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Abstract

We derive a selection of energy estimates for a generalisation of a critical
equation on the unit disc in R? introduced by Riviere. Applications include sharp
regularity results and compactness theorems which generalise a large amount of
previous geometric PDE theory, including some of the theory of harmonic and
almost-harmonic maps from surfaces.

1 Introduction

Suppose v € W12(By,R™) is a weak solution to
—Au = Q.Vu (1)

where here and throughout this paper Bj is the unit disc in R?, Q € L?(By, so(m) @ R?),
and we are using the notation [Q.Vu]* = (@}, Vu/). This equation, first considered in
this generality by Riviere [12], generalises a number of interesting equations appearing
naturally in geometry, including the harmonic map equation, the H-surface equation
and, more generally, the Euler-Lagrange equation of any conformally invariant elliptic
Lagrangian which is quadratic in the gradient. A central issue is the regularity of u
implied by virtue of it satisfying the equation (1). A priori, the right-hand side of the
equation looks like quite a general L' function, and standard elliptic regularity theory
does not seem to help. However, Riviére [12] showed that any solution must necessarily
be continuous and even in W'*¢ for some ¢ > 0 [13], thus generalising the famous
regularity theory of Hélein [8], for example. In most known interesting special cases
of this equation, one happens to know that || can be estimated linearly in terms of
|Vul, i.e. we have [Q2.Vu| < C|Vu|? and then a standard bootstrapping argument can be
applied to improve the regularity of u to W2 for any p < co. Moreover typically in such
cases €) can be viewed as a smooth function of v and Vu, at which point we can conclude



that u is smooth using Schauder theory (and the embedding W2P(R2) — C''~5(R2)
for p > 2).

In this paper we investigate what sort of regularity and compactness properties we can
deduce for solutions of the general equation (1), and even more general inhomogeneous
equations with the same special structure. It is easy to convince oneself that it is
unreasonable to expect regularity better than W?2? in general. However, we will show
that we do have regularity up to this level, or the best possible regularity when there is
an inhomogeneity.

Theorem 1.1. Suppose that v € Wh?(By,R™) is a weak solution on the unit disc in
R? to
—Au=QVu+ f, f e L’(B;,R™) (2)

where Q € L*(By, so(m) @ R?) and p € (1,2). Then u € W2P(By). In particular, if

loc

f=0, thenu € W2 for all p € [1,2) and u € W,27 for all ¢ € [1,00).

loc

Moreover, for U CC By, there exist ng = no(p,m) > 0 and C' = C(p,m,U) < 0o so that
Zf HQHLQ(BI) < o then

lullw2e@) < CUf ey + [[ullLis)): (3)

This theorem omits the borderline case p = 2 for good reason; even in the case that f =
0, one can find solutions so that u is neither W2 nor Lipschitz. Moreover, examples with
f = 0 show that the first derivatives of u need not even lie in BM O, and (consequently)
the second derivatives need not even lie in the Lorentz space L** (see Appendices A.2
and A.3 for definitions if necessary).

As a corollary of our theorem, we see that f € LP implies that u lies in 00’2(1_%), hence
recovering a result of Rupflin [14] in the case of two-dimensional domains. Riviere has
informed us that our regularity assertion in the particular case f = 0 will also be made
in the final version of [13], based on a different proof.

We remark that the estimate (3) fails without the smallness of € hypothesis. More
precisely, there exist a sequence Q, € L*(By, so(m) ® R?) uniformly bounded in L?, and
a sequence of weak solutions u, € W'%(B;,R™) to the equation

—Auk = kauk,

uniformly bounded in W2, such that uy is unbounded in any W?2? space with p € (1,2).
(A sequence of harmonic maps undergoing bubbling would provide an example, for
instance the sequence given in Section 8.)

Estimate (3) implies that for any sequence Q) € L*(By, so(m) ® R?) with ||Q]12(5,) <
1o, and any sequence of weak solutions u;, € WH?(By, R™) to the equation



with u;, uniformly bounded in W'? and f; uniformly bounded in some space LP for
p € (1,2), we may deduce that uy, is locally uniformly bounded in W?2?. By the theorem
of Rellich-Kondrachov, we can deduce that w is precompact in W (B ;) for any
t< 22

2—p

In this paper, we work somewhat harder to prove a stronger compactness result, ex-
tending a recent theorem of Li and Zhu [11], in which we assume merely that the
inhomogeneous terms f; are bounded in L1In L (a space larger than any of the LP spaces
with p > 1, but slightly smaller than L'; see Appendix A.3 for more information on this
space, and definitions, if necessary).

Theorem 1.2 (Compactness). Suppose that we have a sequence {u,} C WH?(By,R™)
of weak solutions to
—Au,, = Q,.Vu, + f,

on the unit disc in R?, where {Q,} C L*(By,so(m) @ R?) and {f,} C LIn L(B;,R™).
Suppose also that there exists A < oo such that

[unllLrsy) + ([ fallom oz < A

Then there exist an 1y = 1ny(m) > 0 and u € WL (B, R™) such that if 10l 2By < 72
then after passing to a subsequence

Tim [ — ullwrags, ) = 0.

We will show in Section 8 that this result fails if we replace L1n L by the related local
Hardy space h' (see Appendix A.2). In the special case that {€,} is a precompact set
in L', and wu,, is uniformly bounded in W2, this result was proved recently by Li and
Zhu [11].

Remark 1.3. The compactness result is ruling out concentration of energy as is done
in [11] - i.e. concentration of ||Vu,||7.. In contrast, we do not rule out concentration
of [[Vu,||3,, or of the corresponding second order quantity ||V?u,||r1. However, it will
follow from our estimates (and in particular, (6) below) that if these latter concentrations
occur we must have f, concentrating in LIn L.

Even in the classical case that €2 = 0 there is a consequence of such compactness
which may be worth remarking, although one which would follow from previously known
theory.

Corollary 1.4. On the ball in R?, the embedding
LInL(B) = H'(B))

is compact, where H™! is the dual space of W01’2.



In contrast, the example given in Section 8 also serves to show that the embedding
h'(R?) — H~1(R?) is not compact, which has been pointed out previously by Yuxin
Ge [6, Remark 4.4]. (Strictly speaking, the example given in Section 8 and that of [6,
Remark 4.4] show that the embedding H'(R?) — H~'(R?) is not compact, but since
H'(R?) — R'(R?), this is sufficient - see Appendix A.2.)

