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CHAPTER 1

Introduction

These are my notes to MA377 Rings & Modules taught in 2019 and
2021. Thanks to everyone who pointed out errors in previous versions.
Please let me know if you notice any errors (or see any shortcuts).

In addition to the notes, you might find it helpful to look at the
following references.

e Warwick lecture notes for Introduction to Abstract Algebra,
Algebra I and Algebra II.

e Dummitt & Foote, “Abstract Algebra”. This is a hefty book
with most things in it.

e Lecture notes by Marco Schlichting for this module (you'll find
them in the UG Handbook for the year 2017). Our approach
will be more hands on.






CHAPTER 2
Rings (Mostly Revision)

1. Definition
Recall the definition of a ring from MA136 and MA2409:

Definition. A ring is a set R with two distinguished elements 0, 1 € R,
and two binary operations

4+ : RXx R — R, - RxR— R,

such that
e (R,+,0) is an abelian group: thus
—a+0=a=0+aforall a € R (0 is the additive identity);
—a+(b+c)=(a+0b)+cforalla,b ce R (addition is
associative);
— for all @ € R there is a unique —a € R such that a +
(—a) = (—a) + a =0 (a has an additive inverse);
—a+b=>b+aforall a, b € R (addition is commutative);
ea-(b-c)=(a-b)-cforall a, b, ¢c € R (multiplication is
associative);
ea-1=1-a=aforall a € R (1is the multiplicative identity);
e a(b+c¢) = ab+ ac and (b + c)a = ba + ca (multiplication
distributes over addition on the left and the right).

Example 1. You can check that R = 0 (the zero ring) is the only one
for which 1 = 0. For any other ring 1 # 0.

Example 2. Z, R, C, Q are rings with the usual addition and multi-
plication. For n > 1 an integer, we know that Z/nZ is a ring.

For a ring R, the set of n X n matrices M, (R) with the usual matrix
addition and multiplication forms a ring (there are some subtlties here
about how to check associativity; we’ll return to this later).

Definition. A ring is commutative if ab = ba for all a, b € R.

Example 3. Z, Q, R, C, Z/nZ are all commutative rings.
If R # 0 (therefore 1 # 0 inside R), then the ring My(R) is not

commutative, since

0 1) (0 0y _ (10 0 0y (0 1y _ (00
00 1 0/ \0 0)” 10 0 0o/ \0o 1)
Definition. Let R be a ring. A subset S C R is a subring of R if it

is a ring with respect to the same operations and identity elements.

3
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Lemma 4. S C R is a subring if and only if
0,1€5;

a+bes foralla, be S,

—a €S foralla € S;

abe S foralla, beS.

Example 5. You can check that

(62) - wrecs

is a subring of Ms(Z).

Example 6. We can make R? into a ring by defining addition and
multiplication componentwise

(a1, a2) 4 (b1, b2) = (a1 + by, az +be), (a1,az2) - (b1,b2) = (a1by, asbs).

The additive and multiplicative identity elements are (0,0) and (1, 1)
respectively. Let S = {(a,0) : a € R}. Note this is closed under
addition and multiplication, but is not a subring of R? as it does not
contain (1,1). It is true that S is a ring with multiplicative identity
(1,0), and that it contained in R?, but it isn’t a subring of R2.

2. Unit Groups and Fields

Let R # 0 be a ring. We call v € R a unit if there is some v € R
such that wv = vu = 1. We write R* for the set of units in R. In
MA136 we proved that (R*,-) is a group, which we called the unit
group. In particular if uv = vu = 1 then v is unique and we write
v=u"t

A field is a commutative ring # 0 in which every non-zero element
is a unit. Thus if F is a field, then F* = F'\ {0}.

Example 7. Q, R, C are fields.
Z is a commutative ring but not a field. Its unit group is Z* =

{1,-1}.

Recall that Z/mZ is a field if and only if m is prime. For a prime p
we shall write F,, = Z/pZ to stress that it is a field. This is an example
of a finite field. We shall see other examples of finite fields later.

Example 8. Recall the Gaussian integers
Z[i| ={a+bi : a, beZ}.

This is a commutative ring. In MA136 we checked this by showing
that it is a subring of C. Moreover, we computed Z[i|* and found that
Z[i]* ={1,i,—1,—i} is a cyclic group of order 4 generated by i.

Exercise 9. What is My(R)*? What is My(Z)*?
Exercise 10. If S is a subring of R then S* is a subgroup of R*.
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3. Integral Domains

Definition. Let R be a commutative ring. An element x # 0 is called
a zero divisor if there is y # 0 in R such that zy = 0. An integral
domain is a non-zero commutative ring that has no zero divisors.

Example 11. Any field is an integral domain. Moreover any subring
of a field is an integral domain. For example, Z and Z[i] are integral
domains.

Z/mZ is an integral domain if and only if m is prime (in which
case Z/mZ is a field). If m is composite then we can write m = mims
where 1 < m; < m and so m; +mZ # 0 but (my +mZ)(mq+mZ) = 0.
Hence my + mZ, my + mZ are zero divisors. Therefore Z/mZ is not
an integral domain.

Lemma 12. Every finite integral domain is a field.

PROOF. Let R be a finite integral domain and let a be a non-zero
element in R. We would like to show that a is invertible. The sequence
a,a? a®,... must have repetition. Thus there are n < m such that
a™ = a". Thus a"(a™ ™ —1) = 0. As a # 0 and R is an integral
domain, a™ ™ = 1. But m —n > 1, so a has an inverse in R, namely
am—n—I‘ 0

4. Polynomials

Let R be a commutative ring. Recall that R[X] denotes the ring
of polynomials in X with coefficients in R. It is important to be clear
on what is and what is not a polynomial. A polynomial in X with
coefficients in R has the form

ap+ a1 X +as X%+ -+ a, X", a; € R.

Expressions such at 1/X and (X +1)/(X?+1) are NOT polynomials.
They are rational functions. A rational function is the ratio of two
polynomials. Also the expression

1+ X+ X2+ X4

is NOT a polynomial. It is an example of a powerseries in X. Polyno-
mials have only finitely many terms.

Theorem 13. Let R be a commutative ring. Then R[X] is a commu-
tative ring.

