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Abstract. We prove a version of a “Reverse Newman Theorem” in in-
formation complexity: every private-coin communication protocol with
information complexity I and communication complexity C can be con-
verted into a public-coin protocol with the same behavior so that it’s

information complexity does not exceed O
(√

IC
)
. “Same behavior”

means that the transcripts of these two protocols are identically dis-
tributed on each pair of inputs. Such a conversion was previously known
only for one-way protocols. Our result provides a new proof for the best-
known compression theorem in Information Complexity.
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1 Introduction

Information complexity of a communication protocol π, denoted by ICµ(π), is
the amount of information Alice and Bob reveal to each other about their inputs
while running π under the assumption that their input pairs are distributed
according µ. Information complexity is used foremost in studying the Direct-
Sum problem. Let us start with appropriate definitions.

Fix a small constant ε. Suppose that we are given a function f : X × Y →
{0, 1} and probability distribution µ on the set X × Y, where X is the set of
Alice’s inputs and Y is the set of Bob’s inputs. The deterministic distributional
complexity Dµ

ε (f) is defined as

Dµ
ε (f) = min

π
CC(π),

where CC(π) stands for the worst case communication complexity (i.e. the
height) of π and minimum is taken over all deterministic communication proto-
cols π which compute f(x, y) on a random input pair, distribute according to
µ, with error probability at most ε. Now imagine, that Alice and Bob have to
compute n copies of f in parallel: Alice receives n input x’s, x1, . . . , xn and Bob
n input y’s, y1, . . . , yn, where the pairs (xi, yi) are independent on each other and
distributed according to µ. In other words, they have to compute the function
fn : (X × Y)

n → {0, 1}n with input pairs distributed according to probability
distribution µn on the set (X × Y)

n
, which are defined as follows:

fn ((x1, y1), . . . , (xn, yn)) = (f(x1, y1), . . . , f(xn, yn)) ,



µn ((x1, y1), . . . , (xn, yn)) = µ(x1, y1)× . . .× µ(xn, yn).

This function has also its distributional communication complexity. However we
are interested not in protocols computing fn with error probability at most ε with
respect to µn, but rather in protocols that compute each coordinate of fn with
error probability at most ε. That is, we consider deterministic communication
protocols π which output n bits π1(x, y), . . . , πn(x, y) such that for every i the
following holds: µn{(x, y) |πi(x, y) 6= f(xi, yi)} ≤ ε. Then we consider the value

Dn,µn

ε (fn) = min
π
CC(π),

where minimum ranges over all such protocols.
The definitions imply that Dn,µn

ε (fn) ≤ nDµ
ε (f) (apply the protocol witness-

ing Dµ
ε (f) to compute each coordinate of fn). The Direct-Sum question asks how

close are Dn,µn

ε (fn) and nDµ
ε (f).

In an attempt to prove the opposite inequality Dn,µn

ε (fn) ≥ nDµ
ε (f) we can

start with converting the protocol π witnessing Dn,µn

ε (fn) into a randomized
protocol τ using the technique described in [2]. τ computes f with error proba-
bility at most ε (probability is taken with respect to the product distribution of
µ and the distribution over the inner randomness of the protocol). Also τ sat-
isfies: ICµ(τ) ≤ CC(π)/n, CC(τ) ≤ CC(π). Assume now that any randomized
protocol with communication complexity C, information complexity I and error
probability ε can be converted into a randomized protocol with communication
complexity φ(I, C, ε, δ) computing the same function with error probability δ.
Here φ(I, C, ε, δ) is a certain function. Applying this conversion to the protocol
τ we would obtain a randomized protocol with communication complexity

φ

(
Dn,µn

ε (fn)

n
,Dn,µn

ε (fn), ε, δ

)
computing f with error probability δ. Using Yao’s principle we then can convert
that randomized protocol to a deterministic one with the same communication
complexity and error probability.