At the heart of this paper is a collection of energy/decay estimates which we summarise
in the following theorem.

Theorem 1.5 (Main supporting theorem). Suppose u € WH2( By, R™) is a weak solution
to
—Au=Q.Vu+f, f e LlnL(B,R™) (4)

on the unit disc in R?, where Q) € L*(By, so(m) ® R?). Writing u = |B—11‘ fBl u,

1. there exist n = n(m) > 0 and K, = K(m) < oo such that if ||| L2,y < 0, then
for all r € (0,1/2] we have

IVulZ2p,) < K (HQH%?(BI)HVUH%Q(BI) + 2w — |71 g, + HfHLl(Bl)HfHLlnL(Bl))
(5)
and

IV2ul| 1,y < K (19 220 | VUl 2y + r?llw — @l sy + 1 fllomney) s (6)

2. for all § > 0 there exist n = n(m,d) > 0 and Ky = Ky(m,d) < oo such that if
1| 2281y < m, then for all r € (0,1] we have

“qu%Q(BT) < (1‘H5>7"2||VU||2L2(BI)WL

Ko (1030 I Vullagay + I F Il flemen ) - ()

Although we will not need it in this work, we note that the first part of the theorem will
also yield estimates for Vu in the Lorentz space L*! (by the embedding Wh! — L%1).

The estimates of the first part of the theorem are interior estimates which have the
weakest norms of v on the right-hand side. By combining them with a standard covering
argument, we will also derive the following optimal global estimate:

Theorem 1.6. With u and f as in Theorem 1.5 and U CC By there exist an n; =
m(m) >0 and C' = C(m,U) < oo such that if || Q|| 2,y < m1, then

[ullw2@y < C (lullers) + [ fllemes) -
The second part of Theorem 1.5 is used to obtain both the regularity result Theorem
1.1 and the compactness result Theorem 1.2.

We remark that Theorems 1.1, 1.2, 1.5 and 1.6 all fail if we drop the antisymmetry
hypothesis on €.



The paper is laid out as follows. In Section 3 we prove the main supporting Theorem
1.5, which is central to the other results, then we go on to prove Theorem 1.6 in Section
4. This allows us to prove the compactness Theorem 1.2 in Section 5 and its corollary
in Section 6. We leave the regularity Theorem 1.1 to Section 7 and finally in Section 8
we give an example to show that the compactness result fails if we replace LIn L by the
local Hardy space h'.

Acknowledgments: Both authors were supported by The Leverhulme Trust. The second
author would like to thank Pawet Strzelecki for useful discussions. Thanks also to the
referee for their useful comments.

2 Preliminaries

To begin, we describe some properties of the space L1In L, and record the behaviour of
the equations (2), (4) and various norms under scaling. In addition, we have collected
a number of known results in an appendix.

2.1 Estimates for LIn L

For the definition of L1In L and f*, see Appendix A.3.

Lemma 2.1. Suppose f € Lln L(B.(zo)) and r € (0,1/2]. Then there exists C < oo

such that

1 —1
sy <€ 10 (2)] 1l o

Proof. Notice that

| B1]

0 < 7 f*(r*t) In (2+ %) dt

0

| Br(z0)| 7,2
= / f*(s)In (2 + —> ds
0 S

| B (20)] | Br(20)] ) 1
- / f*(s)lnr2d5+/ f*(s)In (—2+—) ds
0 0 r S

1
< =2 (1) 1l + Ol lemsca oo

where the final inequality is obtained by noticing that s < 7r? < 1 which implies

r%—i—%é%g(2+%)Cforsomeﬁxed0. n

The following lemma indicates that L In L norms do not deteriorate under scaling. How-
ever we emphasise that they need not improve, unlike L? norms for p > 1.
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Lemma 2.2. Suppose f € Lln L(B,(xo)) where r € (0,1/2]. Defining f := r2f(xo+rz)
there exists C' < oo such that

| fllzmes) < CNfllom LB, @o))-

Proof. First we calculate

f*t) = inf{s>0:|{z e By :|f(z) > s} <t}
= inf{s>0:|{z € By: |r’f(xo +rz) > s} <t}

= inf{s>0:|{y € B,(z0) : |f(y)] > %}]r‘z <t}
= 270

therefore

A |B1] 1
Ifllewmesy < C () In (2+¥> i

0

|B1| 1
= C/ rzf*(TQt) In (2+ Z) dt
0
| Br(z0)| 7,,2
= C’/ f*(s)In (Q—i— —) ds
0 s

< Clfllzwm LB, o))

2.2 Scaling

There will be several occasions when we will require estimates on some small ball
Bprja(xo) in terms of quantities on the ball Br(xp). In this section, we make a note
of what scaling we will be taking, and how each relevant quantity, and the equation
itself, behave under this operation.

Let u be a solution to (2) or (4). For zy € By, let R > 0 be such that BR(xOZ C Bj.
Now we rescale u by defining 4(z) := u(zg + Rzx), f(z) :== R*f(zo + Rx) and Q(z) :=
RQ(x¢ + Rx).

We have 4@ € WH2(B;,R™) and

—Ad(r) = —R*Au(z+ Rx)
= RQ(zy+ Rr).RVu(z + Rr) + R*f(x0 + Rx)
Uw).Vi(z) + f (),

i.e. the same equation as before. The quantities of which we will need to keep track are:

~ _2
L. Vil Los,) = R 71| Vull o8, (o)) for any r € [0,1]
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[\]

M2y = 192 2 (B (o))

~ _2
Nallzes)y = R77 ||ull o(Br(zo)

w

A _1
4| fllze sy = B2 flle (B

ot

MAlew ey < Clfllwm LBa@o)

where the final estimate is following from Lemma 2.2.

3 Proof of the decay estimates, Theorem 1.5

Most of the work in the proof will be common to both parts of the theorem. We will be
referring to the d of the second part with the understanding that in the case of the first
part, we could just set 6 = 1.

We start off with n = ¢, taken from Lemma A.4, and will assume throughout that
19 22(8,y < m, with the understanding that the upper bound 7 will be lowered at
finitely many points during the proof. For our weak solution u to (4) corresponding to
), we will assume, without loss of generality, that u = lell‘ / B, u=0.

