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1 Introduction

Let P be a nonzero laurent polynomial in n variables with coefficients in C (this means that P is
an element of Clx1,...,2n, 27", ..., 2;']). Then we define its (logarithmic) Mahler measure m(P)

as follows: ) .
m(P) := / e / log |P(e2™, ... ?™itn)
0 0

Because all the singularities of the integrand are logarithmic, this integral converges and is well-
defined. In general, it is very hard to compute the Mahler measure of a polynomial, there are only
very few cases for which explicit formulas are known. In this thesis we will be concerned about
polynomials in 2 variables with integer coefficients.

dty - - dt. (1)

This Mahler measure looks like a strange integral but in fact it is a generalization of the heigth
function in algebraic number theory: if « is an algebraic number and P is its minimal polynomial
over Z, then the number m(P)/ deg(P) is known as the height of o and is denoted by h(«), which
can also be defined as

h(a) = (K : Q] Ue\;l(K) max (0, [Ky : Quy] log laly) ,

where one can take for K an arbitrary number field containing o.

Often it seems that we can relate the Mahler measure of a polynomial to the special value of an
L-series. Let’s first look at the L-series of a dirichlet character x of Z. It is defined as follows:

oo

_ 1

Lius) =D xtmn™ = ] 17— (2)
n=1 p prime X\P)p

This L-series converges absolutely and uniformly on compacts sets for s > 1 but it has analytic

continuation to the entire complex plane together with a functional equation relating L(, s) and

L(Yv 1- S)'

Let m be a positive integer congruent to 0 or 3 modulo 4. Suppose that x is an odd real-valued
Dirichlet character, with a given minimal period m (a charachter is called odd if x(—1) = —1).
It’s known that only one such nontrivial x exists, namely the Jacobi-symbol x(n) = (_7:”), see for
example [26] (even if you don’t want to check this, it’s a good book to read). Let’s denote this
character by x_,,. There is a functional equation for L(x,s) from which it follows that

m\/ﬁL
47

L/(X,n“—l) = (Xfm72)7 (3)

where L'(, s) simply denotes £ L(y, s).
In [4] the authors show how the Mahler measure of a polynomial P can be expressed in terms
of the so called dilogarithm function (for its definition, look at section 5) if P is of the form

A(z)y + B(x). In some cases this dilogarithm can be expressed in terms of L(x,2) and thus in
terms of L’(x,—1). They prove, among many other examples, that

2
m(y +a+1) = L'(x-3,—1) and m(y+a®+z+1)= gLI(X%’ b

Another example of an L-series which seems to occur in the computation of Mahler measures is
that of an elliptic curve: if E is an elliptic curve over QQ, defined by a minimal equation with



coeffincients in Z then we can define the L-series of E as follows:

1 1
L(E78) = H P H —s 1—2s?
paie) LT WP g LT @l P

where p runs through all prime numbers and a, = p+ 1 — #E(F,). This product converges for
Rs > 3. There is also a functional equation relating L(F, s) and L(E,2 — s). In fact this follows
from the celebrated theorem of Wiles, Taylor and others that every elliptic curve is modular,
implying Fermat’s Last Theorem.

The first conjectural identity involving an L-series of an elliptic curve was found by Deninger, who
gave a cohomological interpretation of m(P), see [7]. He found this way the following formula to
hold numerically:

1 1
ma+ 1yt )= L(E.0),

where F is the elliptic curve defined by the polynomial = + % + 149+ i of which the Mahler
measure is taken. Inspired by this example, in [4], David Boyd gives several lists of polynomials
P of which he conjectures the following;:

m(P) =rL'(E,0),

where r € Q and F is an elliptic curve. In most cases, the elliptic curve E is isomorphic to (the
jacobian variety of) the zero set of P. For these cases, Fernando Rodriguez Villegas gives an
interesting method to tackle the problem (see [17]). But Boyd also gives some families of P which
define curves of genus 2. In this thesis we will try to tackle the problem for that case.

The precise family of polynomials that we will study is
Pi(z,y) = v* + (2" + kx® + 2k2? + kx + 1)y + 2.

Although the zero set of this polynomial is generically a curve of genus 2, it seems that m(Py) is a
rational multiple of L'(E,0) for k € Z<4 —{—1} with E a certain elliptic curve that is a factor of
the jacobian of the genus 2 curve. Also it appears that m(Py) is a rational multiple of L'(x, —1)
for k € {—1,8} with x a certain real-valued Dirichlet character. In this thesis we will prove the
following:

Theorem 1 Let Py(z,y) = y* + (x* + ka® + 2ka® + kz + 1)y + 2*. Then

m(Py) = L'(E,0) with E:y*=2%+1,
m(P_1) = 2L (x_3,—1),
m(Pg) = 4L (x4, —1).

These three identities can be found back in propositions 8, 7 and 6 respectively.

Although I succeeded in proving these identities, I still don’t understand why such identities must
be valid. These proofs give a deduction which one can verify step-by-step but they seem to exist
coincidentally. It is not at all clear how the arithmetic structure of the polynomials is related to
the arithmetic structure of the L-series. We will rewrite the integral to so-called dilogarithm sums
and these we will rewrite in terms of L-series. It is an open problem whether this is always possible.
In the elliptic curve case it is not clear at all how to prove a relation between the dilogarithm sums
and the L-series, except for a few instances.

It is based on the Bloch-Beilinson conjecture. To be able to understand this conjecture, one first
has to read sections 4 and 6 first. Let C' be a complete nonsingular curve over Q and let g be its



genus. Let KI'(C) be the subgroup of K5(Q(C)) consisting of those elements for which the tame
symbol vanishes at every Q-rational point of C. Furthermore, let H;(C(C),Z)~ be the subgroup
of H1(C(C),Z) consisting of the homology classes that are anti-invariant under the action of
complex conjugation. It is easy to see that this is a free abelian group of rank g. Define the
following pairing:

(-,-): H(C(C),Z)~ x KI(C)/torsion — R : (v, a) %/n(a).

Y

The original conjecture of Beilinson states the following:

Conjecture 1 The abelian group KI'(C)/torsion is free of rank g and the given pairing is non-
degenerate. If we choose bases for the groups KI'(C)/torsion and H,(C(C),Z)~ then the deter-
minant of the pairing is a rational multiple of m=29L(C,2), where L(C,s) denotes the L-series of

C.

However, this conjecture turned out to be incorrect. The rank of K1 (C)/torsion can be higher
than 1 in the case g = 1, as is pointed out in [3]. The computer experiments done in that article
inspired Bloch to do a reformulation of the Beilinson conjecture. Instead of looking solely at the
curve C over Q, we now take a model C of C over Z, which is regular and proper. Then not only
for each point P of C' = Cq but also for each prime number p and each irreducible component D of
the fiber C,, we have a tame symbol K2(Q(C)) — F,(D)*. We define K7 (C) to be the subgroup
of K»(Q(C)) consisting of those elements for which all the tame symbols, including the new ones,
vanish. The reformulated conjecture is now

Conjecture 2 The abelian group KI (C)/ torsion is free of rank g and the given pairing is nonde-
generate. If we choose bases for the groups K1 (C)/ torsion and Hy(C(C),Z)~ then the determinant
of the pairing is a rational multiple of 7=29L(C,?2).

For another experimental verification of this conjecture, see [9]. To my knowledge, the conjecture
is at present far from solved. The rank of KI (C)/torsion hasn’t been proven to be finite. What
has been proven is that in the case that F is an elliptic curve with complex multiplication there
exists an element of K7 (£)/ torsion, representable as a sum of elements {f, g} whose divisors are
fully supported on torsion points, for which the pairing (with any element of H;(C(C),Z)~ of
course) gives a rational multiple of 7=2L(E,2), see [2], [8] and also section 7 of this thesis. Also,
for several modular curves C, the L-series part of the conjecture follows from the rank part, see
[19].



2 Some elementary properties of the Mahler measure

Let n be a positive integer. Then we define the n-torus T as follows:
T :i={(21,.--,20) EC" i 21| = 22| = - = |za| = 1}.
We have a parametrization [0, 1[*— T™ by
(B1,...,0,) — (2™ . e2mifn),
If we make a change of variables using this parametrization, then (1) goes over into

doy  dzn

m(P):ﬁ/.../nlog\P(gﬁ,,,,?xn)?1.. =

If n < m, then Clzi',... 2]  Clzi!,...,zE!], so if P is a polynomial in n variables we can

rvn rYm

compute its mahler measure as an n-fold integral, but also as an m-fold integral. It’s clear that
these two integrals have the same value.

Also note the following trivial identity:

m(PQ) = m(P) +m(Q). (4)

Lemma 1 If n = 1, then we can compute m(P) with Jensen’s formula: Write P = az~"*(z —
a1) - (x — ), then
m(P) = log |a|] + Z log™ |ag|, wherelog™ z = max(0, log x).
k=1

Proof: Of course, we may suppose that P(z) = z — a. There are 3 cases to consider here: the
number « lies inside, outside or on the unit circle.

Let’s first consider the case that « lies inside the unit circle. We can rewrite the integral:

1 1 1 1
/ log |e*™ — a|dt = / log |e2™|dt + / log |1 — ae™ 2™ |dt = —§R/ log(1 — ae®™ ™) dt
0 0 0 0

% (1/ log(1 — az)dz) 7
27 J, z

where v : [0,1] — C : t — 2™ walks over the unit circle. Now, we can define a branch of the

function log(1 — az) on the disc D(0, ﬁ) so it follows from the Cauchy integral formula that our
integral is equal to —Rlog1 = 0.

In the case that « lies outside the unit circle we can define a branch of the function log(z — «)
on the disc D(0, |a|). Hence the result follows immediately from the Cauchy integral formula and
the fact that log |z| = Rlogx for any complex number z.

So it remains to give a proof in case the zero « of P lies on the unit circle. After a rotation over
an angle of —arg(a), we may without loss of generality assume that & = 1. Choose 0 < ¢ < 1.
From the previous part of this proof it follows that

1
/ log |(1 — €)™ — 1]dt = log(1 — ¢). (5)
0



We will show now that the integral fol log | P(e?™%)|dt converges absolutely and that its value is
0. Tt’s clear that one can find a constants cl,¢2 > 0 such that, for t €] — 1/2,1/2], the inequality
c1t|] < |e?™—1| < cat] holds, because the Taylor series of e?™* —1 at t = 0 starts with 0+2mit+- - -.
Hence there is a constant ¢ > 0 such that

|log [e*™" — 1] < ¢ + [log]¢]]. (6)

As everyone knows that f 12 | log |t||dt converges absolutely, it follows that the integral defining
m(P) converges absolutely as well. Now we still have to compute its value. From (6) one can
easily deduce that ffT log [e?™ — 1]|dt = O(T'|log T|) for T\, 0. Let’s now choose T €]0, [ and

e =T?. We want to compute the difference between the integral of (5) and fo log [e2™% — 1|dt. If

te[-1,2]—[-T,T] then

T2 627rit

|10g 1—(1- €)€2mt| —log |1 — e%itu = |log 1 _ e2mit = |log |1 + 1 _ e2mit

‘ 1— (1 —¢g)e?mit

We can further estimate this expression by realizing that |1 — e*™| > ¢; T, using this one easily
finds that _ ‘
log |1 — (1 - £)e*™ | —log |1 — eQ’T”H =O(T).

It’s also clear that f |log |1 — (1 — €)e?™|dt = O(T|log T|). Hence

/2 log |1 — (1—6)6%“\dt—/2 log |1 — ¢27it|dt — O(T) + O(Tlog T)),

1 1
2 2

as one can now see by splitting up the integration interval [—5, 5] into the two pieces [—%7 %] -

[-T,T] and [T, T]. Letting T \, 0 and using (5) we see that m(P) = 0. O

Another elementary but important identity is the following:

Lemma 2 Let A = (a;;);; be a n X n-matriz with integer coefficients and nonzero determinant.
Then
m(P(z1,...,2n)) = m(P(a™ - -xptn, oo™t - xnnn)

Proof: It’s clear that A defines a |det A|-fold cover of (R/Z)™ by itself. Using this and some
elementary calculus we can easily verify that

1 1
P):/ / log |P(e2™ ... e*™n)|dt, -
0 0

1 1
= @ / .. / log ‘P(e2‘ﬂ'i(a11t1+-~~+lllntn)’ . 627ri(a"1t1+...+amltn))‘

d(aiits + -+ aiptyn) - - d(apits + - - + anntn)

/ / log |P 2mi(arrty+- +alntn) . 7eQTFi(anlt1+"‘+an,ntn))|dt1 o dty,
1111 .

. l’aln, L xﬁllnl . x%nn)).



2.1 Polynomials of the form A(z)y*> + B(x)y + C(x)
Suppose that P is of the following special form:

P(z,y) = A(z)y* + B(x)y + C(x).

Suppose furthermore that
|C(z)/A(x)] =1 for all |z| =1. (7)

Then, for fixed z = z¢ of absolute value equal to 1, the equation A(zg)y? + B(xg)y + C(xo) =0
will generally have two roots for y (unless A(z) = 0), whose product is of absolute value 1. This
means that either both roots are on the unit circle or one of them lies inside the unit circle and
the other one outside the unit circle. If one root lies outside the unit circle and one inside, then
denote the root outside the unit circle by y. (z¢) and we see that from lemma 1 it follows that

m(P(zo,y)) = log|A(zo)| +log [y (xo)|-

If both roots are on the unit circle, then for the value of the Mahler measure it doesn’t really
matter which root we take to be yy(x¢), since log |y4(xo)| = 0 for both roots; we have to make a
’smart’ choice for y4 (20) in this case. So we can compute m(P) as follows:
! » 1 dz
m(P) = m(A@) + [ logly (@t =m(A@) + o [ loglu@ T (9)
0 i S x

To be able to tackle the computation of (8), we want y to satisfy the following condition:

Condition 1 The function y. , which sends x to a zero of A(z)y* + B(x)y + C(z) with absolute
value at least one is a continuous complex-valued function on the unit circle, which can be extended
to a function that is holomorphic on an open set U which contains all points of the unit circle except
possibly a finite number of points where the discriminant D(x) = B(x)? — 4A(x)C(x) vanishes.

Let C be the curve over C defined as the zero set of P. If condition 1 is satisfied, then the function

7 [0, 1] = (exp(2mit), y (exp(2mit))) (9)

defines a closed, piecewise smooth path on C. If furthermore A(x) is a product of a power of x
and some cyclotomic polynomials, then from lemma 1 it follows that m(A(z)) = 0 and we can
compute m(P) as follows:

1 dx 1 dx dy
P)=— [1 = |1 il | =7
m(P) 27”'/w og |yl . 277@'/7 og |y| - og || ”

Suppose now that P has real coefficients. Then we can put an extra condition on y, namely

Y+ (@) =y4(z) forall |x|=1and z € U. (10)
The path ~ has the interesting property that (1 — t) = v(¢). In other words, if we reverse v we
get the path 7. This means that y, satisfies (10). We will see later (lemma 22) that this is very
important in order to compute m(P). Because m(P) is real we might as well take the imaginary
part of the integrand to compute it:

1
m(P) = Py / log |y|d arg x — log |x|d arg y. (11)
8!

The differential log |y|d arg z — log |z|d argy is studied in more detail in section 6.



3 Elliptic curves

This section will be used to state and refresh some general and well-known results and definitions
about elliptic curves, which we will need. Most things here will be obtained from [21], so proofs
will be omitted here when they can be found there. Moreover, it might be worth mentioning that
implemented algorithms that can compute various properties of elliptic curves can be found at [6].

Let K be a perfect field. An elliptic curve E over K is a nonsingular projective curve over K of
genus one, with a given K-rational point O on it. For example all nonsingular projective cubic
plane curves with a given rational point have this property. We can always put this curve in
Weierstrass form:

y2 + arzy + agy = 2° + asx? + ayx +ag, O = [0:1:0],
with a1,...,a¢ € K. Note that there is no a5. We have additional quantities

by = a% + 4as, by = 2a4 + aras3, bg = a% + 4ag, bg = a%aG + 4dasag — arasay + a2a§ - ai,
ey = b3 — 24by, cg = —b3 + 36bgby — 216bg,
A = —b3bg — 8b3 — 27b% + bobsbs, j = c3/A,
w=dz/(2y + a1x + az) = dy/(3x* + 2a27 + ag — ary).
The number A is called the discriminant of the Weierstrass normal form of E, the number j is

called the j-invariant of E and w is called the invariant differential of the Weierstrass normal
form of E. Two elliptic curves are isomorphic over K if and only if they have the same j-invariant.

The points of E (you can take the L-rational points of any field extension of K if you like) form
an abelian group, in the following way (we suppose that E has a given Weierstrass normal form):
the point O is the zero element of E. If P = (x,y) € E, then

—P = (x,—-y — a1z — a3).

Now let P; = (x1,y1), P> = (22,y2). Suppose that P; # —P, (otherwise we already know that
P1+P2 :O) Ile 7£.’E2, let

Y2 — Y1 Y1T2 — Y221
A=2_1, =22 P

$2—$17 T2 —T1 ’

otherwise let
_ 323 + 2a271 + ag — a1y —3 + agrq + 2a6 — azyr

2y, + a1w1 + ag ’ 2y1 +a1w1 +as
Then we define P; + P, = (z3,y3) by

A

23 =N+ a\—ay— 21 — 22, y3 = —(\+a1)r3 — v —as.

There is also a geometric interpretation of this group operation: draw a line though P and @ and
define P * @ as the third intersection point of this line with E. Then P + @ is the point that we
get if we draw a vertical line trough P % Q and check what the second intersection point of this
line with F is.

If we have a Weierstrass equation with discriminant equal to 0, then this does not define an elliptic
curve but it defines a curve of genus 0 with singular point S, say. Let E, s be the set of nonsingular
points of E. Then the above formulas still define a group law on E,s. There are 2 possibilities for
the singularity: it could be either a cusp or a node. If it is a cusp, which is the case if and only if
¢4 = 0, then we have a tangent line y = ax + 0 to E at S. The map

= x —x(9)
Ens_>K'(aj>y)'_)m



will be an isomorphism of groups. This type of singularity is called additive. The other type of
singularity, which we call multiplicative, appears when it is a node, in that case ¢4 # 0. There are
two tangent lines, y = ayx + B and y = agx + P2 say. We have the following isomorphism of
abelian groups:

y—air—

y —agx — By

In the additive case, the isomorphism is always defined over K. In the multiplicative case, there
are 2 possibilities again. If a1, ay € K, then the isomorphism is defined over K and we speak of
a split case. Otherwise, a1, as are roots of an irreducible quadratic polynomial over K hence the
isomorphism is defined over the quadratic extension K(«aq,as) of K and we speak of a non-split
case.

Ens Hf* : (1’7y) =

3.1 Elliptic curves over Q

Let for the moment K be equal to Q. Then we can always get a Weierstrass equation with
coefficients in Z. We call such an equation minimal if |A| is minimal. This is the case if and only
if the valuation ord,(A) is minimal for each prime number p. For p # 2,3, the number ord,(A)
is minimal if and only if ord,(A) < 12 and ord,(cs) < 4. And for all p, if ord,(A) < 12 then
ord,(A) is minimal.

Suppose now that we are given such a minimal Weierstrass equation for E. Let p be a prime.
Then we can take this equation modulo p. This equation defines a curve over F,, which we call the
reduction of E modulo p, which we will denote by E/F,. If p{ A, then E/F, will be an elliptic
curve and we say that E has good reduction modulo p. However, if p | A, then A(E/F,) = 0 so
E/F, will be singular. As described above, we have different types of singular reduction, namely
additive, split multiplicative and non-split multiplicative.

There is also a number N = N(E), called the conductor of E. Its precise definition is not of
importance here but we can write is as a product

N(E) =]]»"

where f, is related to the reduction behavior of £ modulo p. In any case,
fp <ord, A(E).

If £ has good reduction, then f, = 0. If the reduction is multiplicative, then f, = 1. If the
reduction is additive then f, > 2, where equality holds if p # 2, 3.

3.2 Elliptic curves over C

Now, let E be an elliptic curve over C. In this case we can use complex analytic methods to study
E. Namely, we can always find a lattice A C C such that E = C/A (as curves and as groups). We
can find A as follows: let w be a holomorphic differential on E, then

A= {/ w : 7y closed piecewise smooth path on E} . (12)
v
Let P € F and choose a path v from O to P on E. Then

PHLW (13)

defines an isomorphism E — C/A. Every algebraic endomorphism of E can via the identification
be written as multiplication by an element o € C such that A C A. For most curves, only a € Z



suffice this condition. If there is an o ¢ Z that suffices this condition, then we say that E has
complex multiplication. In this case, if A = Z + 7Z, then Q(7)/Q is a quadratic extension. Note
that we can always scale A in such a way that it becomes of the form Z + 7Z.

If E is defined over R then we can say even more about A:

Lemma 3 Let E be an elliptic curve over R. Then there is a canonical A of the form Z+ 17 such
that E is isomorphic to C/A over R, where we give C/A an R-structure via complex conjugation.
In particular, A = A.

