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Abstract

We study an atomistic pair potential-energy E() (y) that describes the elastic behavior of two-
dimensional crystals with n atoms where y € R?>*" characterizes the particle positions. The
main focus is the asymptotic analysis of the ground state energy as n tends to infinity. We show
in a suitable scaling regime where the energy is essentially quadratic that the energy minimum
of EM admits an asymtotic expansion involving fractional powers of n:

Hzin E(n) (y) =n Ebulk + \/EEsurface + 0(\/5)7 n — 0.

The bulk energy density Eygx is given by an explicit expression involving the interaction po-
tentials. The surface energy Fguface Can be expressed as a surface integral where the integrand
depends only on the surface normal and the interaction potentials. The evaluation of the inte-
grand involves solving a discrete algebraic Riccati equation. Numerical simulations suggest that
integrand is a continuous, but nowhere differentiable function of the surface normal.

1. INTRODUCTION

1.1. Previous work and concepts. The objective of this paper is to provide math-
ematical analysis of surface energy densities associated to the ground state energies of
atomistic systems in the thermodynamic limit where the number of particles becomes
large.

To be more precise, we consider an atomistic pair-interaction model where for a finite
lattice £ C Z% the energy of a lattice deformation y : Z¢ — RY can be written as a sum
of pair-interactions

(1) EX({y}): Z Vie—ar|(ly(z) — y(2)]),

mmel:

the factor 1 ensures that each bond is counted only once. The potential Vi,_.(|y(z) —
y(z')]) is the interaction energy of the particle pair z,2’ € Z? and may depend on the
particle labels x,2’. This energy is a realistic model for a crystal in the sense that it
is invariant under rotations and translations, i.e. E®({y}) = EW({Ry + t}) for all
R € SO(d) and t € R4

The properties of such systems has been studied extensively, e.g. in [1, 10, 18, 19]. At
leading order the bevavior of the energy E*) is dominated by the bulk energy density,
i.e. the limiting energy per particle as the the size of £ tends to infinity, eg. [10, 3].

The first correction which accounts for the finiteness of the number of particles are caused
by the presence of surfaces. Explicit expressions for surface energies are important in many
physical, biological and mathematical applications. Examples are nanoclusters, biological
membranes and image reconstruction. They have been derived previously for various,
mostly one-dimensional models, cf. [3, 13, 6, 17]. Depending on the details of the model,

surfaces can be dominated by one of several effects
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The energy increases due to 'missing’ bonds. In [3] this effect is carefully analyzed under
the additional assumption that all the particles are clamped according to a continuum
map ¢. Within such a setting it is possible to define bulk and surface energies in a very
simple way. We give a slightly simplified account of their results.

Definition 1.1. For v € Z\ {0} and F € R4 the clamped bulk and surface energy

density are given by
1
=5 2 Via(IFa]),

x€Z4

.1
SFv)==lm o 30 Vew(IF(@ =),
p—+00

z,2'€Z9NB(0,p)

z-v<0, z’-v>0
Both energy densities rely on the assumption that particle positions are clamped to an
affinely deformed lattice. The result be BLANC, LEBRIS and LIONS demonstrates that
those energies contain enough information to characterize the energy defect of deforma-
tions which are clamped according to a continuum map. The version below is slightly

weaker than the actual result.

Theorem 1.2. Let Q C R? be a domain such that 0) is a polygon with rational normals,
LP) = pQNZ and <;5 € C*(Q,RY) a continuum deformation. Then

Dot N =5 3 Viewt (o] (20) — 0 (2+'))

mmeﬁp
WCV d d—1 d d—1 d*lj
|Q|/ (V) dat g™ | WA(T0Ls), () AH ) + o)

as p — oo, where v(x) € Z*\ {0} is a surface normal at x € OS).

Under less restrictive assumptions on the configuration of the particles the energy defect is
strictly smaller than W¢. This is caused by the fact that energy is gained by if the particles
relax to nontrivial positions near the surface. In general this could lead to changes of the
lattice structure. To limit the complexity of the analysis we restrict ourselves to the
case where only small strains are admissible, and as a consequence the nearest-neighbor
structure is unchanged. In the context of one-dimensional models this effect has received
significant attention in the literature, eg. [13, 4].

In higher dimensional situations surface energies have striking implications on the macro-
scopic properties of the continuum limit. Examples are the early growth stages of crystal
which can are determined by the Wulff construction, see e.g. [8] and the references therein.
Important results in this direction have been obtained by several authors, cf. [1, 19].
Here, we provide mathematical analysis of the surface energy in the case of two-dimensional
atomistic energy which is invariant under translations and rotations. We will demonstrate
that the surface energy is local, i.e. it can be written in the form of a surface integral.
The integrand (surface energy density) is determined by a system of algebraic equation,
the discrete Riccati equation. Solving such equations is a standard problem in optimal
control theory and we can use numerical approximations to discuss the dependency of the
surface energy on the surface normal.

1.2. Description of the model and main result. We restrict our attention to the two-
dimensional setting where the surface energy turns into a perimeter energy. The main

motivation for this assumption is that it simplifies the notation on several occasions.
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FIGURE 1. The discrete domain £

We assume that only those maps y : Z* — R? compete in the energy minimization which
have the property that for each triple {x1, zs, z3} C Z? the oriented area of the triangle
with the corners y(x1),y(x2), y(x3) is nonnegative.

A ::{y - 77 — R?* | det(y(x2) — y(x1),y(x3) — y(x1)) > 0 for all {z,,zy, 23} C Z?

such that diam{xy, x5, x3} = V2 and det(xe — 1,23 — 1) > O}.

Maps y € A are called admissible. This assumption is natural as it rules out self-
interpenetration. It plays a crucial in section 3 in connection with rigidity estimates.

In order to define a thermodynamic limit we fix a continuum domain  C R? and consider
the family of finite lattices

LP =panz?  pe(0,0).

For an admissible lattice deformation y € A we define the pair energy

EP{y}) = > View(lyl@) —y@))),

x,x’eL(P)
where the potentials Vy(-) € C?((0,00)) satisfy
(2) Va=0if A& {1,V2},
(3) Vi) + V2V5(v2) =0,

(4) min  V}'(r) > v for some constant v > 0.
Ae{1,v/2},7>0

The condition involving the first derivatives of the potentials implies that the identity map
y(x) = z minimizes the energy per particle among all homogeneous dilatations y(x) = rx
in the limit p — oo where r € (0, 00) is an arbitrary dilation parameter.

The analysis in [10] is concerned with the ground states subject to affine boundary con-
ditions. By the boundary 0L C £ C Z? we mean those points x € £ that have an
incomplete neighborhood in the sense that #(B(z,v/2) N L) < 9, where B(x,r) is the
closed disk with radius r centered at x. The strength of the internal stresses is measured
by e = V/(1) — \/§V\’/§(\/§) The key result of [10] is that there exists a constant €y > 0
such that ground states subject to affine boundary conditions are periodic, provided that
le| < 0. The result is sharp in the sense that it is possible to construct two convex qua-

dratic potentials which satisfy (2, 3, 4) and non-affine deformations y*) € A that satisfy
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the boundary condition y')(z) = z for € 9L such that limsup,_, ﬁE(P)({y(P)})

is strictly smaller than W (Id).

Here, our main objective is to analyze the correction term minye 4 - 1 ( A ({y}) — Wy (Id) #£L%) )
in the limit as p — o0o. As a simplification we consider the case Where only a finite number

of normal vectors occurs and the internal stresses are small.

