NATURAL MEASURES AND STATISTICAL PROPERTIES OF
NON-STATISTICAL MAPS WITH MULTIPLE NEUTRAL FIXED POINTS

DOUGLAS COATES, IAN MELBOURNE, AND AMIN TALEBI

Abstract. In this article we show that a large class of infinite measure preserving dynamical systems
that do not admit physical measures nevertheless exhibit strong statistical properties. In partic-
ular, we give sufficient conditions for existence of a distinguished natural measure v such that
the pushforwards of any absolutely continuous probability measure converge to v. Moreover, we
obtain a distributional limit law for empirical measures. We also extend existing results on the
characterisation of the set of almost sure limit points for empirical measures. Our results apply to
various intermittent maps with multiple neutral fixed points preserving an infinite o-finite absolutely
continuous measure.

1. Introduction

In this article, we show that a large class of infinite measure preserving dynamical systems that do
not admit physical measures nevertheless exhibit strong statistical properties. Our results apply
to a class of intermittent maps [PM80] such as those considered by Thaler [Tha80] and Coates et
al. [CLM23]. Specifically, we study maps that preserve an infinite o-finite absolutely continuous
measure and have several “equally sticky” neutral fixed points.

For the sake of clarity, we first introduce our results for Thaler maps with two neutral fixed
points [Tha02] before discussing more general situations. Let f : [0,1] — [0, 1] be an interval
map with the following properties for some o € (0,1], by, by > 0, ¢ € (0, 1):

(1) 0,1 are neutral fixed points: f/(0) = f'(1) = 1;
(2) flo,c) and f|(c1) are C? diffeomorphisms onto (0, 1) admitting C? extensions onto [0, 1];

(3) f'(x) > 1forallz € (0,1) and f is convex (resp. concave) on a neighbourhood of 0 (resp.
1)

@) fr—x~ba™*asz — 0and fo —x ~ bo(1 — 2)"* /> asz — 1.

By [Tha83], f is conservative and ergodic with a unique (up to scaling) invariant o-finite absolutely
continuous measure 4, and moreover p([0,1]) = co. However, it was shown in [ATZ05] that for
almost every = € [0, 1], the sequence of empirical measures

n—1 n—1
1 1 ;
1y en(e) = 2 O = 1 D il
J= J=

does not converge in the weak-* topology. Indeed, the set of limit points of e, (z) is almost surely
equal to the set

S ={v, =pdo+ (1 —p)d1:pe|0,1]}

of all convex combinations of the Dirac masses at the neutral fixed points.
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Remark 1.1. Here and throughout, convergence of sequences of measures is with respect to the
weak-* topology unless otherwise specified.

Recall that an invariant probability measure v is a physical measure if e, — v with positive
probability. Since e,, diverges almost everywhere for the Thaler maps described above, there
exist no physical measures and such maps are said to be non-statistical, see [CYZ20; Tal20] and
references therein.

One may ask whether convergence holds when the point mass d, in (L1) is replaced by other types
of probability measure A and whether there is a distinguished limit measure 15 € S. A probability
measure v is called natural [BB03; CEL2; JT05; Mis05] if there exists an absolutely continuous
probability measure A such that lim,, . % Z?:_& fix = v (By the dominated convergence

theorem, physical measures are natural.)

Our first result shows that there exists a unique natural measure v; € S. Moreover, v attracts

all absolutely continuous probability measures A and it is not necessary to take Cesaro averages.

(See [KelO4] for similar results in the simpler symmetric setting with a1 = a2, where p = % See

also [Zwe02] for results on nonexistence of natural measures when f is badly behaved near the
neutral fixed points.)

Theorem 1.2 (Existence and uniqueness of natural measures). There exists a p € [0,1], with
corresponding measure vy € S, such that

lim fI'A\ =wvp for every absolutely continuous probability measure \.
n—oo

Remark 1.3. A formula for p is given in Section 4.1, namely p = ¢;/(c1 + ¢2) where ¢;, o are as
in (4.4).

An almost immediate consequence of Theorem 1.2 is the following decay of correlations type
result.

Corollary 1.4. Suppose that ¢ : [0,1] — R is bounded, measurable, and continuous at 0 and 1. Then

lim /w~gpof”dLeb:/¢dLeb/gpdyp for all+p € L' (Leb).

n—0o0

Equivalently, lim,,_,o0 [ - 0o fPdu= [ du [pdvs forallp € L' ().

We now return to consideration of the sequence e,, of empirical measures. Since e, fails to con-
verge pointwise, it is natural to consider alternative modes of convergence such as distributional
convergence.

To describe the distributional convergence of e,,, we recall the classical arcsine law for occupation
times of [Lév39] as adapted by [Lamb8] and then by [Tha02] to the current context. Define the
sequence of occupation times

n—1
Sn = Z 1B S fj7
7=0

where B C [0,1) is a closed interval containing 0. Also, we define the [0, 1]-valued random
variable Z, ), for o € (0, 1], p € [0, 1], as follows: When o = 1, we set Z; ;, = p. When a € (0, 1),
let Z, ;, be the random variable with continuous density
psinam to(1 — )t i1 — )@

T P22+ 2pt*(1 — t)* cosam + (1 — t)2a’

(1.2)
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Figure 1. A schematic picture for the distributional limit law for empirical measures. The
small dots around the set S are empirical measures e, (z) of an ensemble of points in
the phase space chosen randomly (w.r.t. an absolutely continuous probability measure)
for some fixed large n. As n increases, each individual dot oscillates between Jy and
01 (JATZ05]), but in such a way as to make together an asymptotic distribution on S
(Theorem 1.5).

1

where p = p~~ — 1. Thaler [Tha02] proved a distributional limit law for occupation times

%Sn converges strongly in distribution to Z, .

When o € (0,1), this means that A(2S,, € I) — P(Z, € I) for all absolutely continuous
probability measures A on [0, 1] and all open intervals I C [0,1]. (When a = 1, we exclude

intervals / with an endpoint at p.) Equivalently, %Sn*)\ — w where w is the distribution w(l) =
P(Zap € 1) of Zy p.

To each [0, 1]-valued random variable Z, we can associate the S-valued random variable v; =

Zoy + (1 — Z)51.

Theorem 1.5 (Distributional limit law for empirical measures).

en converges strongly in distribution to vz, .

As mentioned before, the set of accumulation points of e, (x) is precisely the set S. The result
above describes how the e, (x) are asymptotically distributed on S, see Figure 1.

Remark 1.6. Let M1(M) denote the space of probability measures on a measure space M.
The sequence e, : [0,1] — M;([0,1]) induces the pushforward sequence e, : M;([0,1]) —
M (M;([0,1])), so, the theorem above is equivalent to lim, . €A = w for every absolutely
continuous probability measure A where w is the distribution of vz, ,.

Since (e, M\)(E) = A(ep, € €), we can view Theorem 1.5 as a statement about the limit of e, A for
all absolutely continuous measures A.

