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Abstract. In this article, following an insight of Kontsevich, we extend the

Weil conjecture, as well as the strong form of the Tate conjecture, from the

realm of algebraic geometry to the broad noncommutative setting of dg cate-
gories. Moreover, we establish a functional equation for the noncommutative

Hasse-Weil zeta functions, compute the l-adic and p-adic absolute values of

the eigenvalues of the cyclotomic Frobenius, and provide a complete descrip-
tion of the category of noncommutative numerical motives in terms of Weil

q-numbers. As a first application, we prove the noncommutative Weil conjec-

ture and the noncommutative strong form of the Tate conjecture in several
cases: twisted schemes, Calabi-Yau dg categories associated to hypersurfaces,

noncommutative gluings of schemes, root stacks, (twisted) global orbifolds,
and finite-dimensional dg algebras. As a second application, we provide an al-

ternative noncommutative proof of the Weil conjecture and of the strong form

of the Tate conjecture in the particular cases of intersections of two quadrics
and linear sections of determinantal varieties.

1. Statement of results

Let k = Fq be a finite field, with q = pr, W (k) the ring of p-typical Witt vectors
of k, and K := W (k)1/p the fraction field of W (k).

Weil conjecture. Given a smooth proper k-scheme X of dimension d, its zeta
function is defined as the formal power series Z(X; t) := exp(

∑
n≥1 #X(Fqn) t

n

n ) ∈
Q[[t]], where exp(t) :=

∑
n≥0

tn

n! . In the same vein, given an integer 0 ≤ w ≤ 2d, we

can consider the formal power series Zw(X; t) := det(id−tFrw|Hw
crys(X))−1 ∈ K[[t]],

whereH∗crys(X) stands for the crystalline cohomologyH∗crys(X/W (k))⊗W (k)K ofX,
Fr for the Frobenius endomorphism of X, and Frw for the induced automorphism of
Hw

crys(X). Thanks to the Lefschetz trace formula established by Grothendieck and
Berthelot (see [4, Chapitre VII §3.2]), we have the following weight decomposition:

(1.1) Z(X; t) =
Z0(X; t)Z2(X; t) · · ·Z2d(X; t)

Z1(X; t)Z3(X; t) · · ·Z2d−1(X; t)
.

In the late forties, Weil [56] conjectured the following1:

Conjecture W(X): The eigenvalues of the automorphism Frw, with 0 ≤ w ≤ 2d,
are algebraic numbers and all their complex conjugates have absolute value q

w
2 .
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1The conjecture W(X) is a modern formulation of Weil’s original conjecture; in the late forties

crystalline cohomology was not yet developed.
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In the particular case of curves, this famous conjecture follows from Weil’s pio-
neering work [57]. Later, in the seventies, it was proved in full generality by Deligne2

[12]. In contrast with Weil’s proof, which uses solely the classical intersection the-
ory of divisors on surfaces, Deligne’s proof makes use of several involved tools such
as the theory of monodromy of Lefschetz pencils. The Weil conjecture has nu-
merous applications. For example, when combined with (1.1), it implies that the
polynomials pw(X; t) := det(id−tFrw|Hw

crys(X)) have integer coefficients.
Recall that the Hasse-Weil zeta function of X is defined as the (convergent) in-

finite product ζ(X; s) :=
∏
x∈X(d)(1 − (qdeg(x))−s)−1, with Re(s) > d, where X(d)

stands for the set of closed points of X and deg(x) for the degree of the finite field
extension κ(x)/Fq. In the same vein, given an integer 0 ≤ w ≤ 2d, consider the
function ζw(X; s) := det(id−q−sFrw|Hw

crys(X))−1. It follows from the Weil conjec-

ture that ζ(X; s) = Z(X; q−s), with Re(s) > d, and that ζw(X; s) = Zw(X; q−s),
with Re(s) > w

2 . Thanks to (1.1), we hence obtain the weight decomposition:

ζ(X; s) =
ζ0(X; s)ζ2(X; s) · · · ζ2d(X; s)

ζ1(X; s)ζ3(X; s) · · · ζ2d−1(X; s)
Re(s) > d .(1.2)

Note that (1.2) implies automatically that the Hasse-Weil zeta function of X admits
a (unique) meromorphic continuation to the entire complex plane.

Remark 1.3 (Periodicity). The Hasse-Weil zeta function of X is periodic in the
sense that ζ(X; s) = ζ(X; s+ 2πi

log(q) ); similarly for ζw(X; s).

Remark 1.4 (Riemann hypothesis). The Weil conjecture W(X) is also called the
“Riemann hypothesis over a finite field” because it implies that if z ∈ C is a pole of
ζw(X; s), then Re(z) = w

2 . Consequently, if z ∈ C is a pole, resp. zero, of ζ(X; s),

then Re(z) ∈ {0, 1, . . . , d}, resp. Re(z) ∈ { 1
2 ,

2
3 , . . . ,

2d−1
2 }.

Let A be a smooth proper dg category in the sense of Kontsevich; see §4.1. Ex-
amples include the (unique) dg enhancement perfdg(X) of the category of perfect
complexes perf(X) of smooth proper k-schemes X (or, more generally, of smooth
proper algebraic k-stacks); consult [26, 38]. As explained in §5.2 below, the topo-
logical periodic cyclic homology group TP0(A)1/p (this is a finite-dimensional K-
vector space), resp. the topological periodic cyclic homology group TP1(A)1/p,
comes equipped with an automorphism F0, resp. F1, called the “cyclotomic Frobe-
nius”. Following Kontsevich [29], we hence define the even/odd zeta function of A
as the following formal power series:

Zeven(A; t) := det(id−tF0|TP0(A)1/p)
−1 ∈ K[[t]]

Zodd(A; t) := det(id−tF1|TP1(A)1/p)
−1 ∈ K[[t]] .

Weil’s conjecture admits the following noncommutative counterpart:

Conjecture Wnc(A): The eigenvalues of the automorphism F0, resp. F1, are
algebraic numbers and all their complex conjugates have absolute value 1, resp.

√
q.

The noncommutative Weil conjecture was originally invisioned by Kontsevich
in his seminal talks [32, 33]. The next result relates this conjecture with Weil’s
original conjecture:

2Deligne worked with étale cohomology instead. However, as explained by Katz-Messing in
[23], Deligne’s results hold similarly in crystalline cohomology. More recently, Kedlaya [25] gave

an alternative proof of the Weil conjecture which uses solely p-adic techniques.
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Theorem 1.5. Given a smooth proper k-scheme X, we have the equivalence of
conjectures Wnc(perfdg(X))⇔W(X).

Intuitively speaking, Theorem 1.5 shows that the Weil conjecture belongs not
only to the realm of algebraic geometry but also to the broad noncommutative
setting of dg categories.

In contrast with the commutative world, the cyclotomic Frobenius is not induced
from an endomorphism3 of A. Consequently, in contrast with the commutative
world, it is not known if the polynomials p0(A; t) := det(id−tF0|TP0(A)1/p) and
p1(A; t) := det(id−tF1|TP1(A)1/p) have integer coefficients. Nevertheless, after
choosing an embedding ι : K ↪→ C, we can still define the even/odd Hasse-Weil
zeta function of A as follows:

ζeven(A; s) := det(id−q−s(F0 ⊗K,ι C)|TP0(A)1/p ⊗K,ι C)−1

ζodd(A; s) := det(id−q−s(F1 ⊗K,ι C)|TP1(A)1/p ⊗K,ι C)−1 .

Remark 1.6 (Periodicity). Similarly to Remark 1.3, note that the even/odd Hasse-
Weil zeta function of A is periodic of period 2πi

log(q) .

Remark 1.7 (Noncommutative Riemann hypothesis). Similarly to Remark 1.4, the
conjecture Wnc(A) may be called the “noncommutative Riemann hypothesis over a
finite field” because it implies that if z ∈ C is a pole of ζeven(A; s), resp. ζodd(A; s),
then Re(z) = 0, resp. Re(z) = 1

2 (independently of the embedding ι : K ↪→ C).

Functional equation. Thanks to the work of Artin and Grothendieck (consult
[18] and the references therein), the Hasse-Weil zeta function ζ(X; s) of a smooth
proper k-scheme X of dimension d is known to satisfy the functional equation

(1.8) ζ(X; s) = ±qχ(X)s · q−
χ(X)

2 d · ζ(X; d− s) ,

where χ(X) stands for the Euler characteristic of X. Morally speaking, the equality
(1.8) describes a “symmetry” of ζ(X; s) along the vertical line Re(s) = d

2 . This
functional equation admits the following noncommutative counterpart:

Theorem 1.9. The even/odd Hasse-Weil zeta function of a smooth proper dg cat-
egory A satisfies the following functional equation

ζeven(A; s) = (−1)χ0(A) · qχ0(A)s · det(F0 ⊗K,ι C) · ζeven(A;−s)
ζodd(A; s) = (−1)χ1(A)q−χ1(A)(1−s) · det(F1 ⊗K,ι C) · ζodd(A; 1− s) ,

where χ0(A) := dimKTP0(A)1/p and χ1(A) := dimKTP1(A)1/p.

Intuitively speaking, Theorem 1.9 describes a “symmetry” of ζeven(A; s), resp.
ζodd(A; s), along the vertical line Re(s) = 0, resp. Re(s) = 1

2 .

Remark 1.10 (Related work). In [46] we developed a general theory of (Hasse-Weil)
zeta functions for smooth proper dg categories equipped with an endomorphism.
Among other applications, this theory led to a far-reaching noncommutative gen-
eralization of the results of Dwork [14] and Grothendieck [18] concerning the ratio-
nality and the functional equation of the classical (Hasse-Weil) zeta function.

3Note that in the particular case where A is a k-algebra A, the Frobenius map a 7→ aq is a
k-algebra endomorphism if and only if A is commutative.
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l-adic absolute value. Let X be a smooth proper k-scheme of dimension d.
Thanks to the work of Deligne [12], the eigenvalues of the automorphisms Frw, 0 ≤
w ≤ 2d, are algebraic numbers. Moreover, for every prime l 6= p, it is well-known
that all the l-adic conjugates of these eigenvalues have absolute value 1.

Let A be a smooth proper dg category. Motivated by the aforementioned facts,
Kontsevich also conjectured in [32, 33] the following:

Conjecture Wl
nc(A): The eigenvalues of the automorphisms F0 and F1 are alge-

braic numbers. Moreover, for every prime l 6= p, all the l-adic conjugates of these
eigenvalues have absolute value 1.

The next result (partially) solves Kontsevich’s conjecture:

Theorem 1.11. Assume that there exists an integer c ∈ Z (which depends on A)
such that the eigenvalues of F0 and F1 become algebraic integers after multiplication
by qc. Under this assumption, the conjecture Wl

nc(A) holds.

As explained in Remark 6.6 below, the assumption of Theorem 1.11 holds when
A = perfdg(X) with X a smooth proper k-scheme (with c = d); consult §2 below
for further examples.

p-adic absolute value. Let A be a smooth proper dg category. The above con-
jecture Wnc(A), resp. W l

nc(A), predicts the absolute value of the complex, resp.
l-adic, conjugates of the eigenvalues of F0 and F1. The next result imposes some
restrictions on the p-adic absolute value of the eigenvalues of F0 and F1:

Theorem 1.12. Let χ0 := dimKTP0(A)1/p and χ1 := dimKTP1(A)1/p.
(i) The polynomial p0(A; t) has Qp-coefficients. Moreover, there exist integers

0 < r1 < · · · < rn ≤ χ0

2 and 0 > s1 > · · · > sn such that the Newton polygon of the
polynomial p0(A; t) is the following:

(ii) The polynomial p1(A; t) has Qp-coefficients. Moreover, there exist integers
0 < r1 < · · · < rn−1 <

χ1

2 and 0 > s1 > · · · > sn such that the Newton polygon of
the polynomial p1(A; t) is the following:
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Let us write νq(−) : (Qp)× → Q for the q-adic valuation on the algebraic closure
of Qp (with νq(p) = 1/r). It is well-known that if s/r is a slope in the Newton
polygon of the polynomial p0(A; t), resp. p1(A; t), with horizontal length m, then
there exist precisely m eigenvalues λ of F0, resp. F1, with νq(λ) = s/r (and vice-

versa). Therefore, since the p-adic absolute value is defined as |−|p := p−rνq(−),
Theorem 1.12 imposes some strong “symmetry” restrictions on the possible p-adic
absolute value of the eigenvalues of F0 and F1.

