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Testing Impedance Eduction Boundary Conditions
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André Mateus Netto Spillere∗ , Lucas Araujo Bonomo† and Júlio Apolinário Cordioli‡
Federal University of Santa Catarina, 88040-900 Florianópolis, Brazil
Edward James Brambley§
University of Warwick, Coventry CV4 7AL, United Kingdom
Impedance eduction of acoustic liners with flow typically calculate different impedances
for sound sources upstream and downstream of the liner, despite the physical liner being
unchanged. Recent attempts to reduce these differences have considered impedance boundary
conditions with additional wavenumber dependent degrees of freedom (for example modelling
unsteady momentum transfer between the fluid and the liner). However, any model with an
additional degree of freedom at each frequency results in a perfect collapse of upstream and
downstream educed impedances, since there are generally only two duct modes per frequency
over the liner, one propagating upstream and one downstream. It has therefore been difficult
to validate any of these impedance boundary conditions.
Here, a novel experiment is described that is able to investigate four wavenumbers per
frequency, each of which are propagating plane wave duct modes, with the same liner and
the same flow. By comparing the impedances educed in these four situations, the validity of
impedance boundary models may be tested.

I. Introduction
coustic liners used in aircraft engines to reduce noise are characterized
by their acoustic impedance Z(ω, k).

At an acoustic liner,
the
acoustic
pressure
Re
p̃
exp{iωt
−
ik
x}
causes
an
oscillatory velocity into the liner

Re ṽ exp{iωt − ik x} , with Z(ω, k) = p̃/ṽ. If Z(ω, k) is known, it can be used as a boundary condition in models
or simulations of aircraft engine noise. Usually, the acoustic liner is considered to be locally reacting, meaning Z is
independent of the wavenumber k and depends only on the frequency ω. In such cases, Z(ω) can be measured using a
normal incidence impedance tube. A number of models exist for the impedance Z(ω) given the design and geometry
of the liner [e.g. 1], and agree well with normal incidence impedance tube experimental results.
Experimental measurements of acoustic impedance can also be made at grazing incidence using apparatus such
as shown schematically in fig. 1. Loudspeakers excite plane acoustic waves in a duct (below the cuton frequency of
higher order duct modes), and microphones record the transmitted and reflected sound from an acoustically lined test
region of the duct. From these measurements, and a model of the acoustic propagation within the lined test region,
the impedance Z(ω) can be inferred; this process is referred to as impedance eduction. Without mean flow, good
agreement is found between such experimental measurements and normal incidence impedance tube measurements.
Unfortunately, a mean flow across the surface of the acoustic liner significantly modifies the effective impedance
seen by acoustics within that mean flow. Until relatively recently, the Ingard–Myers [2, 3] boundary condition was
used to model this effect, and results in the boundary condition

A

p̃
ωZ
= Zeﬀ =
,
ṽ
ω − U0 k

(1)

where U0 is the slipping velocity of the mean flow at the impedance boundary. Even if the liner is locally reacting, so that
Z(ω) is independent of the wavenumber k, the Ingard–Myers boundary condition shows that the effective impedance
Zeﬀ seen by the acoustics within the mean flow is no longer locally reacting, but depends on the wavenumber k. In theory,
it should still be possible to recovery the impedance Z from the effective impedance Zeﬀ , with measurements from a
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downstream or upstream source producing the same results. However, experimental tests carried out on different test
configurations and using different impedance eduction techniques have consistently showed different results between
upstream and downstream sources [e.g. 4–6]. Since the only difference between upstream- and downstream-propagating
plane waves is their axial wavenumber k, this is evidence that the k-dependence of the impedance boundary model Zeﬀ
being used to educe the impedance is incorrect.
Relatively recently it was shown [7] that the Ingard–Myers boundary condition is illposed and leads to unphysical
instability in models and simulations. The illposed behaviour is removed by accounting for a thin mean flow boundary
layer within the impedance boundary condition, leading to a significantly more complicated dependence of Zeﬀ on the
axial wavenumber k,
p̃
iωZ + ρ0 (ω − U0 k)2 δI0
,
= Zeﬀ =
ṽ
i(ω − Uk) − ωZ k 2 δI1 / ρ0 (ω − U0 k)
2
∫ h
∫ h
ω − U(y)k ρ(y)
(ω − U0 k)2 ρ0
1−
δI0 =
1
−
dy,
δI
=
dy,
1
2
(ω − U0 k)2 ρ0
0
0
ω − U(y)k ρ(y)