To begin with we use Riviere’s decomposition of 2 (Lemma A.4) in order to rewrite the
equation (4) (equations (10) and (11) below). Lemma A.4 gives us A € W'%(By, GL,,,(R))N
L>®(By,GL,,(R)), B € W"(By, gl,,(R)) and C = C(m) < oo so that

VA—- AQ=V'B (8)

and
VA 2,y + VBl L2s,) + |dist(A, SO(m)|| e p,) < C||Q[12(5,)- (9)

Now by (8) we have

div(AVu) = VAVu+ AAu
VANVu— AQNVu — Af
= V'B.Vu-— Af (10)

and trivially
curl(AVu) = V- A.Vu. (11)

We note here that the above equations only hold in a weak sense, and more care should
be taken in their calculation. We illustrate this for (10): A priori div(AVu) is a distri-



bution, so for ¢ € C(B;) we have
div(AVW)[g] = — /B VY
_ /BI(VA.Vu)qb _V(64).Vu
_ /B (VAT - (ALVu0 ~ Af9 since u weakly solves (4

_ /B (VEB.Vu— Af)p = (VEB.Vu — Af)[g).

We will now essentially carry out a Hodge decomposition of AVwu in B; using the ex-

pressions (10) and (11). We first extend all the quantities arising above to functions on
R2.

Let Ex : WY2(By) — WH2(R?) Wy ?(Bs) be a bounded extension operator. Denote
i = Ex(u) € WH(R?* R™) and note that since we are assuming [, u = 0, by the
Poincaré inequality and by standard properties of Ex we have

][ w2@2y < Cllullwize,)y < Ol Vullp2s))

and v = u in Bj.

For A, first let A = A — ﬁ fBl Aand A = Ex(A) € WH(R2, gl,,(R)). Noting that

/ B A =0 and using the same argument as for u we have
[Allwr2ge2) < ClIV A r2(m,)

here we have used that VA = VA = VA in B;. Notice also that AVa+ (ﬁ fBl A> Vu=
AVu in B;.

We carry out the same extension for B to get B as above for A. We extend f by zero
(without relabelling), so by Appendix A.3, f € h*(R?) with || f{|p1r2) < C|| || L(By)-

Now we define B
D := N[V+B.Vi],

E = N[V*tA.Vi),

where N is the Newtonian potential (see Appendix A.1). Note that the quantity Af is
well defined on the whole of R? by the definition of f. Finally let

H::/IWH(L A)WL—VD—VF—VLE.
’Bl| B1



The first thing to notice about H is that
H=AVu—-VD-VF-V'E (12)
in By. Hence we have
div(H) = div(AVu) — A(D + F) = div(AVu) — V*B.Vi + Af =0

weakly in By, and a similar calculation shows curl(H) = 0 weakly in By. (Again care
must be taken in checking these.) Therefore H is harmonic in B; (i.e. corresponds to a
harmonic 1-form).

Suppose r € (0, 1]. (For some estimates later it will need to be less than 3.)

Without loss of generality, we may assume that § € (0, 1]. (Recall that when addressing
the first part of the theorem, we are just setting = 1.) For n small enough, depending
on §, we may assume (by (9)) that A is close to a special-orthogonal matrix in the sense
that both A and A~! change the length of any vector by at most a factor of 1 + .
Therefore

IVullZas,) < (1+0)*|AVullza s

< (1439 AVul 725, (13)
< (1449 H|Z2(5,) + CUIVDIZas, + IVF 25, + IVElL2s5,)):
where C' is dependent on §. In order to obtain the inequalities of Theorem 1.5 we
estimate ||HHL2(BT)7 ||VDHL2(BT)7 HVFHLQ(BT) and HVEHL2(B

First we consider VD = VN[V+B.Vi] and VE = VN[V'A.Vi]. Notice that by the
work of Coifman-Lions-Meyer-Semmes [2] and the fact that VN : H'(R?) — L>!(B)
is a bounded linear operator (see Appendix A.4) we have,

IVD| 2y + [IVE|| 28, <

C (IVDlz21isy) + IVE| 121(8,))
C (IVNIVEB.Vil2s) + [VNIVEAV 1205, )

< C(IV*B.Villly @ + [IVEA. Vil 31z )
< C (VB2 + IVAl 28)) [ Vull 2(ay)
< Ol 2yl Vullz2 sy (14)

where we have also used the continuous embedding L?>! <+ L? and the estimate from
Lemma A.4.

For VF = —VN[Af] we use (Appendix A.4) that the Riesz potential VN : L'(B;) —
L**°(By) is a bounded operator; also VN : h'(R?) — L?!(B;) is bounded. We will
also use the following: L>* is the dual of L*!; if f € L1n L(B;) then for any g € L*,
gf € Lin L(By) and ||gf||Lm ) < |9/l || fll 2 LB, and finally we use the continuous



embedding L1In L(B;) < h'(R?) (see Appendix A.3). We have

IVF| 228, CIVE|| 2w () [V £21(8,)
ClAf ol AF lln @)

ClfllzryllAf |2 m Lz

CllA ol fllome)- (15)
Also, using merely the boundedness of VN : L'(B;) — L**(B;) — L'(B;) (Appendix
A4), we have

VAN VAN VARVAN

IVEl s < Cllflle - (16)

From here, we proceed differently in order to prove the two different parts of the theo-
rem. For the first part, we now estimate || H| 115, ,,) and apply standard estimates for
harmonic functions in order to estimate || H||;2(p,): Using Lemma A.2, and estimates
(14) and (16), we have

1Hl 3y < C (IVulliim,0 + IV Dl + IVE L, + IVE |,
< C(llullwisy + 1z + 1902l VUl 2s)) - (17)

Since H is harmonic we have pointwise estimates on H and its derivatives on the interior
of By/s in terms of ||H||1(s,,,), and in particular

1 H ||z (B, ) T IVH || 2B, ,,) CllH| 1B, ,4)

<
< C(llullzrsy + 1 fllzv sy + 192280 [ VullL2(s,))

by (17). Therefore if we consider r € (0, 3], then

1 25,y < 7% H Lo s,)

< O (ullfs iz + 1B oy + 1905 I VulEamy ) . (18)
and
IVH| s,y < 77| VH| (s,
< Cr* (lullpsy + 1 f sy + 1920 2o Vullize,)) - (19)

Now, looking back at inequality (13) and using (14), (15) and (18) we have

IVullz2p, < C (I\Q!\%2(Bl)\IVUI\%2(Bl> +77lullZi s, + HfHD(Bl)I\fllLlnL(Bn)
which is the first inequality that we seek from the first part of the theorem.

