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Abstract
We prove that the Ricci flow that contracts a hyperbolic cusp has curvature
decay max K ~ %2 In order to do this, we prove a new Li-Yau type differential
Harnack inequality for Ricci flow.

1 Introduction

Consider a Ricci flow g(f) on a surface M, existing over a time interval ¢ € (0,T), i.e. a
smooth solution to 9

a% — —2Ricy() = —2Kyg, (1.1)
where K is the Gauss curvature. As t 1T T, the curvature may blow up; for example if
gs is the spherical metric on S? with K = 1, then the solution g(t) = (1 — 2t)gs has
curvature K = (1 — 2t)~!. Similarly, as ¢ | 0, the curvature may also blow up. A first
example of this would be if gy is a hyperbolic metric and g(t) = 2tgy, in which case the
curvature is K = —(2¢)~!. A second example would be the natural Ricci flow smoothing
out a conical surface, for which the supremum of |K| also blows up like Ct~!, with C
depending on the cone angle (see [7] or Section 4, Chapter 2 of [3]).

Although all of these most obvious examples have curvature blow-up like (time) 1,
Hamilton and Daskalopoulos [4] constructed examples for which the curvature blows up
at time T like (time)~2. For example, if one takes the spherical metric on the punctured
sphere S?\{p} with K = 1, then the subsequent unique instantaneously complete Ricci
flow [5, 14] will exist until time 7' = 1, and the supremum of K will blow up like (1 —t)~2
(up to some factor).

Later, in [13], the first author constructed a new class of solutions that could be
seen to have a rate of blow-up as t | 0 that could not be (time)~!. To understand one
example of such a flow, consider the unique complete hyperbolic conformal metric on
B\ {0}, where B C R? is the unit disc, which has a hyperbolic cusp at the origin. This
metric can be written H = h(dx? + dy?) where

1

h(l",y) = W7

for r = y/22 + y2, and the function h restricts to an L' function on any compact subset
of B (i.e. the cusp has finite area). The arguments in [13] imply that other than the
homothetically dilating solution (1 + 2t)h defined on B\ {0}, there is an alternative
complete ‘contracting cusp’ Ricci flow solution g..(t) defined on B, which caps the cusp
off at infinity and then allows it to contract.

Theorem 1.1. There exists a smooth, complete Ricci flow gec(t) = uce(t)(dx? + dy?) on
B fort > 0 such that g..(t) — H smoothly locally on B\{0}, and

Uee(t) = h in L},.(B), (1.2)



as t | 0. Moreover, if g(t) is any other smooth, complete Ricci flow on B, defined for
t € (0,T), with H as L' initial data in the sense of (1.2), then g(t) = g(t) for all
te(0,T).

The uniqueness assertion is a little different to that in [13], and will be proved in
Section 2.3. Moreover, the new L' — L> smoothing estimate developed in [15] will allow
us to give a streamlined proof of the existence, in Section 2.2, with some additional
control.

It was conjectured in [13] that the curvature should blow up like t~2, analogous to
the result of Hamilton and Daskalopoulos, and it is this conjecture that we settle in this

paper.

Theorem 1.2. For some universal number co > 0 and any c1 > 32, if K., is the Gauss
curvature of ge., then

1 C2

— <max K..(t) < =

o S Relt) < 5

for sufficiently small t > 0 depending only on c;.

Although rather standard, as we discuss in Section 3.4, it is worth recording that the
curvature blow up above is happening asymptotically at the origin in the following sense.

Proposition 1.3. For each € € (0,1), we have K..(t) — —1 uniformly on B\B. as
£10.

In contrast, the techniques of [6] would allow one to construct Ricci flows with different
rates of curvature blow-up on noncompact surfaces where the blow-up occurs not locally
but at spatial infinity. Wu constructed higher dimensional Ricci flows with other blow-up
rates in [17].

The proof of Theorem 1.2 will use a combination of techniques, the main ones not
exploiting the rotational symmetry of our setting, and the result could be generalised.
One ingredient will be sharp estimates on the conformal factor of the flow. Recall that
(1.1) is equivalent to

Oru = Alogu (1.3)

if g(t) = u(t)(dz?® + dy?), or equivalently
o =e v =-K (1.4)

if u(t) = e**®. The new L' — L> smoothing estimate from [15] will give sharp upper
control on the conformal factor of g..(t) almost immediately. Moreover, by comparing
with a family of cigar solutions, we will also obtain a sharp lower bound of the confor-
mal factor, which is also an improvement of the lower bounds in [13], established using
Perelman’s pseudolocality theorem. More precisely, we will prove

Theorem 1.4. Let u.. be the conformal factor of ge. on B and vee := %log Uee. Then

1 1
— 4= <

fort e (0,1/4), and

1
max ve(x,t) < - +4+C
XEBl/Q CC( ) -t +

fort € (0,1) and universal C < oco.

In other words, the conformal factor at the origin decays at a rate between 1/(8t)
and 1/t, neglecting lower order terms.

The upper bounds on the conformal factor will be exploited by a new Li-Yau differen-
tial Harnack estimate (Theorem 3.4) that we prove in Section 3.2. This estimate is more



reminiscent of the original Li-Yau estimates [10] than the curvature Harnack estimates
of Hamilton for Ricci flow [8], although we will exploit crucially that we are working
on a Ricci flow solution. The upshot of that estimate will be that we can control the
curvature from above in terms of the supremum of the conformal factor divided by time.
Then the upper bound of v.. in Theorem 1.4 can be converted into the upper bound of
curvature in Theorem 1.2.