(2)

where U(y) and ρ(y) are the mean flow velocity and density within the boundary layer, h is the thickness of the
boundary layer, and outside the boundary layer U = U0 and ρ = ρ0 . Using this boundary model to educe impedance
was found to reduce but not eliminate the discrepancy between upstream- and downstream-educed impedances [8].
Further boundary conditions attempt to model the effects of viscosity within the thin boundary layer at the impedance
wall [9–12], of which the most notable for its simplicity is that of Aurégan et al. [9]. Correcting the mislabelling of Y
and Yc in that paper, and neglecting temperature variations (as per Renou and Aurégan [4]), this boundary condition in
the present notation is
∫ h
p

ωZ
1
dU
p̃
= Zeﬀ =
,
βv =
exp − y iω/ν dy,
(3)
ṽ
ω − (1 − βv )U0 k
U0 0 dy
√
where ν is the kinematic viscosity and Re( · · ·) > 0. Renou and Aurégan [4] showed that if the formula for βv in (3)
is ignored and instead βv is best fitted to experimental results, then the upstream and downstream educed impedances
can be made to collapse onto a single curve, and moreover that the inferred βv performs as expected, with βv ≈ 0 at
high frequencies and βv ≈ 1 at low frequencies. (Note that Renou and Aurégan [4] use the notation Zeﬀ for a different
quantity to that used here.) Other similar models with extra parameters that could be used to collapse the experimental
data include those of Schulz et al. [13] and Aurégan [14], both of which model an axial momentum transfer between
the liner and the acoustics. It should, however, be noted that Weng et al. [15] concluded that viscosity is not able to
collapse the upstream and downstream educed impedances, while Nark et al. [6] found that small corrections to the
mean flow velocity were sufficient to collapse the upstream and downstream educed impedances.
However, if all duct modes but the two plane-wave-like modes are cutoff in the test region, as in all the experimental
studies cited here, then there are only two different axial wavenumbers k that occur in the impedance eduction, namely
the upstream and downstream plane wave wavenumbers. Therefore, any extra frequency-dependent parameters β which
can be best-fitted to the data, such as δI0 and δI1 , or βv , will be enough to collapse the upstream- and downstreameduced impedances. It is therefore hard to test the predictive validity of any of these models. This was noted by Aurégan
[14], who wrote “When only two values of the complex wavenumber k are known, they can always be described using
two complex numbers such as [Z and βv in the notation here]. A true validation of these models can only be achieved
when more than two wavenumbers are known. This can be done experimentally or numerically either by determining,
at a given configuration, the higher order modes, which are generally strongly attenuated, or by increasing the channel
size to have more propagating (or slightly attenuated) modes.” Here, we consider a third possibility.
We describe an experiment that allows the investigation of four axial wavenumbers per frequency, with the same
acoustic lining and the same flow. The collapse of all four educed impedances is then a test of the validity of any of
the above boundary conditions, since best fitting one free parameter would in general be expected to only be able to
collapse two of the four impedances.
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Fig. 1 Schematic of the experiment. A steady flow of velocity U(y) propagates down the rectangular crosssection duct. Loudspeakers are located upstream and downstream of the test section (region 2). The top and
bottom walls of the test section may be hard or may be lined with an acoustic impedance Z. Microphones are
installed along the walls upstream (region 1) and downstream (region 3) of the test section.

