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Some Remarks on the Classification of Poisson
Lie Groups

MICHEL CAHEN, SIMONE GUTT AND JOHN RAWNSLEY

ABSTRACT. We describe some results in the problem of classifying the bial-
gebra structures on a given finite dimensional Lie algebra. We consider
two aspects of this problem. One is to see which Lie algebras arise (up to
isomorphism) as the big algebra in a Manin triple, and the other is to try
and determine all the exact Poisson structures for a given semisimple Lie
algebra. We follow here the presentation of the talk that one of us gave
at the Yokohama Symposium; in particular, we recall many well known
properties so that it is essentially self-contained.

1. Introduction

A Poisson structure on a manifold M is a Lie algebra structure on C'°°° (M),
denoted by { , }, satisfying {uv,w} = u{v,w} + v{u,w}. Tt is defined by a
contravariant skew symmetric 2-tensor P on M by {u,v} = (du A dv, P). This
satisfies [P, P] = 0 where [, ] is the Schouten bracket — the natural extension to
contravariant tensor fields of the usual bracket of vector fields; for instance:

[XAY, ZAT) = XA[Y, ZINT= X A[Y, TIANZ =Y N[X, ZINT+Y A[X, TINZ (1)

for XY, Z, T vector fields on M.

DerFINITION 1.1 ([4]). A Poisson Lie group (G, P) is a Lie group G with a
Poisson structure P such that the multiplication (m : G x G — G, (z,y) — zy)
is a Poisson map (where GG x G is endowed with the product Poisson structure).
This is equivalent to the fact that P is multiplicative:

Puy = Ly Py + Ry Py Va,y € G

where L, (resp. Ry) denotes the left (resp. right) translation by # in G and L,
(resp. Rg.) denotes the differential of this map applied to contravariant tensors.
Observe that, if (G, P) is a Poisson Lie group, then
1°) P. = 0 where € is the identity of G|

2°) the inverse map v: G — G, z — z~!

1s a Poisson map.
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EXAMPLE.
1) Any Poisson Lie structure on the abelian group R™ has the form

Py =1/2 > Plab0; no;

i,j,k=1

where the Plij are the structure constants of an n-dimensional Lie alge-
bra.

2) The only Poisson Lie structure on the torus 7" is the trivial zero struc-
ture.

DerFINITION 1.2 ([4]). A Lie bialgebra (g, p) is a Lie algebra g with a 1-cocycle
p: g — A%g (relative to the adjoint action) such that p* : g* x g* — g*(¢,n) —
(£, ] with

(&), X) = (€ A, p(X))

is a Lie bracket on g*. One also denotes the bialgebra by (g, g").

ProposITION 1.1 (DRINFELD [4]). If (G, P) is a Poisson Lie group and g =
Lie(G) then p : g — A%g given by X — (LzP)(e) is a Lie bialgebra (said to be
associated to (G, P)). Here X is the left invariant vector field on G corresponding
to X €eg~T.G.

If (g,p) is a Lie bialgebra and G is the connected simply-connected Lie group
with Lie algebra g, then there exists a unique structure of Poisson Lie group on
G, (G, P) such that (g,p) is the associated Lie bialgebra.

DerFINITION 1.3 ([4]). A Lie bialgebra (g, p) is said to be ezact if the 1-cocycle
p is a coboundary, p = 9Q, for Q € A%g.

This means that 0Qx = [X, Q] and then the condition for (g, dQ) to be a Lie
bialgebra is that the bracket [@Q, @] be invariant under the adjoint action in A3g
where the bracket in A%g is obtained by a formula similar to (1):

[XAY, ZAT] = X ALY, ZIANT=X ALY, TINZ=Y A[X, ZINT+Y A[X, TIAZ (1')

for X, Y, Z,T € g.
In the case (G, P) is an exact Poisson Lie group (i.e a Lie group whose asso-
ciated Lie bialgebra is exact) then

Py =1L;,0Q—R;.Q.

ProposITION 1.2 (DE SMEDT [3]). Any Lie algebra g admits a structure of
Lie bialgebra (g,p) with p # 0.

DeFINITION 1.4 ([4]). A Manin triple consists of three Lie algebras (£, g1, g2)
and a symmetric invariant non-degenerate bilinear form {{ , }) on £ such that
1) g1 and gy are subalgebras of £;
2) £ =g, + gz as vector spaces;
3) g1 and gs are isotropic for {{, }).
We shall call the Lie algebra £ the associated Manin algebra.