Meanwhile, the lower bound for the conformal factor at the origin will be key in
order to obtain the lower bound for the curvature: The solution must remain under
the hyperbolic cusp solution (1 + 2¢)h for all time (see Lemma 2.3 and its consequence
Remark 2.11 below), so the large conformal factor at the origin (for small ¢) implies some
large bending near the origin, which gives the desired lower curvature bound in Theorem
1.2. The details of this argument appear in Section 4.

Finally, we remark that an alternative way of deriving sharp estimates for the flow
Jee(t) would be the method of rigorous matched asymptotic expansions. This alternative
approach could give slightly refined asymptotic information, but would be harder to
generalise to the non-rotationally symmetric case.

2 The contracting cusp Ricci flow solution

The first aim of this section is to construct the Ricci flow solution g.., which has the
hyperbolic cusp metric as the initial data in the sense of Theorem 1.1 and caps off the
cusp at infinity instantaneously. (An underlying aim is also to gather the sharp estimates
that will be required to prove our curvature asymptotics.) Giesen and the first author
established the well-posedness of instantaneously complete Ricci flows from any smooth
initial data whether complete or not [5, 14]. The hyperbolic cusp metric can be regarded
as a metric defined on B with a singular point at the origin. A natural approach for
constructing a Ricci flow solution from it is to consider a sequence of smooth metrics
approximating the hyperbolic cusp metric and to show that the sequence of Ricci flow
solutions starting from these approximations converges to the desired solution.

2.1 An approximation of the hyperbolic cusp

There are many different ways of choosing the approximation sequence here. It will be
clear by the end of Section 2.3 that the final limit solution will be independent of the
choice. However, for later use in Section 3.2, we shall use a special sequence obtained by
considering cigar metrics touching the hyperbolic cusp.

Recall that the standard cigar metric on R? is given by

(dz? + dy?).

1+7r2

We introduce two parameters € > 0 and § > 0 and consider the family of conformal

factors
€

0+ 72
of scaled cigars. Note that & determines the maximum curvature of the metric and 9§ is
irrelevant to the geometry and is related to the parametrization, or equivalently, since
the cigar is a steady soliton, is related to time.

Amongst this two-parameter family of cigar metrics, we are interested in a one-
parameter subfamily of metrics that are tangent to the hyperbolic cusp. For each § > 0,
we can increase € from zero until the conformal factors first touch. It is obvious from
Figure 1 or a simple argument that the cigar will only be tangent to the cusp on a circle
r = 1o, with ry < % Moreover, as indicated in Figure 2, the family of cigar metrics has

the cusp metric as an envelope up to the ‘horizon’ at r = e~ 1.



Figure 1: A cigar (solid) tangent to the hyperbolic cusp (dashed)

Figure 2: The cusp (dashed) as the envelope of cigars (solid)



For rg < 1/e, we want to solve for € and § so that the conformal factors of the cigar
and the cusp are tangent at r = ry. This is equivalent to the following two equations,
asserting that the metrics agree

€ 1

§+r3  12(logrp)?

as do their first derivatives

2rg (=logro—1)

6(5—1—7’8)2 ~ Trd(—logro)?

Dividing the first equation by the second gives

r%(flogro)

S412 = 2.1
*70 (—logrog —1)’ (21)
from which we get
r2(—logro) r2
S(ro) =000 20 2.2
(ro) (—logro —1) i logrg — 1 (22)
and
) 1 1
e(ro) = (6 +75) = (2.3)

ra(logrg)?  (—logrg —1)(—logre)
The next lemma implies that the cigar metric corresponding to (rg) and (o), i.e.

e(ro)

e (2.4)

Uy (X) 1=
where x = (z,y) so that r = |x]|, lies below the cusp and touches it only on {r = ro}.
The proof, being very elementary computations, is moved to the appendix.

Lemma 2.1. For 0 <ry < e~ !, and with §(ro) and e(ry) given as above, we have

€ < 1
0412 = r2(logr)?

for all 0 < r < 1 with equality only at r = rg.

With the help of i,,, we define for 79 € (0,e~!), a function u,, : B — R by

Gy (x) 0<r<mrg
Ury (X) = { h(x) ro<r<L.

The graph of w,, is shown in Figure 1 as the solid line (the cigar metric) for r < ry and
the dashed line (the hyperbolic cusp metric) for r > ro. By our choice of € and 0, u,, is
a C' function. Moreover, it is obvious from the graph or a simple argument that

Upg (T) > Up, (6_1) =e’ (2-5)

for all r € [0,1). Now, for any r, | 0, the sequence w,, := u,, is an approximation of h.
Besides the obvious fact that for any r € (0,1), u,, = h on any B\ B, for sufficiently
large n, we note that

lim / |un, — h|dx =0 (2.6)
n— o0 B
and that:

Lemma 2.2. The functions u,, : B — R are decreasing in ro. In particular, {u,} is an
increasing sequence of functions B — R.

The simple proof of this lemma is postponed to the appendix.



2.2 Existence of g,

In this section, we confirm the existence of Theorem 1.1, taking a shortcut compared
with [13] by exploiting the new estimate in [15]. The construction will also imply the
upper bound of Theorem 1.4 automatically.

The local existence of a Ricci flow starting from w,., (dz? +dy?) is known by a result of
Shi [16]. The global existence of a solution u,, ()(dz? + dy?), for t € [0, 00), was proved
by Giesen and the first author in [5]. More generally, the solutions from [5] for general
initial data, together with their property of being mazimally stretched (see [5]) and the
uniqueness of [14], gives us the following comparison principle (as explained in [14, §1]).

Lemma 2.3. Suppose u(t) and @(t) are the conformal factors of two smooth Ricci flows
on some underlying Riemann surface for t € [0,T] and w(0) > @(0). If the Ricci flow of
u(t) is complete, then u(t) > u(t) for all t € [0,T).
Remark 2.4. A first application of this lemma, combined with Lemma 2.2, is that if
0<ro <7 <e ! then uz (t) < up(t).

