Phase dynamics in the complex Ginzburg-Landau equation

Ian Melbourne and Guido Schneider

March 13, 2003

Abstract

For αβ > −1, stable time periodic solutions A(X, T ) = A_qe^{iqX+iωq T} are the locally preferred planform for the complex Ginzburg-Landau equation

∂_T A = A + (1 + iα)∂^2_X A − (1 + iβ)A|A|^2.

In order to describe the spatial global behavior, an evolution equation for the local wave number q can be derived formally. The local wave number q satisfies approximately a conservation law ∂_τ q = ∂_ξh(q). It is the purpose of this paper to explain the extent to which the conservation law is valid by proving estimates for this formal approximation.

1 Introduction

The (normalized) complex Ginzburg-Landau equation

∂_T A = A + (1 + iα)∂^2_X A − (1 + iβ)A|A|^2

with X ∈ R, T ≥ 0, A(X, T ) ∈ C , and coefficients α, β ∈ R, is an universal amplitude equation which is derived by multiple scaling analysis in order to describe bifurcating solutions in pattern forming systems close to the threshold of the first instability. The amplitude A describes slow modulations in space and time of the underlying bifurcating spatially periodic pattern. Examples of such pattern forming systems are reaction-diffusion systems, systems in nonlinear optics, or hydrodynamical stability problems, for example Rayleigh-Bénard convection or the Taylor-Couette problem. A mathematical theory of the reduction to the Ginzburg-Landau equation has been developed by several authors (cf. [CE90, vH91, Schn94, Me98, Me99, Me00]). It is nowadays a well established mathematical tool which can be used to obtain new mathematical results (cf. [Schn99]), including global existence results and uppersemicontinuity of attractors.

The complex Ginzburg-Landau equation possesses a family of time-periodic solutions A(X, T ) = r_qe^{iqX+iωq T +iϕ0} = A_{per}[q, ϕ_0](X, T ) with q, ϕ_0, r_q, ω_q ∈ R. For αβ ≥ −1, these solutions are spectrally stable and hence are the preferred planform locally in space. In order to describe the global behavior in space an evolution equation for the local wave number q can be derived. Allowing q to vary slowly in time and space, we define A_{per}[ψ(δX, δT ), ϕ_0](X, T ) = r_{ψ(δX,δT )} exp ( i ∫_X 0 ψ(δX^′, δT ))dX^′ + iω_0T + iϕ_0 )

with 0 < δ ≪ 1 a small perturbation parameter, where ψ satisfies the conservation law

∂_τ ψ = ∂_ξh(ψ) (1)

with τ = δT , ξ = δX, and h : R → R a smooth function. Note that ω_q is evaluated at q = 0, in contrast to r_q which is evaluated at q = ψ. It is the purpose of this paper to explain to which extent this formal approximation is valid by proving estimates between the formal approximation A_{per}[ψ(δX, δT ), ϕ_0](X, T ) and exact solutions A = A(X, T ) of the complex Ginzburg-Landau equation.

Although the spatially periodic pattern are only spectrally stable for αβ ≥ −1 the approximation property also holds in the unstable case, i.e. also for αβ < −1. However, the approximation property becomes worse for αβ → −∞.

It turns out that we cannot expect validity uniformly for all X ∈ R. Instead, we show that the conservation law approximation is uniformly valid for all X ∈ I_δ where I_δ is an interval of length O(δ^{−r}). Here, r > 0 is arbitrary but fixed depending on the chosen rate of approximation.

It is not obvious apriori that an approximation result for the conservation law (1) holds. There are a number of counterexamples of amplitude equations which are derived formally in a correct way, but do not describe the dynamics in the original system in a correct way [Schn95]. The difficulty in justifying the conservation law for the Ginzburg-Landau equation is the time scale O(1/δ). Since the solutions in consideration are of order O(1) a simple application of Gronwall’s inequality would only give a time scale O(1). Since the Ginzburg-Landau equation in polar coordinates is quasilinear, since the lowest order linear terms do not possess any smoothing properties, and since the smallness of the lowest order nonlinear terms is due to derivatives the proof of the approximation property is made in a scale of Banach spaces consisting of functions analytic in a strip of the complex plane.

Our approximation result allows us to find the dynamics of the conservation law in the complex Ginzburg-Landau equation. Moreover, the Ginzburg-Landau equation approximates more complicated pattern forming systems like the Taylor-Couette problem, close to the first instability, and so we can find the dynamics of the conservation law in these more complicated systems, too. The dynamics of scalar conservation laws can be computed explicitly with the help of the method of characteristics.

Away from the threshold of the first instability, conservation laws for the evolution of the local wave number can be derived in order to describe spatial and temporal modulations of the fully developed spatially periodic pattern (cf. [HK77]). It is the purpose of further research to justify the conservation laws also away from the threshold of the first instability. Other amplitude equations for the evolution of the local wave number of stable and unstable planforms in the Ginzburg-Landau equation have been considered in [Ber88, vH95]. For instance, by a different scaling Burgers equation

∂_τ ψ = (αβ + 1)∂^2_ξ ψ + (β − α)∂_ξψ^2 (2)

can be derived. For some details see Remark 3.9.

The plan of the paper is as follows. In Section 2 we derive the conservation law by introducing polar coordinates A = re^{iϕ} and writing ψ = ∂_X ϕ. In Section 3 we prove estimates which hold uniformly in space for the variables (r, ψ). In Section 4 we go back to the original A-variable which leads to the result that estimates which hold uniformly in space cannot be expected for the approximation of A. In Section 5 we explain the consequences of our result for the Taylor- Couette problem.

We note that the alternative approach of [Me98, Me99], discussed briefly in Remark 3.9, shows that the derivation of the conservation law (1) and simultaneously the Burgers equation (2) can be made exact for a certain class of solutions if derivative terms of all orders are included (so that equations (1) and (2) are combined into a pseudodifferential equation). Though the situation is formally very similar to that in [MS02], where for α = β = 0 the associated phase diffusion equation has been justified, the rigorous arguments, especially in Section 3, are quite different. In [MS02] an optimal regularity argument has been applied. In the present paper the smoothing properties of the linear operator cannot be used and so a Cauchy-Kowalevskaya argument has to be used.

Notation. Throughout this paper we assume 0 < δ ≪ 1. Many different constants are denoted with the same symbol C.

Acknowledgment. Guido Schneider would like to thank A. Doelman, B. Sandstede and A. Scheel for stimulating discussions. The work of Guido Schneider is partially supported by the Deutsche Forschungsgemeinschaft DFG under the grant Kr 690/18-1.

2 Derivation of the conservation law for the complex Ginzburg-Landau equation

As already said, the purpose of this paper is to justify the conservation law describing the evolution of the wave number q of the spatially locally preferred planform for the complex Ginzburg-Landau equation

∂_T A = A + (1 + iα)∂^2_X A − (1 + iβ)A|A|^2 (3)

with α, β ∈ R, X ∈ R, T ≥ 0, and A(X, T ) ∈ C . This equation possesses a family of time-periodic solutions A(X, T ) = re^{iqX+iωT +iϕ0} (4) with r = r_q > 0, q, ϕ_0 ∈ R, and ω = ω_q ∈ R, as spatially locally preferred planform. Inserting (4) into (3) gives iωr = r − (1 + iα)q^2r − (1 + iβ)r^3

and so dividing by r and equating real and imaginary parts, we obtain r = √ 1 − q^2, ω = −β + (β − α)q^2.

In order to derive the conservation law for the evolution of the local wave number q we again introduce polar coordinates A(X, T ) = r(X, T )e^{iϕ(X,T )} and obtain

∂_T r = ∂^2_X r + r − (∂_X ϕ)^2r − 2α(∂_X r)(∂_X ϕ) − α(∂^2_X ϕ)r − r^3,

∂_T ϕ = ∂^2_X ϕ +^{α ∂2X r}_r − α(∂_X ϕ)^2 +^{2(∂X r)(∂X ϕ)}_r − βr^2. (5)

We are interested in the dynamics close to the family of time-periodic solutions and so we introduce as new origin the time-periodic solution given in polar coordinates by (r, ϕ) = (1, −βT ). We introduce the deviations (s, ϕ̃) by setting r = 1 + s and ϕ = −βT + ϕ̃. They satisfy

∂_T s = ∂^2_X s − 2s − (∂_Xϕ̃)^2 − (∂_Xϕ̃)^2s − 2α(∂_X s)(∂_Xϕ̃) − α∂^2_Xϕ̃ − α(∂^2_Xϕ̃)s − 3s^2 − s^3,

∂_T ϕ̃ = ∂^2_Xϕ̃ + α

∂^2_X s 1 + s

− α(∂_Xϕ̃)^2 +

2(∂_X s)(∂_Xϕ̃) 1 + s − 2βs − βs^2.