Definition 1.3. We say that an open set Q C R? has a polygonal boundary with rational
normals if 9Q = UTEST, where HYT;NT;) =0 if i # j and there exist outward pointing
normal vectors v; € 72\ {0}, such that (z; — x}) - v; = 0 for all z;,x} € T;.

Note that we do not follow the convention that v has unit-length. The main result is that
the surface energy can be written as a surface integral in the limit p — oo provided that
e =o0(1) as p — 0.

Theorem 1.4 (Main result). Let K1, Ky, 5y € (0,00) be three real constants and assume
that the pair potentials V1,V 5 € C*((0,00) x (—=fo, Bo)) satisfy (2, 3, 4), and

(5) Vi #045#0, lmVi(3) =0,
(6) E%V(M:JQ% A e {1,V2}).

(The dependency of V\ on the second argument (3 is not shown). There ezists a function

s Z2\ {0} — R which is defined later in (24) and can be interpreted as the energy of
surface relaxation per unit length of perimeter with normal v, having the following prop-
erty. For every open, bounded, simply connected domain Q0 C R? such that the boundary
0Q is a polygon with rational normals and every sequence 3, = o(1), p — oo the following
equation holds

(7) hma—/ 5 (u(z)) dH (x),

where
(8) crp:ﬁ(gng(”({y}) Wa(ld) #L£%° — p /m 3(1d, v(s >>dH1<s>)
and

(9) e=V/(1) - V2V/5(V2).

An explicit estimate how quickly € converges to 0 as p tends to infinity is not required.
Ideally one would like to show that lim,_,, 0, admits an integral-representation if € does
not depend on p, and study the precise properties of the surface energy density in a
second step. This approach fails as currently there is no general method available which
shows that the surface energies can be localized, i.e. written as a surface integral. In the
context of non-convex homogenization theory powerful techniques have been developed
which demonstrate that in very general situations the leading order term Fjy. can be
written as a bulk integral (see eg. [5, Theorem 14.5]) but it is not clear whether a similar
method works also for surface energies. To circumvent this problem we do not separate
the two steps and assume instead that the interaction potentials V; and V. 5 depend on p
in such a way that the number ¢ (defined by (9)) satisfies € = o(1) as p — 0.

The key points are that W}, is independent of the domain €2 and that the surface energy
can be written as an integral. The surface energy density is determined an exponen-
tially decaying discrete boundary layer. This is analog to boundary layers for classical
homogenization deriving from periodic oscillations on the scale of the heterogeneities.

The boundary layers decay to a constant exponentially from the boundary when that is a
4



Surface energy density reduction
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axis is the angle a = arctan(vy /1)

rational plane, and their effect can be described by a suitable formula on functions which
are periodic in the tangential directions, see [15]. In the discrete setting we obtain more
detailed information by solving an algebraic Riccati equation. The solution characterizes
the transfer operator whose powers deliver the boundary layer (Section 2).

The function W, is 1/|7] times the ground state energy in the idealized situation where
the lattice is a semi-infinite strip with normal » among maps y which are periodic with
period 7 = v+ = (Y 1), and |7| denotes the length (Euclidean norm) of 7.

10
A numerical visualization of W7, suggests that the function a — W2, ((cos(a),sin(w)))

rel

is not continuously differentiable, see fig. 2. In section 4 the graph of v — W2, (v)
studied numerically. The results show that the surface relaxation pattern has a nontrivial
effect on the Frank diagram, see fig 4. In particular, it seems that the boundary of the
Frank diagram is not differentiable at the (dense) set of those o where v € Z? \ {0}.
This effect is observed frequently in lattice-systems, cf. [11, 2]. To the best knowledge
of the author continuous dependency on « has not been established, even in the case of
boundary layers in continuum homogenization. This shows that the assumption that 0€2
has rational normals is not just a technical one.

The proposed model can be extended in many different ways. Higher dimensional ver-
sions can be formulated and analyzed in an analogous fashion. An adaptation of the
mathematical proofs involves a slight modification of the notation, but no new concepts.
It would be desirable to extend the analysis in the spirit of Gamma-convergence to con-
tinuum to deformations ¢. This amounts to a generalization of Theorem 1.2 to nontrivial
atomistic deformation fields which satisfy the clamping condition only in a weak sense.
It is this case where the importance of the admissibility condition y € A becomes most
obvious, because without it not even the correct bulk term can be recovered, cf. [10].
More realistic potentials involve long-range and non-pair interactions, cf. [14]. Although
some crucial steps have been taken to adapt the existing methods to the variational
framework, [22], additional ideas are required to characterize surface corrections.

1.3. A one-dimensional example. We illustrate the fact that the W overestimates the
true surface energy o by the following, one-dimensional example. To avoid confusion we

will use “end energy” instead of “surface energy” in this section. Let Vi, V5 € C?(]0,00))
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be uniformly convex such that
(10) Vi(1)+2V5(2) =0
and define Fyy := V1(1)+V5(2). For each positive integer p > 0 we define the end energy

(1) ofy:= min {ZVl (@ +1) —y(@)) + > Valyle + 1) —y(x—l))}

y(0)<...<y(p) 1
— (p+ 1) By

It is not hard to show that even without the extraction of subsequences the limit
lim, ;o aéﬁzi = o exists. We focus on models that have only weakly pronounced end
layers and consider the potentials V; and V5 that depend not only on the distance be-
tween particles but also on a parameter ¢ = V/(1) — 2VJ(2). The objective is to discuss
the behavior of ¢ as ¢ — 0. In the one-dimensional case the first correction as € — 0 can

be computed explicitly.

Proposition 1.5. A) Let V; and Vy be two uniformly convex interaction potentials, i.e.
there exists a number v > 0 such that min, V/"(r) > ~ for ¢ € {1,2} and assume that

V/(1) 4 2V{(2) = 0. Then o = lim,_,o 0"} eists.

B) Assume furthermore that the Vi and Vs, but not vy, depend on a small parameter e
such that ¢ = V(1) — 2V4(2) and V; € C?*((0,00) X (—&q,&0)) for some gg > 0. Let
K; =1lim._,o V(i) and ¢; = lim._,o V;(7), then

0 =—(c1 +20) — g (\/1 +4K, /K, — 1) +o(e?) if |e| < 1.

Proof. See appendix. O

The leading order term of the end energy o is precisely the clamped end energy density

5 (Definition 1.1; in fact there are two factors involved that cancel each other: the
one-dimensional model has actually two ends with opposite normals and the formula for

5 is derived from a model where each pair interaction is counted twice). The correction
term quantifies the reduction of the end energy due to the formation of boundary layers.
It is not very surprising that only local properties of the potentials V; and V, enter the
formula since the assumption of strict convexity gives us a strong a-priori estimate (62).

1.4. Sketch of the proof of Theorem 1.4. The complete proof is given at the end
of Section 3. One of the main achievements of the paper is to overcome several arising
technical difficulties. Since the energy corrections are caused by the presence of surfaces
we cannot use standard localization results (e.g. [5, Theorem 14.5]) which work only for
bulk problems.

We prove matching lower and upper bounds. For the upper bound we explicitly construct
a sequence of admissible competitors which have the correct boundary layer. This con-
struction will miss corner effects but as these energy contributions are only O(1) and not
O(p) like the surface energy they do not affect the energy scale we are looking at. The
construction is based on the solution of a simpler linear problem, the “cell-problem” in
the homogenization literature. This cell problem is stated and solved in Proposition 2.1.

