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Fractals

Roughly speaking, fractals are geometric objections with some of the
following properties:

(1) they exhibit detail on arbitrarily small scales

(2) they display some sort of ‘self-similarity’

(3) classical techniques in (smooth) geometry are not sufficient to
describe them

(4) they often have a simple definition

Fractal geometry is the study of fractals and is mainly concerned with

examining their geometrical properties in a rigorous framework.
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Fractals at St Andrews

Fractals appear in many different areas in mathematics, most often in
analysis, a field in which St Andrews has a thriving and internationally
renowned research group. Some examples of areas which we study and
their connections with fractals are:

(1) dynamical systems: analysis of dynamical attractors and repellers

(2) ergodic theory: Birkhoff averages on fractals

(3) geometric measure theory: Hausdorff and packing measures in
Euclidean spaces

(4) probability theory: random fractals and random measures
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An example problem

A central theme to the geometry of fractals is dimension. Several
different notions of dimension are used to study fractals and they
attempt to describe how an object fills up space on small scales.

These dimensions are a natural way of extending the familiar notions of
1,2 and 3 dimensional objects to more general situations; fractals often
have fractional dimensions!

Here is one way of defining dimension...

Given a set bounded set E ⊂ Rn, and a small number r > 0, let Nr (E )
denote the smallest number of open balls of radius r required to ‘cover’
E . Note the following:

Nr ([0, 1]) ∼ r−1

Nr ([0, 1]× [0, 1]) ∼ r−2

Nr ([0, 1]× [0, 1]× [0, 1]) ∼ r−3
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An example problem

As such it seems intuitive to define the ‘dimension’ of an arbitrary
bounded set E as the limit as r → 0 of the following expression

logNr (E )

− log r
.

However, this limit may not exist and so we take lower and upper limits.
These dimensions are actually called the lower and upper box dimensions
of E

dimBE = lim inf
r→0

logNr (E )

− log r

and

dimBE = lim sup
r→0

logNr (E )

− log r
.
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An example problem

We may wish to compute the box dimensions of certain families of
fractals sets. What about the classic Sierpiński Triangle?

OK, it’s log 3/ log 2. Developing new techniques to compute the box

(and other) dimensions of complicated classes of fractals is on the

forefront of current research.
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Hope to see you in St Andrews sometime!
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