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Abstract. We establish exponential decay in Holder norm of transfer operators ap-
plied to smooth observables of uniformly and nonuniformly expanding semiflows with
exponential decay of correlations.

1. Introduction. Exponential decay of correlations is well-understood
for large classes of uniformly and nonuniformly expanding maps; see for
example [8] [13] 15, 16, 18, 23] 24], 25l 26] 29]. The typical method of proof
is to establish a spectral gap for the associated transfer operator L. Such a
spectral gap yields a decay rate | L"v—{v|| < C,e™*" for v lying in a suitable
function space, where a, C, are positive constants. Decay of correlations is
an immediate consequence of such decay for L™.

Results on decay of correlations lead to numerous statistical limit the-
orems. Although not needed for results such as the central limit theorem,
strong norm control on L™v is often useful for finer statistical properties. For
example, rates of convergence in the central limit theorem [I4] and the asso-
ciated functional central limit theorem [4] rely heavily on control of operator
norms.

In this paper, we consider norm decay of transfer operators for uniformly
and nonuniformly expanding semiflows. Here, the standard method is to
deduce decay of the correlation function from analyticity of Laplace trans-
forms, bypassing spectral properties of Ly; see [11], 17, 22]. As far as we know,
the only result on spectral gaps for transfer operators of semiflows is due to
Tsujii [27]. However, this result is for suspension semiflows over the doubling
map with a C2 roof function, where the smoothness of the roof function
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is crucial and very restrictive. A similar result for contact Anosov flows is
proved in [28]. Both of the papers [27, 28] obtain spectral gaps for L; acting
on a suitable anisotropic Banach space. In addition, a paper of Butterley [10]
obtains norm decay of transfer operators, but the results are quite different
from ours and the abstract setting there seems not to cover the situation con-
sidered here (see Remark below). Apart from these, there are apparently
no previous results on norm decay of transfer operators for semiflows or flows.

Recently, in [20], we showed that spectral gaps are impossible in Holder
spaces with exponent greater than 1/2 (and in any Banach space that embeds
in such a Holder space). Nevertheless, our aim of controlling the Holder
norm of L;v for a large class of semiflows and observables v remains viable,
and our main result is the first in this direction. We consider uniformly and
nonuniformly expanding semiflows satisfying a Dolgopyat-type estimate [11].
Such an estimate plays a key role in proving exponential decay of correlations
for the semiflow. Theorem [2.3] below shows how to use this estimate to prove
exponential decay of L:v in a Hélder norm for smooth mean zero observables
satisfying a good support condition. Apart from the Dolgopyat estimate, the
main ingredient is an operator renewal equation for semiflows [21I] which
enables consideration of the operator Laplace transform Sgo e S Ly dt.

The remainder of the paper is organised as follows. In Section [2] we recall
the setup for nonuniformly expanding semiflows with exponential decay of
correlations and state our main result, Theorem on decay in norm. In
Section [3] we prove Theorem

NoOTATION. We use the “big O” and < notation interchangeably, writing
ap, = O(b,) or a, < b, if there are constants C' > 0, ng > 1 such that
an < Cby, for all n > nyg.

2. Setup and statement of the main result. In this section, we
state our result on Holder norm decay of transfer operators for uniformly
and nonuniformly expanding semiflows.

Let (Y,d) be a bounded metric space with Borel probability measure
p and an at most countable measurable partition {Y;}. Let ' : Y — Y
be a measure-preserving transformation such that F' restricts to a measure-
theoretic bijection from Y; onto Y for each j. Let g = du/(dp o F) be the
inverse Jacobian of F.

Fix n € (0,1). Assume that there are constants A > 1 and C' > 0 such
that d(Fy, Fy') > M\d(y,y’) and |log g(y) — log g(v/)| < Cd(Fy, Fy')" for all
y,y €Y, j > 1. In particular, F' is a Gibbs-Markov map as in [2] (see
also [1, 3]) with ergodic (and mixing) invariant measure .