Thus we are interested in “compression theorems” of the following form

For every randomized protocol α which computes a function g over the distribution
µ with error probability ε there exists randomized protocol α′ which computes g over
distribution µ with error probability δ such that CC(α′) ≤ φ(ICµ(α), CC(α), ε, δ)

Fig. 1. Compression statement for φ

There are several compression theorems. The first one was proved in [1]:

Theorem 1. Compression statement holds for φ(I, C, ε, δ) = O
(√

IC log(C/ρ)
ρ

)
,

where ρ = δ − ε.
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This compression theorem implies that that

Dµ
ε+ρ(f) = O

(
Dn,µn

ε (fn) log(Dn,µn

ε (fn)/ρ)

ρ
√
n

)
.

In the above discussion we assumed that randomized protocols are allowed
to use both private and public randomness. For protocols that use only public
randomness there is a better compression theorem

Theorem 2 ([4], [7]). Compression statement holds for public-coin protocols

with φ(I, C, ε, δ) = O(I log(C/ρ)
ρ ), where ρ = δ − ε.

Unfortunately the randomized protocol τ mentioned above uses both public
and private coins. Thus to benefit this theorem we have to convert the protocol
τ into a protocol that uses public randomness only. It should be noted here that
for Information Complexity private coins are more powerful than public coins.
In contrast, for Communication Complexity the situation is the opposite: public
coins are more powerful than private coins, but not very much: by Newman’s
theorem [6] every public coin randomized protocol can be converted to a pri-
vate coin protocol at the expense of increasing the error probability by δ and
communication complexity by O(log(n/δ)) (for any δ and for inputs of length
n). We need a “reverse Newman theorem” for Information complexity, that is, a
theorem stating that every private-coin protocol τ can be converted to a public-
coin protocol τ ′ at the expense of increasing slightly the error probability and
information complexity. Notice that we cannot covert τ to τ ′ just making pri-
vate randomness publicly known. For example, assume that according to τ Alice
sends to Bob the bit-wise XOR of her input x and privately chosen random string
r. Bob obtains no information about Alice’s input from that message. However
if r is chosen publicly then Bob gets to know Alice’s input.

We say that two protocols are distributional-equivalent if they are defined
on the same input space X × Y and for every (x, y) ∈ X × Y their transcripts,
conditioned on (x, y), have the same probability distribution. Our contribution
is the following

Theorem 3. For every private-coin protocol π there exists a public-coin protocol
τ which is distributional-equivalent to π (in particular, CC(τ) = CC(π)) such
that for every distribution µ the following holds:

ICµ(τ) = O

(√
ICµ(π)CC(π)

)
.

The constant hidden in O-notation is an absolute constant.

Previously better conversions were known but only for bounded-round pro-
tocols. Namely, [4] establishes the conversion ICµ(τ) = ICµ(π) +O(log(nl)) for
protocols running in constant number of rounds. Here n is the length of input
and l is the length of randomness. And [3] proves a tight upper bound for one-
way protocols: ICµ(τ) ≤ ICµ(π) + log ICµ(π) +O(1). In both results µ denotes
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arbitrary probability distribution, π denotes the given private-coin communica-
tion protocol π and τ the constructed public-coin communication protocol τ ,
which is distributional-equivalent to π and does not depend on µ.

Our result provides a new proof of Theorem 1: given a protocol α with com-
munication complexity C and information complexity I we first convert it into a
public-coin protocol with information complexity O(

√
IC). The communication

complexity does not change, as the new protocol has the same distribution over
transcripts than the original one. Then we apply Theorem 2 to the resulting
public-coin protocol.

Notice that Theorem 1 (as well as any other compression theorem) implies a
“reverse Newman theorem”: every private-coin protocol τ with information com-
plexity I, communication complexity C and error probability ε can be converted
to a public-coin protocol τ ′ with information complexity O(

√
IC logC) and error

probability, for example, 2ε. Indeed, information complexity of any public-coin
protocol does not exceed its communication complexity and we can consider the
protocol existing by Theorem 1 as public-coin protocol (recall that for communi-
cation complexity public coins are at least as powerful as private coins). However
the bound O(

√
IC logC) obtained in this way is logC larger than our bound.

Besides the resulting public-coin protocol is not distributional-equivalent to the
original one.

Our technique is not novice. The key fact is the relation between the sta-
tistical distance between Alice’s and Bob’s distributions of each bit sent in the
protocol and the information revealed by sending that bit. This relation is es-
tablished using Pinsker’s inequality. It is worth to note that in the original proof
of Theorem 1 the same idea is used to estimate the error probability of the
converted protocol.

