint from X, we will construct for each j € [s], k short
absorbing paths joining x; and ;. (using vertices from U) with the absorption property we want (see Definition 4
and the discussion after it) so that, across all j € [s] the short absorbing paths found are vertex disjoint outside of
X. For each j € [s], independently at random, we will assign the k short absorbing z;-z;41 paths to the k cycles we
are constructing, and then, for each i € [k], concatenate these s short absorbing paths to form the absorbing path Q°
assigned to the i-th cycle.

Let Uabs € U be the set of all the vertices outside of X used in the absorbing paths Q over all i € [k]. Then,
because of the randomised construction of Q?, for each vertex v, the expected degree (in H) of v into Uups \ V(Q?) is
(1— %)d 1 (v, Upps). Take W C U \ Uyps by including each vertex uniformly at random with probability (1 — %) Then,
for every vertex v, the expected degree of v into W U (Uaps \ V(Q")) is equal to (1— £)dg (v, U). As the short absorbing
paths are, indeed, short, there will be sufficient concentration that with high probability every vertex v will have
around (1 — 4)dg (v, U) neighbours in W U (Uabs \ V(Q")). Thus, if all the vertex degrees in H are approximately the
same into U (which will hold because H is very nearly regular and U is a random subset), then with high probability,
we will have that H[W U (Uaps \ V(Q?))] is approximately regular for each i € [k]. Hence (by the discussion in the
previous paragraph, letting V= W UU,s U X) we can then carry out the strategy outlined in Subsection 2.1 to obtain
k edge-disjoint cycles with vertex set W U U,ps U X U R, as desired.

Until now, we have ignored one complication which we now address. Our graph may be bipartite, and, indeed, as is
standard we may as well assume it is so. Therefore, an absorbing path will only be able to ‘absorb’ a balanced set
of vertices, that is, with the same number of vertices in each side of the bipartition. To be more precise, we use the
following notion of absorbers for our ‘short absorbing paths’.

Definition 4 (Absorber). Given distinct vertices a, b, y, z, and a set S of vertices with a,b,y, z € S, an absorber for
the pair a, b is the union of two paths joining y and z, one with internal vertex set .S, and another with internal vertex
set SU{a,b}. We say that S is the interior of the absorber, and y and z are the endpoints of the absorber.

In the above outline, for every i € [k], we would like to partition the ‘leftover set’ L* C R into balanced vertex pairs,
before absorbing the vertex pairs into the absorbing path Q!. It will not be hard to make sure that L is balanced,
but we cannot take an absorber for every possible balanced pair of vertices, as there are too many possible pairs.
Therefore, we use a ‘robustly matchable’ bipartite graph (introduced by Montgomery [34]) as an auxiliary graph to
tell us for which pairs of vertices we need to construct absorbers. In more detail, we take random balanced sets R;, Ro,
and let R = Ry U Rs. Let K be a robustly matchable bipartite graph with s edges, with small maximum degree and
with vertex set Ry U Rs. We will ensure that each of the s short absorbing paths used to construct the absorbing path



Q' is capable of absorbing a unique pair {a,b} with ab € F(K). Then, once we have used (a balanced set of) vertices
from only R; to connect the paths in the linear forest F’, K will have a perfect matching even after removing the
vertices in Ry which have been used (since it is ‘robustly matchable’). We can then absorb all of the vertex pairs in
this matching into Q* so that every vertex in R = R; U Ry is contained in the cycle C°.

2.3

Detailed outline

We will now make precise the ideas introduced in the previous two subsections and give a detailed overview of our
proof. Our aim is to find k edge-disjoint cycles on the same vertex set in a graph G with sufficiently many edges.

(a)

(b)

()

Find a bipartite subgraph G’ of G which is a suitable expander such that G’ is an n-vertex graph with average
degree at least (logn)® (where C is a sufficiently large constant), where the vertex degrees differ by at most a
factor of 18 (using Lemma 6).

Using Lemma 3, find a subgraph H C G’ that is very nearly regular, almost as dense as G’, and which contains
a random vertex subset A.

Take pairwise disjoint random balanced subsets Ry, Ry, X, U in V(H) of appropriate sizes, where, as ANR; C Ry
and ANU C U, with high probability we will be able to connect vertex pairs in H using paths (in the expander
G') through Ry and U. Let X = {z1,...,2541}. We think of R := R; U Ry as a random ‘reservoir’.

Constructing absorbers

(d)

(2)

Take a collection K = {p1,...,ps} of ©(|R|) many balanced pairs in R such that K is ‘robustly matchable’
in the following sense: for every balanced set R} C Ry with |R}| < |R1|/2, there is a perfect matching in
K[(R1UR2)\ R]. (Here, with a slight abuse of notation, we denote by K the graph whose vertex set is R and
whose edge set is K.)

Using the expansion properties of G’, for every p; € K, construct k absorbers Absé», i € [k], with endpoints
a; and ;41 whose interiors S} are pairwise disjoint subsets of U of size at most (logn)'?. Here, each of the
absorbers Abs; contains two'paths joining x; and x4, one with internal vertex set S;, and another with internal
vertex set S;- Up; (e, Abs;- contains a path joining z; and x;41 which can ‘absorb’ the pair p;). Let Uaps be
the set of vertices of U used in these absorbers.

For every p; € K, independently and randomly assign each of the k absorbers AbS;’-, 1 € [k], to a different cycle
that we aim to construct. For every i € [k], let Uf,, be the (balanced) subset of Uaps consisting of those vertices
which are used in the absorbers assigned to the ¢-th cycle.

Observe that the union of absorbers assigned to the i-th cycle contains a path Q% (joining z; and z,41) with
vertex set U’ U X such that any pair in K can be ‘absorbed’ into Q".

Choose a balanced set W C U \ Uaps of size (1 — £)|U \ Uaps| uniformly at random.

Constructing k edge-disjoint linear forests

(h)

For every i € [k], let V= W U (Uaps \ Uf,,). (Note that V* is approximately distributed like a random subset
of U where each element of U is chosen with probability 1 — %) Let V{,...,V; be a random partition of V* into
t balanced sets of equal size (where t is chosen appropriately).

For every i € [k], find nearly perfect matchings M} in H[V},V}, ] for all j € [t —1] such that all these matchings
are pairwise edge-disjoint, and edge-disjoint from the absorbers. (This can be done since H [Vf, Vf 1] is very
nearly regular due to the fact that H[U] is very nearly regular and V' is distributed like a random subset of U.)
For every i € [k], let F be the linear forest obtained by taking the union of the matchings M. JZ for j € [t —1].



Extending the linear forests to k edge-disjoint cycles on the same vertex set

(j) Using the expansion properties of G’, connect the paths in F* and the endpoints 21 and x4, 1 of the ‘absorbing’
path Q! through R; (see Figure 1, where the connecting paths are the red, blue and purple paths). Ensure, in
addition, that all these connecting paths are internally vertex-disjoint and edge-disjoint from the absorbers.

(k) These connecting paths together with F* yield a path P joining z1 and ., with internal vertex set VU R} =
WU (Uabs \ Ujbs) U Ri, where R’i C R; is the set of vertices in R; used in these connecting paths. We will ensure
that |Ri| < |Ry|/2. Note that the paths P’ for i € [k] are pairwise edge-disjoint since all of the connecting paths
are internally vertex-disjoint, and the linear forests F* (given by (i)) are pairwise edge-disjoint. Furthermore,
each P! is edge-disjoint from the absorbers too (as both the linear forests F* and the connecting paths through
R; are).

(1) Since K is ‘robustly matchable’, (d) ensures that there is a perfect matching K* in K[(R; \ RY) U Ry] for every
i € [k]. By ‘absorbing’ all of the pairs in K* into the path Q° (given by (f)), we obtain a path Q% with endpoints
z1 and xs41 and with vertex set V(QL) = U, U X U (R; \ RY) U Ry. The path Q% together with the path

P (given by (k)) yields a cycle C* with vertex set W U Uaps U X U R for every i € [k]. Hence, we found k
edge-disjoint cycles on the same vertex set, as desired.

1 \

s

Abs; e ° ° e Abs!
X; Xo Xs Xst1

Figure 1: Constructing the i-th cycle C".

2.4 Finding very nearly regular subgraphs

Let us now give a sketch of the proof of Lemma 3. We will obtain the desired nearly-regular subgraph in G by finding
a sequence G =: Gy D G1 D G2 D ... of subgraphs such that each G;y1 is a ‘bit more regular’ than G; but has
similar average degree. We terminate the process once G; is sufficiently regular and let H be this final subgraph. Let
us explain how, given a graph G; whose degrees are between d; and (1 + v)d;, we find a subgraph G;; C G; with
better regularity properties. Let Uy, = {v € V(G;) : dg,(v) < (1 4+ ~/2)d;} be the set of ‘low-degree vertices’ in G;,
and let Uy = {v € V(G;) : dg,(v) > (1 4+ v/2)d;} be the set of ‘high-degree vertices’ in G;. Let € = /100 and let
Gi+1 be the subgraph of G; obtained by

e deleting edges within Uy independently at random with probability 2e — £2,



e deleting edges from Uy, to Uy independently at random with probability ¢, and
e deleting vertices in Uy, independently at random with probability .

It is easy to see that if v € Up, then
Eldg,.,(v) [v e V(Gip1)] = (1 —e)dg, (v),

whereas if v € Up, then
E[dGH»l (U)] = (1 - E)Qdci (U)

This means that, on average, the degrees of high-degree vertices drop faster than the degrees of low-degree vertices.
Hence, (provided that we have suitable concentration), G;11 will have slightly better regularity properties than G;.
This can be continued as long as degrees differ by more than an additive term of roughly log n, as we then have enough
concentration to take a union bound over all vertices in G;. Thus, we eventually arrive at a graph that is extremely
close to being regular. The other crucial property, namely that V(H) contains a large random subset A of V(G), will
follow from the observation that in each step we keep each vertex v € V(G;) with probability at least 1 — &, so even
after taking many steps of this process, vertices in G ‘survive’ with at least a positive constant probability.

3 Key lemmas and tools

One of the key results we will use in the proof of Theorem 2 is our regularisation lemma (Lemma 3), discussed in the
proof sketch (Section 2). In the following subsections we present the other main tools that we will need in our proof.

3.1 Sublinear expansion

We use the following definition of an expander graph from [11] (see [11] for more details of the development of this
style of expansion, including related definitions developed independently by Haslegrave, Kim, and Liu [22| and by
Sudakov and Tomon [41]).

Definition 5. An n-vertex graph G is an (g, s)-expander if, for every U C V(G) and F C E(G) with 1 < |U| < %n
and |F| < s|U|, we have

e|U]
(logn)®

INg—r(U)

Y

(1)

The following lemma finds an almost-regular (bipartite) expander in any graph while losing at most a logarithmic
factor in the average degree. In our proof of Theorem 2, we use this lemma to pass to such an expander.

Lemma 6. Let n be a sufficiently large integer and let 0 < ¢ < 273, Let G be an n-vertex graph with d(G) > (logn)*.

Then, G contains an 18-almost-regular bipartite subgraph G' with d(G') > dG) _hich is an (e, s)-expander for some

o’ 400 log n
$ Z Mg V(GNE

The proof of Lemma 6 is by now standard. Following, for example, [15] we first find within G a 6-almost-regular
bipartite subgraph with average degree at least d(G)/100logn (using a result proved in [3] and [10]), before finding
within this an expander with large minimum degree using the variation in [11] on the standard proofs to find sublinear
expanders. For completeness, we include a full proof of Lemma 6 in the appendix.

3.2 Connecting pairs of vertices using vertex-disjoint paths through a random set

In the proof of Theorem 2, we will often connect pairs of vertices with internally vertex-disjoint paths through a given
set. The following definition describes a set through which we can simultaneously connect many pairs of vertices. The
condition on the pairs we connect is a little intuitive as it restricts the number of neighbours (with multiplicity) some
vertices can have among the vertices in the pairs. This condition will be convenient for us to use as we will be working
in almost-regular subgraphs G, where we will have D ~ d(G)'~¢ for some small € > 0.



Definition 7 (Connecting set). Let G be an n-vertex graph. We say that a set V' C V(G) is D-connecting (in G)
if for every sequence x1,...,2,y1,..., Y, of (not necessarily distinct) vertices outside of V' such that each vertex in
V has at most D neighbours in the multiset {z1,..., 2z, y1,...,yr}, there is a collection of internally vertex-disjoint
paths Py,,,, i € [r], such that, for each i € [r], P,,,, is an z; — y; path (in G) through V of length at most (logn)®.

The following lemma shows that random subsets of vertices of (a sufficiently regular) expander are connecting sets.

Lemma 8. Let G be an n-vertez (&, s)-expander with minimum degree § and maximum degree A, where 279 < e < 1
and s > p~*(logn)3® for some 1001+gn <p<1. Let V be a p-random subset of V(G). Then, with probability 1 — o(1),

p°sé

V is D-connecting for D = Alogn)73 -

We prove this lemma in Section 7. Its proof is an adaptation of arguments from [11] together with some new ideas.
At the beginning of Section 7, we provide a detailed overview of how our result and argument differ from those in [11].

3.3 Absorbers

For convenience, we recall here our definition for an absorber.

Definition 9 (Absorber). Given distinct vertices a, b, y, z, and a set S of vertices with a,b,y, z € S, an absorber for
the pair a, b is the union of two paths joining y and z, one with internal vertex set .S, and another with internal vertex
set S'U {a, b}, neither of which contains any edges between the vertices a, b, y and z. We say that S is the interior of
the absorber, and y and z are the endpoints of the absorber.