Let ¢ : Y — [2,00) be a piecewise continuous roof function. We assume
that there is a constant C' > 0 such that
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(2.1) o(y) = (y)| < Cd(Fy, Fy')"
for all y,y/ € Yj, j > 1. Also, we assume exponential tails, that is, there
exists dg > 0 such that

(2.2) Eu(}/})e%llyf‘p"” < 00.
J

Define the suspension Y% = {(y,u) € Y x [0,00) : u € [0,0(y)]}/~
where (y, ¢(y)) ~ (F'y,0). The suspension semiflow F; : Y¥ — Y¥ is given by
Fi(y,u) = (y, u+t) modulo identifications. We define the ergodic Fi-invariant
probability measure ¥ = (1 x Lebesgue) /@ where ¢ = {,, ¢ du

Let L; : LY(Y¥) — L'(Y%) denote the transfer operator corresponding
to Fy (so §y, Livwdp? = ., vw o Fydu? for all v € LY(Y?), w € L®(Y¥),
t > 0) and let Ry : L'(Y) — L'(Y) denote the transfer operator for F.
Recall (see for example [2]) that (Rov)(y) = >_;9(y;)v(y;) where y; is the
unique preimage of y under F'|Y;, and there is a constant C' > 0 such that

(23) gl <Cu(Y), lg(y) — 9l < Cu(Yy)d(Fy, Fy)",
for all y,y' €Y;, j > 1.

Punction space on Y. Let Y7 = {(y,u) € Y¥ :y € Y;}. Fix n € (0,1],
6> 0. For v:Y¥ — R, define |v]500 = sup(y ey e 9"|v(y,u)| and

v |5,n = v S,00 T ‘U|57,7,
|’U|5 = sup sup eféu |’U(y, u) _ U(yla U)|
T ey s vy d(y,y')"

Then Fs,(Y¥) consists of observables v : Y¥ — R with ||v]|s, < oc.

Next, define d,v to be the partial derivative of v with respect to u at
points (y,u) € Y¥ with u € (0,¢(y)) and to be the appropriate one-sided
partial derivative when u € {0, ¢(y)}. For m > 0, define Fs, (Y ¥) to con-
sist of observables v : Y¥ — R such that v € Fsp(Y¥) for j=0,1,...,m,

with norm [|v||sm = maxj—o, . m H({“)ﬂvH,;,n.

DEFINITION 2.1. Given r > 0, we consider the subset {(y,u) € Y xR :
u € [r,o(y)—r]} viewed as a subset of Y¥. We say that a function v : Y¥ — R
has good support if there exists r > 0 such that suppv C {(y,u) € Y xR :

u € [r,e(y) — ]}
For functions with good support, d,v coincides with the derivative 0;v =
limy, g (v o Fy, — v)/h in the flow direction.

(*) We call such semiflows “nonuniformly expanding” since they are the continuous-
time analogue of maps that are nonuniformly expanding in the sense of Young [29]. “Uni-
formly expanding” semiflows are those with ¢ bounded; they have bounded distortion as
well as uniform expansion.
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REMARK 2.2. It is standard to restrict to observables with good support
when considering decay of correlations for semiflows, see for instance [12], 27].
Let
fgn’m(Y“") = {v € Fspym(Y?): S vdu? = 0}.
Y¥
We write Fs5,(Y¥) and fgn(Y‘p) when m = 0.
Function space on'Y. For v : Y — R, define
[olly = [Vl + [0l [vlp=sup  sup  [o(y) —v(y)|/d(y,y)".
JZ21yy' €Yy, y7#y’
Let F;)(Y) consist of observables v : Y — R with [|v|,, < oco.
Dolgopyat estimate. Define the twisted transfer operators
Ro(s): LY(Y) = LY(Y), Ro(s)v = Ro(e *%v).
We assume that there exist v € (0,1), e > 0, mg > 0, A, D > 0 such that

(2.4) ||R0(5)n||f,7(y)_>}'n(y) < [b]™0y"
for all s = a 4+ ib € C with |a| < €, |b] > D and all n > Alog|b|. Such an
assumption holds in the settings of 5] 6] [7, [1T].

Now we can state our main result on norm decay for L;.

THEOREM 2.3. Under these assumptions, there existe >0, m >1,C >0
such that
|Lev|lspa < Cevllsm  for allt >0

for allv € .7:(97] m(Y¥) with good support.