PROPOSITION 1.3 (DRINFELD [4]). There is a bijective correspondence between
Lie bialgebras and Manin triples:
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o if(g,p) is a Lie bialgebra then £ = g+g* with ({, )) and bracket defined
by

(X, ), (Y, 8))) = (@, Y) + (8, X)
[(X, @), (Y, 9)]
=(X,Y]—ad" 8- X +ad"a Y, [o,f]+ad" X - —ad" YV - «a)

(o, €g", X,V €9);

o if (£,81,82) is a Manin triple and gz is identified with g7 via {{, )} then
({, )y and [, ] on £ are given as above; the fact that £ is a Lie algebra
implies that (g1,97) is a bialgebra.

An open problem is to classify all bialgebra structures on a given Lie algebra
g (up to isomorphisms of g)!.

2. A notion of isomorphism between Manin triples

Remark 2.1. If g is any Lie algebra with p = 0 then the corresponding Manin

triple 1s

LCxLie(T"G)=gxg", @i=g =g,
with [(X,«),(Y,8)] = ([X,Y],ad* X - B —ad" YV - o) and {{(X,a),(Y,3))) =
(@, Y) + (8, X).

If instead the Poisson-Lie structure is exact p = 9@ with [, @] = 0 one also
has £ = Lie(T*() with the same symmetric invariant non degenerate bilinear
form.

We want to see when two bialgebra structures on a given Lie algebra g yield
isomorphic algebras £ in the corresponding Manin triple. To see this we consider
a larger class of Lie algebras containing g as a subalgebra: the set of Manin pairs
(£,9)

Let g be a Lie algebra of dimension n. Consider any vector space £ of dimension
2n with a nondegenerate symmetric bilinear form ({ , }) and a skewsymmetric
bilinear map [, ]: £ x £ — £ such that

i) £ contains g;

ii) the bracket restricted to g x g is the Lie bracket of g;

iil) g is isotropic;

iv) {([(X,)Y,Z)+ ({Y,[X,Z])) =0, ¥X,Y, Z € £.
Then, choosing an isotropic subspace supplementary to g in £ and identifying it
with g* via ({, }), £ = g+ g* as vector spaces and one has:

D) (X,0), (Y, A)) = (@, V) + (8, X); ]

2) [(X, ), (V, )] = ([X,Y] + Ca{a,¥) = C1(8, X) + S(a, B),ad" X - § -

ad" Y o+ T(a, 3)).

The invariance condition becomes:

3) S(e,5,7) def (v, S(a, B)) is totally skewsymmetric;

4) (I'(a, B), Z) = (o, C1(B, 2)).

1This has been studied for small dimensional groups by Dazord, Ohn, Zakrzewski...
2We thank the referee for introducing us to ref [5].
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The bracket defined on £ is then a Lie bracket (i.e. satisfies Jacobi’s identity) if
and only if:
5) Op = 0 where p = T": g — A?g;
6) [X,S)(e, 8,7) + g T(T(«,3),7)),X) = 0 where o denotes the sum
afy

over cyclic permutations;

7 o (S(T(a,),7,6) + S(T(a,8),8,7)) = 0.

Notation. Let £g,, where p = 'T, denote £ = g+ g* with ({, )) and [, ]
defined by 1 and 2 with the conditions 3 and 4.

DEFINITION 2.1 ([5]). A Manin pairis a pair of Lie algebras (£, g) and a non
degenerate symmetric bilinear form ({ , }) on £ such that the conditions i), ii),
iil) and iv) are satisfied.

A quasi Lie bialgebra is a triple (g, p, S) where g is a Lie algebra, p: g — A’g
is a cocycle and S € A®g with the equations 6) and 7) satisfied.

From the expressions above, we get:

LEMMA 2.1 (DRINFELD, [5]). If (£,9) is a Manin pair, then a choice of an
isotropic subspace in £ supplementary to g identifies £ with a Lie algebra £g )
so that (g,p,S) is a quasi Lie bialgebra. Reciprocally, any quasi Lie bialgebra
(g,p,S) yields a Manin pair (Lsp,9).

