4-books of three pages

Zoltán Füredi,^1 Oleg Pikhurko,^2 and Miklós Simonovits^3

1 Dept. of Mathematics, University of Illinois at Urbana-Champaign Urbana, IL61801, USA 2 Department of Mathematical Sciences, Carnegie Mellon University Pittsburgh, PA 15213-3890, USA 1,3 Rényi Institute of Mathematics of the Hungarian Academy of Sciences Budapest, P. O. Box 127, Hungary-1364.

E-mail: z-furedi@math.uiuc.edu, furedi@renyi.hu,

miki@renyi.hu and URL address: http://www.math.cmu.edu/~pikhurko

Abstract

Let H be a 4-uniform hypergraph on an n-element vertex set V containing no 4- book of 3 pages, i.e., a hypergraph of 4 quadruples with vertices {1, 2, . . . , 7} and edges {1234, 1235, 1236, 4567}. Then for n > n_0 e(H) ≤ ( ⌊n/2⌋ 2 )( ⌈n/2⌉ 2 ) . Moreover, here equality is possible only if V (H) can be partitioned into two sets A and B so that each quadruple of H intersects A (and B) in exactly two vertices.

1. Introduction

Extremal graph theory is one of the most developed areas in graph theory, strongly connected to several other fields. As we move from ordinary graphs to multigraphs or digraphs, the problems become much more involved and for hypergraphs they become almost intractable. We know only very few asymptotic or exact results in Turán hypergraph problems. The aim of this note is to increase the number of non-trivial exact results.

The basic problem is as follows. Given a class of k-uniform hypergraphs L determine ex(n, L), the maximum number of edges of a k-uniform hypergraph of n vertices without any subhypergraph isomorphic to the members of L.

1 Research supported in part by the Hungarian National Science Foundation under grants OTKA T 032452, T 037846 and by the National Science Foundation under grant DMS 0140692.

3 Research supported in part by the Hungarian National Science Foundation under grants OTKA T 038210, T 034702. 1

We shall consider here the case of so called “booklike graphs”: for given k we shall consider k-uniform hypergraphs, (later we shall restrict ourselves to 4-uniform hypergraphs) and for fixed k, p and i (k ≥ p + i and p ≥ 1, i ≥ 0) we shall denote by B^k(p, i) the kuniform hypergraph with p + 1 k-edges, with vertex set {x_1, . . . , x_{k−1}, y_1, . . . , y_{k−i}}, where the first p k-tuples are of form {x_1, . . . , x_{k−1}, y_ℓ} for 1 ≤ ℓ ≤ p, and the last edge is of form {x_1, . . . , x_i} ∪ {y_1, . . . , y_{k−i}}. Several booklike hypergraphs were investigated before. Katona asked and Bollobás [1] proved that if a 3-uniform hypergraph H contains no three triplets A, B, C for which AΔB ⊆ C (where Δ denotes the symmetric difference), then e(H) ≤^{n3}_{27} . In fact, he proved

ex(n, {B^3(2, 0), B^3(2, 1)}) = ⌊ n + 2 3 ⌋ ⌊ n + 1 3 ⌋ ⌊ n 3 ⌋ . This was extended by Frankl and Füredi [5]. They proved that for n > 3000, ex(n, {B^3(2, 0)}) = ex(n, {B^3(2, 0), B^3(2, 1)}). (Keevash and Mubayi [11] reduced the threshold 3000 to 33.) Mubayi and Rödl [12] showed that lim_{n→∞} ex(n, B^3(3, 0))/ (_n 3 ) ≤^1_2 and conjectured that the limit density is^4_9 . This was proved by Füredi, Pikhurko, and Simonovits [9, 10]. Put s(n, k) := ex(n, {B^k(2, 0), . . . , B^k(2, k − 2)}). De Caen asked to determine or estimate s(n, k). Sidorenko [13] solved the case k = 4, (in a slightly different form), his results were extended by Frankl and Füredi [7] for k = 5, 6. They proved that if n > n_0, then s(n, 4) =^{n4}_{44} , s(n, 5) =^6_{114} n^5, and s(n, 6) =^{11}_{125} n^6 whenever 4, 11 or 12 divides n (respectively),