REMARK 2.4. Since the norm applied to v is stronger than the norm ap-
plied to Lyv, Theorem does not imply a spectral gap for L;. We note that
the norm on s, 1(Y¥) gives no Holder control in the flow direction when
passing through points of the form (y, ¢(y)). This lack of control is a barrier
to mollification arguments of the type usually used to pass from smooth ob-
servables to Holder observables. In fact, such arguments are doomed to fail
at the operator level by |20, Theorem 1.1] when n > 1/2 and hence seem
unlikely for any 7.

REMARK 2.5. Usually, we can take my € (0,1) in (2.4), in which case
m = 3 suffices in Theorem
There are numerous simplifications when {Y;} is a finite partition. In

particular, conditions (2.1) and (2.2)) are redundant and we can take 6 = 0.

REMARK 2.6. At first glance, Theorem has some similarities with [10],
Theorem 1]. In particular, we mention formula (2.4) therein which takes the
form ||Pyp|la < Cre || Zp||p where Z = ;. However, || |4 corresponds to
a “weak” norm which would just be the L* norm in our setting. Moreover,
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the hypothesis in [I0] that the operators Ty : B — B (L; : Fsp1(Y¥) —
Fspn,1(Y¥?) in our notation) are bounded looks to be unverifiable in our setting
even for fixed ¢. On the other hand, the expansion in equation (2.3) of [10]
is beyond our methods.

REMARK 2.7. Numerous (non)uniformly hyperbolic flows are modelled
(after inducing and quotienting along stable leaves) by “Gibbs—Markov semi-
flows” F; : Y¥ — Y% of the type considered here with the exponential tail
condition . These include basic sets for Axiom A flows, Lorentz gases
with finite horizon, and Lorenz attractors (see for instance [I9, Section 1.1]).
Whenever the Dolgopyat estimate is satisfied in such examples, as
in [5 [6l [7, 1T], Theorem guarantees exponential decay for the norm of
the transfer operator for the corresponding Gibbs—Markov semiflow.

3. Proof of Theorem Our proof of norm decay is broken into
three parts. In Subsection [3:1] we recall a continuous-time operator renewal
equation [2I] which enables estimates of Laplace transforms of transfer oper-
ators at the level of Y. In Subsection 3.2 we show how to pass to estimates of
Laplace transforms of L;. In Subsection [3.3] we invert the Laplace transform
to obtain norm decay of L;.

3.1. Operator renewal equation. Let Y =Y x [0,1] and define
F:Y =Y, F(yu)=(Fyu),
with transfer operator R : L*(Y) — LY(Y). Also, define
F:Y 5 [2,00),  By.u)=ey).
Define the twisted transfer operators
R(s): L'(Y) = L'(Y), R(s)v = R(e *%v).
Let Y; = Y; x [0,1]. For v : Y — R, define

[olly = [vlcot[vly,  |vfy = sup sup oy, w)—o(y' u)l/d(y. y)".
121 (yu) (v w) €Yy, y#y’
Let .7-',7(}7) consist of observables v : Y — R with |lv]ly < 0. Let
FOY) = {v € Fy(¥): \wdii = o},

Y
where fi = p X Lebg ).

LEMMA 3.1. Write s = a +1ib € C. There exist ¢ >0, mqy >0, C >0
such that

(a) s+ (I —R(s))™*: ]-',?(IN/) — ]-',,(EN/) is analytic on {|a| < €};
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(b) s (I—R(s))"': ]:,7(17) — ]:n(}N/) is analytic on {|a| < €} except for a
simple pole at s = 0;
() I = R() 7z, 3y, 37y < ClOI™ for Ja] <€, [b] > 1.

Proof. Tt suffices to verify these properties for Z(s) = (I—Ro(s)) ' onY.
They immediately transfer to (I—]?z(s))_1 onY since (]?Ev)(y, u) = (Rov”)(y)
where v"(y) = v(y, u).