Example 14. Let R be a commutative ring. Let’s show that R[X] is
not a field. If R = 0 then R[X] = 0, so we may suppose R is the non-
zero ring. Consider X. This is a non-zero element of R[X]. We will
show that it doesn’t have an multiplicative inverse in R[X|. Suppose
it does, and let that multiplicative inverse be

f=ay+a; X+ +a, X", a; € R.
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Then X f = 1. This means
04+apX +a; X+ +a, X" =14+0-X4+0-X*+---+0- X"

Comparing coefficients, we notice in particular that 1 = 0, giving a
contradiction. Hence X is not a unit in R[X] and so R[X] is not a
field.

Exercise 15. Let K be a field. Show that K[X]* = K*. Before you
start, let’s think about what is being asked. In any ring R, the set R*
is the unit group of R; i.e. it is the set of units of R. Let f € K[X].
Then f is a unit (i.e. in K[X]*) if and only if there is some g € K[X]
such that fg = 1. Start by showing that f and g both have degree 0.

Exercise 16. Show that 1+ 2X is a unit in (Z/4Z)[X]. Why does this
not contradict the previous exercise?

For a prime p, we shall write F,, for Z/pZ, when we want to stress
that it is a field.

Exercise 17. Let p be a prime.

(a) How many monic polynomials of degree n are there in F,[X]?
(b) How many polynomials of degree at most n are there in F,[X]?
(c) How many polynomials of degree n are there in F,[X]?

n+1

The answers are p*, p"* and p"*! — p" respectively. What matters is

giving your reasoning. '

5. Homomorphisms

Definition. Let R, S be rings. A function ¢ : R — § is called a
homomorphism, if

o Y(a+b)=1(a)+(b) for all a, b € R;

o (ab) = (a)(b) for all a, b € R.

A bijective homomorphism is called an isomorphism.
Exercise 18. If ¢ is a homomorphism, show that ¢(—a) = —(a).

Example 19. The map ¢ : Z — Z/mZ given by ¥ (a) = @ is a homo-
morphism. It is surjective but not injective (¢(m) = 1(0)).

Example 20. Let a € Z. The evaluation map ¢ : Z[X] — Z,
Y(f(X)) = f(a) is a homomorphism. Note that ¥(X) = v(a) so it

is not injective. Is it surjective?

1f you're stuck, start with p = 3 and n = 2. A monic polynomial of degree 2 in
F5[X] has the form X2+ a1 X + ag where ag, a; € F5. There are three possibilities
for ag and three possibilities for a;.
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Example 21. Let R be a ring. Define
¥ R— My(R), Y(a) = alsy,

where I is the 2 x 2 identity matrix. You can check that v is an
injective homomorphism. Of course it is not surjective.

Example 22. Let ¢ : R[X] — R[X] be given by ¥(f(X)) = f(X)
(where f’ denote the derivate of f). This is not a homomorphism of
rings as it does not satisfy ¥(fg) = ¥(f)¥(g). However, it is homomor-
phism if we regard R[X] as an abelian group, or an R-vector space (a
homomorphism of vector spaces is the same as a linear transformation).

Exercise 23. Let R be a commutative ring. Let
¥:R— R, Y(a) = a’.

Show that 1 is a homomorphism if and only if 2 = 0 in R. Can you give
a non-commutative ring in which 2 = 0 but v is not a homomorphism?

6. Ideals

Definition. Let R be a ring. A left ideal of R is a subset a C R such
that

e ais a subgroup of (R, +,0);

e for all r € R and a € a we have ra € a.

A right ideal of R is a subset a C R such that
e a is a subgroup of (R, +,0);
e for all r € R and a € a we have ar € a.

A 2-sided ideal of R is a subset that is both a left ideal and a right
ideal.

Remarks.

e In Algebra II, the term ideal meant a 2-sided ideal.

e 0 and R are both 2-sided ideals for any ring R.

e A proper ideal is one which does not equal R.

e In a commutative ring, a is left ideal iff it is a right ideal iff it
is a 2-sided ideal. If R is a commutative ring we simply speak
of ideals.

Example 24. 27 is not a subring of Z as 1 ¢ Z, but it is an ideal.
Exercise 25. Let

o={(4 ) ¢ acec)

Show that a is a left ideal of M5(C) but not a 2-sided ideal. Give a
non-zero proper right ideal of My(C). We shall show that M,(C) has
no non-zero proper 2-sided ideals.
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Exercise 26. Let I be an ideal of R (left, right or 2-sided). Show that
I is proper if and only if 1 ¢ I. More generally, show that I is proper
if and only if I N R* = 0.

Exercise 27. Let K be a field. Show that the only ideals of K are 0
and K itself.

Definition. Let A, B be subsets of a ring R. We define the product
AB to be the set of all finite sums

Zaibi, a; € A, bl € B.
=1

We interpret the empty sum with n = 0 as the 0. Thus 0 € AB.

Example 28. Let R be a ring and a € R. Let Ra = R{a}. By
definition, Ra is the set of all finite sums

n
E ria, r; € R.
=1

But this can be rewritten as ra with r =r; +---+r, € R. Thus
Ra ={ra:r € R},

and likewise
aR ={ar:r € R}.

It is easy to check that Ra is a left ideal and aR is a right ideal.
Note that RaR = (Ra)R = R(aR) is the set of all finite sums

n

5 r;as;, ri, S; € R.

=1

It is easy to check that this is a 2-sided ideal of R. It is not true that
every element of RaR has the form ras, as following exercise
shows.

Exercise 29. Let
(10 , (1 0
1=(o o) 2=(1)

M>(R)AM>(R) = M (R).

(ii) Show that A’ cannot be written in the form A" = BAC with B,
C € My(R).

Exercise 30. (i) Let I, J be left ideals of R. Show that I N J and
I+ J are left ideals (note I + J ={x+y:ax €1, y e J}).

(i) Show that
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(ii) Suppose R is commutative. Recall that I.J is defined as the set
of all finite sums

Zl’iyi, IiEI, ijJ.
=1

Here we interpret the empty sum (with n = 0) as 0 (so 0 € 1.J).
Show that I.J is an ideal and that IJ C I N J.
(iii) Give a counterexample to show that I U .J need not be an ideal.

Definition. Let R be a commutative ring. An ideal a of R is principal
if it has the form a = Ra = {ra : r € R} for some a € R.

Notation for ideals. If R is commutative, and a € R, we write
(a) = Ra and call this the (principal) ideal generated by a. More
generally, if a1, ao,...,a, € R we write

(al,a27-~-,an) = Ra, + Ray + - - - + Ra,,
and call this the ideal generated by aj, ..., a, (check that this is an
ideal).