In order to get the second estimate (6) of the first part of the theorem, we return to the
Hodge decomposition (12) which tells us that

Vu=A"(H+VD+VF+V*E)
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in By, and therefore
Viu=VA . (H+VD+VF+V*+E)+ A (VH + V?D + V?*F + VV*E),
with

IV?ull s,y < VA (H+VD+VE+VE)ps,)  (=D)
+ [[ATNVH + V2D + V?F + VV*E)| 115, (=11) (20)

Using (9), (14), (15) and (18) we have (assuming also < 1)

[ IVA |2y |H + VD + VE + VF| 125,

<
< C(rQll 2wl sy + 1 2@l Vull 2y + 1 llomes)) - (21)

Now we use the fact that the operators V2N : h'(R?) — L'(B;) and V2N : H!(R?) —
L'(R?) are bounded (see Appendix A.2) and the estimates (9) and (19) to conclude

I IA™ | Lo () IVH + V2D + V?F + VV*E|| 115,

<
< O (r*llullp sy + 12020 VUl 2y + 1 fllLm L)) - (22)

Since we have assumed without loss of generality that [ B =0, by an application of
the Poincaré inequality and looking back at (20), (21) and (22) we have

IV?ull s,y < CUIQI 2wy IVUll L2y + P lullis)y + 1 flewws)),
as desired.

For the second part of the theorem, we return to a general r € (0,1]. We will now
control H using the standard decay estimate

111 Z2(5,) < r*I1H |22 (5,)
which holds since |H|? is subharmonic.
Then using (13) and (14) and (15) again, we find that

IVullZas,y < 1+ 40) | HIlZ2(5,) + CUV D25,y + IV F 25, + IV El72(5,))

< (L+40)r* | H 725,y + CUIV D25, + IVEIlL2 (5, + IVEIlZ2(5,)

< (1+50)r*[AVullZ2(s,) + CUIV DLy + IVF L5, + IVElL25,)

< (1+50)(1+0)* | Vulliz(s,) + CUVDIL2s,) + IVl 725, + IVEl72(5,))
< (14 1000)r |Vl + € (I a(m1Vl3am,) + 1l 1l zcs
Thus, by repeating the argument with § reduced by a factor of 100, we conclude the
proof.

11



4 Proof of the W?! estimate, Theorem 1.6

We can say immediately that the n; whose existence is claimed in the theorem can be

26()

chosen as 77 = min {77 , where ¢y is that given in Lemma A.7 corresponding to

k=4, and K, and n are from the first part of Theorem 1.5.

We would like to rescale the first estimate (5) of the first part of Theorem 1.5, in the
case that r = % Indeed, adopting the notation of Section 2.2, we know that

IVl < 5 (1 IV B+ 1015y + 1yl s
< Kl 2 ) IVl + € (s + 11 o)
and (again by Section 2.2) this translates to

190200 < K128 1V 328000 + C (B0 ey + 1 (e ) -

Using our upper bound for n and the fact that R < 1 we have, in particular
||VU||L2 (Bpya(0)) )= EOHVUH%Q(BR({E())) +CR™ <||u||%1(31) + ||f||%lnL(B1)> ‘

Letting I' = C' (||u|| 1y T I 12 m B1)) we are precisely in the set-up of Lemma A.7,

since this estimate is true in particular for all Byg(xg) C By. Therefore

IVull2s,,,) < C (lull sy + 1flowmes)) - (23)

It remains to improve this estimate to control the second derivatives, and for that we
use the second estimate (6) of the first part of Theorem 1.5, in the case r = %, which
we then scale by a factor % to give:

||v2u”L1(Bl/4) <C (HQ||L2(31/2)”vu||L2(Bl/2) + ”uHLl(Buz) + ||f||LlnL(Bl/2)> :
Combining with (23) then yields

IV?ull s, < C (llullysy + 1l omesy)

and a simple rescaling and covering argument gives us that for any compactly contained
U CC By thereis a C' = C(U,m) < oo such that

HUHWQ’l(U) S C (HUHLI(B1) + ”fHLlnL(B1)) .

5 Proof of the compactness, Theorem 1.2

Here we pick 79 = min{ny,n, where 7, is from Theorem 1.6, and n and K, are

L}
2K
from the second part of Theorem 1.5 for the choice § = 1. We know (by Theorem

12



1.6) that for all U CC By, our sequence {u,} is uniformly bounded in W2(U), so
by the Sobolev embedding theorem there exists some u € I/Vl})f(Bl) such that (up to
a subsequence) u,, — u weakly in W'?(By3). We also know that {Vu,} is uniformly
bounded in W1 (By)3), so by Lemma A.6 (with Vu, = V},) if we have

1%1 lim sup ||V, || 22(8,@) = 0 (24)

n—o0

for all x € By/3, then
Vu, — Vu

strongly in L} (Bs s3) which would prove the theorem. Therefore, it remains to prove
(24).

Now pick xg € By and R € (0,1/2] small enough such that Br(zy) C By/s. Applying
the second part of Theorem 1.5 to the rescaled scenario from Section 2.2 (for each n)
yields (for r € (0,1])

IVl 72(5,) < Kol Qull72(5,) I Vil T2, + 20 1V anllz2 5, + Koll full s | fall L ez
and reversing the scaling leaves us with

’\Vun\’%2(BTR(xO)) < KZHQTLH%Z(BR(Q:O))HvunH%Q(BR(a:O))
+ 2 [ Vunl 228y T Kol fall ot Br@on | fall i LiBr o))

1
< EHVUHH%Q(BR@O))

1 —1
+C <T2||Vun||i2(33(zo)) + [111 (}_%)} ||fN||%lnL(BR(xo))>

using Lemma 2.1.