Strong form of the Tate conjecture. Given a smooth proper k-scheme X of
dimension d and an integer 0 ≤ i ≤ d, let us write Zi(X)Q/∼num for the Q-vector
space of algebraic cycles of codimension i on X up to numerical equivalence.

In the mid sixties, Tate [55] conjectured the following:

Conjecture ST(X): The order ords=jζ(X; s) of the Hasse-Weil zeta function
ζ(X; s) at (the pole) s = j, with 0 ≤ j ≤ d, is equal to −dimQZj(X)Q/∼num.

This conjecture is usually called the “strong form of the Tate conjecture”. It
holds for 0-dimensional schemes, for curves, for abelian varieties of dimension ≤ 3,
and also for K3-surfaces. Besides these cases (and some other cases scattered in
the literature), it remains wide open.

Given a smooth proper dg category A, recall from §4.3 below the definition of
the numerical Grothendieck group K0(A)Q/∼num. The strong form of the Tate
conjecture admits the following noncommutative counterpart:

Conjecture STnc(A): The order ords=0ζeven(A; s) of the even Hasse-Weil zeta
function ζeven(A; s) at (the pole) s = 0 is equal to −dimQK0(A)Q/∼num.

Remark 1.13 (Alternative formulation). Note that, by definition, the order of the
even Hasse-Weil zeta function ζeven(A; s) at the pole s = 0 agrees with the alge-
braic multiplicity of the eigenvalue q0 = 1 of the automorphism F0 ⊗K,ι C (or,
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equivalently, of F0). Therefore, the conjecture STnc(A) may be alternatively for-
mulated as follows: the algebraic multiplicity of the eigenvalue 1 of F0 agrees with
dimQK0(A)Q/∼num. This shows, in particular, that the integer ords=0ζeven(A; s) is
independent of the embedding ι : K ↪→ C used in the definition of ζeven(A; s).

Remark 1.14 (Equivalent conjectures). As proved in Theorem 10.4 below, the non-
commutative strong form of the Tate conjecture is equivalent to the noncommuta-
tive p-version of the Tate conjecture plus the noncommutative standard conjecture
of type D. Moreover, when all smooth proper dg categories are considered simul-
taneously, the noncommutative strong form of the Tate conjecture is equivalent to
the fully-faithfulness of the isocrstals realization functor; consult §10.5 below.

The next result relates the noncommutative strong form of the Tate conjecture
with the strong form of the Tate conjecture:

Theorem 1.15. Given a smooth proper k-scheme X, we have the equivalence of
conjectures STnc(perfdg(X))⇔ ST(X).

Similarly to Theorem 1.5, Theorem 1.15 shows that the strong form of the Tate
conjecture belongs not only to the realm of algebraic geometry but also to the broad
noncommutative setting of dg categories.

Numerical motives. Let w be an integer. Recall first that an algebraic number
λ is called a Weil q-number of weight w if all its complex conjugates have absolute
value q

w
2 and if there exists an integer c ∈ Z such that qcλ is an algebraic integer.

Under these notations, given a smooth proper dg category A, the noncommutative
Weil conjecture admits the following variant:

Conjecture Wnc(A): The eigenvalues of the automorphism F0, resp. F1, are
Weil numbers of weight 0, resp. 1.

Note that Wnc(A)⇒Wnc(A). As explained in Remark 6.6 below, the conjecture
Wnc(A) holds when A = perfdg(X) with X a smooth proper k-scheme; consult §2
below for further examples. Consider now from the category of noncommutative
numerical motives NNum(k)Qp (with Qp-coefficients); consult §4.2. As proved in
[46, Thm. 3.1], this category is abelian semi-simple. Therefore, it is completely
characterized by its simple objects (up to isomorphism) and by the division Qp-
algebras of endomorphisms of each one of its simple objects. The next (conditional)
result provides an explicit description of such data:

Theorem 1.16. Assume that the conjectures Wnc(A) and STnc(A) hold for every
smooth proper dg category A. Under these assumptions, the following holds:

(i) The category NNum(k)Qp comes equipped with a ⊗-automorphism π of the
identity functor. Moreover, given an object NM ∈ NNum(k)Qp , the center
of the Qp-algebra EndNNum(k)Qp

(NM) agrees with the Qp-subalgebra Qp[πNM ]

generated by πNM ; in particular, Qp[πNM ] is a field when NM is simple.

(ii) Assume moreover that the conjecture Wnc(A) holds for every smooth proper
dg category A. Under this extra assumption, we have the following bijection4:

{simple objs. in NNum(k)Qp}
isomorphism

NM 7→[πNM ]−→
⋃

w=0,1

{Weil q-numbers of weight w}
Gal(Qp/Qp)-action

,

4Note that we are implicitly considering the set {Weil q-numbers of weight w} as a subgroup

of (Qp)× via a(ny) embedding Q ⊂ Qp. Note also that under such identification the subgroup

{Weil q-numbers of weight w} is stable under the action of the absolute Galois group Gal(Qp/Qp).
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where [πNM ] stands for the set of p-adic conjugates of πNM .
(iii) Given a simple object NM ∈ NNum(k)Qp , the Hasse-invariant of the central

division Qp[πNM ]-algebra EndNNum(k)Qp
(NM) is equal to

−νq(πNM ) · [Qp[πNM ] : Qp] ∈ Q/Z ,

where νq(−) : (Qp)× → Q stands for the q-adic valuation (with νq(p) = 1/r).

Recall that the classical Hasse-invariant yields an isomorphism between the
Brauer group Br(Qp[πNM ]) of the local field Qp[πNM ] and the group Q/Z. In other
words, the Hasse-invariant classifies all the central division algebras over Qp[πNM ].

2. Applications to noncommutative geometry

In this section, we prove the conjectures Cnc(−), with C ∈ {W,Wl,ST,W}, in
several interesting cases.

Twisted schemes. Let X be a smooth proper k-scheme and F a sheaf of Azumaya
algebras over X. Similarly to perfdg(X), we can also consider the smooth proper
dg category perfdg(X;F) of perfect complexes of F-modules.

Theorem 2.1. We have the following equivalences of conjectures:

W(X)⇔Wnc(perfdg(X;F)) ST(X)⇔ STnc(perfdg(X;F)) .

Moreover, the conjectures Wl
nc(perfdg(X;F)) and Wnc(perfdg(X;F)) hold.

Morally speaking, Theorem 2.1 shows that in what concerns the (noncommuta-
tive) Weil conjecture and the (noncommutative) strong form of the Tate conjecture,
there is no difference between schemes and twisted schemes.

Calabi-Yau dg categories associated to hypersurfaces. Let X ⊂ Pn be a
smooth hypersurface of degree deg(X) ≤ n + 1. As proved by Kuznetsov in [35,
Cor. 4.1], we have a semi-orthogonal decomposition:

(2.2) perf(X) = 〈T (X),OX , . . . ,OX(n− deg(X))〉 .
Moreover, the associated dg category Tdg(X), defined as the dg enhancement of
T (X) induced from perfdg(X), is a smooth proper Calabi-Yau dg category of frac-

tional dimension (n+1)(deg(X)−2)
deg(X) .

Remark 2.3 (Noncommutative K3-surfaces). In the particular case where n = 5
and deg(X) = 3, the dg categories Tdg(X) are usually called “noncommutative
K3-surfaces” because they share many of the key properties of the dg categories of
perfect complexes of the classical K3-surfaces. Moreover, Kuznetsov conjectured in
[37] that T (X) is (Fourier-Mukai) equivalent to the category of perfect complexes
of a K3-surface if and only if X is rational.

Theorem 2.4. We have the following equivalences of conjectures:

W(X)⇔Wnc(Tdg(X)) ST(X)⇔ STnc(Tdg(X)) .

Moreover, the conjectures Wl
nc(Tdg(X)) and Wnc(Tdg(X)) hold.

Similarly to Theorem 2.1, Theorem 2.4 shows that in what concerns the (non-
commutative) Weil conjecture and the (noncommutative) strong form of the Tate
conjecture, there is no difference between the hypersurface X and the associated
Calabi-Yau dg category Tdg(X).
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Noncommutative gluings of schemes. Let X and Y be two smooth proper
k-schemes and B a perfect dg perfdg(X)-perfdg(Y )-bimodule. Following Orlov [44,
§3.2], we can consider the gluing X 	B Y of perfdg(X) and perfdg(Y ) via B (Orlov
used a different notation). This new dg category is smooth and proper.

Theorem 2.5. We have the following equivalences of conjectures:

W(X) + W(Y )⇔Wnc(X 	B Y ) ST(X) + ST(Y )⇔ STnc(X 	B Y ) .

Moreover, the conjectures Wl
nc(X 	B Y ) and Wnc(X 	B Y ) hold.

Intuitively speaking, Theorem 2.5 shows that the noncommutative Weil con-
jecture and the noncommutative strong form of the Tate conjecture are “additive”
with respect to gluings. This implies, in particular, that the noncommutative strong
form of the Tate conjecture holds for every noncommutative gluing of curves.

Root stacks. Let X be a smooth proper k-scheme, L a line bundle on X, ς ∈
Γ(X,L) a global section, and n ≥ 1 an integer. Following Cadman [11, Def. 2.2.1],
the associated root stack is defined as the following fiber-product

X := n
√

(L, ς)/X

f

��

// [A1/Gm]

θn

��
X

(L,ς)
// [A1/Gm] ,

where θn stands for the morphism induced by the nth power map on A1 and Gm.

Theorem 2.6. Assume that the zero locus D ↪→ X of ς is smooth. Under this
assumption, we have the following equivalences of conjectures:

W(X) + W(D)⇔Wnc(perfdg(X )) ST(X) + ST(D)⇔ STnc(perfdg(X )) .

Moreover, the conjectures Wl
nc(perfdg(X )) and Wnc(perfdg(X )) hold.

Theorem 2.6 implies that the noncommutative strong form of the Tate conjecture
holds, for example, for all those root stacks whose underlying scheme is a curve.

Global orbifolds. Let G be a finite group of order n, X a smooth proper k-scheme
equipped with a G-action, and X := [X/G] the associated global orbifold.

Theorem 2.7. Assume that p - n (⇔ 1/n ∈ k). Under this assumption, we have
the following implications of conjectures (σ is a cyclic subgroup of G):∑

σ⊆G

W(Xσ × Spec(k[σ])) ⇒ Wnc(perfdg(X ))(2.8)

∑
σ⊆G

ST(Xσ × Spec(k[σ])) ⇒ STnc(perfdg(X )) .(2.9)

Under the stronger assumption n|(q − 1) (⇔ k contains the nth roots of unity),
the same implications hold with Xσ × Spec(k[σ]) replaced by Xσ. Moreover, the
conjectures Wl

nc(perfdg(X )) and Wnc(perfdg(X )) hold.

Since the k-scheme Spec(k[σ]) is 0-dimensional, Theorem 2.7 implies that the
noncommutative strong form of the Tate conjecture holds, for example, for all
those global orbifolds whose underlying scheme is a curve.
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Remark 2.10 (McKay correspondence). A famous conjecture of Reid asserts that
the category perf(X ) is (Fourier-Mukai) equivalent to the category of perfect com-
plexes of a(ny) crepant resolution Y of the (singular) geometric quotient X//G.
Whenever this holds, the right-hand sides of (2.8)-(2.9) may be replaced by the
conjectures W(Y ) and ST(Y ), respectively. Reid’s conjecture has been proved in
several cases; consult, for example, the work of Bezrukavnikov and Kaledin [5],
Bridgeland, King and Reid [10], Kapranov and Vasserot [22], and Kawamata [24].