Proof: Let w be a holomorphic differential form on E defined over R. Then

Q.= {/ w : v closed piecewise smooth path on E}
¥

is a lattice in C. There is a closed path on F of which every point is defined over R so () contains
a smallest positive real number, wy say. Define A = wl Q. We can construct an isomorphism of F
with C/A as follows. Let P be a point of E and let vp be an arbitrary piecewise smooth path on
E which start at O and ends at P. Define

1
o(P) = — dA.
(P) /prmo

w1

Then ¢ defines an isomorphism of E with C/A. To prove that ¢ is defined over R we have to verify
that ¢(P) = ¢(P) for all P € E. This is immediate, as we can take for 75 the conjugate of the
path vp and w is defined over R. It is now also clear that A = A, otherwise complex conjugation
is not well-defined on C/A. O

Lemma 4 Let E be an elliptic curve over R. Let A = Z + 77 be the lattice that belongs to E
according to lemma 3. If A(E) < 0 then we can choose T of the form T = 1/2 + it for some
t € Rug. And if A(E) > 0 then we can choose T of the form T = it for some t € Rsg.

Proof: Obviously, as A = A, we can always find 7 of one of the two given forms. Now, A(E) > 0
if and only if all the 2-torsion points are defined over R. This is the case if and only if the
corresponding points in C/A satisfy z = Z, which in turn is the case if and only if A is of the form
Z + itZ. O

We can also do the converse: given a lattice A C C, construct an elliptic curve that has its lattice
equal to A. We use the Weierstrass p-function, defined as follows:

1
p:pA:C—A—NC:zH——i— Z ) 32
AEA— {0}

Then actually p(z+ ) = p(z) for all z € C— A and A € A and all singularities are poles (of order
2) so that p defines a meromorphic function on C/A. The derivative p'(z) of p(z) satisfies

@-=2% s

Now define the Eisenstein series of weight 2k as

1
Gop = Gox(A) = ) ok
AeA—{0}



Then we have an isomorphism from C/A to
E:y? =42 — 60G4(A) — 140G6(A)
defined by
e { E(;).(zl),. g(z)) . (14)

This isomorphism is inverse to the isomorphism defined by (13) if we choose w = dx/y. If A = A,
then p, E, and the isomorphism from C/A to E are clearly defined over R.

3.3 Divisors on an elliptic curve

If C is an arbitary projective non-singular curve over an algebraically closed field K, then a divisor
on C' is a formal sum of points, often written as

D= np[P] withnp €Z for all P.
pPeC

These divisors form a free abelian group which we denote by Div(C). We define the degree of D
by
deg D = Z np,
PeC

this is a group homomorphism from Div(C) to Z, whose kernel we denote by Div®(C).

Let P be a point of C. The ring O¢ p of functions that are defined at P is a local ring with
maximal ideal mp say. For a function f that is defined at P we define ordp(f) as the biggest
integer n such that f € m'%. Furthermore we define ordp(f/g) = ordp(f) — ordp(g) so that
we have a discrete valuation ordp : K(C)* — Z. We can also define ordp(w) of a differential
w. Let t be a uniformizer at P, then ordp(w) = ordp(w/dt). If char(K) = 0 and ordp(f) > 0,
then ordp(df) = ordp(f) — 1. By successively applying d to f we can compute ordp(f) with this
relation.

Now, if f € K(C)*, then we define the divisor (f) as follows:

(f) =" ordp(f)[P].

pPeC

A divisor which can be written as (f) for some f is called a principal divisor. Similarly, for a
differential w we define (w) as follows:

@) = 3" ordp(w)[P]

and every divisor of this form is called a canonical divisor. Every principal divisor has degree
0, and clearly the principal divisors form a group since f — (f) is a group homomorphism from
K(C)* to Div(C). So the group PDiv(C) of principal divisors is a subgroup of Div’(C). We call
the quotient group Pic(C) = Div"(C)/PDiv(C) the Picard group of C.

If now F is an elliptic curve something remarkable happens: the group structure of F is isomorphic
with Pic’(E) and the following map is an isomorphism:

E — Pic®(E) : P — [[P] - [O]].
In particular, a divisor D = Y np[P] on E is principal if and only if > np =0 and Y  npP = O,

where the last sum is taken in the group structure of E.
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4 Steinberg symbols and K,

In this section we will give some very basic K-theory, which is needed for the rest of this thesis.
No knowledge of homological algebra (which is used very often if one wants to go deeper into
K-theory) is needed to understand this section.

Let F be a field. A Steinberg symbol on F is a bilinear map
c: F*xX F* — A,

where A is an abelian group whose operation we write multiplicatively for the moment, which
satisfies the following condition:

cla,1—a)=1 forallae F*—{1}.
Note that bilinear here means that c(xy, z) = c(z, 2)c(y, z) and ¢(x,yz) = c(z,y)c(z, z) since the

group F* is also written multiplicatively.

Directly linked to these Steinberg symbols is the group K»(F'), which we define as follows:
Ko (F) = (F*® F*)/I,

where I is the abelian subgroup of F* @ F* generated by all elements of the form a ® (1 — a).
We will write the coset represented by = ® y as {z,y} and we will write the group operation
multiplicatively. Furthermore, we will let an automorphism o of F act on Ka(F') in the following

way:
o({z,y}) :=={o(x),0(y)},

multiplicatively extending this to all of K5(F'). This is well-defined because every automorphism
o maps I to itself.

It might be worth noting that not only {a,1 — a} is always equal to 1 but also {a, —a} = 1:

{a,a}{a,la}{a,aal}{i,aal}_l{i,li}_ll.

From this it follows that {a,a}? = 1 because {a,a}? = ({a, —a}{a, —1})? = {a, —1}?> = {a,1} = 1.
Also, the symbol {—, —} is skew-symmetric:

{a,b}{b,a} = {a,—a}{a,b}{b,a}{b,—b} = {a, —ab}{b, —ab} = {ab, —ab} = 1. (15)

It is immediate that the Steinberg symbols on F' with values in A are in 1-1 correspondence with
the homomorphisms K»(F') — A, where ¢ corresponds to the function {z,y} — c(z,y). As a slight
abuse of notation we will denote this homomorphism also with ¢. Note also that simply sending
(z,y) to {x,y} gives a (universal) Steinberg symbol on F.

A very important example of a Steinberg symbol is the so-called tame symbol: let v be a dis-
crete valuation on F' (i.e. a surjective homomorphism v : F* — Z which satisfies v(z + y) >
min(v(z),v(y)) for all ,y € F*). We see that O, := {x € F : v(x) > 0} U{0} is a local ring, with
maximal ideal equal to m, := {z € F : v(z) > 0} U {0} and residue field equal to k, := O, /m,,.
We define the tame symbol on F' at v as follows:

(@,9)0 = (—1)"@*®Z__modm,. (16)

11



It is not so difficult to check that this is indeed a Steinberg symbol on F' with values in k. The
only not completely trivial part is to check that (x,1 —z), = 1 for all x € F. If v(z) > 0 then
v(l —2)=0so

(,1 —x), = -2 = 1 mod my,,

if (1 — ) = v(z), which is for example the case when v(z) < 0, then

v(x) v(x)
x 1
(2,1 —2), = (~1)"@)° ( ) (—1)@ ( - 1) = 1mod m,

1—2z T

and if v(z) = 0 then either v(1—2) =0 or v(1 —z) > 0 and each of these two cases is equivalent to
one of the above after interchanging = and 1 —x. The homomorphism from K»(F) to k; belonging
to the tame symbol (—, —), will be denoted by

Oy : Ko(F) — k.

If F is the function field of a complete non-singular algebraic curve C' over an algebraically closed
field K, then the discrete valuations on F' are in 1-1 correspondence with the closed points of C,
where P corresponds to f — ordp(f). So the tame symbol becomes now equal to

fordp (9)

— (—1)°rdr(f)ordr(g)
(fig)p = (=1)7°" v gordr (D) N

(17)

Let ¢ : C1 — C3 be a non-constant morphism of algebraic curves. For P € (7, we denote by
ep(¢) the ramification index of ¢ at P. From the fact that ordp(¢* f) = ep(¢) ordy(py(f) for all
f € K(C)* one can immediately compute that

016" 1, 6%} = (Do) 11> 93) " (18)

If S is a finite set of points, then we define Ko(C, S) as the subgroup of K5(F') consisting of those
elements {f, g} for which (f,g)p is a root of unity for all P € C — S, or in other words {f, g}
should be in the kernel of the map

KQ(F)H< 1T ki‘£>>®@:{f,g}H< 11 (f,g)p>®1.

PeC-S pPeC-S

Now let E/F be a finite extension of fields. We will now try to study a bit how Ky(F') and Ky (FE)
are related. One can consider the canonical homomorphism

resE/F . K2(F) - K2(E) . {x,y} s {Jf,y},

which we call the restriction homomorphism. In general, this map is not injective. However its
kernel contains only torsion elements so it is not that far from being injective. This will follow
immediately from the first condition in proposition 1.

Besides the restriction homomorphism, there also exists a norm homomorphism. Its precise defi-
nition is rather lenghty and we do not need it in this thesis. However we do need its existence and
certain properties:

12



Proposition 1 For each finite extension of fields there is a homomorphism Ng/p : Ko(E) —
K5 (F) that satisfies the following conditions:

Ng/r (resg/r(x)) = 2B for all x € Ky(E),
Ngsp{z,y} = {2, Ng/r(y)} ifr€F andy€ E,
resg/p (Ng/r(z)) = H o(x) if E/F is a Galois extension,
c€Gal(E/F)

Ng/poNpg = Np/p if L/E is another finite extension.

Proof: In [1] Bass and Tate give a construction of the norm function using a set of generators
for E/F. They prove the first and second equality. They also prove the fourth equality if this
function is independent of the chosen set of generators. Kato shows in [14] that the function
constructed in [1] really is independent of this set of generators so that the fourth equality follows.
It remains to prove that resg/p (Np/p(z)) = I,ccaim/mo(@) if E/F is a Galois extension.
From the commutative diagram on page 39 in [1], this equality immediately follows in the case
that E/F is a simple extension. However, a Galois extension is always separable and a finite
separable extension is always simple (see sections V.3 and V.6 of [13]). O

Now, we will discuss a manipulation trick which is very useful if one wants to compute norms. Let
E = F(a). Suppose we want to compute Ng/p{z,y} where x = bja — a; and y = boax — az, with
a;,B; € F. Put a = y/by — x/by € F. Then y/(abs) + z/(—aby) =1 so {z/(—aby1),y/(abs)} = 1.
If we work this out, we see that this is equal to {x,y}{aby, z}{—aby,y} {—aby,absy}. Hence

{z,y} = {—aby,y}{aby, 2} {—aby,aby} * (19)

and proposition 1 now shows how to compute Ng,p{z,y}.
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5 Dilogarithms and Eisenstein-Kronecker-Lerch series

In this section we will introduce the dilogarithm function as well as the elliptic dilogatithm func-
tions. As is pointed out in [5], in some special cases the Mahler measure of a polynomial P is
closely related to values of the dilogarithm, in case the polynomial P defines a curve of genus 0. In
[17] it is explained how the mahler measure of a polynomial P relates to the elliptic dilogarithm
in case P defines a curve of genus 1.

5.1 The dilogarithm

This subsection will be used to introduce the Bloch-Wigner dilogarithm and some elementary
properties will be given. Many of these properties will be proven in section 6, also see [2], [24] and
[25].

The Bloch- Wigner dilogarithm is defined as

D(z) := log|z| arg(l — 2) — & (/0 log(lt)it), (20)

where we take the principal branch of the arg function and the path of integration is a straight
line segment from 0 to z. Initially, this is defined on {z € C: 0 < |z| < 1} but it can be extended
to a real-valued continuous function on C U {co} which is real-analytic on C — {0, 1}.
The dilogarithm satisfies the following relation:
D(1/z)=D(Z)=—-D(2) =D(1—2) forall z€ CU{o0} (21)
and D(0) = D(1) = D(o0) = 0. From (21) it follows immediately that
D(z)=0 ifzxeR. (22)

We can use relation (21) to compute D(z) for z € C of absolute value greater than 1. To compute
D(z) for z of absolute value equal to 1, one can use the following formula:

0
D(e") = —/ log |1 — e*|dt.
0

We can also define the dilogarithm in terms of a power series:

D(z) = log |z| arg(1 — 2) + S(Lia(2)), where Liy(z) = > o7 z

n=1 n2

By writing down the power series for log(1 — 2) it is immediate that this definition is equivalent
with (20). The power series defining Lis converges for all z with |z| < 1 so it follows that

=, en? =, sin(n
D) =S <Z — ) => 752 9 (23)

The function 6 — Y7, Si“fizw is known as Clausen’s function and denoted by Cla(6).

Other interesting identities of the dilogarithm function are the following:

%D(z”) = z_: D(eQ”i% z) (24)
k=0
and e 1y
D(z)+ D(y) + D(1 — zy) + D(1 — a:y) + D(1 — xy)

~0. (25)
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5.2 The elliptic dilogarithm

In this section we will introduce the elliptic dilogarithm, which is an analogue of the ordinary
dilogarithm, but in this case the function is defined on an elliptic curve instead of a rational curve.
For proofs of the properties we’ll give here, see again [2] and [24].

Let E be an elliptic curve over C. Choose 7 € b such that F(C) 2 C/(Z + Zr) and set ¢ = >™".
A complex point on E corresponds to an element ¢ + (Z + Z7) of C/(Z + Z7). Write z = ™.
Then we define the elliptic dilogarithm as follows:

Dy(¢) = ZD(ZQI>7
leZ

which we view as a function from E(C) to R (note that its value does not depend on the choice
of the representant ¢ because of the normal convergence of the summation: we see from (20) that
D(z) = O(|z]log|z|) for z — 0 and by (21) that D(z) = O(|z| ! log|z])) for z — co. Be aware of
the fact that this elliptic dilogarithm does depend not on the choice of 7 but only on the lattice
7+ Zrt.

An immediate consequence of (21) is the following identity:

Dy(=C) = =Dq(¢) (26)

5.3 Eisenstein-Kronecker-Lerch series

Let A =7 + Z7 C C be a lattice. Define a function (,) from C x A to C* by

(€0 = (60 = (TG 0). (27)

One can easily see that this definition does not depend on the choice of 7 € . This function is
bilinear and satisfies |({, A)| = 1 for all ¢, \. It is easy to see that (1,\) =1 and (7, A) = 1 so the
value of (¢, ) only depends on the image of { in C/A. Hence if FE is the elliptic curve which is
isomorphic to C/A over C, then (,) defines a pairing F x A — C*. One can immediately verify
that this pairing is perfect.

Now, we define for a € Z and s € C a series by
Kon(z,¢8) = Y (GA) @+ N+ A2 (28)
AeA—{—z}
This type of series is called an FEisenstein-Kronecker-Lerch series.

Theorem 2 As a function of the variable s, the series defining Ko a(xz,(,s) converges absolutely
and uniformly on compact subsets for s > § + 1. There is a meromorphic continuation of
Ko a(z, ¢, 8) to the entire s-plane and it satisfies the following functional equation:

T—T

a+1—2s
P(8)Kan (2, 5) = (—1)°(C, ) ( ) Plat1— $)Kaa(Cara+1— ).

211

A pole can only occur if a = 0. Then if € A there is a simple pole at s =1 and if x € A there is
a simple pole at s = 0. No other poles can occur than these ones.
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Proof: See chapter 8 of [23]. O

One has the relation

K—a,A(maC75) :Ka7A<x7_C7§+a)? (29)

which we can easily check for $(s) > 0 where the series converge and according to theorem 2 it
must hold for any s.
We will specialize to z = 0 now.

Lemma 5 The following identity holds:

Ka,A(Oa Ca S) = (_1)aKa,A(07 _Cv S)

Proof: First suppose that s > 0 is high enough so that the series defining K converges nicely.
Since A = —A, it is immediate that

YoOGCMAATE= Y (GNTN AT =0 Y (CGION AT,

reA—{0} reA—{0} reA—{0}

so the result follows in the case that Rs > 0 and hence by theorem 2 for any s. O

Let’s compute some partial derivatives of K, A (0, (, s):

0K, (0,¢,5)  2mi 0K, (0,¢,5)  2mi
ac = ——=Kar1a(0,¢;5) and o =~ Ka1a(0,¢s = 1) (30)

This can be directly verified from (28) if s > 0 when the series converge and again because of
the meromorphic continuation it holds for any s.

We will be mainly interested in the case a = 1,z = 0, s = 2. The series is then equal to

A
Kia0.c2= Y &2 (31)
AeA—{0}
We define a new function M : h x C — C by
A
M(r,0) = (37)Kia0,¢2) = 37 Y. B2 3

AeA—{0}

We will often write M, ({) instead of M(7,¢) and in case it’s clear what 7 is we will sometimes
write M(¢). At first sight this series might seem completely random but we will see later that we
can very often express the Mahler measure of a polynomial in terms of M.

If D => n;[P)] is a divisor on E, then we define
M (D) :=Y " n;M.(P),

Let’s define an equivalence relation = on Div(E) as follows: [—P] = —[P] for all P and [P] =0 if
2P = O and extend this linearly to Div(E). Next, we define a function ¢ : Div(E) x Div(E) —
Div(E): if we write

D1 = an [Pz] and D2 = Zmi [Pi],
then
D1 <& Dg = Z(nlm])[Pl — P]} (33)

4,3
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Since clearly M, (¢) = M,.(—() it follows that the value of M, (D) only depends on the image of
D in Div(E)~ :=Div(F)/ =. This M function now satisfies a steinberg relation as well:

M(r,(f)o(1—=f)=0 forall feC(E)*"—{1}.
A proof of this will be given in section 6.

A very interesting result which connects these series to the elliptic dilogarithm is the following:

Theorem 3 Suppose T € b and write ¢ = €*™7. Let ( € C. Then

RM, () = —7D,(¢*™).

Proof: See theorem 1 in [24]. In fact Zagier proves a much more general identity there, for any
a and s. 0
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6 Regulators

In this section we will introduce a real meromorphic differential form 7 on the complex manifold
defined by a polynomial P € C[z*!, y*!]. We will see that the Mahler measure of P can sometimes
be related to a period of . We w111 also see that if P defines an elliptic curve, the periods of 7 can
be related to values of an Eisenstein-Kronecker-Lerch series and hence to the elliptic dilogarithm.

Let X be a complete non-singular algebraic curve over C. Suppose that we have 2 functions
fyg € C(X)*. Define X(z) to be the set of zeroes and poles of an element z of C(X)* and set
S(f,9) = B(f)UX(g). Set S = X(f,g). We define a real-meromorphic differential 1-form on
X(C)— S by

n(f,g) = log|f|darg g —log|g|darg f. (34)

So 7 defines a function from C(X)* x C(X)* to the R-vector space of real-meromorphic differential
1-forms on X (C), which we denote by M (X). It is easy to see that that 7 is bilinear. It is also
easy to see that n satisfies n(f, f) =0 and n(f,g) = —n(g, f). As M(X) is a vector space over Q,
we can view 7 as a map

i \ S Q- M(X), (35)

where (f A g) ®1, which we shortly write as f A g, is sent to n(f, g). Also, the following interesting
relation between 7 and the dilogarithm can be immediately verified from (20):

dD(z) =n(z,1— z). (36)

We have that

d d df  [df\\ dg d
s -w) o (34T 41

(Y, dg
B (ng>

Written out in local coordinates, this is equal to

! /

S (f PN (Z)dz> =0.
f(2) 9(2)

so it follows that n(f,g) is a closed differential form for each f and g. This implies that if

S = X(f,g9) and v is a closed path in X(C) — S, then the value of the integral f,y n(f,g) only

depends on the homology class of v in Hy(X(C) — S,Z), where we give X (C) the usual complex-

analytic topology. Hence we can define a map r(f,g) : H;(X(C) — S,Z) — R by

T(f7 )_TX((C 7 . '_)/ f7 7 (37)

called the regulator map. From (36) it immediately follows that »(f,1 — f)([y]) = 0 for any closed
path ~ so that

r(fv 1- f) =0.
Now, for each finite susbet S of X (C), the cohomology group H! (X (C)—.S) is naturally isomorphic
to the R-vector space of linear maps H; (X (C) — S),Z) — R. And for S; C S; there is a natural

e H'(X(C) - S1,R) — H'(X(C) — S5, R).

Because the set of zeroes and poles of functions on X can get arbitrarily large, we must take the
direct limit of these cohomology groups if we want to view r as a Steinberg symbol on C(X):

r: Ky(C(X))®Q — thl(X(C) — S, R).
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Now, let P be a point of X (C) and suppose w is a closed real-meromorphic differential 1-form on X.
Since X (C) is a Riemann surface, we can take an open set U > P which is complex-analytically
isomorphic to a disc in C. Let v be a circle in U around P, which is oriented positively (i.e.
counterclockwise). If v is so small that the interior of the circle defined by v does not contain any
poles of w, except possibly P, then we define the residue of w at P to be

1
ReSPW::—/w.
2 ~

Note that this value does not depend on the choice of 7. Note also that Respw = 0 if P is not a
pole of w. The following identity is well-known:

There is a relation between these residues and the tame symbols:

Lemma 6 Let o = {f, g} € K2(C(X)), then

Respn(a) =log|0p(f, 9)l; (38)

where Op is the tame symbol defined in section 4.

Proof: It is clear that it suffices to show that Respn(f,g) = log|(f,¢)p| for all f and g that
are defined on an open neighborhood of P. Ouly a sketch of a proof of that is given in [17], let’s
complete it here. Since Resp is a linear map, both sides of (38) are bilinear. Because of 15 and
the fact that R is torsion-free, both sides of (38) are skew-symmetric as well. So we only need to
check the identity in de cases (ordp(f),ordp(g)) = (0,0),(0,1),(1,1). The second case is done in
[17] so let’s only do the first and the third case.