II. Experimental setup
We consider the situation shown schematically in fig. 1, with a rectangular duct containing a steady mean flow.
The duct contains a liner test section (region 2), where the top, bottom, or both surfaces can be either lined or unlined
(hard-walled). Upstream (region 1) and downstream (region 3) of the test section are wall mounted microphones, and
beyond these are two or more wall-mounted loudspeakers. For any given setup of the test section, measurements are
made from all microphones of a frequency sweep from the upstream loudspeaker, and from the downstream loudspeaker.
The data from the microphones are then analysed to infer the transmitted and reflected acoustic waves, from which the
impedance of the liner used in the test section may be educed, as detailed in section III below. The majority of this is
standard practice, and the novel innovation here is the lining of either one or both of the walls.
The same experimental rig used for the previous study of impedance boundary conditions [8] is used. The test
rig is situated at the Federal University of Santa Catarina (UFSC), Brazil, photographs of which are shown in fig. 2.
The cross-section of the duct is 4 cm by 10 cm, for which the no-flow cuton frequency for the first transverse mode
is 1700 Hz. Since the microphones are positioned at the half-height of the duct, they are on the nodal line for this
first higher order mode, and hence this mode is not captured. The second transverse mode cuts on at 3400 Hz, and so
the frequency range tested is from 500 Hz to 2500 Hz in this study. The lined section accommodates liners of length
210 mm, although liner lengths were reduced in some cases up to 115 mm using tape to cover the liner holes in order to
reduce attenuation in frequency ranges where the attenuation was too large compared with the background flow noise.
q
The pressure measurements are processed into complex frequency response functions pexp (ω) at each microphone
q = 1, . . . , 8, giving the amplitude and phase difference of that microphone compared with the microphone closest to
the loudspeaker used. The loudspeakers produce a sound pressure level of 130 dB. Results are presented for mean flow
Mach numbers of 0.21 and 0.28, calculated by averaging over the duct cross-section. The centre-line Mach number is
calculated from a pitot tube and temperature probe measuring centre-line velocity and temperature, and this centre-line
Mach number is then converted into a duct-averaged Mach number by multiplying by a pre-calibrated conversion factor;
for this particular experiment, a conversion factor of 0.90 was used. The flow is driven by a compressed air reservoir,
with a control system regulating the flow to maintain a constant Mach number. The duct upstream and downstream of
the test section is treated to have a low reflection coefficient, and the impedance eduction described in §III is designed
to take account of, and be relatively robust to, any upstream or downstream reflections.
The two identical liners used were conventional one-degree-of-freedom honeycomb liners supplied by UTC
Aerospace Systems (now Collins Aerospace). The liner cavities were 48.6 mm deep, with 1 mm thick facing sheets with
1 mm diameter holes and a 7.4% open area. These parameters were verified experimentally using a normal incidence
impedance tube; the liners were found to be identical, apart from a slight variation in the percentage of open area.
Experiments are performed considering three configurations: (i) a lined top wall and a hard bottom wall; (ii) a
lined bottom wall and a hard top wall; and (iii) both walls lined. In all cases the same liner is used. The results of
the lined/hard and hard/lined cases should be the same, and give an indication of any errors due to asymmetries in the
liners, liner holder, or flow. The main purpose of this study is to compare upstream- and downstream-incident sound
on a lined/hard and lined/lined test section, which gives four different acoustic wavenumbers for the same liner.
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Fig. 2 Photographs of the experimental setup. Top: The impedance eduction duct set up with the the one-sided
liner holder [as per 8]. Left: The one-sided liner holder removed from the duct [as per 8]. Right: The two-sided
liner holder for the present study. Note that the liners referred to as installed on the “top” and “bottom” surfaces
in the text were in practice installed on the left and right of the duct.