Exercise 31. Let R be a commutative ring. Let a = (a,as,...,a;)
and b = (b, by, ...,by). Show that

ab=(ab; : 1<i<m, 1<j5<n).

Exercise 32. Let R = Z[\/-5] = {a + bv/=5 : a, b € Z}. This
ring has the property (which you can assume) that every ideal is either
principal, or has two generators. The following two ideals are in fact
principal. Check this and give their generators.

() (1 - v=5,/5).

(i) (2,14 +/=5)%
Example 33. Consider the ideal in Z[X]:

a=(2,X)=2-Z[X|+ X - Z[X].
Let’s check that a is not principal. So suppose it is, say a = (f) =
f-Z]X]. Now 2 € aso f(X) isa factor of 2. Thus 2 = f(X)g(X) where
g9(X) € Z[X]. Tt follows that f(X), ¢g(X) are constant polynomials,
belonging to Z. Hence f(X) = 41 or +2. However X € a and therefore
f(X) is a factor of X;ie. X = f(X)h(X) where h(X) € Z[X]. Write
hMX)=ao+a X+ -+ a, X", a; € 7.

If f(X) = £2, then 1 = +2a; (by comparing the coefficients of X

in f(X)h(X) = X) and we get a contradiction. So f(X) = £1. So
a = Z[X] Hence 1 € a and we can write

1= 2u(X) + Xo(X),  u(X), v(X) € Z[X].

Letting X = 0, we find that 1 = 2u(0) and u(0) € Z giving a contra-
diction. Hence a is not principal.
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By contrast, in Q[X],
b=2-QIX] + X - Q[X]

is principal. Indeed, 1/2 € Q[X] so b contains 2 - (1/2) = 1 and so
b =Q[X] =1-Q[X].
Exercise 34. Show that the ideal (X,Y") in R[X, Y] is not principal.

7. The Euclidean algorithm

In Foundations you saw division with remainder.

(I) Let m, n € Z with n # 0. Then there are unique ¢, r € Z such
that

m=qn+r, 0<r<|n|

We call ¢ the quotient and r the remainder obtained upon
dividing m by n.

(IT) Let K be a field. Let g, f € K[X] with f # 0. Then there are
unique ¢, r € K[X] with

g=qf +r, r=0 or deg(r) < deg(f).

We call ¢ the quotient and r the remainder obtained upon
dividing g by f. Some people define the degree of the zero
polynomial to be —oo. In that case they can simply write

g=qf +r,  deg(r) < deg(f).

Example 35. Let f = X?+4X +3 and g = X* + X®+3X + 3 in
F5[X]. You can write f = 1X?+4X +3 and g = IX*+1X3+3X +3
if you want, but that’s too pedantic for me. The important thing to
remember is that we're working with the coefficients modulo 5. We do
a long division to work out the quotient and remainder we obtain on
dividing g by f:

X? +2X +4
X2 44X +3 ) X' +X° +3X +3
X% 44X3 +3X°2
2X3  +2X? 43X +3
2X3  4+3X?2 +X
4X? 42X +3
4X%2  +X 42
X +1

Make sure you can follow this calculation, and remember at all times
that the coefficients are in F5. Hence the quotient is ¢ = X? +2X +4
and the remainder is r = X + 1.

Exercise 36. Your turn! Let

f=X34+X+1, g=X"+X?+3
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in F7[X]. Workout the quotient and remainder you obtain on dividing
g by f.

Both (I) and (IT) are the initial steps in Euclid’s algorithm for com-
puting the ged (also called hef), in Z and in K[X]. The following
two theorems are among the most important consequences of Euclid’s
algorithm.

Theorem 37. Let m, n € Z (not both zero) and let h = ged(m,n).
Then there are u, v € Z such that

(1) h = um + vn.

Theorem 38. Let K be a field. Let f, g € K[X] (not both zero) and
let h = ged(f,g). Then there are u, v € K[X] such that

(2) h=uf +vg.

The identities (1) and (2) are often called Bezout identities. It’s
important to know how to determine the coefficients u, v. If you don’t
remember, revise Section 3.2 of your Foundations lecture notes (the
extended Euclidean algorithm).

Example 39. Let f, g be as in Example 35. Let’s follow the steps of
the Euclidean algorithm to determine the gcd h and the coefficients u,
v. We worked out that

(3) X'+ X°+3X+3=(X"+2X +4)(X*+4X +3)+ (X +1).
Next we divide X? + 4X + 3 by X + 1 to obtain (you do the long
division)
X2 4+4X +3=(X+3)(X+1)+0.
Since the last remainder is 0 we know that the gcd of f and g is the
previous remainder which is X + 1. From (3)
X+1=1-(X"+X>+3X +3) — (X2 +2X +4)(X? +4X +3)
h
=AX°+3X + 1) (X +4X +3)+_1 - (X" +X*+3X +3).
b ¥ : T
Theorem 40. Let m > 2.
(a) (Z/mZ)* ={a : a €Z and gcd(a,m) = 1}.
(b) Z/mZ is a field if and only if m is a prime.

PRrROOF. This was covered in Introduction to Abstract Algebra. But it
is important to understand this, so we will revise the proof. Suppose
ged(a,m) = 1. Then, by Theorem 37 there are u, v € Z such that
ua +vm = 1. Hence w-a = 1 in Z/mZ. Therefore a is a unit and so
belongs to (Z/mZ)*.

Suppose next that a € Z such that @ € (Z/mZ)*. We want to show
that gcd(a,m) = 1. Since @ € (Z/mZ)* there b such that @b = 1. This
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is the same as saying ab — 1 is divisible by m. So ab — 1 = km for
some k € Z. Let t = ged(a, m). Then t divides a and ¢ divides m. So
t divides 1 = ab — km. Hence ged(a,m) =t = 1.

We now prove (b). What are we trying to show? What’s a field? A
field is a non-zero commutative ring where every non-zero element is a
unit (i.e. has a multiplicative inverse). Suppose m is prime. Let @ # 0
in Z/mZ. Then m ta. As m is prime, we have gcd(m,a) = 1. Hence
by (b), @ € (Z/mZ)*. Therefore every non-zero element of Z/mZ is
a unit and and so Z/mZ is a field. Let’s do the converse. We want
to show that if m is composite then Z/mZ is not a field. Well if m is
composite then m = myms where 1 < m; < m and 1 < my < m. Thus
mi1 # 0 and ged(my, m) = my # 1 so my is non-zero but not a unit.
Hence Z/mZ is not a field if m is composite. d

Exercise 41. The proof of Theorem 40 in fact gives a method for
computing inverses in Z/mZ. To check that @ is a unit in Z/mZ we
check that ged(a,m) = 1. To compute the inverse all we do is find
u, v, using Euclid’s algorithm, so that ua +wvm = 1. Then a~! = u.
Compute 5 in Z/17Z.