We wish to consider flows u,, (t) for o equal to each r, | 0 considered above, and we

denote this increasing sequence by uy,(t) := u,, (t). We claim that

(a) asubsequence (still denoted by u,,) converges to another solution u.. smoothly locally
on B x (0,00);

(b) as t ] 0, ucc(t) converges to h smoothly locally on B\ {0};
(c) for any K CC B,

tin /’C tee(t) — | dx = 0. 2.7)
The metric ge(t) := uce(t)(dz? + dy?) would then be the contracting cusp Ricci flow
solution whose existence is asserted by Theorem 1.1. Note that the limit u..(t) would be
automatically complete because the sequence u,(t) is increasing, and so uy, (t) < ue(t).
The rest of this section is devoted to the proof of this claim (a) to (c).

The key to proving (a) is obtaining upper and lower bounds on the conformal factors
u,. We will then be able to apply parabolic regularity theory. The following simple
lemma gives the lower bound, and upper bounds away from the origin.

Lemma 2.5. For allt > 0, we have
U (- 1) > e? in B, (2.8)

and
Un(t) < (14 2t)h in B\{0}. (2.9)

Proof. The lower bound (2.8) follows immediately from (2.5) together with Lemma 2.3,
because u, (-, t) and e? are the conformal factors of two Ricci flows on B, and the former
is complete. Meanwhile, the upper bound also follows from Lemma 2.3, but this time
because (1 + 2t)h is the conformal factor of a complete Ricci flow on B\ {0}, and
un(+,0) < h. O

The more subtle issue is to obtain upper bounds near the origin, but this will follow
from an application of the L' — L> estimate proved in [15].

Lemma 2.6. Suppose u: B x [0,T) — (0,00) is a smooth solution to the equation (1.3)
with

on B\ {0}. Then
2
logu < n +C

on Byp fort € (0,min{1,T}), where C is universal.



Remark 2.7. In [13] it was shown, for example, that a surface with a hyperbolic cusp can
be evolved under Ricci flow by allowing the cusp to collapse. The key a priori estimate
there, in the language of this paper, was essentially a weaker version of the above lemma,
in the sense that the upper bound for log u was C'/t with C' some uncontrolled universal
constant C.

We will give a proof of Lemma 2.6 based on the following new estimate from [15],
describing the evolution compared with the Poincaré metric on B with conformal factor

h(x) = (1_272>2

Theorem 2.8 (Special case of [15, Theorem 1.3]). Suppose v : B x [0,T) — (0,00) is
a smooth solution to the equation Oyu = Alogu, with initial data ug := u(0) on the unit
ball B C R?, and suppose that (ug — ah), € LY(B) for some a > 1. Then for all § > 0
(however small) and any time t € [0, min{1,T}) satisfying

T ah)y | (s)

1 (146), wehave u(t) < Cah  throughout B,
71'

where C' < oo depends only on §.

The special case of our result that we have given here focuses on the relevant case
for us that ||(ug — ah)4 ||z1(p) is small, and indeed the theorem is vacuous unless ||(ug —

aﬁ)+||L1(B) <47 /(1+ ). See [15] for a more general statement.

Proof of Lemma 2.6. For t € (0, min{1,T}), set r = e~'/* € (0,e~!] and

2
o= 1 <i:ez/t>1.
rlogr ) — r2

Coarse estimation and precise computation (see Figure 3) gives

27 T 2T

—ah)i|lpm <lh—alp,) = - < = ot
[(uo — ah) 4|1y < |h = allLrs,) “logr  (ogr)? = “logr "0

and so Theorem 2.8 applies with § = 1 to give
u(t) < Cah = Ce*/*h,
and hence
2
t )
throughout B, for universal constants C. O

logu(t) < C +logh +

Note that the upper bound deteriorates as ¢t | 0. However, we can apply it to the
solutions u,, to give

2
log u, (t) < Tt C, (2.10)

on Byy, for t € (0,1). From time ¢ = 1 onwards, we can then compare u, against the

Ricci flow (M + 2t)h, where h is the complete hyperbolic (Poincaré) metric on By /2 and
M is chosen sufficiently large so that this flow majorises u, at time ¢ = 1. Together
with Lemma 2.5, we then conclude that for all X CC B and € > 0, we have upper and
lower bounds for u,, on K x [, 1/¢] that are uniform in n. Standard parabolic regularity
theory then generates the higher-order estimates from which (a) follows. More precisely,
we have a choice of applying parabolic theory to the equation (1.3) for u, or (1.4) for
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Figure 3: Hyperbolic metrics
Up = %log un. In the former case, one can start with [9, Theorem I11.10.1], and in the

latter case with [9, Theorem V.1.1], followed by Schauder estimates.

To prove (b), it suffices to establish upper and lower bounds for the conformal factors
U, on an arbitrary K CC B\{0} that are uniform all the way back to time ¢t = 0, because
for sufficiently large n, we have u,,(0) = h on K, and parabolic regularity theory will then
give uniform higher-order estimates for u,, down to ¢ = 0, which then imply that the
convergence u, — Ue. is smooth local convergence all the way down to ¢ = 0. This time,
the bounds for the conformal factor are immediate from Lemma 2.5, which gives

sup u, < sup3h < oo.
Kx[0,1] K

Finally we turn to (c¢). Because the flows w,(t) are increasing with n, we know
that u, < ue. On the other hand, by passing to the limit n — oo in (2.9), we have
Uee(t) < (14 2t)h. Using these inequalities, we can estimate

[tee(t) — h| < Juce(t) — (14 28)h| + 2th = (1 + 2t)h — ue(t)) + 2th
< (h —un(t)) + 4th (2.11)
< |h - un(0)| + ‘un(o) - un(t)| + 4th.