Using some results of Erdős [4] or Brown and Simonovits [3] one immediately sees that the extremal number for a forbidden k-uniform hypergraph F and its blown up versions F(t) differs only by o(n^k). This immediately implies that all the above results extend to the blown-up versions and that in most cases excluding many hypergraphs can be replaced by excluding just one of the hypergraphs, e.g.,

s(n, k) = ex(n, B^k(2, 0)) + o(n^k).

2. New results on 4-books

Here we shall consider 4-uniform hypergraphs. Let F_6 be a hypergraph with vertex set {1, 2, . . . , 6} and edge set E(F_6) := {1234, 1235, 1236, 1456}. Define F_7 with V (F_7) := {1, 2, . . . , 7} and E(F_7) := {1234, 1235, 1236, 4567}. Using the notation of the previous Section we have F_6 = B^4(3, 1) and F_7 = B^4(3, 0). Define the (2, 2)-partitioned hypergraph H_{2,2}(A, B) as follows. V (H) = A ∪ B with A ∩ B = ∅ and E(H) := {E : |E| = 4 and

|E ∩ A| = |E ∩ B| = 2}. Then e(H_{2,2}(A, B)) = (_{|A|} 2 )(_{|B|} 2 ) and one can easily see that this hypergraph does not contain an F_7, nor F_6. Taking |A| = ⌈n/2⌉, |B| = ⌊n/2⌋ one obtains the hypergraph H^n. The next theorem states that H^n is the largest F_7-free nvertex hypergraph.

The forbidden hypergraph, F_7 := B^4(3, 0) The extremal structure, H_{2,2}(A, A)

Theorem 1. Let n > n_0. Then ex(n, F_7) = (_{⌊n/2⌋} 2 )(_{⌈n/2⌉} 2 ) and the only extremal hypergraph is H^n.

Theorem 2. There exists a ϑ > 0 such that the following holds. If H is an n-vertex 4-hypergraph with

deg_{min}(H) ≥ (1 − ϑ) n^3 16 (1) (and n > n_0) then either H contains an F_7 or its vertices can be partitioned into two classes, A and A so that each edge of H intersects each class in two vertices. Theorem 3. For every ε > 0 there exists a δ = δ(ε) > 0 and n_1 = n_1(ε) such that the following holds. If H is an n-vertex 4-hypergraph containing no F_7 with e(H) ≥ (1 − δ) n^4 64 and n > n_1 then its vertices can be partitioned into two classes, A and A so that by deleting and adding at most εn^4 hyperedges from H one gets H_{2,2}(A, A). That is E(H) △ E(H_{2,2}(A, .A)) < εn^4. The strongest result here is Theorem 2, its proof is presented in Section 3. For simplicity we suppose that ϑ = 1/2500 and n_0 = 200, 000, although a careful calculation can show that ϑ = .00148 > 1/700 and n_0 = 50, 000 also works. In Section 4 we explain how the main theorem implies Theorem 1. Theorem 3 is easily implied by Theorem 2, too, its proof is similar of those in [10] and it is omitted.

3. Proof of Theorem 2

For an arbitrary hypergraph H and a subset X ⊂ V (H), let N_H(X) denote the neighborhood of X, N_H(X) := {E \ X : X ⊂ E ∈ E(H)}. The size of N(X) is called the degree of X in the hypergraph H and is denoted by deg_H(X). Consider an F_7-free 4-uniform hypergraph H with the n-element vertex set V , and edge set E(H) ⊂ (_V 4 ) . Suppose that H satisfies the min-degree condition (1) with ϑ = 1/2500, n ≥ n_0 = 200, 000. We have to show that it can be (2, 2)-partitioned if n is sufficiently large.