8. ED and PID

Definition. Let R be an integral domain. We say that R is a Eu-
clidean domain (ED for short) if there is a function

0: R\{0} »>N
such that
(i) d(ab) > O(b) for all a, b € R\ {0};
(ii) for all a, b € R with b # 0, there are ¢, r € R such that
a=qb+r, r=0 or  J(r)<o0b.
We call ¢ the quotient and r the remainder obtained on dividing a
by b.

Example 42. Z is a Euclidean domain with da = |a|. For a field K,
the polynomial ring K [X] is a Euclidean domain with 0f = deg(f). In
Algebra IT you saw that Z[i] is Euclidean with d(x + iy) = 22 + 2.

Definition. Let R be a commutative ring. Recall that an ideal a of R
is principal if it has the form a = Ra = {ra : r € R} for some a € R.

A principal ideal domain (PID for short) is an integral domain
in which every ideal is principal.

Example 43. In Example 33 we saw that the ideal (2, X) in Z[X] is
not principal. Hence Z[X] is not a PID.

In Exercise 34 you showed that the ideal (X,Y) in R[X,Y] is not
principal. Hence R[X, Y] is not a PID.

Recall the following implication from Algebra II.
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Theorem 44. Any Fuclidean domain is a principal ideal domain (ED
— PID).

PRrOOF. Let R be a Euclidean domain, and let a be an ideal of R. We
want to show that a is principal. If a = 0, then a = (0) is principal.
Suppose a # 0. Let b € a be the non-zero element such that 0(b) is as
small as possible. We shall show that a = (b). Note that (b) = Rb is
the set of all elements of the form cb with ¢ € R. As b € a and a is an
ideal we see that ¢b € a for all ¢ € R, and so (b) C a. Now let a € a.
Then a = gb+ r where ¢, r € R, and either r = 0 or d(r) < 9(b). But,
by definition, d(b) is minimal among non-zero elements of a. Hence
r = 0. Thus a = ¢gb € (b). Therefore a = (b), and so a is principal. O

Example 45. Since Z and K[X] (where K is any field) are Euclidean,
they are therefore principal ideal domains. In fact, they are unique
factorization domains. We won’t revise what this means, but you know
there is unique factorization in Z and K[X]. In particular, the concept
of ged (or hef) makes sense in both. You should know the following
recipe: if aq,...,a, € R (where R = Z or K[X]), then

(a1,...,ap) = Ray+Ras+ - +Ra, = Rged(ay,...,a,)
S———— ~~ 4
ideal generated by aq, ..., an principal ideal spanned by gcd

Example 46. We've seen in Example 43 that Z[X| and R[X, Y] are
not PIDs. We conclude from Theorem 44 that they are not Euclidean
domains.

Example 47. Not every PID is a Euclidean domain. Let w = (1 +

Vv—19)/2 and let
R = Zw| = {a+bw : a, beZ}.

It is easy to show that R is an integral domain. It turns that R is a
PID, but not Euclidean, although this is quite hard to show.

Example 48. You need to know the following two examples of PIDs:
Z and K[X] for any field K. These two rings are Euclidean. Recall
that if R is Euclidean and a is an ideal of R, then a = Ra where a is
the ged of all the elements of a.

Exercise 49. Let K be a field. Show that K[X, Y] is not a PID.

9. Cosets and Quotients

Definition. Let a be an ideal of R (left, right, or 2-sided) and let
r € R. We call
r+a={r+a:ac€a}
a coset of R. We let
R/a={r+a : re R}
this is called the quotient of R by a.
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Since R is an additive abelian group and a is a subgroup, we know
from MA136 that the quotient R/a is an additive abelian group where
addition is defined by

(r+a)+(s+a)=(r+s)+a,
and the zero element is a = 0 + a. We recall also that
(4) r+a=s+a = r—seEa.

In particular, r 4+ a is the zero coset if and only if r € a.

Question: Can we define multiplication on R/a in the natural way
(r+a)(s+a) =rs+a? Does this make R/a a ring? One problem with
this definition is that the operation might not be well-defined. What
does that mean? Well, the choice of representative r for the coset r+a
is not unique. For any a € a we know that (r+a)+a =r+a. We also
know that for any b € a we have (s +b) + a = s + a. Thus we really
want the following to hold: is

(r+a)+a)-((s+0b)+a))=rs+a.
This is equivalent to
(r+a)(s+b)—rsea.

We want this to be true for every r, s € R and a, b € a. We claim that
this is equivalent to a being a 2-sided ideal. If a is a 2-sided ideal then
rb, as and ab € a hence

(r+a)(s+b)—rs=rb+as+ab€a

as required. Conversely, suppose (r + a)(s +b) — rs € a for every r,
s€ Rand a, b € a. Letting r = b = 0 we see that as € a for all a € a
and s € R. And letting s = a = 0 instead, we see that rb € a for all
r € R and b € a. Therefore a is 2-sided ideal.

Theorem 50. Let a be a 2-sided ideal of R. Then R/a is a ring when
addition and multiplication are defined by

(r+a)+(s+a)=(r+s)+a,  (r+a).(s+a)=rs+a

Moreover, the addition and multiplicative identity elements are respec-
tively 0 +a=a and 1 + a.

Proor. This is routine verification. For example associativity of mul-
tiplication for R/a follows from associativity of multiplication for R.
O

Example 51. If a is a 2-sided ideal, then the map
R — R/a, r—r+a

is a surjective homomorphism. We sometimes call this the natural
quotient map.
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Example 52. Let K be a field. Then K[X] is an integral domain. Now
let [ = K[X]-(X?+ X). This is the ideal consisting of all multiples of
X? + X. Now the cosets

a=X+1, f=(X+1)+1
are non-zero because X ¢ I and (X + 1) ¢ I. But
aB=(X*+X)+1=0+1

as X? + X € I. Hence «, 8 are zero divisors in K[X]/I, and K[X]|/I
is not an integral domain.