2 Preliminaries

Base 2 logarithms are denoted by log and natural logarithms by ln.

2.1 Information Theory

We use the standard notion of Shannon entropy; if X is a random variable taking
values in the set X , then:

H(X) =
∑
x∈X

Pr[X = x] log

(
1

Pr[X = x]

)
.

By definition 0 log 0 = 0.

Assume that X,Y are jointly distributed random variables. Then the condi-
tional Shannon entropy H(X|Y ) is defined as H(X|Y ) = Ey←YH(X|Y = y).
Here X|Y = y denotes the random variable whose distribution is equal to the
distribution of X conditioned on the event Y = y and Ey←Y stands for the

4



expectation over y with respect to the marginal distribution of Y . It is easy to
show that

H(X|Y ) = H(X,Y )−H(Y ).

Mutual information between jointly distributed random variables is defined
as follows:

I(X : Y ) = H(X)−H(X|Y ).

Mutual information is symmetric: I(X : Y ) = I(Y : X); this follows from the
above equality H(X,Y ) = H(X) +H(Y |X) = H(Y ) +H(X|Y ).

For a triple X,Y, Z of jointly distributed random variables we can consider
conditional mutual information defined in a similar way:

I(X : Y |Z) = H(X|Z)−H(X|Y,Z).

Here H(X|Y,Z) is an abbreviation for H(X|(Y,Z)). Entropy and the mutual
information satisfy the chain rule:

Proposition 1 (Chain Rule)

H(X1, . . . , Xn) = H(X1) +

n∑
i=2

H(Xi|X1, . . . , Xi−1),

I(X1, . . . , Xn : Y ) = I(X1 : Y ) +

n∑
i=2

I(Xi : Y |X1, . . . , Xi−1).

Chain rule holds also for conditional entropy and conditional mutual information.
Let P , Q denote probability distributions on a finite set W . We consider

two quantities that measure dissimilarity between P and Q: total variation, or
statistical difference:

δ(P,Q) = sup
A⊂W

|P{A} −Q{A}|,

and the information divergence, or Kullback-Leibler divergence:

DKL(P ||Q) =
∑
w∈W

P (w) log

(
P (w)

Q(w)

)
.

We will use the following well-known inequality:

Proposition 2 (Pinkser’s inequality)

δ(P,Q) ≤
√
DKL(P ||Q)

2
.

Mutual information between two joint distributed random variables can be ex-
pressed in terms of Kullback-Leibler divergence.
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Proposition 3 If Q is the distribution of Y and Px is the distribution of Y
conditioned on the event X = x, then

I(X : Y ) = Ex←XDKL(Px||Q).

When α is a real number between 0 and 1 we use denote by H(α) the entropy
of a random variable ξ with two possible values {w1, w2} such that Pr[ξ = w1] =
α:

H(α) = α log

(
1

α

)
+ (1− α) log

(
1

1− α

)
.

We will use the following fact:

Fact 1 If α ≤ 1
2 , then H(α) ≤ 2α log

(
1
α

)
Proof. It is sufficient to show that (1− α) log

(
1

1−α

)
≤ α log

(
1
α

)
for all α ≤ 1

2 .

To this end consider the function f(α) = α log
(
1
α

)
− (1 − α) log

(
1

1−α

)
. The

derivative of this function equals

f ′(α) =
1

ln(2)

(
ln

(
1

α(1− α)

)
− 2

)
.

The equation α(1−α) = 1/e2 has two different roots α0 < α1 and the derivative
is negative for all α between the roots and positive outside. For α = 1/2 the
derivative is negative thus the function f increases on [0, α0], and decreases on
[α0,

1
2 ]. Since f(0) = f( 1

2 ) = 0 this implies that f(α) ≥ 0 for all α ∈ [0, 12 ]. ut

2.2 Communication Protocols

The definition of a deterministic communication protocol. A deterministic proto-
col to compute a function f : X ×Y → Z is specified by a functions δ : {0, 1}∗ →
{A,B} ∪ Z, indicating the turn to communicate and the output when commu-
nication is over; and functions p : X × A → {0, 1}, q : Y × B → {0, 1}, which
instruct Alice and Bob how to communicate. Here A = {s ∈ {0, 1}∗ | δ(s) = A}
and B = {s ∈ {0, 1}∗ | δ(s) = B}.