We can replace the equation for the phase ϕ̃ by an equation for the local wave number ψ = ∂_Xϕ̃ to obtain

∂_T s = ∂^2_X s − 2s − ψ^2 − ψ^2s − 2α(∂_X s)ψ −α∂_X ψ − α(∂_X ψ)s − 3s^2 − s^3, ∂_T ψ = ∂^2_X ψ + ∂_X ( α∂^2_X s 1 + s − αψ^2 + 2(∂_X s)ψ 1 + s − 2βs − βs^2 ) . (6)

The linearized system ∂_T s = ∂^2_X s − 2s − α∂_X ψ, ∂_T ψ = ∂^2_X ψ + α∂^3_X s − 2β∂_X s

possesses solutions (s, ψ) = (s_k, ψ_k)e^{ikx+μ(k)t}. For k = 0 we have μ_1(0) = 0 and μ_2(0) = −2 < 0. The negative eigenvalue μ_2(0) = −2 corresponds to the s component and so we expect s to be slaved by ψ which will behave diffusively for αβ > −1 (cf. [vH95]). In order to derive the conservation law we make the long wave ansatz ψ = ψ̌(δX, δT ) and s = š(δX, δT ) and obtain

δ∂_τ š = δ^2∂^2_ξ š − 2š − ψ̌^2 − ψ̌^2š − 2δα(∂_ξš)ψ̌ −δα∂_ξψ̌ − δα(∂_ξψ̌)š − 3š^2 − š^3, ∂_τ ψ̌ = δ∂^2_ξ ψ̌ + ∂_ξ (−2βš − αψ̌^2 − βš^2) + ∂_ξ ( δ^2α∂^2_ξ š 1 + š + 2δ(∂_ξš)ψ̌ 1 + š ) (7)

where τ = δT, ξ = δX. Neglecting terms of order O(δ) and higher gives

0 = −2š − ψ̌^2 − ψ̌^2š − 3š^2 − š^3, (8) ∂_τ ψ̌ = ∂_ξ(−2βš − αψ̌^2 − βš^2). (9)

For small ψ̌ the first equation (8) can be solved uniquely by the implicit function theorem, so there exists a smooth function s^∗ : R → R such that š = s^∗(ψ̌^2). Inserting this into the second equation (9) gives the conservation law

∂_τ ψ̌ = ∂_ξ(−2βs^∗(ψ̌^2) − αψ̌^2 − β(s^∗(ψ̌^2))^2) = ∂_ξh(ψ̌) (10)

where h : R → R is smooth.

Remark 2.1 The local existence and uniqueness of solutions of this scalar first order equation is guaranteed by the method of characteristics or the Cauchy-Kowalevskaya theorem (cf. [Ov76]).

Remark 2.2 Suppose that instead we start with a general choice of basic periodic solution r = r_q, ϕ = qX + ω_qt + ϕ_0, q ∈ (−1, 1). Then the corresponding conservation law is given by

∂_τ ψ̌ = ∂_ξh̃(ψ̌, q) (11)

where h̃(ψ̌, q) = h(ψ̌ + q).

To verify this, note that the deviations ψ̌_q for (11) are related to the deviations ψ̌_0 for (10) by ψ̌_q + q = ψ̌_0. Hence ∂_τ ψ̌_q = ∂_τ ψ̌_0 = ∂_ξh(ψ̌_0) = ∂_ξh(ψ̌_q + q) = ∂_ξh(ψ̌_q, q) as required.

Remark 2.3 For each q, let k → μ_{1,2}(k, q) denote the smooth curves of eigenvalues corresponding to the Fourier wave numbers k for the linearization of (5) around the basic state (r, ϕ) = ( √ 1 − q^2, qX + (−β + (β − α)q^2)T ). In particular, let μ_1(k, q) denote the critical curve for which μ_1(0, q) = 0. Then we claim that the conservation law (10) must give at lowest order a linear conservation law ∂_τ ψ̌ = h^′(q)∂_ξψ̌ with drift coefficient

h^′(q) = −i∂_kμ_1(0, q)

(which turns out by explicit calculation to be h^′(q) = 2(β − α)q).

First note that the linearization L(q) of the right-hand-side ∂_Xh̃(ψ, q) of (11) at (0, q) must also have the eigenvalues μ_1(k, q) – after taking into account the fact that higher order derivatives have been neglected in the derivation of (11). But

∂_Xh̃(ψ, q) = ∂_X h(q + ψ) = h^′(q)∂_X ψ + O(|ψ|^2)

and so L(q) = h^′(q)∂_X . Equating L(q)e^{ikX} = μ_1(k, q)e^{ikx} modulo higher order derivatives yields h^′(q) = −i∂_kμ_1(0, q) as required.

Remark 2.4 It is common in the literature to consider generalized versions of the complex Ginzburg-Landau equation with more complicated nonlinearities. In general, terms of the form A^{b1}Ā^{b2} (∂_X A)^{b3} (∂_XĀ)^{b4} are permitted provided b_1 − b_2 + b_3 − b_4 = 1 and b_3 + b_4 is even. In this case, writing A = re^{iϕ}, r = 1 + s, ψ = ∂_X ϕ, leads to a system of the following form in place of (6):

∂_T s = ∂^2_X s − α(∂_X ψ)(1 + s) + f(s, (∂_X s)^2, ψ^2, (∂_X s)ψ),

∂_T ψ = ∂^2_X ψ + α∂_X (∂^2_X s/(1 + s)) + ∂_X g(s, (∂_X s)^2, ψ^2, (∂_X s)ψ)

(12)

where f and g are smooth functions.

This structure can be verified as follows. The symmetries X → −X and A → e^{ic}A of the complex Ginzburg-Landau equation lead to the symmetries X → −X and ϕ̃ → ϕ̃ + c for the (s, ϕ̃) equations. Hence, we obtain ∂_T s = ∂^2_X s−α(∂^2_Xϕ̃)(1+s)+f(s, (∂_X s)^2, (∂_Xϕ̃)^2, (∂_X s)(∂_Xϕ̃)), ∂_T ϕ̃ = ∂^2_Xϕ̃ + α(∂^2_X s)/(1 + s) + g(s, (∂_X s)^2, (∂_Xϕ̃)^2, (∂_X s)(∂_Xϕ̃)). Writing ψ = ∂_Xϕ̃ yields (12).

Now we can write τ = δT and ξ = δX and neglecting small terms we reduce as before to the conservation law

∂_τ ψ̌ = ∂_ξg(s^∗(ψ̌^2), 0, ψ̌^2, 0) = ∂_ξ h(ψ̌).

The estimates of this paper can be proved in a similar manner for this more general system, too. We note the symmetry h(−ψ̌) = h(ψ̌) in equation (10) and in the more general equation above. This is a consequence of the aforementioned symmetry X → −X for the complex Ginzburg- Landau equation. However, this evenness property holds only for the case when the basic periodic solution has q = 0. For general basic periodic solutions, as considered in Remark 2.2, this symmetry disappears. Instead, we have the relation h̃(−ψ̌, −q) = h̃(ψ̌, q).