Let’s assume that ordp(f) = ordp(g) = 0. We see that log|(f,g)p| = 0 so we must prove that
Respn(f,g) = 0, but this is immediate since P is not a zero or pole of f or g so P is not a pole

of n(f, g)-

Now suppose that ordp(f) = ordp(g) = 1. Take a local coordinate z at P. Then we can write
f=az+ O(2?) and g = bz + O(z?) for some nonzero a,b € C and z small enough. We see that
f/g9 =a/b+O(z) for z small enough so log |(f, g)p| = log|a| —log |b]. We can also compute 7(f, g)
in terms of this local coordinate:

b+ O(2)

dg 2
1 — =1
og | f| g oglaz + O(z )|bz—|—(’)(22)

dz =log|az + 0(22)|(§ +0(1))dz
and a similar formula holds if we exchange f and g. So
d d
01J.9) = og | dareg ~ oglgldare £ =3 (tog11%2 ~ 1o 1 T
=g ((log laz + O(2%)| — log |bz + 0(22)|)(% + O(l))dz>
a 1
=9 <(log \g + O(z)|)(; + O(l))dz> .

It follows from the Cauchy residue theorem that if we integrate 1 along a circle with sufficiently
small radius then the value of this integral is 2w log|%|. This gives Resp(n(f,g)) = log|%|, as
desired. 0
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Let Xo(f,g) be the set of points P € X(C) for which (f,g)p is not a root of unity. It’s clear
that Xo(f,g9) C X(f,g). It’s also easy to see that if two paths 7 and 75 are homologous in

X((C) - EO(fag)a then
/n(f,g):/ n(f,9).

In all cases that we will study in this thesis, it will appear that Xq(f, g) = 0 so that fv n(f, g) only
depends on the homology class of v in Hy(X(C),Z).

We will now prove two theorems which relate the values of these integrals to values of the dilog-
arithm in case X = P1(C) and to values of the Eisenstein-Kronecker-Lerch series and the elliptic
dilogaritm in the case that X is an elliptic curve. Let’s start with the theorem for X = P!:

Theorem 4 Let f,g € C(z). Suppose that the supports of the divisors of f and g are in C*. Then

| 019 = X odanoa(o)D (3).

0 a,beC*

where

T(fag) = Z 10g|(f?g)P‘darg(z_ P)

PcC*

Proof: We proved above that 7n(f,g) is closed. Because of lemma 6, subtracting the T'(f,g)
ensures that all the residues of the integrand are 0. This implies that the integral is well-defined
and independent of a chosen path from 0 to oco. The fact that f and g are supported outside
{0, 00} makes sure that the fractions a/b are well-defined if ord,(f) # 0 and ord,(g) # 0.

Define 7'(f,9) = n(f,9) — T(f,g). As T is a steinberg symbol, n'(f,1 — f) = n(f,1 — f). From
(36) and the bilinearity of " it follows now that

dD (Z_b> = (Z_b b—a) =n'(z—=b,b—a)—n'(2=b,2—a)+7n' (z—a,z—a)—n'(z—a,b—a).

z—a z—a z—a
A direct calculation shows that
n'(z—b,b—a)=n"(z—a,b—a)=0.
Of course, ' (f,9) = —n'(g, f) and ' (f, f) = 0 so we see that

dD(Z_b> —1(z—a,z—b).

z—a
Let’s now write
flz)=c H (z—a)%) and g¢(z)=d H (2 — b)ordr(9),
PE beCr
Then

0 (f.9) =1'(c,d) +1'(c,g/d) + 0/ (f/e,d) + D orda(f)ordy(g)y'(z — a,z — b)
a,beC*

_ Z orda(f)ordb(g)nl(z_av’z_b):d Z Orda(f)ol"db(g)D<Z—b> )

z—a
a,beC* a,beC*

so using (21) we see that

[t = X onos) () -0 (1)) = 3 oot (5).

a,beC* a,beC*



And now comes the theorem for elliptic curves:

Theorem 5 Let E be an elliptic curve over C. Pick a 7 € § such that E is isomorphic to C/A,
where A = Z + Z7. Let f and g be rational functions on E. We can view f and g as elliptic
meromorphic functions on C with period lattice A. Then the following identity holds:

g (s+1tr) fl(s+tr)
1 tT —1 tT)|———= | dsdt = M, .
< // og |f(s + 1) L2 (st 1) oglg(s + T)‘f(s—i—tr) 5 ((f) e (9)
To prove this theorem we will first require some lemmas.

Lemma 7 The function

x
z — log |z| + %KLA(O, z,1),
7r

where K1.4(0, z,1) is defined by (31) and theorem 2 defines a harmonic function from (C—A)U{0}
to R.

Proof: From theorem 1 and proposition 2 in [24] it follows that

—KlA(O z,1) ——2210g|1—exp(2m(2+l7 |—2210g|1—exp(2m( z 4 217))|
1=0 =1

2
Sz Sz 1
— 2m(37) ((&) 5T 6> -

In this summation —2log |1 — exp(2mi(z + I7))| is the only term that is not harmonic at z = 0.
By expanding exp(z) in its Taylor series one sees that 1 — exp(27i(z +17)) = —2miz + O(2?) from
which it is immediate that 2log|z| — 2log |1 — exp(27i(z + I7))| is harmonic at 0 so the result
follows. t

Corollary 1 If f is an elliptic meromorphic function on C with period lattice A, then

ST
5 ord, (f)K1,4(0,2 —a,1) + Cy,
T acC/A

log|f(z)] = —

where C'y is a constant which does not depend on z but only on f and A.

Proof: Note that the sum is finite. From lemma 7 it follows immediately that the function

Cy(=) i=log|f() + 5= Y orda(H)K1(0,2—a,1)
acC/A

is a harmonic function from C to R because locally around each point P € C the function log |f(z—
P)|—ordp(f)log|z—P| is harmonic. Furthermore, we see that C'¢(z) is periodic with period lattice
A. As C/A is compact it follows that Cf(z) has a maximum value somewhere. From theorem
7.2.2 in [11] it follows now that Cf(z) is constant. O

Corollary 2 The following formula holds:

(%7)2

Z ord, (f)ordy(g)K_1,4(0,a —b,1).

/ log| f|dlog|g| A dz =
C/A a,beC/A
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Proof: First of all, }° ¢/ 0rda(g) = 0, so that from Stokes’ formula it follows that

dloglg| ANdz = 0.

C/A

Using this and corollary 1 we see that

37\ 2
/ log|fldlog|g| A dz = () Z ord,(f)ordy(g) Ko a0,z —a,1)dKop (0,2 —b,1).

C/A 2 a,beC/A C/A
Applying (30) we see that this is equal to
ST
T Z ord,(f)ordy(g) Koa(0,z2—a,1)K_14(0,z —b,0)dz A d=.
a,beC/A C/A

We will compute the more general integral

Koa(0,z2—a,s)K_1 70,2 —b,s —1)dz A dz. (39)

C/A

Let’s first suppose that $ts > 2. In this case all sums converge nicely if we work out (39) by
substituting the sum in (28). We obtain that (39) is equal to

> )\2\)\1|‘25|>\2|‘25/ (z—a,\)(z — b, \2)dz A dz
A As€A—{0} c/a

. |)\1\‘23)\2|)\2\‘2S/ (2 M+ A2)(@ M)~ (B, o) "1z A d.
)\1,)\26[\7{0} (C/A

If Al = 7)\2, then
/ (z,)\l—&—)\g)d?/\dz:/ dZ/\dz:%/ dx A dy = 2iST.
C/A C/A C/A

If Ay # — A2, then by substituting z = s+t7 with s,¢ € [0,1] and A\; + Ay = m+n7 with m,n € Z,
one obtains

11
/ (2, A1+ N)dzZ ANdz = (T —7) / / exp(2mi(tm — sn))ds dt
c/A o Jo

and this integral clearly vanishes as m and n are both integers but not both zero. Putting this
together we see that (39) is equal to

2i37 Y (a—bNANTY,
AeA—{0}

hence

Koa(0,2—a,s)K_1 A0,z —b,s —1)dz ANdz = 237K _1 7(0,a — b,2s — 1).
C/A

We assumed here that $8s > 2 but because of theorem 2 this formula should hold for any s, in

particular for s = 1 and the result follows at once. O

Proof of theorem 5: As log|g| = 1(log g +log7), it is easy to see that

1 /
/ log | f|dlog |g| A dz = 7/ 1og|f|<g>dz/\dz.
c/A 2 Jeyn g

22




After substitution of z = s + t7 this becomes equal to

//log|fs+t7|( ((S:T))>d dt.

So applying corollary 2 one derives that

//log|fs—|—t |( (s+t7)>d dtZ% Z ord,(f)ordy(g)K_1,4(0,a — b, 1).

( B tT) a,beC/A

Exchanging f and ¢ and using lemma 5 we get that

// <logf s+t7')|( ((Sif:))) 10g|9(8+tr)|m>dsdt

= Z ord,(f)ordy(g)K_1,4(0,a —b,1).

™
a,beC/A

The result of the theorem follows now immediately from (29) and (32). O

Let’s give an example of how we can use theorem 5 to express the regulator maps defined by (37)
in terms of the Eisenstein-Kronecker-Lerch series. Let again be given A = Z + Z7r with 7 € h
and an identification of F(C) with C/A. In this example we assume for simplicity that all tame
symbols (f,g)p, where f and g are fixed and P varies over E(C), are roots of unity. It follows
from (38) that 7(f, g) has all its residues equal to 0 so that the value of the integral only depends
on the homology class [v] of v in Hy(E(C),Z). Let

7 :[0,1] 5 C:t—t and ~2:[0,1] =C:ttr

be the straight paths in C from 0 to 1 and 7 respectively. It’s clear that the corresponding paths
on E(C), which we denote also by 77 and 72 are closed and their homology classes form a basis
for H,(E(C),Z). So it is sufficient to compute r(f, g)(c) for ¢ = [y1] and ¢ = [7].

First we compute r(f, g)([y1]). For each t € [0,1], let &; : [0,1] — C : s — s+ t7 be the straight
path from ¢7 to 1 + t7. We see that all the corresponding paths on F(C) are homologous to 71,

so that [; n(f,9) = [, 1(f,9) = r(f,9)([n]) for all ¢ Since n(f,g) = S(log|f|% —log|g|%), it
follows from theorem 5 that

b= [ ([ ) d

=g e o s+tr 79'(s+t7')70 s+tr 7f’(s+t7) S 40
=3 [ [ (toslss+ 2 toglate e L  asar a0
SM-((f) < (9))

(S7)7

Similarly it follows that

g (s+ tT) f'(s+1t7)
r(f, 9)([v2] —\y// (log|f s—l—tT)\ o5 10gg(s+t7‘)|f(5+t7))7'dtds "
M () (9)))

(\ST)T(

In particular, if 7 is purely imaginary it follows from theorem 3 that r(f, ¢)([v2]) = —Dq((f)<(g))-
Using the identification of E(C) with C/A we can identify H;(E(C),Z) with A, where we identify
[v] with fv dz, then the following formula follows immediately from (40) and (41):

S(MM-((f) < (9)) (42)

(S7)m

r(f,9)() =
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6.1 Dilogarithm identities

Using the theory of this section we can prove the dilogarithm identities from section 5. We start
with an interesting lemma:

Lemma 8 Let fi,..., f, € C(z) —{0,1}. Suppose that

n

Y fEn1—£)=0 in N’C(2)*®Q
k=1

Then
S D(fi(2)

k=1

n

is a constant function of z.

Proof: From (35) and (36) it follows immediately that the derivative of >_;_, D(fi(z)) is zero.OJ

In fact we can see (36), together with D(0) = 0 as a definition of D(z) because lemma 6 shows
that all the residues of n(z,1 — z) are equal to 0.

Let’s prove some identities now, using this lemma. We begin with (21). We see that

-1
z =zAN(1-2) —zA(z=1)+ z2A2z=0,

z z

zA(l—z)—&—iA(l—l):z/\(l—z) —zZA

so that D(z)+ D(1/z) is constant. Substituting z = 1 we see that D(z) = —D(1/z) for all z. The
identities D(z) = —D(1 — z) and D(z) = —D(Z) can be directly verified from (36).

Let’s now prove (24). We can immediately verify that

n—1 n—1
ZPA(1=2")=n(zA1-2"))=n (2/\ H (1 —e%nlkz)> :nZz/\ (1 —eQTkz)
k=0
n—1 ) )
= nZe%;sz/\ (1 — ezwkz) ,

k=0

where in the last equality we make use of the fact that ( A f = 0 for all roots of unity . We see
that D(2™)/n — Z;é D(exp(2mik/n)z) is constant and after substituting z = 0 we see that it is
0.

Let’s finally do the last one, (25). If = € {0,1, 00} then it is trivial, so let’s suppose that z is a
fixed complex number, not equal to 0 or 1. Then z,1 —zz, (1 — 2)/(1 — z2),(1 — 2)/(1 — xz) are
all nonconstant functions. We can see that

1—:£/\<1 1—x> 1—z z(1-2) 11—z

- - A =(1-z2) A ——t
1—zz 1—zz (1—az) x(1—2)

= 1— 1—
1—xz 1—2z + z) A ?)

and similarly

11—_;,2 A (1— 11—_;z> =(1 —xz)/\ﬁ + (1—2)Az(l—2).

Adding these two identities gives, after working out and cancelling out certain terms,

-z /\(1_ 1—95) L 1=z /\<1 1_Z):—(1—xz)/\mz+(1—x)/\x+(1—z)A2-

1—xz 1—xzz 1—2xzz 11— 22
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From this it follows that

11—z 1—= 1—-=2 1-=2
1- 1— 1—- 1-— 1-— =
eA1—z)+2A(1—-2) + ( zz)/\xz+1_xz/\< 1—xz>+1—xz/\( 1_$z> 0

It follows that D(x)+ D(z)+ D(1 —zz)+ D((1 —z)/(1 — z2)) + D((1 — 2) /(1 — zz) is a constant
function of z. Similarly it is a constant function of x. By continuity it is a constant function of x
and z for all 2,z € P}(C). Specializing to * = z = 0 we see that the constant value is 0.
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7 Elliptic curves with complex multiplication

In this section, we let E be an elliptic curve over Q with complex multiplication. We’ll show that
we can relate the the L-series of E to an Eisenstein-Kronecker-Lerch series.

Choose 7 € h such that F is isomorphic to C/A over C where A = Z + Z7. Because E has
complex multiplication, the field K := Q(7) is quadratic over Q. Since 7 € C, we can view K as
an embedded subfield of C. We will suppose that the class number of K is equal to 1, which is
always the case when E is defined over Q, as is a well-known result.

To compute the L-series of E we have to define what a Hecke character is. Let F' be a number
field and let o1, ...,0, be the embeddings of F' into C. Suppose that f is an integral ideal of F'.
Denote by I(f) the multiplicative group of fractional ideals of F' which are coprime to f. A Hecke
character of F' is a group homomorphism

P I(f) - C

for which there exist integers ny,...,n, such that
T
1/)(010}7) = HO’i(Oé)ni
i=1

for every a € F with o = 1modf. We call (nq,...,n,) the infinite type of 1. We assume that 1
is nontrivial, which means that it is not identically 1 on I(f). The ideal f is called a modulus of
1. Tt’s clear that the sum of 2 moduli is also a modulus so that there exist a largest modulus of
1 (because Ok is noetherian), which is called the conductor of 1.

Given such a Hecke character 1, we define its L-function by

1
Lp(y,s) = P(a)N(a)™* = —_—
a ideazlgf OF pes;)lglc(oF) 1—4(p)N(p)

where we put ¢ (a) = 0 if a is not coprime with the conductor f of .

Let’s now go back to our elliptic curve E and our field K. Because h(K) = 1, every ideal of K

is principal. If ¥ is a Hecke character of K of infinite type (n1,n2) and conductor (f), then it is

immediate that y(«) := a'ﬂ(l(gl),_, induces a character of the group (O /fOx)*, which we will also

denote by x. Hence we can write

P((a)) = x(a)a™ ",

The following theorem is well-known:

Theorem 6 If E is an elliptic curve defined over Q with complexr multiplication by an order in a
quadratic number field K, then the class number of K is 1 and then there is a Hecke character of
infinite type (0,1) of K such that

L(E,s) = Lk (1, s).

Furthermore, the corresponding character x takes values in py, the group of roots of unity in K.
Also, the conductors N of E and f of 1 are related in the following way:

N = N(f[Ak],

where Ak is the discriminant of K.
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Proof: See [20]. O

If € is a unit of Ok, then we see that

Lemma 9 Let p be a prime number. If p ramifies in K then p | A(E). If p | A(E) then a, = 0.
If pt A(E) and p is inert in K then a, = 0. And if p1 A(E) and p splits in K, say p = 77, then

ap = X(m)7 + x (7).

Furthermore, this relation determines x(m) uniquely if a, is known.

Proof: We can use theorem 6 to express a, in terms of x. In any case,

R R SR NS ()

There are 3 cases to examine: p can ramify, split or be inert in K. If p ramifies, say (p) = (7)2,
then we do not get a p'=2° term if we work out the right hand side of (45). If x(7) # 0, then we
can see that a, = x(m)7 cannot be an integer, so x(m) = 0. If p is inert, we can easily deduce that
and a, = 0 and also that x(p) = 0 or x(p) = —1, depending on whether p | A(E) or p { A(E)
respectively.

So it remains to consider the case that p splits in K. Let () | p, with () a prime ideal of K. Then
p = 7. We can split this up in two subcases again: either p | A(E) or pt A(E). If p | A(E), then
we see by working out the right hand side in (45) that x(7)x(7) = 0 and that x(7)7+ x (7)1 = a,.
Without loss of generality we can assume that x(7m) = 0 (otherwise exchange 7 with 7). As x(7)w
must be an integer, we see that also x(7) = 0 and a, = 0. Now let’s switch to the case pt A(E).
By working out the right hand side in (45) we see that x(m)x(7) = 1, from which it follows that
x(7) = 1/x(7) and a, = x(7)7 + x (7). It follows that Tx(m)? — a,x () + . This is a quadratic
equation for y(7) whose roots have product equal to 7/7. As (7) # (7) the fraction /7 cannot
be in pug, so the roots cannot both lie in pgx. From theorem 6 it follows however that x(7) must
be an element of p g, so at most 1 root of the quadratic equation can equal x (7). Now it follows
from x(m)x(7) = 1 that x(7) = x(x). O

Lemma 10 The character x satisfies

x(@) = x(«a)

for all a € Ok and the conductor ideal § satisfies
f=f.

Proof: See the proof of lemma 9: for all roots of unity we have the relation x(@) = x(«) and also
for all prime elements. The statement about f is now immediate. O
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The series of (44) involves a multiplicative character. We want to transform it into a sum of series
involving the additive character defined by (27), where we initially take our lattice to be Ok and
later switch over to a lattice A such that E is R-isomorphic to C/A. Let’s develop some tools
to do that. The tools here are mainly based on chapter 11 of [2] and section 4 of [8]. Suppose
that f € Ok is a generator of f. Let C be any (preferably the smallest) positive integer in f and
suppose that g € Ok is such that C' = fg. Also, choose § € b such that Ox = Z[§]. We define a
pairing O x Og — C* as follows:

(2,y) = exp (m%) . (46)

It is clear that this defines a pairing (O /COk)x (O /COk) — C*. Also, (x,y) = (/C,y). Let’s
start with proving some elementary properties of this pairing. From (46) it follows immediately
that

(z,—y) = (—z,9) = (y,2) = (2,y).
Another immediate identity is
(vy, ) = (z,72),
for all x,y, 2z € Og. We also have the following identity:

Lemma 11 Let y € Ok. Then
v ) N(g) gy
Z (@, fy) = { 0 otherwise,
z€(Ok /90K)

where it doesn’t matter which representatives we take for x.

Proof: If g | y, it is clear since every term in our summation is equal to 1 and we sum N(g)
terms. So suppose that g1 y. It suffices to show that er(oK/CoK)<Iv fy) =0, since this sum is

a multiple of the original sum. Hence it suffices to show that }_ 0, /co. (@ ¥) =0 when C'{y.
If we write y = ad + b, then

c .
2mi(bk — al
> =Y Y e ().
z€(Ok /COK) k=11=1

This sum is clearly equal to 0 since at least one of the numbers a and b is not divisible by C. O

The following identity can be proved in the same way:

> <$7y>:{(())2 if C|x (47)
)

otherwise.
IG(OK/COK

To transform the character x to a sum of symbols (x,y), we will define some kind of discrete
analogue of a Fourier transformation. Let ¢ : (Ox/COg) — C be an arbitrary function. Then
we define its Fourier transform ¢ as follows:

1
da)=5 . W)
y€(Ok /COK)
Lemma 12 Let ¢ : (Ox/COk) — C be an arbitrary function. Then

> =5 Y b))

y€(Ok /COKk) y€(Ok /COK)

BN
&
[
Ql=
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Proof: First of all, let ¢(x) = (x,y), with y fixed. Using (47), one sees that

. 1 1 C ifrx=-
P(z) = C Z (z,y)(z,2) = C Z (zx+y) = { 0 :)t}gierwisz,

and this proves the lemma for these functions ¢.