The arguments for passing from to the desired properties for Z(s)
are standard. For completeness, we sketch these details now, recalling ar-
guments from [5]. Define F,(Y") with norm || ||, by restricting to u = 0
(this coincides with the usual Holder space on Y). Let A, D, e and myg be as
in (2.4). Increase A and D so that D > 1 and |b|m0fy[A1°g|b‘ <1/2for|b| > D.
Suppose that |a| < e, || > D. Then ||Ro(s YlAlog lbllj| < |p|molAlog bl < 1 /2
and ||(I — Ro(s) APy 1)), < 2

As in [5], Proposition 2.5], we can shrink € so that s — Eo(s) is continuous
on F,(Y) for |a] < e. The simple eigenvalue 1 for Ro(0) = Ry extends
to a continuous family of simple eigenvalues A(s) for |s| <
can choose € so that 1/2 < A(a) < 2 for |a| < e. By [B, Corollary 2.8],
|Ro(s)™l, < [bJA(a)™ < |b]2" for all n > 1, |a| < e, |b] > D. Hence

1Z(8) 1y < (141 Ro(8) 1y + -+ -+ [ Ros) A8 P11 ) [[( = Ro(s)ATE Py,
< (log [b]) [5] 2415 ¥ <™

with m; = 14 Alog 2. This proves analyticity on the region {|a| < €, |b| > D}
with the desired estimates for property (c) on this region.

For |a| <€, |b] < D, we recall arguments from [5, proof of Lemma 2.22]
(where Ro(s) is denoted Q). For € sufficiently small, the part of the spectrum
of éo(s) that is close to 1 consists only of isolated eigenvalues. Also, the
spectral radius of Ro(s) is at most A(a) and A(a) < 1 for a € [0,€], so
s — Z(s) is analytic on {0 < a < €}.

Suppose that ﬁg(ib)v = v for some v € F,(Y), b # 0. Choose ¢ > 1
such that ¢|b| > D. Since Ry(s) is the L2 adjoint of v — e*?v o F, we
have €%y o F = v. Hence ¢®¥v% 0 F = v? and so Ro(igh)v? = v?. But
| Z(igb)ve||,, < oo, so v = 0. Hence 1 ¢ spec Ro(ib) for all b # 0. It follows
that for all b # 0 there exists an open set U, C C containing ib such that
1 ¢ spec Ro( ) for all s € Uy, and so s — Z(s) is analytic on U,.

Next, we recall that for s near to zero, A(s) = 1+ cs+ O(s?) where ¢ < 0.
Hence s — Z(s) has a simple pole at zero. It follows that there exists € > 0
such that s — Z(s) is analytic on {|a| < €, |b] < 2D} except for a simple
pole at s = 0. Combining this with the estimates on {|a| < ¢, |b] > D} we
have proved properties (b) and (c) for Z(s).
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Finally, the spectral projection 7 corresponding to the eigenvalue A\(0)= 1
for Ro(0) = R is given by mv = Syvd,u. Hence the pole disappears on
restriction to observables of mean zero, proving property (a) for Z(s). m

Next define
Ttv = 1)7Lt(11~/’1)), Ut’U = 137Lt(1{§5>t}v)
and . .
T(s) = S e ST, dt, ﬁ(s) = S e StU dt.
0 0

By [21, Theorem 3.3], we have the operator renewal equation
TR
PROPOSITION 3.2. There exist € > 0, C' > 0 such that s — U(s) :
.|7;,’7(§)6—> Fy(Y) is analytic on {|a| < €} and ”U(S)HE,(Y)HH(Y) < C|s| for
Proof. By [21, Proposition 3.4,

N = e = On(u), 0<t<1,
(Urv)(y, u) {(th)(%u)’ 1

vzhere Ut/(\y,u) = lpcp)<t+1-u}V (Y, u — t + ¢(y)). Consequently, U(s) =
Ui(s) + Ua(s), where

(Ui (s)v)(y,u) = Se_s%(y,u —t)dt, Us(s)v = S e "' Ruy dt.
0 1

It is clear that ||(71(s)v||n < ef||v]|,. We focus attention on the second term
(Oa(s)0) (g, u) = X2 59(y;) | e ve(yjw) dt = 3 g(y;)V () (yj,w),
1
where V(s)(y, u)= Si es(t=u=2)y(y, t) dt. Clearly, |1y, V(s)|so < efl11y; #loo 0] 00
Also,

~

V(s)(y,u) = V(s)(y',u) = T+ 7,

where

7= (es(tfufeo(y)) _ eS(t*“f@(y/)))v(yy t)dt

)

J =\ e (w(y, 1) — v(y', 1) dt.