Twisted global orbifolds. Let G be a finite group of order n, X a smooth proper
k-scheme equipped with a G-action, X := [X/G] the associated global orbifold, and
F a sheaf of Azumaya algebras5 over X . Similarly to perfdg(X ), we can also consider
the dg category perfdg(X ;F) of perfect complexes of F-modules.

Theorem 2.11. Assume that n|(q − 1) (⇔ k contains the nth roots of unity).
Under this assumption, we have the following implications of conjectures∑

σ⊆G

W(Yσ)⇒Wnc(perfdg(X ;F))
∑
σ⊆G

ST(Yσ)⇒ STnc(perfdg(X ;F)) ,

where Yσ is a certain σ∨-Galois cover of Xσ induced by the restriction of F to Xσ.
Moreover, the conjectures Wl

nc(perfdg(X ;F)) and Wnc(perfdg(X ;F)) hold.

Similarly to Theorem 2.7, Theorem 2.11 implies that the noncommutative strong
form of the Tate conjecture holds, for example, for all those twisted global orbifolds
whose underlying scheme is a curve.

Finite-dimensional dg algebras. Let A be a smooth finite-dimensional dg k-
algebra in the sense of Orlov [44], i.e., dimk(Ai) < ∞ for every i ∈ Z. The
next result proves the noncommutative Weil conjecture(s) and the noncommutative
strong form of the Tate conjecture for this (large) class of dg algebras:

Theorem 2.12. The conjectures Cnc(A), with C ∈ {W,Wl,ST,W}, hold.

3. Applications to commutative geometry

Recall from §1 that both the Weil conjecture as well as the strong form of the
Tate conjecture hold for curves (Weil proved his famous conjecture for curves using
solely the classical intersection theory of divisors on surfaces). In this section,
making use of Theorems 1.5 and 1.15, we bootstrap these results from curves to
intersections of two quadrics and to linear sections of determinantal varieties. This
yields an alternative noncommutative proof of the Weil conjecture and of the strong
form of the Tate conjecture for all these (higher dimensional) schemes.

Intersections of two quadrics. Let X ⊂ Pn−1 be a smooth complete intersection
of two quadric hypersurfaces, with n ≥ 4. The linear span of these two quadrics
gives rise to an hypersurface Q ⊂ P1×Pn−1, and the projection onto the first factor
gives rise to a flat quadric fibration f : Q→ P1 of relative dimension n− 2.

Theorem 3.1. Assume that all the fibers of f have corank ≤ 1. Under this as-
sumption, the following holds:

(i) When n is even, the conjectures W(X) and ST(X) hold.
(ii) When n is odd and p 6= 2, the conjectures W(X) and ST(X) hold.

5Equivalently, F is a G-equivariant sheaf of Azumaya algebras over X.



10 GONÇALO TABUADA

Linear sections of determinantal varieties. Let U1 and U2 be two finite-
dimensional k-vector spaces of dimensions d1 and d2, respectively, V := U1⊗U2, and
0 < r < min(d1, d2) an integer. Consider the determinantal variety Zrd1,d2 ⊂ P(V )
defined as the locus of those matrices U2 → U∗1 with rank ≤ r.

Example 3.2 (Segre varieties). In the particular case where r = 1, the determinantal
varieties reduce to the classical Segre varieties. Concretely, Z1

d1,d2
is given by the

image of Segre homomorphism P(U1)× P(U2)→ P(V ).

In contrast with the Segre varieties, the varieties Zrd1,d2 , with r ≥ 2, are not
smooth. Their singular locus consists of those matrices U2 → U∗1 with rank < r,
i.e., it agrees with the closed subvarieties Zr−1

d1,d2
. Nevertheless, it is well-known

that Zrd1,d2 admits a canonical resolution of singularities X := X rd1,d2 → Z
r
d1,d2

.

Dually, consider the variety Wr
d1,d2

⊂ P(V ∗), defined as the locus of those matrices
U∗2 → U1 with corank ≥ r, and the associated canonical resolution of singularities
Y := Yrd1,d2 → W

r
d1,d2

. Finally, given a linear subspace L ⊆ V ∗, consider the

associated linear sections XL := X ×P(V ) P(L⊥) and YL := Y ×P(V ∗) P(L).

Theorem 3.3. Assume that XL and YL are smooth6, and that codim(XL) =
dim(L) and codim(YL) = dim(L⊥). Under these assumptions (which hold for a
generic choice of L), the following holds:

(i) When dim(L) = r(d1 + d2 − r)− 2, the conjectures W(YL) and ST(YL) hold.
(ii) When dim(L) = 2− r(d1 − d2 − r), the conjectures W(XL) and ST(XL) hold.

Example 3.4 (Segre varieties). Let r = 1. Thanks to Theorem 3.3(ii), when
dim(L) = 3− d1 + d2, the conjectures W(XL) and ST(XL) hold. In all these cases,
XL is a linear section of the Segre variety Z1

d1,d2
Moreover, dim(XL) = 2d1 − 5.

Therefore, for example, by letting d1 →∞ and by keeping dim(L) fixed, we obtain
infinitely many examples of smooth projective k-schemes XL, of arbitrary high di-
mension, satisfying the Weil conjecture and the strong form of the Tate conjecture.

Example 3.5 (Square matrices). Let d1 = d2. Thanks to Theorem 3.3(ii), when
dim(L) = 2 + r2, the conjectures W(XL) and ST(XL) hold. In all these cases, we
have dim(XL) = 2r(d1 − r) − 3. Therefore, for example, by letting d1 → ∞ and
by keeping dim(L) fixed, we obtain infinitely many examples of smooth projective
k-schemes XL, of arbitrary high dimension, satisfying the Weil conjecture and the
strong form of the Tate conjecture.

4. Preliminaries

Throughout the article, k = Fq is a finite field, with q = pr, W (k) is the ring of
p-typical Witt vectors of k, and K := W (k)1/p is the fraction field of W (k).

4.1. Dg categories. For a survey on dg categories, we invite the reader to consult7

[26]. A differential graded (=dg) category A is a category enriched over (cochain)
complexes of k-vector spaces. In what follows, we will write dgcat(k) for the cate-
gory of (essentially small) dg categories.

LetA be a dg category. The opposite dg categoryAop, resp. category H0(A), has
the same objects as A and Aop(x, y) := A(y, x), resp. H0(A)(x, y) := H0(A(x, y)).

6The linear section XL is smooth if and only if the linear section YL is smooth.
7Consult also the pioneering work [7].
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A right dg A-module is a dg functor M : Aop → Cdg(k) with values in the dg
category of complexes of k-modules. Let C(A) be the category of right dg A-
modules. Following [26, §3.2], the derived category D(A) of A is defined as the
localization of C(A) with respect to the objectwise quasi-isomorphisms. In what
follows, we will write Dc(A) for the subcategory of compact objects.

A dg functor F : A → B is called a Morita equivalence if it induces an equivalence
between derived categories D(A) ' D(B); see [26, §4.6]. As explained in [50, §1.6],
the category dgcat(k) admits a Quillen model structure whose weak equivalences
are the Morita equivalences. Let Hmo(k) be the associated homotopy category.

The tensor product A ⊗k B of dg categories is defined as follows: the set of
objects of A ⊗k B is the cartesian product of the sets of objects of A and B and
(A ⊗k B)((x,w), (y, z)) := A(x, y) ⊗k B(w, z). As explained in [50, §1.1.1 and
§1.6.4], this construction gives rise to a symmetric monoidal structure − ⊗k − on
the category dgcat(k), which descends to the homotopy category Hmo(k).

A dg A-B-bimodule is a dg functor B: A ⊗k Bop → Cdg(k). An example is the
dg A-B-bimodule FB: (x,w) 7→ B(w,F (x)) associated to a dg functor F : A → B.

Finally, following [30, 31, 33, 34], a dg category A is called smooth if the dg
A-A-bimodule idB belongs to the subcategory Dc(Aop ⊗k A) and proper if all the
complexes of k-vector spaces A(x, y) belong to the subcategory Dc(k). As explained
in [50, Thm. 1.43], the smooth proper dg categories can be (conceptually) character-
ized as the dualizable objects of the symmetric monoidal category Hmo(k). More-
over, the dual of a smooth proper dg category A is its opposite dg category Aop.

4.2. Noncommutative motives. For a book, resp. survey, on noncommutative
motives, we invite the reader to consult [50], resp. [48]. Recall from [50, §4.1] the
construction of the category of noncommutative Chow motives NChow(k)Q. This
category is Q-linear, additive, idempotent complete, rigid symmetric monoidal8,
and comes equipped with a (composed) symmetric monoidal functor:

U(−)Q : dgcatsp(k) −→ Hmosp(k)Q −→ NChow(k)Q .

Moreover, given smooth proper dg categories A and B, we have an isomorphism:

(4.1) HomNChow(k)Q(U(A)Q, U(B)Q) ' K0(Aop ⊗k B)Q .

Recall from [50, §4.6] the construction of the category of noncommutative nu-
merical motives NNum(k)Q. This category is also Q-linear, additive, idempotent
complete, rigid symmetric monoidal, and comes equipped with a (quotient) Q-linear
symmetric monoidal functor NChow(k)Q → NNum(k)Q.

4.3. Numerical Grothendieck group. Given a smooth proper dg categoryA, its
Grothendieck group K0(A) := K0(Dc(A)) comes equipped with the Euler bilinear
pairing χ : K0(A) ×K0(A) → Z, ([M ], [N ]) 7→

∑
n(−1)ndimkHomDc(A)(M,N [n]).

This pairing is not symmetric neither skew-symmetric. Nevertheless, making use of
the notion of Serre functor developed in [8], it can be shown that the left and right
kernels of χ agree; consult [50, Prop. 4.24]. Hence, the numerical Grothendieck
group K0(A)/∼num is defined as the quotient of K0(A) by the kernel of χ. As
proved in [46, Thm. 5.1], K0(A)/∼num is a finitely generated free abelian group. In

8Recall that a symmetric monoidal category is called rigid if all its objects are dualizable.
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what follows, we will write K0(A)Q/∼num for the finite-dimensional Q-vector space
K0(A)/∼num⊗ZQ. Finally, recall from [50, §4.6-§4.7] that we have an isomorphism

HomNNum(k)Q(U(A)Q, U(B)Q) ' K0(Aop ⊗k B)Q/∼num .

5. Topological periodic cyclic homology

For recent/modern references on topological (periodic) cyclic homology, we invite
the reader to consult [20, 43]. Following [1, 6], topological periodic cyclic homology
gives rise to a symmetric monoidal functor TP∗(−)1/p : dgcatsp(k)→ modZ(K[v±1])

with values in the category of (degreewise finite-dimensional) Z-graded K[v±1]-
modules, where v is a variable of degree −2. Moreover, as explained in [46,
Thm. 2.3], this functor yields a Q-linear symmetric monoidal functor:

(5.1) TP∗(−)1/p : NChow(k)Q −→ modZ(K[v±1]) .

5.1. Homological Grothendieck group. Let A be a smooth proper dg category.
By combining the functor (5.1) with the identification (4.1) (with A := k and
B := A), we obtain an induced Q-linear homomorphism ch: K0(A)Q → TP0(A).
Under these notations, the homological Grothendieck group K0(A)Q/∼hom is defined
as the quotient of K0(A)Q by the kernel of ch.