Since ep. A is a probability measure on the convex set M ([0, 1]), we can consider its expectation
E(ensA) = fMl([O 1)) W densA € M (]0,1]), which can be interpreted as a probability measure on

[0, 1] satisfying E(ensA)(E) = [w(E) depeA(w).

We have the following consequence of Theorem B:
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Corollary 1.7. Let X be an absolutely continuous probability measure on [0, 1]. Then
@ L5770 fIN= [ endh=E(en)) foralln > 1.

(b) The common limit of the sequences of measures in (a) is given by lim,,_,oc E(en ) = vp.

Beyond two neutral fixed points. Our results generalise to any finite number of neutral fixed points
&1,...,&q. The proof of Theorem 1.2 requires no modifications. The treatment of the arcsine law
in [Tha02; TZ06] assumes d = 2 but this restriction is removed by Sera & Yano [SY19] using a
different method. We use [SY19] to generalise Theorem 1.5. The generalisations of Theorem 1.2
and 1.5 are stated in Section 2 as Theorems C and B respectively.

The final main result in this paper is Theorem A which shows that for general d > 1 and
a € (0,1), the set of limit points of the sequence of empirical measures e, is almost surely equal
to the (d — 1)-dimensional simplex

S = {p1d¢, +---+pade, :p1,...,pa >0, p1 +---+pg =1}

Previous arguments in [ATZ05; CL24] exploited connectedness of the set of limit points and were
effective for d < 2, o € (0, 1]. Our method uses instead the full support of the arcsine law in [SY19]
combined with Theorem B. However, this full support property fails for « = 1 which means that
Theorem A remains open for d > 3, o = 1.

The remainder of the paper is organised as follows. In Section 2, we present an abstract setup
which allows for any finite number of neutral fixed points, and we state our main results Theo-
rem A, B and C. Also, we state and prove Corollaries 2.8 and 2.9 which generalise Corollaries 1.7
and 1.4 respectively. Theorems A, B and C are proved in Section 3. In Section 4, we verify that
our abstract setup includes the classes of intermittent maps in [CLM23; Tha80].

Notation. We use “big O” and < notation interchangeably, writing a,, = O(by,) or a, < by, if
there are constants C' > 0, ng > 1 such that a,, < Cb, for all n > ny. As usual, a,, = o(by,)
means that a,, /b, — 0 and a,, ~ b, means that a,,/b,, — 1.

2. Abstract statement of results

2.1. Maps with Gibbs-Markov first return maps. In this section we recall some definitions
and basic properties of maps with Gibbs-Markov first return maps needed to state our main
assumptions.

Let X be a compact metric space with Borel probability measure m and let f : X — X be
a nonsingular measurable map. We suppose that f is ergodic and conservative. (A standard
reference for this material is [Aar97, Ch 1].)

We say that the map f together with a countable partition P of X into positive measure subsets
is a Markov map if the restriction of f to each partition element is a measurable bijection onto a
union of partition elements. The map f is topologically mixing if for every a,b € P there exists an
N > 1 such that f"aNb # () for every n > N.

Let Y C X be a union of partition elements. We define the first return map F' : Y — Y by
setting F(y) = f™Wy where 7(y) := inf{n > 1: f*y € Y}. The map F is Gibbs-Markov if there
exists a refinement Py of the partition P for which F' is again a Markov map and the following
additional properties hold:

e finite images: Card{Fa : a € Py} < oc;
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e bounded distortion: there exists § € (0,1) and C' > 0 such that the function log d:;lng is

dg-Lipschitz on elements of Py where dy is the metric dg(z,y) == 6°@Y) and s(z,y) ==
inf{n> 0 : F™z, F"y lie in different elements of Py }.

We denote by By(Y') the space of real-valued functions which are Lipschitz continuous on Y with
respect to the metric dy. We recall the following classical result about the existence of invariant
measures for maps with Gibbs-Markov first return maps.

Lemma 2.1. Suppose that f : X — X is a conservative ergodic Markov map with Gibbs-Markov first
return map F = 7 :Y — Y. Then f preserves a unique (up to scaling) absolutely continuous o -finite
measure 1, and j1(X) < oo if and only if T € L' (m).

Moreover, j1(Y') < co and the density h = dp/dm satisfies hly, h™ 1y € Bp(Y).
Proof. Standard references include [ADO1; ADU93] and [Aar97, Chapter 4]. O

2.2. Assumptions and notations. Let (X, m) be a metric space with Borel probability measure
m. Throughout, we suppose that f : X — X is is a conservative ergodic Markov map with
Gibbs-Markov first return map F' = f7 : Y — Y, and moreover that f and [ are topologically
mixing. Let u be the f-invariant absolutely continuous o-finite measure in Lemma 2.1. We assume
that p(X) = oc.

H1: There exists fixed points &1, ...,&; € X such that

p(X\{Bz(&) U+ UBc(&)}) < oo forall e > 0 sufficiently small.

This assumption implies that neighbourhoods of the fixed points &1, ..., &g carry the infinite part
of the mass.
The next assumption ensures that the inducing set Y dynamically separates &1, . .., &4 and that the

excursion times from Y to neighbourhoods of the fixed points have certain tail distributions.

H2: There exist constants o € (0,1], ¢1,...,¢q > 0 and a measurable partition X7, ..., Xy
of X \'Y such that

(@) & € Int Xy, for k=1,...,d;

(b) For k # ¢, orbits cannot pass from X}, to X, without first entering Y. Equivalently,

{r=n}= U {T(k):n—l} forl <n<
k=1,...d

where 7 (y) == Card{n < 7(y) : f'y € X3}, fory €Y, k=1,...,d;
(© p(r® >n) ~cgn ™ asn —ocofork =1,....d.
Note that
(2.1) w(t >n)~cn™® where c;i=c1+---+cqg>0.
Remark 2.2. We expect that the results in this paper remain valid when the constants ¢ in H2(c)

are replaced by cif(n) where ¢(n) is slowly varying. However, the proof of Theorem C requires
further calculations.
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Our third assumption is somewhat technical to state but is very mild. Let P, denote the 7’th
refinement of the partition 7 under f” and let ;" consist of r + 1 cylinders a = [ay, ..., a,] € Py
where ag, ...,a,_1 ¢ Y and a, C Y. Given p € L'(X,m) and r > 0, define

P -
(2.2) QY - R, Q= Z1fra.JfTof\a1
acPr

where Jf" := d";;f " denotes the Jacobian of f” with respect to m.

H3: There is a dense subset K(X) C L'(X,m) such that Q) € By(Y) for all p € K(X)
and r > 0.

Remark 2.3. Assumption H3 is automatic if f has finitely many branches and there exists n > 0
such that f is C'*" on f~"Y for each fixed 7 > 0, which is the case in the applications considered
in this paper. For such maps, we can take K (X) = C"(X).

Our final assumption is the following “smooth tail” estimate:

H4: If o € (0,1/2], then pu(7 = n) = O(n~ (1)),

2.3. Almost sure behaviour of the empirical measures. We let M;(X) denote the space of
Borel probability measures on X. Define the map ¢, : X — M;(X) which maps each point
x € X to its n'" empirical measure e, (z) as given in (L1).