3.1. A 3-partition of V (H)

Take an A which is the largest neighborhood of a triple x_1, x_2, x_3: A := N(x_1, x_2, x_3), α := |A|. H is F_7-free, therefore

F ∈ E(H), |F ∩ A| ≥ 3 imply that F ∩ {x_1, x_2, x_3} ≠ ∅. (2)

Choose now two vertices, a_1, a_2 ∈ A and a third one, x ∉ A for which |N(a_1, a_2, x) \ A| takes its maximum and denote it by B.

|B| := max a_1,a_2∈A,x∉A |N(a_1, a_2, x) ∩ A|, β := |B|. Finally, C := V \ (A ∪ B), γ := |C|. We have n = α + β + γ.

Let H_3 be the subhypergraph of H consisting of the edges containing a triple with degree at most 3: E(H_3) := {F ∈ E(H) : deg_H(X) ≤ 3 for some |X| = 3, X ⊂ F }. Obviously,

e(H_3) ≤ 3 ( n 3 ) . (3)

Let H_4 be the hypergraph with edge set E(H) \ E(H_3). The following claim is implied by (2).

Claim 4. For any hyperedge F ∈ E(H_4) we have |A ∩ F | ≤ 2 and |B ∩ F | ≤ 2. (4) Denote the number of hyperedges of H meeting A in i vertices by Δ_i. Again (2) implies that Δ_4 = 0, and all edges meeting A in 3 vertices belong to E(H_3), and

Δ_3 ≤ 3 ( α 3 ) . (5)

3.2. Estimating the degrees in A

The following identity will be our starting point. (It is implied by Δ_4 = 0). ∑ x∈A deg(x) = Δ_1 + 2Δ_2 + 3Δ_3. (6)

We will give upper bounds for various linear combinations of the Δ_i’s. First, since every |N(a, x, y)| ≤ α, one has 3Δ_1 + 2Δ_2 = ∑ a∈A, x,y∈A |N(a, x, y)| ≤ α ( n − α 2 ) · α. (7)

Next, we use that |N(a, a^′, y) ∩ A| ≤ β holds for every a, a^′ ∈ A, y ∈ A.

2Δ_2 = ∑ a,a^′∈A, y∈A |N(a, a^′, y) ∩ A| ≤ ( α 2 ) (n − α) · β. (8)

Consider the linear combination of (5), (7), and (8) with coefficients 3/α, 1/(3α) and 2/(3α), respectively. Then on the left hand side we get Δ_1 + 2Δ_2 + 3Δ_3. So (6) gives 1 α ∑ a∈A deg(a) ≤ 9 6 (α − 1)(α − 2) + 1 6 α(n − α)(n − α − 1) + 2 6 (α − 1)(n − α) · β

< 1 6 ( 9n^2 + 1 4 n^2(n − α − 1) + 2 4 n^2β ) = n^2 24 (35 + n − α + 2β).

Comparing this upper bound for the minimum degree to the lower bound (1), we obtain

(1 − ϑ) n^3 16 ≤ deg_{min}(H) ≤ min_{a∈A} deg_H(a) < n^2 24 (35 + n − α + 2β) . (9)

Multiplying by 24/n^2, rearranging, and using β ≤ α we obtain that n 2 − 3 2 ϑn − 35 < −α + 2β ≤ β ≤ α. (10) We obtain

Claim 5. For n > 70/ϑ one has^1_2 n − 2ϑn ≤ β ≤ α ≤^1_2 n + 2ϑn. Thus γ < 4ϑn.