5.2. Cyclotomic Frobenius. Let A be a smooth proper dg category. By con-
struction, its topological Hochschild homology THH(A) carries a canonical cy-
clotomic structure in the sense of [43, §2]. Using the S1-action on THH(A),
we can consider the spectrum of homotopy orbits THH(A)hS1 , the spectrum of

homotopy fixed-points TC−(A) := THH(A)hS
1

, and also the Tate construction

TP (A) := THH(A)tS
1

in the sense of [16]. As explained in [43, Cor. I.4.3], these
spectra are related by the following cofiber sequence

(5.2) ΣTHH(A)hS1
N−→ THH(A)hS

1 can−→ THH(A)tS
1

,

where N stands for the norm map. It is well-known that the abelian groups
THH∗(A) are k-linear. Hence, after inverting p, we have ΣTHH(A)hS1 [1/p] ' ∗.
Consequently, the above cofiber sequence (5.2) leads to a canonical isomorphism:

(5.3) can: TC−∗ (A)1/p
'−→ TP∗(A)1/p .

It is also well-known that the spectrum THH(A) is a dualizable THH(k)-module
spectrum. Thanks to Bökstedt’s celebrated computation THH∗(k) ' k[u], where
u is a variable of degree 2, this implies that the spectrum THH(A) is bounded
below, i.e., there exists an integer m ∈ Z such that THHn(A) = 0 for every n < m.
Since the abelian groups THH∗(A) are k-linear, this also implies that the spectrum
THH(A) is p-complete. Therefore, as explained in [43, Lem. II.4.2], the cyclotomic
structure of THH(A) yields another homomorphism:

(5.4) ϕp : TC−∗ (A)1/p −→ TP∗(A)1/p .

It follows from [1, Prop. 4.7] that the homomorphism (5.4) is invertible. Hence,
let us write ϕ∗ := ϕp ◦ can−1 for the induced automorphism of TP∗(A)1/p. The
automorphism ϕ∗ is not K-linear. Instead, it is σ-semilinear with respect to the

isomorphism σ : K
'→ K induced by the Frobenius map λ 7→ λp on k. Therefore,

its r-fold composition F∗ := ϕr∗ becomes a K-linear automorphism of TP∗(A)1/p.

Notation 5.5. The K-linear automorphism F∗ is called the cyclotomic Frobenius.
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Remark 5.6 (Lack of linearity). The automorphism ϕ∗ is notK[v±1]-linear. Instead,

it is ρ-semilinear with respect to the isomorphism ρ : K[v±1]
'→ K[v±1], v 7→ pv. In

other words, we have the following commutative squares:

TPn(A)1/p
v·−
'

//

ϕn '
��

TPn−2(A)1/p

1
p ·ϕn−2'
��

TPn(A)1/p
v·−
'

// TPn−2(A)1/p .

n ∈ Z(5.7)

Consequently, we obtain an induced σ-semilinear isomorphism:

ϕ∗ : TP∗(A)ρ1/p := TP∗(A)1/p ⊗K[v±1],ρ K[v±1]
'−→ TP∗(A)1/p .

Since F∗ := ϕr∗, the cyclotomic Frobenius is also not K[v±1]-linear. Instead, it is

τ -semilinear with respect to the isomorphism τ : K[v±1]
'→ K[v±1], v 7→ qv. In

other words, we have the following commutative squares:

TPn(A)1/p
v·−
'

//

Fn '
��

TPn−2(A)1/p

1
q ·Fn−2'
��

TPn(A)1/p
v·−
'

// TPn−2(A)1/p .

n ∈ Z(5.8)

Consequently, we obtain an induced K-linear isomorphism:

F∗ : TP∗(A)τ1/p := TP∗(A)1/p ⊗K[v±1],τ K[v±1]
'−→ TP∗(A)1/p .

Remark 5.9 (Loss of information). Similarly to §1, given an integer n ∈ Z, we can
consider the following Hasse-Weil zeta function:

ζn(A; s) := det(id−q−s(Fn ⊗K,ι C)|TPn(A)1/p ⊗K,ι C)−1 .

Thanks to the above commutative squares (5.8), we have ζn(A; s) = ζ0(A; s + n
2 )

when n is even and ζn(A; s) = ζ1(A; s+ n−1
2 ) when n is odd. Consequently, there is

no loss of information in working solely with the even/odd Hasse-Weil zeta functions
ζeven(A; s) := ζ0(A; s) and ζodd(A; s) := ζ1(A; s) (as done in §1).

5.3. Natural transformation. Given smooth proper dg categories A and B, we
have a natural isomorphism FA⊗kB∗ ' FA∗ ⊗K[v±1] FB∗ . Therefore, by construc-
tion of the category of noncommutative Chow motives NChow(k)Q, the assignment
U(A)Q 7→ FA∗ (parametrized by the smooth proper dg categories A) yields a Q-
linear symmetric monoidal natural transformation from the functor

(5.10) TP∗(−)τ1/p : NChow(k)Q −→ modZ(K[v±1])

to the above Qp-linear symmetric monoidal functor (5.1).

Remark 5.11 (Generalization). Thanks to the aforementioned natural transforma-
tion, we can similarly formulate the conjectures Cnc(NM), with C ∈ {W,Wl,ST,W},
for every noncommutative Chow motive NM ∈ NChow(k)Q. In the particular case
where NM = U(A)Q, with A a smooth proper dg category, these reduce to the

conjectures Cnc(A), with C ∈ {W,Wl,ST,W}.
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5.4. Isocrystals realization functor. The classical category of isocrystals Crys(K)
(consult [13, 39]) admits the following variant:

Definition 5.12. Let CrysZ(K[v±1]) be the category whose objects are given by
the pairs (V∗, ϕ

V
∗ ), where V∗ is a (degreewise finite-dimensional) Z-graded K[v±1]-

module and ϕV∗ : V ρ∗
'→ V∗ is a σ-semilinear isomorphism, and the morphisms

f∗ : (V∗, ϕ
V
∗ ) → (W∗, ϕ

W
∗ ) are given by the homomorphisms of Z-graded K[v±1]-

modules f∗ : V∗ →W∗ such that f∗ ◦ ϕV∗ = ϕW∗ ◦ f
ρ
∗ .

Note that the category CrysZ(K[v±1]) is Qp-linear (not K-linear) and that it
comes equipped with a symmetric monoidal structure induced from the canonical
symmetric monoidal structure on modZ(K[v±1]). Given smooth proper dg cate-
gories A and B, we have a natural isomorphism ϕA⊗kB∗ ' ϕA∗ ⊗K[v±1]ϕ

B
∗ . Therefore,

by construction of the category of noncommutative Chow motives NChow(k)Q, we
obtain the following Q-linear symmetric monoidal functor:

NChow(k)Q −→ CrysZ(K[v±1]) U(A)Q 7→ (TP∗(A)1/p, ϕ∗) .(5.13)

In what follows, we will call (5.13) the isocrystals realization functor.

6. Proof of Theorem 1.5

Following [15, Thm. 2][47, Thm. 5.2] (this is a result of Scholze), we have natural
isomorphisms of finite-dimensional K-vector spaces:

TP0(perfdg(X))1/p '
⊕
w even

Hw
crys(X)(6.1)

TP1(perfdg(X))1/p '
⊕
w odd

Hw
crys(X) .(6.2)

Moreover, following [20, §7], the cyclotomic Frobenius F0 corresponds under the
above isomorphism (6.1) to the following automorphism:

(6.3)
⊕
w even

q−
w
2 Frw :

⊕
w even

Hw
crys(X)

'−→
⊕
w even

Hw
crys(X) .

Similarly, the cyclotomic Frobenius F1 corresponds under the above isomorphism
(6.2) to the following automorphism:

(6.4)
⊕
w odd

q−
w−1

2 Frw :
⊕
w odd

Hw
crys(X)

'−→
⊕
w odd

Hw
crys(X) .

Given an integer 0 ≤ w ≤ 2d, let us write {λ(w,1), . . . , λ(w,βw)} for the eigenval-
ues (with multiplicity) of the automorphism Frw, where βw := dimKH

w
crys(X).

Thanks to the identification of cyclotomic Frobenius F0, resp. F1, with the au-
tomorphism (6.3), resp. (6.4), the eigenvalues of F0, resp. F1, are given by⋃
w even{q−

w
2 λ(w,1), . . . , q

−w2 λ(w,βw)}, resp.
⋃
w odd{q−

w−1
2 λ(w,1), . . . , q

−w−1
2 λ(w,βw)}.

Consequently, since q−
w
2 , with w even, and q−

w−1
2 , with w odd, are rational num-

bers, we conclude that the conjecture Wnc(perfdg(X)) holds if and only if the
conjecture W(X) holds.

Remark 6.5 (Weight normalization). Thanks to the identification of cyclotomic
Frobenius F0, resp. F1, with the automorphism (6.3), resp. (6.4), we have the
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following description of the even/odd Hasse-Weil zeta function:

ζeven(perfdg(X); s) =
∏
w even

det(id−q−(s+w
2 )(Frw ⊗K,ι C)|Hw

crys(X)⊗K,ι C)−1

ζodd(perfdg(X); s) =
∏
w odd

det(id−q−(s+w−1
2 )(Frw ⊗K,ι C)|Hw

crys(X)⊗K,ι C)−1 .

Using the fact that the polynomials pw(X; t), 0 ≤ w ≤ 2d, have integer coeffi-
cients, we hence conclude that ζeven(perfdg(X); s) =

∏
w even ζw(X; s + w

2 ) and

ζodd(perfdg(X); s) =
∏
w odd ζw(X; s + w−1

2 ). Roughly speaking, this shows that
the even/odd Hasse-Weil zeta function of perfdg(X) may be understood as the
“weight normalization” of the product of the Hasse-Weil zeta functions ζw(X; s).

Remark 6.6 (Weil q-numbers). Let X be a smooth proper k-scheme of dimension
d. Given an integer 0 ≤ w ≤ 2d, let us write {λ(w,1), · · · , λ(w,βw)} for the eigen-
values (with multiplicities) of the automorphism Frw, where βw := dimKH

w
crys(X).

Thanks to the work of Deligne [12], the eigenvalues {λ(w,1), · · · , λ(w,βw)} are al-

gebraic integers and all their complex conjugates have absolute value q
w
2 . Conse-

quently, they are Weil q-numbers of weight w. As explained in the proof of Theorem
1.5, in the case of the dg category A = perfdg(X), the eigenvalues of the cyclotomic

Frobenius F0, resp. F1, are given by
⋃
w even{q−

w
2 λ(w,1), . . . , q

−w2 λ(w,βw)}, resp.⋃
w odd{q−

w−1
2 λ(w,1), . . . , q

−w−1
2 λ(w,βw)}. Therefore, by taking c := d, we conclude

that the eigenvalues of F0 and F1 become algebraic integers after multiplication by
qc. This shows, in particular, that both the assumption of Theorem 1.11 as well as
conjecture Wnc(A) hold for the dg category A = perfdg(X).

7. Proof of Theorem 1.9

We start with the following general result:

Lemma 7.1. Let θ : V ⊗K W → K a perfect bilinear pairing of finite-dimensional
K-vector spaces, f an automorphism of V , g an automorphism of W , and λ ∈ K
a non-zero scalar, making the following diagram commute:

V ⊗K W

f⊗Kg '

��

θ // K

λ·−'

��
V ⊗K W

θ
// K .

Under these assumptions, we have the following equalities:

det(id−tg|W ) =
(−1)dim(V )λdim(V )tdim(V )

det(f |V )
· det(id−λ−1t−1f |V )

det(g|W ) =
λdim(V )

det(f |V )
.

Proof. A simple exercise that we leave for the reader. �
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Proposition 7.2. Given a smooth proper dg category A, there exist perfect bilinear
pairings θ0 and θ1 making the following diagrams commute:

TP0(Aop)1/p ⊗K TP0(A)1/p

F0⊗KF0 '

��

θ0 // K TP1(Aop)1/p ⊗K TP1(A)1/p

F1⊗KF1 '

��

θ1 // K

q·−'

��
TP0(Aop)1/p ⊗K TP0(A)1/p

θ0

// K TP1(Aop)1/p ⊗K TP1(A)1/p
θ1

// K .

