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Impedance eduction is the preferred method for acoustic liner characterization under
grazing flow conditions. The method usually assumes an uniform impedance for the whole lined
wall. However, in situ local measurements suggest the liner impedance is influenced by the flow
profile above the liner. Therefore, the liner impedance is expected to vary spatially due to the
three-dimensional nature of the grazing flow profile inside dedicated test rigs. In this work, we
study the impact on impedance eduction of failing to account for this local variation in liner
impedance. A numerical synthesized experiment is used to investigate the uniform impedance
assumption. The axial wavenumbers of a lined rectangular duct with sheared flow profile are
obtained by solving the Pridmore-Brown Equation. The wavenumbers in the lined section are
evaluated with both a variable wall impedance and with the wall impedance taken constant at
an averaged value. The wavenumbers are then used to educe the lined wall impedance by means
of the traditional straightforward impedance eduction method. Results suggest that the impact
of assuming an uniform impedance at the lined wall are negligible, since both upstream and
downstream wavenumbers evaluated for the different impedance assumptions almost perfectly
match.

I. Introduction

Acoustic liners are passive devices applied to the walls of aircraft engine nacelles to mitigate fan noise. Typically,
these liners consist of a honeycomb structure sandwiched between a hard backplate and a perforated facesheet.

They are conventionally modeled using a locally-reacting acoustic impedance, a frequency-dependent complex property.
This impedance is known to depend on liner geometry [1, 2] and operational conditions, such as Sound Pressure Level
(SPL) [3] and the grazing flow velocity [1] and profile [4] over the liner surface.

For characterizing acoustic liners with grazing flow, the liner community has relied on either the in-situ technique
(or Dean’s method) [5] or impedance eduction methods [6–8]. The former involves measuring the acoustic field on
both the facesheet and the backplate of a liner cell using miniaturized microphones or microphone probes. On the
other hand, impedance eduction techniques rely on measuring the in-duct acoustic field on dedicated test rigs: from a
duct acoustic propagation model, the acoustic liner impedance seen by the acoustic field is obtained. While the in-situ
technique provides a local value of the liner impedance, impedance eduction techniques evaluate an averaged effect over
the whole liner. Due to its simpler instrumentation, higher repeatability, and applicability to different liner constructions,
impedance eduction is generally preferred over the earlier in-situ technique [9, 10].
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In principle, the acoustic impedance of liners should remain independent of the incident acoustic field (locally
reactive assumption). However, recent evidence has shown a discrepancy when the wave propagation direction changes
between upstream- and downstream-propagating waves, suggesting flaws in the modeling used for impedance eduction
[11–14]. Most impedance eduction methods rely on a duct propagation model, with uniform flow and the Ingard-Myers
boundary condition as common assumptions. Several attempts have been made to include governing equations capturing
actual liner physics. For instance, Weng et al. [15] found that viscosity is unable to account for the discrepancy between
upstream and downstream and collapse the educed impedances. Nark et al. [16] found that small changes to the mean
flow velocity were able to reduce the gap between the upstream and downstream educed impedances. Roncen et al. [17]
showed that the inconsistency persists even when considering a three-dimensional inviscid sheared flow profile and a
no-slip condition at the lined wall, suggesting that liner physics are not fully captured. Novel boundary conditions have
been introduced to better describe liner physics, but none have accurately predicted acoustic wavenumbers when the
experimental configuration is changed, as concluded by Spillere et al. [18].

The acoustic impedance of traditional single-degree-of-freedom acoustic liners is known to depend not only on
the bulk Mach number but also on the sheared flow profile of the grazing flow over the perforated facesheet [4].
Dedicated test rigs for acoustic liner characterization typically use rectangular cross-sectional ducts, which implies that
the internal flow profile has a three-dimensional nature. With this in mind, the acoustic impedance of liners is expected
to vary spatially within the test rigs, considering that each cell faces a different mean flow velocity gradient. However,
impedance eduction techniques generally assume a uniform impedance for the entire liner sample. A notable exception
is the work of Roncen et al. [19], which proposed an impedance eduction method that takes into account the spatial
variation of impedance due to the SPL variation over the wall. It was found that the direction of the flow relative to the
incident wave propagation seems to play a role in the space-dependency of the impedance. If the variation of impedance
with SPL is neglected, the educed value of the impedance was found to depend on the length of the liner. However, the
influence of SPL on liner impedance is expected to be significantly smaller than the effect of variations of the grazing
flow considered here, especially for higher flow velocities [3, 10].