Now for any KX CC B and € > 0, by (2.6) we can fix n large so that
/ |h — u,(0)] <e/3.
K
For this fixed n, by smoothness of u,, there exists ¢ty > 0 small enough so that
/ lun(0) — un(t)] < /3 for all £ € [0, to],
K

and

4t0/ h S 8/3.
K



Therefore, by integrating (2.11), we have

/ |tee(t) — h| <,
K

for t € [0, to], which is enough to conclude (c).

Remark 2.9. In the limit n — oo, the uniform lower bound u,(t) > e* from (2.8)
implies a lower bound of .., i.e. Ue.(X,t) > e? for all x € B and t > 0.

Remark 2.10. We can also take a limit n — oo in the uniform upper bound (2.10) to
deduce the upper bound of Theorem 1.4.

Remark 2.11. Additional upper and lower bounds for w..(¢) hold thanks to Lemma 2.3.
First, observe that h < h either by computing or by applying the comparison principle.
Hence by construction of u, we have h < u,(0) throughout B. Therefore, we have
(1 4+ 2t)h < uy(t), and in the limit n — oo, this gives (1 + 2t)h < uec(t). Meanwhile, by
comparing ue.(t) and (1+ 2t)h on B\{0}, or simply passing to the limit n — oo in (2.9)
as in the proof of (c¢), we obtain u.(t) < (1 4 2t)h.

2.3 Uniqueness

In this section, we prove the uniqueness assertion of Theorem 1.1. One implication of this
uniqueness result is that we have some freedom in choosing the approximation sequence
Uy, used in the construction of g... The proof will use the following result that follows
easily from Lemma 5.1 of [14].

Lemma 2.12. Suppose 1/2 < 1y < ré/g < R <1, and v € (0,3). Suppose gi(t) =
uy (t)(dz® + dy?) is any complete Ricci flow on B, and go(t) = ua(t)(dz® + dy?) is any
Ricci flow on B, both fort € (0,T]. Then we have for all t € (0,T]

that
/| Gty ul<t>>+dx] < i ot { / (a(s) = ma(5) s v
+Cl) [ t s
K (—logro) [log(—1logrg) — log(— log R)]”

(2.12)

Corollary 2.13. Suppose g(t) = u(t)(dz*+dy?) and §(t) = a(t)(dz?+dy?) are complete
Ricci flows on B for t € (0,T] with u(t) — a(t) — 0 in L},. ast L 0. Then g(t) = g(t)
for allt € (0, 7).

Clearly the uniqueness assertion of Theorem 1.1 is just one instance of this general
corollary.

Proof of Corollary 2.13. First, we apply Lemma 2.12 with ¢, (¢t) = g(¢) and g2(t) = g(¢)
and v = 1/4 to establish that

t
u(t) —a(t))dx < C
/BTO( Q (1)) < (—logro) [log(—logrg) — log(—log R)]1/4

for all t € (0,7] and 1/2 < ro < ry/> < R < 1. By taking the limits R 1 1 and then
ro T 1, we find that u(t) < @(t) throughout B, for all ¢ € (0,T]. By repeating the
argument with g(¢) and g(t) interchanged, we conclude that g(t) = g(t). O



2.4 Proof of Theorem 1.4

We have already proved the upper bound of Theorem 1.4 — see Remark 2.10. For the
lower bound, we use the approximation in Section 2.1 again. The advantage is that the
approximations u,, : B — (0, c0) are envelopes of families of cigar metrics whose evolution
under the Ricci flow can be written down explicitly. More precisely, the complete Ricci
flow starting from 4, is given by

£(ro)
6(r0)e4t/6(ro) + 72 '

Uiy (X, 1) = (2.13)

By Remark 2.4, we have for ¢ > 0,

Uee(0,8) = lm u,(0,8) = sup  wuy(0,1).

n—oo T()E(O,efl)

By the definition of u,,, we know that @,,(x) < wu,,(x) and hence, by Lemma 2.3,
Uy (%,1) < up,(x,t), which implies

ce(0,t) > Uy, (0,1).
tee(0,t) roer?og,lffl)um( )

Thanks to the explicit formula (2.13), and (2.2) and (2.3), we can compute
—log dr, (0,t) = 2log o + log(—logro) + 4t(—logro)(—logre — 1). (2.14)

We would like to maximise this over ry € (0,e71), so we compute

o . _ (—2logrg —1) 1
aro(—logurO (0,t)) = ro —logry A

and deduce that for t € (0,1/4) we should set 1o = e~/ in (2.14) to obtain the
optimal estimate )
Uee(0,1) > dteaetl,

The lower bound in Theorem 1.4 then follows from the fact that ve.(t) = 3 log ucc(t).

3 A Li-Yau differential Harnack estimate and the cur-
vature upper bound

In this section, we prove a new Li-Yau Harnack estimate for the Ricci flow, Theorem 3.4,
which allows us to prove the curvature upper bound in Theorem 1.2. Compared with
other known Li-Yau Harnack inequalities [1], our argument in Section 3.2 will exploit an
additional geometric property of the initial metric (the hyperbolic cusp metric h(dx? +
dy?)), which is given by the inequality

1
Vlog (2 log h)

for some universal constant C' > 0, as formally asserted in Lemma 3.1. We note that the
computation and argument in Section 3.2 still works without this extra information, to
give an upper bound of curvature, but it is not the sharp bound we give here.

In fact, we will not apply the Li-Yau-type estimate starting at ¢ = 0, but at some
later time. This gives rise to a technical issue that we want (3.1) to remain true for u..(t)
for a period of time instead of just for ¢t = 0. This is proved in Lemma 3.3 by using the
approximations u,, defined in Section 2.1, albeit only on B 1.