3 The approximation theorem for the (š, ψ̌)-system

In this section we prove that solutions of the (š, ψ̌)-system (7) can be approximated via the solutions of the conservation law (10). In order to formulate our result we need a number of Notations. We denote the space of n-times weakly differentiable local uniformly Sobolev functions with H^n_{l,u}. This Banach space is equipped with the norm ‖u‖_Hn_{l,u} = sup_{x∈R} ‖u(·)‖_Hn_{(x,x+1)}. For details we refer to [Schn99]. This is the space in which the initial reduction to the complex Ginzburg-Landau equation is carried out. To study the relationship between solutions of the complex Ginzburg-Landau equation and the conservation law, we introduce L(ρ, m) = {û ∈ L^1(R, C )| ‖û‖_{L(ρ,m)} = ∫ |û(k)|e^{ρ|k|}(1 + |k|^m)dk < ∞}, for ρ ≥ 0 and m ∈ N. It is easy to see that for ρ > 0 the inverse Fourier transform u = F^{−1}û is analytic in a strip S_ρ = {z ∈ C | |Im z| < ρ} in the complex plane C with sup_{|Im z|<ρ} |(F^{−1}û)[z]| ≤ ‖û‖_{L(ρ,0)} (cf. [Kat76]). Then we define the Banach space X^m_ρ = {u : S_ρ → C | û ∈ L(ρ, m), ‖u‖_X m_ρ = ‖û‖_{L(ρ,m)} < ∞}.

We have ‖û ∗ v̂‖_{L(ρ,m)} ≤ C‖v̂‖_{L(ρ,m)}‖û‖_{L(ρ,m)} for û, v̂ ∈ L(ρ, m) and since uv = F^{−1}(û ∗ v̂) consequently ‖uv‖_X m_ρ ≤ C‖u‖_X m_ρ ‖v‖_X m_ρ , (13) with a constant C independent of u and v. Thus, X^m_ρ is an algebra, i.e. closed under multiplication.

We now prove that solutions of the conservation law (10) provide good approximations of the original system (7) for (š, ψ̌) .

Theorem 3.1 For all α, β ∈ R, m ≥ 1, τ_0 > 0, and ρ_0 > 0 there exist C_1 > 0, C_2 > 0, τ_1 > 0, and δ_0 > 0 such that for all δ ∈ (0, δ_0) the following holds. Let ψ^∗ ∈ C([0, τ_0], X^0_{2ρ0} ) be a solution of the conservation law (10) with sup τ ∈[0,τ_0]

‖ψ^∗(τ)‖_X 0_{2ρ0} ≤ C_1

and let s^∗ = s^∗((ψ^∗)^2) be defined by the solution of (8). Then there exist solutions (š, ψ̌) of the Ginzburg-Landau equation (7) for all τ ∈ [0, τ_1] such that sup τ ∈[0,τ_1] sup_{ξ∈R} |(š, ψ̌)(ξ, τ) − (s^∗((ψ^∗(ξ, τ))^2), ψ^∗(ξ, τ))| ≤ sup_{τ ∈[0,τ1]} ‖(š, ψ̌)(τ) − (s^∗((ψ^∗(τ))^2), ψ^∗(τ))‖_X m+3_{ρ0−ρ0τ /τ1 ×X} m+2_{ρ0−ρ0τ /τ1} ≤ C_2δ. Remark 3.2 Since the error of order O(δ) is small compared with the approximation and the solution which are both of order O(1) for δ → 0 the dynamics of the conservation law (10) can be found in the (š, ψ̌)-system (7), too.

At a first view it seems that our result is not of an optimal form since the approximation time τ_1 is smaller than the time τ_0 of the given solution. It seems that it is also not in an optimal form in the sense that τ_1 = τ_0 if τ_0 is any fixed time smaller than the existence time τ_2 which can be guaranteed by the Cauchy-Kowalevskaya theorem for the conservation law (10). But since the time τ_2 is independent of the fact that the time-periodic solutions are stable or unstable we do not expect any direct connection between τ_0 of the Theorem, τ_1, and τ_2.

Remark 3.3 We refrain from greatest generality and work here with above definition of X^m_ρ . As explained in [Ov76] the functional analytic setup used in [Ov76] also applies in other spaces. Hence our result is also true for X^m_ρ = {u : R → R | ‖u‖_X m_ρ = ∞∑ n=0 m∑ j=0 ρ^n sup_{ξ∈R} |∂^{n+j}_ξ u(ξ)| < ∞}.

Proof of Theorem 3.1. Throughout the proof we assume τ ∈ [0, τ_0]. Moreover, possibly different constants are denoted with the same symbol C, if they can be chosen independent of 0 < δ ≪ 1.

Let ψ^∗ be a solution of the conservation law (10) and let s^∗ = s^∗(ψ) be defined by (8). Then the approximation is improved by higher order terms so that the residual Res_s = −δ∂_τ š + δ^2∂^2_ξ š − 2š − ψ̌^2 − ψ̌^2š − 2δα(∂_ξš)ψ̌ −δα∂_ξψ̌ − δα(∂_ξψ̌)š − 3š^2 − š^3, Res_ψ = −∂_τ ψ̌ + δ∂^2_ξ ψ̌ + ∂_ξ(−2βš − αψ̌^2 − βš^2) +∂_ξ ( δ^2α∂^2_ξ š 1 + š + 2δ(∂_ξš)ψ̌ 1 + š )

is been made as small as we want. In order to do so we make the ansatz ψ̌ = ψ^∗ + δψ^∗_1 + δ^2ψ^∗_2 + · · · + δ^pψ^∗_p , š = s^∗ + δs^∗_1 + δ^2s^∗_2 + · · · + δ^ps^∗_p.

Inserting this into (7) gives for s^∗_1 0 = −∂_τ s^∗ − 2s^∗_1 − 2ψ^∗_1 ψ^∗ − 2α(∂_ξs^∗)ψ^∗ − 2ψ^∗_1 ψ^∗s^∗ − (ψ^∗)^2s^∗_1 −α∂_ξψ^∗ − α(∂_ξψ^∗)s^∗ − 6s^∗_1s^∗ − 3(s^∗)^2s^∗_1, and similar equations for s^∗_2, . . . , s^∗_p; ψ^∗_1 , . . . , ψ^∗_p . Since these variables can be obtained by solving linear equations we have Lemma 3.4 For all p ∈ N and all m ∈ N there exists a constant C_{Res} independent of δ ∈ [0, 1] such that sup τ ∈[0,τ_0]

(‖Res_ψ(τ)‖_X m+2_{ρ0} + ‖Res_s(τ)‖_X m+3_{ρ0} ) ≤ C_{Res}δ^p .

Notation. Here and in the following all constants having to do with the residual which additionally can be chosen independent of δ are denoted with the same symbol C_{Res}. We denote the new approximation with the symbols Ψ^∗ and s^∗. We write a solution as approximation plus some error, i.e.

Ψ̌ = Ψ^∗ + δ^pR_ψ , š = s^∗ + δ^pR_s with p ∈ N chosen sufficiently big in the following. We obtain the equations for the error

∂_τ R_ψ = δ∂^2_ξ R_ψ + ∂_ξ (L_ψ(R_ψ, R_s) + δ^pN_ψ(R_ψ, R_s)) + δ^{−p}Res_ψ, ∂_τ R_s = δ∂^2_ξ R_s − 2δ^{−1}R_s + δ^{−1}L_s(R_ψ, R_s) + δ^{p−1}N_s(R_ψ, R_s) + δ^{−p−1}Res_s

(14) where

L_ψ(R_ψ, R_s) = L_{ψ,1}(R_s) + L_{ψ,2}(R_ψ, R_s) + L_{ψ,3}(R_s) + L_{ψ,4}(R_ψ, R_s) + L_{ψ,5}(R_s), L_{ψ,1}(R_s) = −2βR_s, L_{ψ,2}(R_ψ, R_s) = −2αΨ^∗R_ψ − 2βs^∗R_s,

L_{ψ,3}(R_s) = αδ^2∂^2_ξ R_s,

L_{ψ,4}(R_ψ, R_s) = 2δ ( (∂_ξs^∗)R_ψ 1 + s^∗ + (∂_ξR_s)Ψ^∗ 1 + s^∗ − (∂_ξs^∗)Ψ^∗ (1 + s^∗)^2 R_s − αδ ∂^2_ξ s^∗ (1 + s^∗)^2 R_s ) , L_{ψ,5}(R_s) = αδ^2( 1 1 + s^∗

− 1)∂^2_ξ R_s, δ^p∂_ξN_ψ(R_ψ, R_s) = ∂_ξ(− δ^pαR^2_ψ − δ^pβR^2_s + δ^{−p} ( αδ^2∂^2_ξ (s^∗ + δ^pR_s) 1 + (s^∗ + δ^pR_s) − 2δ(∂_ξ(s^∗ + δ^pR_s))(Ψ^∗ + δ^pR_ψ) 1 + (s^∗ + δ^pR_s) )