To prove the lower bound we show that as p tends to infinity the displacements become so
small that the linearization of the energy E¥) captures the essential energy contributions.
Due to the invariance under rigid body motions the energy is necessarily a nonconvex

function of the atomic positions i.e. E®({y}) = E¥({Ry}) for all y : Z*> — R? and
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all R € SO(2). Therefore is not obvious why energy minimizers should be even roughly
periodic in the tangential direction.

To overcome this difficulty we use rigidity estimates, cf. [9] which allow us to replace the
non-convex energy by a convex quadratic energy. Rigidity estimates have been successfully
applied to justify effective continuum models such as plate and shell theories [9] and more
recently to extract linear theories theory from atomistic models, [18, 19, 20, 7]. The novel
aspect in systems which are domiated by surfaces is that the limiting theory accounts
for an exponentially decaying surface layer which depends on the normal vector. As a
consequence we have to work with carfully constructed averages which respect the one-
dimensional structure of the cell-problem. In particular, only tangential averages can be
taken.

Since only integral norms can be controlled it is well possible that there are small patches in
the crystal where the strains are big and therefore cannot be captured with a linear theory.
In order to control the contribution of those bad patches we employ the standard method
of removing the singular parts by multiplication with a suitable cutoff function. The key
step consists in proving that resulting tangentially averaged bonds are still differences.
Throughout the proof the letter C' denotes a generic constant whose value can change
from line to line but does not depend on p or .

2. THE LIMITING THEORY

s which is based on an idealized situation

We derive an explicit formula for the function W,

where

(1) the formerly non-quadratic pair-interaction potentials Vjy/(|A + z|) are replaced by
the quadratic approximation Vi /(|A]) + z - (A(X)z + L())) and
(2) the complicated set £ is replaced by a family of half-spaces

7 ={xeZ|r v<0}

The lattice vectors A\ and v € Z? denote the difference between two lattice points (A =
x — ') and the outward pointing normal vectors associated to the sides of Q2. Both A(\)
and L(A) depend in a nontrivial way on A. In many cases this dependency will not be
shown explicitly and we write A and L instead of A(\) and L(\).

The inner product (u,v) of two vectors u,v € R? is denoted by w - v, the multiplication of
a matrix A with a vector v is written Av and consequentially u - Av is the same as u” Av
in matrix notation.

For each pair z,2” € Z?* the vector L(x — 2’) € R? is given by

S(x—2a) if|lz—2|=1,
(12) Lz —a)=4¢ Yo' —2) if|lz—2|=V2
0 else,

and the matrix A(x — 2’) € R*2 by

Ki(z—-2)®(@x—2) if |z -2 =1,
(13) Alx—a) =% tK(z—2)® (x—2') if |z —2| =V2,
0 else.

We define the boundary of Z2 by

(14) azzz{xezg\#{xfezm\x'—x|g\/§}<9},
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and the forces

(15)

z' €dL3

S vz, )L(x — ') if x € 072,

0 else,

1

where the weights v, € {0, 5,1} are given by

1 if |z — 2| = V2,
(16) v (x,2") = ¢ 1 if lzr—a| =1,
0 else.

The weights account for cancellation effects, the motivation will become clear in Section 3.
Here we only use the fact that the mean force is zero, i.e.

(17) S b(a) =0
x€Z2
This follows immediately from the symmetry of the weights v,:

Z b,(x) = Z Z v (v, 2\ L(x — ') = — Z Z v, (2, ) L(2" — x)

z€Z? x€0Z2 mod T z'€dZ2 ’€Z2 mod T z€Z2

= - Z bu<x)7

x€Z2

which implies (17).
For a 7-periodic displacement function z : Z2 — R? we consider the quadratic cost
functional

(18)  Qu(x)= Y qble)-z(@)+ 5 D (2(@) - 2(2) - A(z(x) = 2("))

z€Z2 mod T x' €72

The factor i enters because we have to compensate for double-counting.
The following theorem asserts that the minimum of @), can be found by solving a finite-
dimensional nonlinear matrix equation.

Theorem 2.1. For each v € Z*\ {0}

A: There exists a symmetric, positive semi-definite matriz H, € , where d =
#(0Z2 mod 7) = |v|1 = || + |we|, that solves the discrete algebraic Riccati-
equation

(19) —(H+NYY(M+H) ™ (H+N)+P=0

with the 2d x 2d-matrices M, N and P given by (34, 35, 36).
B: The minimum of Q,(-) is given by —%b,, - H,b, where H, 1s the Moore-Penrose
inverse of H,. The minimum enerqy is achieved by

R2d>< 2d

(20) 2(x — kepy) = (Id + A)*q)(x)  if z € Z2(0), e1p = e + ey,
where ey and ey are the standard unit-vectors, A = —(M + H)"*(H + N) and
(21) g, = Hyb,.
There exists C > 0 and 25° € R? such that z, satisfies the exponential decay
estimate
(22) 2, (x) — 27| < Cexp(gv - x) for all x € 7.
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Remark 2.2. In classical (linear and continuous) homogenization it is known that bound-
ary layers deriving from periodic oscillations on the scale of the heterogeneities decay to a
constant exponentially from the boundary when that is a ‘rational’” plane, and their effect
can be described by a suitable formula on functions which are periodic in the tangential
directions, see eg. [15, Theorem 1.10.1]. However, since the discrete model differs in
several ways from linear continuum problems, a generalization of the result to the discrete
problem is not immediate.

The question whether (2.1) admits more than one symmetric nonnegative solution is
beyond the scope of this paper, see however [16]. The linearized energy @, has inherited
the invariance under translations from the original energy E®). This implies that the
kernel of H contains the two-dimensional vectorspace consisting of all translations

(23) V ={z:07> - R?| z(z) =t where t € R? is independent of z};
and in particular the classical inverse of H does not exist.

Definition 2.3. Let v, H, and b be defined as in Theorem 2.1. For each v € 72\ {0} we
define

(24) S (V) == —-Lb, - Hyb,.

rel T2
Proof of Theorem 2.1. We exploit the one-dimensional structure and apply standard ideas
from Calculus of Variations.
Obviously the infimum of @), is smaller or equal to 0 since z(z) = 0 is an element of X,.
We will demonstrate first that ), is bounded from below, i.e. there exists a constant
C > 0 which depends only on L, A and v such that

(25) Qu(z) > —C

for all z. To obtain this bound it suffices to show that the quadratic part of @), is coercive,
i.e. there exist a constant C' > 0 such that

(26) Ddiscr(z) S ngiscr<z>7

where
Daiscr(2) = ) Y @) = =@
z€Z2 mod T 2'cz?
le—a’|<V2
Enel)= Y (o) — ) (2 — ).
z€Z2 mod T o'cz?
le—a’|<v2
Indeed,
Y @@= Y Y wlea)le-o) s
z€IZ2 mod T z€IZ2 mod T z'€0Z2

- 1 Z Z UV<SL’,.T/)L<$L’ - .T}/) ’ (Z(.T) - Z<xl>> Z _1 V CDdiscr<z>7
2 2

x€IZ2 mod T x'€IZ2

C > Z Z Lz — 2')*.

x€0Z2 mod T  a'cor?
le—a|<v2

Thanks to the structure of the matrices A(x — ') one finds that

Eawer(2) <C Y Y (2(w) = 2(2))) - Al2(w) — 2(2')),

z€Z2 mod T ' €Z2

by Cauchy-Schwarz if

9



and (26) yields that

Hence, Q,(z) > —3C, and the a-priory bound (25) has been established.