III. Impedance Eduction
The same impedance eduction technique is used here as was used by Spillere et al. [8], which makes use of the
Mode Matching Method (MMM) of Elnady et al. [16]. In this technique, the acoustics in regions j = 1, 2 and 3 (as
shown in fig. 1) are decomposed into a sum of duct modes,
p j (x, y, z) =

N
Õ
n=1

+

a+jn ψ +jn (x, y)e−ik j n z +

N
Õ
n=1

−

a−jn ψ −jn (x, y)e−ik j n z,

(4)

where the first sum is for modes propagating downstream and the second is for modes propagating upstream. For
uniform flow, assuming any effects of sheared mean flow are included within the impedance boundary condition, the
duct modes are given by


(5)
ψ(x, y) = cos(k x x) A cos(k y y) + B sin(k y y)
where
(ω − U0 k z )2/c02 = k x2 + k y2 + k z2,

and c0 is the speed of sound in the uniform mean flow. The hard wall boundary conditions at the duct sides gives
k x = nπ/Lx for integer n, where Lx = 10 cm is the duct width. The constant A/B and wavenumber k y are given by
4
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Fig. 3 Educed axial wavenumbers of the most dominant downstream (+) and upstream (−) duct modes in the
lined test section with a single lined wall (k I ), as a function of the frequency, for mean-flow Mach numbers
(a) M = 0.21 and (b) M = 0.28. Also shown are the predicted axial wavenumbers with two lined walls (k I I ). The
top plots give the real part of the axial wavenumber, and the bottom plots give the imaginary part of the axial
wavenumber. Axial wavenumbers are predicted through the impedance eduction using the Myers boundary
condition for liner sample L24 , the impedance of which is plotted in fig. 4.
satisfying the boundary conditions at the top (y = Ly /2) and bottom (y = −Ly /2) walls, with Ly = 4 cm, giving
(
η = 1,
one lined wall
iρ0 (ω − U0 k z )
where
Zeff =
k y tan(ηk y Ly )
η = 1/2,
two lined walls

(6)

The modes of the duct in region 2 therefore depend on the liner impedance Z, whether only one wall (η = 1) or both
walls (η = 2) are lined, and the boundary condition used to impose the impedance; this includes any free parameters
β used in the impedance boundary condition. At the boundaries between the regions 1 and 2, and regions 2 and 3,
pressure and axial particle velocity are matched. The microphone measurements from the experiments are decomposed
into plane waves, and the plane waves propagating towards the lined section (downstream in region 1 and upstream in
+
−
region 3) are used to set the plane wave coefficients a11
and a31
. The mode matching then results in a linear system
whose solution gives all the coefficients in (4).
Fig. 3 compares the dominant axial wavenumbers k z (ω) predicted in the lined test section, using the Myers boundary
condition (1). The difference between the axial wavenumbers when only one wall is lined or when both the top and
bottom walls are lined is clear, and is especially dramatic for the upstream propagating mode. This demonstrates that
the lined/hard and lined/lined test cases really are significantly different, despite using the same impedance linings,
frequencies, flow speeds, and other parameters.
q
Once all the coefficients in (4) are calculated, the pressure pMMM (Z) predicted by the Multi-Modal Method at the
q
location of microphone q may be compared with the actual recorded pressure pexp . At each frequency ω, and assuming
known values for any free parameters β, the impedance Z(ω) is educed by minimizing the residual e over all Z, where
e(Z) =

q
q
8
Õ
pexp − pMMM (Z)
q

pexp

q=1

5

2

.

(7)
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Fig. 4 Educed impedance as a function of frequency, for both upstream (−) and downstream (+) propagation,
for the lined/hard (L24 ) and hard/lined (L25 ) configurations.
This procedure is performed for the upstream loudspeaker and one wall or both walls lined, and for the downstream
loudspeaker with one wall or both walls lined, yielding four different educed impedances Z(ω).
For each of the lined/hard and lined/lined configurations, using the boundary condition of Aurégan et al. [9] given
in (3), the upstream and downstream educed impedances may then be collapsed to the same value by the unique choice
of the free parameter βv (ω), as described by
 Renou and Aurégan [4, eq. (26)]. Thus, the upstream and downstream
lined/hard results lead to a pair Z(ω), βv (ω) specifying the impedance boundary condition, and similarly the upstream
and downstream lined/lined results lead to a Z(ω), βv (ω) pair. A good collapse of these two (Z, βv ) results at each
frequency would validate the impedance model being used, which has not been possible with previous studies that only
educe two different impedances leading to only one pair (Z, βv ).