Now, using that {u,} is uniformly bounded in W?*!(By/3) and the hypotheses of the
theorem, we have

1 —1
HvunH%?(BrR(CEO)) < 1/2||vun’|%2(BR(xo)) +C <T2 * {hl (T%)} )

Hence

11518 l}fol liirisogp |V, H%?(Bm(xo)) <1/2 11%101 13{{)1 hgl_)Sogp |V, ||%2(BR(CE0))

and we have shown that

lim lim sup || V|| 228, (z0)) = 0
™0 pooo

which proves the theorem.
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6 Proof of the compact embedding LInL — H!,
Corollary 1.4

In this section we use H' — BMO duality (Appendix A.2 and [5]), the compactness
result Theorem 1.2 and the continuous embedding W1?(R?) — BMO(R?) (Appendix
A.4) to prove the compactness of the embedding LIn L(B;) < H'(B).

First we check that the embedding LlnL — H™! exists and is continuous. We will
realise f € Lln L(B;) as a bounded linear functional on Wy*(By).

Recall from Appendix A.3 that if f € L1n L(By) then f—f € H'(R?) and || f— f]|2.(g2) <
O\ fllLm Lz For ¢ € Wy (By) we extend it by zero and calculate

[ 1o - Jr=po+ [ 1o
_ 1
< CIf = flw@em ol Broms) + ;HfHLl(Bl)||¢HL1(Bl)

ClAlloweaolldllwe2s,)-

IN

Thus f € HY(By) and || f||g-15,) < Cllfl|Lwmsy)-

Now consider a sequence {f,} C LInL(By) such that || f,|/zwmns) < A < oo. We can
extend each f, to be zero outside B; and consider the sequence of solutions {u,} C
Wy ?(B,) weakly solving

—Au, = f, on Bs.

By the compactness of Theorem 1.2 for 2,, = 0 we can conclude that there exists some
u € WH2(By) such that (up to a subsequence) u, — u strongly in W12(By).

Writing f = —Awu (which can clearly be viewed as an element of H!(B;)) we see that

Vo= Flimy = sup [t 1o
GEWG (B) 116l 1.2, ) =1
= sup (Vu, — Vu).Vo

GEWG *(B1) 116l 1.2, ) =1

B

< |Vun — Vaullz2s,) — 0

as n — .

7 Proof of the optimal regularity, Theorem 1.1

The proof will proceed broadly in two steps. First, we will use a type of ‘geometric
bootstrapping’ to show that solutions u have almost the optimal regularity claimed.
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Lemma 7.1. Suppose u € WH%(By,R™) is a weak solution to
—Au=QVu+f
where Q € L*(By, so(m) @ R?) and f € LP for some p € (1,2). Then u € W27 (By) for
allv € [1,p).
Once we have got this far, we can quantify the W27 regularity via the following estimate.
Lemma 7.2. Let p € (1,2) and suppose y € (Z%l,p) and u € W27 (B, R™) solves
—Au=QVu+f

where Q2 € L*(By, so(m) @ R?) and f € LP. Then there exists n3 = n3(p,m) > 0 and
C = C(p,m) < oo such that if ||| 2s,) < 13 then

[ellw2s,,0) < CUf ey + [[ullis))- (25)

Let us assume these two lemmata for the moment and see how Theorem 1.1 follows.
First, Lemma 7.1 directly applies, and we deduce I/Vlig(Bl) regularity for v € [1,p). If
we assume that [|Q||r2(p,) < 73, then (25) of Lemma 7.2 holds for v € (252, p) (strictly
speaking we should make a small rescaling so that we can assume that u € W?27(B)
for v € [1,p)) and by taking the limit v  p, we deduce that

||U||W2vp(31/2) < O(HfHLP(Bl) + ||U||L1(Bl))-

By an appropriate covering argument, working on balls small enough so that |||z < 73,
we deduce the regularity claimed in the theorem, and the claimed estimate (3).

It remains therefore to prove Lemmata 7.1 and 7.2. We will need, in turn, an additional
lemma, which expresses the decay of energy of solutions w.

Lemma 7.3. Under the hypotheses of Lemma 7.1, set « = 2(1 —1/p) € (0,1). Then
there exists ny > 0 depending on p and m such that if ||| 2,y < na then

sup T_2QHVU||%2(BT) < 00,
IoGBl/Q,TE(O,l/Q)

and in particular, so that

sup Q. Vul L1,y < oo.
zo€B1 /2,m€(0,1/2)

Proof. (Lemma 7.3.) For reasons that will become apparent, choose 6 € (0, 1] sufficiently

small so that Y .
A= % < 2740-1p) — A € (Z’ 1) (26)
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We can now choose 74 := min{7, &}, where 7 is from the second part of Theorem
1.5, depending on the § we have just chosen and therefore on p (as well as m) and where
K is also from the second part of Theorem 1.5. Now take an arbitrary point zo € By /s
and any R € (0,1/2). Estimate (7) in the case that r = 3, applied to the rescaled
quantities defined in Section 2.2 yields

X (140),. . X . .
IVl s, o < IV ilae,) + Kz (1920220 IVl + 170 | F s, )

< MVllza g, + CllfLes,)-

Reversing the scaling, using Section 2.2, we find that

) = )\HVUH%‘Z(BR(IO)) + CR4(171/1))Hf||2LP(BR(zo))
< MVullZespeoy + [CIFITom | R,

IVullZ

Brya(wo

Now applying what we have proved for R = 2% with k € {1,2...} and using the
abbreviation ay, := HVuH%Q(BTk(xO)), we find that
ap1 < Aay, + K274 71/pk
= Aaj, + K3A\”
where K3 is independent of zy. This recursion relation can be solved to yield
a1 < Nag + K3A%:i\\k),

and by (26), this simplifies to
||Vu||%2(327k(x0)) = Qg S OAk
Thus, for r € (0,1/2] we have
IVl 225, (20)) < Crti=1/p),
and hence the lemma is proved. O]
Proof. (Lemma 7.1.) Our goal is to prove W27 regularity, for all v € [1,p). By applying

Calderon-Zygmund theory directly to the equation (2), this will follow if we can show
that Q.Vu € L* for all s € [1,p).

By the nature of what we are trying to prove, we may also assume that ||| z2(z,) < 14,
where 1, is from Lemma 7.3. If this is not true, would could apply the result, after
rescaling, on appropriate small balls where it is true.

