TRANSACTIONS OF THE AMERICAN MATHEMATICAL SOCIETY Volume 00, Number 0, Pages 000–000 S 0002-9947(XX)0000-0

LARGE DEVIATIONS FOR NONUNIFORMLY HYPERBOLIC SYSTEMS

IAN MELBOURNE AND MATTHEW NICOL

Abstract. We obtain large deviation estimates for a large class of nonuniformly hyperbolic systems: namely those modelled by Young towers with summable decay of correlations. In the case of exponential decay of correlations, we obtain exponential large deviation estimates given by a rate function. In the case of polynomial decay of correlations, we obtain polynomial large deviation estimates, and exhibit examples where these estimates are essentially optimal.

In contrast with many treatments of large deviations, our methods do not rely on thermodynamic formalism. Hence, for Hölder observables we are able to obtain exponential estimates in situations where the space of equilibrium measures is not known to be a singleton, as well as polynomial estimates in situations where there is not a unique equilibrium measure.

1. Introduction

Large deviations theory concerns the probability of outliers in the convergence of Birkhoff averages. Quantitative estimates of these probabilities are used in engineering, information and statistical mechanics [8, 11]. Suppose ϕ is an observable on an ergodic dynamical system (T, X, μ). We are interested in the asymptotic behavior of μ(|^1_N ϕ_N − ϕ̄| > ϵ) where ϕ_N = ∑_{N−1} j=0 ϕ ∘ T^j is the Nth Birkhoff sum and ϕ̄ = ∫_X ϕ dμ. The classical situation is that this quantity converges exponentially quickly and moreover lim N→∞ 1 N log μ(|^1_N ϕ_N − ϕ̄| > ϵ) = −c_ϕ(ϵ)

(1.1)

for small enough ϵ, where c_ϕ is strictly convex and vanishes only at 0. Such a function is called a rate function and is often characterised in terms of thermodynamic quantities. See [10] for the case of iid random variables.

Many authors have studied large deviations for dynamical systems with hyperbolicity. Uniformly hyperbolic (Axiom A) dynamical systems are covered entirely (for both discrete and continuous time) by the work of [18, 21, 28, 34, 35]. Moreover, when X is an Axiom A attractor and μ is an SRB measure, then μ can be replaced by Lebesgue measure in (1.1). For a general class of one-dimensional maps, [17]

2000 Mathematics Subject Classification. Primary 37D25, 37A50, 60F10. The research of IM was supported in part by EPSRC Grant EP/D055520/1 and a Leverhulme Research Fellowship.

The research of MN was supported in part by NSF grants DMS 0600927 and DMS-0607345. IM and MN would like to thank the Universities of Houston and Surrey respectively for hospitality during part of this research.

© 1997 American Mathematical Society 1

2 IAN MELBOURNE AND MATTHEW NICOL

obtain a large deviations result (1.1) for observables of bounded variation, again in terms of Lebesgue measure.

In addition, Kifer [18] and Young [35] formulated quite general large deviation principles for dynamical systems; for example Kifer obtained the upper bound half of (1.1) for uniformly partially hyperbolic dynamical systems. However, these results yield strong conclusions (in particular (1.1)) only if it is known that there is a unique equilibrium measure for the underlying map. More recently, Araújo and Pacifico [2] obtain large deviation results, in terms of Lebesgue measure, for continuous functions over non-uniformly expanding maps with non-flat singularities or criticalities and for certain partially hyperbolic non-uniformly expanding attracting sets. Araújo [1] has extended these results to obtain large deviation bounds for continuous functions on suspension semiflows over a non-uniformly expanding base transformation with non-flat singularities or criticalities (including semiflows modeling the geometric Lorenz flow and the Lorenz flow). Again, the results in [1, 2] yield strong conclusions only when there is a unique equilibrium measure.

We note also results on level 2 large deviation principles by [14] for Hölder observables on parabolic rational functions (see also [9]) and by [29] on upper bounds for preimages weighted by the derivative for certain dynamical systems with indifferent fixed points.

In this paper, we prove large deviation results for Hölder observables of nonuniformly hyperbolic systems modelled by Young towers. In contrast to the results mentioned above, we do not require that there is a unique equilibrium measure. Moreover, we obtain to our knowledge the first polynomial large deviations estimates. The general set up is that T : M → M is a nonuniformly hyperbolic system in the sense of Young [36, 37] with a return time function R that decays either exponentially [36], or polynomially [37]. In particular, T : M → M is modelled by a Young tower constructed over a “uniformly hyperbolic’ base Y ⊂ M. The degree of nonuniformity is measured by the return time function R : Y → Z^+ to the base. Such systems are known to have an SRB measure μ absolutely continuous with respect to Lebesgue measure m^u on unstable manifolds. Let ϕ : M → R be a Hölder continuous observable. Our main results are:

(1) If m^u(y ∈ Y : R(y) > n) = O(γ^n) for some γ ∈ (0, 1), then the limit σ^2 = lim_{N→∞}^1_N ∫ M (ϕ_N −Nϕ̄)^2 dμ exists, and if σ^2 > 0 then there is a rate function c_ϕ(ϵ) such that (1.1) holds.

(2) If m^u(y ∈ Y : R(y) > n) = O(n^{−(β+1)}) for some β > 1, then for any δ > 0 there exists a constant C_{ϕ,δ} such that for any ϵ > 0 and N sufficiently large μ(|^1_N ϕ_N − ϕ̄| > ϵ) ≤ C_{ϕ,δ} ϵ^{−2(β−δ)}N^{−(β−δ)}. Moreover, for each δ > 0 the constant C_{ϕ,δ} depends continuously on ‖ϕ‖_Cα .

Subject to conditions on the density, the SRB measure μ can be replaced by Lebesgue measure. In certain situations, we show that the upper bound in (2) is close to optimal. We obtain similar results for nonuniformly hyperbolic flows, but we do not obtain a rate function.

Remark 1.1. For the classes of systems discussed in this paper, it is well-known that typically σ^2 > 0. Indeed, σ^2 = 0 only for Hölder observables lying in a closed subspace of infinite codimension.

Remark 1.2. Since we require β > 1 in (2), our results are restricted to cases where the CLT and related results are known to hold (see for example [23, 24]). An

LARGE DEVIATIONS FOR NONUNIFORMLY HYPERBOLIC SYSTEMS 3

interesting problem is to investigate the case β ∈ (0, 1] which occurs in Example 1.3 below for α ∈ [^1_2 , 1). Other examples with β = 1 include Bunimovich-type stadia and certain classes of semidispersing billiards, see [3, 6, 22].

Example 1.3 (Intermittency-type maps). Various authors including [16, 20, 30, 37] have studied intermittency (Pomeau-Manneville) maps of the type T : [0, 1] → [0, 1] given by T x = { x(1 + 2^αx^α) 0 ≤ x <^1_2 2x − 1^1_2 ≤ x < 1

for α ∈ (0, 1), where there is an indifferent fixed point at 0. The reference measure here is Lebesgue measure, and there is a unique ergodic invariant probability measure μ equivalent to Lebesgue. There is a Young tower with base Y = [^1_2 , 1] and it follows from Hu [16] that the optimal return time decay rate is given by Leb(y ∈ Y : R(y) > n) ≈ n^{−(β+1)} where β =^1_α − 1.