Proof. Recall from §5.3 that the assignment U(A)Q 7→ FA∗ (parametrized by the
smooth proper dg categoriesA) yields a Q-linear symmetric monoidal natural trans-
formation from the functor (5.10) to the functor (5.1). Recall also from §4.1-§4.2
that U(A)Q is a dualizable object of the symmetric monoidal category NChow(k)Q
and that U(Aop)Q is the dual of U(A)Q. Hence, by applying the aforementioned
natural transformation to the evaluation morphism U(Aop)Q ⊗ U(A)Q → U(k)Q,
we obtain the following commutative diagram:

(7.3) TP∗(Aop)τ1/p ⊗K[v±1] TP∗(A)τ1/p

F∗⊗K[v±1]F∗ '

��

// TP∗(k)τ1/p = K[v±1]τ

Fk∗'

��
TP∗(Aop)1/p ⊗K[v±1] TP∗(A)1/p

// TP∗(k)1/p = K[v±1] .

Note that TPn(−)τ1/p = TPn(−)1/p for every (fixed) integer n ∈ Z. Hence, the left-

hand side commutative diagram of Proposition 7.2 is defined as the composition

TP0(Aop)τ1/p ⊗K TP0(A)τ1/p

F0⊗KF0 '

��

// (TP∗(Aop)τ1/p ⊗K[v±1] TP∗(A)τ1/p)0

(F∗⊗K[v±1]F∗)0 '

��

// TP0(k)τ1/p

F0=id

TP0(Aop)1/p ⊗K TP0(A)1/p
// (TP∗(Aop)1/p ⊗K[v±1] TP∗(A)1/p)0

// TP0(k)1/p ,

where the left-hand side horizontal morphisms are induced by the monoidal struc-
ture of the category modZ(K[v±1]) and the right-hand side horizontal morphisms
are induced from (7.3). By construction, the horizontal composition(s), denoted by
θ0, is a perfect bilinear pairing. Similarly, the right-hand side commutative diagram
of Proposition 7.2 is defined as the composition

TP1(Aop)τ1/p ⊗K TP1(A)τ1/p

F1⊗KF1 '

��

// (TP∗(Aop)τ1/p ⊗K[v±1] TP∗(A)τ1/p)2

(F∗⊗K[v±1]F∗)2 '

��

// TP2(k)τ1/p

' F2=q·−

��
TP1(Aop)1/p ⊗K TP1(A)1/p

// (TP∗(Aop)1/p ⊗K[v±1] TP∗(A)1/p)2
// TP2(k)1/p ,

where the left-hand side horizontal morphisms are induced by the monoidal struc-
ture of the category modZ(K[v±1]) and the right-hand side horizontal morphisms
are induced from (7.3). By construction, the horizontal composition(s), denoted by
θ1, is a perfect bilinear pairing. �

We now have all the ingredients necessary to conclude the proof of Theorem 1.9.
By construction, we have TP∗(Aop)1/p = TP∗(A)1/p (as Z-graded K[v±]-modules)
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and FA
op

∗ = FA∗ . Therefore, by applying Lemma 7.1 to the perfect bilinear pairings
θ0 and θ1 of Proposition 7.2, we obtain the following equalities of polynomials:

det(id−tF0|TP0(A)1/p) =
(−1)χ0(A)tχ0(A)

det(F0|TP0(A)1/p)
· det(id−t−1F0|TP0(A)1/p)

det(id−tFA1 |TP1(A)1/p) =
(−1)χ1(A)qχ1(A)tχ1(A)

det(F1|TP1(A)1/p)
· det(id−q−1t−1F1|TP1(A)1/p) .

Now, choose an embedding ι : K ↪→ C and replace F0 and F1 by F0 ⊗K,ι C and
F1⊗K,ιC, respectively. Then, replace t by q−s and pass to the inverse. This yields
the sought functional equations of Theorem 1.9.

Remark 7.4 (Smooth proper schemes). Let X be a smooth proper k-scheme of
dimension d. Note that the isomorphisms (6.1)-(6.2) imply that χ0(perfdg(X)) =
χeven(X) and χ1(perfdg(X)) = χodd(X), where χeven(X) :=

∑
w even dimKH

w
crys(X)

and χodd(X) :=
∑
w odd dimKH

w
crys(X). Note also that the identification of the

cyclotomic Frobenius F0, resp. F1, with the automorphism (6.3), resp. (6.4), leads
to the following equalities

det(F0 ⊗K,ι C) =
∏
w even

q−
w
2 βw · det(Frw ⊗K,ι C)(7.5)

det(F1 ⊗K,ι C) =
∏
w odd

q−
w−1

2 βw · det(Frw ⊗K,ι C) ,(7.6)

where βw := dimKH
w
crys(X). Now, recall, for example from [19, App. C Thm. 4.4],

that we have moreover the following equalities

det(Fr2d−w ⊗K,ι C) =
qdβw

det(Frw ⊗K,ι C)
0 ≤ w ≤ 2d .(7.7)

By combining (7.7) with the fact that βw = β2d−w for every 0 ≤ w ≤ 2d, we hence
conclude (via a simple computation) that the square of (7.5), resp. of (7.6), is equal
to 1, resp. to qχodd(X). These considerations imply that the functional equations
of Theorem 1.9, with A = perfdg(X), reduce to the functional equations:

ζeven(perfdg(X); s) = ±qχeven(X)s · ζeven(perfdg(X);−s)

ζodd(perfdg(X); s) = ±qχodd(X)s · ζodd(perfdg(X); 1− s) .

Moreover, making use of Remark 6.5, these may be re-written as follows:∏
w even

ζw(X; s+
w

2
) = ±qχeven(X)s ·

∏
w even

ζw(X;−s+
w

2
)

∏
w odd

ζw(X; s+
w − 1

2
) = ±qχodd(X)s ·

∏
w odd

ζw(X; 1− s+
w − 1

2
) .

8. Proof of Theorem 1.11

Let λ be an eigenvalue of the automorphism F0. Note first that if qcλ is an
algebraic integer, then λ is, in particular, an algebraic number. Therefore, it suffices
to prove that, for every l 6= p, all the l-adic conjugates of λ have absolute value 1.
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As explained in §7, there exists a perfect bilinear pairing θ0 making the following
diagram commute (consult Proposition 7.2 and the subsequent arguments):

(8.1) TP0(A)1/p ⊗K TP0(A)1/p

F0⊗KF0 '
��

θ0 // K

TP0(A)1/p ⊗K TP0(A)1/p
θ0

// K .

Thanks to Lemma 7.1, this implies that if λ is an eigenvalue of F0, then 1
λ is also

an eigenvalue of F0. Let Q(λ)/Q be the (finite) field extension of Q generated by
λ, O ⊂ Q(λ) for the associated ring of integers, and (qcλ) = P1 · · ·Pn and (qc 1

λ ) =
P′1 · · ·P′m for the (unique) prime decomposition in O of the ideals generated by
the algebraic integers qcλ and qc 1

λ , respectively. Since O is a Dedekind domain, we

have the (unique) prime decomposition (q2c) = (qcλ)(qc 1
λ ) = P1 · · ·PnP

′
1 · · ·P′m.

This implies that all the prime ideals P1, . . . ,Pn,P
′
1, . . . ,P

′
m lie over p ∈ Z. Con-

sequently, since λ = (qc)−1(qcλ), we conclude that all the l-adic conjugates of λ
have absolute value 1. The proof is similar in the case of the automorphism F1:
simply replace (8.1) by the following commutative diagram

(8.2) TP1(A)1/p ⊗K TP1(A)1/p

F1⊗KF1 '
��

θ1 // K

q·−'

��
TP1(A)1/p ⊗K TP1(A)1/p

θ1

// K

and note that if λ is an eigenvalue of F1, then q
λ is also an eigenvalue of F1.

9. Proof of Theorem 1.12

We start by proving item (i). Recall from §5.2 that σ : K
'→ K stands for

the isomorphism induced by the Frobenius map λ 7→ λp on k. Recall also from
loc. cit. that the finite-dimensional K-vector space TP0(A)1/p equipped with the

σ-semilinear automorphism ϕ0 : TP0(A)1/p
'→ TP0(A)1/p is a (classical) isocrys-

tal. Furthermore, we have F0 := ϕr0. Under these notations, the polynomial
p0(A; t) = a0 + a1t + · · · + aχ0

tχ0 has Qp-coefficients if and only if σ(ai) = ai
for every 0 ≤ i ≤ χ0. By definition of p0(A; t) := det(id−tF0|TP0(A)1/p), we

have ai = (−1)itrace(∧i(F0)). Therefore, using the fact that the category of
(classical) isocrystals is closed under exterior products, it suffices to show that
σ(trace(F0)) = trace(F0). Let us choose a basis B = (e1, . . . , eχ0

) of TP0(A)1/p

and write M(ϕ0;B,B), resp. M(F0;B,B), for the matrix of ϕ0, resp. F0, in the
basis B. Note that we have the following equality

(9.1) M(F0;B,B) = σ(r−1)(M(ϕ0;B,B)) · · ·σ(M(ϕ0;B,B)) ·M(ϕ0;B,B) .

Since σr = id, by combining (9.1) with the fact that trace(MN) = trace(NM) for
any two matrices M and N , we hence conclude that σ(trace(F0)) = trace(F0). This
proves the first claim of item (i). In what concerns the second claim, recall that
the Newton polygon of the polynomial p0(A; t) = a0 + a1t+ · · ·+ aχ0t

χ0 is defined
as the convex hull of the set of points {(0,∞), (i, νq(ai)), (χ0,∞)}0≤i≤χ0 , where

νq(−) : (Qp)× → Q stands for the q-adic valuation (with νq(p) = 1/r). On the
one hand, we have a0 = (−1)0trace(∧0(F0)) = 1. This implies that (0, νq(a0)) =
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(0, 0). On the other hand, we have aχ0
= (−1)χ0trace(∧χ0(F0)) = (−1)χ0det(F0).

By combining Lemma 7.1 with the commutative diagram (8.1), we observe that
det(F0) = ±1. This implies, in particular, that (χ0, νq(aχ0)) = (χ0, 0). Finally,
recall that if s/r is a slope in the Newton polygon of the polynomial p0(A; t) with
horizontal length m, then there exist precisely m eigenvalues λ of F0 with νq(λ) =
s/r (and vice-versa). Therefore, the remaining description of the Newton polygon
of p0(A; t) follows from the fact (proved in §8) that if λ is an eigenvalue of F0, then
1
λ is also an eigenvalue of F0; recall that νq(

1
λ ) = −νq(λ).

The proof of item (ii) is similar. Simply replace F0 by F1, the commutative
diagram (8.1) by the commutative diagram (8.2), the equality det(F0) = ±1 by the

equality det(F1) = ±q
χ1
2 , and the involution λ 7→ 1

λ on the set of eigenvalues of F0

by the involution λ 7→ q
λ on the set of eigenvalues of F1; recall that νq(

q
λ ) = 1−νq(λ).

10. Noncommutative strong form of the Tate conjecture

In this section we prove that the noncommutative strong form of the Tate con-
jecture is equivalent to the noncommutative p-version of the Tate conjecture plus
the noncommutative standard conjecture of type D. As a byproduct of this equiv-
alence of conjectures, we obtain a proof of Theorem 1.15 and also an alternative
formulation of the noncommutative strong form of the Tate conjecture in terms of
the isocrystals realization functor (consult §10.5 below).

10.1. Noncommutative standard conjecture of type D. Let A be a smooth
proper dg category. Recall from §5.1, resp. §4.3, the definition of the homological,
resp. numerical, Grothendieck group K0(A)Q/∼hom, resp. K0(A)Q/∼num. The
noncommutative standard conjecture of type D asserts the following:

Conjecture Dnc(A): The equality K0(A)Q/∼hom = K0(A)Q/∼num holds.

Remark 10.1 (Standard conjecture of type D). Let X be a smooth proper k-
scheme. As proved in [47, Thm. 1.1], we have the following equivalence of con-
jectures Dnc(perfdg(X)) ⇔ D(X), where D(X) stands for the standard conjecture
of type D (consult Grothendieck [17] and Kleiman [27, 28]).

