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Summary. The Cauchy-Born rule postulates that when a monatomic crystal is subjected
to a small linear displacement of its boundary, then all atoms will follow this displace-
ment. In the absence of previous mathematical results, we study the validity of this rule
in the model case of a 2D cubic lattice interacting via harmonic springs between nearest
and diagonal neighbours. Our main result is that for favourable values of the spring
constants and spring equilibrium lengths, the CB rule is actually a theorem.

Simple counterexamples show that for unfavourable spring parameters or large dis-
placements the CB rule fails. Moreover the resulting overestimation of the lattice energy
per unit volume by the CB rule cannot be cured by convexification (let alone quasicon-
vexification) of the CB energy.

The main tool in our proof is a novel notion of lattice polyconvexity which allows us
to overcome the difficulty that the elastic energy as a function of atomic positions can
never be convex, due to frame-indifference.

1. Introduction

This article is devoted to two basic questions concerning the elastostatics of a 2D lattice
of particles interacting via interatomic potentials. We are not aware of any previous
mathematically rigorous results on these questions, and hence study them in the innocent-
looking model case where the particles have equal mass and are linked by harmonic
springs between nearest and next nearest neighbours (see Figure 1).1

The nearest neighbour springs and diagonal springs are characterized by their re-
spective equilibrium lengths a1, a2 > 0 and spring constants K1, K2 > 0. Despite the

1 Nearest neighbour models have no shear resistance and are hence incapable of capturing elasticity.
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Fig. 1. Unit cell of the
mass-spring lattice.

interaction force of each spring being linear with respect to interatomic distance, the
model is still nonlinear. The remaining nonlinearity is of geometric origin (caused by
the frame-indifference of atomic forces), and not due to any modelling assumption. It
is a universal feature of all atomic models which respect the law of frame-indifference
(such as Lennard-Jones models, non-pair-potential models, density functional theory, or
full quantum mechanics).

Question 1. What is the ground state of a large finite lattice subject to (say linear)
deformations prescribed at the boundary? In particular, does crystalline order ensue (or
persist under change of the linear boundary conditions) if all nonboundary atoms are
allowed to relax into their energy-minimizing positions?

Question 2. What is the energy per unit volume of the ground state when the system
size gets large?

Question 1 is a variant of the well-known crystallization problem. (Another variant,
obtained by replacing the linear displacement boundary conditions by zero applied forces,
is studied in our companion paper [FT02].) That the question is far from trivial even for
very simple-looking interactions is illustrated by the sphere packing problem, which
remains unsolved in three dimensions despite a long history of attempts.

Question 2 means calculating, from atomic parameters, the continuum-mechanical
stored-energy function of the crystal, i.e., the macroscopic energy per unit volume as a
function of macroscopic deformation gradient. Note that by prescribing linear boundary
conditions on the atomic system, one prescribes the average or macroscopic deformation
gradient.2

In applications, Question 2 (extraction of a continuum-mechanical stored-energy
function from an atomistic model) is usually “solved” by assuming a trivial solution
to Question 1. One ignores the possibility of relaxation of atomic positions from the
outset and postulates instead (“Cauchy-Born hypothesis”) that the minimum energy is
attained when each unit cell individually follows the linear deformation prescribed at
the boundary, see Figure 2.

2 In the simpler case of elastic continua, knowledge of such a stored-energy function obtained by relaxation
under linear bc’s suffices to determine the minimum energy under nonlinear bc’s as well (e.g. [Da89, Ch. 5,
Thm. 2.1]).
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Fig. 2. Reference configuration of a finite lattice; Cauchy-Born deformation; and general defor-
mation subject to the same boundary condition.

Our result for the 2D mass-spring lattice is that for an open set of atomic parameters
(spring constants K1, K2 > 0 and spring equilibrium lengths a1, a2 > 0) and all boundary
data close to the identity, the CB hypothesis is actually a theorem, while for another
open set of atomic parameters the CB hypothesis fails, even at the identity. (Moreover,
for any choice of parameters it fails for some boundary data.) In the failure region,
energy-minimizing configurations are shown to exhibit fine-scale spatial oscillations.
See Section 2 for precise statements.

Mathematically, the instability results require only finite-dimensional analysis—
indeed, instablity occurs already in the two-dimensional subspace of “shift-relaxation”
deformations corresponding to the formation of two interpenetrating superlattices. (The
corresponding energy surface at different parameter values is pictured in Figure 6.) But
the stability result, i.e., the fact that in a certain parameter region the Cauchy-Born state
is the unique minimizer, is an infinite-dimensional result and therefore less trivial.

The main difficulty is that the energy as a function of atomic positions is never
convex (not even locally convex in any neighbourhood of the Cauchy-Born state), even
when the interatomic potentials are convex with respect to interatomic distance. This
nonconvexity is of universal geometric origin, and is the energetic manifestation of
the geometric nonlinearity of the forces due to frame-indifference, discussed earlier. In
one-dimensional lattice models such as those studied in [Tr96], [PP00], nonconvexity
always leads to inhomogeneous or oscillatory atomic relaxation patterns. The two main
mathematical ideas which allow us to understand how homogeneity can survive in 2D
in spite of nonconvexity are the following:

(a) A novel notion of lattice polyconvexity, inspired by the analogous notion for contin-
uous systems [Ba77], [Da89]. Lattice polyconvexity is weaker than convexity (and
is consistent with frame-indifference), but turns out to be sufficient to establish that
Cauchy-Born states are minimizers subject to their own boundary conditions.

(b) A careful analysis of how lattice-polyconvexity of a model is implied by a single-
well property and nonnegativity of the vibrational spectrum of a local “cell energy
function” on the lattice. The cell energy function accounts for all degrees of freedom
of each unit cell, including those which are suppressed by the Cauchy-Born hypoth-
esis. Its vibrational spectrum can be thought of as a local counterpart of the phonon
spectrum of the lattice: Instead of global vibrational modes (phonons), one studies
the local vibrational modes of a single unit cell, unconstrained by compatibility or
periodicity constraints imposed by neighbouring cells.

These methods reduce Question 1, which concerns a sequence of problems of larger and
larger dimension, to an auxiliary problem of fixed finite dimension. (See Theorem 5.1
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for a precise statement and see Lemmas 5.2 and 5.3 for steps (a) and (b). The local cell-
energy function is constructed in Section 3.) The methods should, at least in principle,
be applicable to much more general interatomic force models, including anharmonic,
nonpair, or further-neighbour interactions.

For our model interactions, the finite-dimensional auxiliary problem can be analyzed
completely. In particular, we determine the (eight-dimensional) normal modes of the
unit cell depicted in Figure 1. (See Section 6.)

Similarities and differences of our results with those of relaxation theory for continu-
ous elastic bodies (and its central notion of quasiconvex hull) are indicated. In particular,
it turns out that in the parameter region where the CB rule fails, the energy per unit
volume of the lattice as a function of macroscopic deformation gradient is quasiconvex,
but it is not the quasiconvex hull of the CB energy density. Physically this means that
atomic relaxation effects are irrecoverable from first eliminating atomic degrees of free-
dom by the CB rule, and then allowing the continuum degrees of freedom to relax. (See
Section 2.)

An important question left open by our analysis is the precise structure of the fine-
scale spatial oscillations of the ground state (i.e., their period or degree of disorder) in
the parameter region where the CB rule fails. This issue is easy to resolve only in the
case of stress free boundary conditions, which will be discussed elsewhere.

Another issue beyond the scope of this paper is the elastostatic response of lattices
to more general, i.e., nonaffine, boundary conditions (or applied forces). In this more
complicated situation, a partial answer to Questions 1 and 2 which would bypass the finer
issue of explicit atomic relaxation patterns is suggested by recent work on discrete models
arising in fracture mechanics, image segmentations, and phase transitions [BDG99],
[Ge99], [Go98], [PP00] (see also [Tr96], [FJ00]). In these studies, the asymptotic regime
of large system size is investigated. The discrete minimizers are shown to converge (in
a suitable weak topology which corresponds physically to averaging over a larger and
larger number of atoms) to minimizers of a limiting continuum theory. In our 2D elastic
lattice, an obvious candidate for the limit functional is

∫
�

W (Dy(x)) dx, with W (F) as
arising in our analysis of the Cauchy-Born rule (see 2.5).

Finally we remark that it would be interesting to extend the present study to incorporate
thermal effects, and to determine the asymptotic behaviour of lower-order contributions
to the lattice energy such as surface or edge energies, which could explain e.g. some
of the interesting effects observed numerically by Novak and Salje [NS98]. For their
more general interactions, the construction of a local cell-energy function is explained
in Section 8.

2. Lattice Energy Functional and Main Result

We begin by specifying the finite lattice occupied by the particles in a reference configu-
ration. It is taken to be L = r∗

Z
2 ∩�R , where r∗ > 0 is a lattice parameter, � ⊂ R

2 is an
open bounded domain with sufficiently regular (say Lipschitz continuous) boundary, and
�R is the dilate {Rx | x ∈ �}, where R > 0. A deformation of the lattice is described by
a vector field y: L → R

2, where y(x) denotes the position of the particle with reference
position x ∈ L.
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The total elastic energy of the deformed lattice consists of the contributions of the
nearest neighbour springs and of the diagonal springs,

E[{y(x)}x∈L] = 1

2

∑
x,x ′∈L

|x−x ′ |=r∗

K1

2
(|y(x) − y(x ′)| − a1)

2

+ 1

2

∑
x,x ′∈L

|x−x ′ |=√
2r∗

K2

2
(|y(x) − y(x ′)| − a2)

2. (2.1)

This system constitutes what we perceive as a minimal atomistic model for nonlinear
elasticity: (1) The model is frame indifferent, i.e., E({Ry(x)}x∈L) = E({y(x)}x∈L) for all
R ∈ SO(2); (2) The functional form of the interaction potentials is the simplest possible;
(3) The number of neighbours is minimal: Nearest neighbour models (K2 = 0) have no
shear resistance and are hence incapable of capturing elastostatics.