St = L ey =
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For y,y' €Yj,
1

1] < Joloo | €210 5] |o(y) — o (y')| dt < |s] [0]c 591> d(Fy, Fy')?
u

by (21), and

1
7] < [ e aeltuly g 1y —u(y,0)] di < eV o), dy, o).

u

Hence [V (s)(y,u) = V(s)(y', u)ly < [sle”™5 7> o]l d(Fy, Fy/)"
It follows from the estimates for 1y, 17(3) together with (2.3) that

ly. ¢lco
1Ta(s)v]l, <<Z| (Y)Y ],

By (2.2), ||[72($)U||n < |s||lv|l, for e sufficiently small. We conclude that
[U(s)olly < [s] [v]ly. =

3.2. From 7T on Y to L on Y%, Lemma and Proposmlonmyleld
analyticity and estimates for T=0U (I — R)_l on Y. In this subsection,
we show how these properties are inherited by L(s) = Sgo e S'Lydt on Y¥.

Recall that Y =Y x [0, 1], which we view as a subset of Y.

REMARK 3.3. The approach in this subsection is similar to that in [9
Section 5| but there are some important differences. The rationale behind
the two-step decomposition in Propositions [3.4] and [3.5) - 5| below is that the
discreteness of the decomposition in Proposmon 4] simplifies many for-
mulas significantly. In particular, the previously problematic term F; in [9]
becomes elementary (and vanishes for large ¢ when ¢ is bounded). The de-
composition in Proposition [3.5] remains continuous to simplify the estimates
in Proposition

Since the setting in [9] is different (infinite ergodic theory, reinducing),
we keep the exposition here self-contained even where the estimates coincide
with those in [9].

Define
Ap Ll(f/) - Ll(Ylp)a (Anv)(yvu) = 1{n§u<n+1}(LnU)(yvu)’ n =0,
Ey: LI(YW) - Ll(Ylp)a (Etv)(y,u) = 1{[t]+1§u§<p(y)}(Ltv)(yau)7 t>0.

PROPOSITION 3.4. Ly = Z?Lo AjlgLyj + Ey fort > 0.
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Proof. For y € Y, u € (0,(y)),

[t]

(Lev)(y,u) = Z 1{j§u<j+1}(LtU)(ya u) + 1{[t]+1§u§<p(y)}(Ltv)(yv u)
j=0

= Z(Ath_jU)(y, U) + (Etv)(yv ’U,)
=0

Now use A,, = Anlf,. "
Next, define
), B =1gLi(1a,v),
), G = Bi(w(t)v),
Hy: LNY?) = LNY), Hp=1L(1av),
for ¢ > 0, where

Ar={(y,u) €Y? 1 0(y) —t <u<op(y) —t+1},
Ay ={(y,u) € Y? :u<p(y) —t},
wt)(y,u) =p(y) —u—t+1.

PROPOSITION 3.5. 1y Lt = SE T +B,dr + Gy + Hy fort > 0.
Proof. Let y € Y, u € [0,¢(y)]. Then

S 1A-r(y7 =
0

)—u<r<ep(y)—u+1} AT

ot_,am-

= L) —ur1y + L) —ust<o@y)—ur13 (= 9(y) +u)
= 1= 1cpy)—ut1}y + L) -u<t<p@)—ut1} (t = ©(y) + u)
=1- 1A2(y7 ) + 1At(y7 )(t - 90( ) +u— 1)

Hence Sé la, dr =1~ 14,w(t) — 1. It follows that

¢
STt +Brodr =1g
0

t
Li AgBrvdr =15\ L -Brvdr
0

Y

t
LirL(1a0)dr = 12 Lt(81ATvd7'>
0

=1

O e O ey

Y
= 11~,Ltv — Gt?./ — HtU,

as required. m
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We have already defined the Laplace transforms E(s) and T(s) for s =
a 4 ib with a > 0. Similarly, define

[e.e] o0

E(s) = S e *'B,dt, E(s)= S e S Ey dt,
0 0
=\ e™Gydt, H(s)= | e *'Hadt.
0 0
Also, we define the discrete transform A(s) = oo e Ay,

COROLLARY 3.6. L(s) = A(s)T(s)B(s) + A(s )é( )+ A(s)H(s) + E(s)
fora > 0.
Proof. By Proposition

0o [t] 0o

L(s) — E(s) S-stZA oL jdt = Ze_SJAl | e, ;at
0 Jj=0 J

g e *'Lydt = A(s)1:L(s).
0
Hence L = Alf/L—f—E. In addition, by Proposition I?E =TB+G+H. u

PROPOSITION 3.7. Let 6 > € > 0. Then there is a constant C > 0 such
that

(a) 146 £,y 75, ve) < L
(0) 1)z, (veyss (v >SC
(©) 1Oz, ve)yop, ) <€
for |a| <.