We restrict to α ∈ (0,^1_2 ) (so β > 1). Then by our results in Section 3, for δ > 0, (i) For any ϕ : [0, 1] → R Hölder and ϵ > 0, there exists a constant C ≥ 1 such that μ(|^1_N ϕ_N − ϕ̄| > ϵ) ≤ CN^{−( 1α −1−δ)}, for all N ≥ 1, and (ii) For an open and dense set of Hölder observables ϕ : [0, 1] → R, and ϵ > 0 sufficiently small, μ(|^1_N ϕ_N − ϕ̄| > ϵ) > N^{−( 1α −1+δ)} for infinitely many N.

Furthermore, Hu [16] shows that dμ = g dLeb where g(x) ≈ x^{−α}. Hence with respect to Lebesgue measure, g^{−1} ∈ L^∞ and g ∈ L^p for any p < α^{−1}. By Hölder’s inequality, for δ > 0,

(iii) For any ϕ : [0, 1] → R Hölder and ϵ > 0, there exists a constant C ≥ 1 such that Leb(|^1_N ϕ_N − ϕ̄| > ϵ) ≤ CN^{−( 1α −1−δ)}, for all N ≥ 1, and (iv) For an open and dense set of Hölder observables ϕ : [0, 1] → R, and ϵ > 0 sufficiently small, Leb(|^1_N ϕ_N − ϕ̄| > ϵ) > N^{−( 1α +δ)} for infinitely many N.

In other words, we have polynomial upper and lower bounds for large deviations for intermittency maps with α <^1_2 , using either the invariant measure μ or Lebesgue measure to compute probabilities. For the invariant measure, our estimates are almost optimal. It remains an open problem to obtain sharp results for Lebesgue measure. As far as we are aware, all four estimates (i)–(iv) are new. (Bressaud [4, Lemma 2.2] obtains polynomial decay rates for piecewise linear observables of Wang maps [13] which are piecewise linear approximations of Pomeau-Manneville maps. Here, the analysis reduces to the iid situation. The authors are grateful to J.-R. Chazottes for pointing out reference [4].)

Example 1.4 (Planar periodic Lorentz gas). The planar periodic Lorenz gas is a class of examples introduced by Sinaĭ [33]. The Lorentz flow is a billiard flow with unit speed on T^2 − Ω where Ω is a disjoint union of strictly convex regions with C^3 boundaries. The phase space M = (T^2 − Ω) × S^1 is three-dimensional and the flow preserves volume (so the invariant measure coincides with the reference measure).

The flow has a natural cross-section X = ∂Ω × [−π/2, π/2] corresponding to collisions. The Poincaré map T : X → X is called the billiard map and preserves the Liouville measure dμ = cos θ dx dθ. The Lorentz gas has finite horizons if the time between collisions is uniformly bounded; otherwise it has infinite horizons.

Young [36] proved that the billiard map T : X → X has exponential decay of correlations in the finite horizon case, and Chernov [5] extended this result to infinite horizons. In both cases, the map is modelled by a Young tower with exponential

4 IAN MELBOURNE AND MATTHEW NICOL

tails. For typical Hölder observables ϕ : X → R, we have σ^2 > 0 and by Theorem 4.1 there exists a rate function c_ϕ(ϵ) such that (1.1) is satisfied.

In the finite horizon case, we obtain a large deviations result also for the continuous time Lorentz flow f_t : M → M. Given ϕ : M → R Hölder, define ϕ_T = ∫_T 0 ϕ ∘ f_t dt. Typically the variance is nonzero and by Theorem 5.1 there is a rate function c_ϕ(ϵ) such that

lim sup T →∞ 1 T log Leb(|^1_T ϕ_T − ϕ̄| > ϵ) ≤ −c_ϕ(ϵ).

Example 1.5 (Dispersing Lorentz flows with vanishing curvature). Chernov and Zhang [7] study a class of dispersing billiards where the billiard table has smooth strictly convex boundary with nonvanishing curvature, except that the curvature vanishes at two points. Moreover, it is assumed that there is a periodic orbit that runs between the two flat points, and that the boundary near these flat points has the form ±(1 + |x|^b) for some b > 2. The correlation function for the billiard map decays as O((ln n)^{β+1}/n^β) where β = (b + 2)/(b − 2) ∈ (1, ∞). A byproduct of the proof is the existence of a Young tower with tails decaying as O((ln n)^{β+1}/n^{β+1}). Hence for any ϕ : T^2 − Ω → R Hölder and δ > 0, ϵ > 0, there exists a constant C ≥ 1 such that

Leb(|^1_T ϕ_T − ϕ̄| > ϵ) ≤ CT^{−( b+2b−2 +δ)},

for all T > 0 by Theorem 5.3 (and similarly for the discrete time billiard map by Theorem 4.2). Moreover, Chernov and Zhang [7] anticipate that these results are sharp up to the logarithmic factor, in which case we obtain the corresponding lower bound N^{−( b+2b−2 −δ)} for the billiard map by Theorem 4.3.

Similarly, our results apply to all the examples described in Young [36], including large classes of one-dimensional maps and Hénon-like maps with SRB measure μ, for which we establish (1.1) for Hölder observables ϕ, and all the examples in Young [37] with β > 1, where we establish polynomial rates as in Examples 1.3 and 1.5.

The remainder of the paper is organised as follows. We first focus on (noninvertible) nonuniformly expanding maps, considering exponential tails in Section 2 and polynomial tails in Section 3. In Section 4, we consider nonuniformly hyperbolic systems. In Section 5, we consider nonuniformly hyperbolic flows.

2. Nonuniformly expanding maps with exponential tails

Let (X, d) be a locally compact separable bounded metric space with Borel probability measure m_0 and let T : X → X be a nonsingular transformation for which m_0 is ergodic. Let Y ⊂ X be a measurable subset with m_0(Y ) > 0, and let {Y_j } be an at most countable measurable partition of Y with m_0(Y_j ) > 0. We suppose that there is an L^1 return time function R : Y → Z^+, constant on each Y_j with value R(j) ≥ 1, and constants λ > 1, η ∈ (0, 1), C ≥ 1 such that for each j ≥ 1, (1) The induced map F = T^{R(j)} : Y_j → Y is a measurable bijection. (2) d(F x, F y) ≥ λd(x, y) for all x, y ∈ Y_j . (3) d(T^ℓx, T^ℓy) ≤ Cd(F x, F y) for all x, y ∈ Y_j , 0 ≤ ℓ < r(j). (4) g_j =^{d((m0|Yj )∘F −1)} dm_0|Y satisfies | log gj (x) − log gj (y)| ≤ Cd(x, y) η for all x, y ∈ Y .

LARGE DEVIATIONS FOR NONUNIFORMLY HYPERBOLIC SYSTEMS 5

Such a dynamical system T : X → X is called nonuniformly expanding. There is a unique T -invariant probability measure μ absolutely continuous with respect to m_0 (see for example [37, Theorem 1]).

Our main result in this section is the following.

Theorem 2.1. Let T : X → X be a nonuniformly expanding map as above and assume that m_0(y ∈ Y : R(y) > n) = O(γ^n) for some γ ∈ (0, 1). Let ϕ : X → R be a Hölder-continuous function with mean ϕ̄.