−(L_{ψ,3}(R_s) + L_{ψ,4}(R_ψ, R_s) + L_{ψ,5}(R_s)) − δ^{−p} ( αδ^2∂^2_ξ s^∗ 1 + s^∗ − 2δ(∂_ξs^∗)Ψ^∗ 1 + s^∗ ) ), L_s(R_ψ, R_s) = L_{s,1}(R_ψ) + L_{s,2}(R_s) + L_{s,3}(R_s) + L_{s,4}(R_ψ) + L_{s,5}(R_ψ), L_{s,1}(R_ψ) = − 2Ψ^∗R_ψ − 2Ψ^∗s^∗R_ψ, L_{s,2}(R_s) = −(Ψ^∗)^2R_s − 6s^∗R_s − 3(s^∗)^2R_s, L_{s,3}(R_s) = −2αδ(∂_ξR_s)Ψ^∗ − αδ(∂_ξΨ^∗)R_s, L_{s,4}(R_ψ) = −αδ∂_ξ R_ψ, L_{s,5}(R_ψ) = −2αδ(∂_ξs^∗)R_ψ − αδ(∂_ξR_ψ)s^∗, δ^pN_s(R_ψ, R_s) = − δ^pR^2_ψ − 2δ^pΨ^∗R_ψR_s − δ^pR^2_ψs^∗ − δ^{2p}R^2_ψR_s −2αδ^{p+1}(∂_ξR_s)R_ψ − αδ^{p+1}(∂_ξR_ψ)R_s − 3δ^pR^2_s − 3δ^ps^∗R^2_s − δ^{2p}R^3_s .

Since the Ginzburg-Landau equation in polar coordinates is quasilinear, since the lowest order linear terms do not possess any smoothing properties, and since the smallness of the lowest order nonlinear terms is due to derivatives, the proof of the approximation property is made in the scale of Banach spaces X^m_ρ consisting of functions analytic in a strip of the complex plane which were defined above. The width ρ of the strip is made smaller with a linear rate as time evolves, i.e. ρ(t) = ρ_0 − C_ρt. More or less the linear decay of ρ can be interpreted as an additional linear operator B in the equations for the error defined by its symbol B̂(k) = −C_ρ|k| generating a linear semigroup e^{B̂(k)t}.

Remark 3.5 Note that an artificial decay faster than e^{−ρ|k|} in Fourier space is not possible due to the nonlinear terms. In a space with a decay faster than exponential the relation (13) no longer holds.

We take this semigroup as a basis for an operator M(t) defined by its symbol M̂(t) = e^{(ρ0−Cρt)|k|}. We introduce the new variables R_ψ(t) = M(t)R_ψ (t) and R_s(t) = M(t)R_s(t).

We have for instance that R_ψ(0) ∈ X^m_0 is equivalent to R_ψ(0) ∈ X^m_{ρ0} . We define L_{ψ,1}(R_s) = M(t)L_{ψ,1}(M(t)^{−1}R_s), ... δ^{p−1}N_s(R_ψ, R_s) = δ^{p−1}M(t)N_s(M(t)^{−1}R_ψ, M(t)^{−1}R_s).

We use the abbreviation X^m for X^m_0 . For R = (R_ψ, R_s) we obtain ∂_τ R = ΛR + N_1(R) + Res, (15) where ΛR = δ∂^2_ξ R_ψ + BR_ψ + ∂_ξ(L_{ψ,1}(R_s) + L_{ψ,3}(R_s)) δ∂^2_ξ R_s − 2δ^{−1}R_s + BR_s + δ^{−1}L_{s,4}(R_ψ) contains the autonomous linear terms, where

N_1(R) =

∂_ξ(L_{ψ,2}(R_ψ, R_s) + L_{ψ,4}(R_ψ, R_s) + L_{ψ,5}(R_s) + δ^pN_ψ(R_ψ, R_s)) δ^{−1}(L_{s,1}(R_ψ) + L_{s,2}(R_s) + L_{s,3}(R_s) + L_{s,5}(R_ψ) + δ^pN_s(R_ψ, R_s)) contains the nonautonomous linear terms and the nonlinear terms, and where

Res = δ^{−p}Res_ψ δ^{−p−1}Res_s contains the residual terms. By construction we have sup τ ∈[0,τ_0] ‖δ^{−p}M(t)Res_ψ‖_X m+2 ≤ C, sup τ ∈[0,τ_0] ‖δ^{−p}M(t)Res_s‖_X m+3 ≤ C. Next we diagonalize the linear operator Λ. In Fourier space it is given by

Λ̂(k) = (FΛF^{−1})(k) = −δk^2 − C_ρ|k| −iαδ^2k^3 − 2iβk −iαk −δk^2 − 2δ^{−1} − C_ρ|k|

For given α, β we can always find a C_ρ such that the eigenvalues λ_1 and λ_2 except of λ_1(0) = 0 possess a strictly negative real part. This choice of C_ρ defines the possible approximation time τ_1. For this value C_ρ there exists a C such that the eigenvalues λ_j (k) of Λ̂(k) satisfy Reλ_1(k) ≤ −C|k| − δk^2, Reλ_2(k) ≤ −δ^{−1} − C|k| − δk^2. The semigroups associated to the eigenvalues satisfy sup_{k∈R} |e^{λ1(k)τ} k^n| ≤ sup_{k∈R} |e^{(−C|k|−δk2)τ} k^n| ≤ sup_{k∈R} |e^{−C|k|τ} k^{n−ñ}| sup_{k∈R} |e^{−δk2τ} k^ñ| ≤ sup_{s∈R} |e^{−C|s|}( s τ )^{n−ñ}| sup_{s∈R} |e^{−s2} ( s √ δτ )^ñ| ≤ Cτ^{ñ−n}(τδ)^{−ñ/2} and similarly sup_{k∈R} |e^{λ2(k)τ} k^n| ≤ sup_{k∈R} |e^{(−δ−1 −C|k|−δk2)τ} k^n| ≤ Ce^{−δ−1τ} τ^{ñ−n}(τδ)^{−ñ/2} for 0 ≤ ñ ≤ n. Hence we have ‖e^{λ1τ} u‖_X m+r ≤ Cτ^{r̃−r}(τδ)^{−r̃/2}‖u‖_X m , (16) ‖e^{λ2τ} u‖_X m+r ≤ Ce^{−δ−1τ} τ^{r̃−r}(τδ)^{−r̃/2}‖u‖_X m , (17) for 0 ≤ r̃ ≤ r.

Since the nonlinear terms contain as many derivatives as the linear ones we need an optimal regularity result. We choose functions which are Hölder-continuous in time with values in X^m. For j = 1, 2 we consider ∂_τ c_j = λ_j c_j + g_j (18) with g_j(0) = 0 and define C_{m,j}(τ) = ‖(c_j(τ^′))_τ ′_{∈[0,τ ]}‖_Cθ_{([0,τ ],X} m_) and similarly C_{m,gj} (τ) for a θ ∈ (0, 1).

Lemma 3.6 For r ∈ [0, 2] the solutions c_j of (18) satisfy C_{m+r,1}(τ) ≤ Cδ^{min(0,1−r)}C_{m,g1} (τ) and C_{m+r,2}(τ) ≤ Cδ^{1−r}C_{m,g2} (τ).

Proof. The proof follows by direct calculation based on a classical optimal regularity result (cf. [Am95]) using the estimates on the linear semigroup e^{Dτ} = diag(e^{λ1τ} , e^{λ2τ} ) from above. In detail we have: With (16) we estimate ‖ ∫_τ 0 e^{λ1(k)(τ −τ ′)}g(τ^′)dτ^′‖_X m+r ≤ ‖ ∫_τ 0 e^{λ1(k)(τ −τ ′)}(g(τ^′) − g(τ))dτ^′‖_X m+r + ‖ ∫_τ 0 e^{λ1(k)(τ −τ ′)}dτ^′ g(τ)‖_X m+r ≤ C ∫_τ 0 τ^{′r̃−r}(τ^′δ)^{−r̃/2}τ^{′θ}dτ^′ C_{m,g1} (τ) + ‖ 1 − e^{λ1(k)τ} λ_1(k) g_1(τ)‖_X m+r = s_1 + s_2.