Proof. (a) Let v e ]:,7(57). Let (y,u), (y,u) € Y;P, j > 1. Since (A,v)(y,u)
= 1{n§u<n+1}v(yv U — TL), we have

(e}

(As)0)(yu) =Y e Lpcucnsyv(y,u—n) = e Moy, u — [u]).
n=0

Hence
[(A(s)0) (g, w)] < e™[v]oo,
(A(s)v) (g, 1) = (Als)0) (', w)| < ol dly, y')".
That s, | A(5)0]e 00 < [v]oo, [A(5)0]e < [v]y- S0 [|A(s)v]l5 < | A(s)v

e,nSHUHn'
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(b) We take C' = 1/(6 —¢). Let v € F5,(Y?). Let (y,u), (y/,u) € Y/,
J = 1. Note that (E)(y,u) = 1{g4+1<uyv(y,u —t), s0

(E(s)v)(y,u) = | e 1y 1<upvly, u—t)dt.

0
Hence -
[(E(s)0) (5, )] < | e [v]s00 e®@ ™D dt = Clv]5 00 €™
0
and
(E(s)v)(y,u) — (E(s)v) (v w)] < | e Jolsy dly,y)"e’ ) dt
0

= Ce™[v]5 d(y,y')".

That is, | E(s)v]s.00 < [v]s,00 and [E(s)v]s, < [v]s,-

(c) Let v € Fepy(Y¥). Let (y,u), (v, u) €Y}, j > 1. Then (Hw)(y,u) =
Litcuyv(y,u —t) and (H(s)v)(y,u) = Sg e St (y, u — t) dt. Hence
[H(s)vloo < €[0ls00,  [(H(s)0)(y,u) = (H(s)0)(y/,w)] < €[v]sydy, )",
The result follows. =

PROPOSITION 3.8. There exist § > ¢ > 0 and C > 0 such that

1By ey sy < Clol - and 1G) sy, oy < Cls

for la|] <.

Proof. Let v e L*(Y?), w e L=®(Y). Using Fy(y,u) = (Fy,u+t — o(y))
for (y,u) € Ay, we have

S Bowdp = ¢ S Li(1p,v)wdp? = ¢ S 1a,0w 0 Fydp?

0% Y~ Y

e(y)
S 1{O<u+t ey )<1}U(y> ) (Fy7u+t_ )dUdM
0

(v)
VW O Fd S Evtw dfi,

Y
where v (y,u) = 1{0<u+<p( —t<o)} V(Y u+ o(y) — ).
Hence B;v = Ru; and it follows immediately that Gyv = R(w(t)v),. But
(w(t))e(y,u) = 1{0<u+<p(y)—t<<p(y)}(w(t)v)(ya u+(y) —t) = (1 —u)v(y,u),
0 (Gev)(y, w) = (1 — ) (Buw) (g, u).

|
Y
S S Lio<u<1yv(y, u + ¢(y) — t)w(Fy,u) dudp
Yt
S
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Next, B(s)v = ]SJ/}(S) where

R 00 u+p(y)
V(s)(y,u) = | e Tuyu)ydt = | e oly,u+ply) —t)dt
0 [
w(y)
0

It is immediate that

(3.1) (G(s)v)(y,u) = (1 = u)(B(s)v)(y, w).
Suppose that 6 > € > 0 are fixed. Let v € F5,(Y¥). Let (y,u), (v, u) €
Y;, j > 1. Then
R e(y)
(sl < | e GO Dlo); et gt < 905,
0
and so |1yj‘7(s)\oo < eélle‘P‘o‘)\v](;po.
Next, suppose without loss of generality that ¢(y’) < ¢(y). Then