By Lemma 7.3, and the first part of Lemma A.3 with A chosen to be 2.Vu, we can
deduce that for any ¢ € (1, 22) = (1, 2%{)), we have

' l—a

Iih € LY B4),
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and in particular, this implies that u € W9(B 54) for some ¢ > 2. If we apply the same
result over appropriate smaller balls, we have in fact that u € W'llo’cq(Bl) for some ¢ > 2.

At that point, we know that Q.Vu € L; (B;) with s = 22qu € (1, 3%]0) C (1,p).

We will now show that from here it is possible to carry out a geometric bootstrap-
ping argument by using the second part of Lemma A.3. As an aside, we note that a
bootstrapping argument using only classical Calderon-Zygmund methods does not work.
The bootstrapping claim is that

O.Vu e L (B) with s € (1,p) — Q.Vue L7 (B). (27)

loc

This is true because whenever we know that 2.Vu € L; (B;) with s € (1,p), then we

loc
can deduce from Lemma 7.3, and the second part of Lemma A.3 with A chosen to be
Q.Vu, that
2—a
Iih € L*1=a(By4),
and recalling that f:—g = 2%}), this is enough to establish this time that u € Whats (Bi/4)
and hence Q.Vu € Ls(2+§*P)(Bl /1). Again, by a simple covering argument, we deduce

s 2
that Q.Vu € L (““’)(Bl) as desired.

loc

By iterating the bootstrapping claim (27), we find that Q.Vu € L .(B;) for all s € [1,p),

loc

and the proof is complete. O]
It remains to prove Lemma 7.2.

Proof. (Lemma 7.2.) We begin by applying the Calderon-Zygmund estimate from
Lemma A.1, giving some C' independent of v such that

C

lullwza(B, ) < ﬁ(HAUHLsz/g) + Jull By s))

valid for v € (1,2] and u € W?7(By).
For the specific u of the lemma, and vy € ( %, p), we may then compute (also using the

inequalities of Sobolev and Holder, and Lemma A.2)

C(HQ'VUHL'Y(Bz/:s) + ||f||L7(Bz/3) + ||u||L2(Bz/3))
C([QVullpr (B, 4) + 1 fl29(Bys) + l[ullwirs,),))
C(HQHH(BI)HVUHL%( st 1f sy + ullzsy))- (28)

||u||W2’”(Bl/2)

INIAIA

B

where C' depends only on p and m. Now consider any v € W*!(By,) for t € [1,2). We
can find a t-independent extension operator Ex : W!(B 5) — W*!(R?) whose images
have compact support in By, so that there exists some C' < oo independent of ¢ € [1,2)
such that (denoting Ex(v) = 0)

H'{]”WQJ(]}@) S CHU”W2¢(31/2) (29)
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with v = ¥ in Bys. (See for instance [7, Theorem 7.25].)

From here we apply the standard Sobolev embedding for Vo € Wt — L7 to obtain
(see [7, Theorem 7.10])

- t 2~
1931l 2, < 5 IV?le

This, coupled with (29) gives us

IVl 2, 5, < 77

HUHWQ’t(Buz) (30)
for all v € W2!(By5), t € [1,2) and where C is independent of ¢.

Using (28) and (30) we have that there exists some C' < oo depending only on p and m
such that

IVall | 2 < ClI20 2y Vel 2

1
(By)2) 25 (By) + 1 f vy + [lullzrsy)) (31)

( 1+p

for all v € ,D).

We now choose Bgr(zg) C Bi; using the scaling of Section 2.2, the estimate (31) yields

IVall 2 < (@l IVl 2

which translates (using R < 1 and Section 2.2) to

IVull 2 < C([I1Q 2 BrEon VUl 2

L7 (Bpys (@0)) 175 (B(ao)) R (Il (Bataoy + 1l 21 (Ba@on))-

Now let 5 = and raise this inequality to the power 3 to obtain (noticing 8 < p)

B
||Vu||LB(BR/2(a;0)) S KHQHL?(BR (z0)) ”VUHLB (Br(z0))
B
+ R2 pK (Hf”L‘* (Br(zo)) T HUHLI(BR 960))))
for some specific K < oo depending only on p and m.

1
We now wish to apply Lemma A.7: We are able to choose 73 = (60) 7 where €q is that of
Lemma A.7 corresponding to the choice k = 3. Let I' = K (|| f||l 1) + llullzr(sy) ))6

The above estimate holds in particular for any BR(:BO) such that Bogr(zg) C By, so we
have
g R 25T
IV7ull 7 (Baystaoy) = OIVUl a0 T '

Hence a direct application of Lemma A.7 gives us

IVell, 2 ) S CUL e + lhuli)-
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Therefore a simple covering argument yields that there is a C' = C(p, m) < oo such that
IIVUIIL%(BM) < CUlf vy + llullzrs))-

and from here another application of Lemmata A.1 and A.2 tells us that there is a
C' = C(p,m) < oo such that

[ullw2(B,,0) < CUSf e + [ullres,))-

8 LiInL cannot be replaced by h'

Here we present a counterexample to the compactness Theorem 1.2 when we allow
fn € h(B;). Our example will have Q,, = 0 for all n and u, : B; — S* will be a
sequence of harmonic maps with bounded energy that undergoes bubbling.

Let 7 : R? — S? be the (inverse of) stereographic projection and take u,(z,y) =
7(nx,ny). Since u, is harmonic for all n we know it solves (see [9])

—Au, = V+B,.Vu,

where VH(B,,)E = (un)'V (un)? — (un)V (uy)?, therefore ||V B, || 12wz < Cl| V| r2m@e).

J
Letting f, = V*B,.Vu, we have

I fall@ey < ClIVun|Ze@ey < ClIVT||72@e) = A < oo
This tells us two things: first that || f,||n1(5,) < A < 0o and second that ||u, |lw12(z,) <
A < oo. At this point we have all the hypotheses of the theorem (except that we allow

fn € h'), but it is easy to see that there can be no subsequence converging locally
strongly in W12 because this sequence forms a bubble at the origin.

A Background and supporting results

A.1 Singular Integrals
We recall here the basics of Calderon-Zygmund theory on the unit ball B; C R?, follow-

ing [7]. Define the Newtonian potential operator N on functions f € L'(B;) (implicitly
extended to be zero to R?\B;) by

NIf(@) = () = [ o~ 9)fw)dy
where I'(z) = 3= In|z|. If f € C° then AN|f] = f. Writing w = N[f] we have
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1. N:LP(By) — LP(B;) is a bounded operator for all 1 < p < occ.