In order to estimate s_2 we proceed as follows s_2 ≤ sup_{k∈R} | 1 − e^{λ1(k)τ} λ_1(k) (1 + |k|^r)|τ^θC_{m,g1} (τ) ≤ C(1 + sup_{|k|≥1} | |k|^r |k| + δ|k|^2 |)τ^θC_{m,g1} (τ) ≤ C(1 + sup_{|k|≥1} | |k|^{r−1} 1 + δ|k| |)τ^θC_{m,g1} (τ) ≤ Cδ^{min(0,1−r)}τ^θ C_{m,g1} (τ). The first term s_1 is estimated by s_1 ≤ Cδ^{−r̃/2} 1 r̃/2 − r + θ + 1 τ^{r̃/2−r+θ+1} C_{m,g1} (τ) ≤ Cδ^{min(0,1−r)}τ^θ C_{m,g1} (τ), where we have chosen r̃/2 = r − 1 for r ∈ [1, 2] and r̃/2 = 0 for r ∈ [0, 1]. Since the sum cannot be estimated in a better way than s_2 we have not optimized the last estimate in terms of δ. In a similar way we obtain ‖ ∫_τ 0 e^{λ2(k)(τ −τ ′)}g(τ^′)dτ^′‖_X m+r ≤ C ∫_τ 0 e^{−δ−1τ ′} τ^{′r̃−r}(τ^′δ)^{−r̃/2}τ^{′θ}dτ^′ C_{m,g2} (τ) + ‖ 1 − e^{λ2(k)τ} λ_2(k) g_2(τ)‖_X m+r ≤ Cδ^{1−r}τ^θ C_{m,g1} (τ), where we used the following two variants of estimates.

a) For r ∈ [1, 2] we estimate e^{−δ−1τ ′} ≤ 1 and the integral by Cτ^{r̃/2−r+1+θ}δ^{−r̃/2}. As above we choose r̃/2 − r + 1 = 0 which gives δ^{1−r}.

b) For r ∈ [0, 1] we introduce δ^{−1}τ^′ = τ̃ and estimate the integral by C ∫_∞ 0 e^{−τ̃} (δτ̃ )^{r̃/2−r+θ}δ^{−r̃/2}δdτ̃ which gives again δ^{1−r}.

These two estimates additionally show the Hölder-continuity with exponent θ for τ = 0. In a very similar fashion the Hölder-continuity for τ > 0 is obtained with the same estimates in terms of δ (cf. [Am95]). □ Now we come to the estimates for the nonlinear terms. We denote the eigenfunctions associated to λ_j with f_j. These eigenfunctions are collected in the matrix S(k) = (f_1(k), f_2(k)). We introduce new coordinates c = (c_1, c_2) by R(k) = S(k)c(k). We define

D(k) = diag(λ_1(k), λ_2(k)) = S^{−1}(k)Λ̂(k)S(k) and N_2(c) = S^{−1}N_1(Sc) such that the new variable c satisfies the system ∂_τ c = Dc + N_2(c). (19) In order to bound the solutions of this system independent of 0 < δ ≪ 1 we need estimates on the nonlinear terms.

First we estimate the original nonlinear terms N_1.

Lemma 3.7 There exists a C_1 > 0 such that for all R_ψ and R_s and all δ ∈ (0, 1] ‖L_{ψ,2}(R_ψ, R_s)‖_X m+1 ≤ C_1(‖R_ψ‖_X m+1 + ‖R_s‖_X m+1 ), ‖L_{ψ,4}(R_ψ, R_s)‖_X m+1 ≤ C_1δ(‖R_ψ‖_X m+1 + ‖R_s‖_X m+2 ), ‖L_{ψ,5}(R_s)‖_X m+1 ≤ C_1δ^2‖R_s‖_X m+3 , ‖L_{s,1}(R_ψ)‖_X m+1 ≤ C_1‖R_ψ‖_X m+1 , ‖L_{s,2}(R_s)‖_X m+1 ≤ C_1‖R_s‖_X m+1 , ‖L_{s,3}(R_s)‖_X m+1 ≤ C_1δ‖R_s‖_X m+2 , ‖L_{s,5}(R_ψ)‖_X m+1 ≤ C_1δ‖R_ψ‖_X m+2 . The constant C_1 can be chosen to satisfy C_1 → 0 for ‖ψ^∗‖_X 0_{2ρ0} → 0.

For all M > 0 there exist δ_0, C > 0 such that for all δ ∈ (0, δ_0) and all ρ ∈ (0, ρ_0) and R_ψ and R_s with δ^{−p}‖R_ψ‖_X m+2 + δ^{−p}‖R_s‖_X m+3 ≤ M we have ‖δ^pN_ψ(R_ψ, R_s)‖_X m+1 ≤ Cδ^p(‖R_ψ‖^2_X m+2 + ‖R_s‖^2_X m+3 ), ‖δ^{p−1}N_s(R_ψ, R_s)‖_X m+1 ≤ Cδ^{p−1}(‖R_ψ‖^2_X m+2 + ‖R_s‖^2_X m+3 ).

Proof. Follows by direct calculation. □ Next we estimate the transformation S.

Lemma 3.8 a) Let R = Sc with S = S̃ + ~S̃ = (s̃_{ij}) + (s̃_{ij} ). Then there exists a C > 0 such that for all δ ∈ (0, 1) we have ‖s̃_{11}‖_X m_{→X} m + ‖s̃_{12}‖_X m_{→X} m ≤ C, ‖s̃_{11}‖_X m+1_{→X} m + ‖s̃_{12}‖_X m+1_{→X} m ≤ Cδ, ‖s̃_{21}‖_X m_{→X} m + ‖s̃_{22}‖_X m_{→X} m ≤ C, s̃_{21} = s̃_{22} = 0.

b) For the inverse S^{−1} = Q = (q_{ij} ) we have |q_{ij}(k)| ≤ C min(|q̃_{ij}(k)|, |q^∞_{ij} (k)|, |q^0_{ij}(k)|) with |q̃_{ij}| ≤ 1, |q^∞_{i1} | ≤ 1/(δk), |q^∞_{i2} | ≤ 1, |q^0_{11}| + |q^0_{22}| ≤ 1, |q^0_{12}| + |q^0_{21}| ≤ δk.

Proof. This follows from the asymptotic behavior of the eigenvalues and eigenfunctions for k → 0 and |k| → ∞. For |k| → ∞ the eigenvalues behave as λ_j (k) ∼ −δ(1 ± iα)k^2 and the eigenfunctions as f_j(k) ∼ δk ±1 .

This asymptotics lead to the coefficients s̃_{ij} and q^∞_{ij} . For |k| → 0 the eigenvalues behave as λ_1(k) = O(|k|) and λ_1(k) = O(|δ^{−1}|) and the eigenfunctions as

f_1(k) ∼ 1 O(δk) , f2(k) ∼ O(δk) 1 .

This asymptotics lead to the coefficients q^0_{ij} . The finite values for k lead to the coefficients s̃_{ij} and q̃_{ij} . □ Finally we have C_{m+2,Res}(τ) ≤ C_{Res}, (20) due to the fact that the approximation ψ^∗ is arbitrary smooth compared with the error, where C_{m+2,Res}(τ) is defined similar to C_{m,1}.

Using (20), Lemma 3.6, Lemma 3.7, and Lemma 3.8 gives finally the estimate

C_{m+2,1} ≤ C_4(C_{m+2,1} + C_{m+2,2}) + C_5δ^{p−2}(C_{m+2,1} + C_{m+2,2})^2 + C_{Res}, (21) C_{m+2,2} ≤ C_4(C_{m+2,1} + C_{m+2,2}) + C_5δ^{p−2}(C_{m+2,1} + C_{m+2,2})^2 + C_{Res} (22)

with C_4 a constant satisfying C_4 → 0 for ‖ψ^∗‖_X 0_{2ρ0} → 0 together with the constant C_5, both independent of δ. Since R_ψ|_{τ =0} = R_s|_{τ =0} = 0 we have L_ψ|_{τ =0} = L_s|_{τ =0} = N_ψ|_{τ =0} = N_s|_{τ =0} = 0, such that Lemma 3.6 is applicable. The derivation of the inequalities (21) and (22) is explained now.