We study the following problem, which concerns the elastostatic response of the
lattice to a prescribed linear deformation at the boundary:

Minimize E[y] among deformations y ∈ A
satisfying the boundary condition (2.3). (2.2)

The class A of admissible defomations will be specified shortly and the boundary con-
dition is

y(x)|x∈∂L = Fx, (2.3)

where F is a given 2 × 2 matrix with det F > 0. Here the set of boundary atoms is
given by ∂L = {x ∈ L | x possesses a nearest or next nearest neighbour x ′ ∈ r∗

Z
2 with

x ′ /∈ L}.
The above simple energy, like all lattice models for crystals, only makes physical sense

for deformations y whose magnitude does not exceed the plastic limit beyond which
dislocations are created and the list of nearest neighbours of the atoms begins to change.
In particular, the above model does not distinguish energetically between the identity
and “folded” configurations such as y(r∗me1, r∗ne2) = r∗ne2 when m = 0 mod 2 and
r∗ne2 + r∗e1 when m = 1 mod 2. Its domain must be restricted to orientation-preserving
maps

A := {y: L → R
2 | det′(D′y(x)) ≥ 0∀x ∈ L′}, (2.4)

where det′(D′y(x)) is the oriented area of the deformed unit cell with corners y(x), y(x+
r∗e1), y(x + r∗(e1 + e2)), y(x + r∗e2) (see Section 4 below for an algebraic definition
of det′(D′y(x))), and L′ is the set of bottom left corners of unit cells, L′ = {x ∈
L | x, x + r∗e1, x + r∗(e1 + e2), x + r∗e2 ∈ L}.

As explained in the Introduction, we are interested in (1) periodicity properties of
the minimizers y ∈ A, and (2) their elastic energy per unit volume (as a function of
the macroscopic deformation y(x) = Fx prescribed on the boundary) as the system size
gets large:

W (F) := lim
R→∞

W�,R(F), where W�,R(F) := min
y∈A

y(x)|x∈∂L=Fx

E[{y(x)}x∈L]

vol(�R)
. (2.5)
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In particular, we seek to prove or disprove the Cauchy-Born hypothesis which postu-
lates that the minimum in (2.5) is attained when each unit cell individually follows the
prescribed linear deformation, in which case W (F) coincides with the much simpler
function

WCB(F) := lim
R→∞

E[{Fx}x∈L]

vol(�R)
. (2.6)

The above definitions make sense because of the following lemma.

Lemma 2.1. The limits in (2.5), (2.6) exist, and are independent of the region �.

Here existence of the clamped-atom limit (2.6) is trivial;3 by contrast, the proof of exis-
tence of the relaxed-atom limit (2.5) requires some work and is postponed to Appendix 1.

To compare W and WCB, it is convenient to choose the lattice parameter r∗ in such a
way that the deformation gradient F = I is an equilibrium, i.e., satisfies ∂WCB(F)/∂ F =
0. As seen a posteriori from Propositions 3.2 and 3.1 below, this is (a) always possible
for any given spring constants K1 > 0, K2 > 0, and spring equilibrium lengths a1 > 0,
a2 > 0, and (b) uniquely determines r∗ as

r∗ = K1a1 + √
2K2a2

K1 + 2K2
. (2.7)

Remark. While the homogeneous cubic equilibrium state is geometrically trivial, it
is not physically trivial, i.e., the interatomic forces are not individually zero. Instead,
equilibrium occurs through detailed balance of nonvanishing forces (nonzero tensions
and compressions K1(r∗ − a1), K2(

√
2r∗ − a2) in the horizontal respectively diagonal

springs, balanced by the equilibrium equation (3.8) for r∗).

As a final preparation before stating our main result, we extract from the spring
constants and spring equilibrium lengths the following dimensionless parameters:

α := a2/
√

2

a1
, κ = K2

K1
.

Physically the case α = 1 is special; it corresponds to the cubic equilibrium state
possessing simultaneously relaxed nearest-neighbour and diagonal springs. When α > 1,
the diagonal bonds are repulsive, while if α < 1 the diagonal bonds are attractive.

Theorem 2.2. There exist open parameter regions U ⊃ {(α, κ) ∈ (0,∞) × (0,∞) |
α = 1}, U ′ ⊃ {(α, κ) ∈ (0,∞) × (0,∞) | α < 1

2 , κ ≥ 1
2

1
1−2α

} with the following
property.

(a) (Validity of Cauchy-Born rule) For (α, κ) ∈ U ,

W (F) = WCB(F) for all F in some open neighbourhood of SO(2), (2.8)

3 In fact it is even known to hold in the much more subtle case of long-range, quantum mechanical forces
[LS77], [Fe85], [CLL98].
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and the minimization problem “Minimize E[{y(x)}x∈L] among y ∈ A satisfying
y(x)|x∈∂L = Fx” has the unique solution y(x) = Fx for each finite lattice L.

(b) (Failure of Cauchy-Born rule by changes in atomic parameters) For (α, κ) ∈ U ′,

W (F) < WCB(F) for all F in some open neighbourhood of SO(2),

and the superlattice

yd(x) =

Fx + dx ∈ L\∂L,

x1

r∗ + x2

r∗ even,

Fx, otherwise
(2.9)

with d ∈ R
2 chosen suitably, has lower energy than the Cauchy-Born state y(x) =

Fx for all sufficiently large R > 0.
(c) (Failure of Cauchy-Born rule by changes in applied loads) For all α > 0, κ > 0,

if F = r
r∗ I and r ≤ a1/2 then W (F) < WCB(F), and the shift-relaxed configura-

tion given in (b) has lower energy than the Cauchy-Born state y(x) = Fx for all
sufficiently large R > 0.

See Figure 3.
The proof of part (a) is given in Section 6, using the reduction methods developed in

Sections 4 and 5. Parts (b) and (c) are proved in Section 7.
Our viewpoint is that (b) and (c) should be considered unsurprising, and that the less

expected result is (a). The reason is that the energy functional E is not convex in the
atomic positions y(x) (x ∈ L), even when the interatomic potentials are convex functions
of atomic distance. As discussed in the Introduction, this nonconvexity is of geometric
origin and is caused by the frame-indifference E[{y(x)}x∈L] = E[{Ry(x)}x∈L] for all
R ∈ SO(2) and all y: L → R

2.

1/2 1

κ

α

U’

U

Fig. 3. Validity and failure of the CB hypothesis: In the parameter regionU , it is satisfied
for F in some neighbourhood of SO(2). In U ′ it fails.
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We do not know whether the energy can be lowered further by further symmetry
breaking. An inkling of how difficult it is likely to be to determine the structure of
the exact ground states can be had from the situation L = r∗

Z
2 ∩ {|x1| + |x2| ≤ r∗},

corresponding to four boundary atoms surrounding a single “interior” atom. This problem
is analyzed completely in Section 7. Depending on the choice of parameters, it contains
up to seventeen different equilibrium positions of the interior atom, which correspond
to the Cauchy-Born state plus four quartets of non-CB equilibria.4

What we can say however is that in the non-CB parameter region, the ground state is
not just inhomogeneous, but necessarily contains short-scale spatial oscillations on the
length scale of the lattice. To formulate this precisely, we introduce the long-wavelength
relaxation (or quasiconvex hull) of WCB(F),

(WCB)qc(F) := inf
y∈W 1,2(�;R2)

y(x)|x∈∂�=Fx,det Dy(x)≥0

1

|�|
∫

�

WCB(Dy(x)) dx. (2.10)

(Here W 1,2(�;R
2) is the usual Sobolev space of square-integrable mappings from � to

R
2 with square-integrable gradient. The definition appears to depend on �, but it does

not [Mo52], [Da89].) The following is an immediate consequence of Theorem 2.2 (b)
and Proposition 3.1 in Section 3 below.

Corollary 2.3. In the parameter region U ′ (see Theorem 2.2), W (F) < (WCB)qc(F)

for all F ∈ SO(2).

Physically, this result means that atomic relaxation effects are irrecoverable from
first eliminating atomic degrees of freedom by the CB hypothesis and then allowing the
continuum degrees of freedom to relax. For further information on this phenomenon,
see Appendix 2.

By contrast, continuum relaxation effects are already contained in the atomic relax-
ation (2.5):

Proposition 2.4. For all parameters a1 > 0, a2 > 0, K1 > 0, K2 > 0, W is quasicon-
vex, in the following sense:

1

|�|
∫

�

W (Dy(x)) dx ≥ W (F),

for all y(x)|x∈∂� = Fx, y ∈ C1(�̄;R
2), det Dy(x) > 0 in �̄, and all F ∈ M2×2,

det F > 0.

The proof of the proposition is a straightforward adaptation of analogous results [Da89]
for continuous elasticity models and is hence omitted. We do not know whether the class
of admissible trial functions in the proposition can be enlarged to the less smooth class
y ∈ W 1,2(�;R

2) with det Dy(x) ≥ 0.

4 By the cubic symmetry of the five-atom problem, equilibria must appear as singlets, quartets, or octets.
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3. Cauchy-Born Energy

Before tackling the complicated function W , which involves solving an asymptotically
infinite-dimensional minimization problem, we analyze the much simpler function WCB.

Proposition 3.1. Let the lattice parameter of the reference configuration be given by
(2.7). For any choice of the spring constants and spring equilibrium lengths K1 > 0,
K2 > 0, a1 > 0, a2 > 0, WCB is a single-well energy, that is to say

(a) WCB is minimized on {F ∈ M2×2 | det F ≥ 0} =: D if and only if F ∈ SO(2).
(b) There are no other critical points (i.e., F0 such that ∂WCB

∂ F (F0) = 0) in the interior
of D.

Remarks. (1) In particular, in the parameter regime where Theorem 2.2 establishes
that W = WCB, the elastic energy per unit volume W as a function of average de-
formation gradient F has the single-well structure given in (a) and Figure 4. Such a
single-well structure, derived here from interatomic forces, is a central feature of the
classical phenomenological stored-energy functions of nonlinear elasticity theory (such
as the Saint-Venant-Kirchhoff function and its refinements [Ba77].)

(2) The second neighbour interactions are essential for the single-well structure of
WCB. If K2 = 0, then WCB would fail to penalize collapse of the lattice by shearing, and
the set of minimizers in (a) would be given by {RFθ | R ∈ SO(2), θ ∈ [−π /2, π /2]},
where Fθ is the orthorhombic state (

1 sin θ

0 cos θ

)
.

If K2 < 0, then WCB would promote collapse of the lattice by shearing, and the set of
minimizers would be contained in the singular set {det F = 0}.

The proof relies on two simple ideas. First, one partitions the energy functional E
into a bulk part, additive with respect to unit cells, and a surface part, and observes
that the latter is negligible in the limit R → ∞. This partitioning gives an explicit
formula for WCB, and also plays an important role in our subsequent study of atomic

Fig. 4. The Cauchy–Born en-
ergy function restricted to the
2D subspace {F ∈ M2×2 |
F = (

a
b

−b
a ), a, b ∈ R} which

contains SO(2).
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relaxation. Second, one avoids a direct study of the system of four nonlinear equations
∂WCB/∂ F = 0 but instead works in carefully chosen geometric parameters suggested by
the geometry of the image of the reference unit cell under the linear map y(x) = Fx.