To prove (26) we have to overcome the technical difficulty that we only control certain
projections of the differences, namely |(x—2')-(z(x) —z(z"))|? but would like to control the
full difference |z(z) — z(2')|?. For example, the displacement function z(®(x) = (fa‘g)x
has the property that for every a € R and every z, 2’ the equality (2(®(z) — 2(*)(2")) -
A2 (z) — 2 (2')) = 0 holds. Hence, the proof of (26) involves more than the algebraic
properties of the matrices A(x — z’), in addition we have to use the periodic boundary
condition.

For any open set S C R? and a function v € H'(S, R?) the quadratic forms D and & are

given by
ou
D(S,u) / ( Z)

i,7=1

8ul 8Uj 2
£(5u) = Z/<8m 8%) -

i,7=1

Define the semi-infinite strip

U= <U ez conv({z,x+e,x+ 62}))

r+eq,r+eg EZIQ,

U (U ez conv({x,x — e,z — 62})) mod 7

x—el,x—egelg
and the bounded domain
Uy=U\(U—-v).

As Uy is a bounded Lipschitz-domain here exists a constant C' such that every 7-periodic
function u € H'(Uy, R?) satisfies Korn’s inequality

(27) D(UQ,U) < CS(UQ,U),
see e.g. [12]. Since U can be written as the disjoint union of translated copies of Uy
U = Upezk>0Uk

with U, = Uy — kv we find that for every u € H(U)

(28) DU,u)=> D(Upu) <CY EUku) =EU,u),
k=0 k=0

and thus the Korn-constant of the unbounded domain U is bounded from above by the
Korn-constant of Uj.

Define now for each 7-periodic map z : Z2 — R? the piecewise affine interpolation u :
U — R? which is affine on each triangle conv(T) where T = {z,z + e,z + ey} or

T = {x,z — e;,x — ey} for some = € Z2. We will demonstrate now that there exists a
10



universal constant C' such that the function u satisfies two simple estimates:

(29) EUu)<C ) Y @) = 2(2) - (@~ )P
zE€ZZ mod T ‘xx;f‘zjf

(30) > > ()| < CD(U,u).

z€Z2 mod T a'cz?

lo—a/|<VE,
We consider one triangle 7' C Z? and assume first that T = {z, 2 + e1, 7 + es}.
E(conv(T),u) =2(z(x +e1) — 2(z)) - 1) + 2(2(z + e2) — 2(z)) - €2)?
+ (22 +e1) = 2(2)) - o+ (2(a + e2) — 2(x)) - e1)’
<5((2(z + 1) — 2(2)) - e1)” + 5((2(z + e2) — 2(2)) - €2)?
+3((2(z + e1) — 2(x +e2)) - (€1 — e2))*.
In the case T' = {x,z — e1,x — ez} we obtain the analgous estimate. Considering the
union of the triangles delivers (29) since each bond occurs at most twice. The proof of
inequality (30) is similar.
The discrete version of Korn’s inequality (28) is now a direct consequence of (30), (28)
and (29). Thus, we have established that the a-priori estimate (25) indeed holds.

Now we will demonstrate that there exists a non-negative solution H, of the Riccati
equation (19) such

(31) min {3gHg+b-g} =inf Q(2)

The k-th layer Z2(k) of Z2 is defined by Z2(k) := 0Z> — ke1s, and maps z : 9Z2mod 7 —
R? are identified with vectors ¢ € R?? d = #(0Z% mod 7). From now on we assume
without loss of generality that 0 < v -e; < v -ey; it can be checked that

(32) Zy, = UyenZy (k).

We rearrange the terms in (18) slightly in order to distinguish between interactions within
layers (Z2(k)) and between successive layers (Z2(k) and Z2(k + 1)):

Q=)= Y bl2) =)

x€Z2 mod T

VDS (% S (ea) - () - Als(z) — 2(2))

k=0 z€9Z2 (k) mod T x' €072 (k)

FY (ela) - =) Ale() - z(x’))),

o/ €072 (k+1)

where A = A(x — /). Let qi(z) := z(x — keyy) where x € 0Z2 and k € NU {0} and
construct matrices M, N, P € R?¥*24 gych that

@ a=nee s (") ) ().

qk gk

Interactions across the boundary between two neighboring layers are governed by M:

(34) p-Mp:= ¥ >, pa) - Alx — 2 + exz)p(a').
x€0Z2 mod T z'€IZ2
11



Interactions between one layer and the differences between two neighboring layers:

(35) p-Ng:= > > (q(z) — q(a)) - Az — 2’ + exa)p(2).

x€0Z2 mod T 2'€dZ2
Interactions within one layer:

¢-Pgi=5 Y. >, [ (q(x) = q(2")) - Al — ') (q(x) — ¢(27))

(36) ¢€dZ2 mod T z'€HL2
+2(q(z) — q(2')) - Alz — 2" + e12)(q(x) — Q(xl))} :

Now we are in a position to show that the discrete algebraic Riccati eqation (19) has a
solution H which satisfies (31). First we define

n—1
1 Q1 — Gk M N Qr+1 — Gk
w155 () (2 1) (,

M N

NT P

thus J,, is convex and non-negative. Moreover, range(/N) C range(M ), this implies that
for every non-negative symmetric matrix H the matrix (M + H)~'(H + N) is well defined
within the range of M + H. The matrix H,, is defined via the iteration

(37) H, =H,+P—(H,+N)"(M+ H,) '(H, + N), Hy = 0.

Note that due to the non-negativity of A the matrix is non-negative and

We will show next that H,, is non-negative and bounded by establishing that
(38) 39 Hng = min{J,({@x}r=0..n) | 0 = g}

This result is an direct generalization of Lemma 8.2.1 in [21]. It can be checked using
(37) that the following algebraic identity holds

(qk+1 — @e + (Hppm1 + M) ™ (Hy—py + N) i)
(Hpopo1 + M) (o1 — e + (Hpojo1 + M) " (Hppo1 + N)ai)
=(qe+1 — ar) - M(ge+1 — ) + 2(qe+1 — &) - N + @ - Par
= @k - Hypk—1qr + i1 - Hyk—1Gr41-
Summation over k together with the initial condition Hy = 0 yields the identity

n—1

1
Jn({@k}r=0...n) =3 (g CHog+ ) (@rs1 — @ + (Hnogo1 + M) 7 (Hoopor + N)gi)
k=0

(Hpogo1 + M) (o1 — e + (Hoog1 + M) (Hpojor + N)Qk)),
where g = qo. The choice qpi1 = g — (Hpp-1 + M) (H, -1 + N)qr, g0 = g shows

that equation (38) is correct. As each term in the definition of J, is non-negative H, is
non-decreasing with n and since
| g k=0,

else

is admissible H,, is bounded. Hence, the limit H = lim,,_,, H,, exists, has the property

59 - Hg = inf{Jo({aqr }r=0.) | 90 = g}
12



and solves the discrete algebraic Riccati equation (19). A minimizer of J,, is given by
g = (Id — A)*g, A = (H + M)~ (H + N). Moreover,

1
min (59 -H,g+b, - g) =inf Q,(2).
g z

To see that ming(% g-H,g+0b,-9) = —%b,, . /H\l,b,, we first recall that the Moore-Penrose
inverse H of H is characterized by the equations

HHH =H, HHH=H, HH = HH.
Estimate (25) implies that infy(b, - g + 39 - Hg) > —oc and therefore b, € (ker H)* or
equivalently b, = H Hb,. Thanks to this formula we have the identity

1 1 _ _ _
—g-Hyg+g-bV:§<(g+Hb)-H(g+Hb)—b-Hb>

2
and the minimum is achieved for g = —Hb. Hence,
1 —_~
inf Q,(z) = ———b, - H,b,.