10.2. Noncommutative p-version of the Tate conjecture. Let A be a smooth
proper dg category. As proved in [51, Lem. 3.7], the Q-linear homomorphism

ch: K0(A)Q → TP0(A)1/p defined in §5.1 takes values in TP0(A)F0

1/p. Hence, we

can consider the K-linear homomorphism chK : K0(A)K → TP0(A)F0

1/p and the as-

sociated homological Grothendieck group K0(A)K/∼hom. Under these notations,
the noncommutative p-version of the Tate conjecture asserts the following:

Conjecture Tpnc(A): The homomorphism chK is surjective.

Remark 10.2 (Alternative formulation). Thanks to Galois descent, the conjecture
Tpnc(A) may be alternatively formulated as follows: the induced Qp-linear homo-
morphism chQp : K0(A)Qp → TP0(A)ϕ0

1/p is surjective.

Remark 10.3 (p-version of the Tate conjecture). Let X be a smooth proper k-
scheme. As proved in [51, Thm. 1.3], we have the equivalence of conjectures
Tpnc(perfdg(X)) ⇔ Tp(X), where Tp(X) stands for the p-version of the Tate con-
jecture (consult Milne [41] and Tate [55]).
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10.3. Equivalence of conjectures. The next result is of independent interest:

Theorem 10.4. Given a smooth proper dg category A, we have the equivalence of
conjectures STnc(A)⇔ Tpnc(A) + Dnc(A).

Proof. We start by proving the implication STnc(A) ⇒ Tpnc(A) + Dnc(A). Recall
from Remark 1.13 that if the conjecture STnc(A) holds, then the algebraic multi-
plicity of the eigenvalue 1 of F0 agrees with the dimension of the Q-vector space
K0(A)Q/∼num. Note also that the geometric multiplicity of the eigenvalue 1 of F0,
which is always less (or equal) than the algebraic multiplicity, agrees with the di-

mension of the K-vector space TP0(A)F0

1/p. In order to prove the conjecture Tpnc(A),

we need then to show that the dimension of the K-vector space TP0(A)F0

1/p is less

(or equal) than the dimension of the K-vector space K0(A)K/∼hom. This follows
from the following (in)equalities:

dimKTP0(A)F0

1/p = geometric multiplicity of the eigenvalue 1 of F0

≤ algebraic multiplicity of the eigenvalue 1 of F0

= dimQK0(A)Q/∼num

≤ dimQK0(A)Q/∼hom = dimKK0(A)K/∼hom .

Similarly, since dimQK0(A)Q/∼num ≤ dimQK0(A)Q/∼hom, in order to prove the
conjecture Dnc(A), we need then to show that the dimension of the Q-vector
space K0(A)Q/∼hom is less (or equal) than the dimension of the Q-vector space
K0(A)Q/∼num. This follows from the following (in)equalities:

dimQK0(A)Q/∼hom = dimKK0(A)K/∼hom ≤ dimKTP0(A)F0

1/p

= geometric multiplicity of the eigenvalue 1 of F0

≤ algebraic multiplicity of the eigenvalue 1 of F0

= dimQK0(A)Q/∼num .

We now prove the implication Tpnc(A) + Dnc(A) ⇒ STnc(A). Note that if both
conjectures Tpnc(A) and Dnc(A) hold, then the geometric multiplicity of the eigen-
value 1 of F0 is equal to the dimension of the Q-vector space K0(A)Q/∼num. Hence,
in order to prove the conjecture STnc(A), it suffices then to show that the geometric
multiplicity of the eigenvalue 1 of F0 agrees with the algebraic multiplicity of the
eigenvalue 1 of F0. Thanks to Lemma 10.6 below, this will follow from the injectivity
of the canonical morphism ε : TP0(A)F0

1/p → (TP0(A)1/p)F0
(induced by the iden-

tity on TP0(A)1/p). Recall from §4.1-§4.2 that U(A)Q is a dualizable object of the
symmetric monoidal category NChow(k)Q and that U(Aop)Q is the dual of U(A)Q.
Consequently, by applying the functor HomNChow(k)Q(U(k)Q,−) to the evaluation
morphism U(Aop)Q ⊗ U(A)Q → U(k)Q, we obtain (from the symmetric monoidal
structure of NChow(k)Q) a bilinear pairing ψ : K0(Aop)Q ⊗Q K0(A)Q → Q. Note
that since the Q-linear functor (5.1) is symmetric monoidal, we have the following
commutative diagram

TP0(Aop)F0

1/p ⊗K TP0(A)F0

1/p

θ0 // K

K0(Aop)K ⊗K K0(A)K

chK⊗KchK

OO

ψK

// K ,
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where θ0 stands for the perfect bilinear pairing of Proposition 7.2 and ψK for the
K-linearization of ψ. By adjunction, this yields the induced commutative diagram:

(10.5) TP0(A)F0

1/p

θ\0 // HomK(TP0(Aop)F0

1/p,K)

HomK(chK ,K)

��
K0(A)K/∼hom

chK

OO

ψ\K

// HomK(K0(Aop)K/∼hom,K) .

Thanks to the left-hand side commutative diagram of Proposition 7.2, the morphism

θ\0 admits the following factorization:

θ\0 : TP0(A)F0

1/p

ε−→ (TP0(A)1/p)F0 −→ HomK(TP0(Aop)F0

1/p,K) .

Using the fact that the left-hand side vertical morphism in (10.5) is surjective
(=conjecture Tpnc(A)), we observe that in order to show that the canonical mor-

phism ε is injective, it suffices then to show that the morphism ψ\K is injective. As
explained in [40, §6], a Grothendieck class α ∈ K0(A)Q is numerically trivial in the
sense of §4.3 if and only if ψ(β, α) = 0 for every β ∈ K0(Aop)Q. In other words, the
numerical Grothendieck group K0(A)Q/∼num may be identified with the quotient of

K0(A)Q/∼hom by the kernel of θ\0. Therefore, in order to prove that ψ\K is injective,
we can then consider the following commutative diagram:

(K0(A)Q/∼hom)K

��

K0(A)K/∼hom

��

// HomK(K0(Aop)K/∼hom,K)

(K0(A)Q/∼num)K K0(A)K/∼num

<<

.

Since the curved morphism is injective and the vertical morphism(s) is injective

(=conjecture Dnc(A)), we hence conclude that the morphism ψ\K is also injective.
This finishes the proof of Theorem 10.4. �

Lemma 10.6. Let f : V
'→ V be an automorphism of a finite-dimensional K-vector

space V . Under these assumptions, the geometric multiplicity of the eigenvalue 1
of f agrees with the algebraic multiplicity of the eigenvalue 1 of f if and only if the
canonical morphism ε : V f → Vf (induced by the identity on V ) is injective.

Proof. Note that the geometric multiplicity of the eigenvalue 1 of f agrees with
the algebraic multiplicity of the eigenvalue 1 of f if and only if Ker(id−f) =
Ker((id−f)2). Hence, the proof follows from the fact that the latter condition is
equivalent to the condition Ker(id−f) ∩ Im(id−f) = ∅, i.e., to the injectivity of
the canonical morphism V f → Vf . �

10.4. Proof of Theorem 1.15. As mentioned in Remarks 10.1 and 10.3, we have
the following equivalences of conjectures

Dnc(perfdg(X))⇔ D(X) Tpnc(perfdg(X))⇔ Tp(X) .

Therefore, by combining Theorem 10.4 (with A = perfdg(X)) with the equivalence
of conjectures ST(X)⇔ Tp(X) + D(X) established in [41, Thm. 1.11] (consult also
[54, Thm. 2.9]), we obtain the sought equivalence STnc(perfdg(X))⇔ ST(X).
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Remark 10.7 (Direct proof). A direct proof of the following implication of con-
jectures ST(X) ⇒ STnc(perfdg(X)) can be achieved as follows: thanks to the
factorization (1.2) and to Remark 6.5, we have the following equality:

ords=0ζeven(perfdg(X); s) =
∑
w even

ords=w
2
ζw(X; s) =

∑
0≤j≤d

ords=jζ(X; s) .

Therefore, since the numerical Grothendieck group K0(perfdg(X))Q/∼num is isomor-

phic to the direct sum
⊕d

i=0Zi(X)Q/∼num (consult [49, Prop. 1.7(i)]), we conclude
that the conjecture STnc(perfdg(X)) follows from ST(X).

10.5. Alternative formulation. The next result, which is of independent interest,
provides an alternative formulation of the noncommutative strong form of the Tate
conjecture (when all smooth proper dg categories are considered simultaneously):

Proposition 10.8. The conjecture STnc(A) holds for every smooth proper dg cat-
egory A if and only if the isocrystal realization functor (5.13) yields the following
Qp-linear symmetric monoidal fully-faithful functor:

NNum(k)Qp −→ CrysZ(K[v±1]) U(A)Qp 7→ (TP∗(A)1/p, ϕ∗) .(10.9)

Proof. By construction, every object of NNum(k)Qp is a direct summand of an
object of the form U(A)Qp for some smooth proper dg category A; consult [50, §4.6].
This implies that the functor (5.13) descends to the category of noncommutative
numerical motives NNum(k)Qp if and only if the conjecture Dnc(A) holds for every
smooth proper dg category A. Given smooth proper dg categories B and C, note
that by definition of the category CrysZ(K[v±1]), we have a natural isomorphism:

HomCrysZ(K[v±1])((TP∗(B)1/p, ϕ∗), (TP∗(C)1/p, ϕ∗)) ' TP0(Bop ⊗k C)ϕ0

1/p .

This implies that the Qp-linear symmetric monoidal faithful functor (10.9) is more-
over full if and only if the conjecture Tpnc(A) holds for every smooth proper dg cate-
gory A; consult Remark 10.2. Hence, the proof follows now from Theorem 10.4. �

11. Proof of Theorem 1.16

Remark 11.1. Similarly to Remark 5.11, thanks to the above functor (10.9), we
can formulate the conjectures Cnc(NM), with C ∈ {W,Wl,ST,W}, for every non-
commutative numerical motive NM ∈ NNum(k)Qp . In the particular case where
NM = U(A)Qp , withA a smooth proper dg category, these reduce to the conjectures

Cnc(A), with C ∈ {W,Wl,ST,W}. By construction, every object of NNum(k)Qp
is a direct summand of an object of the form U(A)Qp for some proper dg category

A. Therefore, if one of the conjectures Cnc(−), with C ∈ {W,Wl,ST,W}, holds
for every smooth proper dg category A, then the same conjecture holds for every
noncommutative numerical motive NM ∈ NNum(k)Qp .

Item (i). Note first that the category CrysZ(K[v±1]) (ser Definition 5.12) comes
equipped with the following ⊗-automorphism π of the identity functor:

(V∗, ϕ
V
∗ ) 7→ π

(V∗,ϕ
V
∗ )

∗ where π
(V∗,ϕ

V
∗ )

n :=

{
(p

n
2 · ϕVn )r n even

(p
n−1
2 · ϕVn )r n odd

.(11.2)

Making use of the Qp-linear symmetric monoidal fully-faithful functor (10.9), we
hence conclude that the category NNum(k)Qp also comes equipped with a ⊗-
automorphism π of the identity functor. This proves the first claim. The second
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claim follows from Proposition 11.3 below; note that in the particular case where
NM ∈ NNum(k)Qp is a simple object, EndNNum(k)Qp

(NM) is a division Qp-algebra

and Qp[πNM ] is a finite-dimensional field extension of Qp.

Proposition 11.3. Given an object NM ∈ NNum(k)Qp , the center of the Qp-
algebra EndNNum(k)Qp

(NM) agrees with the Qp-subalgebra Qp[πNM ] generated by πNM .