Then the limit σ^2 = lim_{N→∞}^1_N ∫ X (ϕ_N − Nϕ̄)^2 dμ exists, and if σ^2 > 0 then there is a rate function c : R → [0, ∞) such that lim N→∞ 1 N log μ(|^1_N ϕ_N − ϕ̄| > ϵ) = −c(ϵ). The proof of Theorem 2.1 contains three main steps: (i) reduction to a tower map f : Δ → Δ, (ii) reduction to the case where the tower map is mixing, and (iii) application of an abstract result of [15] using the function space constructed in [36]. These steps are carried out in Subsections 2.1, 2.2 and 2.3.

2.1. Reduction to a Young tower. The nonunformly expanding map T : X → X can be modelled by a Young tower f : Δ → Δ of the type studied by Young [37]. The by now standard details can be found for example in the proof of [23, Theorem 2.9]. Define Δ = {(y, ℓ) ∈ Y × N : 0 ≤ ℓ ≤ R(y)}/ ∼ where (y, R(y)) ∼ (F y, 0). Define the tower map f : Δ → Δ by setting f(y, ℓ) = (y, ℓ + 1) computed modulo identifications. The projection π : Δ → X, π(y, ℓ) = T^ℓy defines a semiconjugacy, π ∘ f = T ∘ π. There is a unique invariant ergodic probability measure m equivalent to m_0|Y for the induced map F : Y → Y . We obtain an ergodic F -invariant probability measure on Δ given by m_Δ = m × ν/|R|_1 where ν denotes counting measure, and hence an ergodic T -invariant probability measure μ = π_∗m_Δ on X.

If x, y ∈ Y , let s(x, y) be the least integer n ≥ 0 such that F^nx, F^ny lie in distinct partition elements in Y . If x, y ∈ Y_j × {ℓ}, then there exist unique x^′, y^′ ∈ Y_j such that x = f^ℓx^′ and y = f^ℓy^′. Set s(x, y) = s(x^′, y^′). For all other pairs x, y, set s(x, y) = 0. This defines a separation time s : Δ × Δ → N and hence a metric d_β (x, y) = β^{s(x,y)} on Δ. Let Lip(Δ) denote the Banach space of Lipschitz functions ϕ : Δ → R with norm ‖ϕ‖_{Lip} = |ϕ|_∞ + |ϕ|_{Lip} where |ϕ|_{Lip} = sup_{x≠y} |ϕ(x) − ϕ(y)|/d_β (x, y). Given η > 0, we can choose β ∈ (0, 1) (namely β = 1/λ^η) so that ϕ ∘ π ∈ Lip(Δ) for all ϕ ∈ C^η (X).

Hence, we may reduce to the situation where the nonuniformly expanding map is given by the tower map f : Δ → Δ and the observable ϕ : Δ → R lies in Lip(Δ).

2.2. Reduction to a mixing Young tower. Let k ≥ 1 be the greatest common divisor of the values of R : Y → Z^+. A Young tower is mixing if and only if k = 1, see [36, Lemma 5]. In this subsection, we show how to reduce the nonmixing case k ≥ 2 to the mixing case. The only fact specific to Young towers that we use is the fact that the tower Δ is mixing up to a finite cycle: Δ is the disjoint union of k sets Λ_1, . . . , Λ_k cyclically permuted by f, and f^k|Λ_i is mixing for i = 1, . . . , k. Moreover, each Λ_i has the structure of a (mixing) Young tower. Let g = f^k|Λ_1. Note that m_Δ(Λ_1) =^1_k so m_1 = km_Δ|Λ_1 is an ergodic invariant probability measure for g : Λ_1 → Λ_1.

We show that large deviations for f : Δ → Δ are inherited from large deviations for g : Λ_1 → Λ_1.

6 IAN MELBOURNE AND MATTHEW NICOL

Given ϕ : Δ → R with mean ϕ̄, define ψ : Λ_1 → R, ψ = ϕ^{(1)} + ϕ^{(2)} ∘ f + · · · + ϕ^{(k)} ∘ f^{k−1}, ϕ^{(i)} = ϕ|Λ_i, and set ψ̄ = ∫ Λ_1 ψ dm1. It is easy to see that ψ̄ = kϕ̄. Proposition 2.2. Assume that ϕ ∈ L^∞(Δ). Define ψ : Λ_1 → R as above and let ψ_N = ∑_{N−1} j=0 ψ ∘ g^j . Suppose that there is a rate function c(ϵ) such that lim N→∞ 1 N log m_1(|^1_N ψ_N − ψ̄| > ϵ) = −c(ϵ).

Then lim N→∞ 1 N log m_Δ(|^1_N ϕ_N − ϕ̄| > ϵ) = −c(kϵ).

Proof. We give the details for k = 2. Write

ϕ_{2N} = 2N−1∑

j=0 ϕ ∘ f^j = 2N−1∑

j=0 ϕ ∘ f^j |Λ_1 + 2N−1∑

j=0 ϕ ∘ f^j |Λ_2

= N−1∑ j=0 ϕ^{(1)} ∘ g^j + N−1∑ j=0 ϕ^{(2)} ∘ f ∘ g^j + N−1∑ j=0 ϕ^{(2)} ∘ g^j + N−1∑ j=0 ϕ^{(1)} ∘ f ∘ g^j

= N−1∑ j=0 ψ ∘ g^j + N−1∑ j=0 ϕ^{(1)} ∘ f ∘ g^j + N−1∑ j=0 ϕ^{(2)} ∘ g^j ∘ f^2 + χ

= ψ_N + ψ_N ∘ f + χ where χ = ϕ^{(2)} − ϕ^{(2)} ∘ g^N . Hence m_Δ(|^1_{2N} (ϕ_{2N} − χ) − ϕ̄| > ϵ) = m_Δ(|^1_N (ϕ_{2N} − χ) − 2ϕ̄| > 2ϵ) =^1_2 m_1(|^1_N ψ_N − 2ϕ̄| > 2ϵ) +^1_2 m_2(|^1_N ψ_N ∘ f − 2ϕ̄| > 2ϵ) = m_1(|^1_N ψ_N − ψ̄| > 2ϵ).

Since |χ|_∞ ≤ 2|ϕ|_∞, it follows that lim N→∞ 1 N log m_Δ(|^1_{2N} ϕ_{2N} − ϕ̄| > ϵ) = lim_{N→∞}^1_N log m_1(|^1_N ψ_N − ψ̄| > 2ϵ) = −c(2ϵ), as required. □ 2.3. Proof of Theorem 2.1. By Subsections 2.1 and 2.2, it suffices to prove Theorem 2.1 for f : Δ → Δ a mixing tower map and ϕ : Δ → R a Lipschitz observable. Following Young [36], we define B to be a Banach space of weighted Lipschitz functions as follows. Let Δ_ℓ = ⋃ Δ_{j,ℓ} where the union is over all j with R(j) > ℓ. Let ϵ > 0, β ∈ (0, 1). Given v : Δ → C measurable, define ‖v‖_∞ = sup_ℓ |v1_{Δℓ} |_∞ e^{−ϵℓ}, ‖v‖_β = sup_ℓ |v1_{Δℓ} |_β e^{−ϵℓ}, ‖v‖ = ‖v‖_∞ + ‖v‖_β, where |v1_{Δℓ} |_β = sup_{x,y∈Δℓ} x≠y |v(x) − v(y)| β^{s(x,y)} . Now define B to be the Banach space of functions v : Δ → C with ‖v‖ < ∞. Let B^∗ denote the Banach space of bounded linear functionals. We have the following elementary result.

