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Abstract

We give a sketch of proof that any two (Lebesgue) measurable subsets of the unit
sphere in Rn, for n ≥ 3, with non-empty interiors and of the same measure are equide-
composable using pieces that are measurable.

Recall that two subsets A and B of Rn are equidecomposable if for some m∈N there
exist isometries γ1, . . . , γm and partitions A = A1 t · · · t Am and B = B1 t · · · t Bm

such that γi(Ai) = Bi for each i ∈ {1, . . . ,m}. Equidecomposability for subsets of the
unit sphere Sn−1 ⊆ Rn is defined likewise, with γi’s being rotations.

Banach and Tarski [2] proved that, for n ≥ 3, any two bounded subsets of Rn with
non-empty interiors are equidecomposable. Using earlier results of Banach [1], they also
showed that the above statement is false in R2 and R1. Indeed, in these cases the Lebesgue
measure can be extended to an isometry-invariant finitely additive measure defined on all
subsets, and so equidecomposable sets which are measurable must necessarily have the
same measure.

In this context, Tarski [11] posed the following question: Is a 2-dimensional disk
equidecomposable with a 2-dimensional square of the same area? This problem became
known as Tarski’s circle squaring. Some 65 years later, Laczkovich [6] showed that
Tarski’s circle squaring is indeed possible.

A natural further question is the existence of a measurable equidecomposition where
each piece Ai has to be (Lebesgue) measurable. In opposition to the Banach–Hausdorff–
Tarski-type paradoxes when pieces are rearranged to form another set of different mea-
sure, there is no obvious reason for Tarski’s circle squaring to be impossible with measur-
able or even Borel pieces ([12, Appendix C, Question 2]).

Although we do not resolve the possibility of measurable Tarski’s circle squaring on
the plane, we provide the answer for the analogous question in three and more dimensions.
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To simplify the discussion we do not present the most general statements; they will be
included in the full version of this article (in preparation).

Theorem 1. Let n ≥ 3 and let A,B ⊆ Rn be two bounded measurable sets with non-
empty interiors and of the same measure. Then A and B are measurably equidecompos-
able.

Apart from the higher dimensional measurable Tarski’s circle squaring, Theorem 1
also answers in the affirmative Question 3.14 from Wagon’s book [12] whether a regular
tetrahedron and a cube in R3 of the same volume are measurably equidecomposable. This
can be viewed as the measurable version of Hilbert’s third problem.

To indicate the methods used, we give a sketch of the proof of the analogous theorem
for subsets of Sn−1, and only “up to measure zero”. Afterwards we briefly mention what
is needed to pass to Euclidean spaces and obtain exact equidecompositions (i.e. without
removing subsets of measure zero).

Theorem 2. Let n ≥ 3 and let A,B ⊆ Sn−1 be (Lebesgue) measurable sets with non-
empty interiors and of the same measure. Then there exist sets A′, B′ ⊆ Sn−1 of measure
zero such that A \ A′ and B \B′ are equidecomposable with pieces that are Borel.

Sketch of proof. To simplify the notation assume that A and B are disjoint.
Let µ be the uniform measure on Sn−1 normalised to be a probability measure. A

key ingredient is the following spectral gap property. There exist rotations γ1, . . . , γk ∈
SO(n) and a real c > 0 such that the averaging operator T : L2(Sn−1, µ) → L2(Sn−1, µ)
defined by

(Tf)(x) =
1

k

k∑
i=1

f(γi(x)), f ∈ L2(Sn−1, µ), x ∈ Sn−1,

satisfies ‖Tf‖2 ≤ (1− c) ‖f‖2 for every f ∈ L2(Sn−1, µ) with
∫
f(x) dµ(x) = 0.

The existence of such rotations was shown independently by Margulis [8] and Sulli-
van [10] for n ≥ 5, and then by Drinfel’d [4] for the remaining cases n = 3, 4. (Note that
we cannot have spectral gap for n = 2 as the group SO(2) is Abelian.)

Using [3, Proposition 6.3.2 and Remark 6.3.3(ii)]), it can be shown that the spectral
gap is actually equivalent to the following expansion property. For every η > 0 there is a
finite set S of rotations such that for every measurable subset U ⊆ Sn−1 we have

µ (∪γ∈S γ(U) ) ≥ min(1− η, µ(U)/η). (1)

Since A and B have non-empty interiors and Sn−1 is compact, we can find a finite set
T of rotations such that Sn−1 = ∪γ∈T γ(A) = ∪γ∈T γ(B). Let us fix η > 0 such that
η < min(µ(A)/3, (2 |T |)−1), and let S be as in (1). By enlarging S, we can assume that
S is symmetric, that is, S−1 = S. Let

R := {τ−1γ : γ ∈ S, τ ∈ T} ∪ {γτ : γ ∈ S, τ ∈ T} ⊆ SO(n).