Note that, compared to Definition 4, we have added the technical condition that there is no edge between a, b, y and
z in the absorbers. We will now construct an absorber for a given pair of vertices a,b (see Figure 2), using a natural
construction that appears in, for example, [34].

2

An absorber for the pair a,b. Let ¢t be an even integer. Let u!',v2,...,u? and v!,v2, ..., v be two paths such that

u=vl =q,u’ =vt =band u’ # v’ forall1 < 4,5 < t. Take two new vertices, y and z. Let P! be a path from y to v2,

let P*~! be a path from u*~! to z, and for 2 < i < ¢t —2 let P’ be a path joining «* and v**!. Suppose, moreover, that
the paths P!, P2 ... P'! are pairwise vertex-disjoint and do not contain a or b. Let S = (U!Z}V(P"))\ {a,b,y, 2}.

Consider the following two paths.
1,2 2 p2 .3 .4 p3 t—3 ,t—2 pt—2 ,t—1 t—1 pt—1
o y, P v a,u”, P° v v* P°, ... out 2wt PR ot T bt T P 2

1,2 ,3 p2 ,2 .3 p3 ,4 .5 pd 4 t—3 pt—3 ,t—2 t—1 pt—2 t—2 t—1 pt—1
o y P v v’ PP u”,u’, P°,v*v°, P*u®, ..., u' 2, P2 v 2 v PP o ut T P 2

Note that the first path has internal vertex set SU{a, b}, and the second path has internal vertex set S (see Figure 2).
Hence, the union of these paths is an absorber for a,b with endpoints y and z.

Figure 2: The absorber for the pair a,b when ¢ = 8. The edges are coloured blue, and the
paths P', P2 ... P7 are coloured red.

The next lemma allows us to construct absorbers for given pairs of vertices by first connecting the pairs using paths
through a connecting set U, and then making further connections using paths through another connecting set Us.
(The existence of such connecting sets will come from Lemma 8.)



Lemma 10. Let G be a bipartite graph with parts A and B, and let Uy, Uy C V(G) be disjoint sets such that U; is
D;-connecting for each i € [2]. Let y1,...,Yr,21,--.,2r € V(G), a1,...,a. € A and by,...,b. € B be (not necessarily
distinct) vertices outside of Uy U Uy such that y;, z;,a; and b; are distinct for each i € [r],

(i) every vertex in Uy has at most (1027;)6 neighbours in the multiset {ay,...,a,,b1,...,b.}, and

(ii) every vertex in Us has at most Dy neighbours in the multiset Uy U{y1, ..., Yr, 21, .-, 2}

Then, for each i € [r] there is an absorber Abs; for the pair a;,b; with endpoints y; and z; such that the interiors of
these absorbers are pairwise disjoint subsets of Uy U Uy of size at most (logn)'2.

Proof. Consider the sequence o obtained by replacing every element of the sequence a1, ..., a,, by, ..., b, with (logn)°
copies of that element. Then, by (i) of the lemma, every vertex in U; has at most D; neighbours in the multiset
consisting of the elements of o. Therefore, since U; is Di-connecting (see Definition 7), we can find (logn)® many
a;-b; paths of length at most (logn)® with internal vertices in U; for every i € [r] such that all these paths are pairwise
internally vertex-disjoint. Thus, for every i € [r], we can find two paths @Q;, Q} between a,; and b; such that the lengths
of Q; and Q} are the same, the paths Q;, @} have their internal vertices in Uy, and all these paths are pairwise internally
vertex-disjoint. For every i € [r], let Q; = ulu?...u! and Q) = v}v? ... v}, where u} = v} = a; and u}' = v}* = b; (see
e.g., the two blue paths between a and b in Figure 2). Note that ¢; must be even because a; and b; are on opposite sides
of the bipartition AU B. Next, since Us is Do-connecting, using (ii) of the lemma, we can find paths P}, P2, ... ,Pfi_1
of length at most (logn)® joining the pairs (y;, v?), (uZ,v3), (u?,v}), ..., (ul =2 vl ™) (uli™1, 2;), respectively, for every
i € [r] (see e.g., the red paths in Figure 2) such that all these paths are pairwise internally vertex-disjoint, and the
internal vertices of all these paths are in Us. For each ¢ € [r], let S; = U;leV(Pij) \ {ai, b, yi, z;}. Then, for each
i € [r], by the discussion before Figure 2, there exists an absorber Abs; for the pair a;, b; with interior S; and endpoints
y; and z;. As the sets S;, i € [r], are pairwise disjoint subsets of U; U Uy of size at most (logn)® - (logn)® = (logn)!?
by construction, this completes the proof of the lemma. O

We use the following lemma to construct our absorbers in the proof of Theorem 2 (see Subsection 6.2).

Lemma 11. Let k be a positive integer and let G be a bipartite graph with parts A and B. Let R, X,U;,Us C V(G)
be disjoint sets such that U; is D;-connecting for i € [2]. Let K C (RN A) x (RN B) be a set of vertex pairs such that
no vertex of R appears in more than 200 pairs in K. Assume that |X| = |K| + 1 and write X = {x1,..., 2511} and
K ={p1,...,ps}. Suppose that

(i) every vertex v € Uy satisfies dg(v, R) < 200k(D1701gn)6’ and

(ii) every vertex v € Uy satisfies dg(v,U; UX) < %.

Then, for all i € [k] and j € [s] there is an absorber Abs; for the pair p; with endpoints x; and x;11 such that the
interiors of these absorbers (for alli € [k] and j € [s]) are pairwise disjoint subsets of Uy UUs of size at most (logn)*2.

Proof. Let r = ks. For j € [s], let p; = (pj,p3). For every i € [r], find the unique j € [s] such that s divides i — j, and
set a; = pjl, b; = p?, y; = ¢ and z; = x;41. Since each vertex in R appears in at most 200 pairs (p},p?) € K, it follows
that each vertex in R appears at most 200k times in the multiset {ay,...,a,,by,...,b.}. Thus, by (i) of the lemma,
every vertex in U; has at most (logiz)ﬁ neighbours in the multiset {a1,...,a,,b1,...,b.}. Moreover, each vertex in X
appears at most 2k times in the multiset {y1,...,¥r,21,...,2-} (and every element of the multiset is in X). Hence,
by (ii) of the lemma, every vertex in Us has at most Ds neighbours in the multiset Uy U{y1,...,¥r, 21,. .., 2-}. Thus,

we can apply Lemma 10 to find the desired absorbers. O

3.4 Robustly matchable bipartite graphs

We use robustly matchable bipartite graphs as auxiliary graphs to tell us which pairs of vertices to construct absorbers
for (see Subsection 6.2 for more details). These graphs were introduced in [34] to find spanning trees in random graphs.
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Lemma 12 (Lemma 10.7 in [34]). For every sufficiently large m, there exists a bipartite graph H with mazimum
degree at most 100 with vertex classes X andY UZ, with | X| = 3m and |Y| = |Z| = 2m such that the following holds.
For every Z' C Z with |Z'| = m, there is a perfect matching in H between X and Y U Z'.

We deduce the following bipartite analogue of the above lemma, which is essential for our proof.

Lemma 13. For every sufficiently large m, there exists a bipartite graph H with an odd number of edges, with maximum
degree at most 102, and with vertex classes Ay U Az and By U By, with |A1| = |B1| = 2m and |Az| = |Bz| = 5m such
that the following holds. For every A} C Ay and By C By with |A}| = |B}| > m, there is a perfect matching in H
between Ay U Ay and B] U Ba.

Proof. Consider a bipartite graph H satisfying the property in Lemma 12 with m, and take two vertex-disjoint copies
of it, H; and Ho, where H; has vertex classes X; and Y;UZ;. Define A; = Z,, By = Z5, Ay = X5UY] and By = X1 UY5.
Consider a perfect matching M between A; and B;. Consider the graph H that is the union of Hy, Hy, and M. If
this graph H contains an even number of edges, then we add an arbitrary edge to it so the number of edges is odd.
We next show that this graph satisfies the other desired properties. Clearly, H has maximum degree at most 102 and
|A1| = |B1] = 2m and |Az| = |Bz| = 5m. Now, suppose that A} C A; and B] C By with |A}| = |Bj| > m. Then, first,
find a matching M’ C M between A} and Bj of size |A]| — m. Let AY = A} \ V(M') and Bf = B} \ V(M’). Since
|AY| = |BY| = m, by the properties of H;, we can find a perfect matching M; between X; and Y3 U AY and another
perfect matching My between X5 and Ys U BY. By taking the union of M’, M;, and Ms, we get the desired perfect
matching between A} U Ay and Bf U Bs. O

3.5 Concentration inequalities

We will use the following basic version of the Chernoff bound for the binomial random variable (see, for example, [5]).

Lemma 14 (Chernoff bound). Let n be an integer and 0 < §,p < 1. If X ~ Bin(n,p), then, setting u = E[X]| = np,
we have

P(X > (1+6)u) < e H/2 and P(X < (1—8)u) <e 513,

We will also often use the following well-known martingale concentration result (see Chapter 7 of [5]).

Lemma 15. Suppose that X : Hivzl Q; — R is k-Lipschitz. Then, for each t > 0,

42
P(IX — E[X]| > {) < 2exp <21€§N) .

4 Finding a nearly-regular subgraph containing a random vertex subset

In this section we prove our regularisation lemma (Lemma 3) following the sketch in Subsection 2.4. At the heart of
its proof is the following lemma, which shows, roughly speaking, that in any graph G we can find a subgraph with
similar average degree to G but with slightly better regularity properties, and which in addition contains a very large
random subset of the vertices.

Lemma 16. Let e,y > 0 with e < 1/100 and v > 10e. Let n and d be such that ed > 10*logn. Let G be a graph on at
most n vertices such that d < dg(v) < (1 +7)d for each v € V(G). Let A C V(G) be chosen by including each vertex
of G independently at random with probability 1 — €. Then, with probability at least 1 — %, G contains a subgraph G’
such that A C V(G') and, for some (1 —2¢)d < d' < d, we have d' < dg/(v) < (1 = 5)(1+7)d’ for each v € V(G').

Proof. Let Uy, = {v € V(G) : dg(v) < (1 ++/2)d} and Uy = {v € V(G) : dg(v) > (1 +v/2)d} be the set of low and
high degree vertices in G, respectively.

Let G’ be the random subgraph of G obtained by
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(i) deleting edges within Uy independently at random with probability 2¢ — €2,
(ii) deleting edges from Uy, to Uy independently at random with probability e, and

(iii) deleting vertices in Uy, independently at random with probability e.

Note that, equivalently, V(G’) can be generated by taking V(G') = (AN UL) U Ug. Hence, we may assume that
ACV(G).

Now note that if v € U, and wv € E(G), then conditional on v € V(G’), the probability that uv € E(G’) is precisely
1 —e. Indeed, if u € Uy, then (conditional on v € V(G’)) uwv € E(G’) holds if and only if v did not get deleted by
(iii), which has probability 1 — e, and if u € Uy, then (conditional on v € V(G')) uv € E(G’) holds if and only if the
edge uv did not get deleted by (ii), which has probability 1 —e.

Moreover, if v € Uy and uv € E(G), then the probability that uv € E(G’) is precisely (1 —¢)? = 1 — 2e + £2. Indeed,
if u € U, then uwv € E(G’) holds if and only if u did not get deleted by (iii) and the edge uv did not get deleted by
(ii), which has probability (1 — ¢)?, whereas if u € Uy, then uv € E(G’) holds if and only if the edge uv did not get
deleted by (i), which has probability 1 — (2¢ — £2).

Hence, if v € Uy, then conditional on v € V(G’) the distribution of dg (v) is Bin(dg(v),1 —¢), and if v € Uy, then
the distribution of dg/(v) is Bin(dg(v), (1 — ¢)?).

It follows from the Chernoff bound (Lemma 14) that if v € Uy, then, as dg(v) > d,

5 5 1
P (dG/ (v) < (1 - §€>d |ve V(G’)) <P (Bin(d, 1-¢)< (1 - 45)d) =P (Bin(d, g) > 45d> < e~ (/4)%ed/2 o vt

Moreover, if v € Uy, then

P (dc/(v) > (1- %) (1+ 7)d> <P <Bin((1 F)d(1-2) > (1 %) (1+ 7)d>

P (Bin((l +9)d, 2 —£?) < 26(1 + 7)d>

15 7 1
<P <Bin ((1 +v)d, gg) < Z8(1 +7)d> < e—(1/15)2ad/3 < =

n

where the penultimate inequality follows from the Chernoff bound (Lemma 14 applied with § = 1/15), using that
Te(1+~)d = (1 - ) -EBin((1 + v)d, 2¢)] and ed < E[Bin((1 +v)d, £2¢)]. Furthermore, if v € Uy, then

P <dG/ (v) < (1 - Ze)d) < P(de(v) < d) <P (Bin((1 4+ 7/2)d, (1 — £)?) < d) < P (Bin((1++/2)d, 1 — 2¢) < d)

1
— P (Bin((1+7/2)d, 2) > 7d/2) < e~ < =
n
where the penultimate inequality follows from the Chernoff bound since 2ed < E[Bin((1 + v/2)d, 2¢)] < vd/4.