Proposition 2.3. Provided ϵ is sufficiently small (e^ϵγ < 1 suffices),

LARGE DEVIATIONS FOR NONUNIFORMLY HYPERBOLIC SYSTEMS 7

(a) If v ∈ B, then v̄ ∈ B (complex conjugation) and |v| ∈ B. (b) For all x ∈ Δ, the maps v → v(x) and v → ∫ Δ v dm_Δ lie in B^∗. □ Let P : L^1(Δ) → L^1(Δ) be the transfer (Perron-Frobenius) operator given by ∫ Δ v w ∘ f dm_Δ = ∫ Δ P v w dm_Δ for v ∈ L^1(Δ), w ∈ L^∞(Δ). Note that P 1 = 1.

By ergodicity, the eigenvalue at 1 is simple. Since f is mixing, there are no further eigenvalues on the unit circle. Young [36] shows that P lies in the space L_B of bounded linear operators on B. Moreover, viewed as such an operator, ‖P^n‖ is bounded (so the spectral radius is 1) and P is quasicompact. To summarize: Lemma 2.4. The transfer operator P restricts to a bounded linear operator on B satisfying P 1 = 1 and with spectral radius 1. Moreover ‖P^n‖ is bounded, P is quasicompact, and the spectrum of P lies strictly inside the unit circle with the exception of a simple eigenvalue at 1. □ Proposition 2.5. If v ∈ B and ϕ ∈ Lip(Δ), then ϕv ∈ B and ‖ϕv‖ ≤ ‖ϕ‖_{Lip}‖v‖.

Proof. Compute that |ϕv1_{Δℓ} |_β ≤ |ϕ|_∞|v1_{Δℓ} |_β + |ϕ|_{Lip}|v1_{Δℓ} |_∞ so that ‖ϕv‖_β ≤ |ϕ|_∞‖v‖_β + |ϕ|_{Lip}‖v‖_∞. Similarly, ‖ϕv‖_∞ ≤ |ϕ|_∞‖v‖_∞ and the result follows. □

Corollary 2.6. Let ϕ ∈ Lip(Δ), and define P_z : B → B by P_z v = P (e^{zϕ}v). Then P_z is a bounded operator for all z ∈ C , and the map z → P_z from C to L_B is analytic on the whole of C .

Proof. Write P_z = P M_z where M_zv = e^{zϕ}v. Since P ∈ L_B, it suffices to consider M_z. By Proposition 2.5, ‖M_z‖ ≤ e^{|z|‖ϕ‖Lip} so that M_z ∈ L_B for all z ∈ C . Moreover, ∂ ∂z M_zv = ϕM_zv so that ‖^∂_{∂z} M_z‖ ≤ ‖ϕ‖_{Lip}e^{|z|‖ϕ‖Lip} . Again,^∂_{∂z} M_z ∈ L_B for all z ∈ C , proving that z → M_z is analytic on the whole of C . □

We can now verify the hypotheses of an abstract result of Hennion and Hervé [15, Theorem E*, p. 84]. Once the hypotheses are verified we obtain the large deviation result for Lipschitz observables ϕ : Δ → R. The result for Hölder observables ϕ : X → R is then immediate.

We note that f : Δ → Δ, m_Δ, P and ϕ in this section correspond to τ : E → E, ρ, Q and ξ in [15]. Condition (K1) and part (i) of condition (K2) in [15, p. 81] are valid by Proposition 2.3. The remainder of condition (K2) follows from Lemma 2.4. Condition (K2)(iv) in [15, p. 82] follows from Lemma 2.4 (specifically the fact that P 1 = 1). Condition (K3) holds for all m ≥ 1 (and I_0 = R) by Corollary 2.6 and so we have verified condition K[m] for all m ≥ 1. Finally condition ~D in [15, p. 84] follows from Corollary 2.6 (for any θ_0).

3. Nonuniformly expanding maps with polynomial tails

We continue to assume that T : X → X is a nonuniformly expanding map as in Section 2, but we relax the condition on m_0(R > n). Write ‖ϕ‖ = ‖ϕ‖_Cη . Theorem 3.1. Let T : X → X be a nonuniformly expanding map as above and assume that m_0(y ∈ Y : R(y) > n) = O(n^{−(β+1)}) for some β > 1. Let ϕ : M → R be Hölder with mean ϕ̄ = 0 (for convenience).

Then for any ϵ, δ > 0, μ(|^1_N ϕ_N | > ϵ) = O(ϵ^{−2(β−δ)}N^{−(β−δ)}).

8 IAN MELBOURNE AND MATTHEW NICOL

More precisely, there is a constant C ≥ 1 with the following property. Let p = β − δ and define C_p = 4C^{1/p} ∑ j≥1 j^{−β/(β−δ)}. Write ‖ϕ‖ = ‖ϕ‖_Cη . Then for all ϵ > 0, N ≥ 1, μ(|^1_N ϕ_N | > ϵ) ≤ {4p|ϕ|_∞(|ϕ|_p + C_p‖ϕ‖^{1/p}|ϕ|^{1−1/p}_∞ )}^pϵ^{−2p}N^{−p}. Proof. As in Section 2, we may suppose without loss that T : X → X is mixing.

We claim that |ϕ_N |^{2p}_{2p} ≤ {4p|ϕ|_∞(|ϕ|_p + C_p‖ϕ‖^{1/p}|ϕ|^{1−1/p}_∞ )}^pN^p. (3.1)

By Markov’s inequality,

μ(|^1_N ϕ_N | > ϵ) ≤ |ϕ_N |^{2p}_{2p} ϵ^{−2p}N^{−2p},

so the result follows from (3.1).

It remains to verify (3.1). The two main ingredients are a martingale inequality of Rio [31] recalled for convenience as Theorem A.1 in the appendix, and a result on decay of correlations by Young [37, Theorem 3] which states that | ∫ X P^N ϕ ψ dμ| = | ∫ X ϕ ψ ∘ T^N dμ| ≤ C‖ϕ‖|ψ|_∞ /N^β , (3.2)

for all ψ ∈ L^∞.

Following [25], we substitute ψ = sgn P^N ϕ into (3.2), yielding |P^N ϕ|_1 ≤ C‖ϕ‖/N^β . Hence ∫ X |P^N ϕ|^p dμ ≤ (|P^N ϕ|_∞)^{p−1}|P^N ϕ|_1 ≤ C‖ϕ‖|ϕ|^{p−1}_∞ /N^β , so that |P^N ϕ|_p ≤ C^{1/p}‖ϕ‖^{1/p}|ϕ|^{1−1/p}_∞ /N^{β/(β−δ)}. It follows that χ = ∑ N≥1 P^N ϕ is summable in L^p and |χ|_p ≤^1_4 C_p‖ϕ‖^{1/p}|ϕ|^{1−1/p}∞ .