Reduction to a finite-dimensional problem. Starting point is the energy functional
(2.1). We rewrite the sum over “bonds” as a sum over unit cells plus a surface energy,
i.e., decompose E as follows:

E[{y(x)}x∈L] = Eb[{y(x)}x∈L] + Es[{y(x)}x∈L], (3.1)

where the first term is a bulk term which can be written as a sum over unit cells,

Eb[{y(x)}x∈L] =
∑
x∈L′

Ecell(y(x), y(x+r∗e1), y(x+r∗(e1+e2)), y(x+r∗e2)) (3.2)

(with the summation index x corresponding to the lower left corner of the cell and the
summation domain L′ defined below), the cell energy is given by

Ecell(y1, y2, y3, y4) = 1

2

4∑
i=1

K1

2
(|yi+1−yi |−a1)

2+
2∑

i=1

K2

2
(|yi+2−yi |−a2)

2, (3.3)

and the surface energy equals

Es[{y(x)}x∈L] = 1

4

∑
x,x ′∈∂L

|x−x ′ |=r∗

K1

2
(|y(x) − y(x ′)| − a1)

2

+ 1

2

∑
x,x ′∈∂L

|x−x ′ |=√
2r∗

K2

2
(|y(x) − y(x ′)| − a2)

2. (3.4)

Here the set of lower left corners of unit cells appearing in (3.2) is given by L′ = {x ∈
L | the associated cell {x, x + r∗e1, x + r∗(e1 + e2), x + r∗e2} is contained in L}.

In expression (3.3) for the cell energy, note the extra factor 1
2 in front of the horizontal

contributions: It is necessary to avoid double-counting as each horizontal contribution
features in two unit cells.

By means of the decomposition (3.1) and the fact that the surface energy (3.4) only
grows linearly with R, i.e., does not contribute to the limit (2.6), we obtain the explicit
formula

WCB(F) = Ecell(Fx1, Fx2, Fx3, Fx4)

r∗2 , (3.5)

where

x1 = a, x2 = r∗e1 + a, x3 = r∗(e1 + e2) + a, x4 = r∗e2 + a, (3.6)

is the reference configuration of the unit cell of the lattice. (By translation invariance of
the cell energy (3.3), WCB is independent of the translation vector a ∈ R

2.)
Affine versus nonaffine deformations of the unit cell. Analyzing WCB means exploring

the behaviour of the exact lattice bulk energy functional, but only for configurations
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constrained in two drastic ways: (a) the reference configuration consists of a single unit
cell, (b) the deformation of the unit cell is affine.

Here and below we say that a deformation {x1, x2, x3, x4} �→ {y1, y2, y3, y4} of a unit
cell is affine if there exist F ∈ M2×2 and c ∈ R

2 such that yi = Fxi +c for i = 1, 2, 3, 4.
(Here the xi are as defined in (3.6).) Geometrically this means that opposite edges of the
cell must remain parallel.

The affine deformations of the unit cell constitute a 6D linear subspace

VCB := {y: {x1, x2, x3, x4} → R
2 | y is affine}

of the 8D space of deformations

V := {y: {x1, x2, x3, x4} → R
2}.

An interesting nonlinear property of this subspace follows.

Proposition 3.2. VCB is invariant under the Euler-Lagrange operator

DEcell: (ỹ1, . . . , ỹ4) �→
(

∂ Ecell

∂y1
(y), . . . ,

∂ Ecell

∂y4
(y)

)∣∣∣∣
y=ỹ

of the cell energy (3.3). In particular, if F0 ∈ M2×2 is an equilibrium of the Cauchy-Born
energy (i.e., ∂WCB(F)

∂ F |F=F0 = 0), then the associated cell (Fx1, . . . , Fx4) is automatically

an equilibrium of the cell energy (i.e., (
∂ Ecell

∂y1
(y), . . . ,

∂ Ecell
∂y4

(y))|y=(Fx1,...,Fx4) = 0).

Proof. This follows from the following dual characterization of VCB

VCB = {y: {x1, x2, x3, x4} → R
2 | y1 − y2 + y3 − y4 = 0},

the calculation

∇y1 Ecell −∇y2 Ecell +∇y3 Ecell −∇y4 Ecell = K1

4∑
i=1

(−1)i

(
1 − a1

|yi+1 − yi |
)

(yi+1 − yi ),

and the fact that the above right-hand side vanishes when y ∈ VCB, since then the first
term equals minus the third term and the second term equals minus the fourth term.

It will from now on be convenient to chose the reference configuration of the cell
to be a stress-free state. A canonical candidate is given by the cubic cell whose lattice
parameter r∗ minimizes energy among cubic cells, i.e., minimizes

Ecell(y1, y2, y3, y4) = K1(r
∗ − a1)

2 + K2(
√

2r∗ − a2)
2. (3.7)

By solving the equation

0 = d Ecell

dr∗ (x1, x2, x3, x4) = 2K1(r
∗ − a1) + 2

√
2K2(

√
2r∗ − a2) (3.8)

for r∗, we obtain the unique minimizer (2.7).
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It is a fact that the so-obtained cubic cell {0, r∗e1, r∗(e1 + e2), r∗e2} is indeed an
equilibrium of Ecell on the full space V , i.e., it satisfies the Euler-Lagrange equations
(denoting y = (y1, y2, y3, y4)),

DEcell(0, r∗e1, r∗(e1 + e2), r∗e2) = 0.

This follows either from a tedious direct computation, or more elegantly from Proposi-
tion 3.2 and Proposition 3.1.

Proof of Proposition 3.1 (b). It is advantageous to work not with the components of the
strain matrix F as parameters, but instead in the following geometric coordinate system:
For the deformed unit cell with corners Fx1, Fx2, Fx3, Fx4, let θ ∈ (0, π) be the angle
between the diagonals and let a > 0, b > 0 be the half lengths of the diagonals.

By elementary trigonometry, the sidelengths are√
(a ± b cos θ)2 + (b sin θ)2 =

√
a2 + b2 ± 2ab cos θ =: s±.

Consequently, with the shorthand notation (y1, y2, y3, y4) =: y,

Ecell(y) = 2
K1

4
[(s+ − a1)

2 + (s− − a1)
2] + K2

2
[(2a − a2)

2 + (2b − a2)
2]. (3.9)

A necessary condition for equilibria is

0 = d

dθ
Ecell(y) = K1

[
(s+ − a1)

−ab sin θ

s+
+ (s− − a1)

ab sin θ

s−

]

= K1ab sin θ

(
a1

s+
− a1

s−

)
.

Since sin θ > 0 in (0, π), it follows that s+ = s−. Consequently cos θ = 0, i.e., θ = π /2,
corresponding to an orthorhombic cell. For an orthorhombic cell, the energy simplifies to

Ecell(y) = K1(
√

a2 + b2 − a1)
2 + K2

2
((2a − a2)

2 + (2b − a2)
2).

The necessary condition for equilibria

0 =

 ∂ Ecell(y)

∂a
∂ Ecell(y)

∂b


 = 2

[(
K1

(
1 − a1√

a2 + b2

)
+ K2

)(
a

b

)
− K2a2

(
1

1

)]

forces a = b, establishing that equilibria must be cubic. But the only cubic equilibria
have sidelength r∗, as already established. The proof of (b) is complete.

Proof of Proposition 3.1 (a). To prove (a), observe first that lim|F |→∞ WCB(F) = ∞;
consequently, it suffices to show that

inf
det F=0

WCB(F) > W (I ).
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In the polar coordinate system introduced above, the condition det F = 0 implies at least
one of (i) a = 0, (ii) b = 0, (iii) θ ∈ {0, π}.

First, suppose (i) holds. Then Ecell(y) = K1(b − a1)
2 + K2(a2

2 + (2b − a2)
2)/2.

For any b > 0, this is strictly bigger than the energy of the cubic cell with side-
length b, K1(b − a1)

2 + K2(
√

2b − a2)
2, the difference between the two energies

being equal to 2K2(
√

2 − 1)ba2. Moreover we infer from this expression that when
b = 0, Ecell(y) equals the energy of a cubic cell with sidelength b = 0, which in
turn is bigger than that of a cubic cell with sidelength r∗, as shown earlier. This estab-
lishes

inf
F |F satisfies(i)

WCB(F) > WCB(I ).

The case (ii) is analogous.
It remains to look at case (iii). Physically, one needs to compare the energy of a cubic

“cluster” to that of a linear chain. Without loss of generality, we can assume α = 0 and
a ≥ b; then s+ = a + b, s− = a − b, and

Ecell(y) = K1

2
[(a + b − a1)

2 + (a − b − a1)
2]

+ K2

2
[(2a − a2)

2 + (2b − a2)
2]. (3.10)

The elementary calculus problem of minimizing (3.10) with respect to a and b is solved
uniquely by

a∗ = K1a1 + K2a2

K1 + 2K2
, b∗ = K2a2

K1 + 2K2
. (3.11)

To compare the energy of the linear chain y1 = −a∗v, y2 = b∗v, y3 = a∗v, y4 =
−b∗v, v ∈ R

2, |v| = 1, to that of the cubic equilibrium state requires a somewhat
lengthy calculation, so we give some intermediate steps: Abbreviating K ′ := K1 +
2K2, one has a∗ + b∗ − a1 = (2K2a2 − 2K2a1)/K ′, a∗ − b∗ − a1 = (−2K2a1)/K ′,
2a∗ − a2 = (2K1a1 − K1a2)/K ′, 2b∗ − a2 = (−K1a2)/K ′, r∗ − a1 = (

√
2K2a2 −

2K2a1)/K ′,
√

2r∗ − a2 = (
√

2K1a1 − K1a2)/K ′. Consequently, by (3.7), (2.7), (3.10),
(3.11),

Ecell(−a∗v, b∗v, a∗v,−b∗v) − Ecell(0, r∗e1, r∗(e1 + e2), r∗e2)

= K1

(K1 + 2K2)2

[
(2K2a2 − 2K2a1)

2 + (2K2a1)
2

2
− (

√
2K2a2 − 2K2a1)

2

]

+ K2

(K1 + 2K2)2

[
(2K1a1 − K1a2)

2 + (K1a2)
2

2
− (

√
2K1a1 − K1a2)

2

]
.