By linearity, we can also prove the lemma for ¢(z) = Zye((’)K/COK) ¢y(z,y), where ¢, € C are
arbitrary coefficients. The vector space of functions (O /COf) — C has dimension C?. To prove
the lemma it now suffices to prove that the functions x +— (x,y), with y fixed, span this vector
space. As the number of such functions is C?, we have to show that they are linearly independent.
Suppose that ¢(z) = }°, c (0, /cox) ¢ (T y) = 0. Then on one hand, ¢(z) = 0 but on the other

hand, ngS(x) = c_, for all . So ¢, = 0 for each y, which proves linear independence. O

We will now restrict to ¢ = x. We need a few extra identities before we can completely rewrite
the summation. The first one shows that, if we know X(z) for some z, then we can compute x(zy)
for all y coprime to f:

X(zy) =xX[@)X (). (48)
We can prove it in the following way:
N 1 1 N N e
X(ay) = 5 > Xz ay) = ol X@)x([@2) Gz, z) = X[@)X(x).
ZEOK/COK ZE(OK/COK)
The next identity is:
x(x)=0 ifgtz. (49)

We can prove this using lemma 11:

N 1 1
X@) =5 > xWy.x) = ol > > X+ fy2)w + fy2, )
y€(Ok /COK) y1€(Ok/fOK) y2€(Ok /9OK)
1
= > x> (fyea)
y1€(Ok/fOK) y2€(Ok /90K)
1 _
=5 > X)) D (e, fr) =0,
y1€(Ok/fOK) y2€(OK /90K)

where of course it doesn’t matter which representatives we take for y; and ys as long as we keep
the choices fixed in each summation. There is another case where x(z) = 0:

Lemma 13 Suppose that x is not coprime with §f. Then
X(gz) = 0.

Proof: Suppose that (z,f) = (d) and write f = df’. The claim is that there is a y € O,
coprime with f such that x(y) # 1 and y = 1 mod f’. Suppose that for x(y) = 1 for all y with
y = 1mod f’ and y coprime to f. Then one can easily deduce that (f’) is a modulus for y, which
is in contradiction with the fact that f is the conductor. For y which suffices the claim, one can
easily see that gry = grmod C so that x(gry) = x(gz). On the other hand, (48) shows that

{(@ry) # X(Gx) except when (Fx) = 0. O

We are now ready to rewrite (44). Assume, to ensure normal convergence, that Rs > 3/2. First
we apply lemma 12:

1 a)a 1 . T, )0
b= 3 N X3 @it

x| acOx—{0} a€0K —{0} 2€(Ox /COK)
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By (49), we can drop all terms with 2 not divisible by g, so that
1 e Jgr, )
Li(y,s) = Clur > k@) D) <|a|2$>'
z€(Ok /fOK) acOr—{0}
Because of lemma 13 we can drop all terms with x not coprime to f, therefore

Yo k@) Y W

z€(Ok /fOK)* a€O0k —{0}

EECEDS W

xG(OK/?OK)* a€Ok—{0}

)
Clukl|

where this last equality follows from (48). Now,

(Go,0)T  (2,90)T _ |g* (0,90)FT | mes (290070
=19 e

)

lal> o g |gaf?

therefore

LK(?,ZJ,S) _ X(§)|g|2872g Z Y(f) Z <x;9a>w

C o 2s
|MK| ve(Ox JTOK) acOr—{0} \9 |
Applying lemma 10 we see that this is equal to

X@)lg1* g 3 T (z, go)ga

L = —_—— _—

K(Q/J,S) C‘,MK| X(l') |ga|23 ;
2€(Ok /fOK) OtEOK—{O}

where we dropped the condition that x has to be a unit in Ok / fOk as for the non-units x(z) = 0.
From lemma 10 it also follows that divisibility by g is equivalent with divisibility by g. So it follows
now from lemma 11 that

Y x@@a = Y a) Y (an+ fasa)

2€(0Ok /COK) z1€(OK/fOK) 22€(Ok /gOx)
= Z x(z1)(z1, o) Z (z2, fa)
z1€(0k/fOxK) 226(Ok /gOk)
= N(g) lee(OK/foK)X($1)<l'1,Oé> if g ‘ «
0 if g1,

so that we can conclude that
X(@)lgl** 2
Lg(¥,s) = —F——
W9 == Cluuxly

SIERCED S~ (50)

z€(Ok /COK) acOr—{0}

Let’s now for simplicity assume that our elliptic curve has complex multiplication by the full ring
of integers Ok . Let A be the canonical lattice associated to E according to lemma 3. As OxgA C A
and A has rank 2 as a free Z-module, we see that A is a projective Ox-module of rank 1. But Ok
has class number 1 so it follows that A is isomorphic to Og. The number 1 is an element of A so
there is a A € Ok such that

A= )\"10k.

Let’s rewrite (50) as a sum over A. We want to rewrite it in terms of the function defined by (28)
from section 5. Note that, for z € O, € A we have the following identity:

)

~ exp (caJ(oK) (s — Axa)) — (. )a).
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We can use this to derive that

(9)|g|> 2 x, Aa)

2s
Cluxlg 2€(Ox /COK) aEA—{0} [Aal
~ X@lgl* 72X (35,0), @
= Chwlgpr 2 @ 2L P
xE(OK/CO}() (XGA—{O}

X(@)]gl* 2\ Z

=0 X(2) KA < )
2s
Clpr|g || 2€(0x /COK) AC

Now let ¢ € pg. Then multiplication with ¢ sends A to itself, hence

K1A(0,Cx,s) = Z (ﬂzz(;s)a— Z M: Z M:ZKLA(O,Z,S).

2s 2s
acA—{0} acA—{0} |a| acA—{0} |Ca|
(51)
Furthermore, lemma 10 shows that x takes values in pg, so that we have arrived at a proof of

Theorem 7 Let E be an elliptic curve over Q with complex multiplication by the full ring of
integers in the imaginary quadratic field K. Let x, f, g, C and X\ be as above. Then

X@)gl** A X(z)x
L(E,s) = 5 E KialO, S -
CluxlgIA*  05c0m0 AC

7.1 The curve 3?> = 2% + 1

Let’s use theorem 7 to express the L-series of the elliptic curve
E:y =2%4+1

in terms of the Eisenstein-Kronecker-Lerch series. We will meet this curve later when calculating
a Mahler measure.

The discriminant A(E) is equal to —432 = —2% . 33, so results from section 3 show that the given
Weierstrass equation for F is minimal.

Let’s now show that K = Q({3) and that F has complex multiplication by the full ring O.
This actually immediately follows from the fact that G4(Ok) = 0, which is easy to see because
G4(OK) = G4(GOK) = G4(OK)(3*, so the curve C/Ox can be given the Weierstrass equation
y? = 423 — 140G¢(Of ), which is (over C) clearly isomorphic to E.

However, it is also easy to see that two curves of the form y? = 23 + ag are isomorphic over R
if and only if the signs of their coefficient ag are equal. We will show now that Gg(Ok) > 0 but
Gs((v/3i)~1Ok) < 0 (it is clear that both numbers are real). The group g acts freely on the set
Ok — {0} and each orbit has a representative of the form a 4 b{s with a > 1 and b > 0. So we see

that
6
1
o= ¥ 5= ¥ S iear ' Y iy

acOx—{0} a>1,b>0 a>1,b>0

1
=61+ > PERTAT

a>1,b>0
(a.5)#(1.,0)

31



To prove that Gg(Ok) > 0, we will show that the remaining sum has absolute value less than 1:

1 1 1 1
—_— —_— = — + -
g;zo (@ + bCe)|® EZ (@ +ab+b2)3 38 722 (a2 + ab + b2)3
(a,6)#(1,0) (a,b)#(1,0) max(a,b)>2

1 1 R — 1
SEt 2 mEp Pt 2 @

a>1,b>0 c=2 a>1,b>0
max(a,b)>2 max(a,b)=c
I =2 1
c=2

So we see that Gg(Ox) > 0, from which it follows that Gg((v/3i) " 0k) = —33G(Ok) < 0. So
over R, the curve E is isomorphic to C/A where A = (v/3i)"'Og. This means that we can take

A= 3i.

Now we will determine the character x and its conductor ideal. The discriminant A(E) consists
only of the prime factors 2 and 3. In K, the prime (2) is the only one that lies above 2 and (v/34)
is the only prime that lies above 3. So f, a generator for the conductor of xy must divisible by
2v/3i. We also know that N(E) | |A(E)| =2*-3% As Ax = —3 we conclude from theorem 6 that
f 122 (V/3i)2. This means in any case that the ideal (22 - (v/34)?) is a modulus for y. To prove
that (2v/37) is the conductor of x we must verify that x(z) = 1 for all z in the kernel of the map
(Or/((2v/30)%))* — (Ox/(2v/3i))*. This kernel consists of elements represented by 1, 1 + v/3i,
—24-+/3i and —2—+/3i. The identity y(1) = 1 is trivial. We can use lemma 9 to compute the value
of x for the other elements. To verify that y(1++/3i) = 1, we must show that a; = —4, which can
be verified easily by simply counting points. And to verify that x(—2 + v/3i) = x(—2 — v/3i) = 1
we must show that a;3 = 2 which we can also count by hand. In conclusion, the character y has
conductor (f), where
f=2V3i.

The group px is exactly a set of representatives for (Ox/(f))* so that (43) shows that x is
determined by x(x) = for all x € pg.

We want to express L(F,s) in terms of K1 (0,7,s). As f = 21/3i, we can take g = —/3i and
C = 6. A straightforward calculation shows that

L@lg* X _ V3
Cluxlg AP ~ 108

We can also straightforwardly let « run through all elements of O /COf that are coprime with
f and see that the expression X(z)x meets each of the values 1, 4 +1/3i and 4 — v/3i (of course
mod 6A) exactly 6 times. So applying theorem 6 we conclude that

V3i ( 1 ) 4+/3i 4—/3i
L(E,s) =~ [ Kia (0,——,s ) + K1 [0, s+ KA [0, —E2 s
(E,5) = 708 | Kra 6/3i LA 6v/3i bA 6v/3i

. o s s
- v (KLA (0, ﬂl,s) + K (0, 43 8@,5> + K (0, ke A ﬂl,s)) .

108 18 1 18

We are almost satisfied with this formula but not entirely because the coeflicient ﬁz /3 is not a
rational number. We can use (51) to do something about this. Write v/3i = (3 — (3, then we see
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that

V3iK, A (07 \/§i’5> = (- G)Kia (07 \/§i’5>

18 18
—?3\/51 7(3\/§i
=K - K 2
1,A (Oa 18 ;S 1A 07 18 ) S (5 )
—3+/3i 3+/3i
=K _ - K .
1,A <Oa 36 ,S) 1,A <07 36 a3>

Similarly,

3—4v/3i —15 +/3i 9+ 7/3i
V3iK A (0, 18‘[25> = KA (0, ;;\[Z5> — KA (0, ms) (53)

and

-3 —4v3i -9+ T7v3i 15 31
\/giKl,A <07 18\/77/“9) = Kl,/\ <0a —;)6\/72’8> - Kl,A (07 —’?;6\/77/78> . (54)

Adding (52), (53) and (54) leads to an expression for L(E, s) in terms of K1 A (0, z, s) with rational
coefficients. If we put
3+V3i

6 bl

then 1,7 is a basis for A and we can write out everything in this basis. If we also keep in mind
that K1 4(0,—z,s) = —K1,A(0,z,s) and K1 A(0,z,s) = K1.4(0,y,s) when  —y € A, then we see

that
1 —1+7 -7 3+7
L(E =— (K K — K
(E,s) 18( 1,A <0, 6 ,8>+ 1A (0, 5 ,S)+ 1,A <07 5 ,8>

2 — 1 -2 —
+K1,A (0767-78) +K1,A (Oa —;7—7‘9) +K1,A (0767-75>) .

We can even further simplify this. Define for z,y € A:

Sy =Y (T.dhy) ™

5
k=0

As pg acts freely on A — {0}, we can see that

T

E) =5 X SN,

AeA—{0}

Kia (0

since each term in the sum defining K4 » is added 6 times now. Also define
T(y) = 5(71+77y) +S(77-’y) +S(3<i>7_ay) +S(27Tay) +S(1+T7y)+5(72773y)7

then 1
_ 3N —2s
L(E.s) = 152 > T
AeA—{0}
Now it is clear from the definition of (x/6,y) that S(x,y) and T(y) only depend on y mod 6A. The
following formula can be proven by verifying it straightforwardly for all posibilities of z mod 6A
and y mod 6A:
T(y) = 0 if y & V/3iA;
v= —3V3iS(1,2) if y = +/3iz with x € A.
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Note here that v/3iA = Z + 377, and that whether y € v/3iA does not depend on the representant
of ymod6A. So one simply verifies that T'(y) = 0 for all ymod 6A not of the form a + 3b7 and
that T'(v/3iz) = —3v/3iS(1,z) for all zmod 6. We can put everything together now:

L(E,s) = —— 3 TOVNA2 = 3 T(VBiNV3IAVEiA

108 Arer—{o} 108 AeA—{0}
73\/31 aiYa—s —2s —1 i —2s
= o5~ 2 SOWVEBNTINTE =g 3L SAN (55)
AeA—{0} AeA—{0}

—1 1
= 5 SSKLA (07678) .

Also, it can be verified easily that S(2,y) = 0 for all y € A so that

1
Kia (0, 3,3) =0, (56)

an identity which will appear to be of use later. We assumed that s > 3/2 but by theorem 2
these two formulas hold for any s € C (though it should not be too difficult to see the analytic
continuation of the latter one without knowing this theorem).

Now that we know that L(F,s) has an analytic continuation, we can also try to determine a
functional equation for it, relating L(FE,s) and L(E,2 — s) to each other. Theorem 2 gives the
following functional equation:

T(s)K; A (0, é s> = —(2V3m)370(2 — 5) KA (é,o, 2— s> . (57)

So we should take a closer look at K3 A(1/6,0,s). Assume that Rs > 3/2. Set

5

L if A = L mod6A; and U:A—{O}HC:AHZU(Q’?A)Cﬁ_k.

0 otherwise

u:A—>C:/\»—>{

k=0
Then )
Kia (20,5 =Y LY 1+)\75:623_12(1+6/\)\1+6)\\_25
A6 6 6
AEA AeA
=621 Y Tu(MAATF =67 > U
XEA AeA—{0}
It can be verified straightforwardly, as above, that
U(x) = 0 if v & \/giA;
T 2EiS(Ly) if o = 3iy with y € A.

So, using also (55), we see that

1 _ [
Kia (6,0,s> =672 Y UWXAT = -6 Y VBiS(1, M) V3iA|V3iA 7>
AeA—{0} AeA—{0}
= 2279372 N S(L AN = 62T L(E, 5).
AeA—{0}
Using (55) and (57) and the analytic continuation we see now that
I'(s)L(E,s) = 3*7257%5721'(2 — 5) L(E,2 — s)

We know that I'(s) has a simple pole of residue 1 at s = 0. From this it follows now that
L(E,0) =0 and

9

L'(E,0) = pL(E,Q). (58)
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8 Hyperelliptic curves

This section will be used to state some general properties of hyperelliptic curves. A hyperelliptic
curve is an algebraic curve C' over a field K of genus at least 2 for which there exists a morphism
7 : C +— P! of degree 2. To serve generality, we will allow genus 0 and genus 1 curves that have
this property as well and abusively call them hyperelliptic. The function field K (C) is a quadratic
extension of K (x). From this it follows immediately that there is automorphism ¢ of C' with :? = id
and 7t = 7. We call ¢ the hyperelliptic involution of C. This ¢ need not be unique when g(C) <1
but we will see in corollary 3 that it is unique when g(C) > 2.

Let’s assume that char(K) = 0. Then it follows from the fact that [K(C) : K(z)] = 2 that we can
define C' by an affine equation of the form

y* = f(a), (59)

where f(x) is a polynomial in K [z] with no multiple roots. Now the morphisms 7 and ¢ are defined
as follows:
m:(z,y)—ax and ¢:(z,y)— (z,—y).

Let d be the degree of f and set g = [45].

Lemma 14 A complete nonsingular model of C' consists of two affine pieces: the curve Cy defined
by (59) and the curve Cy defined by

w? = vl f(1/v) if d is even and w? = v f(1/v) if d is odd,

where Cy and C7 are glued to each other by the morphisms

6:Co— (0}~ Cus o) = (Lo2) wiC— (0w = Co: () (100,

2 potl v’ potl

Proof: It’s easy to see that the glued curve is nonsingular as both affine pieces are. It’s also
irreducible because Cy and C1 are irreducible and Cy N Cy is nonempty and open. So let’s prove
that the curve is projective. The map 7 : C — P! is defined as follows:

m(x,y) =[x : 1] if (x,y) € Cy and w(v,w) =[1:0]if (v,w) € Ci.

This is clearly a well-defined morphism of degree 2. Let’s compute the degrees of the fibres. These
degrees are at most 2 and we want to show that they are all equal to 2. Let [z : 1] be a point of
P!. Then the fibre is contained in Cp and consists of the points (zg, £yo) that lie on Cy. If y # 0
then this degree is certainly 0 and if y = 0 then = is ramified at (z, yo) because y is a uniformiser
of the local ring at (z,0) and z — ¢ € (y)? in that local ring. So also in the case y = 0 the
degree of the fibre is 2, since it is more than 1 and at most 2. Now consider the point [1 : 0] of
P!. Its fibre is contained in C; and for analogous reasons as above, this fibre has degree 2. From
the fact that all fibres of our model for C' have full degree it follows immediately that this model
is complete. O

Lemma 15 The curve C' has genus g.

Proof: Let’s distinguish between the cases d even and d odd. Consider the model of C given in
lemma 14. If d is even then the map 7 is ramified in the points (xg,0) of Cy where zg is a zero
of f. The ramification index is 2 for each of those points and hence the result follows from the
Riemann-Hurwitz formula. If d is odd there is an extra ramification point above [1 : 0], namely
(v,w) = (0,0). Apply Riemann-Hurwitz again. O
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Proposition 2 A basis for the vector space of holomorphic differentials on C' can be given by

dr xdzx x9~1dx

3 gee ey .

Yy oy )

Proof: We use the model from lemma 14 again. The given differentials are clearly linearly inde-
pendent and dim g (H°(C, Qlc / ) = g so the only thing left to prove is that they are holomorphic.
On (Y, the differentials are certainly holomorphic at the points with y # 0. At a point (zg, 0),
the local ring has uniformizer y and x — z¢ has valuation 2. So dz/y = d(x — z¢)/y has valuation
0 so it is holomorphic there as well. Now let’s go to C. The given differentials go over into

vI~1dy dv
PRI —
w w

and the same argument as above applies. O

Corollary 3 If g(C) > 2, then the hyperelliptic involution ¢ is unique.

Proof: We may suppose here that K is algebraically closed and use the model of lemma 14 again.
If g(C) > 2, then from proposition 2 it immediately follows that the subfield of K(C) generated
by all quotients wq/we where wy and wy are nonzero holomorphic differentials is equal to K(x),
which is the fixed field of +*, where * : K(C) — K(C) is defined by g — g o¢. So apparently,
the fixed field of t* does not depend on ¢ at all, only on the space of holomorphic differentials.
Of course there can be only 1 field automorphism of order 2 with a given fixed field so the result
follows immediately. O

The next thing we will prove is

Proposition 3 FEvery curve of genus 2 is hyperelliptic.

Proof: Let wy,ws be a basis for the vector space of holomorphic differentials. Define a map
7:C — P P [w(P) : wa(P)].

Locally, we can choose a coordinate x such that we can write wy(P) = f1(P)dz,ws(P) = fo( P)dx
hence 7(P) = [f1(P) : f2(P)]. The ratio f1(P) : f2(P) does not depend on the choice of x so that
7 is a well-defined morphism. If we can prove that m has degree 2 then we are done.

The divisor (w) of any differential w on a curve of genus g has degree 2g — 2. So in this particular
case w; and ws both have 2 zeroes (counted with multiplicities) and no poles since they are
holomorphic. If we can show that they have no zeroes in common then we’re done since that
would mean that the fibre of 7 over [0 : 1] € P! has degree 2, hence 7 is of degree 2. If w; and ws
have 2 zeroes in common, then w;/ws would be a constant function, contradicting the fact that
wp and wy form a basis for HO(C,Q'/C). If wy and wy have 1 zero in common, then w;/wy has
exactly 1 zero, which impies that the degree of 7 is 1, so 7 is an isomorphism which is clearly
impossible. So indeed w; and ws have no zeroes in common, which implies that 7 has degree 2.0J
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8.1 Homology of hyperelliptic curves

From now on we let K be the field C. Let f be a polynomial of degree d, say, with no multiple
roots. Consider a projective nonsingular model C of the curve y? = f(z), as given by lemma 14.
We can give C the complex-analytic topology. If g is the genus of the curve, then we know that

H,(C,7) = 729.

We want to really find an isomorphism between H;(C,Z) and Z?9. This is equivalent with finding
a Z-basis of H,(C,Z). Write

f(z) =a(r — z1) (2 — 22) -+ (z — 7q),

where a,zx1,...,24 € C and d is either 2g + 1 or 2g + 2. If we restrict the morphism 7 to
Co — {(21,0),...,(xq,0)}, where Cj is the affine part of C' defined by (59), then we get a double
unramified covering of topological spaces

7:Y :=Cy—{(21,0),...,(24,0)} > X :=C—{ay,...,z4}.

It is well-known that a closed path in X lifts to a closed path in Y if and only if the total winding
number around the points x1,...,x4 is even. And clearly, every closed path in Y projects to a
closed path in X. Also, every closed path in C' is clearly homologous to a closed path in Y. So
to determine a basis for H; (C, Z) we must look at liftings of closed paths in X that have an even
total winding number.