Note also that, if v € Ur, N V(G’), then dg/(v) < (1+ 2)d < (1 — Z£)(1 + v)d (with probability 1). Thus, for every

v € V(G), conditional on v € V(G’), the probability that (1 — 2e)d < der(v) < (1 — Ze)(14 7)d is at least 1 — .

Hence, by the union bound, the probability that (1 — 2e)d < dg/(v) < (1 — Ze)(1 +~)d for each v € V(G’) is at least
1— 2. Setting d’ = (1 — 3¢)d, we have

1
1

N

9

L+ < (1-5) A+

ot
™

7
d <dg(v) < (1 - 45) (1+7)d=
for each v € V(G’), as required. O

Proof of Lemma 3. Let C be sufficiently large (in terms of A) to support our argument. If d < C'logn, then we may

10*\° log n
take d’ = d/C and let H be the empty graph on vertex set V(G), so let us assume that d > C'logn. Let ¢ = —="8%.
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Since C is sufficiently large and d > C'logn, we have ¢ < 1/100. Let k be the smallest non-negative integer such that
M1 —g/2)F <1+10e. Since A(1 —¢/2)" < Xe /2 < Xe™*%2 < 1, we have k < n. Moreover, clearly A(1 —¢/2)* > 1,
so (1—¢g/2)F > 1/A.

We will prove by induction on ¢ that

(*) for each 0 < i < k, if A; is a (1 — €)’-random subset of V(G), then with probability at least 1 — -z, G contains a
subgraph G; such that A; C V(G;) and for some (1 — 2¢)'d < d; < d, we have d; < dg,(v) < A1 — ¢/2)%d; for each
RS V(GZ)

Assuming that (x) holds, we have in particular (taking i = k) that if A; is a (1 — &)*-random subset of V(G),
then with probability at least 1 — 5 = 1 — o(1), G contains a subgraph G} such that A, C V(Gj) and for some
(1 —2e)kd < dj, < d, we have dy < dg, (v) < A1 — g/2)*dy, for each v € V(G}). Then we have dy < dg,(v) <
(14 10e)dy, < dj, + 10ed = dy, + 105)\° log n for each v € V(Gy), so Gy, is (dj, £ 10°\° log n)-nearly-regular. Moreover,
since (1 —¢/2)F > 1/), it follows that (1 —2¢)¥ > 1/A%, hence dj, > d/\° > d/C. Finally, since (1—¢)* > 1/\°> > 1/C,
A, (and hence V(Gy)) contains a suitable random subset of V(G), so H = G, and d’ = dy, satisfy the conditions of
the lemma.

It remains to prove (). Note that (x) trivially holds for ¢ = 0. Assume now that it holds for some 0 < i < k. Let
A; C V(G) have the property that G contains a subgraph G; such that A; C V(G;) and, for some (1 —2¢)'d < d; < d,
we have d; < dg,(v) < M1 —¢/2)id; for each v € V(G;). By the definition of k, we have A\(1 — &/2)" > 1 + 10e.
Moreover, since (1 —¢/2)" > 1/A, we have d; > (1 — 2¢)d > d/\° as before, so ed; > 10*logn. Now let R;y; be
a (1 — e)-random subset of V(G;), and let 4,11 = R;y1 N A;. Then, by applying Lemma 16 (with G; and R;yq
playing the roles of G and A respectively), with probability at least 1 — #, (; contains a subgraph G;y; such that
Ait1 C Riy1 C V(Giq1) and, for some (1 — 2e)d; < d;p1 < d;, we have d;p1 < dg,,, (v) < A1 —¢/2)"d; 1 for all
v € V(Giy1). Moreover, A;;1 is a (1 —¢)-random subset of A;. Hence, if A; is a (1 —¢)*-random subset of V(G), then
Aiyqis a (1 — e)*lrandom subset of V(G). This completes the induction step and the proof of the lemma. O

5 Further auxiliary lemmas

We now give the results that we use to find the linear forests (in Subsection 5.1) and well-behaved vertex subsets (in
Subsections 5.2 and 5.3) in the proof of Theorem 2.

5.1 Matchings covering most vertices

We will use the following lemma to construct our linear forests in the proof of Theorem 2 (see Subsection 6.3) by
taking the union of almost-perfect matchings that are chosen randomly. Crucially, the lemma allows us to appropriately
bound the degrees of vertices into the set Y of ‘unmatched’ vertices (which is essential for connecting these vertices
using paths through R; in (j) in Subsection 2.3 of the proof sketch).

Lemma 17. Let G be a graph and let V1,...,V; be disjoint subsets of V(G) such that, for each j € [t — 1], the degree
of every vertex in G[Vj,Vjy1] is between 6 and A. Let T, ..., T, be subsets of V(G) such that, for each i € [n] and
j € [t], we have |T; N V;| < r. Assume that 1 —§/A < t~1/2logn. Then, there exist matchings M; for each j € [t — 1]
m G[Vj7 VjH] such that, if Y consists of all those vertices y € Vi U Vy which belong to neither My nor M;_1 and all
those vertices y € V; with 2 < j <t — 1 which do not belong to both M;_, and M;, then |Y| < 10|UL_, Vi[t="/%logn
and |Y N'T;| < 10rt'/2logn for all i € [n)].

Proof. It is well known that every bipartite graph with maximum degree at most A has a proper edge-colouring with
A colours. Let us take such a colouring of G[V;,V;44] for each j € [t — 1]. The colour classes give a collection of
at most A matchings in G[V}, V;41] which partition the edge set of G[V},Vj41]. For each j € [t — 1] independently,
let M; be the matching defined by a uniformly random colour class in G[V}, V;41]. For each vertex v € G[V}, V44,
the probability that u belongs to M; is at least d(u)/A where d(u) is the degree of w in the graph G[V},Vji1].
Hence, the probability that u does not belong to M; is at most 1 — §/A. It follows that, for each i € [t], we have
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E[lY NT;[] < tr-2(1 — 6/A) < 2rt'/2logn. Moreover, the choice for M; changes the value of [Y N T;| by at most 2r
(since |T; NV;|, |T; N Vj41] < r). Hence, by Lemma 15,

—(5rt'/?logn)? 1
P (|YOTi| > 107t/ logn) <P (|YOTi| —E[Y NT}[] > 5rt'/? 1ogn) < gexp (ZOrElogn) Ty 1
2(2r)2t on

Thus, by the union bound over all i € [n], with probability at least 1/2 we have |Y NT;| < 10rt'/2logn for all i € [n].

Furthermore, since the probability that any given vertex u € V(G) isin Y is at most 2(1—8/A) < 2t~1/2logn, it follows
that E[|Y[] < 2|'_, Vilt"'/?logn. Hence, by Markov’s inequality, the probability that |Y| > 10| J'_, Vilt~"/?logn
is at most 1/5. Thus, with positive probability, the matchings M; for j € [t — 1] satisfy the desired properties. O

5.2 Degrees to a random subset of vertices

For (i) in Subsection 2.3 (of the proof sketch), we want to preserve some near-regularity conditions while taking a
random vertex subset, for which we use the following lemma.

Lemma 18. Let G be an n-vertex graph. Let V. C V(G). Let d > (logn)'®, let 0 < d' < d and let 1 <t < d be an
integer. Let U be a uniformly random subset of V of size | +|V|].

(a) If v e V(G) satisfies dg(v,V) < d+d', then da(v,U) < $d+d + d?/3 with probability 1 — n—*®).

(b) Ifv € V(G) satisfies dg(v,V) >d—d', then dg(v,U) > td — d' — d*/3 with probability 1 — n==1).

We will deduce this from the following more general technical lemma which allows, in addition to the uniformly random
subset U, some further random subsets in which vertices can appear with some dependencies (as we need for picking
our absorbers randomly in (f) in Subsection 2.3 (of the proof sketch)). Lemma 18 easily follows from the following
result by setting V =V’ 7 =1, and s = 0.

Lemma 19. Let G be an n-vertex graph. Let V! C V(G). Let d > (logn)*®, 0 < d' < d and let 1 <t <d and s >0
be integers. Let T =1 or7 =1t—1. Let V}, i € [t] and j € [s], be pairwise disjoint sets in V(G)\ V' satisfying
|ij| <d'/8. LetV=V'U (Uie[t]’je[s] ij) For every j € [s], let S; be a uniformly random subset of [t] of size T. Let
U be a uniformly random subset of V' of size | T|V'||. Let Z denote the random set U U (Uje[s],iesj Vf)

1) If v e V(G) satisfies dg(v,V) < d+d', then dg(v, Z) < Zd+ d’ + d*/® with probability 1 — n=<),
t

2) Ifv e V(QG) satisfies dg(v,V) > d —d', then dg(v, Z) > Td — d' — d?/3 with probability 1 — n—<M).
T

Proof. To avoid unimportant technicalities, assume that |V’| is divisible by ¢. Note that it suffices to prove the lemma
in the special case where V' = (). Indeed, in the general case, let us take an enumeration {u; cieft],s+1 <5< s—i—%}
of the elements of the set V' uniformly at random and define new sets V; == {u}} fori € [t], s +1 < j < s + %
Then we can apply the lemma in the V’ = () case (with s replaced by s + V'l and with the sets VJZ for all ¢ € [t] and

Tt
J € [s + “%l]), since the random subset Z has the same distribution as before. Thus, for the rest of the proof we

assume that V' = .

We have E[dg(v, Z)] = 7dg(v,V). Since 7 = 1or 7 =t —1 and |Vj| < d'/® for each i € [t] and j € [s], changing
the choice of S; (for some j € [s]) can change the value of dg(v, Z) by at most d/%. Note that the random variable
dg(v,Z) depends on at most dg(v,V) < d+ d' < 2d choices of S;, j € [s], namely only those j € [s] for which

Ng(v)n (Uie[t] Vj) # . Thus, for each v € V(G), we can apply Lemma 15 with some N < 2d for both (1) and (2),

to show that the corresponding event does not occur with probability at most

_(72/3\2
P (|dG(U7 Z) —Eldg(v, Z)]| > d2/3) < 2exp (2((11/(18)2)2(1) =n @),

completing the proof. O
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5.3 Finding vertex sets with good degree control and good connectivity properties

The following lemma will be used to find a suitable subgraph G’ and connecting sets Ry, Ro, X,U1,Us; C V(G') in
the proof of Theorem 2 (see Subsection 6.1). The lemma ensures that the degrees of vertices to the sets Ry, Rs, X, Uy
in G are bounded appropriately. More crucially, it also ensures that G'[U; U Uz] = G'[U] is extremely close to being
regular (which is essential for constructing nearly perfect matchings, as explained in (i) in Subsection 2.3 of the proof
sketch).

Lemma 20. There is an absolute constant C' such that the following holds. Let t be a fixed positive integer, let n be
sufficiently large and let G be a bipartite n-vertex 18-almost-reqular (e, s)-expander with average degree d = d(G) >
(logn)®, where s > d/(logn)? and 279 < & < 1. Let my,...,my be positive integers greater than n/d"/** and smaller
than n/(tlogn). Then, there exists a graph G' C G and pairwise disjoint subsets S1,...,S; C V(G') such that, for
each i € [t], we have that

(i) S; is balanced (with respect to the bipartition of G),
(ii) |S;| = 2m;,

_ P?d h L my
— (logn)78’ wnere p; = n

(iii) S; is D;-connecting in G for D;

(iv) there exists some d; such that % <d; < %, and d; — df/s <dg(v,S;) <d; + d?/g holds for every v € V(G')
and

(v) dg(v,S;) < % holds for every v € V(G).

Proof. We will take C to be large enough so that the following arguments hold when d > (logn)®. By Lemma 3 (with
A = 18), there exists some constant Cy such that if A is a (1/Cp)-random subset of V(G), then with probability 1—o(1),
G contains a (d' £ Cjlogn)-nearly-regular subgraph G’, where d/Cy < d' < d and A C V(G’). Let n' = |V(G)|.
Note that, since A C V(G’), with probability 1 — o(1) we have n’ > n/(2Cy). Furthermore, for each i € [t], if B; C A
is chosen by including each vertex independently at random with probability m;/n, then B; is a (m;/nCp)-random
subset of V(G). Thus, by Lemma 8 and as G is 18-almost-regular, m; > n/dl/lo, and s > ﬁ, we have that B; is
D;-connecting in G with probability 1 — o(1).

Therefore, in total, we can conclude that we can choose some G' C G with the following properties.

(a) G'is (d' + Cylogn)-nearly-regular (for some d/Cy < d’ < d).
(b) n’ > n/(2Cy) (where n' = |[V(G)|).

(c) For each i € [t] and any p > m;/n, a p-random subset of V(G’) is D;-connecting in G with probability 1 — o(1).

We will now choose disjoint sets R;,T; C V(G’), i € [t], randomly and show that, with high probability, any sets S;
with R; C S; C R; UT; for each i € [t], will satisfy each of (iii)—(v), and, furthermore, that we can pick such sets S;
such that (i) and (ii) hold.