2

ht <C (3.1)

10



3.1 Gradient bounds for the approximations u,

The aim of this section is to prove Lemma 3.3, which is a gradient bound property of u..
alone. However, the proof relies on the special choice of approximations u, in Section
2.1. In some sense, u, smooths out the singularity of h at the origin while keeping (3.1)
valid.

In what follows, we use the subscript « in |V f|,, A, and (-, -), to indicate that the
gradient norm, the Laplacian and the inner product are taken with respect to the metric
u(dx® + dy?), whereas no subscript means that the gradient norm, the Laplacian and the
inner product are those of the flat metric dz? + dy? on B.

Lemma 3.1. There exists a universal constant C' > 0 such that (3.1) holds, and also so
that
Fo=|VfalZ <C (3.2)

throughout B, where f, :=logv,, vy, := 3logu, > 1 by (2.5), and u, : B — (0,00) is
defined as in Section 2.1.

In other words, not only does (3.1) hold for A, it also holds for the approximations w,,.
Since we have explicit formulae for h and u,,, the proof is a straightforward computation
and is moved to the appendix.

The estimate (3.2) holds not only for u,, but also for its evolution u,,(t), with ¢ € (0, 1],
and the corresponding F,, = F,(t). (Note that the evolving F,, makes sense because
v, (t) = Llogu,(t) > 1 by (2.8).) This is proved using the maximum principle for
domains with boundary. Therefore we must argue first that this F;, is bounded on the
boundary of By, for t € [0,1]. This is the aim of the next lemma.

Lemma 3.2. There exists a universal constant C' > 0 such that

sup F,<C
8By 2x[0,1]

where F,, = |Vf”|12m’ fn = log(3logu,) and u, = u,(t) is the Ricci flow evolution of
Up : B — (0,00).
Proof. Lemma 2.5 tells us that there exists a universal constant C' > 0 such that

e? <un(y,t) <C (3.3)

for all t € [0,1] and y € Bs/s\ Bs/s. By the definition of f,, and (3.3), we know it suffices
to prove

sup \Vun|2 <C.
0B, /2x[0,1]

Indeed, we have ||un||02,(,(317/32\315/32X[0’1]) for some « € (0, 1) bounded by a universal
number as well. To see this, we first note that u,(0) is nothing but h on the annulus
Bs/s \ Bsys for large n, hence we have uniform bounds of all derivatives at ¢ = 0. We
will then be able to appeal to parabolic regularity theory as before: The estimate (3.3)
implies that 0;u,, = Alogu, is uniformly parabolic on the annulus Bs /s \ Bs/s and hence
|t HC“(Bg/la\an «[0,1]) is uniformly bounded. The rest follows from the linear Schauder
theory. O

Finally, we can prove the property mentioned at the beginning of this section.

Lemma 3.3. There exists a universal constant C1 > 0 such that
|V log fucc|icc <4

on Bl/2 X (0, 1]

11



Proof. Since w,, converges to u.. smoothly, locally on B x (0, 1], it remains to prove
F, < Cion By x[0,1] where F,, = |an|i is defined in Lemma 3.1. Direct computation
shows that F}, satisfies

(O — Nuy ) Fo = —2|Hessful2 —2(VE,, V fu)u,-

By Lemma 3.1 and Lemma 3.2, we can apply the classical maximum principle for domains
with boundary to Fj, to see that

sup F, <Cy. (3.4)
BI/QX[O,l]

O

3.2 A Li-Yau differential Harnack inequality

Next, we present a Li-Yau type Harnack inequality for solutions of (1.4). Note that v,
satisfies a ‘linear’ heat equation with background metric evolving as a Ricci flow. Such
Harnack inequalities are known in various cases, for example, Lemma 2.1 of [1]. Here v,
is not only the solution to the heat equation, but also the conformal factor of the Ricci
flow. This dual role of v.. helps us to remove the curvature assumption in [1].

Theorem 3.4 (Li-Yau type estimate). Let v(t) be a solution to (1.4) on Bys x [0, o]
with to < 1/2 and u(t) = e**®. If

o(t) >1 and |Viegu|? < Cy (3.5)
on By a % [0,t] for some Cy >0 and

1
to < , (3.6)
8 MaxXp, 5 x[0,t0] V

then there exists Cs > 0 depending only on Csy such that the Gauss curvature is controlled

by

on Byy for 0 <t <tg.

Remark 3.5. The result of this theorem is sharp in the sense that when combined with
Theorem 1.4, it yields Theorem 1.2, which is sharp as far as the order of ¢ is concerned.

The proof of this theorem starts with a computation similar to that of Li and Yau
in [10]. However, we use a different F, taking advantage of the second part of (3.5).
Writing f for logv and keeping in mind that

8t11 —-K

Ouf = Duf +IVSIL and 0 f === == (3.7)
by (1.4), we make the equivalent definitions
F o= |Vf[i—tof (3.8)
B\ (39)
= A+ (100 f (3.10)
- fAuff(lft)% (3.11)
= (1—t)|Vf]Z —tALf. (3.12)
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By (3.9), Theorem 3.4 reduces to the claim that F" is bounded from above on By /4 % (0, to].
At t = 0, (3.5) implies that F' < Cy throughout Bj/s, so we would like to establish
whether an upper bound persists. As in [10], we first derive the evolution equation for
F'. Direct computation shows

AyF = 2|Hess, f|2 4+ 2(V A f, V) + 2K [V fI2 = t20,0:f

and
OF = —|Vf]? = Auf

+(L=1) (2K [V} +2(V/.V0u)u) = 10D f,
which combine to give
O F — ANyF = —2|Hess, f|” — 2(V L f, V Yu + 20 — )V f, VO )

— (1+2Kt) |V
+t (DO f — ODLf) — Auf.