10. Kernels, Images and the Isomorphism Theorem

Definition. Let v : R — S be a homomorphism of rings. We define
the kernel of ¥ to be

Ker(y) ={re R : ¢(r) =0}.
We define the image of ¢ to be

Im(¢) = {¢(r) : r € R}.

Theorem 53 (The Isomorphism Theorem). Let ¢ : R — S be a ho-
momorphism of rings.
(1) Ker(v) is a 2-sided ideal of R.
(11) Im(v)) is a subring of S.
(i1i) The induced map

~

Ui R/Ker(y) — Im(¢p),  (r + Ker(e)) = (r)

s an isomorphism.
PROOF. Routine verification. Or see your Algebra II lecture notes. [J

Remarks.

e Some books call this “First [somorphism Theorem”, and give a
Second Isomorphism Theorem and a Third Isomorphism Theo-
rem. The other two isomorphism theorems are easy corollaries
for the first one, and not worth learning.

e Some books just state that R/ Ker(t)) is isomorphic to Im(z))
without giving the formula for the induced isomorphism ¢ in
terms of the original homomorphism . This is really bad

practice. You will need to know the formula.

Example 54. Define ¢ : R[z] — C by ¢(f) = f(i) (the elements of
R[z] are polynomials, and to find the image of a polynomial f just
substitute 7 in it). You can easily check that ¢ is a homomorphism.
Let’s show that ¢ is surjective. Let o € C. We can write a = a+bi
where a, b € R. Now ¢(a + bx) = a + bi = a. So ¢ is surjective.
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What’s the kernel? Suppose f € Ker(¢). Then f(i) = 0. We can
write f = a,2" + - - + ap where a; € R. Thus

™+ ap_1i" L ap = 0.
Taking complex conjugates of both sides we have
Tl 4T gl 4 +a5=0.
But @; = a; and i = —i so
n(—0)" + ap_1(—8)" P4+ ag = 0.

In otherwords, —i is a root of f, just as i is a root of f. Hence 22 +1 =
(r —i)(z + 1) is a factor of f. Conversely every multiple of 2% + 1 is
in the kernel. So Ker(¢) = (2% + 1) (the principal ideal generated by
z? + 1). The Isomorphism Theorem tells us that Rlz]/(z? + 1) = C
where the isomorphism is given by f(z) + (2% + 1) — f(i).

Exercise 55. Often the easiest way to show that a subset of a ring is a
2-sided ideal is to find a homomorphism whose kernel is this set. Let I
be the subset of R[X]| consisting of all polynomials ag+a; X +- - -+a, X"
with a0+a1—|—~~+an:0.

(i) Show that I is a 2-sided ideal.

(ii) Show that R[X]/I = R.

11. Maximal Ideals

Definition. Let R be a commutative ring. We call a proper ideal m
maximal if there isn’t any ideal a satisfying

mCaCR.

In words, a proper ideal is maximal if and only if it is not properly
contained in some other proper ideal.

Theorem 56. Let R be a commutative ring. An ideal m is maximal if
and only if R/m is a field.

PROOF. Suppose m is maximal. Let a + m # 0 (i.e. a ¢ m). Then
the ideal a R+ m strictly contains m and so by definition of maximality
equals R. In particular 1 € aR + m and so 1 = ab+ m where b € R
and m € m. But then (a+m)(b+m) =1—m+m = 1+m. Thus R/m
is a field. Conversely, suppose R/m is a field. Let a be a ideal properly
containing m. Thus there is some element a € a with a ¢ m. Hence
a +m # 0 and is therefore invertible in the field R/m. In particular
there is some b € R so that (a+m)(b+m)=14+m. So1l—abem C a.
But a € aso 1 € asoa= R proving maximality of m. U

Exercise 57. Let m, n be non-zero elements of Z. Show that
(m) C(n) <= n|m.

Show that
(m) € (n) <= n|mand m/n# £1.
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Example 58. Recall that Z is a PID (since it is Euclidean). Thus
every ideal has the form (m) = mZ for some m € Z. We want to know
precisely when (m) is maximal. The zero ideal is not maximal since,
for example, it is properly contained in the proper ideal (2) = 2Z. So
suppose that m # 0. Note that (m) = (—m) so we suppose m > 0.
Now from the above exercise, you can show that (m) is maximal if and
only if m is prime.

This is consistent with Theorem 56 and what we know already:
Z/mZ is a field if and only if m is a prime.

Exercise 59. Let K be a field. Characterise the maximal ideals of
K[X] in a similar way to Example 58. If you get stuck see Theorem 65.

12. Quotients of Polynomial Rings

Let K be a field. We want to study quotients of K[X]. Since
K[X] is a PID, every ideal a is principal. If @ = 0 then K[X]/a =
K[X]. Suppose a # 0. Then a = (f) where f € K[X] is a non-zero
polynomial. If f has degree 0, then f is a unit and a = K[X] and then
K[X]/a is the zero ring. So we shall suppose a = (f) = fK[X]| where
f € K[X] has positive degree. What we really would like to bring out
in this section is the analogy between K[X]/fK[X] and the familiar
ring Z/mZ. Note that ideal mZ consists of all multiples of m, and the
ideal fK[X] consists of all the multiples of f. We can ease notation
by writing § = g + fK[X]. For g1, g2 € K[X], we say that ¢ = ¢»
(mod f) if and only if f | (91 — ¢g2). Note the meaning of equality in
K[X]/FKIX] (see (4)):

U=7 <= u—ve€ fK[X]
(5) = [l(u—-v)
< u=v (mod f).

We recall also that every element of Z/mZ has a ‘canonical form’.
It must be equal to a unique class 7 = r+mZ wherer =0,1,...,m—1.
Given @ in Z/mZ we obtain the canonical form 7 = @ by simply writing
a = gm+r (using division with remainder) where ¢, 7 € Z and 0 < r <
m. Division with remainder works in K[X] and gives us a canonical
form for elements of K[X]/fK[X].

Lemma 60. Let K be a field and f € K[X] with deg(f) = n > 1.
Every element g € K[X|]/fK[X] is equal to 7 = r + fK[X] for some
unique v € K[X] with deg(r) < deg(f). Moreover, r is the remainder
obtained on dividing g by f.