Fix a point zg € X and a point {y € Y above it. Every closed path in X is homologous to a closed
path based at zg. So from now on we will assume that our paths are based at zy. Furthermore,
we will assume that all the liftings of the paths start at (y. If v is a closed path in X, then v will
denote the lifting of v to Y, and [¥] will denote the homology class of 7 in Hy(C,Z). Now choose
for each i € {1,...,d} an analytic closed path ; in X that has winding number 1 around z; and
winding number equal to 0 around the other zeroes of f.

Lemma 16 The following homology classes, with notation as described above, are a basis for
ffl((j,ZDJ

a; == [’Y;—\ﬁm} )

b; = [’Yzi e "ng+1] )

wheret=1,...,g.
Proof: See [10]. O

Let’s now consider parametrised families of hyperelliptic curves of the form
Ch :y2:::f(k7x)a

where f(k,z) is polynomial in x and rational in k. Set d = deg,(f). Let T be a subset of C such
that for all k € T, the polynomial f(k,x) exists, is of degree d and has no multiple roots. We can
identify H;(Ck,Z) with a lattice in C9, where g = L%J, the genus of the curves Cy, using the
following map:

dz
y
hi : Hi(Cy,Z) — C9 : [’y]b—>/ . (60)
R z9 " da
y
We wonder if we can choose a parametrised family of bases [01], ..., [0k,24] of Hi(Ck,Z) such

that hy([ox, ;]) depends continuously on k for each j. It turns out that this can be done locally:
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Proposition 4 Choose a point P € T. Then there exists an open neighbourhood U C T of P for
which the following holds: for each k € U there is a basis [ox 1], ..., [0k2g] of H1(Ck, Z) which we
can choose in such a way that the function hi([ok ;]) is a continuous function of k from U to C9
for each j.

Proof: Write f(P,z) = a(z — 21(P))--- (x — 24(P)). The inverse function theorem shows that
for each zero x;(P) of f(P,x), there is an open set U; C T and an open neighborhood V; 3 z;(P)
such that for each k € U; the polynomial f(k,x) has only 1 zero z;(k) in V; and furthermore x;(k)
is an analytic (hence continuous) function of k.

Let zg be a point in C which is not a zero of f(P,z), and choose closed paths 7; as above. As
x;(k) is continuous, there is an open set U’ C ﬂf-l:l U; such that for all ¢, z;(k) does not meet ~;
for any k € U and such that the winding number of 4; is 1 around z;(k) and 0 around the other
roots of f(k,x). Let (o(P) be a lifting of zg to Cp, as described above. Then there is an open
neighborhood V' of P on which we can define 1/ f(k, zo) as an analytic function of k such that
Co(P) = (20,/f(P, 20)). Define (o(k) = (20, v/ f(k,20)) as lifting of zy to C) over 7.

The next thing we want to prove is that for each 7, there is an open neighborhood V; C U' NV
of P such that the lift 75 ; of 7; with starting point (o(k) is an analytic function from V; x [0, 1]
to C2. Fix i. By the inverse function theorem, for each ¢ € [0,1] we have an open neigborhood
Wi C [0,1] of t and an open set V; ;, C U' NV such that 4; is an analytic function from V; ; x W; ,
to C2. As [0,1] is compact, finitely many of those W; ; cover [0, 1] and it’s clear that we can take
Vi to be intersection of the corresponding V; ;. Let U denote the intersection of all V;.

Because Y47 = 7a - t(75) it follows now that any path of the form 7,73 is a continuous function
from U x [0,1] to C* which is analytic on Ux]0, 2[U]3,1[. This implies that the representants of
the canonical homology basis from lemma 16 are continuous functions from U x [0,1] to C? such
that for each k € U, the paths a;; and by ; are piecewise smooth. With this homology basis, the
proposition follows immediately because of proposition 2. O

We can make this result more global:

Corollary 4 Let 6 : [0,1] — T be a path in T. Then for each t € [0,1] there is a basis
[0¢1],- .- [01,24] of Hi(Cyss), Z) such that hs)([o,5]) is a continuous function of t for each j.

Proof: From proposition 4 it follows that we can do this locally: for each ¢, € [0, 1] there exists
an open neighborhood U = U;, C [0,1] of tg such that for each t € U we can choose a basis
[Ot0,t,1]5 - - - [Oto,t,29] Of Hi(C,7Z) such that hs ([0t J]) is continuous. As [0, 1] is compact, finitely
many of these open sets Uy, cover [0,1]. So let ¢y < ... <t, be such that [0,1] = i, U,.

Now we proceed with induction: suppose that a basis [041], .. . [0¢,24] of H1(C,Z) exists for which

k— 1

hs([o,5]) is a continuous function of ¢ € J,_; Uy, for each j. We will show that there ex-

ists a basis such that hsg)([oy,;]) is contmuouﬁ for t e Ui:1 U;,. We know that there is a
basis such that h5(t)([0t7j]) is continuous for ¢t € U;,. Pick a number ¢t € U;, , N U;,. Then

[Ote 1t1)s--- [0t t,2¢] may be another basis than [o4, 11],...[0¢, 24 Yet we can write out
the basis ([04,_, +.4])>2, in terms of the basis ([ov, ;:])7%,. So there are integers a; ;(t) such that
[0t 1.t = 39 1 @i j ()[04, +,5] for each j. It is now clear that

oty ([0t 1 1.4)) Zam sty ([ot,t,5])- (61)
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Let’s identify CY with R?9. Let’s furthermore write v;(t) € R?9 for hs) ([0, +,;]) as column vector
in R* and let’s write vj(t) € R? for hg)([ov,_,,¢:]) as column vector in R?9. Then (61) goes
over into

| | ‘ ‘ al,l(t) e aggﬁl(t)
) () | = [ w) . () S ~
| | ‘ ‘ aLQg(t) cee Q2g.2g (t)
So
ara(t) ... azga(t) | R |
: - I =| wu® vag(t) v (1) vy () |
ai1,2g (t) e azg,gg(t) | | ‘ ‘

from which it follows that each a; ; is a continuous function of ¢ € U;,_, N Uy,. As the function
values are integers, it follows that each a; ; is a constant function. It is now immediate that if we
replace the basis ([0, +,:]) by Z?il a;,j(t)[ot, +,5], then we get a basis ([oy,;]) for which hs)([ot,5])

is continuous for ¢t € Ule Uy, for each j. With induction it now follows that we can construct such
a basis for which hg ([o¢,;]) is continuous on all of [0, 1]. O

Now we want to apply this result to study families of (piecewise smooth) closed paths on Cj. Let
~r be a family of piecewise smooth closed paths on Cj. This means that for each k € T, the path
vk is a function from [0, 1] to Cj which is continuous and piecewise smooth and furthermore is
satisfies v, (0) = v, (1) for each k. We can view the parametrised family C}, as an algebraic surface
over C, by interpreting k as a coordinate variable. We will call a family of paths vy continuous if
the mapping T x [0,1] — Cy : (k,t) — (k,vx(t)) is continuous, where C}, is viewed as a surface
this way, with first coordinate equal to the k-coordinate.

Corollary 5 Let v be a continuous family of piecewise smooth closed paths on Cy. Let § be a
path in T. Then the coefficients of vs) with respect to a basis of Hi(Csy,Z) that satisfies the
conditions from corollary 4 are constant functions of t.

Proof: It is clear that hy([yx]) is continuous as a function of k. Let’s write [ys5()] = 311 a;(t)[oe,q]
with a;(t) € Z for each t. Then it is clear that hs, ([vst)] = ?il a;(t)hs) ([oc,q]). If we identify
CY with R* and write v;(t) for hs)([o4,]) as column vector in R and w(t) for hsg([y:]) as
column vector, then we see that

| | ar(t) |
vi(t) ... vge(t) : = w(®)
| | a2q (1) |
So
a(?) | N
=1 vi(t) ... v4(?) w(t) |,
g (t) | | |
from which it follows that each a;(t) is continuous, hence constant as it assumes only integral
values. O

In fact, this proof only uses that hs(t)([vs)]) is continuous so that we immediately have the
following corollary as well:

Corollary 6 Suppose that 6 : [0,1] — T is a path in T. Let vy, be a family of paths on Cy, such
that hsw ([vs(1)]) s a continuous function of t. Then the coefficients of [vs)] with respect to a
basis that satisfies the conditions of corollary 4 are constant functions of t.
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9 Reciprocal genus 2 curves

Let now K be any field of characteristic 0 again. Suppose that f(z) € KJ[z]| is a polynomial 3
with no multiple roots, and that f(0) # 0. Then f(2) has no multiple roots either. Consider the
genus 2 hyperelliptic curve

C:y? = f(a*). (62)

When a hyperelliptic curve admits this type of equation, we will call it reciprocal. This curve
comes equipped with a map
m:C — P (z,y) — .

Besides the hyperelliptic involution ¢ : (x,y) + (z, —y), there are two other interesting involutions:
o1 (l’,y) = (7‘Tay) and 02 (‘T,y) = (71'7 7y) (63)

Is easy to see that {id, ¢, 01,02} is a subgroup of Aut (C) which is isomorphic to (Z/2Z) x (Z/27Z).

From now on, suppose that deg(f) = 3 so that the curve has genus 2. Let’s divide out the
automorphisms ¢ and o,. To do this, we consider the function field K(C) = K (z)[y]/(y? — f(x?))
and we have to determine the subfield K (C)?* that is fixed by o;. This is clearly the subfield
K (22,y). This subfield corresponds to the elliptic curve

By :y? = f(x), (64)

together with the cover
61:C = By : (2,y) — (1% y). (65)

We also consider the map
w1 By — P (x,y) — .

For the other automorphism o, the fixed field is clearly equal to K (2%, 2y) = K (m—lz, %), so that
the elliptic curve and cover are in this case equal to

By : y? :xSf(%) and ¢o:C — Ey: (x,y) — (;2,33) =[x:y:2%.
For i € {1,2}, the o;-invariant rational functions on C' correspond, by construction, to the rational
functions on E;. For example, the function g(2?,y) € K(C)°! corresponds to the function g(x,y) €
K (E7). This will be very important when we will study mahler measures of polynomials that define
curves of genus 2. We will denote the pull-back on C of a function g on E; by ¢} (g) and the push-
forward on F; of a o;-invariant function g on C by ¢;.(g)

Let’s look at how the morphisms ¢; and ¢o look like on the (v, w)-chart from lemma 14. An easy
calculation shows that

1 w

(0.0 = (g5 ) = los w0 and on(onw) = (0P )

027 3
We can also look at the following map:
¢:C — Ey X Ey: P (¢1(P), ¢2(P)).

This map is clearly an embedding. Hence we can view C via ¢ as a closed subvariety of the abelian
surface Fy X Fs, as maps between projective varieties are always closed. In fact this shows that
the Jacobian of C' is isogeneous to E; X Ej.
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The genus 2 curves that we will look at are defined as the zero set of a reciprocal polynomial of
the form P(z,y) = A(z)y? + B(z)y + C(x). Note that in that case there is an involution
11
- —,—). 66
o) (ﬂ%y)H(x,y) (66)
We will show that we can always put the equation of this curve into the standard form (62).
By substituting y; = 2A(x)y + B(x) one gets an equation of the shape y? = f(z). If f(x) here
happens to have square factors, we can move them to the left hand side into the denominator of
y1 and hence we get an equation of the form (59). As P(z,y) is reciprocal, it follows that f(z) is
reciprocal as well. We will further subsitute
To +1 3
—_ — = — 1
=7 w=unl-1
to arrive at an equation of the form (62) for the coordinates x2 and y,. The transformation
T(x) = (x +1)/(z — 1) has the interesting properties that T'(T'(z)) = =, T(1/z) = —T(z) and
T(—x) =1/T(z) so that the involution o from (66) goes over into the involution

o1 - (532,212) = (—$27y2)-

Let’s denote the curve defined by the polynomial P by C’ and the birationally equivalent curve
in standard form (62) by C. Also denote the isomorphism between C” and C that we obtain via
the above substitutions by

p:C — C.
We can also rewrite the involutions ¢ and o5 in terms of C’. Let’s write /' and o) respectively.
Then ¢ : (z,y) — (z,—B(z)/A(z) —y) = C(z)/(A(x)y). Because of reciprocity, the fraction
C(z)/A(x) will be a power of x, say ™. So that

m 1
L/ : ('Tvy) = <$, ‘T) Ué = UllL/ : (xay) = (7 y) .
Yy

xr x™

Now it becomes clear why the elliptic curve E; given by (64) is important for computing the
Mahler measure of P: the differential n(x, y), where z and y are the coordinates on C’, is invariant
under the action of ¢j. This allows us to rewrite a regulator rc(z,y) to a regulator on E. Let
K(C)/K(E;) the quadratic field extension that corresponds to the cover ¢; given by (65). The
Galois group of this field extension is generated by of. We can now use the manipulation trick
(19) from section 4 to push forward r¢(z,y) to E. Namely,

1

rofz,y} ) = %Tc ({z,y}o({w,y}) (1)) = 5reresk(oyrim) Nk iz, v}) ()

= %TE (NK(C)/K(EI){LZJ}) ([p17])-

Furthermore, we will see in all our examples that (x,y)p is a root of unity for each point P of a
nonsingular complete model of C’, where (—, —)p is the tame symbol. From (18) and the well-
known fact that a non-constant morphism of nonsingular complete curves is surjective it follows
that Op(«) is a root of unity as well. Looking at lemma 6 form section 6 we see that n(«) has all
its residues equal to 0.

9.1 Homology

Suppose now that K = C. We want to compute the induced map Hy(¢1) : H1(C,Z) — Hy1(E1,7Z)
on homology. To do this we will suppose that C' and E are given in standard form (62) and (64).
We will make a homology basis as in lemma 16 from section 8. Choose ay, as, ag € C such that

f(@) = a(z — of)(z — o3)(z — af),
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where a is the leading coefficient of f. Then
f(a?Q) =a(z—a1)(z+ o)z — ) (z+ a)(z — az)(z + az).

Fori € {1,2,3}, let v;" : [0,1] — C—{4a1, £az, +a3} be a closed piecewise smooth path, based at
0, such that the winding number of ’yj around q; is 1 and it is 0 around the other zeroes of f(z?).
Now, let v; : [0,1] — C — {41, +a2, +a3} be the path defined as follows: v; : ¢t +— —v;(¢). So
7v; has winding number 1 around —«; and winding number 0 around the other zeroes of f(z?).
Set 29 = 0 and choose a point (o = (0,y0) € 7~ 1(0). If we lift paths along 7 as in subsection 8.1,
then lemma 16 shows that the following classes form a basis of Hy(C,Z):

—_~

a1 (C) := {vf%‘} , 0(0) = {7;72_} , bi(0) = [vfﬁv{ﬁ] , b(0) = [VE%T]-

Now, let v/ : [0,1] — C — {a?,a2,a3} be the path defined as t — (7, (t))2. We see that the
winding number of 4/ around o? is 1 and it is 0 around the other zeroes of f(z):

] Iy [y (A
P T o ), e — P T ami e 2P ami Jo\z-P 1P

= indp(y;") +ind_p(7;").

We can lift these paths to E7, again as in subsection 8.1, using zp = 0 and {, = (0,yp). Using
lemma 16, we get the following basis of H;(FE,Z):

a1 (By) = [m} , bi(Ep) = [%} .

Now, we want to figure out the induced map H;(¢1) on homology. It is not so difficult to see that

T 010 (7?%—) = (7})?

for ¢ € {1,2}. This implies that Hy(¢1)(a;(C)) = 0, an easy way to see this is for example by
applying the map h from equation (60). Also,

—_~—

T o ¢ o (%ﬁ) =7, and modyo <727§> = 77s-
As ¢(0,y0) = (0,yp), the map ¢ sends the base point of the loops in C' to the base point of the

loops in E. It follows that Hi(¢1)(b1(C)) = a1 (E1) + b1(E1) and Hy(¢1)(b2(C)) = by (Ey). In
conclusion,

H1(¢1) (0101(0) + CQGQ(C) + Cgbl(C) + 0452(0)) = 03a1(E1) + (03 + C4)[31(E1). (67)
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10 The family P.(z,y) = y* + (z* + ka® + 2ka® + kx + 1)y + 2*

Let C}, be the family curves defined by the polynomial Py (z,y) = y? + (2* + ka® + 2ka? + kx +
L)y + 2. If k € C, we can view this as a curve over the field Q(k). The curve Cj, has generically
genus 2, as one can compute with the Riemann-Hurwitz formula. Hence it is a hyperelliptic curve.
We do not even need to know the Riemann-Hurwitz formula nor the fact that curves of genus
2 are always hyperelliptic to make these conclusions as we can write the curve in the following
normal form:

Ck : y2 = f(xz)a
where
flx) = (K + k)a® + (=2k* + 5k + 4)2° + (k* — 5k + 8)z — k + 4.

A birational map between the curves Cj, and Cj, can be given by

. ) z+1 4(y? — a)
¢-Ck Ck(xay)’_)(xlvy(xl)3(x+l) ’ <68)
whose inverse is equal to
1 . r+1 2zy— (2k + 1)a* + (2k — 6)2% — 1
" .cwok.(z,yw<x_1, = - (69)

So the elliptic curve E that we get by dividing out the involution ¢ from (66) is
E:y? = (K* +k)a® + (—2k* + 5k + 4)2* + (k* — 5k + 8)x — k + 4.

Lemma 17 If K = C, then Cy has genus 2 for k € C—{—1,0,4,8}. Furthermore, C) has genus
1if k € {=1,4}, it has genus 0 if k = 8 and it is a reducible curve consisting of 2 irreducible
components of genus 0 if k = 0.

Proof: The discriminant of f(z?) is equal to 2%2k3(k — 8)%(k — 4)(k + 1). So f(z?) has degree 6
and no multiple roots if £ € C — {—1,0,4, 8}, so lemma 15 shows that Cj has genus 2.

Let’s look at what happens if k € {—1,0,4,8}. If K = —1, then f(z) = —3z* + 1422 + 5, so Cj
has genus 1. If k = 0, then f(x) = 4(2? + 1)2. This means that C}, is not even irreducible, it has
2 irreducible components, each of genus 0. If k = 4, then f(z) = 422(52* — 222 + 1), so C} is
birationally equivalent to the curve y? = 52* — 222 + 1, hence it has genus 1. And if k = 8, then
f(x) = 4(322 +1)2(222 4+ 1), so C}, is birationally equivalent to y? = 222 + 1, hence of genus 0.0]

Next, we will compute the values of the tame symbols (z,y)p on Cj, (for a definition of the tame
symbol, see formula (17) in section 4). Being coordinates, = and y are still functions on a complete

nonsingular model Cj, for Cj.

Lemma 18 For all P € CN',’C, the tame symbol (x,y)p is a root of unity.

Proof: If ordp(z) = 0 and ordp(y) = 0 then it is clear that (z,y)p = 1. So suppose now that
ordp(x) > 0. If ordp(y) < 0 then on one hand, ordp (y2 + (z* +kz®+kaz?+kz+1)y) = 2ordp(y) <
0, but on the other hand, ordp(y? + (2% + k2 + k2? + kx + 1)y) = ordp(x?) > 0, so this is not
possible. If ordp(y) > 0, then P is the point (0,0), which is a nonsingular point of C},. We see
now that ordp(y) = ordp(y? + (z* + ka3 + ka® + kx + 1)y) = ordp(2?) = 4ordp (). Hence

ordp(x)

==l

- ordp(x)
(z,y)p = m = (=(y+ 2" + ka® + 2ka® + kx + 1)]0,0))
(0,0)
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so the claim follows. The subcase ordp(y) = 0 is left. Here, ordp(y + 2% + ka3 + 2ka? + kx +1) =
ordp(y? + (z* + kz3 + ka? + kx + 1)y) = ordp(z*) > 0. So P is the nonsingular point (0, —1). We

can now see that )

_ ordp (zx
s~ U

(xvy)P =

b

which is a root of unity as well.

Let’s now look at the case ordp(z) < 0. Remind that of is the automorphism (z,y) — (1/x,1/y)
on C}.. From (17) it follows immediately that

11
@ar=(3.5) =@ootwooie = wlem
and ordy;(p)(z) = —ordp(z) > 0 so we have reduced the problem to a case we have already

proved.

So we are left with the case ordp(z) = 0. There are two subcases to examine, namely ordp(y) > 0
and ordp(y) < 0. As above, the former subcase implies the latter one by applying of. Thus we
assume that ordp(y) > 0. But then we get a contradiction from ordp(z?) = ordp(y? + (z* + ka3 +
kx? + kx + 1)y) > ordp(y) > 0. O

10.1 Construction of closed paths v, on C},

Let’s now find out for which k& € R there exists a function y4 (z) for the polynomial Py (z) that
satisfies conditions 1 and (10) from section 2.1. The equation Px(x,y) = 0 is a quadratic equation
for the variable y, with discriminant equal to

Dy(x) = (x +1)*(2? + (k — 2) + 1) (z* + k2® + 2(k + 1)a? + kx + 1). (70)

According to the abc-formula, we have to take the square root of this discriminant. In this abc-
formula we see that

ap(z) =1, bp(x) =2 + ko +2ka? + kx +1, cp(z) =2

It is well known (see for example chapter 10 in [11]) that the square root of a holomorphic funtion
f exists on an open set U if and only if for every closed path v in U, the total winding number
of v around the zeroes of f (counting with multiplicities) is divisible by 2. So if D (z) has an
odd number of zeroes with |z| < 1 we do not expect that there exists a function y satisfying both
condition 1 and (10). The following lemma and corollary show that this is indeed not possible:

Lemma 19 Let C = {z € C: |z| = 1} be the unit circle in C. Let f be a polynomial with real
coefficients without multiple zeroes. Suppose that f has an odd number of zeroes of absolute value
strictly less than 1. Suppose furthermore f(1) # 0 and f(—1) # 0. Then there does not exist a

continuous function g : C' — C such that g(x)? = f(z) and g(z) = g(T) for each x € C.