In this work, our primary focus is to investigate the potential effects of the spatially varying impedance due to the
flow profile variation in the liner’s transverse direction. A numerical experiment is proposed to synthesize the axial
wavenumbers in a lined duct with sheared flow and a variable impedance at the wall. The wavenumbers for the spatially
variable impedance are compared to the wavenumbers obtained for an averaged impedance. Then, the traditional
straightforward impedance eduction [7] is used to analyze the impact of the variable impedance in the eduction results.

This work is organized as follows. The governing equations and the numerical method for solving the resulting
eigenvalue problem are discussed in Section II. The spatial dependence model assumed for the liner is described in
Section III. The numerical experiment used to synthesized data for the impedance eduction is described in Section IV.
The results are presented in Section V, while the main conclusions are outlined in Section VI.

II. Governing Equations

For the purpose of this study, the infinite rectangular duct depicted in Fig. 1 can be considered. The duct cross-section
has width 𝑊 and height 𝐻. An axial flow with flow profile 𝒖0 = 𝑈0 (𝑥, 𝑦)𝒆𝒛 is assumed. This implies that both the
flow profile and the impedance have no dependence on the axial direction. The wall located at 𝑥 = −𝑊/2 has a
locally-reacting spatial- and frequency-dependent impedance 𝑍 (𝜔, 𝑦), while all the other walls are acoustically rigid.

For the purpose of this work, we will assume that the in-duct acoustic propagation can be described by the
Pridmore-Brown Equation (PBE) [20], such that

(i𝜔 + u0 · ∇)
(

1
𝑐2

0
(i𝜔 + u0 · ∇)2𝑝′ − ∇2𝑝′

)
+ 2

𝜕

𝜕𝑧

(
∇𝑝′ · ∇𝑈0

)
= 0, (1)

where 𝑝′ is the acoustic pressure with assumed monochromatic time dependence exp{i𝜔𝑡}, 𝑐0 the speed of sound,
i =

√
−1 the complex imaginary unity and ∇ = (𝜕/𝜕𝑥, 𝜕/𝜕𝑦, 𝜕/𝜕𝑧). Considering the axial invariance of the problem,

we assume an axial dependence on the form 𝑝′ (𝑥, 𝑦, 𝑧) = 𝑝′ (𝑥, 𝑦) exp{−i𝑘𝑧𝑧}, where 𝑘𝑧 is the axial wavenumber, so
Eq. (1) can be written as(
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𝑝′ = 0, (2)
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Fig. 1 Schematic duct and coordinates system assumed in this work.

where ∇⊥ = (𝜕/𝜕𝑥, 𝜕/𝜕𝑦, 0). As boundary conditions, at rigid walls, the normal acoustic velocity u′ vanishes, such that

u′ · n̂ = 0, (3)

where n̂ is a unitary normal vector pointing into the wall. Non-slip flows are assumed, therefore the locally reacting
impedance boundary condition can be written as

𝑍 =
1

𝜌0𝑐0

𝑝′

u′ · n̂
, (4)

where the air characteristic impedance 𝜌0𝑐0 is used as a normalization factor and 𝜌0 is the air density.

A. Uniform Flow Case
If a uniform flow is assumed, i.e., 𝑈0 ≡ 𝑀𝑐0 = constant, where 𝑀 is the bulk (average) Mach number, the PBE

reduces to the Convected Helmholtz Equation (CHE),

∇2𝑝′ +
(
𝑘0 − i𝑀

𝜕

𝜕𝑧

)2
𝑝′ = 0. (5)

where 𝑘0 ≡ 𝜔/𝑐0 is the free-field wavenumber.
The impedance boundary condition, given by Eq. (4), is valid provided the mean flow velocity vanishes at the wall.