Finally, we prove the exponential decay estimate (22). First note that the dimension of the
kernel of H is at least two, since translations leave the values of J, and J,, unchanged.
It can be checked by inspection that the translations are also contained in the kernels
of M and N, this implies that the translations are contained in the kernel of A. Let
(Ai, T;)i=1..m be the eigenvalues and projections on the generalized eigenspaces of A so
that A\ = 0. Since Dygiser(2,) is finite either |1+ \;| < 1 or mg = 0 for all ¢ > 1, and thus
(22) holds. O

3. JUSTIFICATION OF THE LIMITING THEORY

The basic idea is that if the spring tensions become small, the accuracy of the quadratic
approximation (33) improves and by convexity ground states are more or less periodic
in the 7-direction. However, spatial oscillations in the normal direction will always be
present although the relaxation pattern becomes rapidly small with growing distance from
the surface. A visualization of a typical energy minimizer can be seen in fig. 5.

The justification is based on two steps. First we prove a rigidity result for the discrete
gradients and justify the linearized theory based on this bound. The second ingredient of
Theorem 2.1, the periodicity in the 7-direction, follows from a weak convergence argument
and the existence of minimizers within the set of periodic configurations which close to
the identity map.

3.1. Rigidity estimates. The main tool is a rigidity estimate for continuous deforma-
tions.

Theorem 3.1 ([9]). Let Q C R? be a simply connected domain with Lipschitz-boundary.
There exists a constant C(Q) > 0 with the property that for all uw € WH(Q,R?) there
erist R € SO(2) such that the inequality

(39) IV = Rl2sq < C / dist(Vu(z), SO(2)) da
Q

holds. The constant C' is invariant under rescaling, i.e. C(pS2) = C(Q2) for all p € (0, 00).
13



We say that a function W : R?** — R which is invariant under SO(2) in the sense that
W(RF) = W(F) for all R € SO(2), F € R?**" has single-well structure if the set of
minima consists of precisely one orbit of SO(2). The map y : Q N Z? — R? is admissible
if det(y(ze) — y(x1), y(w3) — y(x1)) det(wy — zy, 03 — 21) > 0 for all xy, 29,23 € Z* N Q,
where Q = [0, 1]? is the two-dimensional unit-square.

Lemma 3.2. Let Vi and V. 54 satisfy the assumptions (2, 3, 4) and recall the definition
of € in eqn. (9). There exist two constants C' and €y > 0 that depend only on Vi and V s
such that for any y: QNZ?» — R? ¢ € (0,20)

(40) /Q dist(Vu®, SO(2))* < CWean(y(0), y(e1), y(er + e2), y(e2)),

where the map u®) is the interpolation between the values of y which is affine on each
triangle conv{0, e1, ea}, conv{ey, ez, €1 + €2} and

chll<y17 Y2, Y3, y4)

— %Z?=1 (‘/1<|yi+1mod 4 — yz‘) + Vﬂ(‘yi+2mod 4 — yz|)) - Wclad) if y is admissible,
' +oo if y is not admissible

Note that each of the terms V5 in the definition of Weey appears twice.

Proof of Lemma 3.2. Define the reference function
(41) Wt (1, Y2, Y3, Ya) 3:/ |Vu(y) - SO(2)°.
Q

Both functions Wi and Wy are invariant under translations and rotations, i.e. Ween(F') =
Ween(RE + v) and Wyet(F) = Wiet(RE + v) for all R € SO(2), F € R v € R?* ®
(1,1,1,1). To remove this degeneracy we introduce the set

(42) N =span{(,) ® (1,1,1,1), (}) @ (L, 1,1,1), (1)), (1), (), (5))}

and observe that it suffices to prove the lemma for (yo,y1,v0,y3) = F € N*. Indeed,
for general matrices [’ we can define a translation v; := iZ?:l F; ® (1,1,1,1). Since
—Id € SO(2), the connectedness of SO(2) together with the intermediate value theorem
implies the existence of R € SO(2) such that R(F —v) € N1

Both function W, and W, grow quadratically for large arguments, hence we can use
simple algebraic estimates to show that there exists K,C' > 0 such that (40) holds if
|F| > K, thus it is enough to consider the compact set |F| < K.

Set Id := LD (1), (D),(7h), this matrix takes the role of the identity matrix in

the context of cell deformations. It can be checked by an explicit calculation that Id is
stationary, i.e. Vwcell(ild) = 0. Furthermore, since Wref(ild) =0 and SO(2 )Idﬂ./\f L=

{+1d} with nonzero intersection angle we have that |F — {+Id}? < CW,et(F) if F € N+,
|F — {iId}| < + if C is sufficiently large. Another explicit calculation shows that the
5 nontrivial eigenvalues of the Hessian VQWCGH(j:IEl) are given by V/'(1) + 2V\’/’§(\/§),
Vi'(1), 2\/&5(\/5) and V{'(1) (twice). Hence (40) is true for |F +1Id| < + if K is big
enough. On can see directly that Wie(F') is strictly positive in the intermediate regime
% < |F £1d] < K. The same is true for W in the compatible case where ¢ = 0. A
standard perturbation argument shows that the strict positivity is not affected by small
variations of the potentials V; and V 5. By increasing C' further if necessary we ensure
the validity of (40) for all F' that are compatible with y € A. O
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3.2. Justification of the limiting theory.

Proposition 3.3. Let the assumptions of Theorem 1.4 be satisfied and W2 (v) be the
surface energy density function defined in (24). Then the lower bound

11mi2(mmE<p ({y}) — Wa(ld) #LY) — p / $(Id, v(s)) d ) #zdj”ﬂ

p—00 p€ yeA 80
holds.
Proof. Theorem 1.2 implies that that

hmlgf)_/ S (1d, v(s)) dH (s),
o0

p—
with
(p) _ /
S’ = — g Vv\:vfm/\(|x_x|)
xe[(ﬁ)
x'ez2\£(P)

Thus it suffices to establish

1 Fedges
(43) 11m—2(m1nE(p ({y}) = Wa(Id) L) — ) Z HYD) W, ()

p—r00 PE cA

Throughout the proof we assume that V;(1) = V,5(v/2) = 0, this implies of course that

Wa(ld) = sglp ) = 0. This simplification does not involve a loss of generality as it can be
easily checked that

EV({y}) = Wa(ld) #£9 — 58 = >~ Vi o ([y(2) = y(@)]) = Vie—ay (J2 — ])].

x,x'€L(P)

The proof addresses two separate claims. First we show that the functional form of the
limiting energy is correct. Then we justify the periodicity condition which is present in
the definition of W?*

rel*

Step 1: Localize the energy by weighting the pair interaction energy. The main difficulty
is to construct domains that localize the surface energy and have bounded rigidity con-
stant.

Let @ = [0,1]? be the two-dimensional unit square. A simple calculation shows that there

exists a weight distribution x(z,2’) € {O, 5, 1} such that

EV({y}) = Z Ween(y(x), y(x +e1),y(x + e + e2), y(z + €2))
waEZZCQpQ
+ > a2 ) Ve (Jy(e) — y(a)]),
x,x'€0L(P)

and k(x,2') = 0 if |2 — 2| ¢ {1,v/2}. Since Weq is nonnegative this shows that the
relaxation induced surface energy is localized at L.