Proof: Suppose that such a function g does exist. Let X = {(x,y) € C? : y? = f(z)} and define
m:X — C: (z,y) — x. As f has no multiple zeroes, X has no singular points. As the number of
zeroes of f is finite we can find a number ¢ with 0 < ¢ < 1 such that |z| < ¢ for every zero x of f
of absolute value strictly less than 1 and |z| > 1/c¢ for every zero = of f of absolute value stricly
greater than 1. Define the path

v :10,1] = X : t — (exp(mwit), g(exp(mit)))

44



(so 71 is a lift of the upper half of the circle C to C},). Then clearly +; is path-homotopic to a path
~4, not passing through any points with y-coordinate equal to 0 and such that the a-coordinates
of all the points it passes satisfy ¢ < < 1/c. We also have a closed path

Y2 : [0,1] = X : t — (exp(2mwit), g(exp(2mit))) .

Clearly, 72 is homotopic to the path
1(2t if 0 <t< 3
7&:[071]—>X:t—>{7}( ) MU=t <3
1

vi@2-2t) ifi<t<1 7

where (z,y) = (7,7y), because g(T) = g(x) for each z € C. We can now look at the path
mo~h:[0,1] = C, it does not meet any zeroes of f. The total winding number around the zeroes
of f is odd, since the number of zeroes x with |z| < 1 is odd and the zeroes of f with |z| = 1 that
contribute to the total winding number come in complex conjugate pairs. But it is well-known
that any path with odd total winding number around the zeroes of f lifts to a path which is not
closed. Hence we have a contradiction. (]

Corollary 7 If Dy(x) has an odd number of zeroes with |x| < 1, with k real, then there does not
exist a function y satisfying both condition 1 and (10).

Proof: Suppose that such a function y does exist. Clearly Dy(z) satisfies the conditions for f in
lemma 19. Taking g(z) = 2(y(z) + br(x)) in this lemma we get a contradiction. O

If the number of zeroes of Dy (z) with |z| < 1 is even, then we will construct a set U as follows:
take the entire complex plane C, and remove from it some so-called branch cuts. We can draw
these branch cuts as follows: for each zero z¢ of odd multiplicity of Dy (z) with |zo| < 1 we draw
the ray {Azg : 0 < X < 1}. For each zero g of odd multiplicity of Dy(x) with |zg| > 1 we draw
the ray {A\xg : A > 1}. If it happens that there are no zeroes with |z| < 1 then we still remove
the point 0. As the set of zeroes is invariant under complex conjugation, these branch cuts are
invariant under conjugation as well.

Lemma 20 If Dy(z) has an even number of zeroes with |x| < 1 then the open set U constructed
above satisfies U = U (of course we mean the complex conjugation here and not the toplogical
closure) and we can take a square root of Di(x) on U as a holomorphic function. Furthermore,

the function \/Dy(x) is defined over R, which means that it satisfies \/Dy(Z) = \/Dy(x) for all
xeU.

Proof: The invariance of U under complex conjugation follows immediately from the construction
of U. As the number of zeroes of Dy (z) with |x| < 1 is finite we can find a number ¢ with 0 < ¢ < 1
such that |z| < ¢ for every zero x of Dy (x) of absolute value strictly less than 1. Because 0 ¢ U,
the circle C = {z € C : |z| = ¢} is a subset of U. We can now also see that this circle is a
deformation retract of U, define the retraction as follows:
Ux[0,1] = U:(2t)— (1 —t)z—l—tcﬁ.

It follows now that the closed path v : [0,1] — U : t — cexp(2wit) defines a generator of Hy(U,Z).
Because the number of zeroes of Dy(x) with || < ¢ is even, the total winding number of v around
the zeroes of Dy(z) is even. Hence the total winding number of every closed path in U around
the zeroes of Dy(z) is even. Hence we can define /Dy (z) as a holomorphic function on U. There
are two choices for /Dy (x), fix one of them.
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Now, consider the function
Dy(Z)

)

This function is well-defined because U = U and U does not contain any zeroes of Dy (z). As
Dy (z) is defined over R, it follows that f(2)? is identically 1 on U. So f takes the values 1 and
—1. The set U is connected, because it is homotopy-equivalent to C. So f is constant as f is
continuous, hence f is either identically 1 or identically —1.

f:U—-C:z+—

To examine whether f is identically 1 or —1 we distinguish three cases: k£ > 0, £k < 0 and k = 0.
Let’s start with the case k > 0. Let’s try to prove that Dy (x) has no positive real zeroes. From the
well-known arithmetic-geometric mean inequality it follows that 22 + 1 > 2z for positive real .
Hence the factor 2% + (k —2)x + 1 of (70) is strictly positive for z > 0. It’s clear that the other two
factors have no zeroes for « > 0 either. This implies, by construction of U, that the set of positive
real numbers is a subset of U. As Dy(z) has leading coefficient 1, we know that there is 29 > 0 such
that Dy (xo) > 0. This implies that /Dy (z¢) is real. Hence /Dy (To) = \/Dk(z0) = \/Di(z0)
or, equivalently, f(xzo) = 1. Hence f is identically 1 in this case, which implies the claim that
Dy (z) is defined over R.

Let’s now check the case k& < 0. There is a double zero x = —1 of Dy(z) on the negative
part of the real line. We’ll show that this is the only zero on R.y. It’s clear that the factor
22 + (k — 2)x + 1 is strictly positive for # < 0. From the arithmetic-geometric mean inequality
it follows that k(z3 + z) = |k|(|z|® + |z|) > 2|k||z|* = —2ka? for 2 < 0. Hence the factor
ot 4+ ka® + 2(k + 1)2? + kz + 1 is strictly positive for < 0. So = —1 is the only zero of Dy(x)
with & < 0. This is a zero of even multiplicity, so the negative real line is part of U. As Dy(x)
has even degree and leading coefficient equal to 1, there is an g < 0 with Dg(x¢) > 0 and now

for the same reason as above, \/Dg(z) is defined over R.

In the case k = 0, the polynomial Dy, (z) is the square of the polynomial 2% — 1. So /Dy (x) must
be z* — 1 or —z* + 1, which are both defined over R. O

We will now examine what kind of implications this has on the functions y(z) as solution of
Pi(x,y) = 0. In the general case we get the following picture: there is a function y(x) such that
ly(x)| = 1 for z on a left part of the unit circle (left to the roots of Dy (z)) and |y(x)| > 1 for  on
the right of these roots on the unit circle.

Let U’ be the union of U with the set of zeroes of Dy (x). At the zeroes of Dy (x) we define v/ Dy (z)

to be 0, so that \/Dg(z) is continuous there. By the abc-formula we find two functions y that
satisfy condition 1:

_ —hi(e) £/ Dr(z) 1

y(z) AT = 5 (~@* + ka® + 2ka? + ko + 1) £ /Di(@)) -

It is now immediate that y(Z) = y(z), so that y(x) is defined over R. We still don’t know whether
one of these two functions satisfies |y(z)| > 1 for |z| = 1, but we will examine that later. One can
compute /Dy (x) as follows: fix a point 29 € U, together with a choice of y/Dg(zp). Choose a
path v from z¢ to z, lying in U. Then

VDr(@) = /Di(o) - exp (; /7 dlong(x)) — /Do) - exp (; L gzgg dm) .
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So we should find out for which k, the discriminant Dy (z) has an even number of zeroes within the
disc D(0,1). As Dg(z) is a reciprocal polynomial, the mapping « — 1/« is an involution on the
multiset of zeroes. This implies that the number of zeroes inside D(0, 1) is equal to the number of
zeroes outside D(0, 1), so we only have to figure out how many zeroes there are on the unit circle.
We will consider a number of cases: £k >4, k=4, 0< k<4, k=0, -1<k<0,k=—1and
k< —1.

Let’s start with the case k > 4. We will show that the double zero x = —1 are the only zeroes on
the unit circle. As the degree of Dy(x) is 8, we see that there are 3 zeroes in D(0, 1), so in this
case we do not expect that a nice function y exists. Indeed, for these values of k, the polynomial
Pi(x) does not seem to satisfy Boyd’s conjecture (see [4]). As the factorisation (70) shows, we
must look for zeroes of #2 + (k — 2)x + 1 and for zeroes of z* + ka® + 2(k + 1)a? + kx + 1. The
discriminant of z? + (k — 2)z + 1 is strictly positive if & > 4 so this factor has two disctinct real
zeroes, whose product is 1. Hence they cannot lie on the unit circle. Now we have to study the
equation x* + kz3 + 2(k + 1)2% + kx + 1 = 0. After dividing both sides by 22 and substituting
w = x + 1/x this equation goes over into the equation

w? 4 kw + 2k = 0. (71)

It is easily verified that z is on the unit circle if and only if w is a real number with |w| < 2. So we
must show that there are no real roots of (71) with |w| < 2. The graph of f(w) = w?+kw+2k, as a
function on the reals, is a convex parabola. As k > 4, the top of the parabola is at w = —k/2 < —2.
Because f(—2) =4 > 0, it follows that f(w) > 0 for any w > —2, so f has no zeroes on [—2, 2]
hence the factor z* + k2® 4+ 2(k + 1)2% + kx + 1 has no zeroes on the unit circle, which is what we
wanted to prove.

In the case k = 4, the zero x = —1 of Dy (x) has multiplicity 4: another 2 of these zeroes are
coming from the factor 22 + (k — 2)z + 1. For the same reason as in the case k > 4, the factor
2t + ka3 4+ 2(k + 1)z + kz + 1 has no zeroes on the unit circle. So the number of zeroes in D(0, 1)
is 2 in this case. Hence by lemma 20 there exists a function y satisfying condition 1 and (10).

Now we have to figure out whether there exists such a function y which satisfies |y(z)| > 1 for all
x € C with |z] = 1. After choosing branch cuts and hence an open set U, there are exactly two
holomorphic choices for \/Dy(x) on U, hence two choices for y(z) on U’ where U’ denotes the
union of U and the zero set of Dy (z). We can compute the two possible values for y(1): they are
roots of the equation y? + 18y + 1 = 0. The discriminant of this equation is strictly positive and
the product of the two roots is 1. Hence this equation has exacly one real root y with |y| > 1.
Let y(x) be the choice of y(z) with y(1) equal to this root and let y_(x) be the other choice
of y(z). Set the choice of 1/ Dg(x) in such a way that y; (z) = (=b(x) + /Dr(z))/(2a(x)) and

y-(z) = (=br(z) — v/ Dr(2))/(2ak (z)).

We will show that |y;(z)| > 1 for all z € C with |z| = 1. Let’s start with finding out for which z
on the unit circle the absolute value of y, (z) is exactly equal to 1. It is clear that y, (z)y_(x) = z*
for each x € U’. Hence

ly+ ()| - ly—(x)] =1 for all z with |z| = 1. (72)

So, for = on the unit circle, |y, (z)| = 1 if and only if |y;(z)| = |y—(«)]| if and only if | —bx(x) +
VDi(x)] = | —br(x) — \/Dg(z)| if and only if the complex numbers by(x) and /Dy (z) are
perpendicular as vectors in the plane if and only if Dg(z) = 0 or bg(z)/+/Dx(z) € iR if and only
if

Dk(ﬁ) =0 or (bk(;v))2/Dk(m) S Rgo.
It may seem like a coincidence that such a complex number is negative real but in fact the number
(bx(x)?)/ Dy () is always real if || = 1. This can be easily verified by checking that (by(z)?)/Dy(z)
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is its own complex conjugate, using that = 1/x. Let f(z) = (by(x)?)/Dr(z) as a function from
the unit circle to R. We want to know at which points f changes sign if we walk on the unit
circle. This can only happen at a zero or pole of odd multiplicity, hence at a zero of D of odd
multiplicity. As we are in the case k = 4, we have seen above that Dy has only 1 zero on the unit
circle, and it is of multiplicity 4. After substituting x = 1, one sees that, for each = on the unit
circle, Di(x) = 0 or f(z) > 0. So the only points on the unit circle where |y;(z)] = 1 are the
zeroes of Dy and the zeroes of by. Let’s compute the zeroes of by (z). After dividing the equation
bp(x) = 0 by 22 and substituting w = z + 1/z, this equation goes over into

w? + kw + 2(k — 1) = 0. (73)

In this particular case kK = 4 and one can see that the discriminant is negative, so it has no real
roots for w hence by (x) has no zeroes on the unit circle. Hence, for x on the unit circle,

ly;(z)]=1 if and only if x=—1.

Now from the fact that |y, ()] is a continuous function and |y (1)] > 1, it follows that |y4(z)| > 1
for all x € C with |z| = 1.

Let’s now go to the case 0 < k < 4. In this case the discriminant of the factor 2 + (k —2)x + 1 is
strictly negative so the two zeroes are conjugate to each other. The product of the two zeroes of
22+ (k —2)x + 1 is 1 so these zeroes lie on the unit circle. Let’s check the factor x4 + ka?® + 2(k +
1)z + kx + 1 now. Again, if  is a zero with |x| = 1 and w = 2+ 1/, then w should be a real root
of absolute value at most 2 of (71). However, the discriminant of w? + kw + 2k equals k(k — 8)
so this is negative as 0 < k < 4. So (71) cannot have any real roots at all. So on the unit circle
Dy (z) has the double zero x = —1 and two zeroes coming from x? + (k — 2)x + 1. So there are 4
zeroes on the unit circle, hence Dy (z) has 2 zeroes in D(0,1). So also in this case there exists by
lemma 20 a function y(z) satisfying condition 1 and (10).

Again, we have to figure out whether there exists a function y(z) with |y(z)] > 1 for all |z| =
1. We will do a similar investigation as in the previous case. For y(1) we get the equation
y? + (4k +2)y + 1 = 0. The discriminant of this equation is stricly positive and the product of
the roots is 1. So there is a root with |y(1)| > 1 and the other root has |y(1)| < 1. Again, define
y+(z) to be the y-function with |y;(1)] > 1 and y_(z) to be the other one. As before we choose

Dy(z) such that yy(z) = —br(x)/2 + +/Dk(x)/2. Again, |y, (z)] = 1 for z on the unit circle if
and only Dy (z) = 0 or the real number by(x)?/Dy () is negative or 0. At z = 1 the value of this
function is (4k + 2)2/(16k(k + 1)) > 0. If we walk around the unit circle, by (x)?/Dy(x) switches
sign at the zeroes of Dy (z) of odd multiplicity, hence at the two zeroes that come from the factor
2?2 + (k — 2)z + 1. So, walking around the unit circle from 1 to 1, the function by (z)?/Dy(x)
between these 2 zeroes of Dy (z). Let’s now check whether by (z) has zeroes on the unit circle.
Suppose by (x) has a zero xy on the unit circle. Again this zero corresponds to a real root wg of
(73) of absolute value at most 2. If this equation has real roots, then the discriminant k? — 8k + 8
is nonnegative and the largest real root is equal to (—k + vk? — 8k + 8)/2. The real parts of the
zeroes of Dy(x) on the unit circle are —(k — 2)/2. From the fact that Rz = wg/2 it follows that

—k+ VE2 -8k +38 - —k+VE2-8k+16 k-2
1 =

Ry <

4 2

where in the last equality we use that k < 4 so vk? — 8k + 16 = 4 — k. We see that if by (z) has
zeroes on the unit circle, then they must lie on the left of the zeroes of Dy (x) on the unit circle
that are not —1, so this does not give additional points where |y, (z)] = 1.

So, for = on the unit circle, |y4+ ()] = 1 if and only if = lies on the left of the zeroes of Dy (z) on
the unit circle that are not -1. From the continuity and the fact that |y;(1)] > 1 it follows now
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that |ys(z)] > 1 for all x on the unit circle.

The case k = 0 is not very interesting: we can use lemma 2 and identity (4), together with lemma
1 to compute m(Px(z,y)):

m(Pe(z,y)) =m(y® + (@' + Dy +2*) =m(y+ 1) + m(y + 2*) =
y)+m

=m(y +a') =m(y +z) = m(y +ay) =m (+1)=0.

Let’s examine the case —1 < k < 0 now. The discriminant of z? + (k — 2)x + 1 is stricly
positive in this case so this factor does not have any zeroes on the unit circle. Again the zeroes
of x* 4+ kx® 4+ 2(k + 1)z® + kz + 1 on the unit circle are in a 2-1 correspondence to the real
roots of (71) of absolute value at most 2. Set f(w) = w? + kw + 2k. One can easily verify that
f(=2) >0, f(0) < 0 and f(2) < 0 so that (71) has two real roots in the interval [—2,2]. Hence
xt + ka® + 2(k + 1)2% + kz + 1 has 4 zeroes on the unit circle. Together with the double zero
x = —1, there are 6 zeroes of D (x) on the unit circle. Hence there is 1 zero inside the unit circle,
so there is no function y(x) that satisfies condition 1.

Let’s next assume that k < —1. The disciminant of 22+ (k—2)z+1 is strictly positive so this factor
does not have zeroes on the unit circle. Let’s again figure out how many zeroes the polynomial
f(w) = w? + kw + 2k has on the interval [—2,2]. As is easily seen, f(—2) > 0 and f(0) < 0 so
f(w) has a zero between —2 and 0. We can also see that f(2) < 0 so the other zero of f(w) must
be stricly greater than 2. Hence the factor a* + ka® + 2(k + 1)z + kz + 1 of Dy(x) has exactly
2 zeroes on the unit circle. So Dy (z) has 4 zeroes on the unit circle, 2 zeroes with |z| < 1 and 2
zeroes with || > 1. So in this case there exists a nice function y(x) that satisfies condition 1 and
(10).

Again for y(1) the equation y* + (4k +2) + 1 = 0 holds, which has a strictly positive discriminant.
Hence there is a root with |y(1)| > 1 and one with |y(1)| < 1. Let, as in the previous cases, y (z)
be the choice of y(x) with y(1) > 1 and y_(x) be the choice of y(z) that has y(1) < 1. Also choose

Dy(x) such that yi (x) = —by(x)/24++/Di(x)/2. As above, |y4(x)| = 1 for x on the unit circle if
and only if Dy (z) = 0 or the real number by, (z)?/ Dy (z) is negative. The same arguments as before
show that this function is negative or 0 for x on the unit circle where Rz is smaller than the real
part of the roots of Dy (z) on the unit circle, that are not equal to -1. Again we have to find out
where by (x) can vanish on the unit circle. Suppose that by (x) has a zero xg on the unit circle. Then
this zero corresponds to a root wg of (73) in [—2,2] and Rxg = wp/2. A zero x1 of Dy(x) on the
unit circle, not equal to -1, comes from the factor z* + kx® +2(k +1)2? + kz + 1 hence corresponds
to a root wy of (71) in [—2,2] and Rx; = w; /2. The roots of (73) are (—k + vk? — 8k + 8)/2 and
(—k — Vk? — 8k + 8)/2. From the fact that (—k + Vk2 — 8k + 8)/2 > 2 it follows that

—k—Vk*—-8k+38
> .

wo =

Similarly,
—k —VEk% -8k
2
and we see that wy < w; hence Rxy < Rx1. So br(x) does not give us additional points on the
unit circle where |y, (x)] = 1.

w1 =

So for « on the unit circle, |y(z)| = 1 if and only if z lies on the left of the zeroes of Dy (z) on the
unit circle that are not -1 (we say that a complex number z lies on the left of a complex number
w if Rz < Rw). As before we see that |y, (x)| > 1 for all x on the unit circle.

Let’s summarize all this in the following proposition:
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Proposition 5 For k € |—oo0,—1[ U ]0,4] there exists an open set U C C and a function holo-
morphic function y(x) on U that satisfy the following conditions:

e U=U,

o Pi(x,y(x)) =0 for all z € U,

e condition 1 from section 2.1,

e y.(T) =y (x) for allz € U,

o |lyi(z)| >1 for allz € U of absolute value 1.

The function y_(x) satisfies the first 3 conditions from proposition 5 as well. And because of (72),
which holds for any k € |—oo, —1[ U ]0, 4], the function y_(z) satisfies

ly_(xz)] <1 forall |x| = 1.

For any xg € U’, the zeroes of the polynomial P(xg,y) are y.(z¢) and y_(xg). Let 7% be the path
on C}(C) defined by equation (9) from section 2.1. Then equation (11) from the same section

shows that )

m(Py(z)) = n(x,y),

211 y

where n(x,y) is defined by formula (34) from section 6.

Let’s figure out now whether ~; lifts to a closed path on a nonsingular model 6’2 of Cj. To
verify this, only the singular points on C}(C) with |z| = 1 are interesting to look at. A standard
calculation shows that the following points (z,y) with |z| = 1 are singular:

(z,y) = (=1,—1) for all k,
(z,y) = (1,1) if k= -1,
(z,y) = (= +i,—1) and (z,y) = (1,-1) ifk=0.

Luckily, we have excluded the cases k = —1 and k£ = 0 above, so that we only have to concentrate

on the singularity (—1,—1). To study the lifting of v; to C}, at this point, we only need to look
locally at the blow-up of C}, at (—1,—1). We can do this at follows: define

Ri(z,y) =v* + (2 + (k —4)2? + (=k +6)x —4)y — kx + k.
Then the following map is locally the blow-up of C}, at (—1,—1):
pP1 - Z<Rk) - C//i: : (ﬂf,y) = (.I‘ - 1,33:/./— 1)7

whose rational inverse is

prt s G (L0} = 2GR s () — (1.5, (74

The geometric points in Z(Ry) above (—1,—1) are (0,2 + /4 — k), these points are defined over
Q(V4 — k). If m is the maximal ideal (z,y) in Q(v/4 — k)[z, y|, then

Re(z,y +2+VI—Fk) = (3(4— k)< (6 — k)i — k) o+ 2v1— ky modm?.