2. Vw = VN|[f] = (VD) % f. We will frequently view VN as an operator in its own
right. It is easy to see that [VN[f]| < 5= 11[| f|] where I; is the standard notation for
this Riesz potential (defined by convolution with ﬁ) and I : LP(B;) — L%(Bl)
is a bounded operator for all 1 < p < 2.

3. (Calderon-Zygmund) Let f € LP(B;), 1 < p < oo and w = N[f]. Then V*w =
V2N|[f] = (V?T) % f and (as above we see V2N as an operator) V2N : LP(B;) —
LP(By) is bounded for p in this range. More explicitly we have w € W*P(By),
Aw = f almost everywhere, and

IV2w| o5y < COIIf Nl o(5y)- (32)

In fact, revisiting a second time the proof of the Calderon-Zygmund estimates (e.g. [7,
§9.4], but interpolating between ¢ = 1 and r = 3) we find that the dependency of C' in
(32) can be weakened, and one can prove:

Lemma A.1. Let v € (1,2] and suppose u € W?7(By). Then there exists some C' < 00
independent of v such that

C

HUHWQ”Y(BUQ) < m(HAuHLV(Bz/s) + HU’HL"’(B2/3)>

Of course, even in the L' case, we have the following sub-optimal estimate which one

can prove using standard estimates for harmonic functions and because the operator
VN : LY(By) = L**(B;) = L'(B) is bounded (see Appendix A.4).

Lemma A.2. Ifu € L'(By) is a weak solution to
—Au = f S Ll(Bl)u
then uw € WH1(By3) and there exists C' < oo such that

IVull s, < CUf sy + ullis))-

We now present a theorem of Adams giving improved estimates on the Riesz potential
I if, in addition we have a decay estimate on our function. Given h € L*(By,R™) define
a new function I1h to be the convolution of |h|, extended to be zero on R?\ By, with

||~ ie.
h
By ‘.’L‘ - y‘

Lemma A.3. (Adams [1, Propositions 3.1 and 3.2].) Suppose h € L*(B;) and

sup ro‘/ |h| < o0,
xEBl/ere(Ovl/z) By ()

for some o € (0,1). Then
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1. Ith € LI(By4) for any q € [1, 2oy

l—«

2. if in addition h € L;,.(By) for s € (1,5%), then I;h € Ls(%)(31/4).

loc

A.2 Hardy Spaces

Pick ¢ € C°(By) such that [ ¢ = 1 and let ¢y(x) = t2¢(%). For a distribution f we
say f lies in the Hardy space H!(R?) if f, € L'(R?) where

fe(w) = sup [(¢r + f)(2)]

>0

with norm || f |3 r2) = || f+l|1(r2). Clearly we have the continuous embedding H'(R?) —
L'(R?*). The dual space of H'(R?) is BMO(R?) where BMO = {g € L, . (R?) :
SWppcge T 519 — 7l < oo} (see [3]).

Related to H! is the so-called local Hardy space h' defined to be those functions for
which

fa(z) = sup |(¢: * f)(x)| € L'(R?)

0<t<1 |

with corresponding norm. Again we clearly have the continuous embedding h'(R?) —
L*(R?). For a function f defined in By we say that f € h'(By) if

fa@)=sup |(¢x f)(z)| € L'(By).

0<t<l—|z|

By [15, Theorem 1.92] we know that f € h'(By) if and only if for any ¢ € C°(By) with
J ¢ # 0 there is a constant A such that o(f — \) € H'(R?), with

lo(f = Mlbrrey < Cllf llnr sy,
where C' = C(g) and X is chosen such that [ (f — ) = 0.

The Hardy spaces act as replacements to L' in Calderon-Zygmund estimates. In par-
ticular for f € H'(R?), writing w = N[f], we have the estimate (see [9])

V2wl g2y < Cllf Il ee). (33)
and if f € h'(R?) then V?w € L} (R?) with

IV*wllzr 5,y < Cllfllnee).

Moreover f € h'(By) implies V2w € L}, (B;). The final two assertions follow from (33),

loc

[15, Theorem 1.92] and standard elliptic estimates.
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A.3 Lorentz Spaces and LIn L

For measurable f define, for s > 0, the distribution function A(s) = [{x : |f|(z) > s}|.
Assuming lim;_, o, A(s) = 0, define the nonincreasing rearrangement f* : (0, 00) — [0, 00)
by

fr(t) :==1inf{s > 0: \(s) < t}.

Here we consider the spaces defined by:

L L2 = {f: [t71V2f*(t) dt < oo}

2. L2 = {f :sup,ot/2f*(t) < oo}

3. LInL:={f:[f(t)In(2+ 1) dt < oo}
The quantities above are not norms, but the spaces are all Banach spaces whose norms
are equivalent to these quantities respectively. The spaces L>! and L?* are two exam-

ples of Lorentz spaces, which can be thought of as perturbations of the usual L spaces.
For example the following are all continuous embeddings (see [18])

LP(By) — L*Y(By) < L*(By) = L**(By) = L**(By) — LY(B)
for all ¢ < 2 < p. The dual space of L*! is L** [10].
For the space L1In L we have the continuous embeddings
LP(B,) — LIn L(B;) — L*(B)

for all p > 1. It is well known [17] that f € LInL if and only if its correspond-
ing maximal function is locally integrable, where the maximal function My(f)(z) =
SUP~. m / Bu(a) | f|. By extension of f by zero and comparison of the functions My( f)
and f; we see that the following embedding is continuous

Lln L(By) = h'(R?).

In fact, if £ € LInL(By) then f — f € H'(R?) with ||f = flhwe) < Cllflluee) <
Cl fllzm LBy, where

N f—%flf in By;
f_f'_{ %" in R?\B;.

A.4 Embeddings and Estimates

Listed below are some important miscellaneous results involving Sobolev spaces and the
spaces mentioned above.
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1. The embedding W!(R?) < L*!(R?) is continuous [9].

2. Given u,v € WH2(R?) then Vu.V+v € H1(R?) with
||VU.VLU||H1(R2) < O||VUHL2(R2)va||L2(R2)' (See [2])

3. By 1. and the estimates from Appendices A.1 and A.2 on the Newtonian potential
we have that the operators VN : h'(R?) — L} (R?) and VN : H'(R?) — L2} (R?)
are bounded.