It is now a straightforward matter to check that the first square bracket equals 4K 2
2 (

√
2−

1)a1a2 > 0 and the second square bracket equals 2K 2
1 (

√
2 − 1)a1a2 > 0, completing

the proof.
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4. Discrete Null-Lagrangians

An important technical tool needed in studying the discrete boundary value problem in
(2.5) is the existence of certain local nonlinear functions of the lattice deformation gradi-
ent whose sum over the lattice depends only on the boundary values of the deformation.

In modern continuum elasticity theory, such “null Lagrangians” play an important
role. See in particular [Ba77], [Da89], where it is proved that in two dimensions the only
such functions (i.e., the only continuous functions f : M2×2 → R such that if y, ỹ are
two smooth mappings from a bounded domain � ⊂ R

2 to R
2 which agree on ∂�, then∫

�
f (Dy(x)) dx = ∫

�
f (Dỹ(x)) dx are of the form a+ B ·Dy(x)+c det Dy(x) for some

a ∈ R, B ∈ M2×2, c ∈ R.
We proceed to construct an analogue of the function Dy(x) �→ det Dy(x) on lattices.

To this end, besides the standard discrete gradient of a map y: L �→ R
2 obtained by

taking forward differences,

D+y(x) := 1

r∗ (y(x + r∗e1) − y(x) | y(x + r∗e2) − y(x)) ∈ M2×2, (4.1)

which would suffice if only Cauchy-Born deformations were under consideration, we
introduce a generalized gradient which accounts for the additional atomistic degrees of
freedom of the unit cell with bottom left corner x as well,

D′y(x) := 1

r∗ (y(x)−ȳ | y(x+r∗e1)−ȳ | y(x+r∗(e1+e2))− ȳ | y(x+r∗e2)− ȳ)∈ M2×4,

where ȳ = (y(x)+ y(x +r∗e1)+ y(x +r∗(e1 +e2))+ y(x +r∗e2))/4. Now for arbitrary
G = (g1 | g2| | g3 | g4) ∈ M2×4 we define the following function:

det′(G) := 1

2
(det(g2 − g1 | g4 − g1) + det(g4 − g3 | g2 − g3)).

Geometrically, det′(D′y(x)) is the area of the deformed unit cell with bottom left cor-
ner y(x) divided by the area of the reference unit cell. In particular det′(D′y(x)) =
det D+y(x) when y is a Cauchy-Born deformation.

Lemma 4.1. The function D′y(x) �→ det′(D′y(x)) is a discrete null-Lagrangian, that
is to say, if y and ỹ are two mappings from L to R

2 which agree on ∂L then∑
x∈L′

det′(D′y(x)) =
∑
x∈L′

det′(D′ ỹ(x)).

Remark. We do not know whether there exists a local function of the nongeneralized
deformation gradient D+y(x) which is a null-Lagrangian.

Proof. We begin by noting that for discrete vector fields v: L → R
2 one can easily

derive a discrete version of Gauss’s theorem:∑
x∈L′

div+ v(x) =
∑

x∈L∩∂�′
v(x) · n(x). (4.2)
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Here div+ v(x) is the standard discrete divergence obtained by taking forward differ-
ences,

div+ v(x) = 1

r∗ (v(x + r∗e1) − v(x)) · e1 + 1

r∗ (v(x + r∗e2) − v(x)) · e2,

the region �′ ⊂ R
2 whose boundary appears in the discrete surface integral is the union

of the squares [x, x + r∗e1] × [x, x + r∗e2] corresponding to unit cells with corner
x ∈ L′, and the normal vector field n(x) on L ∩ ∂�′ is defined as follows. On “edges,”
i.e., when x has both a left and a right neighbour ∈ L ∩ ∂�′, or both a top and a bottom
neighbour ∈ L ∩ ∂�′, n(x) is simply the outward unit normal to ∂�′. On “corners,”
i.e., when x has a horizontal and a vertical neighbour ∈ L ∩ ∂�′, the definition of n
depends on the type of corner. One sets n(x) = −e1 −e2 for bottom left outward corners
(i.e., when the neighbours of x on L ∩ ∂�′ are x + r∗e1 and x + r∗e2 and the cell
[x, x + r∗e1] × [x, x + r∗e2] belongs to �′), n(x) = e1 + e2 for top right inward corners
(i.e., when the neighbours of x are as above but the cell [x, x + r∗e1] × [x, x + r∗e2]
does not belong to �′), n(x) = 0 for bottom left inward corners and top right outward
corners, n(x) = e1 for bottom right outward corners, n(x) = −e2 for bottom right
inward corners, n(x) = e2 for top left outward corners, and n(x) = −e1 for top left
inward corners.

The assertion of the lemma now follows upon noting that the function x �→ det′

(D′y(x)) can be written as a divergence,

det′(D′y(x)) = div+



(

y(x) + y(x + r∗e2)

2
· e1

)
(cof D+y(x))11(

y(x) + y(x + r∗e1)

2
· e1

)
(cof D+y(x))12


 , (4.3)

where

(cof D+y(x))11 = y(x + r∗e2) − y(x)

r∗ · e2,

(cof D+y(x))12 = − y(x + r∗e1) − y(x)

r∗ · e2.

To verify (4.3), one expands both left-hand side and right-hand side into products of
components of y. This yields sixteen terms on each side. On each side, four terms appear
twice, with opposite sign, leaving eight terms on each side. Each of these eight terms
appears on both sides, with the same sign. The proof of the lemma is complete.

Remark. In a continuum limit the above identity (4.3) reduces to the well-known identity
det Dy(x) = div(y1(1st row of cof(Dy))). Note however the somewhat subtle way in
which the symmetry in the continuous case that the same scalar factor, y1, appears in
both components of the vector field is broken in the discrete case.
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5. Finite-Dimensional Sufficient Condition for Validity of the CB Hypothesis

Rather than just proving Theorem 2.2(a), we derive a more general sufficient condition,
not limited to harmonic potentials or central forces, which guarantees validity of the
Cauchy-Born hypothesis (2.8) for deformations F near SO(2). (For our particular mass-
spring model, we will verify in Section 6 below that the sufficient condition holds in an
open parameter region.) The sufficient condition only concerns the behaviour of a finite-
dimensional auxiliary problem of fixed dimension, while the CB hypothesis concerns a
sequence of larger and larger systems whose dimension tends to infinity.

Theorem 5.1. Recall the cell energy Ecell(y1, y2, y3, y4) defined in (3.3). Assume that
(i) Ecell(y1, y2, y3, y4) is minimized among orientation-preserving mappings {x1, x2,

x3, x4} �→ {y1, y2, y3, y4} if and only if there exist R ∈ SO(2) and c ∈ R
2 such that

yi = Rxi + c (i = 1, . . . , 4).
(ii) (Nondegeneracy) The Hessian D2 Ecell(y1, y2, y3, y4)|y=x is positive-definite on

the orthogonal complement of the 3D space spanned by the translations (e1, e1, e1, e1)

and (e2, e2, e2, e2) and the linearized rotation (e1 − e2, e1 + e2,−e1 + e2,−e1 − e2).
Then for F in an open neighbourhood of SO(2), (2.8) holds, and the unique minimizer

of the variational problem (2.2) is the linear map y(x) = Fx.

Assumptions (i) and (ii) ensure that the cell energy Ecell(y1, y2, y3, y4) looks qual-
itatively like the Cauchy–Born energy although it is defined on a higher-dimensional
domain.

The proof of Theorem 5.1 is based on a definition and two lemmas, which allow us to
overcome the fact that the cell energy Ecell(y1, y2, y3, y4) is not convex (not even locally
convex in any neighbourhood of the cubic equilibrium positions x1, . . . , x4), due to its
frame-indifference Ecell(y1, y2, y3, y4) = Ecell(Ry1, Ry2, Ry3, Ry4) for all R ∈ SO(2).

Definition 1. (Recall that both the cell-energy function and the generalized determinant
det′ associated with our 2D lattice are functions on M2×4, not M2×2.) Let D̃ be a subset of
M2×4 which is invariant under translations (g1, g2, g3, g4) �→ (g1+d, g2+d, g3+d, g4+
d), d ∈ R

2. A translation-invariant function Ẽ : D̃ → R is called lattice-polyconvex if
there exists a convex function

f : D̃ × {a ∈ R | a = det′(F ′) for some F ′ ∈ D̃} → R,

such that Ẽ(G) = f (G, det′(G)). (Here a function f : D0 ⊆ R
n → R

m with not
necessarily convex domain D0 is called convex if whenever X, Y, Z are three distinct
points in the domain D0 of f and Y = λX + (1 − λ)Y for some λ ∈ (0, 1), then
f (Y ) ≤ λ f (X) + (1 − λ) f (Z).)

Definition 2. If there exists an f as in Definition 1 which satisfies in addition

f (G, det G) > t (G, det′G)

for all affine functions t ≤ f which agree with f at some point G0 �= G, and all G,
G0 ∈ D̃ ∩ {G ′ = (g1, g2, g3, g4) | g1 + g2 + g3 + g4 = 0}, then Ẽ is said to be strictly
lattice-polyconvex.
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On generalized deformation gradients of affine (i.e., Cauchy-Born) lattice deforma-
tions, the notion of lattice polyconvexity introduced here reduces to classical [Ba77]
continuum polyconvexity. Precisely, given F ∈ M2×2, denote by F ′ the generalized
gradient D′y(x) of the lattice map y(x) = Fx + c (x ∈ L), explicitly

F ′ = 1

2
(F(−e1 − e2) | F(e1 − e2) | F(e1 + e2) | F(−e1 + e2)). (5.1)

Then a function F �→ Ẽ(F) on M2×2 is polyconvex if and only if the function F ′ �→
Ẽ(F) is lattice-polyconvex on {F ′ | F ∈ M2×2}.

Our first lemma is an obvious consequence of the definition of lattice polyconvexity
and of the null-Lagrangian property of the lattice determinant; analogous—indeed much
more general—statements are known in a continuum context [KS84]. Our second lemma
does not seem obvious; the analogous statement in a continuum context (see Appendix 2)
appers to be new as well.

Below, D′ denotes the set of values of generalized deformation gradients D′y(x) of
orientation-preserving mappings y: L → R

2, i.e.,

D′ =
{

G = (g1 | g2 | g3 | g4) ∈ M2×4 |
4∑

i=1

gi = 0, det′ G > 0

}
.

Lemma 5.2. Suppose Ecell: D′ → R is a continuous function which agrees in an
open neighbourhood of SO(2)′ := {F ′ | F ∈ SO(2)} with a strictly lattice-polyconvex
function Ẽ : D′ → R with Ẽ ≤ Ecell, and let the lattice energy functional E be given by
(3.1), (3.2), with the surface energy Es[{y(x)}x∈L] depending only on {y(x)}x∈∂L and
satisfying Es = O( 1

R ) as R → ∞. Then for all F in some open neighbourhood of SO(2),
the CB hypothesis (2.8) holds and the unique minimizer of the variational problem (2.2)
is the linear map y(x) = Fx.

