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Abstract

I will first introduce the Hausdorff and packing multifractal spectrum functions, fH,µ and fP,µ. I will briefly
discuss the self-affine sets introduced by Bedford and McMullen and go on to mention various generalisations
that have been made in recent years in particular the work of King and Olsen. Finally, I will discuss the recent
work by Fraser and Olsen on the Hausdorff spectrum of random self-affine multifractal sponges in Rd.
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Lower and upper local dimension of µ at x ∈ suppµ

dimloc µ(x) = lim inf
δ→0

log µ
(
B(x, δ)

)
log δ

and

dimloc µ(x) = lim sup
δ→0

log µ
(
B(x, δ)

)
log δ

Multifractal decomposition sets

∆α =
{
x ∈ suppµ : dimloc µ(x) = α

}
for α ≥ 0.

Hausdorff and packing multifractal spectrum functions, fH,µ and fP,µ of

µ

fH,µ(α) = dimH ∆α

and

fP,µ(α) = dimP ∆α

for α ≥ 0.
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A self-affine Bedford-McMullen carpet
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We define

βi1...id, βi1...id−1, . . . , βi1i2, βi1, β : R→ R

inductively as follows,

(0) For q ∈ R and (i1, . . . , id) ∈ D let βi1...id(q) = 0

(1) For q ∈ R and (i1, . . . , id−1) ∈ πd−1(D) define βi1...id−1(q) by

∑
id

(i1,...,id)∈πd(D)

pD,p,d(id | i1, . . . , id−1)qn
βi1...id(q)−βi1...id−1(q)
d = 1

(2) For q ∈ R and (i1, . . . , id−2) ∈ πd−2(D) define βi1...id−2(q) by

∑
id−1

(i1,...,id−1)∈πd−1(D)

pD,p,d−1(id−1 | i1, . . . , id−2)qn
βi1...id−1(q)−βi1...id−2(q)
d−1 = 1

...

(d) For q ∈ R define β(q) by

∑
i1

i1∈π1(D)

p1(i1)
qn

βi1(q)−β(q)
1 = 1
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The steps in the calculation of β
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Three options at each step in the construction

The first two steps in the construction of a random carpet based on
the realisation ω = (2, 3, . . . )
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For l = 1, . . . , d define νl = np11,l · · ·n
pN
N,l and for i = 1, . . . , N we define

βi,i1...id, βi,i1...id−1, . . . , βi,i1i2, βi,i1, βi : R→ R

inductively as follows,

(0) For q ∈ R and (i1, . . . , id) ∈ Di let βi,i1...id(q) = 0

(1) For q ∈ R and (i1, . . . , id−1) ∈ πd−1(Di) define βi,i1...id−1(q) by

∑
id

(i1,...,id)∈πd(Di)

pDi,pi,d(id | i1, . . . , id−1)
qν

βi,i1...id(q)−βi,i1...id−1(q)
d = 1

(2) For q ∈ R and (i1, . . . , id−2) ∈ πd−2(Di) define βi,i1...id−2(q) by

∑
id−1

(i1,...,id−1)∈πd−1(Di)

pDi,pi,d−1(id−1 | i1, . . . , id−2)
qν

βi,i1...id−1(q)−βi,i1...id−2(q)
d−1 = 1

...

(d) For q ∈ R define βi(q) by

∑
i1

i1∈π1(D)

p1(i1)
qν

βi,i1(q)−βi(q)
1 = 1

Finally, define β : R→ R by

β =
∑
i

piβi
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The steps in the calculation of β
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Theorem 1.1. (F and Olsen, Indiana Univ. Math. J., (to appear)).

Assuming the VSSC is satisfied for D1, . . . , DN and ν1 < ν2 < · · · < νd
we have

(1) For almost all realisations ω we have:

fH,µω(α) = dimH

{
x ∈ Kω

∣∣∣∣∣ lim
r↘0

log µω(B(x, r))

log r
= α

}
= β∗(α)

for all α ∈ (αmin, αmax) (here β∗ denotes the Legendre transform of

β defined by β∗(α) = infq(qα + β(q))).

(2) For almost all realisations ω we have:

{
x ∈ Kω

∣∣∣∣∣ lim
r↘0

log µω(B(x, r))

log r
= α

}
= ∅

for all α /∈ [αmin, αmax].
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Theorem 1.2. (F and Olsen, Indiana Univ. Math. J., (to appear)).

Assuming that ν1 < ν2 < · · · < νd we have

(1) For almost all realisations ω we have:

f sH,µω(α) = dimH

{
x ∈ Kω

∣∣∣∣∣ lim
r↘0

log µω(Q(x, r))

log r
= α

}
= β∗(α)

for all α ∈ (αmin, αmax) (here β∗ denotes the Legendre transform of

β defined by β∗(α) = infq(qα + β(q))).

(2) For almost all realisations ω we have:

{
x ∈ Kω

∣∣∣∣∣ lim
r↘0

log µω(Q(x, r))

log r
= α

}
= ∅

for all α /∈ [αmin, αmax].
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Open(ish) Questions

1. Can we remove the assumption that ν1 < ν2 < · · · < νd ?

Yes - see paper.

2. Can we compute the almost sure Hausdorff spectrum for a more gen-

eral random model?

Watch this space!

3. Do our results still hold if the VSSC is not satisfied? In particular, do

the results of Olsen on deterministic self-affine sponges hold without

the VSSC?

Probably! The VSSC was removed by Jordan and Rams in the case

d = 2.

4. What is the packing spectrum of a determinsitic self-affine sponge?

This is not known even in R2.

No idea! We have

β∗(α) = fH,µ(α) 6 fP,µ(α) 6 γ∗(α)
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