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Stochastic Gradient Descent

In this lecture we introduce Stochastic Gradient Descent (SGD), a probabilistic
version of gradient descent that has been around since the 1950s, and that has become
popular in the context of data science and machine learning. To motivate the algorithm,
consider a set of functionsH = {hw : w ∈ Rd}, where each such function depends
on d parameters. Also consider a smooth loss functions L, or a smooth approximation
of a loss function. Given samples {(xi,yi}ni=1 ⊂ X × Y , define the functions

fi(w) = L(hw(xi),yi), i ∈ {1, . . . , n}.

The problem of finding functions that minimize the empirical risk is

minimize
w∈Rd

1

n

n∑
i=1

fi(w).

The fi are often assumed to be convex and smooth. In addition one often considers a
regularization term R(w). In what follows, we abstract from the machine learning
context and consider purely the associated optimization problem.

Stochastic Gradient Descent

We consider an objective function of the form

f(w) =
1

n

n∑
i=1

fi(w). (18.1)

In what follows we assume that the functions fi are convex and differentiable. If n is
large, then computing the gradient can be very expensive. However, and considering
the machine learning context, where f(w) is an estimator of the generalization risk
Eξ[fξ(w)] of a family of functions fξ parametrized by a random vector ξ, we can shift
the focus to finding an unbiased estimator of the gradient. Quite trivially, choosing
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an index j uniformly at random and computing the gradient of fj(w) gives such an
unbiased estimator by definition:

EU [fU (w)] =
1

n

n∑
i=1

fi(w),

where P{U = j} = 1/n for j ∈ [n] = {1, . . . , n}. The Stochastic Gradient Descent
(SGD) algorithm proceeds as follows. Begin with w0 ∈ Rd. At each step k, compute
an unbiased estimator gk of the gradient at wk:

E[gk | wk] = ∇f(wk).

Next, take a step in direction gk:

wk+1 = wk − ηkgk,

where ηk is a step length (or learning rate in machine learning jargon).
While there are many variants of stochastic gradient descent, we consider the

simplest version in which gk is chosen by picking one of the gradients ∇fi(w)
uniformly at random, and we refer to this as SGD with uniform sampling. A commonly
used generalization is mini-batch sampling, where one chooses a small set of indices
I ⊂ {1, . . . , n} at random, instead of only one. We also restrict to the smooth setting
without a regularization term; in the non-smooth setting one would apply a proximal
operator. Since SGD involves random choices, convergence results are stated in terms
of the expected value. Let U be a random variable with distribution P{U = i} = 1/n
for i ∈ [n]. Then

EU [∇fU (w)] =
1

n

n∑
i=1

∇fi(w) = ∇f(w),

so that∇fU is an unbiased estimator of∇f . Assuming that f has a unique minimizer
w∗, we define the empirical variance at the optimal point w∗ as

σ2 = EU [‖∇fU (w∗)‖2] =
1

n

n∑
i=1

‖∇fi(w∗)‖2. (18.2)

We can now state the convergence result for stochastic gradient descent.

Theorem 18.1. Assume the function f is α-strongly convex and that the fi are convex
and β-smooth for i ∈ [n] and 4β > α. Assume f has a unique minimizer w∗ and
define the variance as in (18.2). Then for any staring point w0, the sequence of
iterates {wk} generated by SGD with uniform sampling and step length η = 1/(2β)
satisfies

E[‖wk −w∗‖2] ≤
(
1− α

4β

)k

‖w0 −w∗‖2 + 2σ2

αβ
.
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Proof. As in the analysis of gradient descent, we get

‖wk+1 −w∗‖2 = ‖wk −w∗‖2 − 2η∇fU (wk)>(wk −w∗) + η2‖∇fU (wk)‖2.

Taking the expectation conditional on wk, we get

E[‖wk+1 −w∗‖2 | wk] = ‖wk −w∗‖2 − 2η∇f(wk)>(wk −w∗)
+ η2 E[‖∇fU (wk)‖2 | wk],

(18.3)

where we used the fact that the expectation satisfies E[∇fU (w)] = ∇f(w). For the
last term we use the bound

E[‖∇fU (wk)‖2 | wk] = E[‖∇fU (wk)−∇fU (w∗) +∇fU (w∗)‖2]
≤ 2E[‖∇fU (wk)−∇fU (w∗)‖2] + 2E[‖∇fU (w∗)‖2]
= 2E[‖∇fU (wk)−∇fU (w∗)‖2] + 2σ2.