This shows that the points (0,2 + v/4 — k) are nonsingular points of Z(Ry) when k # 4. If k =4
then we can further blow up Z(Ry) at the point (0,2). We get the polynomial

Qa(z,y) = y* + (2 + 2)y + 2,

a0



and a map
p2: Z(Qa) — Z(Ry) : (,y) — (z,2y + 2),
with rational inverse

_ y—2
it 2(R) ~ (0,2} = 2Q0) s () = (2.252)).
The points above (0,2) € Z(R4) are (0,0) and (0,—2), who are clearly nonsingular. We get a
composed map
propa: Z(Qq) — Cf: (2,y) — (v — 1,2%y + 22 — 1),

with rational inverse equal to

@wmr%%—wmAMHﬂ@wwwH(%jxf) (75)

To study the lifting of the path 4 to the blow-up, we will examine the case k # 4 first. The function

Dy.(x) constructed above is holomorphic at @ = —1. If we compute its Taylor expansion at this
point, then we see that \/Dy(z) = 2v/4 — k(z + 1) + O((x + 1)?) for an appropriate choice of
V4 —k. Also, bi(z) =2 —4(z + 1) + O((z + 1)?). From this it follows that

%:%mw«cﬂy

Comparing this with (74), we see that the blow-up lifts 7, at the point (—1,—1) € C},(C) to the

point (0,244 — k) € Z(Ry)(C), from which it follows that the lifting of v, to Cj, is still a closed
path.

It remains to study the case k = 4. Again, we compute the Taylor expansion of /Ds(x) at
x = —1, but now with an extra term. It turns out to be /Dy (z) = 2¢(z + 1)? + O(x + 1)3, for an
appropriate choice of € € {1,—1}. And by(x) =2 — 4(x + 1) +2(x + 1)? + O((x + 1)3). It follows
that
yo(e) =201
(z+1)?

As above, comparing this with (75), we can conclude that the lifting of v4 to CN’ZL is still closed.

=e—1+0(z+1).

10.2 Degenerate cases

In our family of curves, there are some degenerate cases, as lemma 17 shows. It turns out that
these cases are easier to study than the rest. We will be able to express the Mahler measure in
terms of the L-series of an odd Dirichlet character, defined by (2). Generally for any nontrivial
Dirichlet character we can say the following: let m be the conductor of x (i.e. the smallest positive
integer such that y is periodic with period m). Let p be the parity of y, which is defined as 0 if
Xx(—1)=1and 1if x(—1) = —1. Now define the following function:

Ax,s) = (%)Smf <S ;p> L(x; s).

It satisfies the equation

AGs) = TOEAR 1 - 5),

where 7(x) is the famous Gauss sum:

For a proof of this, see chapter 7 of [16]. This functional equation immediately implies the equation
(3) if X = X—m-
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10.2.1 The case k=38

Let’s study the case k = 8. Above it is shown that y cannot be nicely expressed in terms of z.
However, in this case this will turn out not to be a big problem. We can factor Dg(z) as follows:

Dg(x) = (x4 1)*(2? + 4o + 1)%(2® + 6z + 1).

So in order to define a useful square root of Dg(z) we will have to define a useful square root of
2?46z +1. After that we can put \/Dg(x) = (z+1)(2? +4x+1)v22 + 62 + 1. We draw a branch
cut on the negative part of the real axis. Then on C—R_( we can define a square root of z?+46z+1
and then we can use the abc-formula to express y in terms of x. We choose vz2 + 6x + 1 to be
that squareroot of 22 4 6x + 1 such that |y(1)| > 1. We see that vz2 + 6z + 1 = 2v/2 for z = 1.
The corresponding y-function will be denoted y,; again. The only zero of D(x) on the unit circle
is the double zero x = —1. So again a similar argument as given in subsection 10.1 shows that
ly4(x)] > 1 for x with |z| =1 and = # —1.

The resulting function y, is continuous now, so the path of integration seems to be closed. How-
ever, if we blow up the singularity (z,y) = (=1, —1), the blown up path will not be closed anymore.
This has to do with the fact that v/z2 + 6x + 1 is not continuous at x = —1. Let’s try to figure out
the behaviour of vx2 + 6z + 1 above and below x = —1. We will first show that if Va2 + 6z + 1 €
R, then z € R. So assume that vz? 4+ 6z + 1 € R. Then (z + 3)> —8 = 2% + 62 + 1 € R>. This
implies that (x +3)? € R>o. This is only possible if z € R. The Taylor expansion of /22 + 6z + 1
at o = 1 starts with 2v/2 + v/2(z — 1) + O((x — 1)?). So Ivz2 + 6z + 1 > 0 for = with Sz > 0 in
a sufficiently small neighbourhood of 1. As Svz2 + 6z +1# 0 for Sz > 0 and {z € C: Sz > 0}
is a connected set, we see that Sva? +6z+1 > 0 if Sz > 0. Similarly Sva?2 +6z+1 < 0 if
Sz < 0. It follows now that

lim Va2 +6zx+1=2i and lim Vaz?2+6zx+1=-2 (76)

z—1 z——1

Sz >0 [z <0

because the limits clearely exist and take values in {—24, 2i}.

Let’s consider the path
v:]0,1[— C§ : t — (—exp(27it), y4 (— exp(27it))) .

Blowing up the singularity (—1, —1) will break up this path (that’s why we consider it as a function
of the open interval 0, 1] instead of the closed interval [0, 1]). From (11) it follows that the following
formula holds:

m(Fy) :*%/n(x,y)'

™

Now we want to know what the path ~ looks like after a transformation by the birational map
n (68). An easy calculation using (76) shows that

lim (1)) = (0,20) and  lim ¥(+(1)) = (0, ~2i).

t—0

So 1 o is a path on Cj from (0,24) to (0, —27). In view of (69), we see that

1 1 22y — 172* + 1022 — 1
m(Py) = (J:—l— xy — 17z* + 10z )

Com wo,yn x—1 (z —1)4

As Cs is a curve of genus 0, it is birationally equivalent to P*. We identify P!(C) with C U {cc}.
We take the following birational map:

iy + (6 — 6i)a® — 622 — (2 — 2i)z + 2

iy — (6 + 60)a® + 622 + (2 + 2i) — 2

¢:Cp =P (2,y) =
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with inverse equal to

— 9 _ ;.6 4 -2
¢1:P1—>Ck:z»—><(1 i)z 2(—iz° 4+ 5z* 4 biz 1)>'

22 —q (22 —1i)3

We have chosen this birational map in such a way that the path 1 oy goes over into a path from
0 to oo, as one can easily verify. One can also easily verify that

N AN CE S CEy)
(¢ >(a:1>_ (z —1)(z +1)

and

sk 2xy—17x4+10x2—1 B (z—|—1)4
o () -

We have already seen in lemma 18 that the tame symbols have their absolute value equal to 1
everywhere. We can apply theorem 4 and formulas (21) and (22) now to express m(Ps) in terms
of dilogarithms:

1

m(r) =5 [

(z+1)(z —1)
(z—=1)(z+1)’

_ —% (D(1) + D(—i) — D(—1) — D(i) — D(—1) — D(i) + D(1) + D(—i)) = %D(i).

z+1)4>

z—1)4

_(
(

Define
1 if n = 1mod4;
X—4(n) =< —1 ifn=—-1mod4;
0 if2]n.

We use formula (23) and (3) to express D(i) in terms of L'(x—4, —1):

oo .
sin 2~

D) =D () = 3 =5 = 3 ) a2 = T (a1,

n? n
n=1

Hence we have proven the following proposition, which was conjectured in [4]:

Proposition 6 The following identity holds:

m(Pg) = 4L/(X_4, 71)

10.2.2 The case k£ = —1

We will study the case K = —1 now. This case is more difficult than the previous case, as we
will see in a moment. Again, we have to cut the unit circle to define an appropriate function y in
terms of x. Observe that in this case we have

D_i(x) = (z — 1)}z +1)*(z* -3z + 1)(2* + 2 + 1).

The zeroes of £2 — 3z + 1 are positive and real. Their product is 1 and they’re both distinct so one
of the zeroes lies in ]0, 1] and the other one in |1, 00[. We draw a branch cut now on the positive
real axis, so that the unit circle is cut at the point z = 1. We also draw straight line segments
from 0 to (3 and from 0 to (3 as branch cuts. On the remaining part of C we can define a square
root of (z2 —3z +1)(2? + x+1). The value of (22 -3z +1)(z?+z+1) at z = 1 is —3. We choose
V(22 =3z +1)(22 + 2 + 1) in such a way that

lim V(@2 =3z + 1) (a2 +z+1) = —V/3i.
x>0
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As (22 — 32+ 1)(22 +  + 1) has exactly 1 zero inside the unit circle, which is an odd number, it
follows that

lim V(@2 =3z +1)(22 +z+ 1) = V3i.

[x<0
And we choose y, (z) accordingly. Around x = 1, one can now easily verify that, for Sx > 0, the
following formula holds:

yi (exp(it)) = 1+ V3t + 2it + O(t?),

so that |y4(exp(it))| > 1 for ¢ > 0 sufficiently small. Similarly one can see that |y (exp(it))] > 1
for t < 0 sufficiently small. Again from the same techniques as in subsection 10.1 it follows now
immediately that |y (z)| > 1if Rz > —1 and |y, (z)| = 1 if Rz < —1 for 2 on the unit circle.

Let v be the path
v:0,1[— C"; : t — (exp(2mit), y (exp(2rit))) .

Again, the function y4 (x) is continuous on the unit circle but the path v will break up if we blow
up C’; in the singular point (1,1). In this case, blowing up in (—1,—1) will not break up v as
was already shown at the end of subsection 10.1.

Let’s now look at C'_1:
C_1:y*=f 1(2?), where f 1(z) = —(z —5)(3z +1).

So the degree of f_; is equal to 2 instead of 3. The polynomial f_;(z?) has no multiple roots so
the results of section 8 show that C'_; is a curve of genus 1. One can see that the points of C'_;
above the point (1,1) of C”; are at infinity so we have to look at the other affine piece (see lemma
14):
C_1q:w? =vf_1(1/v%) = (50® — 1)(v* + 3).
Composing the birational map 1_; with the glueing morphism 0 : C_;y — C_11 : (z,y) —
(1/z,y/x%) gives
r—1  4(y*> -z )

bovor: o) (S ol
Using that y, () = 1+ (2 — v/3i)(z — 1) + O((z — 1)?) if J(x) > 0 one can easily see that

lim 60—y 0 y(t) = (0, —v/31)
and similarly we can use y, () = 1+ (2 4+ v/3i)(z — 1) + O((z — 1)?) to see that
lim ¢ 0 _y 0 y(t) = (0, V/3i)

Let C/’_vl be a nonsingular complete model of C_;. Let P; be the point that corresponds with
(0, —v/3i) on C_11 and let P, be the point that corresponds with (0, V/3i) on C_11. Then ¢ oy

is a closed, piecewise smooth path on C/‘: from P; to Ps.

Again, we know now that
1
m(P—l):ii n(fag)a

2 Yoy
where 1 oy 2t — 822 — 1
fa) =T ad gley) = T
Above we already saw that n(o7(f),o07(g9)) =n(f,g) so
1
m(Po1) == [ (1(f,9) +n(o7(f),01(9)))- (77)

pory
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As already mentioned in section 6, we can view 7 as a function from A? Q(C_;)* @ Q to M(C_4).

So we want to do some manipulations in A” Q(C_1)* ® Q now. In view of (36), we must try to
rewrite f A g in terms of elements of the form h A (1 — h). Set

(22 + 62 + 1)y + 223 — 142% — 182 — 2
(x—-1)((z+1)y+22-8x—1)

—(z—1)°
(z+1)y+a22—8x—1’

a(z,y) = and b(z,y) =

then
a(@®,y)f(z,y) + b(z*, y)g(z,y) = 1.

And because
a(@®, ) f(z,y) Ao, y)g(z,y) = (a(z? y) Ab(z?,y)) + (ala®,y) A glz,y))
+ (f(z,y) Ab(,y) + (f(,9) Agla,y)),
we see that
fl@,y) A gla,y) = (a(@® ) flz,y) A (L= a(@?y) f(z,y)) — (ala®,y) Aba?,y))
— (a(z®,y) A g(z,y)) — (f(z,y) Ab(z?,y)) .

If we apply of to (78), then we see that

(78)

a1 f(z,y) Aotg(z,y) = (a(@? y)oi f(z,y) A (1 - a(@®, y)o7 f(z,y))) — (a(z®, y) Ab(z?,y))
= (a(=®,y) Notg(a,y)) — (o1 f(z,y) Ab(?,y)) .
From the fact that o (f) = 1/f it follows that (f(z,y) A b(z%,y)) + (o7 f(z,y) A b(2?,y)) = 0.
Similarly, (a(z?,y) A g(z,9)) + (a(2?,y) A oig(z,y)) = 0 so that
(f(.y) Agla,y) + (01 f(2.9) Aotg(z,y) = (alz® y)f (2,9) A (L= a(a?, y) f(z,1)))
+ (a(ZL'2, y)UTf(Wyy) A (1 - a(an y)O’ikf(ZL'7y)))
-2 (a(mQ,y) A b(x2,y)) .

(79)
Now,
o) @)l = T and e feplr, = 2
So from (36) it follows that
[ 0@ )i n 0o g)w) = D (5 ‘f”) - (5 +4*/‘5’">
oy
—2D (5 _4\@) :
where in the last identity we make use of D(Z) = —D(z). Also,
. 5 _ 3
@ )t )y, = S and oo )], = Y,
hence .
[ 7 00w A (= ol )i ) = 2D (5 4“§Z> . (30)
oy
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So now we have to focus on a(z?,y) A b(z?%,y). The functions a(z?,y) and b(x?,y) are invariant
under the action of 0. So we can push them forward along ¢ to the functions a(z,y) and b(x,y)
on Fq, which is a rational curve in this case. We have that

|ttt nvetn = [ e nb)) (81)
oy 1090y
And we can also see that
o1(P)=[1:—V3i:0] and ¢1(P2) =[1:V3i:0].
We consider the following isomorphism between E; and P*:

p:Elﬂplr(x,y)Hﬁ’

with inverse

2 _ _
p_1:]P’1—>E1:z»—><5z 1 162').

Then
popi(P)=p ([1 VETE O]) =—V3i and poi(P)=p ([1 V30 0]) = V/3i.

Now set

z 2(3, —
A(z) := a(pfl(z)): (z+1)°@3 1)

(z—=1)(z2+42—-1)

(= - 1)?

and  B(2) :=b(p""(2)) = 57

Then it comes down to simplifying A(z) A B(z). The following way of rewriting is immediate:
AZ)AB(2) =4((z+ 1) A (z—=1) =2 (z+ DA (" +42—1)) +2(Bz2 — 1) A (2 — 1))
—(Bz=1)A(F*+42-1)) + ((z = 1) A (z* + 42— 1))
—2((z2+42 - 1) A (2 — 1))

(82)
=4((z+ )N (z—-1)+2(Bz—1)A(2—1))
9 B3z —1)(z+1)?
dz —1)N —F—7—" .
+ ((2 +4z—-1) o1
Let’s start with rewriting the most interesting term: (22 +4z —1) A % We do not want

to factor 22 +4z—1 here because that will give us very nasty dilogarithm terms in the end. Instead
we can use some identities to rewrite it:

(22 +42-1)— (2 - 1) =2(32 — 1).

From this it follows that

1 ) _ .
m(z +4Z—1)+m(2—1> =1.
As also
1 -1
@ T g TS TR DA D)
+ ((z2+42—1)A (;_112) —((z2+42—-1)A2),

we see that

—1)2 2442-1 24421
(2 +4z—1)p EZD :<z + 42 (_m

3z—1 2(3z—1) 2(3z—1)
+((z2+42-1)A2).

)) +2(2B32 - 1) A (2 — 1)
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And from the identity
(2 +4z-1)—(z+1)2=2(z-1)

it follows in a similar way that

1)2 2441 2441
(z2+4z—1)/\(z+ ) :<Z+Z <_Z+Z

z—1 2(z— 1) 20 — 1) >>+2(2(z—1)/\(z—|—1))
+((Z*+42-1)A2).

Putting this together yields

e G 5E)

2 _ _
B z4 44z 1/\ 1—2 +4z—1
23z —1) (3z—-1)

F2020-1)A(z+1)) - ((32_1) (z—1)).

(22 +4z—1)A

Using this, we can rewrite (82) to

2244z —1 2244z —1 2244z -1 2244z -1
w080 = (5 (50 )) - (s (- e ))
+2(z+)A(z=1)=22A(z—=1))+2(2A(2+1))

From (z+1)/2 — (z — 1)/2 = 1 it follows, after some rewriting, that

1 1
(z—l—l)/\(z—l):('z—; A(l—z—;_ >>+(2/\(z—1))—(2/\(z+1)),
which immediately leads to
2244z -1 2244z -1 2244z -1 22 4+4z—1
A AB(z) = [ a1 -2 o)) - (oA (1 -2 2
nee) = (SEEa (-5 )) - (w0 )
z+1 z+1
2 ANlLl— .
(5 (-5))
The path 7/ := po ¢ 01 o that we have to integrate n(A(z) A B(z)) along goes from —+/3i

to v/3i. If a function h is defined over the reals, then D(h(v/3i)) — D(h(—/3i)) = 2D(h(\/3i))
because D(Z) = —D(z) for all z € C. Using this and (36), we see that

/ 0 (a(z,y) A b(z, ) = / n(A(2) A B(2)
¢10voy v’

_ 9D 22 +4z—1 _op 22 +4z—1 44D 241
—92D(2) - 2D (5 +7ﬁi> +4D(C)

(83)

We can now express m(P_1) in terms of the dilogarithm: from (77), (79), (80), (81) and (83) it

follows that
m(P_y) = —~ (D (5 _4\@) _D@)+D (5 +7¢§i> - 2D(C6)> .
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Now, D(2) = 0 because D(z) = 0 for all x € R. Also, observe that (5%@)(5%‘/?”) =1 and

because D(1/z) = —D(z) for all z it follows that D(5_i/§i) + D(5+;/§i) = 0. From (24) and the
fact that D(Z) = —D(z) for all z it follows that D({3)/2 = D((s) + D(—¢s) = D({s) — D((3) so
2D(¢s) = 3D((3). Altogether, we see that

m(P-) = 2D(Gs).

Now define
0 if n =0mod3

X-3(n):=< 1 ifn=1mod3
—1 ifn=-1mod3

Then we can use formula (23) and (3) to express D((3) in terms of L'(x_3, —1):

> gin22m X V3y .(n) /3 27
D(G) = Z n23 = Z : R TL(X—&?) = gL/(X—:s,*l)-
n=1 n=1

And again we have proven a formula which was conjectured in [4]:

Proposition 7 The following formula holds:

m(P,l) = 2L/(X,3, —1)

10.3 Homology of C}

Now we want to determine a basis of Hy(C},Z) and express [y;] in terms of this basis. We will
start with an important lemma:

Lemma 21 The family v, of continuous piecewise smooth paths on C}, is continuous, where con-
tinuity of a family of paths is defined in section 8.

Proof: Define yi(z) as the function y4 (x) that belongs to k in the construction in subsection 10.1.
It is clear that is suffices to show that yy(x) a continuous function is on (]0, 4[U]—oo, —1[) xC, where
C denotes the unit circle in the complex plane. For each k, an open set U = Uy, is constructed
above lemma 20. Consider the set

V = {(k,z) €]0,4[U] — 00, —1[xC : z € Uy}.

So in fact we must show that yx(x) is a continuous function on V. The analysis on the zeroes
of Dg(z) in subsection 10.1, together with the inverse function theorem, shows that each of the
zeroes of Dy(x) can be seen as a continuous function of k and that the property whether it lies
on, inside, or outside the unit circle is also invariant.

We know that yx(z) is a zero of y? + by (z)y + 2*. The implicit function theorem tells us that the
zeroes of such a polynomial are locally an analytic function of the variables k and x provided that
they are distinct. We have seen that for all the points z on the unit circle that satisfy Rz > Rz,
where 2o # —1 is a zero of Di(x) there is exactly 1 zero of y? + by(z)y + a2 that has |y| > 1. If
we fix k and x such that this property is satisfied, then we see that in a neighborhood of (k,x)
the zero y which is implied by the implicit function theorem satisfies |y| > 1, hence this must be

Y4 ().

Along a path in C that lies within every Uy we can do an analytic continuation of yi(z) and we
still keep yr(x). So take a ko and an zg € Ug,. Then clearly there is a neighborhood K of kg
and a path ~ going from 1 to zy such that « lies entirely within Uy for all k € K. By analytic
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continuation of the functions yy (z) at = 1 along ~ it follows now that y () is analytic at (ko, o).
So yi(x) is analytic everywhere on V. O

To proceed, again we break up the parameter space in two components: | — oo, —1[ and |0, 4]. We
will fix one point in each of the two intervals to do computations with and extend all results by
continuity.