Remark. Local agreement of a function Ecell with a lattice-polyconvex function Ẽ ≤
Ecell is not a local condition on Ecell, but requires information about Ecell on all of D′.

Lemma 5.3. Suppose a function Ẽ : {G ∈ M2×4 | det′(G) > 0} → R is continuous,
rotation- and translation-invariant, C3 in a neighbourhood of SO(2)′, satisfies conditions
(i) and (ii) in Theorem 5.1, and obeys the following growth condition at infinity:

lim inf
|G|→∞,G∈V0

Ẽ(G)

|G|2 > 0, lim sup
|G|→∞,G∈V0

Ẽ(G)

|G|2 < ∞, (5.2)

where V0 = {G = (g1, g2, g3, g4) | g1 + g2 + g3 + g4 = 0} is the orthogonal subspace
to the translations. Then Ẽ agrees in an open neighbourhood of SO(2)′ with a strictly
lattice-polyconvex function Ẽ0: {G ∈ M2×4 | det′(G) > 0} → R, with Ẽ0 ≤ Ẽ .

Proof of Lemma 5.2. We need to show that for all F in a neighbourhood of SO(2),

E[y] ≥ E[y0]∀y ∈ A ∩ {y(x)|x∈∂L = y0(x)}, (5.3)
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where y0(x) = Fx. Since all lattice deformations satisfying the above boundary condition
have identical surface energy Es , it suffices to prove (5.3) with the total energy E replaced
by the bulk energy Eb (see (3.2)). By a simple approximation argument we can without
loss of generality assume that f is differentiable. We denote the partial derivatives of
f : D′ × R

+ → R with respect to its first and second argument with ∂ f
∂G respectively ∂ f

∂d .
We calculate

Eb[y] =
∑
x∈L′

Ecell(D′y(x)) =
∑
x∈L′

f (D′y(x), det′(D′y(x)))

≥
∑
x∈L′

(
f (D′y0(x), det′D′y0(x)) + ∂ f

∂G
(D′y0(x), det′D′y0(x))

· (D′y(x) − D′y0(x)) + ∂ f

∂d
(D′y0(x), det′D′y0(x))(det′D′y(x)

− det′D′y0(x)

)
, (5.4)

with strict inequality unless D′y(x) = D′y0(x) for all x ∈ L′. The first term on the
right-hand side equals Eb[y0]. As for the second term, it is an easy exercise to check that
it vanishes: For instance, introducing analogously to (4.1) the backward discrete gradient
D−y(x) := r∗−1(y(x) − y(x − r∗e1) | y(x) − y(x − r∗e2)), the first column of D′y(x)

equals − 3
8 D+y(x)e1 − 3

8 D+y(x)e2 − 1
8 D−y(x +r∗(e1 + e2))− 1

8 D−y(x +r∗(e1 + e2))

and each component of each term can be written as a divergence, e.g. (D+y(x)e1) · ei =
div+((y(x) · e1)ei ). Finally, the last term on the right-hand side of (5.4) vanishes, by
Lemma 4.1. The proof of Lemma 5.2 is complete.

Proof of Lemma 5.3. The proof is based on a careful analysis of the geometry of the
mapping det′ (which, being an indefinite quadratic form, canonically splits M2×4 into a
negative and a positive subspace) relative to the geometry of the embedded submanifold
SO(2)′ ⊂ M2×4.

Our goal is to show that the function

f (G, d) := (Ẽ + εdet′)(G) − εd

(where ε > 0 is a parameter to be specified below), which obviously satisfies Ẽ(G) =
f (G, det′ G), is bounded from below by a strictly lattice-polyconvex function with which
it agrees in an open neighbourhood of SO(2)′. That is to say, our goal is to show that for
some ε > 0, δ > 0,

(Ẽ + εdet′)(H) − (Ẽ + εdet′)(G) − D(Ẽ + εdet′)(G) · (H − G) ≥ 0,

∀|G − SO(2)′| < δ, G ∈ D′,∀H ∈ D′, with equality iff G = H. (5.5)

Different arguments are needed depending on whether H is close to G or H is far away
from G.

Case 1: H is close to G. We show that there exist ε, δ > 0 such that for all R′ ∈ SO(2)′

(5.5) holds whenever |G − R′|, |H − R′| < δ.
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By frame-indifference we can without loss of generality assume R′ = I ′. Recall the
subspace V0 in the statement of the lemma, which is the minimal subspace containing
D′. By translation invariance of Ẽ and det′, we can view these functions as functions
on the subspace V0. Let φG ∈ V0 be a lowest eigenvector of the Hessian D2 Ẽ(G), and
let φ⊥

G ∈ V0 be a vector in the orthogonal complement of the lowest eigenspace. When
G ∈ SO(2)′, the lowest eigenvalue of the Hessian equals 0 and all other eigenvalues
are ≥ γ for some constant γ > 0. It follows from the local boundedness of D3 Ẽ near
SO(2)′ that there exist constants δ > 0, C > 0 such that for all |G − SO(2)′| < δ

D2 Ẽ(G)(φG, φG) ≥ −C |G − SO(2)′|,
and (5.6)

D2 Ẽ(G)(φ⊥
G , φ⊥

G ) ≥ γ

2
.

holds. As for det′, it is elementary to check that det′(φI ′) = λ
2 |φI ′ |2 for some λ > 0,

whence

D2det′(G)(φG, φG) = 2det′(φG) ≥ λ

2
|φG |2 ∀|G − SO(2)′| < δ,

while due to the quadraticity of det′ there exists � > 0 such that

|D2det′(G)(φ, φ̃)| ≤ �|φ| |φ̃| ∀G, φ, φ̃ ∈ V0.

Armed with these four inequalities and the fact that D2 Ẽ(G)(φG, φ⊥
G ) = 0 (by symmetry

of the Hessian and the fact that φG is an eigenvector), the Hessian of Ẽ + ε det′ can be
estimated from below as follows:

D2(Ẽ + εdet′)(G)(φG + φ⊥
G , φG + φ⊥

G )

= D2(Ẽ+εdet′)(G)(φG, φG)+2εD2det′(G)(φG, φ⊥
G )+D2(Ẽ + εdet′)(φ⊥

G , φ⊥
G )

≥
(

ελ

2
− C |G − SO(2)′|

)
|φG |2 − 2ε�|φG | |φ⊥

G | +
(γ

2
− ε�

)
|φ⊥

G |2.

By the Cauchy-Schwarz inequality, the middle term is bounded from below by −ε((λ/4)

|φG |2 + (4�2/λ)|φ⊥
G |2). Consequently the right-hand side is bounded from below by(

ελ

4
− C |G − SO(2)′|

)
|φG |2 +

(
γ

2
− ε�

(
1 + 4�

λ

))
|φ⊥

G |2.

It follows that when

ε <
γ

2�(1 + 4�
λ
)
,

the Hessian of Ẽ+ε det′ on V0 is positive-definite for all base points in the ball Bλε/(4c)(R′)
with center R′ and radius λε/(4c). Consequently (5.5) holds for G, H in this ball.

Case 2: H is not close to G. This is the harder part, since local analysis will not
suffice. We begin by noting the following global fact, which follows from assumptions
(i), (ii) and the growth condition (5.2): There exist constants C , c > 0 such that

C |G − SO(2)′|2 ≥ Ẽ(G) − Ẽ(I ′) ≥ c|G − SO(2)′|2 ∀G ∈ V0. (5.7)
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Next, it follows from the fact that rigid rotations are the unique minimizers of Ẽ (see
hypothesis (ii)) that DẼ(G)|G∈SO(2)′ = 0. Consequently by the local boundedness of
D2 Ẽ near SO(2)′,

DẼ(G) · (H − G) ≥ −C |G − SO(2)′| |H − G|. (5.8)

Next, we will need the following nontrivial property concerning the geometric relation-
ship of det′ and the submanifold SO(2)′: For some constants C , c > 0, without loss of
generality identical to those in (5.7),

det′(H − G) ≥ c|H − G|2 − C
(|H − SO(2)′|2 + |G − SO(2)′|2) . (5.9)

Finally, we will use a trivial property of det′, which is true for any quadratic form Q(G),
by Taylor’s theorem:

det′(H) − det′(G) − Ddet′(G) · (H − G) = det′(H − G). (5.10)

Proof of (5.9). For two rotations

R =
(

a −b

b a

)
, R̃ =

(
ã −b̃

b̃ ã

)
∈ SO(2),

det′(R′ − R̃′) = det(R − R̃′) = 2((a − ã)2 + (b− b̃)2) = |R − R̃|2 = |R′ − R̃′|2. Hence,
choosing closest points R′

G , R′
H on SO(2)′ to G, H ,

det′(H − G) = det′((R′
H − R′

G) + (H − R′
H ) − (G − R′

G))

≥ |R′
H − R′

G | − 2�|R′
H − R′

G | · (|H − R′
H | + |G − R′

G |)
− �(|H − R′

H | + |G − R′
G |)2,

from which the desired inequality (5.9) follows by straightforward Cauchy-Schwarz
arguments.

It follows from (5.7), (5.8), (5.9), (5.10) that

Ẽ(H) − Ẽ(G) − DẼ(G) · (H − G)

+ ε
(
det′(H) − det′(G) − Ddet′(G) · (H − G)

)
≥ c|H − SO(2)′|2 − C |G − SO(2)′|2 − C |G − SO(2)′||H − G|

+ ε
(
c|H − G|2 − C |H − SO(2)′|2 − C |G − SO(2)′|2)

= (c − εC)|H − SO(2)′|2 − (C + εc)|G − SO(2)′|2

+ (εc|H − G| − C |G − SO(2)′|) |H − G|.

Now let R′ be an arbitrary element on SO(2)′. We claim that when ε ≤ c/C , if H /∈
Bλε/(4c)(R′) and |G − R′| < δ with δ sufficiently small, the right-hand side is positive.
Indeed, in the above situation the right-hand side is bounded from below by −(C +
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εc)δ + (εc( λε
4C − δ) − Cδ) · ( λε

4C − δ), which tends to εc( λε
4C )2 > 0 as δ → 0. The proof

of Lemma 5.3 is complete.

Proof of Theorem 5.1. This is an immediate consequence of Lemma 5.2 and Lem-
ma 5.3.