Proof. Thanks to the Qp-linear fully-faithful functor (10.9), it suffices to show that
the center of the following Qp-algebra

(11.4) EndCrysZ(K[v±1])((TP∗(NM)1/p, ϕ∗))

agrees with the Qp-subalgebra Qp[π
(TP∗(NM)1/p,ϕ∗)
∗ ] generated by the automorphism

π
(TP∗(NM)1/p,ϕ∗)
∗ . Since the object NM ∈ NNum(k)Qp is semi-simple, the object

(TP∗(NM)1/p, ϕ∗) ∈ CrysZ(K[v±1]) is also semi-simple. This implies that (11.4) is
a (finite) product of matrix algebras over division Qp-algebras. Consequently, using
the fact that (11.2) is a ⊗-automorphism of the identity functor, we conclude that

the Qp-subalgebra Qp[π
(TP∗(NM)1/p,ϕ∗)
∗ ] is a (finite) product of finite-dimensional

field extensions of Qp. Now, consider the following K-algebra

(11.5) EndK(TP0(NM)1/p ⊕ TP1(NM)1/p)

and theK-subalgebraA := K[

(
F0 0
0 F1

)
] generated by the automorphism

(
F0 0
0 F1

)
.

Thanks to Lemma 11.6 below, the K-linearization of the Qp-algebra (11.4) agrees
with the centralizer of A in (11.5). Moreover, the K-linearization of the Qp-
subalgebra Qp[π

(TP∗(NM)1/p,ϕ∗)
∗ ] agrees with A. Therefore, since the K-algebra A

is semi-simple (it is a finite product of finite-dimensional field extensions of K),
the proof follows now from the (classical) double centralizer theorem applied to the
K-subalgebra A of (11.5). �

Lemma 11.6. The centralizer of A in (11.5) consists of those matrices

(
f0 0
0 f1

)
such that f0 ◦ F0 = F0 ◦ f0 and f1 ◦ F1 = F1 ◦ f1.

Proof. The centralizer of A in (11.5) consists of those matrices

(
f0 f10
f01 f1

)
such that

f0◦F0 = F0◦f0, f1◦F1 = F1◦f1, F1◦f01 = f01◦F0, and F0◦f10 = f10◦F1. Hence,
we need to show that there are no morphisms f01 : TP0(NM)1/p → TP1(NM)1/p

and f10 : TP1(NM)1/p → TP0(NM)1/p such F1◦f01 = f01◦F0 and F0◦f10 = f10◦F1.
In other words, we need to show that the following automorphisms

HomK(TP0(NM)1/p, TP1(NM)1/p) f01 7→ F1 ◦ f01 ◦ F−1
0(11.7)

HomK(TP1(NM)1/p, TP0(NM)1/p) f10 7→ F0 ◦ f10 ◦ F−1
1(11.8)

do not have fixed points. Let NM∨ be the dual of NM . Since the Qp-linear functor

TP∗(−)1/p : NNum(k)Qp −→ modZ(K[v±1])

is symmetric monoidal, we have the following natural identifications:

TP∗(NM
∨ ⊗NM)1/p ' TP∗(NM)∨1/p ⊗K[v±1] TP∗(NM)1/p

' Hom(TP∗(NM)1/p, TP∗(NM)1/p) .
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This implies that TP1(NM∨ ⊗NM)1/p is naturally isomorphic to the direct sum

HomK(TP0(NM)1/p, TP1(NM)1/p)⊕HomK(TP1(NM)1/p, TP2(NM)1/p) .

Under this latter isomorphism, the automorphism F1 of TP1(NM∨ ⊗NM)1/p cor-
responds to the following automorphisms:

HomK(TP0(NM)1/p, TP1(NM)1/p) f 7→ F1 ◦ f ◦ F−1
0(11.9)

HomK(TP1(NM)1/p, TP2(NM)1/p) g 7→ F2 ◦ g ◦ F−1
1 .(11.10)

Now, note that since the conjecture Wnc(NM∨⊗NM) holds (consult Remark 11.1),

we have TP1(NM∨⊗NM)F1

1/p = TP1(NM∨⊗NM)q·F1

1/p = 0. We hence conclude from

(11.9), resp. from the combination of (11.10) with the commutative square (5.8),
that the above automorphism (11.7), resp. (11.8), does not have fixed points. �

Item (ii). Let NM ∈ NNum(k)Qp be a simple object. Since the Qp-linear functor

(10.9) is fully-faithful, the object (TP∗(NM)1/p, ϕ∗) ∈ CrysZ(K[v±1]) is also sim-
ple. Therefore, we have TP0(NM)1/p = 0 or TP1(NM)1/p = 0. In what follows,
we will assume that TP1(NM)1/p = 0. Consider the finite-dimensional field ex-
tension Qp[πNM ]/Qp. The associated (irreducible) minimal polynomial agrees with
the minimal polynomial of the automorphism F0 of TP0(NM)1/p. Since the con-

jecture Wnc(NM) holds (see Remark 11.1), this implies that the set [πNM ] of p-adic
conjugates of πNM consists of Weil q-numbers of weight 0. Moreover, given any
two simple objects NM,NM ′ ∈ NNum(k)Qp , note that there exists a Qp-algebra
isomorphism Qp[πNM ] ' Qp[πNM ′ ] sending πNM to πNM ′ . In other words, we have
[πNM ] = [πNM ′ ]. As a consequence, we obtain the following well-defined map:

(11.11)
{simple objs. in NNum(k)Qp}

isomorphism

NM 7→[πNM ]−→ {Weil q-numbers of weight 0}
Gal(Qp/Qp)-action

.

We now prove that (11.11) is injective. Let NM,NM ′ ∈ NNum(k)Qp be two
simple objects such that [πNM ] = [πNM ′ ], i.e., for which there exists a Qp-algebra
isomorphism Qp[πNM ] ' Qp[πNM ′ ] sending πNM to πNM ′ . We need to show that
NM ' NM ′. Let us assume by absurd that NM 6' NM ′. This would imply that
EndNNum(k)Qp

(NM ⊕NM ′) = EndNNum(k)Qp
(NM)×EndNNum(k)Qp

(NM ′) and conse-

quently that Qp[πNM⊕NM ′ ] = Qp[πNM ]×Qp[πNM ′ ]. However, this is a contradiction
because, thanks to Proposition 11.3, the Qp-algebra Qp[πNM⊕NM ′ ] is contained in
the graph of the isomorphism Qp[πNM ] ' Qp[πNM ′ ] and this latter graph is strictly
smaller than the product Q[πNM ]×Qp[πNM ′ ].

We now prove that (11.11) is moreover surjective. Given a Weil q-number λ
of weight 0, we need to construct a simple object NM ′ ∈ NNum(k)Qp such that
[πNM ′ ] = [λ]. Consider the classical (abelian semi-simple) category of numerical
motives Num(k)Qp . Since the conjecture STnc(A) holds for every smooth proper
dg category A, it follows from Theorem 1.15 that the conjecture ST(X) holds for
every smooth proper k-scheme X. This has two implications. Firstly, as proved in
[42, Prop. 2.4], given a simple object M ∈ Num(k)Qp , the Qp-subalgebra Qp[FrM ]
of EndNum(k)Qp

(M) generated by the Frobenius automorphism FrM of M is a finite-

dimensional field extension of Qp. Secondly, as proved in [42, Prop. 3.8], there exists
a simple object M ′ ∈ Num(k)Qp such that [FrM ′ ] = [λ]. Now, recall from [50, §4.6]
that there exists a Qp-linear symmetric monoidal fully-faithful functor Φ making
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the following diagram commute

(11.12) SmProp(k)op
X 7→perfdg(X)

//

h(−)Qp

��

dgcatsp(k)

U(−)Qp

��

Num(k)Qp

��
Num(k)Qp/−⊗Qp(1) Φ

// NNum(k)Qp ,

where SmProp(k) stands for the category of smooth proper k-schemes, dgcatsp(k)
for the category of smooth proper dg categories, Qp(1) for the Tate motive, and
Num(k)Qp/−⊗Qp(1) for the orbit category with respect to the ⊗-invertible object
Qp(1). Therefore, we can consider the noncommutative numerical motive NM ′ :=
Φ(M ′) ∈ NNum(k)Qp . We claim that Φ(M ′) is a simple object and that [πΦ(M ′)] =
[FrM ′ ]. In what concerns the first claim, recall that

HomNum(k)Qp/−⊗Qp(1)(M
′,M ′) :=

⊕
n∈Z

HomNum(k)Qp
(M ′,M ′ ⊗Qp(n)) .

Since the simple objects M ′ and M ′ ⊗ Qp(n), with n 6= 0, are not isomorphic, we
have HomNum(k)Qp

(M ′,M ′ ⊗Qp(n)) = 0 for every n 6= 0. Consequently, using the

fact that Φ is fully-faithful, we obtain an induced Qp-algebra isomorphism:

(11.13) EndNum(k)Qp
(M ′)

'−→ EndNNum(k)Qp
(Φ(M ′)) .

Note that the isomorphism (11.13) implies, in particular, that the noncommutative
numerical motive Φ(M ′) is simple. In order to prove the second claim, note that
it suffices to show that the automorphism FrM ′ corresponds under (11.13) to the
automorphism πΦ(M ′). Since the functor (10.9) is fully-faithful and the forgetful

functor CrysZ(K[v±1]) → modZ(K[v±1]) is faithful, we have an induced injective
Qp-algebra homomorphism:

(11.14) EndNNum(k)Qp
(Φ(M ′)) −→ EndmodZ(K[v±1])(TP∗(Φ(M ′))1/p) .

Moreover, since the p-adic conjugates of FrM ′ are Weil q-numbers of weight 0, we
have Hw

crys(X) = 0 for every w 6= 0. Making use of the identifications (6.1)-(6.2), we

hence conclude that TP0(Φ(M ′))1/p ' H0
crys(M

′) and TP1(Φ(M ′))1/p = 0. This
implies, in particular, that the forgetful Qp-algebra homomorphism

(11.15) EndmodZ(K[v±1])(TP∗(Φ(M ′))1/p) −→ EndK(TP0(Φ(M ′))1/p)

is also injective. On the one hand, the image of FrM under the composition (11.15)◦
(11.14) ◦ (11.13) corresponds to the automorphism Fr0 of H0

crys(M
′). On the other

hand, thanks to the identification (6.3), the image of πΦ(M ′) under the composition

(11.15) ◦ (11.14) corresponds to the automorphism q−
0
2 Fr0 = Fr0. Consequently,

the proof follows now from the fact that (11.14) and (11.15) are injective.
Finally, note that the above proof of item (ii) holds similarly when TP0(NM)1/p =

0: simply replace the Weil q-numbers of weight 0 by the Weil q-numbers of weight
1, and the identification (6.3) by the identification (6.4).
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Item (iii). Let NM ∈ NNum(k)Qp be a simple object. Since the Qp-linear functor
(10.9) is fully-faithful, we have an induced Qp-algebra isomorphism:

(11.16) EndNNum(k)Qp
(NM)

'−→ EndCrysZ(K[v±1])((TP∗(NM)1/p, ϕ∗)) .

This implies that the object (TP∗(NM)1/p, ϕ∗) is also simple. Consequently, we
have TP0(NM)1/p = 0 or TP1(NM)1/p = 0. In what follows, we will assume that
TP1(NM)1/p = 0. Consider the following forgetful functor

CrysZ(K[v±1]) −→ Crys(K) (V∗, ϕ
V
∗ ) 7→ (V0, ϕ

V
0 ) ,(11.17)

where Crys(K) stands for the (classical) category of isocrystals. Note that it follows
from the definition of the category CrysZ(K[v±1]) and from the assumption that
TP1(NM)1/p = 0 that the functor (11.17) yields a Qp-algebra isomorphism:

(11.18) EndCrysZ(K[v±1])((TP∗(NM)1/p, ϕ∗))
'−→ EndCrys(K)((TP0(NM)1/p, ϕ0)) .