With a uniform flow model, such as the CHE, the flow velocity adjacent to the wall is non-zero, although in reality there
is a thin boundary layer at the wall. The refractive effects that occur within this thin boundary layer must then be taken
into account by the boundary condition. The most common assumption used is the so-called Ingard–Myers Boundary
Condition (IMBC) [21, 22], which can be written as

𝑍eff,IMBC =
1

𝜌0𝑐0

𝑝′

u′ · n̂
=

𝜔𝑍

𝜔 − 𝑐0𝑀𝑘𝑧
. (6)

B. Numerical Scheme
We seek to describe the governing equations as a generalized eigenvalue problem. One can rewrite the PBE (Eq. (2))

as
(A0 + A1𝑘𝑧 + A2𝑘

2
𝑧 + A3𝑘

3
𝑧)p̃′ = 0, (7)

where the A 𝑗 terms involve differentiation in 𝑥 and 𝑦 and multiplication by the frequency 𝜔, by the mean flow 𝑈0 and
by its 𝑥- and 𝑦-derivatives and p̃′ the discretized acoustic pressure. In the present work, we follow a strategy similar
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to Boyer et al. [23], where the problem is discretized by projecting it onto a Gauss–Lobatto grid using Chebyshev
polynomials as basis. Finally, to solve the cubic generalized eigenvalue problem given by Eq. (7), auxiliary variables are
introduced of the form p̃𝑝 = 𝑘𝑧p̃𝑝−1 for 𝑝 > 0 [24, p. 129], and the resulting sparse linear eigenvalue problem is solved
using the eigs function from MATLAB.

In order to apply a lined wall boundary condition to the generalized eigenvalue problem, we rewrite Eq. (4) as

d𝑝′

d𝑥
𝑛𝑥 +

i𝜔
𝑍
𝑝′ = 0, (8)

where 𝑛𝑥 = −1 at 𝑥 = −𝑊/2. For the hard wall opposite to the liner, the corresponding boundary condition is

d𝑝′

d𝑥
= 0. (9)

Similarly, for the hard walls at 𝑦 = ±𝐻/2, one may write

d𝑝′

d𝑦
= 0. (10)

III. Impedance Spatial Dependence

The definition of the impedance spatial dependence is a key point of this study. In this work, we use the non-linear
flow term from the well-known Goodrich model [25], that gives the impedance

𝑍 (𝜔, 𝑦) = 𝑅(𝜔) + 𝑅𝑐𝑚(𝑦) + i𝑋 (𝜔), (11)

where 𝑅(𝜔) is the linear component of the liner resistance, 𝑋 (𝜔) is the liner reactance and

𝑅𝑐𝑚(𝑦) =
𝑀 (𝑦)

𝜎

(
2 + 1.256

𝛿∗ (𝑦)
𝑑

) . (12)

Here, 𝑀 is the free-stream Mach number, 𝜎 the open area ratio of the liner, 𝛿∗ the boundary layer displacement thickness
and 𝑑 the perforate plate holes diameter. One may notice that, in this study, the variables 𝑀 and 𝛿∗ are evaluated only
for the flow profile immediately above the liner. Also, by assuming the Goodrich model as reference for the flow effect,
the reactance is taken to be uniform over the whole lined wall.

IV. Numerical Experiment

In this study, a numeric synthesized experiment is used to estimate the impact of the local variations of the impedance
due to the 2D flow profile. The procedure can be summarized as follows.

The PBE eigenvalue solver described in Section II.B is used to evaluate the axial wavenumbers in the lined duct
with sheared grazing flow. This can be compared to a real world impedance eduction method where the wavenumbers
are extracted from an equally-spaced acoustic pressure sampling by means of Prony-like algorithms. Two pairs of
wavenumbers are considered: (I) 𝑘±𝑧 (𝑍 (𝑦)), determined for the case with the impedance spatially varying, and; (II)
𝑘±𝑧 (⟨𝑍 (𝑦)⟩), which corresponds to the case where the spatial average of the impedance is uniformly applied to the
lined wall. The superscript + denotes downstream propagation, while − denotes upstream propagation (upstream and
downstream sources, respectively). Both upstream and downstream propagating modes wavenumbers are obtained,
considering the same impedance for both directions.