We begin with studying the interval | — oo, —1[. Let’s focus on the point k = —2. We will construct
a basis for H;(C_3,Z). We will do this as in subsubsection 9.1. The polynomial f_5(x?) has the
following zeroes:

(a1, —an, 02, 03, a3, —ag) = <\/§ VA2 VB 2 VB 2 VB iy 2t \/5) ,

where, in this notation, we take for each square root the postive real value. For P, () € C we denote
by §(P, Q) : [0,1] — C the straight path ¢t — tQ + (1 —t)P. We will denote by ¢(P, Q) : [0,1] — C
the circular path ¢ — Q + (P — Q) exp(27it). Now define the following closed piecewise smooth

e s(0) (39 (39)
o022 (2 Bvor v ) e (Vi s o vE)

1.3 3 3 3
) 1.3 3. 3 3.
5<\/ +V5+ 10@,2—1—2@)6(24—21,0),
2 2 2
N = 5(0,51) € (51',2'\/—24—\/5) B) <5i,0>.

Using the notations of subsubsection 9.1, we see that the paths ’yj' satisfy the conditions of this
same subsubsection. As in 9.1, we also have the paths ;" and 7. To lift these paths to C_, and
E o, we should fix a choice of a lifting of the point 0. As f_5(0) = 6, we choose the point (0, v/6)
(for both cases), where we take the positive value of the square root here. Having done this, we
get a basis al(C_g), a2(0_2), [11(0_2), 52(0_2) of H1(C_2,Z) and a basis ap (EL_Q), bl(EL_Q) of
H1 (El,_g, Z)

N W N

We want to compute the coefficients of [y;] with respect to the basis aj, ag, by, ba of Hy(C_3,Z).
We do this using the map hy, defined by (60). Identify C with R? by identifying 2z with @z) and
likewise identify C? with R%. A numerical calculation now shows that
| | | | 2.5390 2.5390 —3.8085 —1.2695
0.0000 1.2064 —1.8097 —1.2064
h—2|(“1) h—2|(“2) h—2|<[’1) h—2|([’2) | 0.0000 0.0000 1.4122  1.4122
0.0000 0.0000 0.0000 1.1371

Another numerical calculation shows that

0.0000

ha(-2D = | o000 |- (54)

—1.1371

So for the coefficients of v_5 with respect to the basis ay, as, by, b we find
1

2.5390 2.5390 —3.8085 —1.2695 \ 0.0000 0.0000
0.0000 1.2064 —1.8097 —1.2064 0.6032 | 1.0000
0.0000 0.0000 1.4122 1.4122 0.0000 | — 1.0000
0.0000 0.0000  0.0000 1.1371 —1.1371 —1.0000
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As these coefficients must be integers, we conclude that
[v—2] = a2(C—2) + b1 (C-2) — bz(C2). (85)

Let’s prove that one can verify such a numerical calculation rigorously. If f : [a,b] — R is a
differentiable function such that |f/(¢)| < C for some effective C, then

< /bC(t AP Ul > @)’

b b
/ @)t — (b a)f(a)| = / () — f(a))d

By dividing an interval in arbitrary small pieces we one can use this estimation to obtain the nu-
merical value of an integral of a piecewise differentiable continuous function of which the derivative
is effectively bounded rigorously with an arbitrary precision. In the computation of the integrals
for ay, as, by, b all the integrands satisfy the boundedness of their derivatives. For the computation
of the path ~, the integrand is singular at ¢t = 1/2: we see a factor dt/(t —1/2) there. We can solve
this problem by locally substituting u = 1/2 + exp(t) there and then the integrand does satisfy
the desired property. Also, inverting the matrix can be done rigorously with an arbitary precision,
because the matrix can be obtained with an arbitrary precision and it is upper-triangular.

For the discriminant of fj(2?), the following formula holds:
disc (fr(z?)) = 222k3(k — 8)*(k — 4)(k + 1). (86)

It follows that there are no degenerate curves for k €] — co, —1[, every curve has genus 2. Now
we apply corollary 4 from section 8. From the simple connectivity of the interval | — oo, —1] it
follows immediately that there is a basis [0j.1], ..., [0k,2] of H1(Cy,Z) such that, after a suitable
lineair transformation, ([o_21],...,[0-24]) = (a1(C_2), a2(C_2), b1(C_2), b2(C_2)) and hy([ok.])
is a continuous function of k €] — 0o, —1[ for each ¢ € {1,...,4}. Combining this with lemma 21
and corollary 5 we conclude that

(V&) = [ok,2] + [0k 3] — [0k,4]

for k €] — oo, —1[.

Now we want to push forward ~; to Ej and figure out the corresponding homology classes in
Hi (B4, Z). As above, it follows from the results of subsection 8.1 that there is a basis [0}, ], [0}, ]

such that ([0”5,],[0755]) = (a1(E1,—2),b1(E1,2)) and hy([o},,]) is a continuous function of
k €] — oo, —1[ for i € {1,2}. From corollary 6 it follows that the coefficients of [¢17x] with respect
to this basis are constant. From (85) and (67) it follows that [¢p1v_2] = a1(E1,_2) so that

[$17k] = [0%..1]
for k €] — o0, —1].
Lemma 22 For each k € | — o0, —1[ as well as k €]0,4], the complex number hy([p1yx]) is purely

1maginary.

Proof: We will make use of the properties of the function y, (x) from proposition 5. The path
17k is equal to t — (exp(4mit), y4 (exp(2mit))). So that

dz L edmit gy
hi([b17&]) :/ — = 47Ti/ ——
' b1 Y o Y+(e2™t)

Making use of the fact that y, is defined over R, we can see that for the complex conjugate of
hi([¢17%]) the following holds:

6747‘&'1'75 dt

Y4 (e72mit)’

Fe([Gre]) = —dni /
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If we substitute —t for ¢, then this becomes equal to

-1 4mit 0 4mit
e dt e dt
47ri/ 7.:47%/7,:7}1;c D17k])-

0 Y+(e2™) 1 Y+ (e2mi) ([

So hi([¢17k]) = —hi([¢17k]), which proves that hy([¢17k]) is purely imaginary O

We can also compute h_z([¢17-2]) numerically, using (84):

dx o (dzY _ 2zdx )
hz([¢172])—/¢1”y —/H¢> (y ) —/” y =2.-1.1371i.

Using this, lemma 22 and the fact that hg(¢17%) is a nowhere vanishing continuous function of
k €] — 0o, —1[, we conclude that

Shi([p1yk]) <0 for all k €] — oo, —1].

Now we want to examine the interval ]0,4]. As most of the computations can be done in the same
way as in the previous case, we will not present them as detailed as above. Because of (86), we
see that there is a degenerate curve in this case, namely at k = 4. So let’s for the moment assume
that we are examining the interval |0, 4[ and extend all results to k = 4 later by continuity.

We will focus on the point k = 2. The zeroes of fi(x?) are

(0417 —Qq, g, —Q2, (3, 70[3) = (Za 72‘5 <8 \4/§7 7<8 <4/§7 Cg_l %a 748_1 \4/§> .

99 99 99
+ _ I AP P
v =0 (0’ 100a’> ¢ (1000‘1) 0 (1000‘”()) '
As f»(0) = 2, we take liftings of those paths with zg = 0 and ¢y = (0,v/2), where the positive
value of the square root is taken. We get corresponding classes a;(C3), a2(Cs), b1(C3), b2(Cs) in

H(C3,Z) and a1(E12),b1(F12) in Hi(E12,Z). With numerical techniches one can now show
that

Take the paths

[y2] = a1(C2) — a2(Ca) — ba(Ca).
If ([ok,i])i is the continuation of (a1(C2), a2(Ca), b1(C2), b2(C2)) to all of ]0, 4] then it follows that
vl = [ok1] = [ok2] = [ok.4]

for k €]0,4[. Hence
[b17e] = [0 2], (87)

for k €]0,4[, where ([0}, ,],[0},,]) is the continuation of (a;(E12),b1(F1,2)) to all of |0,4] (here
we can include k = 4, as the family E;j does not have a degeneracy at k = 4). A numerical
computation shows that Sho([¢#172]) < 0 hence, using lemma 22 and continuity it follows that

She([p17k]) <0 for all k €]0, 4]. (88)

10.4 Pushing forward r¢(f,g)

We know that )
m(Py) = —*/ n(f.9), (89)
2 oy
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where

r+1

~ 2zy — (2k+ )2t + (2k — 6)2? — 1
z—1 B '

and  g(z,y) = (1) (y) (x —1)4

flay) = W) (2) =

We can use the ideas of section 6 to do further calculations now. Lemma 18 shows that the tame
symbols of {f, g} are roots of unity everywhere so that the differential 7(f, g) has all its residues
equal to 0. We see that

/wo n(f,9) = r{f, g} o %)

Let’s do some manipulations with {f, g} now. We will work in K2(C(C)) ® Q. Define

(=22 — 62 — 1)y + (4k + 2)x3 + 1422 + (—4k + 14)x + 2

a(r,y) = (x—=1)((—x—Dy+ 2k + )22 + (—2k+6)x + 1)
and ( 1)2
bz, y) = (—z— 1Dy + 2k + )22 + (-2k +6)x + 1’
Then
a(:cz,y)f(f,y) + b(xza y)g(xay) = 1’

1= {a(a®,y)f(2,9), b(z? y)g(z,y)}
= {a(z®,y),b(«*, )} {a(z*,y), g(z,v)} { f (z, 1), b(z*, )} { f (. ), 9(x, )},
from which it follows that
{f(2,9),9(z,9)} = {a(e®, ), b2, 9)} 7 ({a(e?,y), g(z, ) H [ (@), b, )})
As oi{f(z,y),9(z,y)} = {f(z,9),9(z,y)}, we see that
{f(@,y), 9(x,y)} = {a(e?, ), b= )} ({ale®,y), 9(~z,y) Hf(~z,y), bz, )})
= {a(=®,9),b(=*, 1)} " ({a(@®, ), g(z,») H [ (2,9), b(x*,9)}) -

By multiplying these two idenitities it follows that

{f(z,y). 9(z,9)} = {a(2®,y),b(z*, )} . (90)

Now, the functions a(z?,y) and b(z?,y) can be pushed forward to Fj; via ¢; to the functions
a(z,y) and b(x,y). The identity (90) holds in K2(C(C)) ® Q so in Ko(C(C)) it holds modulo
torsion. This means that also the tame symbols dp{a(z?,y),b(z% y)} are roots of unity. From
(18) and the fact that ¢ is surjective it follows that Op{a(x,y),b(x,y)} is a root of unity for all
P € Ey i, so that n(a(z,y),b(z,y) has all its residues equal to 0. We see that

ro (@, y), 9(@, )} ([ o) = =re, {alz, y), bz, y) (91 0 P 0 yi]).

In view of theorem 5 we see that we must compute (a(x,y)) ¢ (b(x,y)) (see (33)). Let’s use the
equivalence relation = on divisors defined in subsection 5.3. Let

k—7 —4VEk%2—-10k+9
P=(1,4 T =
(1,4), <k+1’ E+1 )’
U— k—6+vVk?—16k+32 —3k+4 —Vk?— 16k + 32
N 2(k+1) ’ k+1 '
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If k£ is fixed, it does not matter which values of the square roots we choose here. The divisors
appearing in the calculations are invariant under the conjugations belonging to the square roots.
Note that T is conjugate to —T" and that U is conjugate to P — U. Also note that

6P =0.

And, as k ¢ {0,—1}, we can easily see that 6 is the exact order of P for all k, because

k-3 4 k—4

One can easily compute and verify that
(a(z,y)) =2[P] + [U] + [P - U] - [5P] - 2P| - [P+ T] - [P - T

and
(b(z,y)) =2[bP] —[2P] - [P+ T] - [P —T] + [O].

Let D = (a(z,y)) ¢ (b(z,y)). Then it follows that
D =5[P|+32P]+[U)+[P-U]+3[P+U|+32P-U]+[P+T-U|+[P-T -]
+T+U|-[T-U]-[P-T]-[P+T]-32P+T]-3)2P-1T].

And thus we can use theorem 5 to express m(Py) in terms of M (D).

10.5 The case k=2

If k£ = 2 then the curve Ej ; is an elliptic curve with complex multiplication. In view of the results
of section 7 we can try to express M, (D) in terms of L(E,s). Note that E; o has the following
equation:

y? = 62 + 622 + 2z + 2.

Over Q, the curve E; 5 is isomorphic with
E:y?=2%+1.

An isomorphism can be given by

3z+1 3
p:E17k—>E:(x,y)»—>< y)7

2 4

with inverse

_ 2¢ —1 4
ple—>E1’k:(x,y)»—>( y)

3 73
The curve E is discussed in section 7.1. We see that over R it is isomorphic with C/A, where
A =7+ Z7 with 7 = (3 +/3i)/6. We know that C/A is isomorphic to the curve

E':y? = 42® — 140G4(A),

via the isomorphism given by (13). Note that Gg(A) < 0. It is easy to see that E’ isomorphic to
E by the map

/ . — - y
BBy <€/—35G6<A)’ \/—140G6(A>> |

where we take positive real roots. Note that this isomorphism is defined over R and it preserves
the sign of the y-coordinate of points, which in turn implies that the rescaling of the lattice
{fv dx/y : [y] € H1(E(C),Z} that is induced by this isomorphism is a multiplication by a positive
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real number.

If we take VK2 — 16k + 32 = /4 = 2, then we see that

1 4
U=(-2,-2)=4P.
(-5-3)

So our divisor D is much simpler now:
D = (a(z,y)) o (b(z,y)) =2[P] - 2P] - [P-T] - [P+ T]—4]2P - T] — 4[2P + T].

This divisor is not fully supported on torsion points, although we would like to have that. Fortu-
nately we have a strategy to tackle this problem. Consider the set

S={nP+mT:ne{0,...,5},me{-1,0,1}}.

Let P; and P, be two (not necessarily distinct) elements of S such that Py + P» is also in S. Then
[P1] + [Pe] + [-P1 — P2] — 3]O] is a principal divisor. It will belong to a function of the form
ay + bx + ¢. One can see this by drawing a picture and using the geometric construction of the
group law on an elliptic curve, or with a more formal method: the divisor has no poles except for
O, which is of order at most 3. Among all these functions we can look for relations of the kind
afi + bfs = cfs. It would then follow that {afi/(cf3),bf2/(cf3)} = 1, which is of course very
useful. Having done this one finds that

(By+6x—2)=[2P+T]+[2P - T] + [2P] - 3[0],
(3y +4) = 3[4P] — 3[0],
(x =1) = [P] + [5P] = 2[0],
with relation
3y+6x—2—(3y+4) =6(z—1),

where the parentheses here of course don’t indicate divisors. If we identify F4 o(C) with C/A in
the way that is described above, we see that for

D= (3%266_5”” 2) o (6(;”_*1‘;)) — 4[]~ T[2P] — [P+T]— [P —T] —42P +T] — 4[2P — T

the identity M.(D’) = 0 holds so that
MT(D) = MT(D - DI) = M; (G[P] + 6[2P]) :

Let’s now figure out what point of C/A the point P corresponds with. It is a real-valued point of
exact order six so it must correspond to 1/6 or —1/6 modulo A. The y-coordinate of P is positive
so if we can show that @/, (1/6) < 0 then it must follow that P corresponds to —1/6 mod A. Here
we go:

1 1 1
p}\<6>:_221)\)3:—432—2 > ——

3
AeA (6 - AeA—{0} (% - )‘)
= —432 Z 1 + LPY Z N+ s
- - 3 3 — - o 1.3
reasroy (=N (G+A) rea—qoy (A = 55)

so if we can prove that the absolute value of this last sum is less than 432, then we are done. Note
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that || > v/3/3 for all nonzero A € A, so that we get the following estimation:

Z A2+ ﬁg < Z ’)‘2 108’ Z ( %) |)“2 < § Z |)\|—4
AeA—{0} ()‘2 - 3716) AeA—{0} ’/\2 36‘ AeA—{0} (1 %) |)‘|6 2 AeA—{0}
27 1
= — \a|’4:81 |a+bC6|’4:81 B —
2 aeog:{o} a>1zb:>0 a>1zl;>0 (a2 +ab+b?)°
=90 +81 —_<90+81 ¢t
a>z,b:>o (a2 + ab + b2 cz—; a>;>o

max(a,b)>2 max(a,b)=c

=90 + 162(¢(3) — 1) < 432.

(10 (5) = (5))

1 1 1
-2 =——K 0,-,2) =9L(F,2
737 )) 2 1,A<a65> (7)

Using (55), (56) and (58) we see that

o= (o0, (1)t (1)) = o
= —6(37)° (KLA (o, é,2) + Kia (

=n?L'(E,0).

From (87) it follows that [¢172] is an element of a basis for Hy(E; 2(C),Z). From (88) and the
fact that the rescaling of the lattice described above is a multiplication by a positive real number,
say a, it follows that

hy([p172]) = —V/'3i/3, (91)

where
hy : Hi(Ey 2(C),Z) — A : [y] = aha([7]).

So if 0y is a path with hy([61]) = 1 and if d; is a path with h5([d2]) = 7, then we see that
hy([61] — 2[82]) = —v/3i/3 so that
[#172] = [61] — 2[d2].

As we have already shown above, the tame symbols vanish so the value of the integral we must
compute only depends on the homology class of ¢1v2. We can choose a paths homologous to d;
and 02 which start and end in O. We can lift the corresponding paths on C/A to paths in C such
that this lifting starts in 0. From (91) it follows that these liftings will end in 1 and 7 respectively.
From (42) it follows now that

S((1—2r —S (Bin2L/(E,0)
rpgfon)) = U= 2DMAD)) <3@- ) _ s

(%T)ﬂ— Tﬂ-

since L'(F,0) is real. Using (89) we arrive at a proof of the following proposition which again was
conjectured in [4]:

Proposition 8 The following formula holds:

m(Py) = L'(E,0) with E:y?=2%+1.
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11 Conclusion

In tackling the computation of the Mahler measure of a bivariate polynomial P, one has to combine
general methods with specific tricks. The structure of the algebraic curve C' that is defined as the
zero locus of the polynomial is of major importance for both the general methods and the specific
ones.

The first step is to express m(P) in terms of an integral of the closed differential n(z,y) =
log |z|d arg y — log |y|d arg  along a path on the curve C. How to proceed from this point depends
highly on the type of curve we are dealing with. In any case, it is important that n(z,y) has all
its residues equal to zero.

If C is rational, then one can express m(P) in terms of the dilogarithm function. We want to
express the obtained dilogarithm sum to one involving only dilogarithms of roots of unity, which
we can then try to transform to an L-series of a Dirichlet character, evaluated at s = 2. It is
not clear when or how it is possible to rewrite the dilogarithm sum to one only involving roots of
unity. No general method of doing is is known to me; in each special case, trial and error seems
to play a role in finding dilogarithm identities that one can use to simplify the sums.

If C is an elliptic curve and if the path along which n(z,y) is integrated is closed, then one can
express m(P) in terms of a sum of Eisenstein-Kronecker-Lerch series, which serve as an elliptic
analogue of the dilogarithm. In this case we want to rewrite this sum of Eisenstein-Kronecker-
Lerch series to one of which all the terms are evaluated at torsion points of the elliptic curve.
Again no general method to do this is clear and trial and error is important.

In the special case of an elliptic curve with complex multiplication, the sum defining Eisenstein-
Kronecker-Lerch series looks, by Deuring’s theorem, similar to the sum defining L-series. The
main difference is that the Eisenstein-Kronecker-Lerch series uses an additive character, while the
L-series uses a multiplicative character. Using Gauss sums one can transform them into each
other. We can use this to try to give a rigorous proof of an identity of the type m(P) = rL'(FE,0),
where 7 is rational.

Now, if P is a reciprocal polynomial, then we have an automorphism o : (z,y) — (271,47!) on
C, of order 2. In the particular cases in this thesis, the genus of C' is equal to 2 and dividing
out o gives an elliptic curve E 2 C/{c). The fact that f,y n(f,1 — f) = 0 for each closed path =
enables us to rewrite the integral f,y n(x,y) to an integral of the shape f,y n(f,g), where f and g
are invariant under the action of 0. Hence we can push forward the integral on C' to an integral
on E. Again, we can express m(P) in terms of Eisenstein-Kronecker-Lerch series of E. The
problem here is that the divisor D in which we evaluate the Eisenstein-Kronecker-Lerch series is
very complicated. It could happen that the divisors of x and y are supported on rational torsion
points of the Jacobian of C, while the support of D generates a subgroup of E of higher rank and
does not fully consist of rational points. It is not clear to me whether the simple shape of (x)
and (y) can be used to get a simpler divisor on E. To simplify D we use the following trial and
error method: look at divisors of the type (az + by + ¢), supported on a smartly chosen subset of
E. If a triple of these functions satisfy a linear relation, then this gives a linear relation between
Eisenstein-Kronecker-Lerch series. We hope to be able to use this to simplify the divisor D to one
that is fully supported on torsion points. It is not clear to me whether or when this method works
in general.

A special degenerate case arises when C' is an elliptic curve and admits an automorphism o :
(x,y) — (x~1,y~1) which gives a rational curve after dividing it out. We get a dilogarithm sum
on a very complicated divisor. Also here, finding relations between triples of functions seems to be
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a good method to find relations between dilogarithms which can be used to simplify the original
sum. Still, it is not clear whether this always works.

So as usual, we see that solving a problem is one thing, but fully understanding one’s own solution
is much more difficult than finding it. A lot of new food for thought arises when one has solved
a problem. How to put a specific solution step in a more general setting is the most difficult
but also most important challenge that a mathematician can face. The inspiration has to come
from examples that are simpler and more specific, therefore those examples are not necessarily
less important than the general setting itself.
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