V(s)(y,u) = V() u) = Ji + Jo + Ja,

where

()

Ji= | (emseWrumt) _emseWtu=tyy(y 1) dt,
0
v(y) )

Jp= | Ry, 1) — ol 1)) dt,
0
w(y) ,

Jy = S e STy (y 1) dt.
(y)

For notational convenience we suppose that a € (—¢, 0) since the range a > 0
is simpler. Using ((2.1)),
©(y) . .
ploot1—t
bl < e M=l o) — oy)] 0]5.0 € d
0
< |slp()e” i d(Fy, Py )ols0 < [s]e™159 d(Fy, Fy/)|o]s00,
©(y)
ol < § e et )y ey, oy dt < M= d(y, ool
0
©(y)
(sl < | etMatl=t 0 et at < X< o5 o d(Fy, By ).
e(y')
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Hence

V() (y, u) — <><y, )| < |s]e® M o5, d(Fy, Fy')".
Now, for (y,u) €

(E(S)v)( ) (RV(s) Zgyg ) (g, w),

where y; is the unique preimage of y under F' |Yj It follows from the estimates

for V(s) together with ( (2-3) that

251 0| oco
IB(s)vl, < |s|§ju 1212 11 5.,-

Shrinking d, we deduce the desired estimate for B from (2.2)). Finally, the
estimate for G follows from (3.1)). =

PROPOSITION 3.9. (o B(Owdi = ¢ §yo vdu? forve L'(Y?).
Proof. By the definition of B )

| BOOwdp =\ | Li(lav)dtdi=¢ | | Li(1av)dp? dt
Y y 0 0Ye
o] | Lawdifdt = § | Lo acicp apryodidi
0Yvw Y¥ O
@ | vdn?,
Y

as required. m

LEMMA 3.10. Write s = a +1ib € C. There exist ¢ > 0, § > 0, mg > 0,
C > 0 such that
(a) s+ E/\(s) : .an(Y‘p) — Fs(Y?) is analytic on {|a| < €};
(b) s+ L(s) : Fs,(Y?) = F5,(Y?) is analytic on {|a| < €} except for a
simple pole at s = 0;
(©) [[L(s)vllsy < Clo™ v
Proof. Recall that
L=ATB+AG+AH+E, T=U(-R)"
where ﬁ, A\, E, @, H and E are analytic by Propositions and

Hence part (b) follows immediately from Lemma [3.1(b). Also, part (c) is a
consequence of Lemma |3.1{(c).

By Propositionm, B(O)(.an(Y“’)) C .7-"7(7)(17) Hence the simple pole at

s = 0 for (I— R)~'B disappears on restriction to }"gn(Y‘f’) by Lemma (a).
This proves part (a). m

sn forlal <€ |b| > 1, ve Fs,(Y?).
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3.3. Moving the contour of integration

PROPOSITION 3.11. Let m > 1. Let v € F5, m(Y¥) have good support.
Then L(s)v = Z;:Ol(—l)js*(j*l)&gv + (=1)™s™™L(s)0Mv for a > 0.

Proof. Recall that suppv C {(y,u) € Y¥ : u € [r,p(y) — r|} for some
r > 0. For h € [0,r], we can define (¥4v)(y,u) = v(y,u — h) and then
(Tpv) o F, = v.

Let w € L®(Y¥) and write pyw(t) = §y, vwy dp?, where wy = w o Fy.
Then for h € [0, 7],

pow(t+h) = S vwy o Fy dp¥ = S (Upv) o Fpwy o Fp du? = S Upvw du.

Y¥ Y¥ Y
Hence A= (py,w(t + h) — pow(t)) = §yo A1 (@hv — v) we dp?, so
p;w(t) =— S Opvwy dp¥ = — S Opvw o Fy dp? = —pa,pw(t).
ye ve

Inductively, piqu,(t) = (—1)jp8g~y7w(t).
Now {y., L(s)vwdp? = e ™ § ., Liwdp? dt = §° e py(t) dt, so
repeatedly integrating by parts, we get

m—1 00
| Zispowdp? = 3 5700 p0), (0) 4+ 57 | e plm) (1) dt
Y 7=0 0
m—1 00
3570 g (0 (<1757 § e p (1)t
]:0 0
m—1 00
— | S (-1 0 vwdp® + (~1)"s ™ | e pogeult) d.
Y¥ j=0 0

Finally, {° e™* pgmy,w(t) dt = §, L(s)0™vw dp® and the result follows since
w € L*(Y?) is arbitrary. m
We can now estimate || Lyv||s,,.