Proof of (21) and (22). i) With Lemma 3.7 and Lemma 3.8 a) we have

L_{ψ,2} = L̃_{ψ,2} + L̃_{ψ,2}, ‖L̃_{ψ,2}‖_X m+1 ≤ C_1‖c_j‖_X m+1 , ‖L̃_{ψ,2}‖_X m+1 ≤ C_1δ‖c_j‖_X m+2 , ‖L_{ψ,4}‖_X m+1 ≤ C_1δ(‖c_j‖_X m+1 + δ‖c_j‖_X m+2 + ‖c_j‖_X m+2 ) ≤ C_1δ‖c_j‖_X m+2 , ‖L_{ψ,5}‖_X m+1 ≤ C_1δ^2‖c_j ‖_X m+3 ,

where ∂_ξ is applied to these terms. Moreover, we have

L_{s,1} = L̃_{s,1} + L̃_{s,1}, ‖L̃_{s,1}‖_X m+1 ≤ C_1‖c_j ‖_X m+1 , ‖L̃_{s,1}‖_X m+1 ≤ C_1δ‖c_j ‖_X m+2 , ‖L_{s,2}‖_X m+1 ≤ C_1‖c_j ‖_X m+1 , ‖L_{s,3}‖_X m+1 ≤ C_1δ‖c_j ‖_X m+2 , L_{s,5} = L̃_{s,5} + L̃_{s,5}, ‖L̃_{s,5}‖_X m+1 ≤ C_1δ‖c_j ‖_X m+2 , ‖L̃_{s,5}‖_X m+1 ≤ C_1δ^2‖c_j‖_X m+3 ,

where δ^{−1} is applied to these terms. Finally,

‖δ^pN_ψ‖_X m+1 ≤ Cδ^p((‖c_j‖_X m+2 + δ‖c_j‖_X m+3 )^2 + ‖c_j‖^2_X m+3 ) ≤ Cδ^p‖c_j ‖^2_X m+3 ,

where ∂_ξ is applied to this term and

‖δ^{p−1}N_s‖_X m+1 ≤ Cδ^{p−1}((‖c_j‖_X m+2 + δ‖c_j‖_X m+3 )^2 + ‖c_j‖^2_X m+3 ) ≤ Cδ^{p−1}‖c_j‖^2_X m+3 .

ii) With Lemma 3.6 and Lemma 3.8 b) in the inequality (21) for c_1 we have to estimate the following terms ‖q̃_{11}∂_ξL̃_{ψ,2}‖_X m ≤ CC_1δ‖c_j‖_X m+2 , where the application of the linear semigroup loses δ^{−1}, ‖q̃_{11}∂_ξL̃_{ψ,2}‖_X m+1 ≤ CC_1‖c_j‖_X m+2 , where the application of the linear semigroup loses δ^0, ‖q̃_{11}∂_ξ L_{ψ,4}‖_X m ≤ CC_1δ‖c_j‖_X m+2 , where the application of the linear semigroup loses δ^{−1}, ‖q^∞_{11} ∂_ξL_{ψ,5}‖_X m ≤ Cδ^{−1}‖∂_ξ L_{ψ,5}‖_X m−1 ≤ CC_1δ‖c_j ‖_X m+2 , where the application of the linear semigroup loses δ^{−1}, ‖q^0_{12}δ^{−1}L_{s,2}‖_X m+1 ≤ Cδ‖δ^{−1}L_{s,2}‖_X m+2 ≤ CC_1‖c_j‖_X m+2 , where the application of the linear semigroup loses δ^0, ‖q̃_{12}δ^{−1}L_{s,3}‖_X m+1 ≤ CC_1δδ^{−1}‖c_j ‖_X m+2 , where the application of the linear semigroup loses δ^0, ‖q^0_{12}δ^{−1}L̃_{s,1}‖_X m+1 ≤ Cδ‖δ^{−1}L̃_{s,1}‖_X m+2 ≤ CC_1‖c_j‖_X m+2 , where the application of the linear semigroup loses δ^0, ‖q^0_{12}δ^{−1}L̃_{s,1}‖_X m ≤ Cδ‖δ^{−1}L̃_{s,1}‖_X m+1 ≤ CC_1δ‖c_j‖_X m+2 , where the application of the linear semigroup loses δ^{−1}, ‖q̃_{12}δ^{−1}L̃_{s,5}‖_X m+1 ≤ CC_1δ^{−1}δ‖c_j ‖_X m+2 , where the application of the linear semigroup loses δ^0, ‖q̃_{12}δ^{−1}L̃_{s,5}‖_X m ≤ CC_1δ^{−1}δ^2‖c_j‖_X m+2 , where the application of the linear semigroup loses δ^{−1}, ‖q^∞_{11} δ^p∂_ξN_ψ‖_X m ≤ Cδ^{p−1}‖∂_ξN_ψ‖_X m−1 ≤ Cδ^{p−1}‖c_j‖^2_X m+2 , where the application of the linear semigroup loses δ^{−1}, ‖q̃_{12}δ^{p−1}N_s‖_X m ≤ Cδ^{p−1}‖c_j‖^2_X m+2 , where the application of the linear semigroup loses δ^{−1}.

iii) With Lemma 3.6 and Lemma 3.8 b) in the inequality (22) for c_2 we have to estimate the following terms ‖q̃_{21}∂_ξL̃_{ψ,2}‖_X m ≤ CC_1δ‖c_j‖_X m+2 , where the application of the linear semigroup loses δ^{−1}, ‖q̃_{21}∂_ξL̃_{ψ,2}‖_X m+1 ≤ CC_1‖c_j‖_X m+2 , where the application of the linear semigroup loses δ^0, ‖q̃_{21}∂_ξ L_{ψ,4}‖_X m ≤ CC_1δ‖c_j‖_X m+2 , where the application of the linear semigroup loses δ^{−1}, ‖q^∞_{21} ∂_ξL_{ψ,5}‖_X m ≤ Cδ^{−1}‖∂_ξ L_{ψ,5}‖_X m−1 ≤ CC_1δ‖c_j ‖_X m+2 , where the application of the linear semigroup loses δ^{−1}, ‖q̃_{22}δ^{−1}L_{s,2}‖_X m+2 ≤ CC_1δ^{−1}‖c_j‖_X m+2 , where the application of the linear semigroup gains δ, ‖q̃_{22}δ^{−1}L_{s,3}‖_X m+1 ≤ CC_1‖c_j ‖_X m+2 , where the application of the linear semigroup loses δ^0, ‖q̃_{22}δ^{−1}L̃_{s,1}‖_X m+2 ≤ CC_1δ^{−1}‖c_j‖_X m+2 , where the application of the linear semigroup gains δ^1, ‖q̃_{22}δ^{−1}L̃_{s,1}‖_X m+1 ≤ CC_1‖c_j ‖_X m+2 , where the application of the linear semigroup loses δ^0, ‖q̃_{22}δ^{−1}L̃_{s,5}‖_X m+1 ≤ CC_1‖c_j ‖_X m+2 , where the application of the linear semigroup loses δ^0, ‖q̃_{22}δ^{−1}L̃_{s,5}‖_X m ≤ CC_1δ‖c_j‖_X m+2 , where the application of the linear semigroup loses δ^{−1}, ‖q^∞_{21} δ^p∂_ξN_ψ‖_X m ≤ Cδ^{p−1}‖∂_ξN_ψ‖_X m−1 ≤ Cδ^{p−1}‖c_j‖^2_X m+2 , where the application of the linear semigroup loses δ^{−1}, ‖q̃_{22}δ^{p−1}N_s‖_X m ≤ Cδ^{p−1}‖c_j‖^2_X m+2 , where the application of the linear semigroup loses δ^{−1}. □ From (21) and (22) for ‖ψ^∗‖_X 0_{2ρ0} > 0 and δ > 0 both sufficiently small we have

C_{m+2,1} ≤ 2C_{Res} and C_{m+2,2} ≤ 2C_{Res}.