We demonstrate that the energy can be localized within parallelogram sets with small are
which cover most of the boundary. Recall that 0€) is a polygon, the i-th side is denoted
by I'; and v; € Z? is the associated outward pointing normal vector. Assume without loss
of generality that 0 <1, <15 and let ¢; ; € R be chosen in such a way that

Di={neR’|c;<n-e1<cy;and n-v; = cs;},
15

(v:)



FIGURE 3. The continuum domains pw; and Ui(p )

where 7; is the tangent vector or I';. Since the angle between two adjecent edges is
strictly bigger than zero there exists a number § € (0, 7) such that the angle between two
neighboring sides is bigger than . Hence, for every v > 0 (which will be sent to 0 later)
there exists cy4; < c3,; such that the parallelograms

w; = {n € R?| city<n-eg<cyi—vandcs; >n-v >y}
are subsets of 2 and mutually disjoint. Define now the set

Ui(p) =U e (3; + Q)7

z+QCpw;

see fig. 3. The localized energy is given by

(44) 2y} =" Wen(y(z),y(z+e1).y(z + €1+ e2), y(z + €2))
$E£Ep)
+ > k@) (jy() —y)),
$7$,€Ii(p)

where £ = £ 0 U and I = 0P N UP. Since UY' C pw; the sets U
mutually disjoint. A simple Taylor-expansion of the interaction potentials shows that the
conditions V,,(u) = 0 for u € {1,v/2}, (3, 6, 9) imply that

2
Vi(r) = 1K, (r—l—l—le) —%—FO(&Q—F(T—UQ),
2 2
Vs(r) = 1K, (7’—\/5— 2\/§K2> — %5 to(E+(r—v2)?)

up to an irrelevant ambiguity of the sign in front of the terms of order €. This repre-

sentation formula, together with the definition of EZ-(p ) and the fact that the sets Ul-(p ) are
disjoint, implies the localization bound

#edges

E¥({y}) > ZE ({y}) — C*pr.

(45)

Note that the restriction y € A enables us to rewrite E®) in terms of W, without the
determinant constraint the estimate does not hold. As v > 0 can be made arbitrarily
small, this shows that we are done once we are able to prove that

(46) lim inf inf 57 ({y}) > (H'(T) = 29) Wi ().
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To simplify the notation we choose weights w;(z, 2’) € {0, 3,1} such that

(47) EP({yh) = Y wiz,a)V(ly(x) — y(a)).
x,x’EﬁEp)

Step 2: Obtain a discrete rigidity estimate.

During the following considerations the index ¢ is fixed and will not be shown in most
cases.

Lemma 3.4. The rigidity constant of the set Ui(p) which is defined in Theorem 3.1 remains
bounded as p tends to infinity.

Proof. First note that the rigidity constant is unchanged by translations, rotations and
dilations.

Since the index ¢ is fixed it will not be shown within this proof. The rigidity constant of
U®) can be estimated by a combination of two different Poincaré constants which remain
bounded under bi-Lipschitz transformations of the domain. We construct a bi-Lipschitz
map ¢ :w — %U (P) with bounded Lipschitz constants. The set U®) is fibrated by line

segments which are parallel to v, and ¢ is an affine stretch along each line segment.
Define for each p the affine function £ which satifies

& (min{n -7 |n€w}):min{%n-7 ’nEU(p)},

and an analogous condition involving the corresponding maxima. Clearly £ converges to
the identity as p tends to infinity.
Define next the maximum heights

Ai(s) =max{n-v|n€c€wandn -7=s},
Ui (s) =max {n-v | ne LUW and -7 = £(5)},

and denote the corresponding minimum heights by ¥_, A_.
Using the definition of the sets U®) and w it is a simple exercise to check that there exists
a constant C' which depends on v, but not on p such that

(1) At and 4 are Lipschitz-continuous with Lipschitz constants bounded by C'.
(2) The bound
1

(48) 0w =) S =9 SO0 —A)

is satsified.
The map ¢ : pw — U is defined by
v

Yy = — v+ —ET.
o = s (- + 55w = a0 vk e

with the convention that the argument of the function &, A, ¢ is 7 - . The gradient of
) is given by

vy Y-

Vov=Trm

| |2 ’g/)_,_ ’17/) / 'V_)‘— / /
Vor | 2 <7/1 — A )\+ — A (W —92)
_ (n-v— —)(@/4—@/)—)
O — AP
17
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The Lipschitz continuity of ¢+ and AL together with the bound (48) implies that each
term is bounded. The inverse of ¢”) can be estimated in an analogous fashion. U

Let yi(p ) be a minimizer of the lattice energy E}p )() Formula (44) implies that

EX ({4}
(49) > Y Wy (@), y? (@ + e1),y® (@ + er + e2), 4P (x + e)) — C%p.

zez2
z+QCUZ,(p)

Let u® € W1*°(U®) such that

(1) u' is affine within the sets conv{z, z+e1, 24+e3 }NUW), conv{z, z—e1, 1 —ey JNU®)
for each = € 72,
(2) u'®) interpolates between the values of y(¥).

Since the trial-map y(z) = x is admissible we obtain the bound

EY({y"}) <o.
Use (49) and (40) to deduce that

/( ) |Vu® — SO2)>dn < Ce2p.
u;”

Next, we apply the rigidity estimate (39) and obtain the existence of a rotation matrix
R € SO(2) such that

/( ) |Vu® — R>dn < Ce?p.
Ule

Simple algebraic manipulations show that

> ) -y - R —a)| =4 / [Vu® — BRI d,
z+Q

z! z! e (z+Q)NZ2
lo! —a!! |=1

and together with the triangle inequality one finds that

(50) S w2y e) — v ) - Rl - o) < Cpe
x,x' €LP)
To simplify the notation we define 2 (z) = 1(y)(z) — Rz) and obtain the a-priori
estimate
(51) Y wlaa)2P (@) = 2 < Cp,
x,x' €LP)

In particular, this delivers the bound

(52) ma;w(x,x'ﬂz(p)(:p) — 2 (2| < Cy/p.

Step 3: Remove those terms where |y (z) — y*)(2') — 2 + 2/| is not small.

Using the representation formula (45) we obtain that

Vie—ar( ([y(2) — y()]) = €% (3A(2(2) — 2(2")) + L) - (2(z) — 2(2")) + h(e(2(2) — 2(2"))),

18



where h = h,_., |h(G)] = o(|G)?) as G — 0 and L and A are defined by equations (12)
and (13). Let

. _1
a)m { b B - @ € o< VR

be the indicator function of the good bonds. The a-priori estimate (51) implies that
(53) S° wle )1~ x(r,2) < Cpe.
x,x' €LP)

In particular, the number of "bad” bonds is o(p) as p — oo. This estimate can be used
to show that neglecting energy concentrations does not affect the asymptotic behavior of
the surface energy:

1

=, Y w(z V(g () -y ()
P x,x' €LP)
1 .
2, D w [Xme/|(\y(p)(x) —y(@)]) + (1 = x)min Va(r)
z,a'eLP) ’

As min,, Vi(r) = O(e?) as ¢ — 0, together with (53) this proves that the last term
vanishes as p — oo.

Now we are in the position to exploit the differentiability of the potentials in the following
sense.