Our first result concerns the almost sure behaviour of the empirical measures e,. For x € X, we
let £L(x) C M1(X) denote the set of weak-* accumulation points of e, (z). Let Sy be the simplex

So ::{pE[0,1]d:p1+'--+pd:1}.

For p € 8o, let v, == p1d¢, +- - - +pgde, be the corresponding convex combination of Dirac masses
at the fixed points, and define

S={vy:pe S},

to be the set of all such convex combinations. With this notation in place we can state our first
result.

Theorem A. Suppose that H1-H2 hold and that o € (0,1). Then
L(z)=8 foraezcX.

In particular, when d > 2 there are no physical measures.

Remark 2.4. The inclusion £(z) C S is elementary, see Lemma 3.2 below, so it is the reverse
inclusion that is of interest. The case d = 1 is trivial, and the case d = 2 is well-understood.
Indeed, there are techniques [ATZ05; CL24| for showing that é¢, € L(x) a.e. for each %k and
Theorem A then follows for d = 2 by connectedness of £(z). This approach includes the case
a=1

For d > 3, Theorem A is completely new to the best of our knowledge. Our proof involves
a different technique which works for all d but only in the range a@ € (0,1). We expect that
Theorem A holds also for d > 3, a = 1, but new ideas seem to be required.
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2.4. Distributional convergence of the empirical measures. Our second result concerns strong
distributional convergence of the sequence e,, of empirical measures.

Notation: Suppose that Z,, is a sequence of measurable functions on X taking values in some
Borel space M and that Z is a random variable with distribution w € M;(M) also taking
values in M (but not necessarily defined on X). Given A € M;(X), we write Z,, —) Z if
My, _yoe Zps A = w.

Now let Mi°(X) denote the set of Borel probability measures on X which are absolutely contin-
uous with respect to m. We say that Z,, converges strongly in distribution to Z, and write Z,, —4 Z,
if Z, =) Z for all A € M{°(X).

Fix ¢ so that the neighbourhoods B:({;), & = 1,...,d are disjoint. As was the case for the
Thaler maps in Theorem 1.5, we first consider strong distributional convergence for occupation
times S, = (S},...,59) : X — [0, 1]¢ defined by

n—1
(2.3) Sk ::Z1BE<5k)ofﬁ‘, fork=1,...,d, n>1.
=0

Following [SY19; Ser20], we consider a multiray generalisation of the classical arcsine law. For
a € (0,1), p € So, let (1,...,(s be independent [0, c0)-valued random variables defined on a

common probability space with one-sided a-stable distribution characterised for £k =1,...,d by
(2.4) Eexp(—t(;) = exp(—t®pg), t>0.
Define the Sy-valued random variable
1
2.5 Zap=————(C1,...,C0).
(2-5) » ClJr“‘Hal(Cl Ca)

When o = 1, we define Z; , = p.

Remark 2.5. In the special case that d = 2, one has that Z&%]), =1- ZS,I)J and for o € (0, 1) the
distribution of ZSJ), admits the continuous density in (1.2) (identifying p with py).

Remark 2.6. The first moment of the multiray arcsine law EZ,, , is given by EZ, ;,, = p. This can
be verified using the double Laplace formula [SY19, Proposition 2.6],

0o d d a—1
_ _1 PE(q + M) d
e UE( exp{—t E AeCre dtZZk 1 y A=A, .., ) €10,00)% ¢ >0,
/0 ( { k=1 }> Zizl Pr(q + Ap)®
k)

as derived in [Yanl7, Proposition 3.6]. Differentiating w.r.t. A and setting A = 0 yields EZ&I, = Dg.

We can now recall the arcsine law of [SY19; Ser20]. Recall from (2.1) that ¢, = Zi:l C. Set

p = (ﬁla .. apd) = C;l(cla “e. 7Cd) € SO-
Theorem 2.7. Suppose that HI-H2 hold. Then %Sn —d Zap-

Proof- 1t suffices to check that HI-H2 imply [Ser20, Assumptions 2.1-2.3] as the result then follows
from [Ser20, Corollary 4.2 and Theorem 3.3]. Let ' : Y — Y be the Gibbs-Markov first return
map in H2. Notice that H2(b) yields [Ser20, Assumption 2.1], and then H2(c) together with [Ser20,
Lemma 2.4] gives [Ser20, Assumption 2.2]. Finally, as F' is topologically mixing it is exponentially
continued fraction mixing (see for example [Aar97, Section 4]) which immediately implies [Ser20,
Assumption 2.3]. U
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To each Sy-valued random variable Z, we can associate the S-valued random variable v; =
Z10¢g, + -+ -+ Zgdg,. Notice that Evy = Zi:l EZide, = Zizl(EZ)k% = vgz. In particular,

Evz,, = vp.

Theorem B. Suppose that H1-H2 hold. Then e, —q vz, ,. Equivalently, lim,_, ep\ = w for all
A € MI(X) where w € M1(S) is the distribution of vz, .

As in the introduction, we obtain the following consequence:

Corollary 2.8. Let A € M§°(X). Then
(@) = >0 LN = [end\ =E(en ) foralln > 1.

(b) The common limit of the sequences of measures in (a) is given by lim,,_,oc E(en ) = vp.
Proof- Let i : M;1(X) — M;(X) be the identity map. Then

E(ensA) = /Ml(x)wd(en*)\)(w) = /MI(X) i(w) d(ens\)(w) = /Xz'o en(z) d\(z) = /X en dA.

([ apatr)®) = [ a.m) i3 = [ 1earin= sne)

s0 [y 0 iy dN(x) = f/). Hence

Next,

n—1 n—1
1 1 .
endA:—g /6~xd)\x.:§ fix
/X n = Jx fi (z) n

(b) Since E acts continuously from M;(M;(X)) to M;(X), it follows from Theorem B that
limy, 00 E(ensA) = Evz, , = vp. O

2.5. Existence and uniqueness of natural measures. Our third result concerns weak-* conver-
gence of pushforwards f]'\ of absolutely continuous probability measures A € Mj¢(X).

Theorem C. Suppose that H1-H4 hold with o € (0, 1]. Then
lim fiA=vp forall \ € Mi°(X).
n—oo

As in the introduction, we obtain the following result on decay of correlations:

Corollary 2.9. Suppose p : X — R is bounded, measurable, and continuous at each &1, . ..,&q. Then
li_}m /1/1 ~po ffdm = /wdm/godyp forall+p € L' (m).
Equivalently, lim,,_,o0 [~ o f"dp= [ du [ odvs forallp € L (p).

Proof- We begin by proving that the first limit holds.

By Theorem C, fI'A — v; weak-*, so by definition [ @ df{!A\ — [dyp for all continuous
¢ : X — R. By [Bil95, Theorem 25.7], [ dff'A — [ ¢ duj for all bounded measurable functions
¢ : X — R that are continuous except on a set of 5-measure zero, which is precisely the class of
observables in the statement of the corollary.
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Fix such a ¢. Let ¢ € L'(m) with [+ dm # 0 and write ¢ = p [ ¢ dm where p € L*(m) and
[ pdm = 1. Let d\ = pdm. Then

(f@[}dm)_lf@b-cpof"dm:fp-gpof”dm:fgpof"d)\:fgodff)\—)fgodl/ﬁ.
The case [ 1) dm = 0 is dealt with by approximating, concluding the proof of the first limit.

