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Convexity

Convexity is a central theme in optimization. The reason is that convex optimization
problems have many favourable properties, such the existence of unique global minima.
In addition, convex optimization problems can be solved efficiently, leading to the
often uttered statement that a problem can be considered solved if it can be cast
as a convex optimization problem. Despite being a seemingly special property,
convex optimization problems arise surprisingly often, and many difficult optimization
problems can be approximated by convex problems.

Convex functions

Definition 12.1. A set C ⊆ Rd is convex if for all v,w ∈ C and λ ∈ [0, 1], the line
λv + (1− λ)w ∈ C. A convex body is a convex set that is closed and bounded.

Definition 12.2. Let S ⊆ Rd. A function f : S → R is called convex if S is convex
and for all v,w ∈ S and λ ∈ [0, 1],

f(λv + (1− λ)w) ≤ λf(v) + (1− λ)f(w).

The function f is called strictly convex if

f(λv + (1− λ)w) < λf(v) + (1− λ)f(w).

A function f is called concave, if −f is convex.

Figure 12.1 illustrates what a convex function of one variable looks like. The
graph of the function lies below any line connecting two points on it. A function
f has a domain dom(f), which is where the function is defined. For example, if
f(x) = log(x), then dom(f) = R+, the positive integers. The definition of a convex
function thus states that the domain of f is a convex set S. We can also restrict
a function on a smaller domain, even though the function could be defined more
generally. For example, f(x) = x3 is a convex function if restricted to the domain
R≥0, but is not convex on R.
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Figure 12.1: A convex set and a convex function

A convex optimization problem is an optimization problem in which the set
of constraints Ω and the function f are convex. While most general optimization
problems are practically intractable, convex optimization problems can be solved
efficiently, and still cover a surprisingly large range of applications!

Convex function have pleasant properties, while at the same time covering many
of the functions that arise in applications. Perhaps the most important property is that
local minima are global minima.

Theorem 12.3. Let f : Rd → R be a convex function. Then any local minimizer of f
is a global minimizer.

Proof. Let v∗ be a local minimizer and assume that it is not a global minimizer. Then
there exists a vector w ∈ Rd such that f(w) < f(v∗). Since f is convex, for any
λ ∈ [0, 1] and v = λw + (1− λ)v∗ we have

f(v) ≤ λf(w) + (1− λ)f(v∗) < λf(v∗) + (1− λ)f(v∗) = f(v∗).

This holds for all v on the line segment connecting w and v∗. Since every open
neighbourhood U of v∗ contains a bit of this line segment, this means that every open
neighbourhood U of v∗ contains an v 6= v∗ such that f(v) ≤ f(v∗), in contradiction
to the assumption that v∗ is a local minimizer. It follows that v∗ has to be a global
minimizer.

Remark 12.4. Note that in the above theorem we made no assumptions about the
differentiability of the function f ! In fact, while a convex function is always continu-
ous, it need not be differentiable. The function f(x) = |x| is a typical example: it is
convex, but not differentiable at x = 0.

Example 12.5. Affine functions f(v) = 〈v,a〉+ b and the exponential function ex

are examples of convex functions.

Example 12.6. In optimization we will often work with functions of matrices, where
an m × n matrix is considered as a vector in Rm×n ∼= Rmn. If the matrix is
symmetric, that is, if A> = A, then we only care about the upper diagonal entries,
and we consider the space Sn of symmetric matrices as a vector space of dimension
d = n(n+ 1)/2 (the number of entries on and above the main diagonal). Important
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functions on symmetric matrices that are convex are the operator norm ‖A‖2, defined
as

‖A‖2 := max
v : ‖v‖=1

‖Av‖2
‖v‖2

,

or the function log det(X), defined on the set of positive semidefinite symmetric
matrices Sd+.

There are useful ways of characterising convexity using differentiability.

Theorem 12.7. 1. Let f ∈ C1(Rd). Then f is convex if and only if for all
v,w ∈ Rd,

f(w) ≥ f(v) +∇f(v)>(w − v).

2. Let f ∈ C2(Rd). Then f is convex if and only if∇2f(v) is positive semidefinite
for all v. If∇2f(v) is positive definite for all v, then f is strictly convex.

Example 12.8. Consider a quadratic function of the form

f(v) =
1

2
v>Av + b>v + c,

where A ∈ Rn×n is symmetric. Writing out the product, we get

vTAv =
(
v1 · · · vn

)a11 · · · a1n
...

. . .
...

an1 · · · ann


v1...
vn


=
(
v1 · · · vn

)a11v1 + · · ·+ a1nvn
...

an1v1 + · · ·+ annvn


=

n∑
i=1

n∑
j=1

aijvivj .

Because A is symmetric, we have aij = aji, and the above product simplifies to

vTAv =
n∑

i=1

aiiv
2
i + 2

∑
1≤i<j≤n

aijvivj .

This is a quadratic function, because it involves products of the vi. The gradient
and the Hessian of f(v) are found by computing the partial derivatives of f :

∂f

∂vi
=

n∑
j=1

aijvj + bi,
∂2f

∂vi∂vj
= aij .

In summary, we have

∇f(v) = Av + b, ∇2f(v) = A.
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Using the previous theorem, we see that f is convex if and only if A is positive
semidefinite. A typical example for such a function is

f(v) = ‖Av − b‖2 = (Av − b)T (Av − b) = vTATAv − 2bTAv + bTb.

The matrix ATA is always symmetric and positive semidefinite (why?) so that
the function f is convex.

A convenient way to visualise a function f : R2 → R is through contour plots.
A level set of the function f is a set of the form

{v | f(v) = c},

where c is the level. Each such level set is a curve in R2, and a contour plot is a plot
of a collection of such curves for various c. If one colours the areas between adjacent
curves, one gets a plot as in the following figure. A convex function is has the property
that there is only one sink in the contour plot.

Notes

Convexity plays a central role not only in optimization, but in many other branches
of mathematics, including analysis, geometry and combinatorics. Convex sets, and
in particular convex polyhedra, have been studied since antiquity. A good general
introduction to convexity is [1]. A comprehensive treatment of convex optimization
is [2].

[1] Alexander Barvinok. A course in convexity, volume 54 of Graduate Studies in
Mathematics. American Mathematical Society, Providence, RI, 2002.

[2] Stephen Boyd and Lieven Vandenberghe. Convex optimization. Cambridge
University Press, Cambridge, 2004.


	Convexity
	Bibliography