The figure 2 how the protocol specified by δ, p, q is performed.

1. Alice receives x ∈ X , Bob receives y ∈ Y; they add some bits to the string s,
called the transcript. At the start of the protocol the transcript is empty: s = λ;

2. If s ∈ A, Alice sends the bit b = p(x, s) and then Alice and Bob append b to s;
3. If s ∈ B, Bob acts in a similar way, using the function q instead of p;
4. If s ∈ O = {s ∈ {0, 1}∗ | δ(s) ∈ Z}, then Alice and Bob output δ(s) and terminate.

Fig. 2. Running a deterministic communication protocol.

The length of the transcript at the end of the protocol is called the communi-
cation length of the protocol for that pair. The maximal communication length
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(over all input pairs) is called the communication complexity of the protocol π,
denoted by CC(π).

We say that a deterministic protocol computes the function f if for all input
pairs x, y the protocol outputs f(x, y).

The definition of a randomized communication protocol. A randomized pro-
tocol is defined similarly to deterministic protocols. However this time functions
p and q are “random functions”. That is, Alice has a random variable RA and
Bob has a random variable RB with outcomes in some sets U, V ; the function
p maps X × {0, 1}∗ × U to {0, 1} and the function q maps Y × {0, 1}∗ × V to
{0, 1}. At the start protocol Alice and Bob sample RA and RB and then both
act deterministicaly, using the functions p(·, ·, RA) and q(·, ·, RB), respectively.

The transcript occurred in a randomized protocol depends not only on the
inputs of Alice and Bob but also on their randomness: for each input pair x, y the
transcript is a random variable. The maximum length of the transcript that can
occur with positive probability for a specific input pair is called communication
length of the protocol for that pair (it may be infinite). The maximal commu-
nication length (over all input pairs) is called the communication complexity of
the protocol π, denoted by CC(π).

We say that a randomized protocol π computes the function f with error
probability ε if for all input pairs x, y with probability at least 1− ε it happens
that π outputs f(x, y) on input pair (x, y).

Whether a randomized protocol is private-coin or public coin depends on the
joint probability distribution of the random variables RA, RB . If the random
variables RA and RB are independent then the protocol is called private-coin.
In a private-coin protocol each party gets know the bits sent by the other party
but does not know the randomness that has caused sending those bits.

If RA = RB , that is, Alice and Bob use the same randomness, then the
protocol is called public-coin. The common value of RA and RB is denoted by R
and is called shared or public randomness. One can consider also an intermediate
case: RA and RB are dependent but do not coincide. We will not need such
protocols in this paper.

Every private-coin protocol π with randomness RA, RB can be converted into
a public-coin protocol with shared randomness equal to the pair (RA, RB). The
communication complexity and error probability of this public-coin protocol are
the same as those of the original private-coin protocol. Moreover, the resulting
protocol is distributionally equivalent to the original one. A similar conversion in
the other direction is impossible. This means that with respect to communication
complexity public coins are more powerful than private coins.

2.3 Information Complexity

The information complexity of a randomized protocol π with respect to a prob-
ability distribution µ over input pairs is defined by the formula

ICµ(π) = I(X : Π,RB | Y ) + I(Y : Π,RA | X)

= I(X : Π | RB , Y ) + I(Y : Π | RA, X).
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Here X,Y,Π,RA, RB denote jointly distributed random variables, where RA, RB

are Alice’s and Bob’s randomness, (X,Y ) is a random pair of inputs drawn
according to µ and Π is the transcript of the protocol for those X,Y,RA, RB .
So Π is a deterministic function of the other variables. The pair of variables
(RA, RB) is independent from the pair (X,Y ).

In this formula, I(X : Π,RB | Y ) accounts of the information about Alice’s
input revealed to Bob by running the protocol and I(Y : Π,RA | X) accounts
of the information about Bob’s input revealed to Alice by running the protocol
The two expressions for information complexity are the same, and moreover,

I(X : Π,RB | Y ) = I(X : Π | Y,RB), I(Y : Π,RA | X) = I(Y : Π | X,RA).