For this, randomly take disjoint sets R;,T;, i € [t], in V(G’), by, for each vertex v € V(G’), independently placing v
5 3/5

3/¢ 3/
in each R; with probability 27 — 40027;%%" — i and in each T; with probability 10Com; logn 272"’, . Note that

d'n’

4Com; logn + m?/s < 2m;

this is possible as, for each i € [t], =57 P 7, and

)

n' d'n’ n’ d'n’ n’

Z 2m;  4Cym;logn mf/s n 10Cym; logn n om>/® < 2n 10Cyn 2n <1
prt ~ n'logn d'n’ n'logn — 7’

as m; < n/(tlogn) for all i € [t], n’ > n/(2C,) and d’ > d/Cy > (logn)/Cy. Furthermore, for each i € [t], choose S;

arbitrarily such that R; C S; C R; UT;, and, if possible, satisfying (i) and (ii). We will now show that each of (i)—(v)

hold with high probability, so that, as n is large, we can take the required sets \S;, i € [t]. Note first that, by (c) we have
3/5
that (iii) holds with probability 1 —o(1) since R; is a p-random subset of V(G') for p = 2m: — 4€omilogn _ Mi" > ms

n’ d'n n = n
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Let X UY be the bipartition of G’ inherited from the unique bipartition of G, labelling so that |X| > |Y|. Then, as
G’ is (d' £ Cplogn)-nearly-regular, we have

1 Cplogn Chlo ’ Cql !
a4 ologn \n . ologn\n
'Y'ZHC“;‘:%”"X'E(“Q' )5 ad X = oy < (12 DE)
so that %/ - % < |X|,IY] < %/ + %. Since | X| < %/ + %, for each i € [t] we have

n' 2m; 4Cym;logn m3/® Con'logn 2m; m3/®
E|RNX] <. - _ M Ay =
l 1< 2 < n’ d'n’ n’ + d n' m 2

As m; > n/d"/*0 > n%10 it follows by the Chernoff bound that with probability at least 1 — 1, we have |R; N X| <
mi. On the other hand, |X| > & — % and the probability that some v € V(G’) belongs to R; U T; is

2
7n?/5

n’ )

2 i 6C; m,jlo n
S R+ S0

n'  Cyn'logn 2m; 6Coym;logn mf/S
E[l(R:UT) N X]] > (2 ~— )\ T g T
< 71’ 2m;  6Cym;logn mf/5 B Con'logn  3m; . m§/5
=2 n/ d'n’ n/ d o 2

Hence, by the Chernoff bound, we have, with probability at least 1 — 1, that [(R; UT;) N X| > m;. By symmetry, we
also have |R; NY| < m; < |(R; UT;) NY| with probability at least 1 — . Therefore, by a union bound, it follows that
for all ¢ € [t], we have |[R; N X| <m; < |(R;UT;)NX| and |R; NY| <m; < |(R; UT;) NY| with probability at least
1— 2t =1 —0(1), so with high probability we will have selected the S;, i € [t], so that (i) and (ii) hold.

n

As G is 18-almost-regular with average degree d, each vertex v € V(G) has dg(v) < 18d. Note that, then, as the
probability that a given vertex u € V(G’) belongs to R; U T; is at most 224, for any i € [t] and v € V(G), we have

Eldg(v, R; UT;)] < dg(v) - 231 < 18d - 201 < 10807(;‘1”“ < Cgﬂ“ (provided that C is sufficiently large). Hence, by
the Chernoff bound, the probability that dg(v,S;) > % is at most % It follows by the union bound that with

probability 1 — o(1), (v) of the lemma is satisfied.

For each ¢ € [t], let d; = 2d'm;/n’. Note that since d/Cy < d' < d, n/(2Cy) < n’ < n, and C can be chosen larger
than 4Cy, we have dﬂn < % <d; < % < CdTm Now let v € V(G'). Since dg/ (v) > d' — Cplogn, we have

C
2m;  4Com; 1 3/5 2m; ; 3/
Elde: (v, R)] zd/-( T o O8R M) Gylogn - ot = d; — 6C, logn - — —d/ i
n d'n n n n n

Since 6Cp logn - m;/n' + d/m?/s/n/ < (logn)? + di/(2m?/5) < d?/3/2, we have E[dg (v, R;)] > d; — (1@/3/27 therefore,
by the Chernoff bound, with probability at least 1 — %, we have dg/(v, R;) > d; — d?/g. Furthermore, since dg/(v) <
d' + Cplogn and d’' > d/Cy > (logn)¢ /Cy, we have

2m 1 3/5 _ om; _
Elde (v, Ri UT)] < (d' + Cologn) - ( i SComilogn o ) <d(1+d; ') (;’”‘) (1+10d;*/?)

n/ d/n/ /
=d;(1+d; *)(1+10d; 2%y < d; + dF? )2,
Hence, with probability at least 1— $7 we have dg/ (v, R;UT;) < d; +d?/3. Thus, by the union bound, with probability
at least 1 — 2¢, we have d¢ (v, R;) > d; —d?/g and dg/ (v, R;UT;) < d; —l—d?/3 for all v € V(G’) and i € [t]. In this case,
d; — df/g <dg (v,8;) <d; + df/s for all v € V(G') and i € [t], verifying that (iv) of the lemma holds with probability
1 —o0(1). Thus (i)—(v) hold with high probability, so that the required sets S;, ¢ € [t], can be found. O
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6 Proof of Theorem 2

In this section, we will prove Theorem 2. By Lemma 6, it suffices to prove the following.

Theorem 21. There exists some C such that for every k and sufficiently large n (in terms of k), the following holds.
If G is a bipartite n-vertex 18-almost-regular (e, s)-expander with average degree d(G) > (logn)®, where e = 275 and

s > d(G)/(logn)?, then G contains k edge-disjoint cycles with the same vertex set.

Therefore, in the rest of this section, we prove Theorem 21. Throughout the proof, we will assume C to be a sufficiently
large constant and n to be sufficiently large with respect to k to support our arguments. Let G be a bipartite n-
vertex 18-almost-regular (g, s)-expander with average degree d > (logn)®, where ¢ = 27° and s > d/(logn)?. Fix a
bipartition AU B for the bipartite graph G. Recall that a set S C V(G) is called balanced if |S N A| = |S N B|. The
following observation will be used a few times.

(O) For every u € A and v € B, the internal vertex set of every u — v path in G is balanced,
for every u € A and v € A, every u — v path in G has one more internal vertex in B than in A, and

for every u € B and v € B, every u — v path in G has one more internal vertex in A than in B.

Throughout the following proof we will note in the left margin the correspondence with the steps (a)—(1) in Section 2.3,
where there are some small differences to the slightly simplified outline. Note that in passing to Theorem 21 we have
already carried out (a).

6.1 Finding connecting sets with good degree control

Let my = 2n/d"/1%0 my := 5n/d1/1007 ms 1= 100011/d1/1007 my 1= n/dl/1000 and my = n/dl/loooo. We now use
Lemma 20 with these values of my1, ..., ms to find a subgraph G’ of G and pairwise disjoint vertex sets Ry, Ro, X, Uy, Us C
V(G') (corresponding to the sets Si,...,S5 in Lemma 20) such that the following properties are satisfied. Let
D :=d'""/1%(logn)'°, Dy := d'=1/1%9(logn)1%, and Dy := d*~1/190(1og n)10,

(A1) Ry, Ry, X, Uy, and U, are balanced (with respect to the bipartition of G).

(AQ) |R1| = 2m1, |R2| = 2m2, |X| = 2m3, |U1‘ = 2m4, and |U2| = 2m5.

9 9
(A3) Ry is %ﬁ)m—connecting and thus also D-connecting since D < %ﬁ)m,

9 9
. myd . . . myd
Uy is 79 log n)70 -connecting and thus also Di-connecting since D < 79 og n)70 and

md

9
. mgd _ . _ . . =
Us 18 w5257 Tog )70 connecting and thus also Ds-connecting since Dy < 79 log )0 "

J1—1/10000

(Ad) G'[U; Uy is (d' +2(d')?/3)-nearly-regular for some d’ > &—
(To see this, note that (iv) of Lemma 20 implies the existence of d; for i € [2] such that every v € V(G’) satisfies
d; — d2® < der (v,U;) < dy + d2/%, where dy > s — &0 1 we use di® 4 d3/® < 2(dy + do)?/3.)

(A5) For every v € V(G), we have dg(v, Ry) < 2Cd' =/ dg (v, Ry) < 5Cd* /19 dg (v, X) < 1000Cd*~1/190 and
dG(U, Ul) < Cdl—l/lOOO_
6.2 Constructing absorbers

We now use Lemma 13 with m = n/d"/'% to find a set K C ((R; U Ry) N A) x ((R; U Rz) N B) consisting of an odd
number of pairs such that no vertex in R; U Rg appears in more than 102 pairs of K, and the following holds.

(B) For every balanced set R} C Ry with |R}| < m1 = [R:[/2, there is a set K’ C K of pairs such that K’ is a perfect
matching in K[(R1UR2)\ Rj]. (In other words, every vertex in (R; URg) \ R} appears in exactly one of the pairs
in K', and the pairs in K’ contain no other vertices.)
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Our goal now is to construct k absorbers for every pair in K (in the sense of Definition 9). As we will see near the
end of the proof, (B) allows us to show that for any balanced set R} C R; of size at most |R;|/2, the vertices in
(R1 U R2) \ R} can be paired up to be ‘absorbed’ by our absorbers (where this pairing is given by K').

To that end, let K := {py,...,ps} where s is an odd number. Note that s < 102 |(R; U Ry) N A| = 102(my + ma) <
2mg = | X|. Recall that X is balanced. By removing vertices from X if necessary, we may assume that | X| =s+1
and that X is a balanced set. Then, by (A5), we still have dg(v, X) < 1000Cd'~/1% for every v € V(G). Enumerate
the vertices in X by x1,...,xs41 so that, for every odd j € [s], we have z; € A and x;41 € B.

Let R = Ry U Ry. Now (A5) implies that, for every v € Uy, dg(v, R) < da(v, Ry) + da(v, Ry) < 7Cd*~1/100 <
W, and, for every v € Uy, dg(v, Uy UX) < Cd'—1/1000 1-1000Cd /190 < %. Hence, by (A3), the conditions
of Lemma 11 are satisfied, and we obtain the following statement guaranteeing the desired absorbers.

(C) For all i € [k] and j € [s] there is an absorber Absj» in G for the pair p; with endpoints z; and z;, such that,
writing S} for the interior of Absj, the sets S} (for all ¢ € [k] and j € [s]) are pairwise disjoint subsets of Uy U Uy
of size at most (logn)!'2.

Let Uaps be the set of vertices of Uy U Uz used in the absorbers, i.e., Uabs = Usc[r),je[s] sz For every j € [s], since the
vertices x; and x;41 are from opposite sides of the partition AU B, by (O), the set S} is balanced for every i € [k].
Thus, the set Uaps is balanced. Let Uypusea = U1 U Us \ Uaps. Since Uy, Us, and Uyps are all balanced, the set Uynused
is also balanced.

Let W be a random balanced subset of Uypusea of size (1— %)|Uunuscd|, which is the union of a uniformly random subset
of Uunused N A of size (1 — %)|Uunused N A| and a uniformly random subset of Uypusea N B of size (1 — %)|Uunused N B|
(here, we assume that 2k divides |Uypused| to avoid unnecessary technicalities). At this stage, we point out that the
vertex set of our desired k (edge-disjoint) cycles will be W U Upaps U X U Ry U Ro.

By (C), for every pair p; € K, there are k absorbers with endpoints «; and 11, namely Abs;7 i € [k]. Independently
for every j € [s], generate a permutation o; : [k] — [k] uniformly at random. Now, for each pair p; € K, we will
assign the absorber Abs‘jfj(i) to the i-th cycle. Let Ut = Ujels) SjJ @ ie., UL, is the subset of U,ps consisting of those
vertices which are used in the absorbers assigned to the i-th cycle. Then, observe that for any ¢ € [k], the union of
the absorbers assigned to the i-th cycle (i.e., Abs?j(i) for j € [s]) contains an x1-z541 path with vertex set Ul U X

such that any pair in K can be ‘absorbed’ into this path (this is made precise at the end of the proof). Moreover,
note that, for each i € [k], UZ, , is balanced.

6.3 Constructing k edge-disjoint linear forests

For each i € [k], let V¢ = W U (Uabs \ Ulys). Note that Vi C Uy UUs (and recall that G'[Uy U Uy is (d' & 2(d)?/3)-
nearly-regular by (A4)). Let d’ = (1 — ;)d’. We will next show that the following holds with probability 1 — o(1).

(D) For every i € [k], the graph G'[V?] is (d” + 3(d"”)?*/?)-nearly-regular.

In order to prove this, fix ¢ € [k] and consider a vertex v € U; U Uy. Without loss of generality, assume that
v € (U;UU2)NA (the other case is identical). Since (A4) and (C) hold, and (logn)'? < (d’)!/8, we can apply Lemma 19
for the vertex v with G = G'[U1 UUs], V = (U1 UU2)N B, V' = Uynused N B, Vi=8:NDBfor. e [k] and j € [s], d = d',
2(d')%/? playing the role of d’, t = k, 7 = k—1,U = WNB, S; = [k]\{0;(i)}, and Z = (WU (Uaps\U?,,.))NB = ViINB.
Then, with probability 1 — n~“() we have dg (v, V?) = da (v, V' N B) = de (v, Z) = d” + 3(d")?/3. Thus, a simple
union bound over all ¢ € [k] and v € U; U Uy yields (D).