COROLLARY 3.12. Under the assumptions of Theorem 23], there exist
€>0,m3>1, C >0 such that

Levlsy < CeNollsgm,  Jor allt >0,
for allv e fgn,ms (Y'?) with good support.

Proof. Let m3 = mg + 2. By Lemma 3.10I(a), E(s) : ]—"gnms(Y‘P) —
Fsy(Y?) is analytic for |a] < e. The alternative expression in Proposi-
tion is also analytic on this region (the apparent singularity at s = 0

is removable by the equality with the analytic function L). Hence we can
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move the contour of integration to s = —e + ib when computing the inverse
Laplace transform, to obtain
o) m3—1 )
Ly = S eSt( Z (=1)7s~ U@l + (—1)m3s_m3f(s)6tmgv) db
—0o0 7=0
m3—1 fe’e)
— et Z ]8] S et =G+ qp
—0oQ
o
+ (=1)mse~t S s~ L(5)0M v db

—00

The final term is estimated using Lemma [3.10|(b, ¢):

H S eibts_m"’f(s)({);”?’vde
o on

< § @+ )R (b)) 0l o db < N[0llggms -

—0o0

Clearly, the integrals {* _e’s —(+1) db converge absolutely for j > 1, while
the integral for j = 0 converges as an improper Riemann integral. Hence
altogether we obtain || Lv||5, < €™ (v]|5,9,ms- ®

For the proof of Theorem it remains to estimate ||0,L;v||s,- Recall
that the transfer operator Ry for F' has weight function g. We have the
pointwise formula

(Rov)(w) = D gr(y)v(y)) where gy=g...goF* .
Fky’:y

Let
k—1 '
=Y poF.
§=0

PROPOSITION 3.13. Let v € LY*(Y¥). Then for allt > 0, (y,u) € Y?,

[t/2]

(Lew)( =) Z Ik (Y ) Lfo<u—tton(y) <oV u —t + o (y)).
k=0 Fhy

Proof. Recall that the roof function ¢ is bounded below by 2. The lap
number N;(y,u) € [0,¢/2] NN is the unique integer k > 0 such that v + ¢ —
k() € [0,0(F*y)). In particular, Fy(y,u) = (FNUWy, utt — oy, (Y))-



16 I. Melbourne et al.
For w € L*(Y¥),

S Li(Lyny—pyv) wdp? = S Ln=kyvw o Fydu?
Y¢¥ Y
#(y)

7N Locutimon(n <oy v w) w(FFy, u + t — i (y)) dudp
Y 0

P(Fry)
e Locutren <ot — t + or(y)) w(Fry, w) dudp.
Y 0

Writing vf’k(y) L0<u—t+or () <o)V (¥ u—t+i(y)) and w*(y) = w(y, u),
we get

S Li(1{n,=ryv)wd -1 S S LucporryVppw® o F*dudu
Ye 0Y
= ¢ ' | | Lpucpy Bbvpw® dpdu = | (REviy) (y)w(y, u) dp?.
0Y Ye
Hence
[t/2] [t/2]
(Lev)(y,u) = Y (Le(lve=myo)(y,w) = > (Rovis) (v)-
k=0 k=0

The result follows from the pointwise formula for R’g. "

Proof of Theorem [2.3 Let m = mg + 1. By Corollary [3.12] we have
1Lwlln < € ollsnm

Recall that d, denotes the ordinary derivative with respect to u at 0 <
u < ¢(y) and denotes the appropriate one-sided derivative at u = 0 and
u = ¢(y). Since v has good support, the indicator functions in the right-
hand side of the formula in Proposition [3.13] are constant on the support

of v. It follows that 0, Liv = L(0,v). By Corollary
10 Levllsy = 1Le(0uv) 57 < €™ NOuvl5nms < € 0llsnm

Hence, || Livl[s,1 < e ||v][s,,m as required.
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