IV. Results
Initially, results from using one liner on the bottom of the duct and a rigid wall on the top were compared with
using the second liner on the top of the duct and a rigid wall on the bottom. Since the two liners are notionally
identical, this comparison would highlight any asymmetries in the liners, the liner holders, or the mean flow. Fig. 4
compares the educed impedance for these two cases. In general, excellent agreement is seen. The small discrepancy
in resistance, especially noticeable at M = 0.28, may be related to a slight difference in the effective POA of the test
samples. The procedure was repeat with interchanged liner and hard wall positions, and the same impedances were
obtained, confirming the absence of asymmetries in the test rig.
Fig. 5 shows the educed impedances for lined/hard and lined/lined cases, both upstream and downstream, using
the Myers boundary condition. The lack of collapse of the educed impedances shows that the axial wavenumber
dependence of the effective impedance Zeff (k, ω) is not correct for the Myers boundary condition. This reproduces the
known disagreement between impedance educed using upstream and downstream propagation.
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Fig. 5 Educed impedance as a function of frequency, for both upstream (−) and downstream (+) propagation,
for the lined/hard (L24 ) and lined/lined (L24 + L25 ) configurations.
Fig. 6 shows the educed impedances for the two lined/hard and the lined/lined cases using the boundary condition (3)
of Renou and Aurégan [4], with the free parameter βv best fitted to collapse the upstream and downstream educed
impedances to the same value. Compared with fig. 5, there is much less variability in the educed impedances in
the top two plots in fig. 6, as is to be expected from best fitting an extra free parameter. The impedances educed
for the lined/hard configuration (labelled L24 and L25 ) and the lined/lined configuration (labelled L24 + L25 ) are very
close, although for the lined/lined case the educed resistance is systematically underestimated at high frequencies,
and the educed reactance is systematically overestimated for frequencies above the first resonance and systematically
underestimated for frequencies below the first resonance, all at both tested Mach numbers. For the best-fitted free
parameter βv (ω), plotted in the lower two plots of fig. 6, however, there is a significant disparity between each of
the configurations above 1500 Hz. The imaginary part of βv is close to zero, and the real part is close to 0.5 at low
frequencies (although theoretically we should have βv (ω) → 1 as ω → 0). However, at higher frequencies βv ≈ 0
for the lined/lined configuration, while βv becomes significantly negative for the lined/hard configurations. It would
certainly appear, therefore, that the educed value of βv depends on whether one or both sides of the duct were lined,
and therefore a single (Z, β) pair is not sufficient to collapse the results of all four wavenumbers.
Another way to verify the educed impedances and their predictive capacity, following Renou and Aurégan [4], is
by means of the plane-wave scattering matrix,
#" #
" # "
+
+
T + R− a11
a31
,
(8)
= +
−
−
−
a31
R
T
a11
Fig. 7 (reproduces the results of Renou and Aurégan [4, fig. 9]) shows the experimental and predicted coefficients of the
scattering matrix for the lined/hard configuration. Predicted coefficients using the upstream educed impedance, and
the downstream educed impedance, are both plotted. In the absence of flow, excellent agreement is found with both
educed impedances. On the other hand, in the presence of flow, none of the educed impedances is able to correctly
7

2

2

1

1

0

0

-1

-1

-2

-2

-3
500

1000

1500

2000

-3
500

2500

1

1

0.5

0.5

0

0

-0.5

-0.5

-1
500

1000

1500

2000

-1
500

2500

1000

1500

2000

2500

1000

1500

2000

2500

Fig. 6 Educed impedance and the related βv parameter which collapse the upstream and downstream educed
impedances to the same value, using the effective impedance given in equation (3). Solid and dashed lines
correspond to real and imaginary parts, respectively.
predict both upstream and downstream coefficients, again demonstrating the inadequacy of the Myers Zeff boundary
condition. By using a collapsed impedance with βv best-fitted, both predicted T + and T − can be made to agree well with
experiments, as can be seen in fig. 8. However, fig. 9 shows that the educed βv model from the lined/hard configuration
fails to provide a good prediction in the lined/lined configuration. In particular, the upstream-propagating transmission
coefficient T − is poorly predicted away from low frequencies, and this is true at both Mach numbers considered. This
is further evidence that the educed value of βv is specific to the configuration being investigated, and is not an intrinsic
property of either the mean flow or the liner itself.