6. Verification of the Sufficient Condition for Validity of CB in an Open Parameter
Region

Proof of Theorem 2.2 (a). We need to verify that for an open neighbourhood U of the
parameter line {(κ, α) ∈ (0,∞)2 | α = 1}, the cell energy (3.3) of the mass-spring
model satisfies the assumptions of Theorem 5.1. These assumptions consist of a global
assumption, (i), and a local assumption, (ii).

The fact, proved below, that both (i) and (ii) fail in an open parameter region means
that their verification must invoke subtle features of the interatomic forces and cannot,
for instance, rely on simple properties such as cubic symmetry or convexity of bond
potentials with respect to interatomic distance, which do not change as the transition
occurs.

We begin by establishing the local assumption (ii). The Euler-Lagrange operator of
the cell energy reads

∂ Ecell

∂yi
(y1, . . . , y4) = K1

2

(
−
(

1 − a1

|yi+1 − yi |
)

(yi+1 − yi )

+
(

1 − a1

|yi − yi−1|
)

(yi − yi−1)

)

− K2

(
1 − a2

|yi+2 − yi |
)

(yi+2 − yi ).

The Hessian at the cubic equilibrium state (x1, . . . , x4) = (0, r∗e1, r∗(e1 + e2), r∗e2) is

∂2 Ecell

∂yi∂yi
(x1, . . . , x4) =

(
K1− K1a1

2r∗ +K2

)
I − K2a2√

2r∗
xi+1 − xi−1

|xi+1 − xi−1| ⊗ xi+1 − xi−1

|xi+1 − xi−1| ,

∂2 Ecell

∂yi+1∂yi
(x1, . . . , x4) = K1

2

(
−I + a1

r∗
xi − xi−1

|xi − xi−1| ⊗ xi − xi−1

|xi − xi−1|
)

,

∂2 Ecell

∂yi−1∂yi
(x1, . . . , x4) = K1

2

(
−I + a1

r∗
xi+1 − xi

|xi+1 − xi | ⊗ xi+1 − xi

|xi+1 − xi |
)

,

∂2 Ecell

∂yi+2∂yi
(x1, . . . , x4) = K2

(
−I + a2√

2r∗
xi+1 − xi−1

|xi+1 − xi−1| ⊗ xi+1 − xi−1

|xi+1 − xi−1|
)

.

Despite the high dimension of the Hessian (namely, 8 × 8), its eigenvalues and eigen-
vectors can be determined explicitly, for all values of the parameters K1, K2, a1, a2.
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Lemma 6.1. (Spectral analysis of Hessian of cell energy) The eigenvalues and eigen-
modes of the Hessian D2 Ecell(x1, . . . , x4) of the cell energy (3.3) at the cubic equilibrium
state (3.6), (2.7) are

Eigenvalue Eigenvector Description

0 (v, v, v, v), v ∈ R
2 Translations

0 ((
1

−1 ), (
1
1 ), (

−1
1 ), (

−1
−1 )) Infinitesimal rotation

K1 + 2K2 ((
−1
−1 ), (

1
−1 ), (

1
1 ), (

−1
1 )) Homogeneous dilation

K1a1

r∗ ((
−1
1 ), (

1
1 ), (

1
−1 ), (

−1
−1 )) 〈1, 0〉-Poisson mode

√
2K2a2

r∗
((

−1
−1 ), (

−1
1 ), (

1
1 ), (

1
−1 )) 〈1, 1〉-Poisson mode

K1

(
2 − a1

r∗
)

(v,−v, v,−v), v ∈ R
2 Non–Cauchy-Born

(shift-relaxation) modes

In particular, the Hessian restricted to the orthogonal complement of translations and
infinitesimal rotations is positive-definite when 2 − a1

r∗ > 0 but possesses a negative
eigenvalue when 2 − a1

r∗ < 0.

Proof of lemma. With respect to the canonical basis {(e1, 0, 0, 0), (e2, 0, 0, 0), (0, e1, 0,

0), (0, e2, 0, 0), . . .} of R
2 × R

2 × R
2 × R

2, the Hessian is an 8 × 8 matrix. We obtain
a compact form by introducing the parameters

x := K1a1

2r∗ , y := K2a2/
√

2

2r∗ , z := K1 + K2 − x − y.

The Hessian then reads

D2 Ecell(x1, . . . , x4)

=




z y − K1
2 0 −K2 + y −y − K1

2 + x 0

y z 0 − K1
2 + x −y −K2 + y 0 − K1

2

− K1
2 0 z −y − K1

2 + x 0 −K2 + y y

0 − K1
2 + x −y z 0 − K1

2 y −K2 + y

−K2 + y −y − K1
2 + x 0 z y − K1

2 0

−y −K2 + y 0 − K1
2 y z 0 − K1

2 + x

− K1
2 + x 0 −K2 + y y − K1

2 0 z −y

0 − K1
2 y −K2 + y 0 − K1

2 + x −y z




.

It is obvious from the translation- and rotation-invariance of Ecell that the dimension
of the kernel of D2 Ecell(x1, . . . , x4) has dimension greater than or equal to three, with
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corresponding zero-modes given by translations and by the infinitesimal rotation listed
above.

Further, it follows from Proposition 3.2 that the 6D space VCB (which contains the
above three-dimensional space of zero-modes) is an invariant subspace of D2 Ecell(x1,

. . . , x4). As would in fact be true for any elasticity tensor of a cubically symmetric
material in two dimensions, further eigenmodes in VCB turn out to be given by a uniform
dilation, a volume-preserving combination of compression and expansion along the
edges (〈1, 0〉-Poisson mode), and a volume-preserving combination of compression and
expansion along the diagonals (〈1, 1〉-Poisson mode); this corresponds to eigenmodes 3,
4, and 5 in the list above. From the explicit formula for the Hessian, it is straightforward
to check that these are indeed eigenmodes and that the eigenvalues are, respectively,
K1 + 2K2, K1 + 2K2 − 4y, and K1 + 2K2 − 2x . These expressions appear at first sight
to be different from those given in the lemma, but they are in fact the same, by virtue of
the following linear relationship between the parameters K1, K2, x , and y:

K1 + 2K2 = 2x + 4y,

which follows from the equilibrium equation (3.8) for r∗.
It remains to find the non–Cauchy-Born eigenmodes. To this end, note that D2 Ecell(x1,

. . . , x4) equals its own transpose, i.e., it is a self-adjoint operator on R
8; consequently the

orthogonal complement of the invariant subspace VCB must also be an invariant subspace.
But as noted earlier (see Section 3), the orthogonal complement is nothing but the space
of shift-relaxation deformations VS R = {(v,−v, v,−v) | v ∈ R

2}. From the explicit
formula for the Hessian, one sees that on VS R the Hessian equals 2(K1 −x)I , completing
the proof of the lemma.

Proof of Theorem 2.2 (a), cont. It remains to verify hypothesis (i) of Theorem 5.1. It is
convenient to introduce the normalization

Ẽcell(y1, . . . , y4) := Ecell

( y1

r∗ , . . . ,
y4

r∗
)

.

By translation invariance, it suffices to verify that in an open neighbourhood of the
parameter region {(α, κ) ∈ (0,∞)2 | α = 1}, Ẽ restricted to the subspace

Ṽ :=
{

y = (y1, . . . , y4) ∈ R
2 × · · · × R

2 |
4∑

i=1

yi = 0

}

is minimized iff (y1, . . . , y4) ∈ SO(2)′ (see Lemma 5.2 for the definition of SO(2)′).
By scaling we can assume a1 = K1 = 1, a2/

√
2 = α, K2 = κ . We fix κ2 > 0 and

study Ẽ = Ẽ (α,κ) for parameters (α, κ) near (1, κ0).
By dropping the (nonnegative) contributions of the diagonal springs, we have Ecell(y)

≥ 1
4 ( 1

2

∑4
i=1 |yi+1 − yi |2 − 4). Since

∑4
i=1 yi = 0, a short calculation shows that the

right-hand side is bounded from below by 1
4 (
∑4

i=1 |yi |2 − 4). It follows that

Ẽ(y) ≥ 1 for |y|2 ≥ 8r∗.
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We claim next that there exist δ > 0, η > 0 such that when

|(α, κ) − (1, κ0)| ≤ η, (6.1)

Ẽ is minimized on {y ∈ (R2)4 | dist(y, SO(2)′) < δ} if and only if y ∈ SO(2)′. Indeed,
as proved in Section 3, each y ∈ SO(2)′ is a solution to the Euler-Lagrange system

DẼ(y) = 0, while the spectral result of Lemma 6.1 implies that D2 Ẽ(y) is 1-1 on
the orthogonal subspace to the tangent space to SO(2)′ at y ∈ SO(2)′, whence—by the
implicit function theorem—there are no further solutions near SO(2)′.

Now note that infdist(y,SO(2)′)≥δ,det′(y)≥0 Ẽ (1,κ0)(y) =: γ is positive, since for parameters
on the line α = 1 it is obvious that SO(2)′ is the set of global minimizers. Assume
without loss of generality γ < 1. Now choose η so small that for all (α, κ) satisfying
(6.1), Ẽ (α,κ)|SO(2)′ ≤ γ /2 and infdist(y,SO(2)′)≥δ,|y|2≤8r∗,det′(y)≥0 Ẽ (α,κ)(y) ≥ γ /2. But in

|y|2 ≥ 8r∗, Ẽ ≥ 1. This shows that for all (α, κ) satisfying (6.1), the set of global

minimizers of Ẽ (α,κ) equals SO(2)′. The proof of Theorem 2.2 (a) is complete.

7. Failure of the Cauchy-Born Rule

As announced in the Introduction, the Cauchy-Born rule already fails in simple low-
dimensional subspaces which allow for non-CB behaviour.

Recall from Lemma 6.1 that the cubic unit cell loses local stability for r∗ < a1/2, due
to the appearance of an unstable non-CB eigenmode. Evidently, unit cells undergoing
this failure mode can be combined (after rotating every other cell by 180◦) into a coherent
lattice, and the failure mode simply becomes a shift relaxation where 50% of the atoms
are translated coherently against the remaining ones; see Figure 5.