For each i € [k], since each of W, U,ps, and U;bs is balanced, the set V? is also balanced. Let ¢t = d'/® and let
Vi, ..., Vi be a uniformly random partition of V' into ¢ balanced sets of equal size. (Here, we assume that 2t divides
|[V%] to avoid unnecessary technicalities.) Note that Vi N A, ...,V N A is a uniformly random partition of V?N A into
t sets of equal size, and similarly Vi N B, ...,V N B is a uniformly random partition of V* N B into sets of equal size.
Thus, since (D) holds, by a simple application of Lemma 18 and a union bound, the following holds with probability
1 —o(1). For each i € [k] and each j € [t — 1], the bipartite graph G'[V/,V/, ] is (d"/t + 4(d")?/3)-nearly-regular.
This, together with the inequality 6k < (d")?/3, implies that the following property holds with probability 1 — o(1).
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(E) Every graph G” obtained from G’ by deleting at most 6k edges incident to every vertex has that G” [V;, Vf 1) s
(d"/t £5(d")?/3)-nearly-regular for each i € [k] and j € [t — 1].

We will next show that the following statement holds with probability 1 — o(1).
(F) For each i € [k], j € [t], and v € V(G), we have dg (v, V}) < 25d"/°.

To that end, fix i € [k], j € [t], and consider a vertex v € A. (Vertices in B can be dealt with in a similar fashion.) We
will apply Lemma 18(a) with V =V N B, U = Vi N B, and with 18d, 0 playing the roles of d, d’ respectively. By this
application, since dg(v) < 18d and t = d1/5 Wlth probability 1 —n~“®) we have dg(v, Vi) =da(v, VN B) < 25d4/°.
Thus, a union bound over all ¢ € [k], j € [t] and v € V(G) yields (F) with probability 1 — o(1), as desired.

Since the events (E) and (F) hold with probability 1 — o(1), from now on we assume that they occur simultaneously.

Our next goal is to show that we can find, for each i € [k] and j € [t — 1], a matching M} in G'[V}, V}, ] such that
the following two properties hold. (Observe that for every i € [k], the union of the matchlngs M} for je[t—1]isa
linear forest.)

(G1) For i € [k] and j € [t — 1], the matchings M; are pairwise edge-disjoint and also edge-disjoint from all the
absorbers given by (C).

(G2) For every i € [k], if we let Y be the set containing all vertices y € Vi UV}’ that are not used in M?{ or M;_; and
all vertices y € V; with 2 < j <t — 1 which are not used in both M/_; and M}, then |Y?| < 10[V?d~/logn
and, for every v € V(G), |Y* N Ng(v)| < 250d°/1°log n.

We will prove the existence of such matchings by induction on i. Assume the existence of such matchings M} for
all © < 4. To construct the matchings M?, ..., M; |, consider the graph G” that is obtained from G’ by deleting
all the edges in ULE i—1),jeft—1) M; and all the edges in G'[U; U Us] that belong to one of the absorbers given by
(C). Then, note that the graph G” is obtained from G’ by deleting at most 6k edges incident to every vertex.
(Indeed, at most 2k edges incident to every vertex belong to the matchings ULG[Z 1,jelt—1] M;, and at most 4 edges
incident to every vertex in Uy U Uz belong to the absorbers.) Now we aim to apply Lemma 17 with G replaced by
G", Vj replaced by V} for j € [t], and {Ng(v) : v € V(G)} playing the role of {T1,...,T,}. To that end, note
that since (E) holds, we can apply the lemma with § = d”/t — 5(d")*/3 and A = d"/t 4+ 5(d")?/3, so that we have
1-8/A < 10(d")?/3/(d"/t) = 10t/(d")*/? < d=1/9, where in the last inequality we used that d” = (1—+)d’ > d1~1/1000
holds by (A4) and t = d'/®. Hence, the condition 1 —§/A < t~'/2logn required by the lemma is satisfied. Therefore,
since (F) holds, we can apply Lemma 17 with » = 25d*/® to obtain matchings Mj in G"[V}, V] for j € [t — 1] such
that (G2) holds for i. By the construction of G”, the matchings M?, ..., M} _, are edge—dlsjomt from ULE fi—1],jelt-1] My
and all the absorbers given by (C). This finishes the proof of the existence of the matchings M? for i € [k] and j € [t— 1]
satisfying (G1) and (G2).

6.4 Extending the linear forests to k edge-disjoint cycles on the same vertex set

For i € [k] and j € [t — 1], we let 7 denote the vertices in V' that are not matched in M}, and let ?j 41 denote the
vertices in V}',; that are not matched in M}. Since for every i € [k], the sets V' for j € [t — 1] are balanced sets of

equal size, we have |? NAl = |? .1 N B| and |? NB| = \? 1 N Al. We can thus arbitrarily match the vertices in
7 N A with the vertices in Y%, N B, and the vertices in 7 N B with the vertices in ?]+1 N A to obtain a collection

of pairs K C 7 ?]-5-1 for every ¢ € [k] and j € [t — 1]. For every i € [k], let K’ = Uje—1yK%. Consider the
auxiliary graph H ¢ on the vertex set V'’ whose edges are the pairs in K?. Then, the graph that is the union of H? and
Ujejt—1)M; is a linear forest F* on V* where every path has one of its endpoints in V} and the other endpoint in V;'.
For i € [k], enumerate the vertices in V; as u},...,u} and the vertices in V;" as v},..., v} such that for every j € [/],
there is a path in F* with endpoints u} and v}. Let KL = {(uf,21), (v}, 2s41)} U{(u},,,00) s j € [€ = 1]}

Next, we will show the following.
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(H1) For every i € [k] and every pair (u,v) in K' U K%, there is a path Q, in G of length at most (logn)® with
internal vertices in Ry and with endpoints u and v. Moreover, the paths Q¢ (for i € [k] and (u,v) € K* UK?)

are pairwise internally vertex-disjoint, and each of these paths is edge-disjoint from all the absorbers given by
(C). (See Figure 1 for an illustration.)

Notice that, for each i € [k], the paths Q¢, for (u,v) € K* UK’ together with the edges in the matchings
M, ..., M} | give us a path, P’ say, with endpoints z; and z,y;. Moreover, the paths P’ for i € [k] are
pairwise edge-disjoint and the set of internal vertices of each path P?is VU RY, where R{ C R; consists of the
set of internal vertices in the paths Q! for (u,v) € K UKL.

7
uv

(H2) For every i € [k], R} is a balanced set containing at most m; vertices.

With a slight abuse of notation, let U;cy (K U KY) denote the multiset obtained by taking the union of the sets
K* UK for i € [k]. To prove (H1), we first use (from (A3)) that R; is D-connecting to construct 5 paths of length
at most (logn)® between each pair of the multiset U;ep) (K" U KL), with internal vertices in Ry such that all these
paths are pairwise internally vertex-disjoint. To achieve this, consider the multiset .S obtained by replacing each pair in
Uselk) (K'UKL) with 5 copies of it. Note that any vertex of G appears at most 2-k-5 = 10k times in this multiset S. Also,
observe that the pairs in U;e [ (K*UKL) do not contain any vertex outside of {w1, 2541} (Usepe (Vi U Vi UY?)). Thus,
by using (F) and (G2), every vertex in G has at most 10k - (k-250d°/19 logn +k-2-25d*/° +2) < 10k%-251d%/ ' logn <
d'=1/1%(logn)'® = D neighbours in S. So, by Definition 7, we have 5 paths of length at most (logn)® between each pair
(u,v) € Ujep (K*UK?L) with internal vertices in Ry such that all these paths are pairwise internally vertex-disjoint. On
the other hand, for every pair (u,v) € U;epy (K'UK?), among these 5 pairwise internally vertex-disjoint paths between
the pair (u,v), at most 4 paths are not edge-disjoint from the absorbers given by (C). Indeed, all these paths have
internal vertices in R;, so the only edges of the absorbers that can appear in these paths are between U,ps and Ry,
but each vertex in U,ps is incident to at most 2 edges (with the other endpoint in R;) that are used in the absorbers.
This shows that the desired path Q' exists between every pair (u,v) € K* U K¢ for every i € [k], verifying (H1).

To prove (H2), we fix i € [k]. Since (G2) holds, the number of pairs in K¢ U K% is at most |Y?| + |[V{| + |V} <
10nd="1%logn + 2nd='/> < 11nd=*/1%logn. Therefore, since each of the paths Q’, given by (H1) (between the
pairs (u,v) € K* UKL for i € [k]) have length at most (logn)®, we have |R:| < 11nd~*/%logn - (logn)® < m;.
By construction, every pair (u,v) € K' contains one vertex from A and the other from B. This ensures that the
internal vertex sets of the paths Q¢ given by (H1) between these pairs are balanced sets. Moreover, note that the set
{1, 2511} UVF UV} is balanced (recall that 21 € A and 24,1 € B), and every vertex in this set appears in exactly
one pair of Ki. Thus, by (O), the union of the internal vertex sets of the paths between the pairs in K¢ is a balanced
set. Thus, it follows that R is a balanced set. This finishes the verification of (H2).

Finally, for every i € [k], our aim is to extend the path P given by (H1) to a cycle C* with the vertex set W U U,ps U
X U R U Ry such that the cycles C (for i € [k]) are pairwise edge-disjoint. To that end, by (H1), for every i € [k], it
suffices to find a path P! with endpoints 1 and z,41 and with V(P!) = U UX U (R \ R}) U Ry such that the paths
P! (for i € [k]) are pairwise edge-disjoint and do not contain any edge outside of the absorbers given by (C). (Indeed,
then for every i € [k], by concatenating P? and Pj we obtain a cycle C? with the vertex set W UUaps UX UR; URy such
that the cycles C* for i € [k] are pairwise edge-disjoint, as required.) To find the paths P!, for every i € [k], let K C K
be the set of pairs of vertices obtained by applying (B) with R! playing the role of R} (this application is possible
since (H2) holds). Then, every vertex of (R; \ R}) U Ry appears in exactly one of the pairs in K and the pairs in K*
contain no other vertices. We now fix an arbitrary i € [k]. Consider the set J* C [s] such that K* = {p, : j € J'}.
For every j € J*, consider the path L; with endpoints z; and x;;; and with internal vertex set S;Tj @y p; which is

contained in the absorber Abs;j @ For every j € [s]\ J?, consider the path L; with endpoints z; and x4, and with

internal vertex set S;j () \Which is contained in the absorber Abs;j @ Now, by concatenating the paths Lq, ..., Ls, we

obtain the desired path P! with endpoints z; and 441 and with V(P}) = Ui, U X U (R; \ R}) U Re. Moreover, since
the sets S} for i € [k] and j € [s] are pairwise disjoint and every edge in Abs is incident to a vertex in S}, the paths

P? are pairwise edge-disjoint, as required. This shows the existence of k edge-disjoint cycles on the common vertex

*

set W U U,ps U X U Ry U Ry, completing the proof of Theorem 21.
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7 Connecting pairs of vertices by vertex-disjoint paths through a random
vertex set

In this section we prove Lemma 8. As mentioned in the introduction, we will use an adaption of arguments by Buci¢
and Montgomery [11] (which uses, in part, some ideas from Tomon [43]). Before we turn to the details of the proof, it
is worth highlighting how our result and argument differ from those in [11]. The result in [11] closest to our Lemma 8
is [11, Theorem 16], which roughly states the following: if G is a good robust (sublinear) expander, and V is a 1/3-
random subset of V(G), then, given any collection of pairs in V(G) in which each vertex appears only a small number
of times, we can connect all the pairs using short edge-disjoint paths through V. Note that our Lemma 8 differs from
this result in a number of ways. First, crucially, we are looking to find vertex-disjoint, rather than edge-disjoint paths
which connect the pairs. This requires us to impose a stronger condition on the pairs that we seek to connect, since
it is not possible to connect more than |V| pairs through V using internally vertex-disjoint paths. More precisely, in
[11] the condition on the pairs is that each vertex should appear only a small number of times in the pairs, while we
require that each vertex in the random set V' has few neighbours among the vertices we seek to connect. Finally, we
also need a generalisation from 1/3-random sets to p-random sets. The argument in [11] did not crucially rely on the
set being 1/3-random, so it is straightforward to adapt their argument to the more general p-random setting. On the
other hand, in order to find vertex-disjoint, rather than edge-disjoint paths, we need to modify the argument in [11]
nontrivially.

A crucial result in the proof of Theorem 16 in [11] states that, for an expander G, if we take a large random subset
V in V(G), then with high probability it is true that for every U C V(G) and not too large F' C E(G), more than
half of the vertices in V' can be reached from U using short paths inside V', avoiding all edges in F. We will need a
similar, but quantitatively stronger result here (see Lemma 23 below). In order to prove such a strengthening, the
main new ingredient is Lemma 30, which states that any (e, s)-expander G can be edge-decomposed into almost s
weaker expanders. This strengthens the corresponding result in [11] (Lemma 15) where it was shown that one can
decompose the edges of G into almost /s weaker expanders. A more substantially new result that we will need and
which has no analogue in [11] is Lemma 26. A detailed explanation of why we need this tweak compared to the
argument in [11] is provided before the statement of Lemma 26. In general, where possible we use similar constants
to [11] for ease of comparison.

7.1 Proof of Lemma 8

Given U,V C V(G), the ball of radius ¢ around U within V, denoted by B (U, V), is the set of vertices in V' which
can be reached by a path of length at most ¢ starting from a vertex in U which has all of its internal vertices in V.
The starting vertex in U is not required to be in V itself. We do, however, only consider reachable vertices within V',
so that B5(U,V) C V.

It is convenient to use the following definition.

Definition 22 (A-reachable set). Let G be an n-vertex graph. We say that a set V' C V(G) is A-reachable if, for
every U C V(@) and every F C E(G) with |F| < AU,

logn)* V
Bl w vy > UL

Most of the work in this section will go into proving the following lemma.