The axial wavenumbers thus obtained are then used for traditional straightforward impedance eduction [7]. This
procedure consists of applying the Ingard–Myers boundary condition to the CHE solution, assuming the lined wall
impedance is uniform, which leads to the eigenvalue problem

𝛼 tan(𝛼𝑊/2) − 𝜌0𝑐0
i𝑘0𝑍

(i𝑘 − i𝑀𝑘𝑧)2 = 0, (13)
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where 𝛼 are the transverse wavenumbers, and with the dispersion relation given by

𝛼2 = (𝑘0 − 𝑀𝑘𝑧)2 − 𝑘2
𝑧 , (14)

one is able to obtain the liner impedance. This procedure is done independently for the two different propagating
directions.

The test conditions are described in what follows. The numerical experiment replicates the UFSC Liner Test Rig
geometry. The computational domain represents a rectangular duct of dimensions 𝐻 = 100 mm and 𝑊 = 40 mm. For
the numerical experiment, the bulk Mach number is set to 0.3. The typical frequency range from 500 to 3000 Hz is
considered.

The stream-wise flow profile in the midspan of both normal-wise, 𝑈𝑥 (𝑥), and transverse-wise, 𝑈𝑦 (𝑦), directions
(𝑦 = 0 and 𝑥 = 0, respectively) are described by a modified Universal-Wall Law, which can be written for the three
boundary layer sublayers as

Viscous sublayer 0 ≤ 𝜉+ < 5 𝑢+ =𝜉+, (15a)

Buffer sublayer 5 ≤ 𝜉+ < 70 𝑢+ =
1
Λ

[
1
3

ln
Λ𝜉+ + 1√︁

(Λ𝜉+)2 − Λ𝜉+ + 1
+ 1
√

3

(
tan−1 2Λ𝜉+ − 1

√
3

+ 𝜋

6

)]
+ 1

4𝜅
ln(1 + 𝜅𝐵𝜉+4), (15b)

Overlap sublayer 70 ≤ 𝜉+ 𝑢+ =
1
𝜅

ln 𝜉+ + 𝐶+ + 1
𝜅𝜉+𝑐

(𝜉+𝑐 − 𝜉+)
(
𝜉+

𝜉+𝑐

)2
, (15c)

where 𝜉+ = 𝜉𝑢𝜏/𝜈, with 𝜉 the distance to the wall∗, 𝑢𝜏 the friction velocity and 𝜈 the fluid kinematic viscosity,
𝑢+ = 𝑈/𝑢𝜏 , with𝑈 the dimensional streamwise velocity. The other variables are the von Kármán constant, 𝜅 = 0.41 and

Λ = (𝐴 + 𝐵) (1/3) , 𝐴 = 6.1 × 10−4, 𝐵 = 1.43 × 10−3.

The last term on the right-hand side of the overlap sublayer equation (Eq. (15c)) was included such that the derivative of
the profile is continuous at the duct centreline. This results in a slight different matching constant 𝐶+ = 4.946. In this
work, the friction velocities for the flow profiles 𝑈𝑥 and 𝑈𝑦 , are 𝑢𝑥𝜏 = 3.967 m s−1 and 𝑢

𝑦
𝜏 = 3.733 m s−1, respectively.

These values were determined by fitting the modified Universal-Wall Law to the flow profile experimentally measured at
the UFSC test rig for a bulk Mach number of 0.3. The two 1D flow profiles are tensorized to a 2D flow profile and
rescaled for the bulk Mach number by

𝑈0 (𝑥, 𝑦)
𝑐0

= 𝑀
𝑈𝑥 (𝑥)
⟨𝑈𝑥 (𝑥)⟩

𝑈𝑦 (𝑦)
⟨𝑈𝑦 (𝑦)⟩

, (16)

where the operator ⟨·⟩ denotes averaging over the function domain. One may notice that for this choice of flow profile
representation, the boundary layer displacement thickness is constant along the 𝑦−axis, i;e. 𝛿∗ (𝑦) = cte..