1

— > wxV([(z =) + (2" (2) - 29 ())])
pe x,x' €L(P)
L > ow [%X(z(”) (2) = 2P (a")) - A x (2 (x) = 29(2")) + Zh(e(z)(2) - 21 ("))
P x,2'€L(P)
+ Z wL - x () (z) — 29 (')
x,z'€OL(P)

We rewrite the error term in (54) slightly and obtain that

fim Y wh(e(0(a) - 20 ()
e e pa:,a:’EL(P)

i 3 el () - sy ) = )

pl_)oo Z X p‘ (z) (z')] (8|Z(p)(x)_z(p)(x/)‘)2 0

x,x' €LP)

since the last term is the product of a bounded sequence in /' and a sequence which
converges to 0 in [* as p — oco. Hence, we have demonstrated that

lim inf — Y wxV(|(z =) + ez () — 2 ()

proo pe? Wearl®
1
(54) =liminf — Y wy (2P (z) — 2¥)(2")) - A x(z¥)(2) — 27 (2))
p—00 2p
x,x'€L(P)
+ lim inf Z xwL- (29(x) — 29 (z").
pree z,x'€Z(P)

Step 4: Demonstrate that the weak limit of the averaged differences is a gradient.
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It remains to be shown that the right hand side in (54) is bounded from below by
i (HAT) — 29) minzea,, Qu, ({2}).
We use a specifically adapted notion of weak convergence where averaging is only per-

formed in the tangential direction, not in the normal direction.
Let

Hl(F,) — 2’}/

|7i]

(55) K;=p

and 2\”) € ) be extremal in the sense that (2 —z) -1, > 0 for all z € U N Z2. For

each pair x, 7’ € Z2 the averaged differences are defined by

09z, a) = L S (O 4ot Ir) — 20 (@O 4! 117,
Y leZ(z,a)
where
Zi(x, ) ={1€Z |2 +ir + {22’} cUP}.
Using the definition of U®) one can easily deduce that

(56) i 7457

=1

We will demonstrate now that there exists a 7-periodic map ¢ : Z2 — R? and a subse-
quence of ¢\ such that

(57) g(x,2') = lim ¢ (z,2') = C(x) — {(2) for all z,2’ € Z?
pP—00
First we will show that g can be written as differences of some map (. In a second step

the 7-periodicity of ¢ will be established.
Equation (57) holds if we can show that for all closed paths (z,),—o..r € Z2 the equation

(58) Zg(xr, 1) =0

holds true. Indeed, thanks to the definition of U®) and since the diameter of the path is
finite, for each r the set Z(z,,x,_1) can be partitioned into two sets Z9, Z° C Z(z,, x,_1)
such that the set Z9 does not depend on 7 and #Z° is bounded independently of p and
r. With this notation one finds

R
Z g(p) (377’7 xrfl)
r=1

<

R
1
Z = Z (Z(p)(x(p) + 2, 4+ 17) — 2P (2P 4z + lT)) ‘

r=1 lez9

_|_

R
1
Z e Z (z(p) (2P 42, +17) — 20 (2 2, + lr)) ’

r=1 lezb

Swapping the sums in the first term shows that it is identically zero since the path is

closed, ie. xy = xg. Thanks to (52) the second term is bounded by C@, which
converges to 0 as p tends to infinity. This shows that there is a subsequence and a map

¢ such that eqn. (57) holds.
20



It remains to show that ( is 7-periodic. To see this we define the defect

R
= Z g(«rru xr71>
r=1

for some path (z;,),—o..r such that 2o = x and g = x+7. We will show that 6(z) = d(z2')
for all z, 2’ € Z2. Let (x})k=o..x be a closed path that visits z,z + 7, 2’ + 7, 2’ (in that
order). Repeating the argument above we find that 6(x) = §(2’).

If 6 > 0, then one obtains an contradiction to (51) since every x € Z2 /7 (the semi-infinite
cylinder where translatations by 7 are identified) generates a positive contribution of
order p. Therefore, § = 0 which implies that for any 2/ € Z? the map ((x) = g(z,2’) is
T-periodic in x.

Armed with these results we are in the position to establish the following asymptotic
result for the linear term in (54). Let x, 2’ € Z2 and define

J Z wxL- (2P +x+1r)— 2P 42/ +17)).
lEZ(mm)
We isolate the bad terms
1
lim J” = lim - Z wl- (272 +x+1r)— 2P 42/ +17))

p—00 p—0c0 0 le Z(mat)

1
— lim - E w(l —x)L- (2P (z® + z +11) — 29 () + 2’ +17)),
P00 p
leZ(z,z")

and apply equation (53) which implies that the second limit is zero. Like before it is

possible to partition Z into Zg and Z° such that #Z° remains bounded as p tends to

1nﬁn1ty and w(z® +z + 17,20 + 2/ +17) = v,(x,2') for all | € Z9, where v, is defined
n (16). Hence

lim J” =, (2,2/)L(z — 2') - lim - ; Z D (20 4z +1r) — (2P + 2’ +17)).
pP—00

pP—00
129
Next we apply the definition of K (eqn. (55)) and the convergence (57) and find that
lim J) (z, 2"

p—>00
7-[1(1|17)_|— QVUV(x,x’)L(x — ')+ lim % Z (202 4z +17) — 29 (2 + 2/ + 7))
e leZ(z,x’)

The definition of the boundary forces b, (eqn. (15)) and the definition of the weights v,
(analogous to w) delivers the final form of the linear terms

(59) m s 0 SOz, 0y = D) =20 S (@) b(a).

xz,2'€Z2 mod T |T‘ x€0Z2 mod T
The limit of the quadratic term in (54) can found in a similar fashion. Let z, 2’ € Z?2 and

define

J (. 2) wa (2 x4 17) — 2P (2 2’ + I7))
leZ
A O fr i) = 2P (@) £ 4 0r)).
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The convexity of the matrix A together with the definition of K (eqn. (55)) implies for
each z,z’ € 7?2
1
) —
lim inf JQ(p) > HL) =2 lim inf g(p)( x') - Ag(p)( ')

p—+00 |7’| p—+00

where ¢\ = = ZleZ (w.2") wx(z(")(:v(”) +x + 1) — 2P (2 + 2/ + 7). Estimate (53)

implies that lim,_,« g§ )(x, x') = g(z,2’) and thus

(60) tim 9 = PO =2V 0y @) () - &)

p—r00 | 7]

Equations (54), (59) and (60) together imply the estimate

it 5 (0) 2 L= g, () = () = 29 0

and we have established that (46) indeed holds. O

Proof of Theorem 1.4. All we have to do is construct a lattice deformation that exhausts
the lower bound (43). As before we assume that without loss of generality Vi(1) =

Vs(V2) = 0. Fori € {1,...,#edges} let Ui(p) C R? be the rectangle that has been

defined in the proof of Proposition 3.3 and recall the definition of :L‘Z(P ) from Step 4. We
define the trial field

() 2, (m— 2y — 2, ifx e UY N72,
Ztrlal(x) - 6 6186

where 2, and z.° are given in Theorem 2.1. Set yt(fl)al( ) =x+ z—:zt(ﬁ)al(x). The exponential

decay estimate (22) implies that |ytr1al< ) — x| < Ceexp (—gdist(z, 0LP))) holds. For
(p)

trial 15 admissible.

sufficiently large p one obtains that C'e < 2—\1/5, and consequentially y
Hence, we obtain that

lim 4B E@ ({2 1)

p—00

F#edges
— lim Z ‘TZ Z { (20, (2) — 2, (")) + L) - (2, () — 2, (2))

+ %h(g(zm(;p) - ZVI(:E/)))

£

F#edges

Z ~29)Qu ({2 ) = Y (H'(ITy) — 29)WS ()

i=1

by definition of Wresl). As v can be made arbitrarily small the upper bound agrees with
the lower bound. O

4. VISUALIZATION OF THE SURFACE ENERGY DENSITY FUNCTIONS

Due to the short-range character of the potentials the clamped surface energy density
function (see Definition 1.1) can be evaluated explicitly:

500 = 2 (M) +2lVis (V2)).
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Frank diagram of the
surface energy density
T

-3k

-4 I I I I I I I
-4 -3 -2 -1 0 1 2 3 4

FiGURE 4. The Frank diagram of the surface energy without relaxation
effects (inner line) and with relaxation effects (outer line) for ¢ = 0.1,
Ky =Ky, =1

Obviously Ws(v) depends in a smooth way on v except on the set {v € R? | vy1a(v; +
1) (1 — 1) = 0}). The total surface energy is now defined as

W2(v) = Wav) + ' Wiy(v).