A map ¢ : L5, — L5/, which is linear, maps g to g and preserves {{ , }) is
necessarily of the form

P(X,0) = (A(X + Q(a)), 'A™H(a))

where A : g — g is linear and bijective and where @ :g* — gis induced by an
element @ € A%g through

~

(B,Q(a)) = Qa, B).
Then .go[ X, a), Y, B)]sp = [e(X,a), oY, B)]s o if and only if

i) A is a Lie automorphism of g;
i) A~ p —p=-00; P
i) (A8 = S)(, B,7) = 5 (Q(T(e,8),7) + (o, [Q(7), QD)

-
= 1/2[Q,Q)(a, B,7) + ang(T(a,ﬁ),v)

where (A-p)x (e, B) = p;‘_l(X)(tAoz,t ApB) and (A-S)(a, B,7) = S("Aa,t AB' Ay).

We then say that £g, and £g/ p» are isomorphic under .

Remark 2.2. In particular, if £5, is a Lie algebra (i.e. (g,p, S) is a quasi Lie
bialgebra), if A is an automorphism of g and if @ € A*(g), then £/, where
o P/ =A(p—0Q)
o (0, 09) = (5 + 1/20Q, QA A9 A7) 4 g QU(Aa! A A7)
is a Lie algebra (i.e. (g,p’,S) is a quasi Lie bialgebra).
The (g,p’, S") obtained as above with A = Id is called by Drinfeld [5] a twisting
of (g,p,5) by @.



SOME REMARKS ON THE CLASSIFICATION OF POISSON LIE GROUPS 5

Remark 2.3. A Manin pair (£, g) yields a Manin triple (£, g, g*) if and only if
there 1s an isotropic subspace supplementary to g in £ which is a subalgebra of
£. Hence, a bialgebra structure on g yields as its corresponding Manin algebra
an algebra £, which is isomorphic to a Lie algebra £y, and vice versa.

Observe that £o, is a Lie algebra if and only if

1) dp = 0;
2) o T(N, 9),7) =0

and that 2) means that (g*,7") is a Lie algebra and we get back the conditions
for (g,p) to be a bialgebra (definition 2).

Remark 2.4. £5p is a Lie algebra if and only if S € (A%g)". Furthermore
£s.0 1s isomorphic to £g/ _sqg for any Q € A’g with S' = S+ 1/2[Q, Q).

£0,6¢ is isomorphic to £_1/9¢,¢),0 and is a Lie algebra if and only if [Q, Q] €
A3g is invariant under g and we get back the condition to have an exact Lie

bialgebra (definition 3).

Remark 2.5. Observe that if (£, g) is a Manin pair for a nondegenerate sym-
metric invariant bilinear form, it is also a Manin pair for any nonzero multiple
of that form. Choosing an isotropic subspace supplementary to g in £, this
amounts to say that if £5, is a Lie algebra (i.e. (g, p, S) is a quasi Lie bialgebra
) then £,25 5, is also a Lie algebra (i.e. (g, sp, s°5) is a quasi Lie bialgebra ) for
any nonzero real number s and they are related by scaling on g*:

if (X, o) = (X, sar)
then [QD(X’ Oz), QD(Y’ 6)]5,17 = @([(X’ Oz), (Y, 6)]525,817)'

We shall allow these further isomorphisms of the Manin algebra £ correspond-
ing to a Manin triple.

DEFINITION 2.2. We shall say that two bialgebra structures on a given Lie
algebra g yield isomorphic Manin algebras £ and £ if and only if there exists a
map ¢ : £ — £ which

e is an isomorphism of Lie algebras,

e maps g to g,

e is a homothetic transformation from £ to £/, ie. ({p(X), (Y ))) =
s({X,Y)), VX,Y € £ for some nonzero real s.

LEMMA 2.2. Two Lie bialgebra structures on a given Lie algebra g, (g,p) and
(9,p") , yield isomorphic Manin algebras if and only if there are @ € A’g, A an
automorphism of g and s a nonzero real number such that

P = sA(p - 0Q);
1/21Q, Q). 8.7 + o Q('p(a,f),7) = 0.
In particular, two exact Lie bialgebra structures on g, (g,9Q) and (g,9Q") yield

isomorphic Manin algebras if and only if [Q', Q'] = s>A[Q, Q] for some auto-
morphism A of g and some s 0 € R.
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Let g be compact simple; since any l-cocycle p : g — A?g is exact, and since
(A3g)™ is 1-dimensional then any Lie bialgebra structure on g is of the form

(g,0Q) with
[Q, Q] = AQ where BB (X AY A Z,Q) = B(X,[Y, Z))

for any X, Y, Z in g (3 is the extension of 8 to A%g).
Define a : A’g — g, X AY — [X,Y]. Then 8O([X AY,UAV],Q) =
20(a(X AY), (U AV)). So B3([Q,Q], Q) = 28(a(Q), a(Q)). Hence:

Remark 2.6. For g compact, since 3 is negative definite,
[Q.Q=)2 = A>0.