For the current numerical synthetic study, the impedance predict by the Goodrich impedance model for a typical
single-degree-of-freedom liner sample is used. The considered liner geometry corresponds to the 3D-printed liner
sample which has been extensively used by the authors in previous (and ongoing) experimental and high-fidelity
simulation investigations [26, 27]. The perforate facesheet has holes with diameter of 1.17 mm, thickness of 0.55 mm
and a percentage of open area of approximately 8.8 %† The reference impedance is shown in Fig. 2, with the linear
component of the resistance, 𝑅(𝜔) and the spatial average of the variable impedance

⟨𝑅(𝜔) + 𝑅𝑐𝑚(𝑦)⟩ = 𝑅(𝜔) + 1
𝐻

∫ 𝐻/2

−𝐻/2
𝑅𝑐𝑚(𝑦)d𝑦, (17)

shown in Fig. 2a, while the variable component of the resistance is shown in Fig. 2b.
∗For 𝑈𝑥 (𝑥 ) , 𝜉 = 𝑊/2 − |𝑥 |, while for 𝑈𝑦 (𝑦) , 𝜉 = 𝐻/2 − |𝑦 |.
†These values diverges significantly from the nominal ones presented in previous publications. This new set of parameters was obtained through

a 3D-scanning procedure that is going to be described in a companion paper.
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Fig. 2 Reference impedances for the numeric experiment.

V. Results
The reference axial wavenumbers evaluated for both variable impedance and spatially-averaged uniform impedance

are shown in Fig. 3. The curves for both cases almost perfectly collapses, with just small differences observed near the
liner resonance, as highlighted in the imaginary component plots. Results suggest that the impedance averaging slightly
underestimates the absolute value of the axial wavenumber when compared to the variable impedance case. This match
anticipates that the impedance spatially dependence may not significantly impact the impedance eduction.

The wavenumbers obtained for both variable impedance, 𝑍ref (𝑦) and the averaged impedance ⟨𝑍ref (𝑦)⟩ are then
used in the traditional straightforward impedance eduction method. The impedances obtained for both approaches
for both Upstream Source (US) and Downstream Sources (DS) are shown in Fig. 4. For the reactances, a perfect
match is observed between the two approaches. For the resistances, small differences are observed, especially for the
downstream source, although the differences are almost negligible, as the similar wavenumbers already suggest. The
typical mismatch between upstream and downstream acoustic sources observed in experimental eduction is also noticed
in the results. The fact that the mismatch was still observed, even though the wavenumbers were synthesized from the
same reference impedance in this case, can be explained by the bias error induced by the uniform flow assumption with
the Ingard-Myers boundary condition when compared to the reference 2D-PBE, as suggested by Roncen et al. [17].

VI. Concluding Remarks
In this work, a numerical synthesized experiment was used to study the impact of a spatially varying impedance in

the lined wall of rectangular ducts due to the varying sheared flow profile. The synthetic experiment was performed by
solving the 2D Pridmore-Brown Equation, considering a sheared flow profile and a variable impedance dependent on the
transverse direction. The wavenumbers obtained for the variable impedance configuration were compared with the ones
evaluated for an averaged impedance. Later, the wavenumbers obtained for both assumptions were used in a traditional
impedance eduction procedure. Results obtained suggest that the acoustic field perceives an effective impedance that
corresponds to the spatial average of the variable impedance wall. The wavenumbers predicted for both configurations
almost perfectly match, and the educed impedance obtained with the wavenumbers for the different cases collapses
into a single curve. The bias error induced by assuming an uniform flow and the Ingard–Myers boundary condition is
observed, as already documented in the literature [17, 28]. In summary, this study suggests the impact of assuming an
uniform impedance at the lined wall, even though a variation is expected in the transversal direction, may be negligible.
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Fig. 3 Reference wavenumbers. Evaluated by solving the PBE eigenvalue problem for both the variable
impedance at the lined wall and the spatially-averaged uniform impedance cases.
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