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Example Sheet 5
Please turn in a solution to one of Exercise (5.3), (5.4) or (5.5) by 12:00 on 9/11/2020

on Moodle.

(5.1) For this problem you might want to recall some linear algebra. Let A ∈ Rm×d

by an arbitrary matrix, with m ≥ d. Show that the function

f(w) = ‖Aw − b‖22
is convex (the 2-norm is defined as ‖w‖2 = w>w). Moreover, if the matrix A has rank
n, then it is strictly convex and the unique minimizer is

w∗ = (A>A)−1A>b.

(5.2) Which of the following functions are convex?

(a) f(x) = log(x) on R++ (the positive real numbers);

(b) f(x) = x4 on R;

(c) f(x) = x1x2 on R2
++;

(d) f(x) = x1/x2 on R2
++;

(e) f(x) = ex − 1 on R;

(5.3) Let {fi}i∈I be convex functions defined on Rd. Show that the function

g(w) = sup
i∈I

fi(w)

is convex.

(5.4) Show that if f(w) is a convex function, then the set {w : f(w) ≤ 0} is a convex
set. Conclude that the feasible set

C = {w ∈ Rn : g1(w) ≤ 0, . . . , gm(w) ≤ 0, h1(w) = 0, . . . , h`(w) = 0},

with gi convex and hj linear, is a convex set.

(5.5) Consider the following problem

minimize x2
1 + 2x2

2

subject to (x1 − 1)2 + x2
2 ≤ 1

x2 = 1.

Sketch the feasible set and the level sets of the objective function, and determine an
optimal point x∗ and the corresponding optimal value p∗. State the KKT conditions
for this problem. Do there exist Lagrange multipliers that certify that x∗ is an optimal
point? (that is, that satisfy the KKT conditions with x∗).
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