Lemma 23. Let 0 < p < 1. Suppose that G is an n-vertex (g, s)-expander with 27%° < ¢ < 1 and s > p~*(logn)3°.
8

Let V be a p-random subset of V(G). Then, with probability 1 — o(1), V is A-reachable for A = ﬁ.

In the rest of this subsection, we will complete the proof of Lemma 8 assuming Lemma 23. Subsections 7.2-7.6 are
then devoted to proving Lemma 23.

We will need the following, which is [11, Proposition §].
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Proposition 24. Let 1 < {,t <n. Let G be an n-vertex graph and let V. C V(GQ) with |V| > 4t — 2 be such that, for
every U C V(G) with size |U| = t, we have |B&(U, V)| > % Let z1,...,20_1,W1,...,wy_1 be distinct vertices of G.
Then, for some j € [2t — 1], there is a z; — w; path in G with internal vertices in V' and with length at most 4¢logn.

We will also use the following form of the Aharoni-Haxell hypergraph matching theorem (see Corollary 1.2 in [1]).

Theorem 25. Let r € N, and let Hy,...,H, be a collection of hypergraphs with at most ¢ vertices in each edge.
Suppose that, for each I C [r], there is a matching in \J;c; H; containing more than £(|I| — 1) edges. Then, there is
an injective function f : [r] = U,c,) E(H;) such that f(i) € E(H;) for each i € [r] and {f(i) : i € [r]} is a matching
of r edges.

Let us now informally discuss how we will complete the proof of Lemma 8, and how the argument differs from the
one in [11]. Let V be a p-random subset of V(G) and let (z1,41), ..., (@, y,) be the set of pairs that we seek to
connect using short internally vertex-disjoint paths through V. Similarly to [11], the existence of such paths will be
proven by applying Theorem 25, with H; defined to be the hypergraph whose edges correspond to the short paths
through V' connecting x; and y;. (Since here we are looking for vertex-disjoint paths, the edges of H; are the vertex
sets, rather than the edge sets, of the paths connecting x; and y;.) To verify that the assumptions in Theorem 25 are
satisfied, we need to prove that for each I C [r] there are many vertex-disjoint short paths through V that connect
x; to y; for some j € I. If we were looking for edge-disjoint paths, we could apply Proposition 24 repeatedly: even
after finding a large collection Py, P, ..., P, of paths connecting some pair (z;,y;) (with j € I), we can find a new
one that is edge-disjoint from all the previous ones by applying Proposition 24 with {z1,..., 201} = {z; : j € I},
{w1,...,wy—1}={y; : j € I} and G — F in place of G, where F is the set of edges used by the paths P;,..., P;. It is
crucial here that if g is not already large, then F is quite small, so (using Lemma 23) the condition |BS_ (U, V)| > |L2\
in Proposition 24 is indeed satisfied for every set U of size roughly |I|. Unfortunately, this approach (which is the one
used in [11]) does not extend to the case where we are looking for vertex-disjoint paths, because in order to guarantee
that the obtained paths are vertex-disjoint, we need to let F' contain every edge in G that is adjacent to a vertex in
one of the paths Pi,..., P,. This makes F too large for the condition |BS_ (U, V)| > % to hold for every set U of
size roughly |I|.

To deal with this issue, we use the following lemma, which allows us to construct the connecting paths in two stages:
first, using the bounds on the degrees of vertices from V to the set of pairs that we seek to connect, we prove that the
set of pairs ‘expand’ via a large star matching into a random subset W C V of size roughly |V|/3. This allows us to
use the argument sketched above if we instead apply Proposition 24 to a larger set of pairs chosen from the leaves of
these stars.

Lemma 26. Let n be sufficiently large and let G be a graph with mazimum degree A and let V. C V(G) be a
A-reachable subset. Let x1,...,Tq,y1,...,Yr be a sequence of (not necessarily distinct) vertices outside of V. Let
W cV(G)\ (VU{ay,...,2ry1,...,yr}) be such that |W| < |V| and assume that there exists some 0y such that
each x; and y; sends at least §y edges to W and each vertex in W has at most W neighbours in the multiset

{zlﬁ"wxr?ylv"wyT}'

Then, there is a collection of internally vertex-disjoint x; — y; paths (one for each i € [r]) of length at most (logn)®
with internal vertices in W U V.

Proof. We first prove the following claim using the degree conditions.

Claim. There exist pairwise disjoint sets X1,...,X,,Y1,...,Y, C W of size at least \"12A(logn)'? such that X; C
Ng(x;) and Y; C Ng(yi) for all i € [r].

Proof of Claim. Let ¢ = A™12A(logn)'?. Note that, as V is A-reachable, we have A < A, so ¢ > 2(logn)!2. Let us
assume for simplicity that ¢ is an integer. Define a bipartite graph H with parts A := {z : i € [r],j € [¢]} U {y/ :
i€ [r],j € [q]} and W, where the vertices 27 and y! are all distinct, and in which there is an edge between 7 and
some w € W if and only if z;w € F(G), and similarly there is an edge between yf and some w € W if and only if
yiw € E(G). By the assumption on the degrees in G, each u € A has degree at least §p in H, and each w € W has

degree at most ¢ - ﬁ = Jp in H. Hence, by Hall’s theorem, there exists an injective map f : A — W such

logn
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that, for each u € A, there is an edge in H between u and f(u). For each i € [r], let X; = f{z! = j € [q]}) and
Y: = f({y! : j € [g]}). It is straightforward to verify that these sets satisfy the conditions in the claim. O

For each i € [r], let H; be the hypergraph on vertex set V' in which a hyperedge corresponds to the set of internal
vertices of a path of length at most (logn)® between X; and Y; with all internal vertices in V. Note that in order to
prove the lemma, it suffices to find a matching of r edges in which the i-th edge belongs to H; for each i € [r].

Using Theorem 25, it suffices to verify that, for each I C [r], there is a matching in U;c;H; containing more than
(7] — 1)(logn)® edges. For this, let I C [r] and let M; be a maximal matching in U;e;H;. We need to show that
[M;| > (]I] — 1)(logn)®. Assume for a contradiction that |M;| < (|I| — 1)(logn)®. Let S be the set of vertices in
G used by the edges in M;. Note that |S| < |M;|(logn)® < |I|(logn)'2. Let F be the set of edges in G which are
incident to at least one vertex in S. Then |F| < |S|A < |[I|A(logn)!2. Let t = A71I|A(logn)'2. Now, if U C V(G)
and |U| =t, then |F| < A|U|, so as V is A-reachable, we have
Bl w vy > UL

Note also that, by the claim above, we have |V| > |[W| > 2r-A712A(logn)!? > 4t. Hence, we can apply Proposition 24
with G — F in place of G and with ¢ = (logn)* to conclude that if 21,..., 29,1, w1, ..., wz_1 are distinct vertices
in G, then for some j € [2¢t — 1] there is a z;-w; path in G — F with internal vertices in V' and with length at most
4(logn)® < (logn)®. However, since |X;|,|Y;| > A712A(logn)'?, we have | U;jer X;| > |[I]A712A(logn)? = 2t and
| Uier Yi| > 2t, so there is a path in G — F with internal vertices in V and with length at most (logn)® which connects
some element of X; to some element of Y;, for some ¢ € I. Since this path does not use the edges in F, it does not
have any internal vertex which is in S. Hence, the internal vertices of this path are disjoint from the vertices used by
M7, contradicting the maximality of M. O

We are now ready to prove Lemma 8 (assuming Lemma 23, which will be proved in the rest of this section).

Proof of Lemma 8. Let W be a random subset of V' obtained by including each vertex of V' independently at

random with probability 1/3. Let V/ =V \ W. Note that V' is a (2p/3)-random subset of V(G), so by Lemma 23,
V' is A-reachable with probability 1 — o(1), where A = Elzf g/ Z))Zf) Let v be an arbitrary vertex in G. Since W is a
(p/3)-random subset of V(G), the expected number of neighbours of v in W is at least dp/3. Hence, by the lower
bound on p and by the Chernoff bound, the probability that v has fewer than dp/6 neighbours in W is o(1/n). Hence,
with probability 1 — o(1), every vertex in G has at least dp/6 neighbours in W. Also, the probability that |[V'| > |[W|

is 1 —o(1).

We now show that, if V’ is A-reachable, each v € V(G) has at least dp/6 neighbours in W and |V’| > |W|, then V is

D-connecting for D = A(lpgs‘s

og n)73 .
Let z1,..., 2,41, ...,y be asequence of vertices outside of V' and suppose that every v € V has at most D neighbours
in the multiset {z1,...,2r,y1,...,¥yr}. Let 6o = 0p/6. Now note that each x; and y; sends at least §p edges to W and
each vertex in W has at most D < M(ﬁ)% neighbours in the multiset {x1,..., 2., y1,...,y,}. Hence, by Lemma 26

(applied with V” in place of V'), there is a set of internally vertex-disjoint z; — y; paths (one for each i € [r]) of length
at most (logn)% with internal vertices in W UV’ = V. Thus, V is indeed D-connecting, completing the proof. O

It remains to prove Lemma 23.

7.2 Properties of the expander
For a graph G, it will be convenient to define the ‘robust neighbourhood’ of a set U C V(G) for any parameter d as

Nga(U) ={v e V(G)\U : |Ng(v)NU| > d}, i.e., the set of vertices in G, outside of the set U, which have degree at
least d in U. We will use Proposition 12 from [11].
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Proposition 27. Let G be an n-vertez (g, s)-expander, U C V(G),|U| < 2n and F a set of at most s|U|/2 edges.
Then, for any 0 < d < s, either

elU]

a) |Neg-r(U)| > —+ Togn)?"

or b) |Ng_raq(U)|l >

The following lemma is a generalisation of Proposition 13 from [11] which shows that more structure can be found in
both outcomes of the above proposition. The proof is essentially the same.

Lemma 28. There is an ng such that the following holds whenever n > ng, 0 < e < 1, r > (logn)?, t > (logn)?
and s > 20rt. Let G be an n-vertex (g, s)-expander, let U C V(G) have size |[U| < 2n/3 and let F be a set of at most
s|U|/4 edges. Then, in G — F we can find either

[U]

a) 1o, vertex-disjoint stars, each with t leaves, centre in U and all leaves in V(G)\ U, or

b) a bipartite subgraph H with vertex classes U and X C V(G)\ U such that

. |X|> ‘)2 and

o cvery vertez in X has degree at least 7 in H and every vertex in U has degree at most 2t in H.

Proof. Take a maximal collection of vertex-disjoint stars in G — F' with ¢ leaves, centre in U and leaves outside of U.
Let C C U be the set of centres of these stars and L C V(G) \ U be the set consisting of all their leaves. Assuming
that a) does not hold, we have |C| < ‘1%‘ and |L| < |C|-t < % -t, and, by the maximality, there is no vertex in U\ C
with at least ¢ neighbours in G — F in V(G) \ (U U L). Thus,

U]

INe-r(U\CO) < [C]+[LI+[UNC| -t < Jo-+[C]- ¢+ UNC] -t <2|U] - 8. (2)

We now construct the set X C V(G) \ U and the bipartite subgraph H through the following process, starting with
Xo = 0 and setting Hp to be the graph with vertex set U U Xy and no edges. Let k = |[V(G) \ U] and label the
vertices of V(G) \ U arbitrarily as vy,...,vg. For each i > 1, if possible, pick a star S; in G — F' with centre v; and
r leaves in U such that these leaves in U have degree at most 2¢ in the graph H; 1 U S;, and let H; = H; 1 U S; and
X; = X;—1 U {v;}; otherwise set H; = H;_1 and X; = X,;_;. Finally, let H = H and X = X}, = V(Hy) \ U. We will
show that b) holds for this choice of H with bipartition (U, X).

Firstly, observe that every vertex in U has degree at most 2t in H; for each ¢ € [k] by construction, and that every
vertex v; in X has degree exactly r in H, so the second condition in b) holds. Thus, we only need to show that

| X| > z(fo‘gl)’z holds, which will follow as no vertex in U \ C has t neighbours in G — F in X \ L.

Indeed, let U’ be the set of vertices in U \ C' with degree exactly 2¢ in H. As each vertex in U \ C has fewer than ¢
neighbours in G — F in X \ L, the vertices in U’ must have at least ¢ neighbours in H in X N L. As each vertex in
X N L has r neighbours in H, we have

|U,|<T|XOL\ C|L|<f.|U|'t:M
t t ~t 10r 10"
Let B=CUU’, so that
\ul U] _ U]
2=
‘B‘fl() +1O - 27

U
and, thus, |U \ B| > %
Then, by Proposition 27 applied to U \ B and F with d = r, using that |F| < s|U|/4 < s|U \ B|/2, we have either
ING—r(U\ B)| > 2Bl o1 ING_ . (U\ B)| > SI9BL As [U\ €| < |U| and

(logn)?

s|U\ Bl SIUl

> 5t|lU
2r Ul
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|[Na—r(U \ B)| > w would contradict (2), and therefore we must have that |Ng_r, (U \ B)| > (Ellcfé\,gzl Every
vertex v in Ng_p,(U \ B) has at least r neighbours in G — F' in U \ B which must all have degree strictly less than
2t in H (as they are not in B = U’ U C, and using the definition of U’). This implies v € X, since we could add it

together with some r of these neighbours to the graph H. Hence, we must have Ng_r (U \ B) C X, and

qUNB| U]
(logn)? =~ 2(logn)?’

| X[ = [Na-p(U\ B)| =
as required. O

The next lemma is a straightforward variant of Proposition 18 from [11].