Indeed, X and RB are independent conditional to Y and Y and RA are inde-
pendent conditional to X.

Lemma 1. For private-coin protocols, we have I(X : Π|RB , Y ) = I(X : Π|Y )
and I(Y : Π|RA, X) = I(Y : Π|X)

Proof. Indeed, the difference between the former two quantities can be written
as

I(X : Π|RB , Y )− I(X : Π|Y ) = I(X : RB |Π,Y )− I(X : RB |Y ). (1)

This equality can be verified by expressing all its terms through unconditional
entropy. Both terms in the right hand side of (1) are zeros. Indeed, by definition
X and RB are independent conditional to Y .

Also X and RB are independent conditional to Y,Π. This is not obvious and
follows from the rectangle property of deterministic protocols: for each s ∈ O
the set of all pairs of inputs that produce the transcript s is a combinatorial
rectangle, that is, a Cartesian product of some sets (see [5]). This implies that
for any randomized protocol the set of all pairs 〈(x, rA), (y, rB)〉 that produce a
certain transcript s is a combinatorial rectangle, too.

Fix s and y. By definition, the random variables (X,RA) and (Y,RB) are
independent conditional to the event Y = y. The condition “X,RA, Y, RB pro-
duce s” means that 〈(X,RA), (Y,RB)〉 belongs to some rectangle P ×Q. Adding
such a condition to the condition Y = y does not make (X,RA) and (Y,RB) de-
pendent. Therefore, (X,RA) and (Y,RB) and hence X and RB are independent
conditional to (Π,Y ). ut

For public-coin protocols the formula of informational complexity becomes

ICµ(π) = I(X : Π,R|Y ) + I(Y : Π,R|X),

where R stands for the shared randomness.

Lemma 2. For public-coin protocols,

ICµ(π) = H(Π|R, Y ) +H(Π|R,X).
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Proof. Indeed, we have

I(X : Π,R|Y ) = H(Π,R|Y )−H(Π,R|X,Y )

= H(Π|R, Y ) +H(R|Y )−H(Π|R,X, Y )−H(R|X,Y ).

We have H(Π|R,X, Y ) = 0, since Π is determined by R,X, Y . Furthermore,
H(R|Y ) = H(R|X,Y ) = H(R) since R is independent from the pair (X,Y ).
Hence I(X : Π,R|Y ) = H(Π|R, Y ). In a similar way we can prove that I(Y :
Π,R|X) = H(Π|R,X). ut

If we apply the conversion from private-coin to public-coin protocols de-
scribed in the end of the previous section, the resulting protocol may have much
larger information complexity then the original protocol. For example, it hap-
pens for the protocol where Alice sends to Bob the bit-wise XOR of her input
and her private random string. The purpose of the present paper is to construct
a more smart conversion, such that the resulting public-coin protocol has the
least known information complexity (for many-round protocols).

3 Simulation of One-Bit Protocols

Let us start with proving Theorem 3 for one-way protocols of depth 1. That is,
for protocols with only one bit sent, say by Alice.

We are given a private-coin protocol π, where a single bit is sent and it is
sent by Alice. Such protocol is specified by a function p : X × U → {0, 1}, a
random variable RA with values in U and a function δ : {0, 1} → Z. For input
x and private randomness r ∈ U Alice sends the bit p(x, r). Let Px denote the
distribution of the random variable p(x, ·) that is Px(i) = Pr[p(x,RA) = i] for
i = 0, 1.

We define public-coin protocol τ as follows:

1. Alice receives x ∈ X ;
2. Alice and Bob publicly sample R uniformly in [0, 1];
3. Alice sends B(x,R), where B(x,R) = 0 if R < Px(0) and B(x,R) = 1

otherwise.

It is clear that for every x Alice’s message B is distributed according to Px.
Hence τ is distributional-equivalent to π.