If » € L'(u), then yph € L'(m) and the second limit follows from the first. Similarly, the first
limit follows from the second. U

3. Proofs

In this section, we prove the three main theorems in this paper. It turns out to be convenient to
prove them in the order B, A, C.

3.1. Ergodic theorem. In this subsection, we recall the ergodic theorem for infinite measure
systems and derive a consequence for the systems studied in this paper.

Lemma 3.1. Suppose that H1 holds. If ¢ € L'(p), then lim, o % Z;L:_&gp o f/ = 0 almost
everywhere.

Proof. This is an easy consequence of the Hopf ratio ergodic theorem, see for example [Aar97,
Exercise 2.2.1]. U

Lemma 3.2. Suppose that HT holds. Then L(x) C S for almost every x € X.

Proof- We provide the details for completeness (cf. [ATZ05]).

For ¢ > 0, define X := X \ {B.(&) U - U B.(&)}. By Hl, u(X®) < oo for all € > 0.
Choose ¥ : X — [0,1] continuous and supported in X (/2 such that 1)|X() = 1. In par-
ticular, [\ ¢ dp < oo so, by Lemma 3.1, there exists X’ C X with (X \ X’) = 0 such that

limy, o0 £ 3120 0(fiz) = 0 for all 2 € X

Suppose that x € X’ and w € L(x), and choose a subsequence n; such that e, (z) — w. Then
n%_ Z?;Bl Y(fix) — [y v dw, yielding w(X©) < Jx ¥ dw = 0. Hence, elements of L(z) are
supported in B (x1) U -+ U Be(z4) for all z € X’. Since £ > 0 can be chosen arbitrarily small,
the result follows. i

Corollary 3.3. Suppose that e,, —, Z for some M (X)-valued random variable Z and some
subsequence ny,. Then Z takes values in S.

Proof. Let ¢ : M;1(X) — R be continuous and supported in M;(X) \ S. By the dominated

convergence theorem,
/X YP(en, (x)) dm(z) = E(Z).

But ¢ (e, ) — 0 a.e. by Lemma 3.2. Applying the dominated convergence theorem once more,
E(Z) = 0, and the result follows. O

Remark 3.4. Corollary 3.3 shows that the only possible distributional limit points of the sequence
ey are random variables of the form vz where Z is an Sp-valued random variable.
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3.2. Proof of Theorem B. Fix ¢ > 0 such that B.({) are disjoint for £ = 1,...,d and define
Syt X —[0,1]% as in (2.3).

Lemma 3.5. Let Z be a random variable with values in So. Then e, —n, vz if and only if
n=1S, —m, Z.

Proof. Define
7 Mi(X) — [0,1]%, 7(w) = (W(B(£1)), ..., w(B(&)).

Note that 7 restricts to the natural identification vz — Z between S and Sy. Also, 7 is continuous
at elements in S and satisfies 7(e;) = 1.5,,.

In particular, if e, —p, vz for some subsequence 74, then it is an immediate consequence of the
continuity of 7 at vz and the continuous mapping theorem that 1S, = m(e,,) —m 7(vz) = Z
completing the proof in one direction.

The converse follows by a standard probabilistic argument. Suppose that %Sn —m Z. Let Zbe a

distributional limit point for e, so e,, —,, Z for some subsequence n;. By Remark 3.4, Z = v4
for some random variable A with values in Sp. By what we just proved, %Snk —m A. Hence,

A = Z,so Z = vy is the unique distributional limit point for e,,. This means that e,, —,, vz. O

Proof of Theorem B. By Theorem 2.7, n=1S, —m Zq,p5- Hence by Lemma 3.5, €, = vz, .

Let dy denote the Wasserstein distance on M (X),

dw (w,w’) == sup ‘/cpdw—/g&dw/

p€Lipy

)

where Lip; = {¢ : X — R : Lipp + ||¢]lc < 1} and Lip ¢ denotes the smallest Lipschitz
constant of ¢ : X — R. Recall that dyy induces the weak-* topology on M;(X). Also, dyy (e, o
fren) < %, so the functions e, : X — M;(X) satisfy the “asymptotic invariance” condition
dw(en o f,en) —m 0. Hence, we may apply [Zwe07, Theorem 1] to deduce from e, —, vz, ,
that e, —q vz, .. U

3.3. Proof of Theorem A. We first show that the limiting random variable vz, , in Theorem B
has full support in S when a € (0,1).

Lemma 3.6. Let o € (0,1), p € So withp; > 0 foralli. ThenP(vz, , € B:(v)) >0 foralle > 0,
veSs.

Proof. Let (1, ...,(q be the independent, a-stable random variables that appear in the definition
(2.5) of Zyp. Recall [Nol20, Lemma 1.1, Proposition 3.2] that as the (j; are non-negative «-stable
random variables with Laplace transforms given by (2.4), their distributions are fully supported
and continuous on the half line [0, c0).

For every q € Sp, € > 0 the set

T

U= {xe[O,oo)d:
r1+---+x4

€ (g —¢e,q+¢), forallk—l,...,d}
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contains a nonempty open rectangle szl(ak, bi). By definition of Z, ) and the independence
of the (,

]P)<Za,p € Be(Q)) = P((Clv cee 7<d) € U)
d

> P(Cr € (ar,br) b =1,...,d) = [[P(¢ € (ar,br)) > 0.
k=1

It follows that P(vz, , € B:(v,)) > 0. O

Proof of Theorem A. By Lemma 3.2, L(x) C S for almost every x. To prove the converse, let v € S
and consider the function

o(z) = liminf d(e,(x),v),
n—oo
where d is any metric metrising the weak-* topology. We will show that ¢ = 0 almost everywhere
and so v € L(x) for almost every z. The result then follows since v € S is arbitrary.

Notice that ¢ is invariant for f and so, by ergodicity, must be almost everywhere equal to some
constant ¢ > 0. Suppose for contradiction that ¢ > 0, and let 0 < ¢ < c¢. It then follows that
m{z : ep(x) € Be(v) for infinitely many n} = 0.

By Theorem B, e, —p, vz, , with p; > 0 for all i. By the Portmanteau lemma together with
Lemma 3.6,
liminf m(e, € B:(v)) > P(vz, , € B:(v)) > 0.

n—0o0
Hence

m{z : e,(x) € B:(v) for infinitely many n} = m( ﬂ U {ee € BE(Z/)})

n=1/4>n

= lim m( U{Gf € Ba(”)}>

n—oo
>n
> liminf m(e, € B:(v)) > 0,
n—oo

where we have used the fact that the sequence of sets A, = (3, {es € B:(v)} is decreasing:
Apt1 C Ay This contradicts our assumption that ¢ > 0 and so ¢(z) = 0 almost everywhere. [J
3.4. Proof of Theorem C. Let f satisfy HI-H3. If o € (0, 3], then we suppose moreover that
u(r =mn) =0~ tD).