Next, write ϕ = ψ + χ ∘ T − χ where ψ ∈ L^p(X). It is immediate from the definition of χ that P ψ = 0. Restricting P to an operator on L^2(X), we have P = U^∗ where U : L^2(X) → L^2(X) is the Koopman operator Uϕ = ϕ ∘ T . Hence P U = I and UP = E(·|T^{−1}M) where M is the underlying σ-algebra. In particular, E(ψ|T^{−1}M) = 0 and so E(ψ ∘ T^j|T^{−(j+1)}M) = 0. (In other words, {ψ ∘ T^j; j ≥ 1} is a sequence of reverse martingale differences.)

Passing to the natural extension [32], we obtain ϕ∘T^j = ψ ∘T^j +χ∘T^{j+1} −χ∘T^j for j = 0, ±1, ±2, . . . (this is standard, see for example [12, Remark 3.12]). Then the sequence {ψ ∘T^{−j}; j ≥ 1} is a sequence of (forward) martingale differences with respect to the filtration F_j = T^j M.

Let X_j = ϕ ∘ T^{−j} , Z_j = ψ ∘ T^{−j} . Then for each i ≤ ℓ, ℓ∑ j=i E(X_j |F_i) = ℓ∑ j=i E(Z_j |F_i) + E(χ ∘ T^{−i+1}|F_i) − E(χ ∘ T^{−ℓ}|F_i) = E(Z_i|F_i) + E(χ ∘ T^{−i+1}|F_i) − E(χ ∘ T^{−ℓ}|F_i), and so | ∑_ℓ j=i E(X_j |F_i)|_p ≤ |ψ|_p + 2|χ|_p ≤ |ϕ|_p + 4|χ|_p. Hence b_{i,n} defined as in Theorem A.1 satisfies b_{i,n} ≤ |ϕ|_∞(|ϕ|_p + C_p‖ϕ‖^{1/p}|ϕ|^{1−1/p}_∞ ), and (3.1) follows from Theorem A.1. □

Remark 3.2. We note related results of [19]. In particular, [19, Theorem 3.6] gives a polynomial estimate for L^p martingales and [19, Corollary 4.4] generalises to the case of an L^p martingale plus coboundary. They obtain the decay rate O(N^{−p/2}) and show that this is sharp for L^p martingales.

LARGE DEVIATIONS FOR NONUNIFORMLY HYPERBOLIC SYSTEMS 9

We obtain a stronger result because the underlying observable lies in L^∞ even though the decomposition into martingale plus coboundary holds only in L^p.

We note also that the decay rate in Theorem 3.1 is stronger than the optimal decay rate, namely o(N^{−(p−1)}), for i.i.d.s in L^p (see [19, Proposition 2.6]).

3.1. Lower bounds. In this subsection, we show that Theorem 3.1 is essentially optimal for Young towers. Assume that m_0(y ∈ Y : R(y) > N) ∼ N^{−(β+1)}. Let D_N = {(y, ℓ) ∈ Δ : R(y) ≥ N}. Note that m_Δ(D_N ) ∼ N^{−β}.

Proposition 3.3. Suppose that ϕ ≥ ϕ̄ + ϵ_0 on D_{N0} for some N_0 ≥ 1, ϵ_0 > 0. Then there exists C > 0 such that

m_Δ(^1_N ϕ_N − ϕ̄ > ϵ) ≥ CN^{−β}

(3.3)

for all N ≥ N_0 and ϵ ∈ (0, ϵ_0).

Proof. Let N ≥ N_0, ϵ ∈ (0, ϵ_0). If R(y) ≥ N and ℓ < R(y) − N − 1, then ϕ_N (y, ℓ) ≥ (ϕ̄ + ϵ_0)N > (ϕ̄ + ϵ)N. Hence m_Δ(^1_N ϕ_N − ϕ̄ > ϵ) ≥ m_Δ{(y, ℓ) : R(y) ≥ N, ℓ < R(y) − N − 1} ∼ 1/N^β. □ To obtain an explicit counterexample, take N_0 so large that m_Δ(D_{N0} ) ≤^1_2 .

Define ϕ ≡ 2 on D_{N0} and ϕ ≡ 0 elsewhere (so ϕ̄ ≤ 1). Then the counterexample holds with ϵ_0 = 1.

Remark 3.4. Let ϕ, ϵ_0, N_0 be as in Proposition 3.3. Given ρ ∈ (0, ϵ_0/2), let ϵ_1 = ϵ_0 − 2ρ. Then any ϕ^′ with |ϕ^′ − ϕ|_∞ < ρ satisfies (3.3) for all N ≥ N_0, ϵ ∈ (0, ϵ_1).

Theorem 3.5. Given β^′ > β, there is an open and dense set of Lipschitz observables ψ : Δ → R with ϵ_0(ψ) > 0 such that for all ϵ ∈ (0, ϵ_0(ψ)) m_Δ(|^1_N ψ_N − ψ̄| > ϵ) > N^{−β′} for infinitely many N. Moreover ϵ_0(ψ) may be taken as constant on a Lipschitz neighborhood of ψ.

Proof. Let A denote the set of Lipschitz observables ψ for which the conclusion of the theorem holds. If ψ ∈ Int A, then we are finished. Otherwise, we make an initial perturbation so that ψ ∉ A. We complete the proof by showing that there exists ψ^′ ∈ Int A arbitrarily close to ψ.

Since ψ ∉ A, there exists β^′ > 0 such that for all α > 0 there exists ϵ ∈ (0, α) and N(α) such that for all N > N(α) m_Δ(|ψ_N − Nψ̄| > Nϵ) ≤ N^{−β′} . Hence for all ϵ > 0 there exists N(ϵ) such that for all N > N(ϵ) m_Δ(|ψ_N − Nψ̄| > Nϵ) ≤ N^{−β′} . Let ϕ be the explicit counterexample of Proposition 3.3 i.e. ϕ ≡ 2 on D_{N0} and ϕ = 0 elsewhere. To simplify the construction, we normalise so that ϕ̄ = 0.

10 IAN MELBOURNE AND MATTHEW NICOL

For small δ > 0 define ψ^′ = ψ + δϕ. Compute that m_Δ(|ψ^′_N − Nψ̄^′| > Nϵ) = m_Δ(|δϕ_N + ψ_N − Nψ̄| > Nϵ) ≥ m_Δ(|δϕ_N | > 2Nϵ, |ψ_N − Nψ| < Nϵ) ≥ m_Δ(|δϕ_N | > 2Nϵ) − m_Δ(|ψ_N − Nψ| > Nϵ) = m_Δ(|ϕ_N | > 2Nϵ/δ) − m_Δ(|ψ_N − Nψ| > Nϵ) ≥ CN^{−β} − N^{−β′} ≥ N^{−β′} for sufficiently large N. Hence ψ^′ ∈ A. Moreover, by Remark 3.4, we can replace ϕ by ϕ^′ sufficiently close to ϕ. Hence ψ^′ ∈ Int A. □

Remark 3.6. For certain systems T : X → X modelled by Young towers we may find an open and dense set of Lipschitz observables ϕ : X → R which have polynomial lower bounds. In the notation of Proposition 3.3, let X_N = π(D_N ). Suppose that there exists an N_0 sufficiently large that μ(X_{N0} ) = a_0 < 1 (hence we require that X_{N0} is not dense in X for some N_0). Choose a_1 ∈ (a_0, 1) and define ϕ ≡ 1/a_1 on μ(X_{N0} ) and ϕ ≡ 0 elsewhere. Then ϕ̄ = a_0/a_1 < 1. Smooth ϕ using a bump function so that ϕ : X → R is C^∞ with ϕ ≡ 1/a_1 on X_{N0} and ϕ̄ < 1.