Assume now that we are given a probability distribution µ on the set X ×Y
which defines random variable (X,Y ). We have to show that for some constant
D it holds

ICµ(τ) ≤ D
√
ICµ(π) (2)

Notice that in both protocols π, τ no information about Bob’s input is re-
vealed to Alice. By Lemmas 1 and 2 we have ICµ(π) = I(X : B|Y ) and
ICµ(τ) = H(B|R, Y ). Assume first that Bob’s input is fixed. That is, there
is a y0 with such that Y = y0 with probability 1. Then in the formulas for
information complexity we can drop the condition Y .
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We have to relate Information Complexity of τ to that of π. The former
equals

ICµ(τ) = H(B|R) =

1∫
0

H(B|R = t)dt,

where the random variable B denotes the bit sent by Alice, i.e., B = B(X,R),
and B|R = t denotes the distribution of B(X, t).

The latter equals ICµ(π) = I(X : B) = Ex←µDKL(Px||Q), where Q denotes
the distribution of B (see Proposition 3).

Thus we have to show that

1∫
0

H(B|R = t)dt = O(
√
Ex←µDKL(Px||Q)).

By Pinsker’s inequality (Proposition 2) we have: (δ(Px, Q))2 ≤ DKL(Px||Q)/2
and hence it suffices to prove that

1∫
0

H(B|R = t)dt = O(
√
V ), (3)

where

V = Ex←µδ
2(Px, Q).

Consider the set

Ω =
{
t ∈ [0, 1] | |t−Q(0)| >

√
2V
}
.

It is clear that Pr[R /∈ Ω] ≤ 2
√

2V hence∫
[0,1]\Ω

H(B|R = t)dt ≤ 2
√

2V . (4)

Fix t ∈ Ω. We claim that either µ{x | B(x, t) = 0} or µ{x | B(x, t) = 1}
is at most V/(t−Q(0))2. Assume first that t < Q(0)−

√
2V . Then B(x, t) = 1

implies Px(0) ≤ t hence

δ(Px, Q) = |Px(0)−Q(0)| ≥ |t−Q(0)|.

By Markov’s inequality

µ{x |B(x, t) = 1} ≤ V

(t−Q(0))2
.
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The case t > Q(0) +
√

2V is entirely similar, in this case µ{x |B(x, t) = 0} ≤
V/(t−Q(0))2. By fact 1, and because V/(t−Q(0))2 ≤ 1/2, we get:∫

Ω

H(B|R = t)dt ≤
∫
Ω

H

(
V

(t−Q(0))2

)
dt

≤ 2

∫
Ω

V

(t−Q(0))2
log

(
(t−Q(0))2

V

)
dt

≤ 2
√
V

∫
Ω

V

(t−Q(0))2
log

(
(t−Q(0))2

V

)
d

(t−Q(0))√
V

≤ 2
√
V

∫
|y|>
√
2

log y2

y2
dy = O(

√
V ).

The last equality holds, as the integral
∫

|y|>
√
2

log y2

y2 dy converges. Thus we have

proved (3) and (2).
It remains to prove the inequality (2) in the general case (when Bob’s input

is not fixed). In this case we may observe that both left hand side and right hand
side of (2) are linear combinations of conditional entropies with Y in condition. If
we fix any y ∈ Y and replace Y in the condition by Y = y, then the inequality (2)
becomes valid, as we just have proved. Averaging over y proves (2) as it is.

We conclude this section by presenting a randomized protocol from [3] show-
ing that our bound for one-bit protocols is tight. Assume that Alice receives 0 or
1 with equal probabilities and then sends one bit to Bob, which is equal to her
input bit with probability 1

2 +ε and differs from it with probability 1
2−ε. One can

show that for every public-coin implementation of this protocol, with probability
2ε Bob learns Alice’s input hence the information complexity of the protocol is
at least 2ε. At the same time a simple calculation shows that if random bits are
private, then information complexity drops to Θ(ε2).

4 The Generalization to All Protocols

In this section we extend the result of the previous section to all protocols.

Proof (of theorem 3). Assume that π is an arbitrary private-coin communication
protocol, defined by the functions δ, p, q and random variables RA, RB . First we
convert π to another private-coin protocol π′ in which each bit is sent using a
fresh randomness (independent on randomness used to send previous bits). The
protocol π′ will be distributional-equivalent to π and hence will have the same
information complexity.