Using the possibility of scaling we mentioned above, one just has to consider
2 cases: [@,Q] = 0, which yields for £ the Lie algebra of T*G and one case
[Q,Q] = AQ with A > 0. Consider (as in Lu and Weinstein [7]) the Manin
triple given by the Iwasawa decomposition of g©: (£ = g“=g+ig=g+a+
n, g1 =49, g2 = a+ n) with the invariant symmetric bilinear form defined by
the imaginary part of the Killing form. We get:

LEMMA 2.3. For g compact sumple, any bialgebra structure on g yields a
Manin triple whose corresponding Manin algebra £ is isomorphic to Lie(T*G)
C
org-.

3. Exact Lie bialgebra structures

Let g be a Lie algebra and let @ € A?g. Then g* is endowed with the bracket
LoQ:

([, B, X) = (@ A B,0Q(X)) = (9Q(X))(a, B)
= <[Xa Q]aa/\6>

and it satisfies Jacobi’s identity if and only if [@, Q] € (Ag)™". Introducing as
before @ : g — g by

~

(6, Q(e)) = Q(a, §)
we get

[, 8] = ad* Q) — ad* Q(B)a.

PROPERTIES.
1) @ is a homomorphism of Lie algebras if and only if [Q, Q] = 0;
2) if gy = Im Q then Q € A2gy;
3) if [@, @] = 0 and Q is nondegenerate, then g* = g and g admits a 2-form
F

F(X,Y)=Q(Q YX),Q ' (Y)), such that g P(IX.Y],2)=0.
By
In that case, if (G is a connected Lie group with algebra g, G admits a
left invariant symplectic structure.
Hence one gets:
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LEMMA 3.1. The study of solutions of [Q, Q] = 0 (Yang-Bazter equation) on g
1s equivalent to the study of subalgebras g1 of g corresponding to symplectic groups
(i.e groups with an invariant symplectic structure) 3. Precisely, if Q is a solution
of Yang—Bazter equation on g then g1 = Im@ is the Lie algebra of a connected
symplectic group (G1,w) where w.(X,Y) = Q(Q~HX),Q71(Y)) VXY € g.
Reciprocally if g1 1s a subalgebra of g which is the Lie algebra of a symplectic
group (G1,w), then it defines a solution @ € A%*(g) of Yang-baxter equation by
Q(a, ) = we((m(a))#, (7(8)*) where © = g* — g1* is dual to the inclusion
g1 Cgand # 191" — gy is such that w.(y#,Y) = (1,Y) (Y €g1,7€ g17).

Suppose, in what follows, that g has a nondegenerate invariant symmetric
bilinear form . Then ) determines a linear map @) : g — g defined by

(0, Q(X)) = B(Q(a), X)
or equivalently
BQY), X) = B2(Q, X AY) = Q(BH(X), 571 (V)
where 3 : g* — g is such that 3(3(a), X) = a(X).
LEMMA 3.2. Ifg is (real or complex) semisimple, the linear map p : (S?g*)™ —

(A3g)™ defined by B3 (pB, X A\YANZ) = B([X,Y],Z) for X,Y, 7 € g is a linear

isomorphism. [Again 33 (pB, X NY A7) = pB(B_l(X), B=HY), B~ Z))]
Hence any bialgebra structure on g is defined by a Q € A%g such that [Q,Q] €
(A3g)™ 50 [Q, Q] = pB where B € (S*g*)'™ is of the form B(X,Y) = B(MX,Y).
The equations on the coi”r(isponding @ E~End(g) are (using [Q, Ql(«, B,7) =
2 ¢ (3, [Q(0), QA and QI (X)) = ~G(X)):
BQX,Y) = —B(X,QY)
[QX, QY] - QIAX, Y]~ QIX, QY] = 2M[X,Y]
(Modified Yang—Bazter equation of coefficient M ).