We simplify the above by using (3.10) and computing A,0:f — OAuf = 20, fOw =
—2K A, f, which in turn used (1.4), to get

OF — A F = =2[Hess, f[2 + 2AVE, Vf), — (1+2K8) (|92 + Buf)
By (3.7) we then have

K
O F — ANy F = —2|Hess, f|” + 2(V [, VF), + (1 + 2Kt)

v

Meanwhile, inserting (3.11) in the Schwartz inequality

2
2 |Hess, f|2 > (Auf)? = (F +(1- t)f)

21 -t)FK N (1—t)?K?

= F?
+ v v?2

)

we obtain

- 2702
20-t)FK (1 SQ)K +2<vf,vF>u+(1+2Kt)K

v

O F — N,F < —F?—

. . (3.13)

Let ¢ be some smooth cut-off function supported in By /9, satisfying 0 < ¢ < 1 on
By/; and ¢ =1 on By 4, so that

1Ag| + Vo> < C (3.14)

on By, for some universal C' > 0. By (3.13) we obtain

(0 = AW (PPF) = 9?0 — Du)F = Du(9?) - F = 49V, VF),,
201 -t K 1—1t)2K?
S —()02F2_ ( . ) (()02F)— ( Uz) 2

K
+(1+ 2Kt)?o2 —Au(p?) - F
Next, we consider the maximum of ©2F on By x (0,t0]. If it is smaller than Cy + 1

for Cy in (3.5), then by the definition of ¢, we get the desired bound of F' on By 4 x (0, to]
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and finish the proof of Theorem 3.4. Hence, we may assume it is no less than C3 +1. By
(3.5) and (3.8), there is some ¢ € (0,to] and X € By, such that

(P*F)(%,1) = max ¢*F>Co+1. (3.15)
By /2 x(0,to]

At this point (X,%), we have (9; — Ay)(p?F) > 0 and V(p?F) = 0, and hence

(112K ,

M(¢2F) _ ")

v v2
~K 5 2
+(1 +2Kt) ¢ Ny () - F

—4pF(V f,Vg)y +8F V|2

0 < —p?F%—

Moreover, since v > 1 on By 3 x [0, %o], by (3.5), the bound (3.14) implies that [/, (¢%)|+
|V<p|i < C. Thus, at (X,%), Young’s inequality and (3.9) give

7  RN22
, 20 vt)K(csz)i(l 53 K

K 1
+(1+2KD) ¢ + CF + ( Fy? il

1K
2 ¢

0 < —p°F ©? (3.16)

3 5 7K
— _ZR2F?4 (24 i
1% +( +4)

K +2K°%t
L

;(¢2F) -

©* +CF.

By (3.6) and t <ty < 1/2, we have at (X, 1),

2K2E¢2 - £2¢2 _ - t)2K?

2
» < ¥ S 2 - (3.17)

Using (3.17) in (3.16) and multiplying both sides by ¢? yields that at (X, 1),

3 T K K
0< - ("F)* + (=2 + Zt);sﬁ(so?F) + ;904 + C(¢*F).

To proceed further, we must consider the sign of K(x,t). We claim that K (X,%) > 0

since if we had K (%,t) < 0, then by (3.9) and (3.5) we would have

- ~ K
(SDZF)()NQ t) < F(x,t) = |vf|2 (x,t) + 7(5(7” < Oy,
which is a contradiction to (3.15). Therefore we may assume K (X,t) > 0, which allows us
to replace £ by a larger number £*F (at (%,%)) because (¢?F)(x,1), hence F(x,1)
is larger than 1 as assumed in (3.15). Precisely, at (X, 1),

0 < —Z(wQF)2+(—1+£f)%(so4F)+C(%02F)
< _Z(@2F)2+O(¢2F)' (3.18)

Here in the last line above, we used the assumption that ¢ < ¢ < % Estimate (3.18)
implies an upper bound for (p?F)(x,t), which gives the desired upper bound of F on
B4 x (0,t0] and finishes the proof of Theorem 3.4.
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3.3 Curvature upper bound in Theorem 1.2

By Theorem 1.4, we know for sufficiently small ¢ > 0,

<2 (3.19)
max v =, )
By Tt

Choose t1 < 1/2 so small that the above holds on [t1, 15¢1] and set
(X, 1) = Ve (X, t + 1),

for ¢ € [0, to], where to := .

We want to apply Theorem 3.4 to v. For this v, we check that the lower bound in
(3.5) holds by Remark 2.9, that the rest of (3.5) follows from Lemma 3.3 and that (3.6)
holds because 5 1

max v = max Vee L — = —
By /2 %[0,t0] Bi/a X [t1, T5t1] tq 8to
by (3.19). Hence, there exists a constant C4 depending only on C; (therefore, it is a
universal constant) such that
C4Ucc
K. .(t) < ——
w(t) < t—t
on By X [t1, }—gtl]. In particular, this implies the existence of another universal constant
C5 such that for t = %tl,
Cs
K. (t) < —.
o Keell) < 5
By the arbitrariness of ¢; (small as required above) and hence ¢, this proves the upper
bound estimate inside B;/4. The upper bound over the whole of B then follows from
Proposition 1.3, which we prove in the next section.

3.4 Good behaviour at spatial infinity

In this section we prove Proposition 1.3. There are multiple ways one could prove this; for
example, the asymptotics of Remark 2.11 allow one to argue using parabolic regularity
theory that because for each time ¢ the spatial asymptotics of wu..(t) agree with those
of h and h, we also have the curvatures agreeing. More precisely, for each L < oo, by
taking e > 0 small enough we can make K..(t) as close as we like to —1/(1 + 2¢) on
B\Bj_. x [0, L], for example.