The private-coin protocol π′ works as follows:

1. Alice receives x ∈ X , Bob receives y ∈ Y; they let s = λ. Until s ∈ O they
perform the following items 2 and 3.
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2. If s ∈ A, |s| = k, then Alice reads a real rk ∈ [0, 1] from the its private
random source and sends p′(x, s, rk) which equals 0 if

rk < Pr[p(x, s,RA) = 0 | Es]

and 1 otherwise. Here Es denotes the intersection over i ≤ |s| with s1...i−1 ∈
A of the events

p(x, s1...i−1, R
A) = si.

The set Es depends only on s and x, thus Alice is able to find Pr[p(x, s,RA) =
0 | Es]. The sent bit is then appended to s.

3. If s ∈ B, Bob acts in a similar way;

4. If s ∈ O, Alice and Bob output δ(s) and terminate.

By construction π′ is distributional-equivalent to π. Assume that we are given
a probability distribution µ on X ×Y which defines random variables X,Y . By
Lemma 1, for private-coin protocols the information complexity depends only
on the distribution of the triple X,Y,Π, the information complexities of π and
π′ coincide.

The public-coin protocol τ is obtained from π′ be just assuming that all
the strings rk are read from the shared random source. Notice that τ does not
depend on µ. By construction τ is distributional-equivalent to π.

We have to relate information complexity of the private-coin protocol π′ to
that of the constructed public-coin protocol τ .

Set N = CC(π) and let Π = Π1 . . . ΠN denote the transcript of π′. W.l.o.g.
we may assume that for all inputs and all randomness the number of sent
bits equals N (Alice can send fixed bits when output is decided). Set Π<k =
Π1 . . . Πk−1.

By chain rule (Proposition 1), applied to protocol π′ we have:

ICµ(π′) = I(X : Π|Y ) + I(Y : Π|X)

=

N∑
k=1

I(X : Πk|Y,Π<k) + I(Y : Πk|X,Π<k)

=

N∑
k=1

Ik,

where Ik = I(X : Πk|Y,Π<k) + I(Y : Πk|X,Π<k).

We claim that

ICµ(τ) ≤ D
√
I1 + · · ·+D

√
IN .
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To prove the claim note that by Lemma 2 we have ICµ(τ) = H(Π|R, Y ) +
H(Π|R,X) where R = (r0, . . . , rN−1). By chain rule we get:

ICµ(τ) = H(Π|R, Y ) +H(Π|R,X)

=

N∑
k=1

H(Πk|R, Y,Π<k) +H(Πk|R,X,Π<k)

=

N∑
k=1

I ′k,

where

I ′k = H(Πk|R, Y,Π<k) +H(Πk|R,X,Π<k).

Thus to prove the claim it suffices to show that I ′k ≤ D
√
Ik.

Indeed, Ik is the average over all s ∈ {0, 1}k−1 of I(X : Πk|Y,Π<k =
s) + I(Y : Πk|X,Π<k = s). For every fixed s consider the one-round private-
coin protocol π′s, in which Alice (if s ∈ A, with obvious changes when s ∈ B)
samples a real rk−1 ∈ [0, 1] and sends p′(x, s, rk−1) to Bob. The quantity I(X :
Πk|Y,Π<k = s) + I(Y : Πk|X,Π<k = s) is then the information complexity of
π′s with respect to the distribution X,Y |Π<k = s.

The conversion of the previous section applied to the protocol π′s yields the
public-coin protocol that is the same as π′s except that now rk−1 is read from
the random source. From the previous section it follows that

H(Πk|rk, Y,Π<k = s) +H(Πk|rk, X,Π<k = s)

≤ D
√
I(X : Πk|Y,Π<k = s) + I(Y : Πk|X,Π<k = s),

and hence

H(Πk|R, Y,Π<k = s) +H(Πk|R,X,Π<k = s)

≤ D
√
I(X : Πk|Y,Π<k = s) + I(Y : Πk|X,Π<k = s).

The value I ′k is the expectation over s of the left hand side of the last inequality.
Similarly the value Ik is the expectation of the expression under the radical in
the right hand side. As the square root function is concave this implies

I ′k ≤ D
√
Ik

Using Cauchy–Schwarz inequality we conclude

ICµ(τ) = I ′1 + . . .+ I ′N

≤ D
(√

I1 + . . .+
√
IN

)
≤ D

√
(I1 + . . .+ IN )N = D

√
ICµ(π)CC(π).ut
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