In general M can be quite complicated. If g is complex simple, then M is a
multiple of the identity. In these note we shall look at this case only, but where
g is any semisimple Lie algebra. Thus we consider the equations

{ﬁ(@x, Y) = —B(X,QY); .
[QX, QY] - QIQX,Y] - QIX, QY] = A[X, Y]
for Q € End(g), g a semisimple Lie algebra.

A. The complex case.

This problem was solved, for g simple and A # 0, by Belavin and Drinfeld
[1]. We follow their approach with small modifications, but we also allow g to
be semisimple throughout.

3These have been partially studied by Lichnerowicz, Medina, Revoy.
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For each complexr number p let g, denote the corresponding generalized eigen-
space of )

gy ={X €g| (@ —)FX =0 for some positive integer k}.

The second equation in (*) can be rewritten, for any p,p € C as

[(Q— X, (Q=p)Y]=(Q=pQ - mX, Y] (Q - pIX,(Q-p)Y] (4)
= (A= o)X, Y]+ (p+ pQLX, Y]

so that one eastly deduces:
D A # —p (0] C o7 foro = oo, and g,, g, are f-orthogonal;
2) (g, 0-p] =0 df p* £ =A.
Let a® = =), then we conclude that
1) gq and g_q are subalgebras of g which are isotropic with respect to 3;
i) g = Z gy is @ subalgebra;

p#ta
1) gaq + g are subalgebras in which gy, are ideals.

Let Qf = Q £ a. Then Q% is invertible on g’ + g4q. It follows from (**) that
QTQ™X,QY]=Q7[QTX,QTY] VXY €.

Thus, since QF are invertible on ¢, ¥ = QT |g 0 (Q7|g)~! is an automorphism
of g’ without 1 as an eigenvalue (if ¥Z = Z then Q*Z = Q=7 = 2aZ = 0 =
7 =0).

LEMMA 3.3 (BELAVIN-DRINFELD [1]). If ¢ is an automorphism of a finite
dimenstonal semisimple Lie algebra then it has 1 as an eigenvalue. If ¢ is an
automorphism of a Lie algebra without 1 as an eigenvalue then the Lie algebra
15 solvable.

LEMMA 3.4 (CARTAN [2]). If p is a faithful representation of a semisimple
Lie algebra g on a finite dimensional vector space V', the trace form p is non-
degenerate on g. From this it follows that any subalgebra of a semisimple Lie
algebra which is isotropic with respect to the Killing form is solvable.

COROLLARY. @4, §_a, 8, ga+9¢’, g_a+¢ are all solvable and g = g,+g'+g_,.

Proof g, and g_, are isotropic for 8 whilst g’ has an automorphism without
1 as an eigenvalue. Since g4, are ideals in g+, + ¢', the latter are also solvable.

Since each of g+, + g’ is solvable, it is contained in some Borel subalgebra b
of g. Since by +b_ contains g, , g’ and g_, we have by +b_ =gsoh=byNb_
is a Cartan subalgebra of g. If ny 1s the nilradical of b+ we have by = h+ny and
ny is the Killing form-orthogonal of by (observe that ny consist of all elements
X in by such that ad X is nilpotent as an endomorphism of g). But g, + ¢’ has
Killing form orthogonal g, so g, +g¢’ C by implies ny C g,. Since the only Borel
containing ny is by, it follows that by is the unique Borel containing g, + g’
Likewise b_ is the unique Borel containing g_, + g'. Also h = by Nb_ D ¢ is
uniquely determined by @
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Let A be the set of roots of g relative to the Cartan subalgebra . If « € A
denote by g® the corresponding root space and choose by to determine the pos-
itive roots AT (b1 = b+ @oeca+8”). Then, since by +b_ = g, n_ corresponds
to the negative roots (n_ = @,ea+8~%).

LemMa 3.5 (cF [1]). Q(bx) C by, Q(ng) C ng, Q(h) C b.

Proof Consider [ = {X € g | [X,84] C ga}; then ny C gq so [[,n4] C by. But
the maximal algebra which satisfies [[, ny] C by is by itself, so [ C by. However
@a C by so [by,ga] C[by,by] Cny Cgasoby CL Thus [=by.

Now, if Y € g4, we have QY € g, so if X € [, (**) implies (taking p = p = a)

(@—a)(Q-a)X,Y] - [(Q—a)X,(Q - a)Y] € ga

and a simple induction gives

(@ - a)*[(Q - a)X, Y]~ [(Q — )X, (Q — a)*Y] € ga.