It is customary to visualize the surface energy via the Frank diagram. To this end we
define f. to be the homogeneous of degree one extension of WS(Ti\V) in the sense that

fe(v) =W? <ﬁy) v.

The Frank diagram is the level set of {f.(v) = 1}. The significance of this construction
is given by the observation that the Frank diagram bounds a convex set if and only if all
possible surfaces are stable, i.e. replacing a particular surface by a mixture of different
surfaces with the same average normal vector does not lower the total energy.

The Frank diagrams for W? and W can be compared in fig. 4. The numerical results
suggest that v +— W2(v) is nowhere smooth due to the relaxation effects, cf. the plot of
the difference quotients in fig. 2. A typical relaxation pattern can be seen in fig. 5.

Conjecture: The function v — W2 (v) is not continuously differentiable on the set

Q?\ {0}, see fig. 2

5. POSSIBLE EXTENSIONS

(1) It would be interesting to obtain an asymptotic expression for the surface energy-
density in the spirit of homogenization theory for bulk models (cf [5]) without
linearizing the system, i.e. assume ¢ = O(1) instead of € = o(1) in Theorem 1.4.

(2) The model could also be used in order to describe crystal growth. The simplest
approach would be to seek the asymptotic shape of

{%y@)(x) |z e 5(13)}
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Displacement field for nu =(1,2), energy reduction= 7.446300e—02
1.5 T T T T T T T

0.5 -

;o

Q

-2 I I I I & I I I
-3.5 -3 -2.5 -2 -1.5 -1 -0.5 0.5 1 1.5

FIGURE 5. The relaxation pattern for v = (1,2), K1 = Ky = 1. The solid
arrows show the displacements, the dashed arrows illustrate the forcing due
to missing bonds.

as p — 0o, where the pair (y®, £)) is found by minimizing the energy E*)({y})
subject to the constrain that £ C Z2 and #L < p.

Conjecture: Let o be the surface energy density that is obtained by replacing
the quadratic potentials in (18) with the original potentials Vi and V 5. If |¢] is
sufficiently small, here exists a number A € (0,00), a translation ¢, € R? and a
rotation R, € SO(2) such that

lim R, { y P (r)—c, |z € E(p)} = n {(z-v) < Aa(v)|v|}.

p—00
veRZ2\{0}

The set on the right hand side of the last equation is also known under the name

"Wulff shape”.

6. APPENDIX

Proof of Proposition 1.5. A) Let y be the minimizer of E® ({-}). After changing the
order of summation we obtain the representation

(61) o) =1 (Vl( (1) = y2(0)) + Viy" (p) =y (p - 1))) — 2Wa(1d)
+ Z Ween(y® (z = 1),y (2), 4 (z + 1)),

where Ween(a, b, ¢) = 3(Vi(b — a) 4+ Vi(c — b)) + Va(c — a) — Wq(Id). The convexity of V;
and V3 together with (10) implies that Ween(a, b,¢) > Ween(—1,0,1) =0 for alla < b < ¢,
this gives the lower bound a 4 > min V;(-) — 2Wy(Id) which is independent from p and
y. The trial function y(x) = = ylelds the upper bound aéﬁzl < —Vi(1) — 2V4(2). Now we

use the uniform convexity of Vi and V5 in order to conclude that y®) satisfies the a-priori

bound
p
(62) S @+ 1) -y 1P <C

for some constant C' that does not depend on p.
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Assume now that (px)ren is a subsequence such that limy_, . aéﬁ’a = liminf, , aéﬁzl = 0.

Let y, = y*), choose a pair of numbers § > 0, k € N such that |c() — o| < §/2, let
C', be the Lipschitz constant of the pair energy (11) within the ball given by the a-priori
bound (62). Increasing k further if necessary we find z such that max{|yx(zo) — yr(xo —
1) =1, lyr(pr — xo + 1) — yu(pr — o) — 1|} < 0/(4Cy). For arbitrary p we define now
yr(x) —yr(zo) + 29 if & € [0,20] NZ,
(@) = wkle —p+pr) — yklpe — w0) +p— 20 iz € [p— 20,0 NZ,
x else.

The trial function y(p.) gives the upper bound cr g < cr p’“) +9/2 < o+ 04. Since J is

trial
arbitrarily small this proves claim A).

B) We assume without loss of generality that Vi(1) = V5(2) = 0 and define n”)(z) =
y®) (2 4+ 1) — y)(x) — 1. The uniform convexity together with (10) implies that Vi(-) >
—(C¢&? for some constant C' > 0. Use the the lower bound (61) to derive the improved
a~priori estimate

(63) Z 1 (@) < =2

The differentiability of V; and V5 1mphes that

p—2

oy = szl (L+0@ (@) + ) Va2 + 0 (2) + 7« + 1))

=0

V) + V0 0]

HO

R} E&

(64)

FH1

o

+ 8
RS

[v;@)(n(m () + 1@+ 1) + SV Q) @) + 1 + 1)

= o

p—2

w () (2)) + Y wa(n(x) + 0P (& + 1)),

+
T 8

8

where lim,,_,o 7~ 2w (n) = lim, o n~?w2(n) = 0. The assumptions on V; and V; entail that
Vi(1) = ie, V§(2) = —1e. We apply the bound (63) and formula (64), set z = 1n and
obtain that

-1 -2

65)  fim =0 = 12 (2(0) +2(p— 1)+ 3 22 @) + 3 22(a(x) + 2(a + 1)

p—o0 g2 4
=0

8
Il
o

We will now compute the ground state z.;, of the right-hand side. The equilibrium
condition of (65) is given by

Kiz(z) + Ko(z(x + 1) + 22(x) + 2(x — 1)) =0, if > 0

K12(0) + Ka(2(0) + 2(1)) = i

We plug the Ansatz z(x) = 2y A" into the equilibrium condition and solve the characteristic
equation Ky A + Ko(A? +2X\ + 1) = 0 for A within the set |A] < 1:

1 K K K
A= 4 J4ar+ L -2 -2,
2 K, K2 K,



Now we solve the second equation for zg and obtain that

1 1 1 1
AR+ (L+NEKs 24K Ky + K2 + K1

zZ0 —

The energy of the Ansatz z(z) = 2y A" is given by

1 @K1+(1+)\)2K2.

RIS S VRN

replace zg and A by the previously derived expressions to obtain the formula

lim o = e (VT 4K/Ky ~ 1)

p—00

It can be checked without difficulty that the trial function

— > zuin(k), if2€[0,p/2]NZ,
ytrial(l‘) =xr+e h=e

p
>~ zmin(k), ifx€(p/2,p]NZL
k=xz+1

realizes the ground state energy of the right-hand side in (65) as p — co. ]
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