4. VN : LY(By) — L**(B) is a bounded operator; this follows by standard esti-
mates on convolutions and the fact that VI' € L.

5. The embedding W'?(R?) < BMO(R?) is continuous by Poincaré’s inequality.

A.5 Riviere’s gauge

The key result from Riviere’s work that we will need is the existence of the following
perturbation of Coulomb’s gauge.

Lemma A.4 (Riviere). Suppose Q) € L*(By, so(m)@R?). Then there exists ¢ = ¢(m) >
0 such that if || 125 < € we can find A € WH2(By,GL,(R)) N L>®(By, GLy,(R)),
B € WY2(By, gl,n(R)) and C' = C(m) < oo where

VA—-AQ=V"'B

and

IVA[ 2By + [IVBl| 128, + [|dist(A, SO(m)|| oo s,y < Ol 12(8,)-

A.6 Weak Convergence of Measures and Functions of Bounded
Variation

We consider the space of functions of bounded variation BV (B) for any ball B C R?. BV
is defined by BV (B) = {V € L'(B) : [ |VV|]:= supyeci(pr2) o<t Jp Vdivg < oo},
In other words it is the space of functions whose distributional derivatives are signed
Radon measures with finite total mass. This is a Banach space with norm ||V || gy (5) =
Vi) + [5IVV]. Tt is easy to see that we have the continuous embedding W' —
BV, moreover in two dimensions we have the continuous embedding BV (B) — L*(B)
and the compact embeddings BV (B) < LP(B) for any p < 2 (see for instance [18]).

We also use the standard weak-* compactness available in the space of signed Radon
measures with finite total mass, denoted M.

The proof of the next lemma is essentially taken from [3, Theorem 9] and is similar to
that stated in [11]. For an integrable function k£ we implicitly view it as both a function
and a measure, i.e. k = kdx.
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Lemma A.5. Suppose {V,,} C BV (B) is a bounded sequence and B C R? is an open
ball. Then there exist at most countable {z;} C B and {a; > 0} (where 3°;a; < o)
and V € BV (B) such that (up to a subsequence)

V2= V24 agd,,
J
weakly in M(B).

Proof. Since {V,,} € BV (B) is a bounded sequence, there exists V' € L? such that (up
to a subsequence) V,, — V strongly in LP for all p < 2 and V,, — V weakly in L?. Also
{VV,} € M(B) is bounded so (again up to a subsequence) VV,, — X (a vector-valued
measure)€ M (B). In particular, for all ¢ € C!(B,R?)

/(b.d)\ = lim [ ¢.VV,dx

n—oo

= — lim [ div(¢)V, dx

n—oo

- - / div(¢)V dz.

In other words V € BV (B) and VV = \.

Now set g, := V,, — V. Note that |Vg,| € M(B) is bounded so for a subsequence
|Vgn| — p € M(B) where p is non-negative. Similarly (up to a subsequence) g2 — v €
M(B) where v is also non-negative. We have that for all ¢ € C}(B), ¢g,, € BV (B) and
by the continuous embedding BV (B) < L*(B) we have

(/(¢gn)2dx) " < C/ V(6gn)| dz

and since g, — 0 in L', taking limits gives

(/¢2du)1/2 <c [ loldn

Taking ¢ to be an approximation to the characteristic function on B,(x) C B we get
v(B,(z)) < C(u(B(2)))*
for all B,(x) C B, and in particular v < p.

By standard results for differentiation of measures (see e.g. [4, §1.6 Theorem 2J), for
any Borel set £ C B

V(E) = /E D,v dy

where D,v = lim, g :Egzgg; is a p-integrable function (this limit exists p-almost every-

where).
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Since p is a finite, positive Radon measure, there are at most countable points {z;} such
that p({z;}) > 0, and if p({z}) = 0 then

_ o v(Be(@) - o)) =
Dyv(z) = lim WB.(1) = Clim u(B,(x)) = 0.

Letting X := U;{z,} we have D,v = 0 p-almost everywhere on B\ X. Hence D, v is a
simple function, therefore for Borel £ C B

Setting a; := D,v(v;)u({x;}) we have v = 3. a;d,,. Now, for ¢ € C?(B)

Zajgb(xj) = lim [ ¢?¢dx

- n—r00
J

= lim [(V,—V)*pdx

n—oo
= lim (/(Vn2 —VHodr + 2 / VIV -V,)o dm)
n—oo
where the last term vanishes in the limit since V,, — V weakly in L. [

Lemma A.6 (Corollary of Lemma A.5). Suppose {V,,} is as in Lemma A.5. If

lim lim sup ||V, || 2(8, (z)) = 0
n—oo

for all x € B, then
Vi —=V

strongly in L2 (B) (same V as in Lemma A.5).

loc
Proof. First we apply Lemma A.5 and viewing |V,|?dz as a sequence in M (B) we notice
that the condition lim, o limsup,,_, . [|Vyll12(8, ) = 0 simply says that V2 — V? weakly
in M(B). Therefore, given any open ball B,.(x) CC B we can apply standard results

for Radon measures ([4, §1.9 Theorem 1]) to conclude that (since fﬁBT(z) |V2dx = 0)
Valle2se2)) = |V |28, ) for all B.(x) CC B. Hence

/ (V =V, doe = / (V2 —V3)dx + 2/ V(V - V,)dx
Br(x) Br(x) By ()

— 0 as n — oo

since V,, — V weakly in L?. Therefore V,, — V strongly in L? (B). O

loc
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A.7 Absorption lemma

Special cases of the following lemma are widely used in regularity theory.

Lemma A.7. (Leon Simon [16, §2.8, Lemma 2].) Let B,(y) C R? be any ball, k € R,
[' > 0, and let ¢ be any [0, 00)-valued convex subadditive function on the collection of
convex subsets of B,(y); thus p(A) < Z?f:l ©(A;) whenever A, Ay, As, ...., Ay are convex

subsets of B,(y) with A C Ujvzl A;. There is ey = €o(k) such that if

0" 0(Boa(2)) < €00™o(By(2)) + T

whenever By, (2) C B,(y), then there exists some C' = C(k) < oo such that

P o(Bya(y)) < CT.
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