Since Y € g, there is a k so that (Q — @)*Y = 0 and then [(@ —a)X,Y] € gq.
Thus [@X,Y] € gq and we see @[ C [. This shows @b+ C by, and since é is
skew-symmetric, this implies @n+ Cng.

A similar argument using g_, gives @b_ C b_ and @n_ C n_. Finally
@h=Q(by Nb_) CbyNb_=h.

Now let cx = ImQ*. From (**) we see that both ¢4 are subalgebras of g and
g+q + ¢ Cct song C cx. The proposition in the appendix implies that h + ¢4
is a parabolic subalgebra of g containing by.

Hence, there exist two subsets I'y and T'_ of the simple roots ® in AT so that

F=Im@+a)=nr,® > (8“+g " +[g" g VT
ozEf+

¢ = Im(@ —a)=npr_® Z (g“+g " +[g% g YV~
ozef_

where
o 'y (resp. ') is the set of positive roots which can be written as integer
combinations of the simple roots in Ty (resp T'_)

evr,= > g% w_= Y g°

a€AH\T4 aea+\T_
e V¥ is a subspace of b in ( Z H,)*? such that (VE)+ c V=,

aefi
Then

Ker(@ +a)= Im(@ —a)yt =np_+ (V)L
Ker(@ —a)= Im(@ +a)t = nr, + (VHt
We have, as mentioned before,

(Q+a)[(Q - a)X,(Q - a)Y] = (Q - )[(Q + )X, (Q + a)Y]
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so (@ — a)(é +a)~! induces a Lie algebra isomorphism
6 : /(e =D (@ e+ g% e )+ VT (V)
ozEf+
— /()= D) (@ g+ @ e D+ VTV
ozef_

This induces a map 7: 'y — T'_ (which are the simple roots of these reductive
algebras) such that

(T(OZ),T(B))I(Q,ﬁ)’ Va,BEF+. (1)
Choosing compatible Weyl bases, one has:
H(Ha) = HT(Oz) ~
0(Ea) = Eria) } VaeTl,.

Observe that (@ +a) : nT — nT must be a bijection. Indeed Q, hence (@ +a)
and () —a), maps n* into n* n~ into n~ and b into h and Ker(Q+a)Nnt = {0},
Im(Q + a) D n* and, in terms of 7, one has
1/):(@—a)(@—|—a)_1 : n+—>n+:Eab—>ET(Q) Va6f+;
By, —0 Yy € ¢t\Ty.
Thus, on nt, (1 — 1/))@ =a(¢+1). Also (1 —¢) = Qa(@ + a)~! is an invertible

map on nt.

LEMMA 3.6 (BELAVIN-DRINFELD [1]). (1—1)) is invertible on n* if and only
iof, for any o € T'y, there is a posilive integer k such that

a, (@), ..., T Ha) €Ty and 7% (a) ¢ T4 (2)

Then @ on n' is given from 7 satisfying (1) and (2) by @ =a(1-¢)"(y+1) =
a(l+ ¢ +v2+ ...+ + .. ) (14 ¥) so that

Q(Ev) =ak,, vy € f/’+\f+§
QEo) =a(Ea+2) Ez), Vaely
B>
where one writes 3 > « if o, 7(a), ..., 77 (a) € f_|_ and 7%(a) = B for some

integer k£ > 1.
Finally @ is then completely determined on n~ by

BQX,Y) = —A(X,QY)

since (nT)L = n~. Observe that ©|b : h — h must satisfy

(ii) (@ — a)Ha = (Q + a)Hyay, Yo €Ty
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(Indeed 0(Hy) = Hy(a) 50 (@—a)a: = H;(q)+y for an z such that (@—i—a)x =H,
and a y in Ker(@ + a)).
Hence we get:

THEOREM 3.1 (BELAVIN-DRINFELD [1]). Let g be a complex semisimple Lie
algebra and let Q € A’g satisfy

FO[Q.QL X AY A7) = HSIX.V],2)

Then, there exist a Cartan subalgebra h of g, a system of positive roots AT of
(g,h), two subsets Uy and T_ of the set ® of simple roots corresponding to AT
and a map 7 : Uy — I'_ satisfying
o (t(a), 7(3)) = (e, ), Yo, €Ty
e Ya € Ty, there exists a positive integer k such that 7°(a) € Ty, V0 < k
and 7 (a) @ Ty such that, for a choice of Weyl basis E, in g* with
B(Eg, F_g) = 1:

Q=Qo+a( Y, E_ahEa+2)

aEAT

aef%MﬁE_/j A Ey)

where a?> = —X and Qo € A is determined by Q(o, B), Vo, 3 € ® and

those must verify:

o Q(r(@),B) = Qa, ) — al{a, B) + (7(a), 8)), Yo €Ty, V3 € ®.