Lemma 29. Letn >2,0<e <1 and s > XA > 1. Let G be an n-vertex (g, s)-expander and let U C V(G) have size
|U| < 2n/3. Then, there is a set U' C U with |[Ng(U")| > |U'|X and |U’| > %.

Proof. Let U’ C U be maximal subject to |[Ng(U’)| > |U’|), noting that such U’ exists as U’ = () satisfies these
conditions. Suppose that U # U’, for otherwise U satisfies the conditions itself. Then |Ng(U’)| < (JU'| + 1)\ or we
could add an arbitrary vertex to U’ and contradict the maximality of U’. Similarly we know that, for every vertex
v € U\ U’, v has at most A neighbours outside of U" U Ng(U"), for otherwise U’ U {v} contradicts the maximality of
U’. Let F be the set of edges between U \ U’ and V(G) \ (U’ U Ng(U")), so that |F| < |U \ U’|A < s|U|. Thus, we
have by the definition of expansion that

elU
oty < N ()] < INa(U')] < (U7]+ DA

U .
so that |U’| > %, as required. O

7.3 Edge decomposition of an expander into weaker expanders

In this subsection, we prove the following lemma which states that every expander can be edge-partitioned into many
weaker expanders. Such a result was proved in [11] (see their Lemma 15), but for our application it is crucial to have
a quantitatively stronger statement.

Lemma 30. Let n and s be sufficiently large, k € N and 0 < € < 1. Suppose that G is an n-vertex (e, s)-expander
and 58 > 10°(logn)3. Then, there are edge-disjoint graphs G1,..., Gy, such that E(G) = Uie[k] E(G;) and, for each

i€ k], Giis an (%, mk,(‘iizgn)z)expander with vertex set V(G).

In order to obtain this stronger statement, we will use the following simple proposition instead of using Proposition 27
as is done in [11].

Proposition 31. Let n and s be sufficiently large and let 0 < € < 1. Let G be an n-vertex (e, s)-expander, and let
U CV(G) with |U| < %n Then, there is some 0 < i < log s such that

es|U|
Ngoi(U)] 2 ——.
N2 (U)] 2 2i(logn)?

3)
Proof. Suppose for a contradiction that (3) does not hold for any 0 < ¢ < logs. Let U’ be the set of vertices in
V(G) \ U with at most s neighbours in U. Let F be the set of edges between U and U’ in G, and note that

log s log s log s s ‘ U|

F| < U .2'<d U) < 201 . 9t < Neaoi (U)] -2 < P
| |—;|{U€ > G(U, )— }| —§| G,Q( )| —; 21(10gn)2 =

s|U,

where we have used that s < n follows from the definition of expansion. Then, since G is an (g, s)-expander, we have
ING.s(U)| > [Ng—r(U)| > e|U|/(logn)?, so (3) holds for i = log s, which is a contradiction. O
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The following result states that if we randomly sample the edges of an expander, then with high probability we get a
(weaker) expander. We will use it to prove Lemma 30.

Lemma 32. Let n and s be sufficiently large and 0 < p,e < 1. Suppose that G is an n-vertez (e, s)-expander and
eps > 10%(logn)3. Let H be a random subgraph of G with vertex set V(G), which contains every edge independently

eps

with probability p. Let s’ = ToT(ogmyz - Lhen, the probability that H is not an (§,5")-expander is less than 2/n.

Proof. Let U C V(G) and u = |U| < Z*. We will show that the probability that U does not satisfy the (e/4,s)-
expansion condition is at most e~ 2%1°8™  Applying Proposition 31, there is some 0 < i < logs such that, letting

d=2" |NgaU)| > Tlog n)?

First consider the case a) where pd < 100. Then, for each v € Ng 4(U), the probability that v € Ng(U) is at least

1—(1—-p)? > %. Note that, therefore, | Ny (U)| is dominated by Bin(|N¢,q(U) ,%). Hence E[|Ng (U)|] > % >

100u log n. Thus, by the Chernoff bound, with probability at least 1 —e~2%1°8" we have |[Ng (U)| > % > 25'u,
which implies that for any set F' C E(H) with |F| < s'u, we have |[Ny_p(U)| > s'u > 10ulogn > TTTOEE

Next, consider the case b) where pd > 100. Then, for each v € Ng 4(U), the probability that v & N pq/2(U) is at
most ¢ := P(Bin(d,p) < 2¢). By the Chernoff bound, ¢ < e~?%/12, Writing t = sateam? 3 [Ne.a(U)] = grestss = 2t,
we have

r2f] . ) e
P(IN f) < P21t < of2t] | P21t < (40)t < s
(| H,pd/2(U)| < ) = |’2t‘| _ |_tj q = q = ( q) se e

< ef2ulogn. (4)

Note that, if [Ny pq/2(U)| > Sd(ogmyz then, for any F' C E(H) with |F| < s'u, we have

|F| esu 2s'u esu cu
Ny_rp(U)| > |N U)| - > — > > .
INi—r(U)| 2 [Nt pay2(U)] pd/2 ~ 2d(logn)?  pd ~ 4d(logn)? ~ 4(logn)?
Therefore, whichever of a) or b) holds, the probability that U does not satisfy the (g/4, s’)-expansion condition is at
most e~2%1°8" Hence, the probability that H is not an (¢/4, s’)-expander is at most

2n/3 2n/3 2n/3

n 2
E < )62ulogn < E n¥ . n72u < nfl + E 77,72 < =,
u n

u=1 u=2

u=1

as required. O

Proof of Lemma 30. Assign every edge of G to one of the graphs Gi,..., Gy uniformly and independently at
random, so that every G; is a random subgraph of G containing each edge of G with probability 1/k. For any given

i € [k], by Lemma 32, the probability that G; is not an (6

s, W)—expander is strictly less than 1/k (since

n > s > 2k). Thus, by a union bound, the probability that G; is an (%, 1()4k:(€17(s)gn)2

positive, so some decomposition as required by the lemma must exist. O

)—expander for every i € [k] is

7.4 Expansion of well-expanding sets into a random vertex set

In order to prove Lemma 23, we need to show that, for an expander G, if we take a large random subset V in V(G),
then with high probability it is true that, for every U C V(@) and not too large F C E(G), more than half of the
vertices in V' can be reached from U by short paths inside V' which avoid all the edges in F'. We prove this in three
steps: in this subsection we deal only with ‘well-expanding’ sets U and very small F', in the next subsection we extend
this to arbitrary U but still only very small F', and finally, in Subsection 7.6, we deal with all U and much larger F,
completing the proof of Lemma 23. Similar results were proved in [11], but we need quantitatively stronger versions
here.
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Lemma 33. Let n be sufficiently large, let 0 < p < 1, and suppose that G is an n-vertex (g, s)-expander with
27100 « 2 < 1 and s > 20p—3(logn)13. Let U C V(G) satisfy |[Nc(U)| > |U|p~*(logn)?* and let F C E(G) satisfy
|F| <|U|. Let V be a p-random subset of V(G). Then, with probability 1 — e~(IUl(og ),

n Vv
1BIE™" (1, v)) > %
Proof. Let £ = (logn)* and let ¢ € (0,1) be such that 1 — (1 —¢)*1(1— %p) =p, i.e., that (1—¢q)*~ ! = 11 i, 50 that
p
> )
1= 6(log n)* )

Independently, for each i € [¢], let V; be a g-random subset of V(G) if i < ¢ —1 and a (4p/5)-random subset of V(G)
ifi=1+¢ Set V=VU...UV, and note that V is a p-random subset of V(G). Thus, we wish to show that, with
probability at least 1 — e IU100sm)?) o have |BL_ (U, V)| > ‘Vl

For each 0 < i < /¢, let B; be the set of vertices of G which can be reached via a path in G — F' which starts in U
and has length at most ¢ and whose internal vertices (if there are any) are in V4 U--- U V;_;. In particular, we have
By =U and B; = U U Ng_p(U). Observe also that By C By C ... C B,. We emphasise that the vertices of B; do
not themselves have to be inside V; U ... U V;_1, only the internal vertices of some path from U to the vertex in B;
are required to be inside V3 U...UV;_;. An important property of B; is that it is completely determined by the sets
U,Vi,...,Vi_1, and therefore is independent of V;. Note also that any vertex in Ng_pg(B;) with a neighbour in B;
that gets sampled into V; belongs to B; ;1. These two observations will be the key behind why the sets B; 1 will grow
in size until they occupy most of the set V(G). The lemma will then follow from

BNV, C B (U,V). (6)
We now show that indeed, for each 1 <4 < ¢ —1, unless B; is already very large, B;;1 is likely to be somewhat larger
than Bl
Claim. For each 1 <1 < /{— 1, with probability 1 — e~ (IUl(og ")2), either | B;| > %n, or
€| Bl
B, Bi| > —/——.
| +1 \ ‘ 25 (10g Tl)2

Proof. For each v € Ng_p(B;), v is in B;y1 if at least one of its neighbours in G — F in B; gets sampled into V;.
That is,
{U € NG—F(Bi) : (NG_F(’U) N Bi) NV, # @} C Bin \Bz (7)
We will show that, for any set W C V(G) with |[W| < 2n and B; C W
s|W _ 4 22
P (|{v € Ng_rp(W): (Na_r(0) NW)NV; £ 0} > 2(1|)2> > 1 — ¢~ Up!IB1l/(0gm)*?) (8)

Given (8), we will have that for all 1 <i < /¢ —1,

2 e| B e|Bi] ‘ 2
> Z . > ) > . | > — < =
P18 2 §non 1B \Bil 2 oot ) 2 P (1B \ Bl 2 gt (18] < S
e|B;| 2
P (o € No-r(B) s (Nar() N B) Vi £ 0} 2 55,080 1B < $n

(? 1— 6—9(p4|B1|/(10gn)22) >1-— e—Q(\U|(logn)2)7

where in the last inequality we used that [B;| > [Ng_p(U)| > [Ulp~*(logn)** — |F| > 1|U|p~*(log n)>*.

Let then W C V(G) satisfy [W| < 2n and By € W. As [W| < 2n and |F| < |U| < |By| < [W| < s|W|/4, we
can apply Lemma 28 with W in place of U, r = p~1(logn)* and t = p~2(logn)? (note that the lemma applies since
s > 20p~3(logn)® = 20rt). Hence, one of the two cases a) or b) from Lemma 28 holds; we will show that (8) holds

in either case.
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a) Suppose that G — F contains l(h)*ll‘EVil‘l vertex-disjoint stars, each with p=2(logn)? leaves, centre in W and all

log n)
leaves in Ng_p(W). Let C C W be the set of centres of such a collection of stars, and note that

{v € Na—p(W) : (Na—r(v) NW)NV; # 0} > |CNVi| - p~*(logn)®. 9)
By the Chernoff bound and (5), and as p?/(logn)™ < 1 and |W/| > |B,|, with probability at least 1 — e~9I¢1/12 =

1— (Wl /0en)*) 5 1 _ o= 2" 1Brl/Gogn)™) o have (O V;| > 4C1 > % This, combined with (9), implies
(8).

b) Suppose instead that there is a bipartite subgraph H C G — F with vertex classes W and X C V(G)\ W such that

e|W
o | X|> 2(l(lgn‘)2 and

e every vertex in X has degree at least r = p~!(logn)* in H and every vertex in W has degree at most A = 2t =
2p~2(logn)® in H.

For each v € X, the probability that v has no neighbours in H in V; is at most

- - () 7
1— "= (1—=qg)? 1(10g ")4 < o~ apP 1(log n)4 < e —1/6
1-q=1-0q <e Qe l
Let Y be the random variable counting the number of vertices in X having a neighbour in V; in H, so that E[Y] > Dg .

Observe also that Y is A-Lipschitz since for each v € W the event {v € V;} affects Y by at most dy(v) < A. Hence,
by Lemma 15 with k = A, t = @ and N = |W/|, we have

x| X 2XPY _ (it ogmy®

P(y <P(Y<E[Y]-2) <2exp(-Z5 ) = P!/ (logn)**)

< <16 )" <EN]-T5 ) s2ew (g ) =€

Each vertex in X with a neighbour in V; in H belongs to {v € Ng_p(W) : (Ng_r(v) N W) NV; # 0}. Hence, with

probability at least 1— e~ 2(IWIp*/(oam)™) e have Hv € Na_p(W): (Ng_rp(0)NW)NV; £0}| > Y > % > QsangVL)m

This means that (8) holds in case b) as well, completing the proof of the claim.

As By and V; are independent, by the Chernoff bound, we have that

31p 2 . 2 4p 3lp _O(n

o s 61 —O(n.
and, similarly, we have P (|V| > %2n) < e=©("p),

Thus, by the claim, altogether we have that

i) for each i € [¢ — 1], |By| > nor|Bl+1\B\>%
ii) |Be| < 2nor |BeN V| > 31pn and

iii) |V] < &2n

with probability at least

~ (logn)* - e~ 2(1U1008m)?) _ =6(mp) > 1 _ o~(IUl0gm)?)