We show here that this loss of local stability is preceded by a loss of global stability.
In other words, the transition to non-CB minimizers is first order, not second order.

d

Fig. 5. Shift relaxation:
The black atoms are
shifted coherently with
respect to the white ones.
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To see this (and to complete the proof of Theorem 2.2), it will suffice to study the
lattice energy (2.1) on the above 2D subspace of shift-relaxation deformations,

yd(x) =




r

r∗ x + d, x ∈ L\∂L,
x1

r∗ + x2

r∗ even,

r

r∗ x, otherwise.
(7.1)

Here r > 0 is a dilation parameter which allows us to treat the more general boundary
condition y(x)|x∈∂L = r

r∗ x in place of y(x)|x∈∂L = x .
We have, by the decomposition (3.1), (3.2), (3.3), (3.4) and the fact that under (7.1)

all unit cells which do not contain a boundary atom have the same energy,

lim
R→∞

E[{yd(x)}x∈L]

vol(�R)
= Ecell(d, re1, r(e1 + e2) + d, re2)

r∗2 =:
Eshift(d)

r∗2 . (7.2)

The function Eshift(d) relates to the stored-energy function (2.5) and the Cauchy-Born
energy (2.6) as follows:

W ( r
r∗ I ) ≤ inf

d∈R2
r∗2 Eshift(d) ≤ r∗2 Eshift(0) = WCB( r

r∗ I ). (7.3)

Thus in order to disprove the Cauchy-Born hypothesis at r
r∗ I , it suffices to show that

d = 0 is not the global minimizer of Eshift. (A global minimizer always exists, since
Eshift(d) depends continuously on d and tends to infinity as |d| → ∞.)

Proposition 7.1. (See Figure 6.) Let

C∗ := max
ρ>0

√
1 + √

2ρ + ρ2 − 2 +
√

1 − √
2ρ + ρ2

ρ2
.

(Numerically, C∗ = 0.62 . . . .)
(a) If r

a1
> C∗, then d = 0 is the unique global minimzer of Eshift.

(b) If r
a1

= C∗, then d = 0 is a global minimizer, but not unique.

(c) If 1
2 ≤ r

a1
< C∗, then d = 0 is a local minimizer but not a global minimizer.

(d) If r
a1

< 1
2 , then d = 0 is not a local minimizer.

It is not difficult to understand physically the origin of the instability. Note first that
2Eshift(d) equals the sum of the interaction energies of an atom at position d with four
surrounding atoms clamped at the positions ±re1, ±re2. Hence the problem “Minimize
Eshift(d) over d ∈ R

2” is a special case of the boundary-value problem (2.2), by taking
�R = {|x1| + |x2| ≤ r∗} (so that L = r∗

Z
2 ∩ �R equals the five-atom configuration

{0,±r∗e1,±r∗e2} and L\∂L reduces to a single atom) and choosing the boundary data
y(x)|x∈∂L = r

r∗ x .
Due to the invariance of each interaction potential under rigid body rotations, the

set of positions of the centre atom where it is minimal forms a circle—see Figure 7.
If r # 1, the circles converge toward each other and the positions close to the circles
become favourable compared with the symmetric centre position.

We postpone momentarily the proof of the proposition to give the following proof.
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r/a1 = 0.8 r/a1 = 0.65
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Fig. 6. The energy landscape Eshift(d) as a function of the shift vector d (see Figure 5)
illustrates the large complexity created by geometric nonlinearity alone—recall that the
interaction forces are linear in interatomic distance. For r /a1 = 0.8 and r /a1 = 0.65,
the CB state d = 0 is globally stable; for r /a1 = 0.58 it is only locally stable; and for
r /a1 = 0.45 it has become locally unstable. The upper and lower curves give, respectively,
the energy on the critical lines through zero in (1, 0) direction (“trapezoids”) and (1, 1)
direction (“kites”), as a function of |d|/a1.
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Fig. 7. Inadequacy of the CB rule for
a 5-atom configuration under strong
compression: If the black (boundary)
atoms are moved inwards, the circles
indicating the optimal position of the
white (centre) atom with respect to each
boundary atom converge to each other
and become favourable compared with
the symmetric centre position postu-
lated by the CB rule.

Proof of Theorem 2.2 (b) and (c). To prove (b), take r = r∗ to infer from Proposi-
tion 7.1 that W (F) < WCB(F) if F ∈ SO(2) and r∗

a1
< C∗. The latter condition is

equivalent to 0 < α < C∗, κ < 1−C∗
2(C∗−α)

, and this parameter region contains the region

0 < α < 1/2, κ ≥ 1−1/2
2(1/2−α)

(or equivalently: r∗
a1

≤ 1
2 ) in the theorem. This establishes (b).

Finally, (c) is immediate from the proposition in the larger parameter region r < C∗a1

in place of r ≤ a1/2.

Proof of Proposition 7.1. This is, “in principle,” only an elementary calculus exercise,
but this very low-dimensional problem with simple interactions already requires a sur-
prising amount of work.

Lemma 7.2. For all parameter values K1, K2, a1, a2 > 0, and all d �= 0, the first
variation of Eshift(d) with respect to polar angle is zero if and only if d lies on the four
lines d1 = 0, d2 = 0, d1 + d2 = 0, d1 − d2 = 0. Moreover, if d lies on the two lines
d1 = 0, d2 = 0, the second variation with respect to polar angle is negative (and hence
d is angularly unstable).

Remark. Angular criticality of points on these lines follows from the symmetry of Eshift

under reflection of the unit cell at them; the point is that there are no further critical
points. Geometrically, the unit cell of a critical point on the lines d1 ± d2 = 0 is a kite,
while the lines d1 = 0, d2 = 0 correspond to trapezoids.
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Proof. As suggested by the above statement, we work in polar coordinates, d =
(rρ cos θ, rρ sin θ). The four sidelengths of the deformed unit cell {d, re1, d + r(e1 +
e2), re2} then become

r
√

1 ± 2ρ cos θ + ρ2, r
√

1 ± 2ρ sin θ + ρ2.

Consequently,

Eshift(d)

= K1

4

( ∑
σ∈{±1}

(r
√

1+2σρ cos θ+ρ2 − a1)
2+
∑

σ∈{±1}
(r
√

1+2σρ sin θ+ρ2−a1)
2

)

+ K2(
√

2r − a2)
2

= K1ra1

2
( f (cos θ) + f (sin θ)) + K1(r

2(1 + ρ2) + a2
1) + K2(

√
2r − a2)

2,

where

f (z) = −
√

1 + 2ρz + ρ2 −
√

1 − 2ρz + ρ2.

The angular derivative is

∂

∂θ
Eshift(d) = K1ra1

2
(− sin θ f ′(cos θ) + cos θ f ′(sin θ)).

Now f ′(z) = ρ(1−2ρz +ρ2)−1/2 −ρ(1+2ρz +ρ2)−1/2, whence f ′(0) = 0, f ′(z) > 0
for z > 0, f ′(z) < 0 for z < 0. Consequently ∂

∂θ
Eshift(d) = 0 if and only if one

of the following holds: (a) cos θ = 0, (b) sin θ = 0, (c) cos θ , sin θ both �= 0 and
f ′(cos θ)

cos θ
= f ′(sinθ)

sin θ
. The proof of the lemma is complete if we can show that (c) implies

cos θ = ± sin θ . But this follows from the fact that f ′(z)
z is an even function which

is strictly increasing with z > 0. The evenness is obvious and the strict monotonicity
follows from the formula

d

dz

f ′(z)
z

= ρ

z2

(
1 + ρ2 + 3ρz√
1 + ρ2 + 2ρz

− 1 + ρ2 − 3ρz√
1 + ρ2 − 2ρz

)
,

whose right-hand side is easily seen to be positive for z > 0.
Finally, the angular instability assertion follows from the calculations

∂2

∂θ2
Eshift(d) = K1ra1

2

(− cos θ f ′(cos θ) − sin θ f ′(sin θ)

+ sin2 θ f ′′(cos θ) + cos2 θ f ′′(sin θ)
)
,

f ′′(z) = ρ2√
1 + 2ρz + ρ2

3 + ρ2√
1 − 2ρz + ρ2

3 ,
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whence

∂2

∂θ2
Eshift(d)

∣∣∣∣
θ=kπ /2,k∈Z

= K1ra1

2
(− f ′(1) + f ′′(0))

= K1ra1

2

(
ρ

|1 + ρ| − ρ

|1 − ρ| + 2ρ2√
1 + ρ2

3

)
,

which is easily seen to be negative for all ρ > 0. (Indeed, for ρ ≤ 1 negativity is

equivalent to the evident inequality
√

1 + ρ2
3

> 1−ρ2, and for ρ > 1 it is equivalent to

the evident inequality
√

1 + ρ2
3

> ρ(ρ2 − 1).) The proof of the lemma is complete.

Proof of Proposition 7.1. By the lemma, the set of global minimizers must be contained
in the two lines d1 ± d2 = 0. On these lines,

Eshift(d) − Eshift(0) = K1ra1

(
f (

√
2) + 2

)
+ K1r2ρ2

= K1ra1

(
r

a1
ρ2−

(√
1+

√
2ρ+ρ2 − 2 +

√
1−

√
2ρ+ρ2

))
.

Hence for r
a1

< C∗, C∗ as in Proposition 7.1, d = 0 is the unique global minimizer, while
for r

a1
= C∗ (respectively r

a1
< C∗) any ρ achieving the maximum in the definition of

C∗ has equal (respectively lower) energy. (That such a maximizer exists is easy to show.)
This establishes (a), (b), (c). Finally, as calculated earlier in Lemma 6.1 for r = r∗,
D2 Eshift(0) = r2 K1(2 − a1

r )I , establishing (d).

8. Conclusions

(1) For our simple model, if the nearest neighbour and next-nearest neighbour distances
are roughly compatible, the CB rule can be justified rigorously and the ground state
subject to all linear boundary data close to the identity can be proven to be simply
periodic.

(2) For unfavourable parameters or large deformations, the CB rule fails. We found that
the energy can be lowered by increasing the period. Moreover the overestimation of
the true ground state energy by the CB rule is not cured by replacing the CB energy
by its quasiconvex hull (or even its convex hull).

(3) The transition to non-CB ground states is first order, not second order. In particular
the parameter values and loads at which the instability occurs cannot be detected
by local considerations (such as soft-phonon analysis, i.e., linearization at the CB
state).

(4) The next-nearest neighbour structure of our model was convenient but not essential
for the construction of a local cell-energy function. For instance, if third-nearest
neighbour interactions 1

2

∑
x,x ′∈L,|x−x ′|=2r∗ V (3)(|y(x) − y(x ′)|) are included into

the energy, and if the first and second neighbour potentials Ki
2 (|y(x)− y(x ′)| − ai )

2

(i = 1, 2) are replaced by more general potentials V (i)(|y(x) − y(x ′)|), analoga
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of the partitioning formulae (3.1), (3.2) remain valid; see below for the technical
details. These more general interactions in particular cover the model investigated
numerically in [NS98].