We let L : L' (X, ) — L' (X, i) be the transfer operator for f defined by the relation

/ v-wo fdu= / Lv-wdp, forallve LY(X,u), we L¥(X).
X X
Define for n > 0,
T, : LMY, ply) = LYY, puly),  Tho=1yL"(1yw).
We recall some results from [Goull; MT12] which describe the asymptotic behaviour of 7}, acting
on the space By(Y') in Section 2.1.
Theorem 3.7. Let ¢, € (0,00) be as in (2.1). Then, for everyv € By(Y),
chognTnv—>/vd,u,, a=1
Y

T — }Tsinwa/ vdpu, aec(0,1)
%

uniformly on' Y asn — oo.
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Proof: By assumption, F' = 7 : Y — Y is a Gibbs-Markov map and p(7 > n) ~ ¢;n™%. Also,
the underlying conservative ergodic map f : X — X is topologically mixing.

In the range o € (3, 1] we can apply [MT12, Theorem 2.1, Proposition 11.4].

In the range a € (0, 2] we use [Goull, Theorem 1.4]. The hypotheses in [Goull] are stated slightly
differently than in [MT12]. In the notation of these papers, the essential differences are as follows:
(i) There is a stronger assumption on || R,|| which holds since u(7 = n) = O(n~(**t1); (ii) There
is the requirement that R(1) has no eigenvalues on the unit circle besides 1 which holds since F
is topologically mixing (see for example [AD01, Theorem 1.6]). (]

Define
Yo:=Y; and Y, :=f"Y\{U3f Y}, forr>1.

Recall that h = d“ denotes the density of the invariant measure . Let A € M3°(X) with density
p= d)‘ . Let K( ) be the dense subset of L'(X,m) in H3.

Proposition 3.8. Ifp € K(X), then L"(ph™1y.) € Bo(Y) for all v > 0.

Proof- Note first that L™ (ph~!1y, ) is supported in Y by definition of Y;.. Let M : L}(X) — LY(X)
denote the transfer operator for the reference measure m, so L = h™'Mh and M has the
pointwise formula

MU221fa'70f‘a :

acP
Hence, recalling (2.2),
L"(ph™'1y,) = h"'M"(ply,) ="' > pra -1y, 0 f7] " o !
Jf’”
a€77r
SIS e e 0
acP}
By H3, QF € By(Y), while h~!1y € By(Y) by Lemma 2.1. Hence h1Q¥ € By(Y). O

For r > 0, define p, = ph_llUf:o s-iy- Notice that
T
(3.0) pr=>_ ph 'y,
j=0

Corollary 3.9. Forall p € K(X) andr > 0,
crlogn L"p, — /X,or du, a=1
'L p, — Lsin 7Ta/X pr dp, ac (0,1)
uniformly on Y asn — oo.

Proof. We give the details in the case a = 1. The case a € (0, 1) is similar.

For n > r > 0, equation (3.1) gives

T T
1y L"p, = Z 1yLn(ph_llyj) = ZTn,J’LJ (ph_llyj).
j=0 Jj=0
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Using again (3.1) and the fact that [ ph_llyj dp = [y Lj(ph_llyj) dp, we obtain that on Y
crlogn L"p, — / prdi
X

T 10 n . . _ ; —
:Z%{CTlog(n_j)Tn_jLﬂ(ph 113@.)—/ L7 (ph 11Yj>du}
— lo Y

g(n —j)
d logn 1
P
;0 log(n — j) X !
The result follows by Theorem 3.7 and Proposition 3.8. O

Now, let X1,..., X  be the partition of X \ YV in H2.

Lemma 3.10. Forallpce K(X),n>r>0,k=1,...,d,

/Xlxk dff(/\\uz_of—iy)—Z/(k) 1y L™ p, dy.
j=1717

>j}

Proof Let E, = |J;_, f7'Y. Suppose that x € E, and that f"x € X for some k = 1,...,d.
Then x must have made its last return to Y at some time n — j for some 1 < j < n. Moreover,
by H2(b), f™x € X forn —j+ 1 < m < n. Hence,

n
{xEEr:f“mEXk}:U{xGET:f”_ijYandfmxeXk,n—jJrlSmgn}
j=1

= U{m €EE :f"IzeYand ™o i > Jt
j=1

As this is a disjoint union,

/1Xkdff()\\ET)—/ Lo f" 1 pe by
X X

= Z/X(l{r<k>zj}1Y) o f*7 1g, -p-h” dp
j=1

n
= Z/ 1y L™ p, dp.
j=1 {rt)>j-1}

Proposition 3.11. Forallp € K(X),r>0,k=1,...,d,

lim i Ly, dfd (A, r-iv) = DrA (U f_iY> :
i=0

n—oo

Proof. Again, we set E, = |Ji_, f~'Y. Note that [ p, du = fEr ph~tdu = Leb(E,).

First, we consider the case « € (0, 1). Set
do\(E)

n
L%pr — nl—a

)

Ep = SUp
Y
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where d, = 827 By Corollary 3.9, &, = o(n®~!), Hence, by Lemma 3.10,

1x, df*(\Eg,) = / Iy L"p.d
/Xk () ;{T<k>zj}’” prdp

n—1

=3 / 1y L gy d + Of(r® > )
{T(k)>j}

(r(®) n—l (7R >
‘ ~ (™) > ) en—j(T" > J) -
(3.2) § + O<]§:1 e ) +O(n).
As pu(t*) > 5) ~ ck]* we can conclude from Lemma A.l and Lemma A.2 that
(k > n-1 . (k) > 9

:U’ T ] Ck ™ En—jM(T = ])
3.3 E _— d E — 0.
(8:3) (n—jl— " asinma o st (n—j)t-«

Combining (32) and (3.3) we obtain
[ e) = SAE) + o1) = A(E) + o),
Xy Cr

concluding the result in the case that o € (0,1).

When o = 1, we proceed in the same manner as before. Set
A(Er)

s logn

and note by Corollary 3.9 that €, = o(1/logn) Hence, by Lemma 3.10,

Ix, df*(\g,) = / lyL" 7 p.d
[ s drols) ;{T(k)zj}y pr dp

n—2
= / 1y L pydp+ O(u(r® > n — 1))
{r® >}

n—2 . n—2 :
ME) 5~ p(r™ > j) en—ji(r®) > j) G
3.4 = —~ 4+ 0 - +O0(n ).
34 e 2 login ) T gy ) O
Using Lemma A.3 and Lemma A.4 we conclude that
n—2 (k) > n—2 ) (k) > i
(3.5) MO 20) L ana YT 2A)
< log(n — j) = log(n—1J)

Combining (3.4) and (3.5) we obtain ka df(ME,) = prA(Er) 4+ o(1), concluding the proof. [
Proof of Theorem C. Since K (X) is dense in L!(X,m), the conclusion of Proposition 3.11 holds
for general A € M{°(X).