Proor. Using division with remainder we may write g = qf 4+ where
q, v € K[X] with deg(r) < deg(f). Note that ¢ —r = qf € fK[X]
hence g = 7. We want to prove uniqueness of r. Suppose g = S
where s € K[X] and deg(s) < deg(f). Since 7 = g = 5 we have
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f| (r—s). But deg(r — s) < deg(f) since the polynomials r, s have
degree < deg(f). The only polynomial divisible by f that has degree
smaller than f is the zero polynomial. Thus r — s = 0 and so r = s,
proving uniqueness. Il

Thus when working in the quotient ring K[X]/fK[X] we always
simplify by taking the remainder modulo f.

Example 61. Let f = X?+ X +1, 91 =X +3and gop = X —4 in
R[X]. We will compute g1 - g2 in R[X]/fR[X]. By definition, this is
the class of

gigo= (X +3)(X —4)=X? - X —12.

But we don’t stop here. We would like to simplify by dividing g;g- by
f and taking the remainder. Note that

G192 =qf +, g=1, r=-2X—-13
where ¢ is the quotient and r is the remainder. So
G-z =—2X —13
in R[X]/fR[X].

Example 62. Let f = X2 +2X +2,¢9; =2X +3 and go = X + 3 in
F;[X]. We will compute g7 - g2 in F7[X]/fF;[X]. By definition, this is
the class of

gige = (2X +3)(X +3) =2X? 49X +9=2X? 42X +2

as the coefficients are in F; = Z/77Z. But we don’t stop here. We would
like to simplify by dividing g;¢o by f and taking the remainder. Note
that

9192 = qf +, g=2, r=5X+5

where q is the quotient and r is the remainder. So

T -J3=5X+5
in F7[X]/ fF-[X].

Exercise 63. Your turn! Let f = X2 +2X +2, g = 2X + 3 and
g2 = X + 3 in F5[X]. Compute g; - g2 in F5[X]/fF5[X].

Exercise 64. Let p be a prime, and let f € F,[X] have degree n > 1.
Compute #F,[X]/fF,[X]. You will need Lemma 60 and also your
answer to Exercise 17. The answer is p", but what matters is your
justification.
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13. Quotients by Irreducible Polynomials Yield Fields

Theorem 65. Let K be a field and f € K[X] have degree > 1.
(a) (K[X]/fK[X])*={g : g € K[X] and ged(f,g) = 1}.
(b) The following are equivalent:
(i) f is irreducible
(i1) fK[X] is a maximal ideal.
(i) K[X]/fK[X] is a field.

Proor. This should remind you of Theorem 40. I recommend that
you read the proof of Theorem 40 again, and then try to prove this
theorem on your own.

Suppose ged(f, g) = 1. By Euclid’s algorithm (Theorem 38) there
are u, v € K[X] such that uf +vg = 1. Hence vg = 1 in K[X]/fK[X].
Therefore g is a unit and so belongs to (K[X]/fK[X])*.

Suppose next that g € K[X] such that g € (K[X]/fK[X])*. We
want to show that ged(f,g) = 1. Since g € (K[X]/fK[X])* there
exists h such that gh = 1. This is the same as saying gh — 1 is divisible
by f. So gh —1 = kf for some k € K[X]|. Let t = ged(f,g). Then t
divides f and t divides g. So t divides 1 = gh — kf. Hence ¢t = 1. This
proves (a). °

Next we prove (b). For this well show (i) = (ii) = (iii)
—> (i). Suppose f is irreducible. We want to show that fK[X] is
maximal. Suppose fK[X]| C a where a is an ideal of K[X]. As K[X]
is a PID, a = ¢gK[X] for some polynomial. Note that f € gK[X]
and so g | f. But f is irreducible. Thus g = ¢ or g = ¢f where
c e K*. If g = ¢ then a = gK[X]| = K[X]|. If g = c¢f then a =
gK[X] = fK[X]. Thus the only ideals containing fK|[X] are fK[X]
and K[X], so fK[X] is maximal. This shows (i) implies (ii). Note
(ii) implies (iii) by Theorem 56. Finally, lets show that (iii) implies (i).
Suppose f is reducible. Therefore f = f; fo where 0 < deg(f1) < deg(f)
and 0 < deg(f;) < deg(f). Then f { f; and so fi; # 0. Moreover,
ged(f, f1) = fi # 1, so fi is not a unit. Hence if f is composite, then
K[X]/fK[X] has a non-zero element which is not a unit and so is not
a field. Thus if K[X]/fK|[X] is a field then f is irreducible. O

Exercise 66. The proof of Theorem 65 in fact gives a method for
computing inverses in K[X|/fK[X]. To check that § is a unit in
K[X]/fK|[X] we check that ged(f,g) = 1. To compute the inverse
all we do is find u, v, using Euclid’s algorithm, so that uf + vg = 1.

Then ! = 7. Compute X + 1 in Fo[X]/(X? + X + 1)F,[X].
Exercise 67. Let f = X*+ X? + 1 € F5[X].

(a) Write f as a product of monic irreducible factors.

2Actually t € K[X] divides 1 implies that ¢ has degree 0. However, we follow
the convention that the gcd of two polynomials is taken to be monic. Thus ¢t = 1.
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(b) Let g(X) = X +b € F5[X] where b # 0. Show that g(X) + fF5[X]
is a unit in F5[X]/fF5[X].
(c) Give a zero divisor in F5[X]/fF5[X].

14. Finite Fields

A finite field is (you guessed it) simply a field which has finitely
many elements. An example of a finite field is [F, with p prime.

Is there a field with 4 elements? Note that Z/4Z is a ring with 4
elements but it is not a field. Let f € Fy[X] be a quadratic polynomial.
Then Fo[X]/fFo[X] has 2% = 4 elements. Is this a field? For this to
be a field we want f to be irreducible by Theorem 65. Is there an
irreducible, quadratic polynomial in Fo[X]? This is easy to discover.
A quadratic polynomial in F5[X] has the form ay X? + a; X + ag where
a; € Fy and as # 0. Thus the only quadratic polynomials are

X2 X%+ X, X241, X%+ X +1.
The first three are composite:
X*=X-X, X2+ X =X(X+1), X2 +1=(X+1)7?

where the last one is true since 2X = 0X = 0 in Fo[X]. What about
X?% + X + 1. That is irreducible. How do we check that? If it factors
then it is the product of two degree 1 polynomials (which could be the
same). The only degree 1 polynomials in Fo[X] are X and X + 1. We
can just do an exhaustive check and convince ourselves that X2+ X +1
is irreducible. * Hence Fy[X]/(X? + X + 1) is a field with 4 elements.
We denote this field by Fy.