Technical details of (4). We define C := [−r∗, r∗]2 ∩ r∗
Z

2 and set

Ecell({y(x)}x∈C) := 1

2

∑
x,x ′∈C

σx,x ′ V|x−x ′|(|y(x) − y(x ′)|),

where the interaction potential Vα(ρ) equals V (1)(ρ) when α = r∗ (nearest neighbours),
V (2)(ρ) when α = √

2r∗ (second neighbours), V (3)(ρ) when α = 2r∗ (third neighbours),
and zero otherwise, and the weight coefficients are

σx,x ′ =




1 , |x − x ′| = 2, x /∈ vertices or x ′ /∈ vertices,
1
2 , |x − x ′| = 2, x ∈ vertices and x ′ ∈ vertices,
1
2 , |x − x ′| = √

2,

1
2 , |x − x ′| = 1, x /∈ edges or x ′ /∈ edges,
1
4 , |x − x ′| = 1, x ∈ edges and x ′ ∈ edges,

0 else.

Then E = Eb + Es with bulk energy Eb =∑x∈L′ Ecell({y(x ′)}x ′∈x+C), where the sum
is taken over the interior atoms L′ = {x ∈ L | (x + [−2r∗, 2r∗]2) ∩ r∗

Z is contained
in L} and the surface energy Es depends only on the positions y(x) of boundary atoms,
i.e., x with (x + [−3r∗, 3r∗]2) ∩ r∗

Z
2 not contained in L.

Appendix 1

We give here a proof of the nontrivial part of Lemma 2.1 (see Section 2) which asserts
that as the system size gets large, the limit of lattice ground state energy divided by
system volume exists and is independent of the shape of domain.

Proof of Lemma 2.1. The assertion is reminiscent of the well-known result in the theory
of nonlinear partial differential equations that the quasiconvex envelope of a function
W : Mm×n → [0,∞),

W qc
� (F) = inf

y(x)|∂�=Fx

1

|�|
∫

�

W (Dy(x)) dx,

is independent of the (open, bounded, Lipschitz) domain �. The standard proof (e.g.
[Da89, Section 5.1]) begins by noting that it suffices to show

W�′(F) ≤ W�(F) (8.1)

for any pair of domains �, �′. To prove this, one uses the translation- and dilation-
invariance W� = Wx+ε� and Vitali’s covering theorem (which allows one to cover �′

with scaled copies xj +εj� of �) to obtain a trial function in the variational principle for
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W�′ consisting of scaled copies of an (exact or approximate) minimizer of the variational
principle for W�. A small technical difficulty arises when trying to combine this argument
with the thermodynamic limit procedure arising for lattice systems. Instead of (8.1), one
now needs to establish

lim sup
R→∞

W�′,R(F) ≤ lim inf
R→∞

W�,R(F),

where W�,R is the ground state energy per unit volume of the finite latticeL = r∗
Z

2∩�R

(see Section 2 for notation). But a priori the lim inf on the right is only known to be
realized by a subset of scales {Rα}. Therefore one is only allowed to use a subset of scales
in the Vitali covering of �′ by dilates of �. There are two obvious strategies to overcome
this: (a) Prove a version of Vitali’s theorem delivering coverings with controlled scales,
(b) Compare with a special reference domain where the scales can be trivially controlled.
Taking the viewpoint (b), we will prove Lemma 2.1 by establishing the following three
statements:

• Upper bound by energy of cube Q := (0, 1)2:

lim sup
R→∞

W�,R(F) ≤ lim inf
R→∞

WQ,R(F) for all �; (8.2)

• Existence of thermodynamic limit for cube:

lim
R→∞

WQ,R(F) exists; (8.3)

• Lower bound by energy of cube:

lim inf
R→∞

W�,R ≥ lim
R→∞

WQ,R(F). (8.4)

To prove (8.2), we begin by choosing a sequence �j → ∞ of integers realizing the lim inf
for Q, i.e., satisfying lim�j →∞ WQ,�j r∗(F) = lim infR→∞ WQ,R(F). Given any positive

integer � and any R, introduce an associated coarse lattice L̃ = {x0 ∈ �r∗
Z

2 ∩ �R |
x0 +�e1, x0 +�(e1 +e2), x0 +�e2 ∈ �R}. For x0 ∈ L̃, let Q(x0) be the cube with corners
x0, x0 + �e1, x0 + �(e1 + e2), x0 + �e2. It follows that �R = ⋃x0∈L̃ Q(x0) ∪ N , where
the remainder N satisfies

�{x ∈ r∗
Z

2 ∩ �R | x ∈ N } = O(R�)

(the factor R accounting for the surface area of ∂�R and the factor � accounting for the
maximal distance of points in N from ∂�R). Consider now the trial function

y(x) =
{

Fx, x ∈ N ,

Fx0 + y�(x − x0), x ∈ Q(x0),

where y� is the minimizer of E on Q�r∗ subject to the boundary condition y�(x) = Fx
on ∂(r∗

Z
2 ∩ Q�r∗). Then

W�,R(F) ≤ E[y�]

|�R| = WQ,�r∗(F)|�R\N | + O(R�)

|�R|

= WQ,�r∗(F)

(
1 + O

(
�

R

))
+ O

(
�

R

)
.
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(For longer-range forces without exact additivity with respect to unit cells, there would be
an O(1/�) term as well.) Now first let R → ∞ at fixed �, yielding lim supR→∞ W�,R(F)

≤ WQ,�r∗(F), for all � ∈ N. Now choosing � = �j , where �j is our sequence of integers
realizing the lim inf for Q, and letting �j → ∞, we obtain (2.5).

As an immediate consequence we also obtain (8.3), by applying (8.2) to � = Q.
It remains to establish the lower bound (8.4). Let Qa be a cube with center 0 and

sidelength a which contains �. Then QaR contains �R , for every R. We claim that

WQ,aR(F)|QaR| ≤ W�,R(F)|�R| + WQa\�,R(F)|QaR\�R| + O(R).

This is because the functions y1 and y2 which minimize E on r∗
Z

2 ∩ �R respectively
r∗

Z
2 ∩ (QaR\�R) can be combined into a trial function

y(x) =
{

y1(x), x ∈ �R,

y2(x), x ∈ QaR\�R,

for the variational principle for WQ,aR. Dividing by |�R|, one has

W�,R(F) ≥ WQa ,R(F)
|Qa|
|�| − WQa\�,R(F)

|Qa\�|
|�| + O

(
1

R

)
.

Consequently,

lim inf
R→∞

W�,R(F) ≥ (lim inf
R→∞

WQa ,R)(F)
|Qa|
|�| − lim sup

R→∞
WQa\�,R(F)

|Qa\�|
|�| .

But by (8.2) and (8.3), the first term on the right-hand side equals limR→∞ WQ,R(F)
|Qa |
|�| ,

and the second term is bounded from below by − limR→∞ WQ,R(F)
|Qa\�|

|�| . This estab-
lishes (8.4) and completes the proof of Lemma 2.1.

Appendix 2

We make explicit a purely continuum-mechanical corollary of our sufficient condition
for lattice polyconvexity in Lemma 5.3.

Corollary A1. Let D = M2×2 or D = {F ∈ M2×2 | det F > 0}. Let ϕ: D → R be
continuous, frame-indifferent (i.e., ϕ(RF) = ϕ(F) for all F ∈ D and all R ∈ SO(2)),
C3 in a neighbourhood of SO(2). In case D �= M2×2, define ϕ(F) = +∞ for F /∈ D.
Assume ϕ satisfies

(i) (single-well property) ϕ(F) ≥ 0, ϕ(F) = 0 if and only if F ∈ SO(2);
(ii) (positivity of elasticity tensor)

∑2
i, j,k,l=1

∂2ϕ

∂ Fi j ∂ Fkl
(I )Ai j Akl > 0 for all A =

AT > 0;
(iii) (quadratic growth) lim inf|F |→∞,F∈D ϕ(F)

|F |2 > 0, lim sup|F |→∞,F∈D
ϕ(F)

|F |2 < ∞.
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Then ϕ agrees in an open neighbourhood U of SO(2) with a polyconvex function
ϕ0(F) = f (F, det F), ϕ0: M2×2 → R (respectively ϕ0: M2×2 → R ∪ {+∞} in case
D �= M2×2), which satisfies ϕ0 ≤ ϕ and the following strictness property:

f (F, det F) > t (F, det F)

for all affine functions t ≤ f which agree with f at some point (F0, det F0) �= (F, det F),
and all F, F0 ∈ D. In particular,

ϕ(F) = ϕqc(F) for all F ∈ U, (8.5)

and the variational problem occurring in the definition (2.10) of the quasiconvex hull of
ϕ has the unique solution y(x) = Fx for all F ∈ U and all bounded Lipschitz domains
� ⊂ R

2.

Proof. The assertions regarding polyconvexity are immediate from Lemma 5.3, by
considering (in the notation of Section 5) the following function on M2×4: ϕ̃(G ′) :=
ϕ(F), where F ′ is the orthogonal projection of G ′ onto the subspace given by (5.1), and F
is related to F ′ as in (5.1). (Alternatively, the interested reader might wish to simplify the
proof of Lemma 5.3 into a direct argument in M2×2.) The remaining assertions follow
from the obvious continuum analogue of the calculation (5.4), which exhibits in two
dimensions the general fact that polyconvexity implies quasiconvexity [Ba77], [Da87].

Remark. We believe that the growth condition at infinity can be weakened.

Corollary A2. Recall the Cauchy-Born energy WCB of our mass-spring model, defined
in (2.6) and given explicitly by

WCB(F) = K1

2

(
(|Fe1| − a1

r∗ )
2 + (|Fe2| − a1

r∗ )
2
)

+ K2

2

(
(|F(e1 + e2)| − a2

r∗ )
2 + (|F(e1 − e2)| − a2

r∗ )
2
)
,

when det F ≥ 0, and WCB(F) = +∞ otherwise. (Here r∗ is as in (2.7). Also, recall
from Proposition 3.1 that WCB is minimized if and only if F ∈ SO(2).) For any choice of
the parameters K1, K2, a1, a2 > 0, WCB agrees with its own quasiconvex hull in some
open neighbourhood of SO(2).

Proof. The function WCB fulfils the hypotheses of Corollary A1, due to Proposition 3.1
and Lemma 6.1.

Physically, this result sharpens Corollary 2.3 in the parameter region where the CB
rule fails. It says that allowing the continuum degrees of freedom to relax (after having
eliminated the discrete degrees of freedom by the CB rule) does not just fail to lower
the CB energy to the level of the correct lattice energy; in fact it fails to lower the CB
energy at all.
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