3.3. Large independent sets

By (4), for every hyperedge F ∈ E(H_4) with F ⊂ A ∪ B one has |A ∩ F | = |B ∩ F | = 2. Our next aim is to show that almost all hyperedges of this type belong to H. Let R be the family of 4-subsets missing from H_{2,2}(A, B), i.e., R := {G : |G| = 4, |A ∩ G| = |B ∩ G| = 2 and G /∈ E(H)}. Claim 5 and (3) imply that e(H) ≤ e(H_{2,2}(A, B)) − |R| + ∑ x∈C deg(x) + e(H_3) ≤ ( α 2 )( β 2 ) − |R| + γ ( n 3 ) + 3 ( n 3 ) . (11)

The lower bound (1) implies e(H) = 1 4 ∑ x∈V deg_H(x) > 1 4 n (1 − ϑ) n^3 16 . Comparing this to (11) one gets |R| < ( α 2 )( β 2 ) + (n − α − β) ( n 3 ) + 3 ( n 3 ) − (1 − ϑ) n^4 64 . For a given n and variables α, β, γ ≥ 0 with α + β + γ = n and an upper bound on γ, 0 ≤ γ ≤ M, the right hand side is maximal when γ is maximal. Using Claim 5 to estimate α, β and γ one gets |R| < 1 4 (n 2 − 2ϑn )_4 + 4ϑn n^3 6 + 3 n^3 6 − 1 64 n^4 + ϑ 64 n^4 < ϑ 2 n^4. (12)

Claim 6. There exist an A_0 ⊂ A and B_0 ⊂ B such that

(i)^1_2 n − 40ϑn < |A_0|, |B_0| <^1_2 n + 40ϑn, and thus for C_0 := V \ (A_0 ∪ B_0), |C_0| < 80ϑn; (ii) |F ∩ A_0| ≤ 2, and |F ∩ B_0| ≤ 2 hold for every F ∈ E(H).

Hence F ⊂ (A_0 ∪ B_0), F ∈ E(H) imply |F ∩ A_0| = |F ∩ B_0| = 2;

Proof. A set X ⊂ V (H) is called 2-independent if F ∈ E(H) implies |F ∩ X| ≤ 2. Let B_0 be a 2-independent subset of B of maximum size, and let β_0 := |B_0|. We will show β_0 > β − 38ϑn. Consider two disjoint triples T_1 := {a_1, a_2, b_1}, T_2 := {a_3, a_4, b_2} with a_i ∈ A, b_j ∈ B.

Our main observation is that (2) implies that the set N(T_1) ∩ N(T_2) is 2-independent. Indeed, in case of |F ∩ N(T_1) ∩ N(T_2)| ≥ 3, either F and three triples through T_1 or F and three triples through T_2 form an F_7. Hence the set N(T_1) ∩ N(T_2) ∩ B is 2-independent, too. We get |N(T_1) ∩ N(T_2) ∩ B| ≤ β_0. Hence |N(T_1) ∩ B| + |N(T_2) ∩ B| ≤ β + β_0.

Sum up this inequality for all possible pairs of triples (T_1, T_2). ∑ T_1 ∑ T_2

(|N(a_1a_2b_1) ∩ B| + |N(a_3a_4b_2) ∩ B|) ≤ ( α 2 ) β ( α − 2 2 ) (β − 1)(β + β_0).

Here the left hand side equals to

2 ∑ a_1a_2∈A b_1∈B

|N(a_1a_2b_1) ∩ B| ( α − 2 2 ) (β − 1), moreover ∑ a_1a_2∈A b_1∈B

|N(a_1a_2b_1) ∩ B| = 2|E(H_{2,2}(A, B)) ∩ E(H)| ≥ 2 (( α 2 )( β 2 ) − |R| ) .

One obtains 4 (( α 2 )( β 2 ) − |R| ) ≤ ( α 2 ) β(β + β_0).

Then β − 2 − 4|R| (_α 2 ) β ≤ β_0. Finally, (12) and Claim 5 implies the desired lower bound for β_0.

The proof of the existence of a 2-independent A_0 ⊂ A with α_0 = |A_0| > α − 38ϑn is similar.