Let w = lim; o f'" X be a subsequential limit of fJ'’\. By Lemma 3.2, w = v, for some p € Sp.
Since v,(0X}) =0,

lim fA(Xg) = vp(Xk) = pr.

1— 00

by the Portmanteau Lemma. Also, setting E, = |JI_, f~'Y, it follows from Proposition 3.11 that
Jim £ (Ag, ) (Xk) = PrA(Er)-

Hence, p;, > prA(Ey). Letting r — oo, we obtain that p, > py, for k =1,...,d and so p = p.
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We have shown that v is the unique subsequential limit of f]’A. By compactness of M;(X), it
follows that f'A = vp. O

4. Examples

In this section, we apply our main results to intermittent maps. Throughout, we write |E| =
Leb(FE) for measurable subsets £ C [0, 1].

4.1. Thaler maps. We define 7 to be the class of interval maps f : [0,1] — [0, 1] studied in
[Tha80; Tha83] which satisfy the following:

TL: The exists 0 = & < & < -+ < &g = 1,d > 2, with f& = & and f'(&) = 1 for
k=1,...,d;

T2: There exist subintervals I, ..., 4, d > 2, with § € Int I, such that U‘,ﬁzl I, = [0,1]
and such that the restriction f|;_ extends to a C? diffeomorphism f, : I, — [0, 1];

T3: f'(z) > 1forall z & {&,...,&} and there exists an £ > 0 so that f is concave (resp.
convex) on the interval (§ — €, &) N Iy (resp. (&, &k +€) N Ii);

T4: There exist « € (0,1] and by, ...,bg > 0 such that for every k = 1,...,d,

[fo = ~ bl — &Y as @ —
Remark 4.1. When d = 2, conditions T1-T4 reduce to conditions 1-4 given in the Introduction.

Thaler maps f € T can be shown to lie in the abstract setting of Section 2 and hence The-
orems A, B and C apply to these examples. The verification of the hypotheses in Section 2 is
essentially contained in [Ser20, Proof of Theorem 4.6] and the references therein. For complete-
ness we recall the main steps of this argument here. Different inducing schemes are needed in the
cases d = 2 and d > 3, and the case d = 2 will be treated in the more general setting considered
in Section 4.2, so we focus here on the case d > 3.!

By [Tha80; Tha83], f € T is conservative and ergodic with a unique (up to scaling) invariant
absolutely continuous measure j; moreover p([0,1]) = co. Since the branches fj, : I, — [0, 1]
are onto, it is immediate that f is a topologically mixing Markov map.
Set

Xp=LnNf 'L, k=1,....d; and Y :=[0,1]\(X;U---UXp).
It is immediate from the definitions that H2(a,b) hold. Below, we show:

Proposition 4.2. The first return map F :' Y —'Y is a topologically mixing Gibbs-Markov map.

We denote the density of ;1 by h. By [Tha80], it follows from Lemma 2.1 and Proposition 4.2 that
h is bounded on compact subsets of [0, 1] \ {{1,...,&4}. Hence, HI is satisfied. Also H3 holds by
Remark 2.3. Hence it remains to prove Proposition 4.2, to verify H2(c) and H4.

First, we describe the inducing scheme. We begin by setting Y} := I\ X;. Then Y = Y1U--- UY,.
Let g, = f,;l : [0,1] — Ij denote the inverse branch of f on Ij. Set Xy, = gpY} for
n > 1,k =1,...,d Notice that {X},, n > 1} is a partition of X} and that the maps
f i Xpnt1 = Xk, [ 2 X1 — Yy, are bijections. For j # k, set

Y1 =9;Yr and Yjp,:=gjXpn_1, n>2.

IThere seem to be some typos in [Ser20, Equation (4.7)] where x; should be z; and f; should be f;.
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Then {Yj ;. : j # k, n > 1} is a partition of Y; for each j and hence
PY = {}/},k,n ] 7é ka n > 1}
is a partition of Y.

Let F' = f7 : Y — Y be the first return map to Y. Then 7 = n on Uﬁék ikn and F' = f7:
Y; k,n — Y} is a bijection for all j # & and all n.

Proof of Proposition 4.2. By construction, F' is Markov with respect to the partition Py. As
FYjyn = Y it is clear that F' has finite images. Moreover, as F'Y}, = U#kYg we see that

F3Yj ), =Y and so F is topologically mixing.
For 0 <m <n-—1andz,y € [0, 1]
n—1 ;
() (") flx !f” \ "
41) log - —— 77— = f’ — Fiyl <10 fZ:v— fiyl,

where z; € [fiz, f'y] is chosen by the mean value theorem. In particular, for z,y € Y} 1 ,,

IOgW < |f//|oo (’YJ,k,n‘ + Z ’Xk,i|> < ‘f”‘oo-

i=m

i=1
Hence for: =0,...,n — 1,
|Xk,n—i| o |fn Z)(kn z| ‘Yk| ’
Inserting (4.2) into (4.1) with m = 0, we obtain that
F'x
(4.3) log ‘ iy | < ClFe — Fy|

where C' = | f"| ool maxy, [V |71

Let A\ = infy f/ > 1 and set § = A\~L. If s(x,y) = n, then 1> \F” — Fny| > A Yz —
= CO~'dy(z,y), which
concludes the proof. O

Fy|. Combining this inequality with (4.3), we obtain log |4

Letepy =1fork=1,dand e, =2 for 2 < k < d — 1. Define
o = e % > h(gi&)g)(&).
]:17"'7d7 ]#k
In particular, for d = 2, we have

(4.4) c1 = bl_o‘aah(gQO)gé(O), co = bz_aaah(gll)gll(l).

The remaining ingredients, namely H2(c) and H4, follow from the next result.
Lemma 4.3. (7% =n) ~ acen= % asn — oo fork =1,...,d.

Proof. Note that {7(*) = n} = Ujz1.d jzk Yikn—1-

Fix j,k € {1,...,d}, j # k. For k # 1,d, the sets X}, ,, have two connected components X,;tn
which lie to the left or right of £ and both accumulate at £ as n — oco. Accordingly, define
Y]ikn = nglin—l' It suffices to show that M(Yﬁc,n> for k # 1,d and (Y1) for k = 1,d have
the asymptotic

by, (g €k) g (E)n 1Y as n — oo,
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We give the details for u (Y

ik .)» k # 1,d, the other cases being similar.

By [Tha83, Lemma 4], & is continuous on [0, 1]\ {&1,...,&4} (in the standard topology). Hence,

(45) (¥~ hlas)V Tl = | (= hlgy€)) dLeb < [V | sup [h — hig;60)

J.k,n }/j,k,n
It follows that p(Y}} b )~ h(gi&n)|Y, ! n| By the mean value theorem, there exists z, € X, so
that [}, n\ = g](zn)\X/,C no1l ~ 9j (fk)\an 1|- Combining these last two estimates,

(4.6) (Y7 ) ~ h(gi60) 95601 X0, |-

It remains to estimate | X ]:r |- We recall the following standard calculation.