It is immediate that ϕ lifts to a Lipschitz observable ϕ_Δ : Δ → R such that ϕ_Δ ≡ 1/a_1 on D_{N0} and ϕ_Δ < 1. Hence the construction in Proposition 3.3 holds with ϵ_0 = 1/a_1 −ϕ_Δ > 0. Furthermore there exists ρ > 0 such that if |ϕ−ϕ^′ |_{Lip} < ρ (Euclidean metric) then ϕ^′ also lifts to a function ϕ^′_Δ : Δ → R satisfying the conditions of Proposition 3.3 for ϵ_0(ρ) > 0. The statement and proof of openness and density proceeds exactly as in the case of functions on the tower.

The condition on X_N is satisfied in Example 1.3. For these maps T : [0, 1] → [0, 1], we have X_N ∩ (1/2, 1] = ∅ for all N > 2.

4. Nonuniformly hyperbolic systems

Let T : M → M be nonuniformly hyperbolic in the sense of Young [36, 37], (alternatively, see [23, Section 3]). In particular, there is a “uniformly hyperbolic” subset Y ⊂ M with partition {Y_j } and an integrable return time function r : Y → Z^+ constant on partition elements such that, modulo uniformly contracting directions, the induced map F = T^r : Y → Y is uniformly expanding.

Using the induced map F : Y → Y and the return time function r : Y → Z^+, we can build a tower map f : Δ → Δ just as in Section 2.1 with semiconjugacy π : Δ → M given by π(y, ℓ) = T^ℓy. Moreover, the quotient tower map f̄ : Δ̄ → Δ̄ has all the structure of the Young tower in Section 2.1.

In particular, there is an absolutely continuous f̄-invariant ergodic probability measure m¯_Δ. Furthermore, there is an f-invariant measure m_Δ on Δ such that the natural projection π̄ : Δ → Δ̄ is a measure-preserving semiconjugacy. The required SRB or physical measure is given by μ = π_∗m_Δ. This is an ergodic T - invariant probability measure whose restriction to unstable manifolds is absolutely continuous. with respect to Lebesgue measure m^u.

Theorem 4.1. Let T : M → M be nonuniformly hyperbolic modelled by a Young tower, and suppose that m^u(y ∈ Y : R(y) > n) = O(γ^n) where γ ∈ (0, 1). Let ϕ : M → R be Hölder with mean ϕ̄.

LARGE DEVIATIONS FOR NONUNIFORMLY HYPERBOLIC SYSTEMS 11

Then the limit σ^2 = lim_{N→∞}^1_N ∫ X (ϕ_N − Nϕ̄)^2 dμ exists, and if σ^2 > 0 then there is a rate function c(ϵ) such that lim N→∞ 1 N log μ(|^1_N ϕ_N − ϕ̄| > ϵ) = −c_ϕ(ϵ).

Proof. Without loss, we may suppose that ϕ̄ = 0. By [23, Lemma 3.2], we can write ϕ ∘ π = ψ + χ − χ ∘ f where ψ, χ ∈ L^∞(Δ), and ψ depends only on future coordinates. In particular, we can write ψ : Δ̄ → R where Δ̄ is the quotient tower. This is a nonuniformly expanding tower as in Section 2. By [23, Lemma 3.2] ψ is Lipschitz on Δ̄. Hence, by Theorem 2.1 there is a rate function c(ϵ) such that lim N→∞ 1 N log m¯_Δ(|ψ_N | > Nϵ) = −c(ϵ). This result lifts to ψ : Δ → R. Since |ϕ_N ∘ π − ψ_N | ≤ 2|χ|_∞, we obtain lim N→∞ 1 N log m_Δ(|ϕ_N ∘ π| > Nϵ) = −c(ϵ). Since π is measure-preserving, we obtain the required result on M. □ Theorem 4.2. Let T : M → M be nonuniformly hyperbolic modelled by a Young tower, and suppose that m^u(y ∈ Y : R(y) > n) = O(n^{−(β+1)}) where β > 1. There is a constant ~C ≥ 1 with the following property.

Let ϕ : M → R be Hölder with mean ϕ̄ = 0 (for convenience) and norm ‖ϕ‖ = ‖ϕ‖_Cη . Let p = β − δ where δ > 0. Then for all ϵ > 0, N ≥ 1, μ(|^1_N ϕ_N − ϕ̄| > ϵ) ≤ {4p|ϕ|_∞(|ϕ|_p + C_p‖ϕ‖^{1/p}_γ |ϕ|^{1−1/p}_∞ )}^p(ϵ − ~C‖ϕ‖_γ /N)^{−2p}N^{−p}. where C_p is the constant in Theorem 3.1.

Proof. As in the previous result, we have ϕ ∘ π = ψ + χ − χ ∘ f where χ ∈ L^∞(Δ) and ψ : Δ̄ → R is Lipschitz. By Theorem 3.1, m_Δ(|^1_N ψ_N | > ϵ) ≤ {4p|ψ|_∞(|ψ|_p + C_p‖ψ‖^{1/p}_θ |ψ|^{1−1/p}_∞ )}^pϵ^{−2p}N^{−p}. Since |ϕ_N ∘ π − ψ_N | ≤ 2|χ|_∞, μ(|^1_N ϕ_N | > ϵ) ≤ {4p|ϕ|_∞(|ϕ|_p + C_p‖ψ‖^{1/p}_θ |ϕ|^{1−1/p}_∞ )}^p(ϵ − 2|χ|_∞/N)^{−2p}N^{−p}. Moreover, it follows from the proof of [23, Lemma 3.2] that |χ|_∞ ≤ ~C‖ϕ‖ and ‖ψ‖_θ ≤ ~C‖ϕ‖ completing the proof (with a modified choice of ~C). □ Theorem 4.3. Let T : M → M be nonuniformly hyperbolic modelled by a Young tower π : Δ → M, and suppose that m^u(y ∈ Y : R(y) > n) = O(n^{−(β+1)}) where β > 1. Let M_N = π(D_N ) where D_N = {(y, ℓ) ∈ Δ : R(y) ≥ N} and suppose that μ(M_{N0} ) < 1 for some N_0. Then for any β^′ > β, there is an open and dense set of Hölder observables ψ : M → R with ϵ_0(ψ) > 0 such that for all ϵ ∈ (0, ϵ_0(ψ)) μ(|^1_N ψ_N − ψ̄| > ϵ) > N^{−β′} for infinitely many N. Moreover ϵ_0(ψ) may be taken as constant on a Hölder neighborhood of ψ.

Proof. This follows from the same arguments used in the proof of Theorem 3.5 and Remark 3.6. □

12 IAN MELBOURNE AND MATTHEW NICOL

5. Nonuniformly hyperbolic flows Let f : X → X be an invertible measure-preserving transformation with ergodic invariant measure μ. Suppose that h : X → R^+ is an L^∞ roof function and define the suspension flow f_t : X^h → X^h with invariant ergodic measure μ^h = μ × Lebesgue/h̄ where h̄ = ∫ X h dμ. Let ϕ : X^h → R be an L^∞ observable with mean zero. Define ϕ_T = ∫_T 0 ϕ ∘ f_t dt. We consider large deviation results for μ^h(|ϕ_T | > T ϵ). We assume large deviations results on X and deduce results on X^h.