3.4. The bipartition

The sets X and Y have the (2, 2)-property (with respect the hypergraph H) if X, Y ⊂ V (H), X ∩ Y = ∅, and for any F ∈ E(H) we have |X ∩ F | ≤ 2, |Y ∩ F | ≤ 2. Let A^′ ⊃ A_0, B^′ ⊃ B_0 be maximal with respect to the (2, 2)-property, and let α^′ := |A^′| and β^′ := |B^′|, C^′ := V \ (A^′ ∪ B^′), γ^′ := |C^′|. We claim that C^′ = ∅. This will complete the proof of Theorem 2.

Suppose, on the contrary, that there exists a y ∈ C^′, so y cannot be joined to A^′ or to B^′ without violating the (2, 2)-property. This means that there exist an F_1 = {a_1, a_2, y_1, y} and an F_2 = {b_1, b_2, y_2, y} ∈ E(H) with a_1, a_2 ∈ A^′, b_1, b_2 ∈ B^′. We give an upper bound for the degree of y.

For an arbitrary vertex x let deg(x, C^′) be the number of hyperedges containing x and meeting C^′ in a point distinct from x. Similarly, deg(x, A^′B^′) and deg(x, A^′A^′B^′) means the number of hyperedges of H through x meeting A^′ and B^′ in additional vertices, or meeting

A^′ in at least additional 2 vertices, respectively. Since A^′ and B^′ are 2-independent sets we have

deg(y) = deg(y, A^′A^′B^′) + deg(y, A^′B^′B^′) + deg(y, C^′) deg(b_1) = deg(b_1, A^′A^′B^′) + deg(b_1, C^′) deg(b_2) = deg(b_2, A^′A^′B^′) + deg(b_2, C^′) deg(a_1) = deg(a_1, A^′B^′B^′) + deg(a_1, C^′) deg(a_2) = deg(a_2, A^′B^′B^′) + deg(a_2, C^′).

Consider a triple a, a^′ ∈ A, b ∈ B and three four-tuples containing it, namely aa^′bb_1, aa^′bb_2 and aa^′by. If {aa^′b} ∩ {b_1b_2y_2} = ∅, then these three quadruples with F_2 would form an F_7. Hence we get

deg(y, A^′A^′B^′) + deg(b_1, A^′A^′B^′) + deg(b_2, A^′A^′B^′) ≤ 2 ( α^′ 2 ) β^′ + ( n 2 ) . Similarly

deg(y, A^′B^′B^′) + deg(a_1, A^′B^′B^′) + deg(a_2, A^′B^′B^′) ≤ 2 ( β^′ 2 ) α^′ + ( n 2 ) . Using these inequalities, the lower bound (1), and the obvious upper bound deg(x, C^′) < |C^′| (_n 2 ) the sum of the five rows give

5(1 − ϑ) n^3 16 ≤ ∑ x∈{a_1,a_2.b_1,b_2,y} deg(x) ≤ 2 ( α^′ 2 ) β^′ + 2 ( β^′ 2 ) α^′ + 2 ( n 2 ) + 5|C^′| ( n 2 ) .

This and Claim 6 (i) lead to a contradiction for ϑ ≤ 1/2500, n > n_0.

4. The Extremal Hypergraph

Here we prove Theorem 1. Suppose that H is an n-vertex F_7-free hypergraph of maximum size, n > n_0, where n_0 is the bound from Theorem 2. Then e(H) ≥ e(H^n), i.e., e(H) ≥ e(H^n) ≥ 1 64 (n^4 − 4n^3 + 2n^2 + 4n − 3). (13)

To prove Theorem 1, it is enough to show that H is isomorphic to H^n.

4.1. Symmetrization, a lower bound on degrees

As before, H_3 denotes the subhypergraph of H consisting of the edges containing a triple with degree at most 3, and H_4 is the hypergraph with edge set E(H) \ E(H_3). Then (3) holds. The degrees of H_3 and H_4 are abbreviated as deg_3 and deg_4, respectively. An important property of H_4 is that it does not contain any homomorphic image of F_7, or to say it in a simpler way, H_4 does not contain F_6. This implies that the hypergraph obtained by duplicating the vertices of H_4 is also F_7-free (and F_6-free). We apply this fact as follows.