Instead of detailing this argument, we proceed via existing Ricci flow theory, and in
particular the following result of B.-L. Chen.

Proposition 3.6 (Proposition 3.9 in [2]). Let g(t), t € [0,T], be a smooth solution to
the Ricci flow on a two-dimensional manifold M, and let xg € M, R > 0 and vy > 0.
Assume By (zo, R) is compactly contained in M for every t € [0,T], and at t = 0 that
|Kg0)| < R™2 on Byg)(xo, R) and Voly(o)(By(o) (w0, R)) > voR?. Then there ezists a
constant n > 0, depending only on vy, such that for 0 <t < min {T, nRz}, we have

|Kg(t)| < 2R™2 on Bg(t) (xo, %)

Here By(xo, R) is the geodesic ball centred at x¢ with radius R measured with respect
to the metric g.

For ¢ > 0 as given in Proposition 1.3, choose R € (0,1/2] as large as possible so
that for each 29 € B\ B./2, we have R < inj, (). For each zy € B\ B2, we can
then apply Proposition 3.6 with M = B, vy equal to the area of the unit disc in the flat
plane, and g(t) = gec(t + v) for v > 0 sufficiently small so that By (xo, R) equipped
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with the metric g(0) is sufficiently close to a ball in hyperbolic space of radius R that
the hypotheses of the proposition are satisfied.

The proposition, in the limit « | 0, gives us a curvature bound at xy depending only
on ¢, which holds for a time interval also depending only on €. We may then invoke
Shi’s local derivative bounds to obtain control on all space and time derivatives of the
curvature, depending only on the order of the derivative and €, and not on . Since the
Gauss curvature starts initially at —1, the proposition follows.

4 Curvature lower bound in Theorem 1.2

In this section, we prove the lower curvature bound in Theorem 1.2. By Theorem 1.4,
for any u € (0, é) and ¢ > 0 sufficiently small, depending on p, we have

veel0,8) > £ (4.1)
This means that when ¢ is small, u..(0,t) is very large. On the other hand, by Remark

2.11, we have
1

r2(logr)2’

throughout B\ {0}, for all ¢ > 0. These two facts combined together will imply the
existence of some large positive curvature of g..(t). The proof needs another family of
special metrics lying below, but touching, the (scaled) hyperbolic cusp metric, that we

now construct. Consider the family of metrics ug i (dz? + dy*) on R? parametrized by
K >0 and g8 > 0, where

Uee(3,1) < (1 4 20)h(x) = (1 + 2t) (4.2)

52
—
ﬂQK 2
(1+25=)
Each of these is the metric of a (punctured) sphere with constant curvature K parametrized

so that the conformal factor at the origin is 42. The next lemma gives us the touching
family mentioned above.

ug i (r) =

Lemma 4.1. For each fixed o > 1, there exist a continuous strictly increasing function
Ky : (ae,00) — (0,00) and a continuous strictly decreasing function o : (ae,00) —
(0,e71) such that

(1) for any B > ae, we have

u (r) = i <2 __ o2h(r) (4.3)
ﬁ,KO(B) - (1 + ,BzKo(ﬂ)’r‘z)Q — 7/.2(10g,r)2 - .
4

for all r € (0,1) with equality only at ro(B).
(2) the asymptotic behavior of Ky and ro when 8 approaches ae or 0o is given by

lim Ky = o0 lim Ko =0
B—o0 Blae
. . 1 (4.4)
lim rg =0 lim rg =e¢ "
B—00 Blae
Moreover, we have
li inf — 00. 4.5
o, Bl us aeolr) = 00 (4.5)
(3) we have the following lower bound for Ky:
2 B 9
> Z 221, :
Koz 2 ((og 22 1) (46)
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Proof. The proof consists of two steps. First, we prove the existence of some K and rg
satisfying (1). Then in the second step, we show that (2) and (3) also hold for this K
and rg using some results from the first step.

We start the first step by giving equivalent forms of (1). It is elementary that (1) is
equivalent to

(1) for any S > ae, we have

QK 2
ér(—logr) <1+ M, (4.7)
@ 4
for all r € (0,1) with equality only at ro(3).
We claim that (1’) and hence (1) is also equivalent to
(1) for any 8 > ae, we have
B B*Korg
—ro(—1 =1 4.8
Sr(-togr) = 1428 (18)
“(~logro—1) = BK (19)
o 0og o = B oTo- .

It is easier to see that (1”) is a necessary condition of (1’) because (4.8) and (4.9)
are nothing but the claim that both sides of (4.7) and their first order derivatives with
respect to r agree at ro(83). To see that it is also sufficient, we observe that the left-hand
side of (4.7) is a strictly concave function of r on (0,1), while the right-hand side is
strictly convex.

With the equivalence of (1) and (1”) in mind, it suffices to find Ky(3) and ro(f5)
satisfying (4.8) and (4.9). While solving Ky(8) and r(5) from (4.8) and (4.9) seems
not easy, we can obtain explicit formulae relating § and Ky to rg. More precisely, we
eliminate Ky to get

2x
= 4.10
B ro(—logrg + 1) ( )
Substituting (4.10) into (4.9) yields
2
Koy = a(—logro —1)(=logrg + 1). (4.11)

It is elementrary to check that 8 as a function of 7y given in (4.10) is a decreasing
diffeomorphism from (0,e~!) to (ae,00). Therefore, it is equivalent to say that (4.10)
defines a function ro(3) which is a decreasing diffeomorphism from (ae, 00) to (0,e71).
Ko(ro) as given in (4.11) is a decreasing diffeomorphism from (0,e~1) to (0, 00), which
we compose with the ro(3) just obtained to get a function Ky(8) that is an increasing
diffeomorphism from (e, 00) to (0,00). The Ky(8) and ro(3) thus obtained satisfy (1”)
and hence (1), finishing the first step of the proof.