Sublemma 4.4 (see for example [Aar97, Lemma 4.8.6]). Suppose that T : [0,C] — [0,00) is such
that Tx > x for each x € (0,C] and Tx ~ x + bx'™P asx — 0. Let 2z, = Tzpy1. Then

n (pbn)™YP and 2y — zngn ~ b7 VP(pn) U s — 00

Proof- 1t follows from the assumptions that the sequence z, is strictly decreasing with z,, — 0. We
then calculate

_ — 2 _
an ~ ZnJrl(l + bszrl) anl(l - pbngrl + O(anjkl)) = anl - pb + 0(1)

as n — 0o. Summing over n, this yields z,” = pbn+ o(n) which gives the estimate for z,. Finally,
Zn = 21 = Tang1 — Zng1 ~ bz 5 ~ b= 1/P(pn)~(+1/p), 0O

Recalling T4, the estimate for | X ,:f ,,| reduces after a change of coordinates to the situation in
Sublemma 4.4 with p = 1/a and b = b;. Hence |X,::n| ~ b,;o‘(n/a)_(Ha). Combining this with
(4.6), we obtain

(Y ) ~ h(gi&k) g} (€x)by, * (a/m) He

as required. (]

4.2. Intermittent maps with critical points and/or singularities. We now consider a class
of intermittent interval maps with two branches that possibly admit a critical point and/or a
singularity at the discontinuity. This class of maps include the maps in 7 with d = 2 and the
maps described in [CLM23]. We define F to be set of maps f : [—1,1] — [—1, 1] which satisfy
the following conditions.

FO: There exist a ¢ € (—1,1) such that the restrictions the restrictions f_ = f: (=1,¢) —
(

(=1,1) and f1 : (¢,1) — (=1,1) are C? orientation preserving difffomorphisms with no
fixed points.

Remark 4.5. For notational simplicity we will assume that ¢ = 0. Notice also that we do not
assume that the f4 extend to C? functions on the closure of 1.

F1: There exist /4,¢_ > 0 and k4, k_ > 0 such that

r+b_ (14 2)"* +o((1+2)175), forzelU_
1—a_|z|F, for x € Up—
—1+ ay|z|F+, for z € Upy
r—by (1 —2)H 4 o((1—2) ) forxc Uy

whenever ki, k_ # 1 for some a4,by > 0, and some neighbourhoods U_1,Up of —1,0 in
[—1,0] and some neighbourhoods Uy, U4 of 0,1 in [0, 1]. If k4 = 1 and/or k_ = 1, then

(4.7) fz) =
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we replace the corresponding lines in (4.7) with the assumption that f’(0—) = a_ > 1 and/or
1'(0+) = a4 > 1 respectively.

Remark 4.6. It will be convenient to assume that fUps C Uiq. Notice that this assumption posses
no restriction on F1 as Up4 can be taken to be arbitrarily small.

Remark 4.7. This definition is more general than the one in [CLM23] as F1 stipulates only an
asymptotic behaviour near the fixed points. However, it does not include the maps in [MS22] due
to the restriction mentioned in Remark 2.2. We expect that our results hold also for the maps
in [MS22].

Suppose that f satisfies FO and let v+ € Ii be the two points of period 2 for f. Define the
intervals

Y = ['7—77-1-]7 X:i:,n = f;nyv and Y§n+1 = f:ElX:Fm,.
By definition f : Yi,41 — X¢, and f : X5, — Y=, 1 are bijections and so P =
{Yip Xin :n > 1,k > 2} forms a Markov partition for f. Our final condition will ensure
that our maps have good expansion and distortion properties.

F2: f is convex (resp. concave) on U_; (resp. U;) and moreover
(1) If £ is not C? on U_ (resp. U4 1), then f”(x) < (142)~~1 (vesp. |f(x)] < (1—2)H+~h).
(2) If k4 # 1, then there exists a A > 1 such that (f™)'(x) > A for each z € Y, ,, and each
Yy, & Upt.

Remark 4.8. Notice that F2.1 is only assumed when the map is not C? at the fixed points and
that F2.2 is only an assumption about the map outside of the neighbourhoods Uy, U+ and is
trivially satisfied if f’(x) > 1 for each « ¢ {—1,1}.
We let oy =1/l k_, o = 1/¢_k, and define

0 = h(O)a,:l/’L (liby)"Ve-a?, and ¢ = /”L(O)ajrl/k+ (ﬂ_b_)_l/aﬂ“ai.

We will assume that v, = a_ =« € (0,1).
Theorem 4.9. Suppose that f € F with o € (0,1). Then HI-H4 hold.

Throughout this section we fix

Y = [7—774-]7 X_ = [077—]7 X+ = h/-l-ao]?

and let 7 : Y — N denote the first return time to Y and 7(*)(z) := Card{n < 7(z) : f*(z) €
X+ }. Let F be the first return map F': Y — Y. By construction

Lemma 4.10. Fly, , = f" and the interval Y dynamically separates X _, X .

In the remainder of this section we will show that f satisfies assumptions HI-H3 and thus conclude
the proof of Theorem 4.9. Notice that X ,, and Y5 ,, here play the same roles as Aff and 5%
respectively in [CLM23]. The next Lemma shows that the asymptotic behaviour of the sizes of
these partition elements remains exactly the same as in [CLM23|.

Lemma 4.11.

| Xpn| ~ b5 (0en) V% and  Leb(r® =n) = [Vin| ~ az/™ (0br)Faun 0%,
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Proof. We will only explicitly prove the estimates for Y, , and X_,, as the other estimates follow
in the same way. Let 7, := fZ"v so that X_,, = [y,,7n—1]- As in the previous section we can
apply Sublemma 4.4 to the sequence 2, := 1 + 7y, with b =b_ and p = /_ to obtain

(4.8) o (b_lon) ™V and | Xy| ~ bp E (0an) TV

Now, notice that as y | 0 we have by definition f;ly = (%)1/1”. It follows that f;lfyn =
(%)1/1”. From (4.8) we obtain f; ', ~ ajrl/]” (6_b_n)~1/=k+) which yields the claimed
asymptotics for |Yy ,|. O

Having established Lemma 4.11 the argument that F' is Gibbs-Markov follows essentially verbatim
from [CLM23] replacing the roles of 6;% with Y. ,, and A with Y,;*. For completeness we include
the main steps of this argument.

Proposition 4.12. There exists \ > 1 such that F'(y) > X forally €Y.

Proof. We follow the proof of [CLM23, Proposition 3.6.]. We only consider the case y € Y, ,
as the case that y € Y_,, is the same. Define the function ¢ := fi o f_ o fi and notice that
¢ Yy 1 — Yy, bijectively.

F'w)f (fy)
f'(o(y))

Proof It ky € (0,1) then f” is decreasing on U+ and so, as y < ¢(y), we have that f/(y)/f'(é(y)) >
1. By construction f(y) € U; for every y € Uy, so f'(fy) > 1 and we are finished.

Sublemma 4.13. Lety € Y., ,, wheren is such that Y ,, C Uy—, then > 1.