As explained in the proof of Proposition 11.3, the left-hand side of (11.18) is a divi-

sion Qp-algebra with center Qp[π
(TP∗(NM)1/p,ϕ∗)
∗ ]. Consequently, the right-hand side

is a division Qp-algebra with center Qp[ϕr0] = Qp[F0]. This implies, in particular,
that (TP0(NM)1/p, ϕ0) is a simple isocrystal. Hence, the proof follows now from the
combination of the isomorphisms (11.16) and (11.18) with the fact that the Hasse-
invariant of the central division Qp[F0]-algebra EndCrys(K)((TP0(NM)1/p, ϕ0)) is
known to be equal to −νq(F0) · [Qp[F0] : Qp]; consult [42, Prop. 2.14].

Finally, note that the above proof holds similarly when TP0(NM)1/p = 0: simply

replace the forgetful functor (11.17) by the forgetful functor (V∗, ϕ
V
∗ ) 7→ (V1, ϕ

V
1 ).

12. Proof of Theorems 2.1, 2.4-2.7, and 2.11-2.12

Recall from Remark 5.11 that the conjectures Cnc(−), with C ∈ {W,Wl,ST,W},
may be formulated for everyNM ∈ NChow(k)Q. In addition, we can also formulated
the conjectures Dnc(−) and Tpnc(−); consult §10.1-§10.2.

Proposition 12.1. The conjectures Cnc(−), with C ∈ {W,Wl,ST,W,D,Tp}, are
stable under direct sums and direct summands of noncommutative Chow motives.

Proof. The stability under direct sums is clear. The stability under direct sum-
mands is also clear for the noncommutative Weil conjecture(s), the noncommutative
standard conjecture of type D, and the noncommutative p-version of the Tate con-
jecture. In what regards the noncommutative strong form of the Tate conjecture,
it follows from the equivalence STnc(NM)⇔ Tpnc(NM) + Dnc(NM). �

Corollary 12.2. Given noncommutative Chow motives NM,NM ′ ∈ NChow(k)Q,
we have the following equivalence of conjectures:

Cnc(NM ⊕NM ′)⇔ Cnc(NM) + Cnc(NM ′) with C ∈ {W,Wl,ST,W} .

Example 12.3 (Semi-orthogonal decompositions). Let B, C ⊆ A be smooth proper
dg categories inducing a semi-orthogonal decomposition of triangulated categories
H0(A) = 〈H0(B),H0(C)〉 in the sense of Bondal-Orlov [9]. As proved in [50,
Prop. 2.2], the inclusions B, C ⊆ A give rise to an isomorphism of noncommu-
tative Chow motives U(A)Q ' U(B)Q ⊕ U(C)Q. Hence, Corollary 12.2 yields the

equivalences of conjectures Cnc(A)⇔ Cnc(B) + Cnc(C), with C ∈ {W,Wl,ST,W}.
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Proof of Theorem 2.1. As proved in [53, Thm. 2.1], we have an isomorphism
of noncommutative Chow motives U(perfdg(X))Q ' U(perfdg(X ;F))Q. Hence, we
have the equivalences of conjectures Cnc(perfdg(X)) ⇔ Cnc(perfdg(X;F)), with

C ∈ {W,Wl,ST,W}. Therefore, the proof follows from Theorems 1.5, 1.11, and
1.15, and from Remark 6.6.

Proof of Theorem 2.4. The noncommutative Weil conjecture(s) as well as the
noncommutative strong form of the Tate conjecture hold for Spec(k). Consequently,
an iterated application of Example 12.3 to the semi-orthogonal decomposition (2.2)
yields the equivalences of conjectures Cnc(perfdg(X)) ⇔ Cnc(Tdg(X)), with C ∈
{W,Wl,ST,W}. Therefore, the proof follows from Theorems 1.5, 1.11, and 1.15,
and from Remark 6.6.

Proof of Theorem 2.5. Up to Morita equivalence, the dg category X	BY admits
a semi-orthogonal decomposition whose components are (Fourier-Mukai) equivalent
to perf(X) and perf(Y ). Consequently, the proof follows from the combination of
Example 12.3 with Theorems 1.5, 1.11, and 1.15, and with Remark 6.6.

Proof of Theorem 2.6. As proved by Ishii-Ueda in [21, Thm. 1.6], whenever the
zero locus D ↪→ X of ς is smooth, we have a semi-orthogonal decomposition

(12.4) perf(X ) = 〈perf(D)n−1, . . . ,perf(D)1, f
∗(perf(X))〉 ,

where all the categories perf(D)i are (Fourier-Mukai) equivalent to perf(D) and
f∗(perf(X)) is (Fourier-Mukai) equivalent to perf(X). Therefore, thanks to The-
orems 1.5, 1.11, and 1.15, and to Remark 6.6, the proof follows from an iterated
application of Example 12.3 to the semi-orthogonal decomposition (12.4).

Proof of Theorem 2.7. Let ϕ be the set of all cyclic subgroups of G and ϕ/∼ a
set of representatives of conjugacy classes in ϕ. Since the category NChow(k)Q is
Q-linear, it follows from [52, Thm. 1.1 and Rk. 1.3(iii)] that the noncommutative
Chow motive U(perfdg(X ))Q is a direct summand of the following direct sum:

(12.5)
⊕
σ∈ϕ/∼

U(perfdg(Xσ × Spec(k[σ])))Q .

Under the stronger assumption n|(q − 1), the same holds with Xσ × Spec(k[σ])
replaced by Xσ; consult [52, Cor. 1.5(ii)]. Recall from Proposition 12.1 that the
noncommutative Weil conjecture(s) and the noncommutative strong form of the
Tate conjecture are stable under direct sums and direct summands. Therefore,
the proof follows from the combination of (12.5) (under the stronger assumption
n|(q − 1), replace Xσ × Spec(k[σ]) by Xσ) with Theorems 1.5, 1.11, and 1.15, and
with Remark 6.6.

Proof of Theorem 2.11. The proof of Theorem 2.11 is similar to the proof of The-
orem 2.7 (in the case where n|(q− 1)). Simply, replace perfdg(X ) by perfdg(X ;F),
perfdg(Xσ) by perfdg(Yσ), and [52, Cor. 1.5(ii)] by [52, Cor. 1.28(ii)].
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Proof of Theorem 2.12. Following Orlov [45, §2.3], let us write Aus(A) for the
smooth proper Auslander dg k-algebra associated to A (Orlov used a different nota-
tion). As proved in [45, Thms. 2.18-2.19], we have a semi-orthogonal decomposition

perf(Aus(A)) = 〈perf(D1), . . . ,perf(Dn)〉 ,
where Di is a division k-algebra; note that since k is a finite field, the divi-
sion k-algebras D1, . . . , Dn are just finite field extensions l1, . . . , ln of k. More-
over, as also proved in loc. cit., the category perf(A) can be embedded (using a
Fourier-Mukai functor) into perf(Aus(A)) as an admissible triangulated subcate-
gory. This implies that the noncommutative Chow motive U(A)Q is a direct sum-
mand of the direct sum

⊕n
i=1 U(li). Consequently, since the conjectures Cnc(li),

with C ∈ {W,Wl,ST,W}, hold, we conclude from Proposition 12.1 that the con-
jectures Cnc(A), with C ∈ {W,Wl,ST,W}, also hold.

13. Proof of Theorem 3.1

As proved in [36, Thm. 5.5] (see also [2, Thm. 2.3.7]), we have the following
semi-orthogonal decomposition

perf(X) = 〈perf(P1; Cl0(q)),OX(1), . . . ,OX(n− 4)〉 ,
where Cl0(q) stands for the sheaf of even parts of the Clifford algebra associated to
the flat quadric fibration f : Q→ P1. Consequently, since the noncommutative Weil
conjecture as well as the noncommutative strong form of the Tate conjecture hold for
Spec(k), an iterated application of Example 12.3 yields the following equivalences
of conjectures:

Wnc(perfdg(X)) ⇔ Wnc(perfdg(P1; Cl0(q)))(13.1)

STnc(perfdg(X)) ⇔ STnc(perfdg(P1; Cl0(q))) .(13.2)

We start by proving item (i). Following [36, §3.5] (see also [2, §1.6]), let Z be the

center of Cl0(q) and Spec(Z) =: P̃1 → P1 the discriminant cover of P1. As explained

in loc. cit., P̃1 → P1 is a 2-fold cover which is ramified over the (finite) set D of

critical values of f . Moreover, since D is smooth, P̃1 is also smooth. Let us write F
for the sheaf Cl0(q) considered as a sheaf of noncommutative algebras over P̃1. As
proved in loc. cit., since by assumption all the fibers of f : Q→ P1 have corank ≤ 1,

F is a sheaf of Azumaya algebras over P̃1. Moreover, the category perf(P1; Cl0(q))

is (Fourier-Mukai) equivalent to perf(P̃1;F). Note that since the Brauer group of
every smooth curve over a finite field k is trivial, the latter category reduces to

perf(P̃1). Therefore, thanks to Theorem 1.5, resp. Theorem 1.15, the equivalence

(13.1), resp. (13.2), reduces to W(X) ⇔ W(P̃1), resp. ST(X) ⇔ ST(P̃1). Finally,

since P̃1 is a curve, we hence conclude that the conjectures W(X) and ST(X) hold.
We now prove item (ii). Note first that 1/2 ∈ k. Following [36, §3.6] (see

also [2, §1.7]), let P̂1 the discriminant stack associated to the flat quadric fibration

f : Q → P1. As explained in loc. cit., since 1/2 ∈ k, P̂1 is a square root stack.

Moreover, the underlying k-scheme of P̂1 is P1. Therefore, it follows from Theo-

rem 2.6 that the conjectures Wnc(perfdg(P̂1)) and STnc(perfdg(P̂1)) hold. Let us
write F for the sheaf Cl0(q) considered as a sheaf of noncommutative algebras over

P̂1. As proved in loc. cit., since by assumption all the fibers of f : Q → P1 have

corank ≤ 1, F is a sheaf of Azumaya algebras over P̂1. Moreover, the category
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perf(P1; Cl0(q)) is (Fourier-Mukai) equivalent to perf(P̂1;F). Note that since the
Brauer group of every smooth curve over a finite field k is trivial, the latter cat-

egory reduces to perf(P̂1). Hence, thanks to Theorem 1.5, resp. Theorem 1.15,

the equivalence (13.1), resp. (13.2), reduces to W(X) ⇔ Wnc(perfdg(P̂1)), resp.

ST(X) ⇔ STnc(perfdg(P̂1)). Finally, since Wnc(perfdg(P̂1)) and STnc(perfdg(P̂1))
hold, we hence conclude that the conjectures W(X) and ST(X) also hold.

14. Proof of Theorem 3.3

As proved in [3, Cor. 3.7], the following holds:
(a) When dim(L) < d2r, the category perf(XL) admits a semi-orthogonal decom-

position with one component (Fourier-Mukai) equivalent to perf(YL) and with

(d2r − dim(L))
(
d1
r

)
exceptional objects.

(b) When dim(L) = d2r, the category perf(XL) is (Fourier-Mukai) equivalent to
the category perf(YL).

(c) When dim(L) > d2r, the category perf(YL) admits a semi-orthogonal decom-
position with one component (Fourier-Mukai) equivalent to perf(XL) and with

(dim(L)− d2r)
(
d1
r

)
exceptional objects.

Consequently, since the (noncommutative) Weil conjecture as well as the (non-
commutative) strong form of the Tate conjecture hold for Spec(k), by combining
Theorems 1.5 and 1.15 with an iterated application of Example 12.3, we hence
conclude from (a)-(c) that W(XL) ⇔ W(YL) and ST(XL) ⇔ ST(YL). There-
fore, the proof of item (i), resp. item (ii), follows from the fact that dim(XL) =
r(d1 + d2 − r)− 1− dim(L), resp. dim(YL) = r(d1 − d2 − r)− 1 + dim(L).
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no. 1041 = Publ. Inst. Math. Univ. Strasbourg 7 (1945). Hermann et Cie., Paris, 1948.
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