For (2), we notice that the asymptotic behavior of Ky and 7 as in (4.4) is proved in
the previous paragraph. By the monotonicity of ug g, (s)(r) as a function of  and (4.8),
we have

. a?
Te[égf(ﬁ)] UB,Ko(B) (r) = UB,Ko(B) (ro(B)) = (ro(B)2(log r0(B))?) — 0

when 8 — oo, which is (4.5).
An easy observation from (4.10) is that

_ 2a < 2a
'I’(](— IOgT() + ].) - To

)

which gives ro < %‘)‘ By the monotonicity of (4.11), we obtain (4.6). O
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Now, we return to the proof of Theorem 1.2. For any c; larger than 32 as in Theorem
1.2, we choose any p < é and any a > 1 so that

1 242 1
—_ > — > —. 4.12
32 a c1 ( )

Then we can pick ¢y > 0 such that for all 0 < ¢ < tg, we have

142t < a?, (4.13)
0,6)> ~ + 11 £ 10gat) > £ (4.14)
VeelHbW =81 75 8 t’ '
and ) ) )
W
=12 2)f1 > 4.15
a [(t 08 2 ] cqt? (4.15)

where we have used Theorem 1.4 in (4.14). We claim that

mgXch(t) > L
for all ¢t € (0,tp), which would conclude the proof of Theorem 1.2.

To see the claim is true for a given ¢ € (0,tp), consider the family wg of functions
defined for 8 > ae by

_Jupk,(r)  0<r<rg
ws(r) = { a?h(r) ro <r <1,

where K and 1o are given in Lemma 4.1. Each value wg(r) will vary continuously in 5
by Lemma 4.1. By (4.13) and the fact that u..(t) < (1 + 2¢t)h, by (4.2), we have

Uee(t) < @2h. (4.16)

Therefore, by construction of wg, and by (4.5) of Lemma 4.1, we have wg(r) > ucc(r, t)
for large enough 3.

We now reduce S from such a large value until the largest 8 for which this fails, i.e.
so that wg(r) > ue(r,t), with equality for some r1 € [0,1). By the definition of wsz and
(4.14) we then have

2p
t

62 = U/B(O) 2 ucc(oat) Z et

and in particular,
log 8 > % (4.17)

By (4.16) and the definition of wg, we know r; < 79, where rg = ro(8) is given
in Lemma 4.1. Because u..(t) and wg(r) = ug k,(r) are two smooth functions in a
small neighbourhood of r; and u.. touches ug g, from below at r;, we deduce that
Kcc(r1,t) > Kp. Finally, we use (3) of Lemma 4.1, (4.17) and (4.15) to conclude that

1

2
K..(t) > Ky > —
gx ce(t) 2 Ko = a cit?’

[(logﬁ —log 2a)? — 1] >

for each t € (0,tg), completing the proof of Theorem 1.2.
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A Appendix: Proofs of Lemmas
A.1 Proof of Lemma 2.1
Proof. By (2.2) and (2.3), it suffices to show that
7“2(10g7“)2 < (—logro) (r% + (—logrg — 1)r2) ,

or equivalently that F(r) := r?(logr)>—(—logro) (r§ 4+ (—logrg — 1)r?) < 0, with equal-
ity if and only if r = ry. Equality at r = rg is clear. We compute

F'(r) = [2r((—logr) + (= 1logro) — 1)] ((—logr) — (~ logry)),

and because 0 < ro < 1/e, the part in square brackets is positive, and we see that
F'(r) <0 for 0 <r < rg, while F'(r) > 0 for ro < r < 1, which is enough to conclude
that F(r) <0for 0 <r <rpand ro <r < L. O

A.2 Proof of Lemma 2.2

Proof. When r = |x| > 79, ur,(X) = h(x) does not depend on ry at all, and is hence
trivially decreasing. For |x| < rg, we use (2.4), (2.2) and (2.3) to compute
i(1[1) = 0 (=rglogro +r*(logro)* 4+ r*logro)
(9’1"0 ro 87’0
2 2
= —2rglogro—ro+ —(2logry) + —
To To
1
= — (—27“(2) logrg — 7‘(2) + 2r?log g + 7’2)
To
1
= —(r2—r?)(—2logrg — 1),
7o
which is positive since g < i U

A.3 Proof of Lemma 3.1

Proof. To prove (3.1), we compute

1
ilogh = —log|rlogr|

V log (; log h>

and )
r2(logr)?  (logr +1)?

(log|rlogr)? |rlogr|?
(logr + 1)?

(log |rlogr|)?
It is not hard to see that the limit of the above quantity is 1 as ] 0 and 0 as r 1 1. It
is therefore bounded, by continuity, as required for (3.1).

Because u,, = h for r € [ry,,1), we see that (3.2) holds for this range of values of r,
by virtue of (3.1).

Having dealt with the hyperbolic cusp part, i.e. for r € [ry,1), it remains to verify
(3.2) for r < ry, i.e. on the cigar part where

h71

w — €
" 4r?
and hence 1 )

Up = ilog Un = 5 (loge —log(s +17)) .
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It suffices then to show that F), is an increasing function of r € (0,r,], since we have
already established the bound for r = r,,. We compute

9 |V'Un\2 r2 4
IV ful” = 2 = 2)2 2))2
v2 (6 4+ r2)2 (loge — log(é 4 r2?))

and thus

1 1 4
e(1+ 7%) (loge —log(d +12))2"

F, = U;Ll |an|2 =

By (2.3), we have

S+r2<5+7r2 =eri(—logr,)? < % <e,
e

which together with (A.1) implies that F,, is an increasing function of r, as required. O
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