Claim 7. Suppose that x, y ∈ V . Then deg(y) ≥ deg_4(x) − deg(xy).

Proof. Remove all edges of H containing y. Replace each edge of H_4 containing x and not containing y by two quadruples, namely F ∈ E(H_4), x ∈ F , y /∈ F is replaced by itself and by F \ {x} ∪ {y}. There are at least deg_4(x) − deg(xy) such edges. If the resulting hypergraph, H^′ contained an F_7, then in the original H_4 we would have an F_6 or F_7, a contradiction. Indeed, we have to check only the case of F_7. All the pairs of vertices in F_7 − y are covered by an edge, so we have to check only the case when y is the singular vertex “7” of F_7. Finally, since H^′ is F_7-free and e(H) is maximal, we have e(H^′) ≤ e(H) proving the claim.

Add up these inequalities for every x ∈ V (including x = y). We obtain

n deg(y) ≥ ∑ x∈V deg_4(x) − ∑ x∈V \{y} deg(xy) = 4e(H_4) − 3 deg(y).

Rearranging and using the lower bound (13) for e(H) and the trivial upper bound (3) for e(H_3) one gets

deg(y) ≥

4e(H) − 4e(H_3) n + 3 ≥ 1 16 (n^3 − 39n^2 + 215n − 705) + 132 n + 3 ≥ 1 16 (n^3 − 39n^2). (14)

This implies that the lower bound condition (1) holds for H, hence Theorem 2 can be applied. We get that the vertex set of H has a 2-partition such that E(H) ⊆ E(H_{2,2}(A, A)). Then trivially, |E(H)| ≤ e(H^n).

References

[1] B. Bollobás, Three-graphs without two triples whose symmetric difference is contained in a third, Discrete Math. 8 (1974), 21–24.

[2] B. Bollobás, Extremal Graph Theory, Academic Press, London, (1978). [3] W. G. Brown, M. Simonovits, Digraph extremal problems, hypergraph extremal problems, and the densities of graph structures. Discrete Math. 48 (1984), 147–162.

[4] P. Erdős, On some extremal problems on r-graphs, Discrete Math. 1 (1971), 1–6. [5] P. Frankl and Z. Füredi, A new generalization of the Erdős-Ko-Rado theorem, Combinatorica 3 (1983), 341–349.

[6] P. Frankl and Z. Füredi, Extremal problems and the Lagrange function for hypergraphs, Bulletin of the Institute of Mathematics, Academia Sinica 16 (1988), 305–313.

[7] P. Frankl and Z. Füredi, Extremal problems whose solutions are the blow-ups of the small Witt-designs, J. Combin. Theory, Ser. A 52 (1989), 129–147.

[8] Z. Füredi, Turán type problems, pp. 253–300, in “Surveys in Combinatorics, 1991”, edited by A. D. Keedwell, Cambridge University Press 1991.

[9] Z. Füredi, O. Pikhurko and M. Simonovits, The Turán density of the hypergraph {abc, ade, bde, cde}, Electronic J. Combinatorics 10 (2003), 8 pp.

[10] Z. Füredi, O. Pikhurko and M. Simonovits, On triple systems with independent neighborhoods, Comb. Prob. Comput. to appear [11] P. Keevash and D. Mubayi, Stability theorems for cancellative hypergraphs, to appear [12] D. Mubayi and V. Rödl, On the Turán number of triple systems, J. Combin. Theory, Ser.

B 100 (2002), 135–152.

[13] A. Sidorenko, On the maximal number of edges in a homogeneous hypergraph that does not contain prohibited subgraphs, Mat. Zametki 41 (1987), 433-455.