Here are some facts about finite fields. These might be proved in
Galois theory. We won’t prove them in this module, but you should be
aware of them.

e A finite field necessarily has p" elements, for some prime p,
and some n > 1.

e If two finite fields have the same number of elements p™ then
they are isomorphic. We write F,» for any finite field with p"
elements.

e [V, is an F,-vector space of dimension n (more on this below).

e The unit group F. is cyclic.

Exercise 68. A finite field with p" elements is denoted by F,.. Let
« € F,n. Show that o?” = a. Hint: of course this is true for a = 0, so

3You could also say that a quadratic polynomial is reducible iff it has a root.
The only possible roots are 0 and 1 (the elements of Fy). Substituting 0 and 1
in X2 + X 4+ 1 we see that neither is a root. So X2 + X + 1 is irreducible in
F3[X]. Could we instead use the quadratic formula? Not here! Remember that the
quadratic formula involves dividing by 2. But 2 = 0 in F5, so the quadratic formula
will not work.
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you can suppose that o € Fy,., which as you know is a group of order

15. Computing in Finite Fields

Let p be a prime, and let f € F,[X] be an irreducible polynomial
of degree n. We know that [F,[X]/fF,[X] is a field (Theorem 65) with
p" elements (Exercise 64), and we denote this field by F,». We want
to know how to compute in [F,». To simplify things, let’s write

=X =X+ fF,[X].
Theorem 69. Every element of Fyn can be written uniquely as
(6) Co + 619 + 0282 + 4 cn_19"_1
where ¢; € F,.

PROOF. Recall Lemma 60: every element of F,[X]/fF,[X]| has the
form 7 for some unique r € F,[X] with degree deg(r) < n. Thus
r=co+c X+ +c, 1 X" where ¢; € F,. Therefore

F=cot+ X+t X =coterftten 0L
U

The theorem is saying that every element of [F,» can be written as a
linear combination of 1,6, ...,0" ! with coefficients in F,, in a unique
way. You can now convince yourself that F,. is a vector space over IF,,
of dimension n, with basis 1,6,...,0" L.

Exercise 70. Fy = Fy[X]/(X?+ X +1)F5[X] has four elements 0, 1, 6,
14 6. Do an addition table and a multiplication table for F,. I'll help
you out with one multiplication. Let’s compute 6(1 + #). This is the
same as 6 + 62. We don’t stop here. This must be equal to one of our
four canonical representations 0, 1, 6, 1 4+ 6 but we don’t know which
yet. We want to work that out. Recall = X. So 6 + 6> = X + X2.
We do division with remainder: X? + X = 1(X?+ X + 1) + 1. Hence
6+ 6% =1.

Let’s talk a little bit more about how to do computations in F,» =
F,[X]/fF,[X], where f € F,[X] is irreducible of degree n. For simplic-

ity, we will assume that f is monic, and write

f = CL0+G1X—|—-~-+an_1Xn_1 + X",

Then
"=—ag— X — - —a,1 X" ' (mod f)
which we can also write as
771 = —Qag — aly — e anflfl_l.

This is the same as

(7) 0" = —Qg — (119 — = an,lﬁnfl.
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The relation (7) is key to doing multiplication in Fy». Let
y=co+ 4+ 10" S=dy+di0+-+d, 10"
be two elements of F,» where the coefficients c;, d; belong to F,. Then
Y40 =(co+do)+ (cr+d)f+ -+ (coo1 + dp1)0" "

That is, if we're doing addition we simply add the coefficients which are
elements of IF,;; addition is easy. Now let’s think about multiplication

v = (co+ 104+ 10" ) (do +dif+ -+ dp_ 10",

We expand the brackets, and collect like terms. This will give us o
as a linear combination of 1,6, 6%, ... 6>~ with coefficients in F,. We
want 74 as a linear combination of 1,6, ...,0" ! with coefficients in F,,.
If there is a 0™ term then that’s easy to eliminate, because relation (7)
gives us 0" in terms of lower powers of #. What if we find a 6™ term?

Well

0n+1 = 9(-(10 — a19 — s — an_lﬁn_l)

= —agh) —a10* — - —a, 20" —a, 0"

= —a19 — CZ192 — e — —an,genfl — an,l(—ag — a19 — e — an,lenfl).
Expanding brackets and collecting terms gives us 8" as a linear combi-
nation of 1,0, ...,0" 1. We can just keep going. To summarize, to com-
pute products in F,» what we need to work out what ™, "+ ... §2"—2
are as linear combinations 1,6, ...,0" ', Once we have these, we can

use them to multiply any two elements of [Fn.

Exercise T1. Let f = X® + 3X 4 3 € F5[X]. Check that f is irre-
ducible *.

We work in Fzs = F5[X]/fF5[X]. Here every element is a linear
combination of 1,6, 60? with coefficients in F5. The field Fss has 125
elements, and no sane person would want to write out a multiplication
table for this field. Write down 6% and 6* as linear combinations of
1,0,6% Use this to compute the product

(1+6*)(3+0+06%).

I get 62, but don’t take my word for it. I'm OK with making mistakes
myself as I don’t have to sit exams anymore.

Exercise 72. Let f be as in Exercise 71. Let
T : Fss — Fs, T(a)=(14+6)- .

Hint! Let f € K [X] where K is a field, and suppose f is quadratic or cubic.
Convince yourself that f is reducible in K[X] if and only if f has a root in K. For
infinite fields this fact is less useful as we can’t run through the elements of K and
check them one by one. But for a finite field such as F5 we can run through the
elements and check if they’re roots of f. While we’re on the subject, if we have a
quartic polynomial f € K[X], then it can be reducible but without having roots in
K. Write down an example.
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(a) Check that T is an Fs-linear transformation.

(b) Show that T" is an isomorphism of F5-vector spaces.

(c) Write down the matrix M for T' with respect to the basis
1,0,62%

(d) Compute the characteristic polynomial x of M. Check that
X(1+60) = 0. If you want an explanation for this, look up the
Cayley—Hamilton theorem.






CHAPTER 3

More Rings

1. The Correspondence Theorem for Rings

Theorem 73. Let a be a 2-sided ideal of R, and let ¢ : R — R/a be
the natural quotient map.

(i) Let J be a 2-sided ideal of R/a. Then v~(J) is 2-sided ideal of
R containing a.