Using the characterization of β smoothness from the previous chapter, namely

1

β
‖∇fi(w)−∇fi(v)‖2 ≤ (∇fi(w)−∇fi(v))>(w − v), (18.4)

we get that

E[‖∇fU (wk)−∇fU (w∗)‖2 | wk] =
1

n

n∑
i=1

‖∇fi(wk)−∇fi(w∗)‖2

(18.4)
≤ β

n

n∑
i=1

(∇fi(wk)−∇fi(w∗))>(wk −w∗)

=
β

n

n∑
i=1

∇fi(wk)>(wk −w∗)

− β

n

n∑
i=1

∇fi(w∗)>(wk −w∗)

= β∇f(w)>(wk −w∗),

where we used that∇f(w∗) = 0 for the last equality. Hence, we get the bound

E[‖∇fU (wk)‖2 | wk] ≤ 2β∇f(w)>(wk −w∗) + 2σ2.

Plugging this into (18.3), we get

E[‖wk+1−w∗‖2 |wk] ≤ ‖wk−w∗‖2−(2η−2η2β)∇f(wk)>(wk−w∗)+2η2σ2.

Using the α-strong convexity, we get the bound

∇f(wk)>wk −w∗ ≥ f(wk)− f(w∗) + α

2
‖wk −w∗‖2 ≥ α

2
‖wk −w∗‖2,
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since f(wk) ≥ f(w∗), so that we get

E[‖wk+1 −w∗‖2 | wk] ≤ (1− ηα(1− ηβ))‖wk −w∗‖2 + 2η2σ2.

With step length η = 1/(2β), and taking the expected value over all previous iterates,
we get

E[‖wk+1 −w∗‖2] ≤
(
1− α

4β

)
E[‖wk −w∗‖2] + σ2

2β2
.

Applying this bound recursively (and moving the index down), we get

E[‖wk −w∗‖2] ≤
(
1− α

4β

)k

‖w0 −w∗‖2 + σ2

2β2

k−1∑
j=0

(
1− α

4β

)j

≤
(
1− α

4β

)k

‖w0 −w∗‖2 + 2σ2

αβ
,

where we used that 4β > α.

Example 18.2. Consider the problem of logistic regression, where the aim is to
minimize the objective function

f(w) =
n∑

i=1

(
log
(
1 + exp(xT

i w)
)
− yixT

i w
)

over a vector of weightsw. This problem arises in the context of a binary classification
problem with data pairs (xi, yi) and yi ∈ {0, 1}. Setting

p :=
ex

Tw

1 + exTw
,

the resulting classifier is the function

h(w) =

{
1 p > 1/2

0 p ≤ 1/2

The function f is convex, and the gradient is

∇f(w) = −XT (y − p(w)),

where X ∈ Rn×d is the matrix with the xT
i as rows, y = (y1, . . . , yn)

T , and
p(w) ∈ Rn has coordinates

pi(w) =
exp(xT

i w)

1 + exp(xT
i w)

, 1 ≤ i ≤ n.

We can apply different versions of gradient descent to this problem. Figure 1
shows the typical paths of gradient descent and of stochastic gradient descent for a
problem with 100 data points. Note that using a naive approach to computing the
gradient, one would need to compute 100 gradients at each step. Stochastic gradient
descent, on the other hand, fails to converge due to the variance of the gradient
estimator (see Figure 2).



BIBLIOGRAPHY 5

1.0 0.5 0.0 0.5 1.0 1.5 2.0 2.5

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

1.0 0.5 0.0 0.5 1.0 1.5 2.0 2.5

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

Figure 18.1: The path of gradient descent and of stochastic gradient descent with
constant step length.
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Figure 18.2: Convergence of gradient descent and SGD.

Extensions

The version of SGD described here is the most basic one. There are many possible
extensions to the methods. The include considering different sampling schemes,
including mini-batching and importance sampling. These sampling strategies have
the effect of reducing the variance σ2. In addition, improvements can be made in the
step length selection and when dealing with non-smooth function, where the proximal
operator comes into play.

Notes

The origins of stochastic gradient descent go back to the work of Robbins and Monro
in 1951 [4]. The algorithm has been rediscovered many times, and gained popularity
due to its effectiveness in training deep neural networks on large data sets, where
gradient computations are very expensive. Despite its simplicity, a systematic and
rigorous analysis has not been available until recently. The presentation in this chapter
is based loosely on the papers [3] and [1]. A more general and systematic analysis of
SGD that includes non-smooth objectives is given in [2]. These works also discuss
general sampling techniques, not just uniform sampling.
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