Observe — as in Belavin—Drinfeld — that, reciprocally, any @ described above
gives a solution of the problem. Indeed, any ) € End(g) which has the following
properties:

o BOX.Y) = —B(X.QV);
e Im(Q £ a) = ¢* are subalgebras such that ¢t D (¢)*, (a? = —));
. (@ - a)(@ + @)~ ! induces a Lie algebra isomorphism

0:ct/(F)t — /()

satisfies

(Q@-a)(Q@+a)X,(Q+a)Y]=(Q@+a)[(Q - a)X,(Q—a)Y]
hence is a solution of (*).
B. The real case.

a. Let us first consider the case A = 0 when g is compact. Observe that if a Lie
algebra g has an invertible derivation then it is solvable.

COROLLARY 3.1. If Q € A%g is of mazimal rank and [Q, Q] = 0 then g cannot
be semisimple since Q™1 would be a derivation.
COROLLARY 3.2. If g is compact and Q € A%g satisfies [Q, Q] = 0, the image

on 1s an abelian subalgebra.
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Indeed, gy = Im @ is compact so has an nondegenerate invariant bilinear form
but then the corresponding )~! is an invertible derivation of g; so g is solvable,
hence abelian.

Thus the solutions of [, @] = 0 in the compact case are precisely the elements
of the second exterior powers of abelian subalgebras.

b. Consider now the case A # 0 when g is compact. As mentioned before, this
implies A > 0.

We use our study of the complex case for g© (the complex linear extension
of @ is clearly a solution of (*) on g®). Observe that a is purely imaginary.
g_q = Gq (Where ~ denotes the conjugation of g© relative to g) and the g, are
eigenspaces. Hence we get:

PROPOSITION. Ifg is a compact semisimple Lie algebra and if Q € End(g) s
a solution of

BQX.Y) = —B(X,QY) } )
[QX, QY] - QIQX,Y] - Q[X,QY] = A[X,Y]

with A £ 0, then A > 0, there exist a mazimal toral subalgebra t of g, the corre-
sponding root space decomposition g© = * & Z g and a choice of a system of

aEA
positive roots AT so that

@|ED‘ =iy —A Id|90‘a
@|g—" =—iV=A Id|g—"a
Q%) c .

Va € AT

The corresponding Q € A%g is of the form

VA .
Q=Ro——— D i(Ea—Eo) A(Ea+ E_g)

aEAT
where B, € 9%, By = E_qo, B(Ey, E_,) = —1 and Ry € A%t

(Indeed b_ = by, bNb=1t"so b = t@—i—zaeAJr g® for a choice of positive root
system AT. Then n = Y wea+ 89 C g, /—x SO @|ga = iv/=AId |ga for a € AT,
Furthermore as Qb C b and Qb C b, one has @(t(c) c ).

Combining this result with the corollary 2 of point a, we get the classification
of all bialgebra structures on a compact simple Lie algebra g:

THEOREM 3.2 ((SOIBELMAN [8])). Let g be a compact simple Lie algebra.
Any bialgebra structure (g,p) on g is given by p = 0Q where Q € A%g is of
the form

Q=Ro+r Y i(Ey—E_o)A(Es+E_o)
aEAT

where Ry € A%t for some mazimal toral subalgebra t of g, where v € R and where
the Fo are defined as before.
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c. Consider now the case where A < 0 and g is real semisimple. We want to find
any ¢ € End(g) which is a solution of (*).

We use again our study of the complex case (the complex linear extension of
Q is again clearly a solution of (*) on g® ). Then a is real so that g,,g_, and g’
are complexifications of real subalgebras of g, which we denote g&, g%, gI]R. The
Borel by containing g, +g’ is unique so by = b, (where ™ denotes the conjugation
of g€ relative to g) and similarly for b_. Hence h = byNb_ is the complexification
of a Cartan Lie subalgebra h® of g and by are the complexification of solvable
subalgebras b of g.