Therefore, we are done. □

Remark 3.9 An alternative approach [Me98, Me99] to justify the conservation law (10) for the Ginzburg-Landau equation (6) is to consider spaces of functions s(X, T ), ψ(X, T ) that lie in the Banach space X of Fourier transforms of Borel measures with bounded total variation norm. We briefly describe the results of this approach, referring to [Me98, Me99] for details. The starting point is the (s, ψ) system (6) or more generally the system (12) obtained by including higher order terms in the complex Ginzburg-Landau equation. It can be shown that locally in Banach space there is a one-to-one correspondence between “essential solutions” for (12) and essential solutions for a pseudodifferential (in time and space) equation of the form

∂_T ψ = ∂_X H(ψ) = ∂_X {(αβ + 1)∂_X ψ + (β − α)ψ^2 + · · ·}

where ∂_X H is a constant coefficient pseudodifferential operator that respects the symmetry (X → −X, ψ → −ψ). The scaling τ = δ^2T , ξ = δX, ψ = δψ̂ leads to the Burgers equation ∂_τ ψ̂ = (αβ + 1)∂^2_ξ ψ̂ + (β − α)∂_ξψ̂ + O(δ^2) whereas the scaling τ = δT , ξ = δX leads to the conservation law ∂_τ ψ = ∂_ξ h(ψ) + O(δ) in which we are interested in this paper.

4 The approximation theorem for the complex Ginzburg- Landau equation

In this section, we transfer the approximation result of Theorem 3.1, i.e. that the (š, ψ̌)-system (7) can be approximated via solutions of the conservation law (10), back to the complex Ginzburg- Landau equation (3). It turns out that we cannot expect validity uniformly for all X ∈ R, but validity only uniformly for all X ∈ I_δ with I_δ an interval of length O(δ^{−r}) with arbitrary but fixed r > 0, depending on the chosen rate of approximation. Our starting point is the relation

A(X, T ) = (1 + š(δX, δT )) exp ( i X∫ 0 ψ̌(δX^′, δT ) dX^′ + iω_0T ) which defines the solution A of the complex Ginzburg-Landau equation (3) in terms of solutions (š, ψ̌) of (7). These solutions are approximated by

A_{app}(X, T ) = (1 + s^∗(δX, δT )) exp ( i X∫ 0 Ψ^∗(δX^′, δT ) dX^′ + iω_0T )

where we have to use the improved approximations (s^∗, Ψ^∗) constructed in the proof of Theorem 3.1 from the solution ψ^∗ of the conservation law (10). Then we obtain |A(X, T ) − A_{app}(X, T )| ≤ | | |(1 + š(δX, δT )) exp ( i X∫ 0 ψ̌(δX^′, δT ) dX^′ + iω_0T )

−(1 + s^∗(δX, δT )) exp ( i X∫ 0 Ψ^∗(δX^′, δT ) dX^′ + iω_0T )| |

≤ | | |(1 + š(δX, δT )) exp ( i X∫ 0 ψ̌(δX^′, δT ) dX^′ + iω_0T )

−(1 + š(δX, δT )) exp ( i X∫ 0 Ψ^∗(δX^′, δT ) dX^′ + iω_0T )| |

+ | |(1 + š(δX, δT ) ) exp ( i X∫ 0 Ψ^∗(δX^′, δT ) dX^′ + iω_0T )

−(1 + s^∗(δX, δT )) exp ( i X∫ 0 Ψ^∗(δX^′, δT ) dX^′ + iω_0T )| |

≤ |1 + š(δX, δT ))| | |exp(i X∫ 0 ψ̌(δX^′, δT ) dX^′ ) − exp ( i X∫ 0 Ψ^∗(δX^′, δT ) dX^′ )| | +|s^∗(δX, δT )) − š(δX, δT ))| ≤ C X∫ 0 |ψ̌(δX^′, δT ) − Ψ^∗(δX^′, δT )| dX^′ + Cδ^p

≤ X∫ 0 Cδ^pdX^′ + Cδ^p ≤ Cδ^p(1 + |X|)

using the approximation result of Theorem 3.1. Thus, we have proved

Theorem 4.1 For all m ≥ 1, p ∈ N, τ_0 > 0, and ρ_0 > 0 there exist C_1 > 0, C_2 > 0, τ_1 > 0, and δ_0 > 0 such that for all δ ∈ (0, δ_0) the following holds. Let ψ^∗ ∈ C([0, τ_0], X^0_{2ρ0} ) be a solution of the conservation law (10) associated to the complex Ginzburg-Landau equation (3) with sup τ ∈[0,τ_0]

‖ψ^∗(τ)‖_X 0_{2ρ0} ≤ C_1

and let (s^∗, Ψ^∗) be the improved approximation constructed in the proof of Theorem 3.1 with approximation rate O(δ^p). Then there exist solutions of the complex Ginzburg-Landau equation (3) such that for all r ∈ (0, p) we have sup T ∈[0,τ_1/δ] sup |X|≤δ^{−r} | |A(X, T ) − (1 + s_∗(ψ_∗)(δX, δT )) exp(i X∫ 0 Ψ^∗(δX^′, δT ) dX^′ + iω_0T )| | ≤ C2δ^{p−r}. Hence the approximation result holds uniformly on intervals larger than the natural spatial scale (r = 1) of the conservation law. Due to the translation invariance of the original system this holds for all intervals of length O(δ^{−r}) with r > 0 arbitrary, but fixed, using redefined approximations.

By taking ψ̌ = δ^p and ψ^∗ = 0 we have to compare e^{iδpX} with 1 which shows that estimates uniformly valid for all X ∈ R cannot be expected. A uniform estimate can only be expected for ψ̌ and ψ^∗ spatially localized.

5 Application: The weakly unstable Taylor-Couette problem

In the remainder of the paper, we explain how the dynamics of the conservation law can also be found in classical pattern forming systems. As an example of such a system we consider the weakly unstable Taylor-Couette problem. The proof is based on the fact that the Taylor-Couette problem close to the first instability can be approximated by the Ginzburg-Landau equation. The Taylor-Couette problem consists of finding the velocity field for a viscous incompressible fluid filling the domain Ω = R × Σ between two concentric rotating infinite cylinders, where Σ ⊂ R^2 denotes the bounded cross section. The flow in between the rotating cylinders is described by the Navier-Stokes equations on Ω with no-slip boundary conditions. We denote the inner and outer radii of the cylinders by R_1 and R_2, and the angular velocities of the inner and outer cylinders by ω_1 and ω_2. In cylindrical coordinates (x, r, Θ), the cross section Σ is defined by R_1 < r < R_2 and Θ ∈ S_{2π} = R/2πZ. The cartesian coordinates in the bounded cross section are denoted with z = (z_1, z_2) ⊂ Σ ⊂ R^2 . We have the non-dimensionalized parameters ω = ω_2/ω_1, η = R_1/R_2, R = R_1ω_1d/ν, where d = R_2 − R_1, ν is the kinetic viscosity, and R is called the Reynolds number.

This physical system possesses a steady state solution, called Couette flow, having a purely azimuthal form (streamlines are concentric circles). For small Reynolds number R this solution is asymptotically stable with some exponential rate. The deviation (U, p) from the Couette flow U_{Cou} satisfies the Navier-Stokes equations

∂_tU = ΔU − R[(U_{Cou} · ∇)U + (U · ∇)U_{Cou} + (U · ∇)U] − ∇p, ∇ · U = 0, (23)

with boundary conditions U = 0 at r = η/(1 − η) and r = 1/(1 − η). In order to solve this problem uniquely for the velocity U and pressure gradient ∇p we add the flux condition [U_{(x)}]_Σ =^1_{|Σ|} ∫ z∈Σ U_{(x)}(x, z)dz = 0, where U_{(x)} stands for the velocity component along the x-axis. We refer to [CI94] for more details.

The trivial branch of solutions, the Couette flow, U ≡ 0 in (23), becomes unstable if the Reynolds number R goes beyond a certain threshold of instability R_c. Due to the translation invariance of (23) the linearized system possesses solutions e^{ikx}φ_n(k, y)e^{λn(k)t} with k ∈ R, n ∈ N and φ_n(k, y) ∈ C^3 . Without loss of generality we assume Re λ_n ≥ Re λ_{n+1} for all n ∈ N. For η = R_1/R_2 close to 1 there exists an ω_b, such that for ω > ω_b at R = R_c the real-valued curve k → λ_1(k) touches the imaginary axis and that for ω < ω_b the two complex conjugate curves k → λ_1(k) and k → λ_2(k) with λ_2(k) = λ_1(k) touch the imaginary axis at some wave number k = k_c ≠ 0. In both cases all other curves are strictly bounded away from the imaginary axis. The first case is called PRI and the second case PRII in the following. (These bifurcations are often referred to as steady-state bifurcation with nonzero critical wavenumber and Hopf bifurcation with nonzero critical wave number [Me00].)