Define the induced observable Φ = ϕ_h = ∫_h 0 ϕ ∘ f_t dt : X → R also with mean zero. As usual, Φ_N = ∑_{N−1} j=0 Φ ∘ f^j . Similarly, h_N = ∑_{N−1} j=0 h ∘ f^j .

5.1. Exponential case.

Theorem 5.1. Suppose that f_t : X^h → X^h is a suspension flow built over a map f : X → X with roof function h ∈ L^∞(X). Let ϕ ∈ L^∞(X^h) be a mean zero observable and define Φ ∈ L^∞(X) as above.

Assume that there exist rate functions c_Φ(ϵ), c_h(ϵ) such that lim N→∞ 1 N log μ(|^1_N Φ_N | > ϵ) = −c_Φ(ϵ),

(5.1) lim N→∞ 1 N log μ(|^1_N h_N − h̄| > ϵ) = −c_h(ϵ).

(5.2) Then there is a rate function c(ϵ) such that lim sup T →∞ 1 T log μ^h(|^1_T ϕ_T | > ϵ) ≤ −c(ϵ).

Define the lap number n[x, T ] to be the integer satisfying h_{n[x,T ]}(x) ≤ T < h_{n[x,T ]+1}(x). Proposition 5.2. For δ > 0 sufficiently small,

lim sup T →∞ 1 T log μ(|n[·, T ] − T/h̄| ≥ δT ) ≤ −(1/h̄)(1 + δh̄)c_h(δh̄^2(1 + δh̄)^{−1}). Proof. Write μ(|n[·, T ] − T/h̄| ≥ δT ) = μ(n[·, T ] ≥ T_+) + μ(n[·, T ] ≤ T_−), where T_± = (1/h̄)(1 ± δh̄)T .

Since μ(n[·, T ] ≥ K) = μ(h_K ≤ T ), we compute that

μ(n[·, T ] ≥ T_+) = μ(h_{T+} ≤ T ) = μ(h_{T+} − T_+h̄ ≤ h̄(1 + δh̄)^{−1}T_+ − T_+h̄) = μ(h_{T+} − T_+h̄ ≤ −δh̄^2(1 + δh̄)^{−1}T_+).

and similarly μ(n[·, T ] ≤ T_−) = μ(h_{T−} − T_−h̄ ≥ δh̄^2(1 − δh̄)^{−1}T_−). Applying (5.2),

lim sup T →∞ 1 T log μ(|n[·, T ] − T | ≥ δT ) ≤ −(1/h̄) min{(1 + δh̄)c_h(δh̄^2(1 + δh̄)^{−1}), (1 − δh̄)c_h(δh̄^2(1 − δh̄)^{−1})}, and the result follows from convexity of c_h. □

LARGE DEVIATIONS FOR NONUNIFORMLY HYPERBOLIC SYSTEMS 13

For ϵ > 0, there is a unique δ < ϵ/(|h|_∞|ϕ|_∞) such that (1/h̄)c_Φ((ϵ−δ|h|_∞|ϕ|_∞)h̄) = (1/h̄)(1 + δh̄)c_h(δh̄^2(1 + δh̄)^{−1}). Define c(ϵ) to be this common value. Then c(ϵ) is a rate function (in particular c(ϵ) > 0 for all ϵ ≠ 0 sufficiently small).

Proof of Theorem 5.1. For notational convenience, we restrict T to integer multiples of h̄. Since ϕ ∈ L^∞, this is no loss of generality.

Let δ > 0 and define A = {x : |n[x, T ] − T/h̄| ≤ δT }. For x ∈ A, we have |Φ_{n[x,T ]}(x) − Φ_{T /}¯_h(x)| ≤ δT |Φ|_∞ ≤ δT K where K = |h|_∞|ϕ|_∞. Hence μ ( |Φ_{n[x,T ]}(x)| ≥ ϵT ) ≤ μ ( |Φ_{T /}¯_h| ≥ (ϵ − δK)h̄(T/h̄) ) + μ(X − A). By (5.1) and Proposition 5.2, lim sup T →∞ 1 T log μ(|Φ_{n[·,T ]}| ≥ ϵT ) ≤ −(1/h̄) min{c_Φ((ϵ−δK)h̄), (1+δh̄)c_h(δh̄^2(1+δh̄)^{−1})}. This holds for all δ > 0 sufficiently small and hence by definition of c, lim sup T →∞ 1 T log μ(|Φ_{n[·,T ]}| ≥ ϵT ) ≤ −c(ϵ). Now write ϕ_T (x, u) = ∫_{T +u} u ϕ ∘ f_t(x, 0) dt = (∫ T 0 + ∫_{T +u} T − ∫_u 0 ) ϕ ∘ f_t(x, 0) dt, for x ∈ X and u < h(x). Hence, | max_{u∈[0,h(x)]} ϕ_T (x, u)−ϕ_T (x, 0)| ≤ 2K. Moreover, |ϕ_T (x, 0) − ϕ_{hn[x,T ](x)}(x, 0)| ≤ K and ϕ_{hn(x)}(x, 0) = Φ_n(x) for all n (cf. [26]) so we obtain | max u∈[0,h(x)] ϕ_T (x, u) − Φ_{n[x,T ]}(x)| ≤ 3K for all x ∈ X. It follows that lim sup T →∞ 1 T log μ(| max u∈[0,h(x)] ϕ_T (x, u)| ≥ ϵT ) ≤ −c(ϵ). Finally, if E ⊂ X is measurable, define Ê ⊂ X^h to be Ê = {(x, u) ∈ X^h : x ∈ E}.

Then ∫ X^h 1Ê dμ h = (1/h̄) ∫ X h1_E dμ so that μ^h(Ê) ≤ (1/h̄)|h|_∞μ(E). The result follows. □

5.2. Polynomial case.

Theorem 5.3. Suppose that f_t : X^h → X^h is a suspension flow built over a map f : X → X with roof function h ∈ L^∞(X). Let ϕ ∈ L^∞(X^h) be a mean zero observable and define Φ ∈ L^∞(X) as above.

Assume that there exists C ≥ 1 and p > 0 such that μ(|^1_N Φ_N | > ϵ) ≤ Cϵ^{−2p}N^{−p}, μ(|^1_N h_N − h̄| > ϵ) ≤ Cϵ^{−2p}N^{−p}, for all ϵ > 0 and all N sufficiently large. Then there is a constant C^′ such that μ(|^1_T ϕ_T | > ϵ) ≤ C^′ϵ^{−2p}T^{−p}, for all ϵ > 0 and all T sufficiently large.