Take a Cartan decomposition of g, g = £+ p so that h® =t+a, t C €, a Cp.
Denote by AT the set of roots of (g@, h) so that the corresponding root spaces
are in by. Denote by o’ the restriction of the root a to h.

Since g = g” where / = o/, o’ cannot have purely imaginary values. This
shows that no root « is such that a’|, = 0. Hence the centralizer of a is abelian
and a is maximal abelian in p. Then b]}l‘i is the minimal parabolic and it has to
be solvable or equivalently m (= centralizer of a in t) is abelian.

It is now a simple task to check the list of real forms in Helgason [6] and see
when m is abelian. This is obviously the case if g is split over R or complex.

THEOREM 3.3. If A < 0 then g must be a sum of simple ideals which are either
split, complex or one of the following cases (using the notation in Helgason):
(i) SU(p,p),SU(p,p+1);
(i) SO(p,p+2);
(iii) EII.

For each case we have a solution given by

ax S n]R;
Q=3 0 zehf
—ax T e n]R.

The only thing remaining is to check that Q satisfies (*) but this is an easy
calculation.

Observe that any solution of this problem is now given — as in the complex
case — in terms of subset I' ., I'_ and a map 7 which have to be compatible with
the conjugation of g© relative to g.

4. Appendix

We prove here the result (used in §3 ) that any subalgebra of a semisimple Lie
algebra which contains the nilradical of a Borel is normalized by the Borel and
hence is essentially a parabolic subalgebra. First we establish some notation.

Let g be a semisimple Lie algebra, h C g a Cartan subalgebra, A the set of
roots, Ay a positive root system, ® the set of simple roots which we enumerate
as {a1,...,a.}. Put

n:Zga, n_:Zg_a, b=H+n

Q€AY aEA
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Any positive root a can be written as a positive integer combination Zﬁzl n; o
of simple roots and Zi:l n; is called the height n(«) of a. If a4+ 5 is a root
then n(a + 8) = n(a) + n(f).

PROPOSITION. If ¢ C g is a subalgebra with w C ¢ then [h,¢] C ¢ and h+ ¢ is
a parabolic subalgebra of g.

Proof If [h,¢] C ¢, h + ¢ is a subalgebra of g containing b so is parabolic.

To establish [h, ¢] C ¢ it is enough to show that ¢ is the direct sum of hM¢ and
a sum of root spaces. Since g% C ¢ for all @« € A} we only need to show that for
any element & in ¢ N (h+ n_) if we write it as & + ZaeAJr &_o then & € ¢ and
E o Ecforalla € AL

Let us say that an element & of h + n_ has height k if &, + ZaeAJr &, and
n(a) < k for all a with é&_, # 0 and equality for at least one «. If we show
that, for an element & with height £ > 1 and any « of height k& with £_, # 0,
we have g~ C ¢ then a decreasing induction on k gives the result. Suppose
we have such a £ and «. Then « can be expressed as a sum (with repetitions)
of simple roots so that each partial sum is also a root (see, e.g. Helgason [6]
p.460). Thus if we pick any simple root «;, occurring in this expression, there
are simple roots «;,, ..., a;, and aroot 8 with 2, f+«;,, B+, + 4y, ..., 0+
a; + a4+ -+ a;, = a all roots. Then [[...[g=% g%]..., g% ], g°] = g~ %o
so that [[...[¢, Eu, ]..., Ea, ], Eg] is an element 5 of height 1 with a non-zero

‘
component in g~ %o (after removing terms in n). So n =1y + Z N—w; € ¢ Where
i=1

N-a,;, # 0. Bracketing with F,, (since the difference of two simple roots is
never a root), we conclude [g=%io, g%o] = CH,, Cc.

Thus for each simple root a; with n_,, # 0 we deduce H,, € c. Bracketing
n with any such H,, we have

J2

_ Z%’(Haj)n—a, Ec.

i=1

The set of simple roots where n_,, # 0 form the simple roots of a semisimple
subalgebra of g with the span of the corresponding H,, as Cartan subalgebra.
In this Cartan we can choose a dual basis to the set of o; with n_,, # 0 and
so conclude that each g=** C ¢ if y_,, # 0. Thus we now know that if « has
the same height as & and £_, # 0 then for every simple root «; occurring in «
we have g~ C ¢. Since ¢ is an algebra, it follows g=* C ¢. This completes the
proof.
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