V. Discussion and Future Work
In this work, for a given impedance lining, average flow Mach number M, and frequency ω, four different axial
wavenumbers are tested: upstream and downstream propagating plane waves, in each of a lined/hard and lined/lined
configuration. A correct impedance boundary condition Zeff (Z, β, k) should be accurate for each of these four axial
wavenumbers, with the same value of Z and free parameters β for each wavenumber. The Myers boundary condition
has no free parameters, and is known to need different values of Z to correctly predict the propagation of upstream
and downstream plane-wave modes. This may be corrected by using the impedance boundary condition of Aurégan
et al. [9] if only two axial wavenumbers are used, by suitable choice of the free parameter βv (ω) at each frequency.
In this work, we are unable to find an impedance Z and free parameter βv that accurately reproduce the experimental
results obtained in both our lined/hard and lined/lined configurations. In particular, fig. 6 shows that the value of βv
calculated from our results is specific to the configuration (lined/hard vs lined/lined), while fig. 9 shows that using
the (Z, βv ) pair found from the lined/hard configuration does not reproduce the upstream transmission coefficient we
observe for the lined/lined configuration; upstream being the situation where the two configurations give most different
axial wavenumbers, as shown in fig. 3. Our results therefore suggest that the boundary condition of Aurégan et al. [9]
does not have good predictive power beyond the specific configuration used to calculate the impedance and βv .
One obvious opportunity to extend this work would be to understand and correct for the small disparity between
liner samples L24 and L25 shown in fig. 4. It is unlikely this small disparity between liner samples affects the behaviour
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Fig. 7 Experimental scattering coefficients (points) for the lined/hard configuration, and the predicted scattering coefficients using the upstream and downstream educed impedances using the Myers boundary condition
(blue and red lines, respectively). Note that a shorter liner of length 115 mm was used for only the upstreampropagating (T − and R−) results at M = 0.28, meaning the absolute magnitude of these coefficients at M = 0.28
is not directly comparable with the other results in this figure.
seen subsequently, since the disparity in fig. 4 is most significant at M = 0.28 and almost negligible at M = 0.21, while
we subsequently see an equal effect at both Mach numbers.
One possible future extension of this work would be to best fit frequency independent parameters, such as the shear
layer velocity profile U(y) involved in the formula for βv (ω) in (3), rather than treating βv (ω) as a free parameter to
be independently calculated for each frequency ω; this would be expected to give worse agreement with experiments
compared with the present study. It would however enable comparison with other boundary conditions, such as that
of Ref. 7 given in (2), or more complicated boundary conditions such as that of Khamis and Brambley [12, equ. (54)],
that do not provide a single frequency-dependent parameter to be fitted.
Another future extension would be to investigate how well the educed impedance and free parameters from one
situation predict the behaviour of liners in other situations. Ultimately, liners are a tool for reducing aeroengine noise,
and so educed impedances should be relevant outside the apparatus used to educe the impedance. For example, are
educed impedance parameters from narrow rectangular-duct laboratory tests a useful predictive tool for the behaviour
of the same liners in large cylindrical ducts more typical of aeroengine installations, or are boundary-layer dependent
parameters such as βv (ω) specific to the laboratory test rig? Moreover, are impedance parameters educed from plane
wave propagation a useful predictive tool for higher order modes, such as the spinning modes more typical of fan noise?
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Fig. 8 Experimental scattering coefficients (points) for the lined/hard configuration, and the predicted scattering coefficients (lines) using the collapsed Z and βv educed from the lined/hard configuration.

Fig. 9 Experimental scattering coefficients (points) for the lined/lined configuration, and the predicted scattering coefficients (lines) using the collapsed Z and βv educed from the lined/hard configuration.
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