Note that R is also symmetric.
Consider the bipartite graph G whose set of vertices isA∪B and with an edge between

x ∈ A and y ∈ B if for some γ ∈ R we have γ(x) = y.
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Claim 1. Let U be a measurable set contained entirely either in A or in B, and let N(U)
be the set of neighbours of U in G. Then

µ(N(U)) ≥ min

(
2

3
µ(A), 2µ(U)

)
. (2)

Proof of Claim. By symmetry, assume that U ⊆ A. There are two cases to consider when
we apply (1) to U .

Suppose first that µ(∪γ∈S γ(U) ) ≥ 1−η. The set X := ∪γ∈S γ(U) satisfies µ(Sn−1 \
X) ≤ η < µ(A)/3. In particular, fixing some τ ∈ T , we have that N(U) ⊇ τ−1(X) ∩ B
cover at least 2/3 of the measure of B, as required.

It remains to consider the case when the minimum in (1) is given by µ(U)/η. By the
choice of η we have

µ (∪γ∈S γ(U) ) ≥ µ(U)/η ≥ 2 |T |µ(U).

Since the whole sphere is covered by |T | copies of B, there is τ ∈ T such that

µ (τ(B) ∩ ∪γ∈S γ(U)) ≥ 2µ(U).

By definition τ−1γ ∈ R for every γ ∈ S. Therefore, we get that

µ(N(U)) = µ (B ∩ ∪γ∈R γ(U)) ≥ µ (τ(B) ∩ ∪γ∈S γ(U)) ≥ 2µ(U),

proving Claim 1.

Recall that a matching in a graph is a set of edges such that no two edges share a
vertex. A matching M in the graph G is called Borel if there exist disjoint Borel subsets
Aγ ⊆ A indexed by γ ∈ R such that

M = ∪γ∈R
{
{x, γ(x)} : x ∈ Aγ

}
. (3)

Clearly, in order to finish the proof it is enough to find a Borel matching in G such that
the set of unmatched vertices has measure zero. As noted by Lyons and Nazarov in [7,
Remark 2.6], the expansion property (2) suffices for this. Let us outline their strategy.

Recall that an augmenting path for a matching M is a path which starts and ends at
an unmatched vertex and such that every second edge belongs to M . A Borel augmenting
family is a Borel subset U ⊆ A∪B and a finite sequence γ1, . . . , γl of elements of R such
that (i) for every x ∈ U the sequence y0, . . . , yl, where y0 = x and yj = γj(yj−1) for j =
1, . . . , l, forms an augmenting path and (ii) for every distinct x, y ∈ U the corresponding
augmenting paths are vertex-disjoint.

As shown by Elek and Lippner [5], there exists a sequence (Mi)i∈N of Borel match-
ings such that Mi admits no augmenting path of length at most 2i − 1 and Mi+1 can
be obtained from Mi by iterating the following at most countably many times: pick some
Borel augmenting family (U, γ1, . . . , γl) with l ≤ 2i+1 and flip (i.e. augment) the current
matching along all paths given by the family. See [5] for more details.

Our task now is to show, using Claim 1, that the measure of of vertices not matched
by Mi tends to zero as i→∞ and that the sequence (Mi)i∈N stabilises a.e.

Let us fix i ≥ 1 and let X0 be the subset of A consisting of vertices that are not
matched byMi. An alternating path of length l is a sequence of distinct vertices x0, . . . , xl
such that (i) x0 ∈ X0, (ii) for odd j we have xjxj+1 ∈ Mi, and (iii) for even j we have
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xjxj+1 ∈ E(G) \Mi. Let Xj consist of the end-vertices of alternating paths of length at
most j. Clearly for all j we have Xj ⊆ Xj+1 and so, in particular, µ(Xj+1) ≥ µ(Xj). For
j ≥ 1, let X ′j := Xj \Xj−1.

Claim 2. For every odd j ≤ 2i − 1 we have µ(X ′j) = µ(X ′j+1) and µ(Xj ∩ B) ≤
µ(Xj+1 ∩ A).