Proof. This is similar to the proof of Theorem 5.1. Define the lap number n[·, T ] as before. Below, the value of C may change from line to line and depends on ϕ, h, and p but not on ϵ, δ, N, T . We compute that μ(|n[·, T ] − T/h̄| ≥ δT ) ≤ Cδ^{−2p}T^{−p},

14 IAN MELBOURNE AND MATTHEW NICOL

and hence that μ(|Φ_{n[·,T ]}| ≥ ϵT ) ≤ C(ϵ − δK)^{−2p}T^{−p} + Cδ^{−2p}T^{−p}, where K = |ϕ|_∞|h|_∞. Taking δ = ϵ/(K + 1), we obtain μ(|Φ_{n[·,T ]}| ≥ ϵT ) ≤ Cϵ^{−2p}T^{−p}. Hence μ(| max u∈[0,h(x)] ϕ_T (x, u)| ≥ ϵT ) ≤ C ϵ^{−2p}T^{−p} for T sufficiently large and the result follows. □

Appendix A. Appendix: Rio’s inequality

The following inequality due to Rio [31, Theorem 2.5] is taken from [27, Proposition 7].

Theorem A.1. Let {X_i} be a sequence of L^2 random variables with filtration F_i. Let p ≥ 1 and define b_{i,n} = max_{i≤u≤n} ‖X_i u∑ k=i E(X_k|F_i)‖_p. Then

E|X_1 + · · · + X_n|^{2p} ≤ ( 4p n∑ i=1 b_{i,n} )_p . □ References

1. V. Araújo. Large deviations for semiflows over a non-uniformly expanding base. Preprint, 2006.

2. V. Araújo and M. J. Pacifico. Large deviations for non-uniformly expanding maps. J. Stat.

Phys. 125 (2006) 411–453.

3. P. Balint and S. Gouëzel. Limit theorems in the stadium billiard. Commun. Math. Phys. 263 (2006) 461–512.

4. X. Bressaud. Expanding interval maps with intermittent behaviour, physical measures and time scales. Discrete Contin. Dyn. Syst. 11 (2004) 517–546.

5. N. Chernov. Decay of correlations and dispersing billiards. J. Statist. Phys. 94 (1999) 513–556. 6. N. Chernov and H. K. Zhang. Billiards with polynomial mixing rates. Nonlinearity 18 (2005) 1527–1553.

7. N. Chernov and H. K. Zhang. A family of chaotic billiards with variable mixing rates. Stochastics and Dynamics 5 (2005) 535–553.

8. A. Dembo and O. Zeitouni. Large Deviations, Techniques and Applications. Applications of Mathematics 38, Springer-Verlag, 2nd Edition, 1998.

9. M. Denker. Probability theory for rational maps. Probability theory and mathematical statistics (St. Petersburg, 1993), 29–40, Gordon and Breach, Amsterdam, 1996.

10. R. Durrett. Probability: Theory and Examples. 2nd Edition, Duxbury Press, Belmont, CA, 1996.

11. R. S. Ellis. Entropy, Large Deviations and Statistical Mechanics. Springer-Verlag, New York, 1985.

12. M. J. Field, I. Melbourne and A. Török. Decay of correlations, central limit theorems and approximation by Brownian motion for compact Lie group extensions. Ergodic Theory Dynam. Systems 23 (2003) 87–110.

13. P. Gaspard and X.-J. Wang. Sporadicity: between periodic and chaotic dynamical behaviors.

Proc. Nat. Acad. Sci. U.S.A. 85 (1988) 4591–4595.

14. J. Grigull. Grosse abweichungen und Fluktuationen für Gleichgewichtsmasse rationaler Ablidungen. Dissertation, Univ. Göttingen, 1993.

LARGE DEVIATIONS FOR NONUNIFORMLY HYPERBOLIC SYSTEMS 15

15. H. Hennion and L. Hervé. Limit Theorems for Markov chains and Stochastic Properties of Dynamical Systems by Quasicompactness. Lecture Notes in Mathematics 1766, Springer- Verlag, 2001.

16. H. Hu. Decay of correlations for piecewise smooth maps with indifferent fixed points. Ergodic Theory Dynam. Systems 24 (2004) 495–524.

17. G. Keller and T. Nowicki. Spectral theory, zeta functions and the distribution of periodic points for Collet-Eckmann maps. Commun. Math. Phys. 149 (1992) 31–69.

18. Y. Kifer. Large deviations in dynamical systems and stochastic processes. Trans. Amer. Math.

Soc. 321 (1990) 505–524.

19. E. Lesigne and D. Volný. Large deviations for martingales. Stoch. Proc. Applns. 96 (2001) 143–159.

20. C. Liverani, B. Saussol and S. Vaienti. A probabilistic approach to intermittency. Ergodic Theory Dynam. Systems 19 (1999) 671–685.

21. A. Lopes. Entropy and Large Deviations. Nonlinearity 3 (1990) 527–546. 22. R. Markarian. Billiards with polynomial decay of correlations. Ergodic Theory Dynam. Systems 24 (2004) 177–197.

23. I. Melbourne and M. Nicol. Almost sure invariance principle for nonuniformly hyperbolic systems. Commun. Math. Phys. 260 (2005) 131–146.

24. I. Melbourne and M. Nicol. A vector-valued almost sure invariance principle for hyperbolic dynamical systems. Preprint, 2006.

25. I. Melbourne and A. Török. Central limit theorems and invariance principles for time-one maps of hyperbolic flows. Commun. Math. Phys. 229 (2002) 57–71.

26. I. Melbourne and A. Török. Statistical limit theorems for suspension flows. Israel J. Math.

144 (2004) 191–209.

27. F. Merlevède, M. Peligrad and S. Utev. Recent advances in invariance principles for stationary sequences. Probab. Surv. 3 (2006) 1–36 (electronic).

28. S. Orey and S. Pelikan. Large deviation principles for stationary principles. Ann. Probab. 16 (1988) 1481–1495.

29. M. Pollicott, R. Sharp and M. Yuri. Large deviations for maps with indifferent fixed points.

Nonlinearity 11 (1998) 1173–1184.

30. Y. Pomeau and P. Manneville. Intermittent transition to turbulence in dissipative dynamical systems. Commun. Math. Phys. 74 (1980) 189–197.

31. E. Rio. Théorie asymptotique des processus aléatoires faiblement dépendants. Mathématiques & Applications (Berlin) [Mathematics & Applications] 31, Springer-Verlag, Berlin, 2000.

32. V. A. Rohlin. Exact endomorphisms of a Lebesgue space. Izv. Akad. Nauk SSSR Ser. Mat.

25 (1961), 499–530.

33. Y. G. Sinaĭ. Dynamical systems with elastic reflections. Ergodic properties of dispersing billiards. Uspehi Mat. Nauk 25 (1970) 141–192.

34. S. Waddington. Large deviation asymptotics for Anosov flows. Ann. Inst. H. Poincaré Anal.

Non Linéaire 13 (1996) 445-484.

35. L.-S. Young. Large deviations in dynamical systems. Trans. Amer. Math. Soc. 318 (1990) 525–543.

36. L.-S. Young. Statistical properties of dynamical systems with some hyperbolicity. Ann. of Math. 147 (1998) 585–650.

37. L.-S. Young. Recurrence times and rates of mixing. Israel J. Math. 110 (1999) 153–188.

Department of Mathematics, University of Surrey, Guildford, Surrey GU2 7XH, UK E-mail address: ism@math.uh.edu

Department of Mathematics, University of Houston, Houston TX 77204-3008, USA E-mail address: nicol@math.uh.edu