In the parameter region PRI, the Taylor-Couette problem can be approximated by the real Ginzburg-Landau equation which can in turn be approximated by a phase diffusion equation [MS02]. We concentrate on the parameter region PRII, where the Taylor-Couette problem can be approximated by a system of two coupled complex Ginzburg-Landau equations for amplitudes A_1, A_2 corresponding to the curve of eigenvalues λ_1, λ_2. These equations decouple for A_2 ≡ 0 and also for A_1 ≡ A_2. Thus this problem possesses two distinct families of solutions which can be described by a single complex Ginzburg-Landau equation (cf. [Schn99]). These families are modulations of axially spatially periodic traveling wave and standing wave solutions whose existence can be deduced by the implicit function theorem (“Hopf bifurcation with O(2) symmetry” [CI94, GSS88]). The complex Ginzburg-Landau equations can now each be approximated by a conservation law of the form

∂_τ ψ = ∂_ξh(ψ) (24)

(for two different functions h).

To be more precise, we introduce the small bifurcation parameter ε^2 = R − R_c. The ansatz U = εA(ε(x − νt), ε^2t)e^{ikcx+iωct}φ_{kc} + c.c. (25) with ν =

(_{(d(Im λ1)} dk )| |_{k=kc} , ωc = Im λ1|k=k_c , and φk_c = φ1(kc) ∈ C^3 leads to the complex Ginzburg-Landau equation

∂_T A = c_1A + c_2∂^2_X A − c_3A|A|^2 (26)

with coefficients c_j ∈ C and complex-valued amplitude A = A(X, T ). It has been shown rigorously [Schn99] that certain aspects of the Taylor-Couette problem can be approximated by the complex Ginzburg-Landau equation.

Theorem 5.1 For all C_1, T_0 > 0 there exist C_2, ε_0 > 0 such that for all ε ∈ (0, ε_0) the following is true. Let A ∈ C([0, T_0], H^3_{l,u}) with sup T ∈[0,T_0] ‖A(T )‖_H3_{l,u} < C_1 be a solution of the complex Ginzburg-Landau equation (26). Then there exist solutions U of the Taylor-Couette problem (23) with sup t∈[0,^{T0}_{ε2} ] ‖U(t) − Υ(t)‖_H2_{l,u} ≤ C_2ε^2 where Υ(t) is defined by the right hand side of (25).

Proof. See [Schn99] □ Combining Theorem 4.1 with Theorem 5.1 gives

Theorem 5.2 For all m ≥ 1, p ∈ N, τ_0 > 0, and ρ_0 > 0 there exist C_1 > 0, C_2 > 0, τ_1 > 0, and δ_0 > 0 such that for all δ ∈ (0, δ_0) the following holds. Let ψ ∈ C([0, τ_0], X^0_{2ρ0} ) be a solution of the conservation law (24) associated to the complex Ginzburg-Landau equation (26) with sup τ ∈[0,τ_0]

‖ψ(τ)‖_X 0_{2ρ0} ≤ C_1

and let (s^∗, Ψ^∗) be the improved approximation constructed in the proof of Theorem 3.1 with approximation rate O(δ^p). Then there exist ε_0 > 0 and C_3 > 0 such that for all ε ∈ (0, ε_0) we have solutions U = U(τ) of the Taylor-Couette problem in PRII such that for all r ∈ (0, p) sup t∈[0,^{τ1}_{ε2δ} ] sup x∈[−(εδ)^{−r} ,(εδ)^{−r} ] | | |U(x, t) − ε(1 + s^∗(ψ)(εδ(x − νt), ε^2δt))

× exp ( i εδ(x−νt) ∫ 0 Ψ^∗(δX^′, ε^2δt) dX^′ + iε^2ω_0t + iω_ct + ik_cx ) −c.c. | | | ≤ C_2εδ^{p−r} + C_3ε^2.

It is the purpose of further research to prove such an approximation result also for ε > 0 not small.

References

[Am95] H. AMANN. Linear and quasilinear parabolic problems. Monographs in Mathematics.

Birkhäuser 1995.

[Ber88] A.J. BERNOFF. Slowly varying fully nonlinear wavetrains in the Ginzburg-Landau equation. Phys. D 30 (1988), no. 3, 363-381.

[CI94] P. CHOSSAT, G. IOOSS. The Couette-Taylor problem. Appl. Math. Sciences 102, Springer, 1994

[CE90] P. COLLET, J.-P. ECKMANN. The time dependent amplitude equation for the Swift- Hohenberg problem. Comm. Math. Phys. 132 (1990), 139-153.

[Eck65] W. ECKHAUS. Studies in nonlinear stability theory. Springer tracts in Nat. Phil. Vol.

6, 1965

[GSS88] M. GOLUBITSKY, I.N. STEWART, D. SCHAEFFER. Singularities and Groups in Bifurcation Theory, Vol. II, Appl. Math. Sci. 69, Springer, New York 1988

[He81] D. HENRY. Geometric Theory of Semilinear Parabolic Equations, LNM 840, Springer, Berlin-New York 1981

[HK77] L.N. HOWARD, N. KOPELL. Slowly varying waves and shock structures in reactiondiffusion equations. Studies in Appl. Math. 56 (1976/77), no. 2, 95-145.

[Kat76] Y. KATZNELSON. An Introduction to Harmonic Analysis. Dover Publications, New York, 1976.

[Me98] I. MELBOURNE. Derivation of the time-dependent Ginzburg-Landau equation on the line. J. Nonlinear Sci. 8 (1998), 1-15.

[Me99] I. MELBOURNE. Steady-state bifurcation with Euclidean symmetry. Trans. Am. Math.

Soc. 351 (1999), 1575-1603.

[Me00] I. MELBOURNE. Ginzburg-Landau theory and symmetry. In: Nonlinear Instability, Chaos and Turbulence, Vol 2, (L. Debnath and D. N. Riahi, eds.) Advances in Fluid Mechanics 25, WIT Press, Southampton, 2000, 79-109.

[MS02] I. MELBOURNE, G. SCHNEIDER. Phase dynamics in the real Ginzburg-Landau equation. Preprint, 2002.

[Ov76] L.V. OVSJANNIKOV. Cauchy problem in a scale of Banach spaces and its application to the shallow water wave theory justification. Lect. Not. in Math. 503, Springer (1976), 416-437.

[Schn94] G. SCHNEIDER. Error estimates for the Ginzburg-Landau approximation. J. Appl.

Math. Physics (ZAMP) 45 (1994), 433-457.

[Schn95] G. SCHNEIDER. Validity and Limitation of the Newell-Whitehead equation. Mathematische Nachrichten 176 (1995), 249-263.

[Schn98] G. SCHNEIDER. Nonlinear stability of Taylor-vortices in infinite cylinders. Arch.

Rational Mech. Analysis 144 (1998), 121-200.

[Schn99] G. SCHNEIDER. Global existence results for pattern forming processes in infinite cylindrical domains. - Applications to 3D Navier-Stokes problems -. J. Mathématiques Pures Appliquées 78 (1999), 265-312.

[vH91] A. VAN HARTEN. On the validity of Ginzburg-Landau’s equation. J. Nonlinear Science 1 (1991), 397-422.

[vH95] A. VAN HARTEN. Modulated modulation equations. Proceedings of the IU- TAM/ISIMM Symposium on Structure and Dynamics of Nonlinear Waves in Fluids (Hannover, 1994), 117-130, Adv. Ser. Nonlinear Dynam., 7, World Sci. Publishing, River Edge, NJ, 1995.

Addresses:

IAN MELBOURNE, Department of Mathematics and Statistics, University of Surrey, Guildford, Surrey GU2 7XH, United Kingdom, GUIDO SCHNEIDER, Mathematisches Institut I, Universität Karlsruhe, 76128 Karlsruhe, Germany.