Proof of Claim. All vertices in X ′j are covered by the matching Mi, for otherwise we
would have an augmenting path of length j. It follows that Mi gives a bijection between
X ′j andX ′j+1. If we take the setsAγ that representMi as in (3), then the partitions∪γ∈RAγ
and ∪γ∈R γ(Aγ) induce a Borel equidecomposition between X ′j and X ′j+1, so these sets
have the same measure, as required.

The second part (i.e. the inequality) follows analogously from the fact that Mi gives
an injection of Xj ∩ B into Xj+1 ∩ A (with X0 being the set of vertices missed by this
injection).

Let k be even, with 2 ≤ k ≤ 2i−2. Let U = Xk∩A. We have thatN(U) = Xk+1∩B.
By Claim 1,

µ(Xk+1 ∩B) = µ(N(U)) ≥ min

(
2

3
µ(A), 2µ(U)

)
.

If µ(Xk+1 ∩B) ≥ 2
3
µ(A) then, by Claim 2, µ(Xk+2 ∩ A) ≥ µ(Xk+1 ∩B) ≥ 2

3
µ(A)

and thus
µ(Xk+2) = µ(Xk+1 ∩B) + µ(Xk+2 ∩ A) ≥

4

3
µ(A).

Now, suppose that µ(Xk+1 ∩ B) ≥ 2µ(U). By applying Claim 2 for j = k − 1 we
obtain

µ(X ′k+1) = µ(Xk+1 ∩B)− µ(Xk−1 ∩B) ≥ 2µ(U)− µ(U) = µ(U).

Again, by Claim 2, µ(X ′k+2) = µ(X ′k+1) and µ(Xk) = µ(Xk−1 ∩ B) + µ(U) ≤ 2µ(U).
Thus

µ(Xk+2) = µ(Xk) + µ(X ′k+1) + µ(X ′k+2) ≥ µ(Xk) + 2µ(U) ≥ 2µ(Xk).

Thus the measure of Xk expands by factor at least 2 when we increase k by 2, unless
µ(Xk+2) ≥ 4

3
µ(A). Also, this conclusion formally holds for k = 0, when X1 = N(X0).

By using induction, we conclude that, for all even k with 0 ≤ k ≤ 2i,

µ(Xk) ≥ min

(
4

3
µ(A), 2k/2µ(X0)

)
. (4)

In the same fashion we define Y0 to be the subset of B consisting of vertices not
matched by Mi and let Yj consist of the end-vertices of alternating paths that start in Y0
and have length at most j. As before, we obtain that Yj’s satisfy the analogue of (4).

The sets Xi−1 and Yi are disjoint for otherwise we would find and augmenting path of
length at most 2i − 1. It follows that they cannot each have measure more than µ(A) =
1
2
µ(A ∪B). Since µ(X0) = µ(Y0) we conclude that

µ(X0 ∪ Y0) ≤ 2µ(A) ·
(
1

2

)b(i−1)/2c
. (5)
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As we noted before, Mi+1 arises from Mi by flipping augmenting paths of length at
most 2i+1 in a Borel way. When one such path is flipped, two vertices are removed from
the current set X0 ∪ Y0 of unmatched vertices. Using this observation and the fact that
each rotation is measure-preserving, one can show that the set of vertices covered by the
symmetric difference Mi+14Mi has measure at most (2i+2)µ(X0∪Y0)/2. We know by
(5) that this goes to 0 exponentially fast with i; in particular, it is summable over i ∈ N.
The Borel-Cantelli Lemma implies that the sequence of matchings (Mi)i∈N stabilises a.e.

This finishes the sketch of proof of Theorem 2.

The argument that leads to (2) can be adopted to show that |N(X)| ≥ 2 |X| for every
finite subset X of A (and of B). In the slightly simpler case when both A and B are
open subsets of Sn−1, the desired bound on |N(X)| can be deduced by applying Claim 1
to the union of spherical caps of sufficiently small radius ε > 0 around points of X .
By a result of Rado [9], this guarantees that each connectivity component of G has a
perfect matching. The (exact) measurable equidecomposition of A and B can be obtained
by modifying the Borel equidecomposition from Theorem 2 on suitably chosen sets of
measure zero where we use Rado’s theorem and the Axiom of Choice. Since all sets of
measure zero are measurable, we obtain a measurable decomposition between A and B
(without any exceptional sets A′ and B′).

The spectral gap property for Rn, as stated in the proof of Theorem 2, fails. However,
we could argue that a suitable reformulation of the expansion property (1) still holds for
bounded sets (while the rest of the proof of Theorem 1 is essentially the same as above).

References
[1] S. Banach. Sur le problème de la mesure. Fund. Math., 4:7–33, 1923.
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