4
(1021;)24 as [Ng(U)| > [U[p~*(logn)**

However, if i)—iii) all hold, then, for each i € [¢], we have

9 - i 2 €l
e )2 & > min § - 56(Tog 2
|B;| > mm{3n7 (1 + 25(logn)2) U|} > mln{3n7exp <26(logn)2>}’

so that, setting i = £ = (logn)?, we obtain that |Bs| > 2n, and hence, by ii) and iii), that |[B, N V;| > %

where we used that |U| <

Thus, by (6), we have that |BS_ (U, V)| > % with probability at least 1 — e~ 2(IU110gm)%) O
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7.5 Expansion of all sets into a random vertex set with poor robustness

We now use Lemma 29 and Lemma 33 to prove the following result.

Lemma 34. Let 0 < p < 1. Suppose that G is an n-verter (¢, s)-expander with 27100 < ¢ < 1 and s > 20p~*(logn)?*

Let V' be a p-random subset of V(G). Then, with probability 1 — o(1/n), for every U C V(G) and every F C E(QG)
4

with |F| < A2 L

< Togme™

1BlE ™" (1, V)] > % (10)

Proof. Say that a set U’ C V(G) is well-ezpanding in G if |[Ng(U')| > |U’|p~*(logn)?*. Since s > 20p~3(logn)*?
given a non-empty well-expanding set U’ C V(G) and a set of edges F' of size at most |U’|, Lemma 33 applied to U’
implies that

log n)% ‘V‘
1BUEM (U, V) > 2L

(11)

fails with probability at most e~ U’ |(logn)*)

Now, a union bound over all pairs (U’, F') such that U’ is a well-expanding set in G and F is a set of at most |U’|
edges tells us that some such pair (U’, F) fails (11) with probability at most

Z -Q(|U’|(log n)? z_: ( )( ) . o~ Qu(logn)?)

(U’,F)
w- n3u . e—Q(u(logn)z) < Ze—Q(u(logn)2) — 0(1/71).
1 u=1

| /\

IN

MS Il M:

g
Il

Thus, with probability 1 — o(1/n), we can assume that (11) holds for every well-expanding set U’ and set F' C E(G)
4
with |F| < |U’|. We will now show that this implies that (10) holds for all U C V(@) and F C E(G) with |F| < 21Ul

(log n)27

completing the proof.

Let U C V(G) with |U| < 2n and let F C E(G) satisfy the (slightly weaker) condition |F| < 2p'|U] Then, applying

(logn)?7
Lemma 29 (with A = p~*(logn)?* < s), there is a set U’ C U which is well-expanding for which |U’| > 351;‘5)' o -
Noting that |F| < |U’| (as we may assume that n is large), we therefore have that
(logn logn |V|
BEED UV 2 |BES U V)] >

Finally, consider U C V(G) with |U| > Zn and let F C E(G) satisfy |F| < @TLSL,. Let U C U be an arbitrary subset

_ .-
with 2 < |U] < 2n, so that we have |F| < (1201;1‘11)]2'7, and hence, from what we have just shown,

Vi

log n logn
BEEY (U V)] = [BEE (O.V)] >

as required. O

7.6 Expansion of all sets into a random vertex set with improved robustness

We are now ready to prove Lemma 23 in the following (equivalent) form which incorporates Definition 22.

Lemma 35. Let 0 < p < 1. Suppose that G is an n-vertez (e, s)-expander with 279 < ¢ < 1 and s > p~*(logn)3°

Let V' be a p-random subset of V(G). Then, with probability 1 — o(1), for every U C V(G) and every F C E(G) with
8

|F| < 2 |U|s

(10g n)GO )

|B(108”) (U V)| |‘2/‘
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Proof. Let k = |p*s/(logn)3°]. Then by the assumption on s, we have k¥ > 1. Also, as our lemma concerns the
asymptotic probability as n — oo, we may assume that n is sufficiently large and therefore es/k > 10°(logn)3. Hence,
using Lemma 30, we can obtain edge-disjoint graphs G1,. .., Gy such that E(G) = U;cj E(G;) and, for each i € [k],
G is an (§, s")-expander with vertex set V(G), where s’ = ToTh(egmy? - BY the choice of k, we have s’ > 20p~*(logn)**
so by Lemma 34 and a union bound over the k graphs G;, with probability 1 — o(1) we have that, for each ¢ € [k] and
every U C V(G;) and F C E(G;) with |F| < p'|U]|

(logn)27>

on V

Now let U C V(G) and F C E(G) with |F| < (fil%. As the graphs G;, i € [k], are edge-disjoint, there exists some

i € [k] such that |[F'N E(G;)| < k(lo‘g[ill)sﬁo < (log‘n)L7’ and therefore

ogn O, V
B V)] 2 1B iy (0 V)] > 1oL

This proves the lemma. O

8 Concluding remarks

Note that our regularisation lemma (Lemma 3) is vacuous when the average degree d is less than about logn. However,
using the same approach, one can also obtain meaningful analogues of Lemma 3 when d is very small. Indeed, one can
replace the use of the union bound by an application of the Lovasz local lemma in the proof of Lemma 16, and obtain
the following results. (Note that a downside is that, due to the use of the local lemma, the results no longer have the
useful property that, for example, with high probability the nearly-regular subgraph contains a large random subset

of V(Q).)

Lemma 36. There exists some C > 0 such that for each 1/d < v < 1/100 the following holds. Let G be a graph with
degrees between d and (1+7y)d. Then, for somed > (1—40v)d, G contains a subgraph G' with |V (G")| > (1—407)|V(G)]
and degrees between d' and d' + C'logd’.

Lemma 37. There exists some t > 1 such that the following holds for all C > 1 and C' > C'. For any d, if a
graph has degrees between d and Cd, then it contains a subgraph with degrees between d' and d' + C'logd’ for some
d >d/C".

We remark that Lemma 36 and Lemma 37 will be used by Montgomery, Miiyesser, Pokrovskiy and Sudakov in their
upcoming work [35]. Moreover, in our upcoming paper [12|, using further ideas, we prove that every graph with
degrees between d and Cd contains an r-regular subgraph, where r > d/C”’ for some C’ which is a polynomial in C.
This shows that the conclusion of Lemma 37 can be strengthened to find a fully regular subgraph. Furthermore, this
can be used to make significant progress on an old problem of Rédl and Wysocka [40] (see [12]).

Acknowledgements. We are grateful to Noga Alon and Benny Sudakov for helpful comments and suggestions.
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A Finding an 18-almost-regular expander

In this appendix we prove Lemma 6. For convenience, we repeat the lemma along with the definition of our expander.

Definition 5. An n-vertex graph G is an (g, s)-expander if, for every U C V(G) and F C E(G) with 1 < |U| < %n
and |F| < s|U|, we have

elU|
(logn)?”
Lemma 6. Let n be a sufficiently large integer and let 0 < ¢ < 273. Let G be an n-vertex graph with d(G) > (logn)*.

Then, G contains an 18-almost-regqular bipartite subgraph G" with d(G') > % which is an (g, s)-expander for some
d(G")

S Z Tog V(GNE "

[Ne-r(U)| 2 (1)

We will use the following lemma, which finds a robust expander in any graph G whose average degree is very close to
that of G, while also ensuring that the minimum degree of the expander is large.

Lemma 38. Let n be a sufficiently large integer and 0 < & < 273. Let G be an n-vertex graph with d(G) > (logn)?.
Then, G contains a subgraph G’ satisfying the following properties.

o G is an (e, s)-expander for some s > %.

o d(G") > d(G)(1— =22 ).

~ Toglogn
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o 5(G) > 49,

Proof. We will define a procedure that finds the desired subgraph G’ in G. At every step, we consider a subgraph H
and show that either H satisfies the desired properties (in which case we end the procedure and set G’ := H) or we
can find a certain subgraph H' C H and continue the procedure with H’. Before describing the procedure, we prove
the following claim.

Claim 1. Let H be a subgraph of G which is not an (g, s)-expander with s = %, and let A = W,
Then there is a set Y C V(H) with |Y| < 3|V (H)| such that d(H[Y]) > (1 — X)d(H) or there is a set X C V(H) with
X #V(H) such that d(H[X]) > d(H).

Proof of Claim 1. As H is not an (&, s)-expander, there are sets U C V(H) and F C E(H) with 1 < |U| < 2|V (H)|

and |F| < s|U] such that [Ny p(U)| < qoztyipe- Let ¥ =UUNg_p(U) and X = V(H) \ U. Note that

d(H)(U| + |X|) = 2e(H) < 2e(H[Y]) + 2e(H[X]) 4+ 2|F| < 2e(H[Y]) + 2e(H[X]) + 2s|U]. (12)

We claim that either d(H[Y]) > (1 — A\)d(H) or d(H[X]) > d(H). Indeed, otherwise, by (12), we have

d(H)(|U] +[X]) < (1 = N)d(H)|Y] + d(H)|X] + 2s|U| < (1 = N)d(H)(|U| + [Ny -p(U)]) + d(H)|X| + 25|U|.

Hence, we have
elU]

d(H)(JU| + X)) < (1 - A)d(H) (|U| " log V(]2

) +d(H)|X| + 2s|U].

Rearranging, and dividing by |U|, we obtain

B (I=XNe 5
4(H) (A <1og|v<H>|>2> < 2 (13)

However, by the choice of A, the left-hand side of (13) is more than d(H) ()\ - W) =d(H) ((log\?{/ﬁ) > 2s,
a contradiction. Therefore, we have either d(H[Y]) > (1 — A\)d(H) or d(H[X]) > d(H). Moreover, since ¢ < 273, in
the former case, |Y| = |[UUNg_p(U)| < (1+ W)\m < (1+ W) - 2|V(H)| < §|V(H)|, as desired.
This proves the claim. O

Now, we describe our procedure. Let d; = d(G). Starting with Gy = G, iteratively, for every i > 1, we do the
following as long as |V(G;)| > d1/2 holds, where we use A = W.

e If G; has a vertex v with degree less than d(G;)/2, we define G;11 := G; \ v and proceed to the next step with G;1.
(Note that, in this case, d(Gi+1) > d(G;).) Otherwise, we proceed to the next bullet point.

e If G; is an (g, s)-expander with s = %, then define G’ = G; and stop this procedure. Otherwise, we apply

Claim 1 with H = G; to get a set X or Y as in the claim. In the former case, we have d(H[X]) > d(H), and so
define G;41 := H[X] and proceed to the next step with G;;1. For the latter case, we have d(H[Y]) > (1 — X\)d(H),
and so define G;41 := H[Y] and proceed to the next step with G;11, noting that [V (G,4+1)| = |Y| < 3|V(G;)|.

Suppose that the above procedure terminates with the graph G;. For every i € [t], define n; := |V(G;)| and d; := d(G;).
By the stopping condition, note that n;—1 > d1 /2. Our goal now is to show that the graph G; is our desired subgraph
G’. Note that, in the above procedure, we have d;r1 < d; only if n;11 < %ni. Moreover, by Claim 1, in this

case, di1 > (1 — m)di. We now wish to obtain a lower bound on d;. Let I be the set of i € [t — 1] for
which d;y1 < d;, noting that, as n;11 < %ni for each i € I, for each j there is at most one value of ¢ € I with

(d1/2) - (4/3)F < n; < (di/2) - (4/3)7*1. Then, we have

oz T (1 ) 2 11 (- g am) 24 (- X e ame) 0

i>0
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Let k be an integer such that (4/3)F < d;/2 < (4/3)**!. Then, since n is large enough,

3 3 3 20 40 100
2 Tog @ /2 AN © 2 Tog (@RI~ 2 Pllog@a)E = 22 2 = & = Togdy

i>0 i>k

100 50
>dy(1- —— ) > 1——— ).
= ( log d1) 2 dG) ( log 10gn>

Since d; > dy /2, we have ny > dy /2. Therefore, the procedure could have only stopped because G’ := G; is an (e, s)-

Thus, by (14), we have

expander with s = %. Moreover, it has average degree d(Gy) = d; > d(G) (1 - 1og512gn)7 and minimum

degree at least d(G;)/2 > d(G)/3. Thus, G’ = Gy is the desired subgraph. This completes the proof of the lemma. O

We combine the above lemma with the following result, which can be proved using an approach of Pyber [36], as is
done by Alon, Cohen, Dey, Griffiths, Musslick, Ozcimder, Reichman, Shinkar and Wagner in [3] and by Buci¢, Kwan,
Pokrovskiy, Sudakov, Tran and Wagner in [10].

Lemma 39. Every n-vertexr graph with average degree d contains a 6-almost-regular subgraph with average degree at
least ﬁ.
gn

We are now ready to prove Lemma 6.

Proof of Lemma 6. First, using a common folklore result, let Gy be a bipartite subgraph G with average degree
at least d(G)/2. Then, we apply Lemma 39 to Gy in order to find a (bipartite) 6-almost-regular subgraph G; C G

with d; = d(Gy) > 20%(12”. Now we apply Lemma 38 (with G playing the role of G) to obtain a subgraph Gs C G4

which is an (g, s)-expander for some s > (log\d‘(/%7 satisfying d(G2) > di(1 — W) and 6(Ga) > 4.
Lemma 38 indeed applies since d(Gy1) > % > (logn)?. Moreover, since |V(G1)| > d(G1) > (logn)?, we have

50 d d(G
d(GQ) 2 dl(l - loglog|V(G1)\) = 71 2 400(log)gn'

Note that since (7 is 6-almost-regular, it has maximum degree at most 6d;. Since G is a subgraph of GGy, it also has

maximum degree at most 6d;, while, as noted above, its minimum degree is at least %, so G is 18-almost-regular.
Thus, G’ :== G C G is the desired 18-almost-regular (g, s)-expander. This completes the proof of the lemma. O
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