Assume now that ky > 1 and to ease notation set £ = k;,a = ay,b = b_,{ = {_. Setting
x = fy we recall that z € U_; by Remark 4.6 and using the convexity of f on U_; we obtain
that fo < f(=1) 4 f'(z)(z + 1) = —1 + f'(x)ay* which in turn implies that ¢(y) < f'(z)"/*y.
As y < ¢(y) and as (f'(y))/(f'(¢(y))) = (y/d))* 1,

f'y) ¢>(y)> (f’(m)l/’“y

f’(¢(y))f/(fy) & ( Y Y

IAGES
O

Let my = min{m : Y} ;,, C Upy}. Condition F2 implies that F'y > X for all y € Y, ,,, whenever
m < m4. The Sublemma above allows us to conclude
(Y ) = 1) - £ - ) = PO T o)) > (o (otw)),
f'(¢(y)) B

and so F'y > F(¢(y)). Proceeding inductively we obtain F'(y) > F’(¢"T1=™" (3)) > A. O

Lemma 4.14. There existsa C > 0 and a 0 € (0, 1) such that
F'(x)
F'(y)

log < 0@,

Proof. We only consider z,y € Y, ,, as the argument for z,y € Y_ , is the same. Calculating as
in (4.1) one finds

f”uk‘

Jlug

(4.9) log (

n—1
Yinl+ | Xkl
k=1
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Notice the f”(ug)/f'(uo) < ug' < (f'yn)™' < (1 + 4,) %+ and (4.8) gives that (1 +
Y)Yk < e So, as [Yi,| < n7'7% we find that the first term in (4.9) is uniformly
bounded in n. If f is C? on U_; the second term in (4.9) is summable and whence uniformly
bounded. Otherwise, by assumption F2, (4.8) and Lemma 4.11 we have that f”(uy) S (1+
o )Y k] S (n— k)T (n— k)17 Y% < (n— k)72 which is summable. Thus, (4.9)
is uniformly bounded and we can calculate as in (4 2) to find log|F'x/F'y| < C|Fx — Fy|.
Thus, proceedlng in the same way as in the proof of Proposition 4.2 one concludes the result with

0:=\"1 (]

Proof of Theorem 4.9. Lemma 4.12 and Proposition 4.14 imply that F' : Y — Y is Gibbs-Markov,
which yields HI. Remark 2.3 yields H3 and so it only remains to show H2 and H4. By Lemma 2.1
I preserves an absolutely continuous invariant measure o with density h. We claim that h is
continuous on Y. Given the validity of this claim we can apply the same argument as in (4.5) to
conclude from Lemma 4.11 that

(= 1) = p(Vien) ~ h(0)|Yien| ~ h(0)az "™ (b))~ **ain 7o,
Together with Lemma 4.10, this concludes H2 and H4.

Let 771(/”) denote the n'” refined partition of I and let a € 773(?). From the uniform expansion of
F and the mean-value theorem we know that for j < n, |Fiz — Fiy| < \=("=9)|F"g — F"y| for
every =,y € a. Moreover, recalling that log |[F'z/F'y| < C|Fx — Fy| for x,y € Y it follows that
forany z,y € a

i
L

(4.10) log

M

< )\_ ]F"m—F"yL

=0

.

and so [(F™)z/(F™)y) — 1] < |F"x — F"y|. Moreover, (4.10) implies 1/[(F™)'y| < |a| for all
y € a. Using the standard pointwise formula for the transfer operator Ly for I, we obtain

1 1
2 e

zeF "y, yecF—ny
n\/
SO DR [
T ~ (Fm)
rzeF—ngx geF—n

S > lr—yllal Sl -yl

aepg,n)

[Ly1(z) = Ly L(y)| =

1
-1 _
H(F”)’y

SHESS)

Similarly, one can check that L}, is uniformly bounded. The Arzela-Ascoli Theorem then yields
that % Z?:_ll L31 has a subsequence which is uniformly convergent to some Lipschitz h : ¥ — R.

As h is necessarily the density of an invariant measure it follows that hly = h yielding that A is
Lipschitz (and hence continuous). This establishes our claim and concludes the proof. O

Appendix A. Series estimates

In this appendix, we carry out some calculations required in Section 3.4.

Lemma Al Let v € (0,1). Thenlim,,_, o Z;L; (n—j)otlja=_=

sin o *
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Proof: The function (n — ) 12~ has one critical point at = an. Hence, by approximating
integrals by Riemann sums on the intervals [0, an] and [an, n],

n—1

(n—j)>1j= = n(n—:):)a_lx_o‘ dz 4+ O(n~%) + O0(n*1).
j; 7)1 /0

Using standard properties of Beta and Gamma functions, we obtain

/n(n —x)* T dr = / (1—2)* '2™%de = B(a,1 — a) = T(a)T(1 — a)/T(1)
0 0
=Tl —-a)==

sin amr’?

as required. (|

Lemma A.2. Let o € (0,1). Suppose that g : N — R satisfies lim,,_,c g(n) = 0. Then

n—1
. o - _ noe—1l _
Jim Elj 9(j) (n — j) 0
j:

')0471

and lim,,_, 27]:11 (n—j gn—7)j7*=0.

Proof. Set C = max;, |g(n)|. Let £ € (0, 1). Then

Z]”‘ (n—5)""= > i %@Hn-N""+ D %G -

1<j<en en<j<n
< 021—04 a—1 ] —a _ na—1
< Tt D T (o) maxg(k) Y (n )
1<j<en en<j<n

<n N1+ (en)' ™) + (en) ™ ?;axg(k)na
>en

<ne 4 7Y e max g(k).

~ k>en

Hence,

hmsuij ) (n— )t el

n—o0

The first limit follows since ¢ is arbltrarlly small. Replacing a by 1 — «, we obtain the second
limit. 0

Lemma A.3. Suppose that g(z) = o(1) asz — oo. Then ) _ % o(logn).

Proof: For € > 0, choose ng > 1 such that |g(z)| < ¢ for > ng. Then

Zg iL il<§@+slogn.
st = J~ J

Jj=no j=1
Hence lim sup,,_,,(logn)~* > i1 @ <e O
Lemma A.4. Let g1, 92 : [0,00) = R with lim,_,o gi(x) = 1 fori = 1,2. Then

91(j) ga(n —j)
1 =1.
ngngoz Jj log(n —j)
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Proof. Write

J log n— J)
where ) ) o '
gl 92n—] g1(j) ga(n —j
Z j log(n—j)’ = Z j log(n—j)
1<j<n/2 n/2<j<n—2

Now, [Ss| < ’91’00’921002 Zg<j<n b%gj. But

Y oSt L o et oo S e

25 108 T logn o 1087 T logm - log n/logn ogn
so ‘52’ ~ logn

By Lemma A.3, 377, 917@ ~ log n. Hence,

91(J 1
S1 < sup gof logn/2 = 1.
k>n/2 log n/ 1<Jz<:n/2 J log n/2
Similarly,
S1 > inf 1 91 ~ logn/2 ~ 1.
kzn/Z ogn 1<j<n/2 logn
Hence S1 + S2 ~ S7 ~ 1 as required. O
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