(ii)) (The Correspondence Theorem) Let T be the set of 2-sided
ideals of R containing a. Let J be the set of 2-sided ideals of R/a.
Then the map

J I, J ()
1 a biyjection.

PROOF. (i) Write I = ¢~ (J). Want to show that I is a 2-sided ideal
of R containing a. Note that 0+ a € J and (0) = 0+ a. Thus 0 €
Y~1(J) = I. Suppose a, b € I. Then ¢)(a) = a+a and ¢)(b) = b+a € J.
As Jis an ideal, ¢(a+0b) = (a+b) +a = (a+a)+ (b+a) € J. Hence
a+bey(J)=1. Thus (I,0) is a subgroup of (R, +).

Now let a € [ and r € R. Then a+a =1(a) € J. As J is a 2-sided
ideal, (r+a)(a+a) € J and (a+a)(r+a) € J. Thus ¢(ra) =ra+a € J
and ¥ (ar) = ar +a € J. Hence ra, ar € v~ '(J) = I. Thus [ is a
2-sided ideal as required.

Next we want to show that a C I. Let @ € a. Then ¢(a) =a+a=
0+ a € J. Hence a € ¢ ~'(J). Therefore a C I.

(i) Before we prove (ii), let’s check that ¥ (¢)~!(J)) = J. By definition
of vt (1 J)) C J. Let a+a € J. Then ¢(a) =a+a € J. So
a € Y H(J). Thus a + a = ¢(a) € Y(¢p~'(J)). Hence J C (yp~1(J).
Therefore (¢ ~1(J)) = J.

Write

piJ I () =vi).

We want to check that p is injective. Suppose Jy, Jo € J with
(1) = p(J). That is, = 1(J1) = ¢~ !(Jz). Then J; = (¥ ~'(J1)) =
Y(p~1(Jy)) = Jo. Therefore p is injective. Next we want to check that
1 is surjective. Let [ € Z. Thus [ is a 2-sided ideal of R containing a.
Let

J=y9I)={¢() : acl}={a+a:acl}.
25
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We will show that J is a 2-sided ideal of R/a. Assume that for a
moment. Then J € J and I = ¢~ (y(I)) = = (J) = p(J). Hence
to complete the proof that u is bijective we have to show that J is a
2-sided ideal of R/a. Since I is an ideal, 0 € I and so 0+a = ¢(0) € J.
Let a+a, b+ a € J. Then there are o/, V' € I such that @’ +a = a+ a,
b+ a = b+ a Hence a —ad and b — bV belong to a C [. Thus
a=(a—d)+d and b= (b—-¥b)+b €I. Thusa+0be€ I. Hence
t(a+b) € J. Thus J is a subgroup of (R/a,+). Next let a+a € J
and r+a € R/a. As before a € I. As I is a 2-sided ideal of R we know
that ra and ar € I. Thus

(r+a)a+a)=ra+a=1v(ra) e J
and likewise (a4 a)(r +a) € J. Hence J is a 2-sided ideal of R/a. O

2. Annihilators

Definition. Let R be a ring and a € R. We define the left annihila-
tor of a to be
Anng(a) ={r € R :ra=0}.

Lemma 74. Anng(a) is a left ideal of R.
PRrROOF. The proof is an easy exercise. O

Example 75. Anng(10) is the set of real numbers r such that r-10 = 0.
Thus Anng(10) = {0}.

Example 76. Anng;57(10) is the set of r € Z/15Z such that r-10 = 0.

Exercise 77. Let R = M(C).
(i) For which A in R is Anng(A) =07
(ii) For which A in R is Anng(A) = R?
(iii) Give A € M;5(C) such that Anng(A) is a non-zero proper left
ideal.

3. Group Rings

Let R be a ring and G be a group. We shall use multiplicative
notation for the binary operation on G. We define R[G] to be the set
of all formal sums

> " aglg)

geG
where a, € R, and all but finitely many a, are zero. We shall define
addition on R[G| component-wise:

<Zag<g>> + (Zbg<g>> = (Z(ag+bg)<g>>-

geG geqG e
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We define multiplication on R[G| by (g) - (h) = (gh) (where gh denotes
multiplication in ¢g) and then imposing distributivity:

(Zag@)) : (Zbg<g>) =Y 3 anbulg)

geqG geqG g€G hy,ho€G,
hiha=g

Theorem 78. R[G] is a ring (called a group ring), where the additive
tdentity is the formal sum where all the coefficients are 0, and the
multiplicative identity is 1 = 1r(1g).

PRroOF. This is routine verification. O

Example 79. Let’s do some computations in R[S3] to warm up. Let
a =5-(id) +3-((1,2)), B =—-4-((1,3)) +2-((1,3,2)).
Then
af = (5-(id) + 3-((1,2)))-(=4-((1,3)) + 2-((1,3,2)))

= —20-(id-(1,3)) + 10-(id-(1,3,2))

—12-((1,2)(1,3)) +6 - ((1,2)(1,3,2))

The symbol (g) doesn’t mean the subgroup generated by ¢ in this
context. It’s just a symbol that allows us to distinguish the elements of
the ring R from the group GG. Most of the time the angle brackets are

omitted if that doesn’t cause confusion. Here is the same computation
in R[S3] copied and pasted without explicitly writing the angle brackets.

a = 5-id + 3-(1,2), g =—-4-(1,3) + 2-(1,3,2).
Then
af = (5-id + 3-(1,2))-(—4-(1,3) + 2-(1,3,2))
= —20-id-(1,3) + 10-id - (1,3,2)
—12-(1,2)(1,3) + 6 - (1,2)(1,3,2)
= —20-(1,3) + 10-(1,3,2) —12-(1,3,2) + 6-(1,3)
= —-14-(1,3) — 2-(1,3,2)

But sometimes you really need to keep the angle brackets to stop you
from getting confused.

Exercise 80. In R[R*] let
a=3-(1) +5-(3), f=2-(1) = 3-(2).

Compute a +  and af. Note how confusing it would be to do this
computation without the angle brackets.
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Example 81. Let Cy = {1,0} be the cyclic group of order 2 (thus
o # 1 but 02 = 1). Then any element of the group ring Z[Cs] has the
form a(1) 4+ b{(o). To simplify notation we write this as a + bo. Now

(a+bo)(c+do) = ac+ bd + (ad + be)o.

Exercise 82. Let Cy = {1,0} be the cyclic group of order 2 (thus
o # 1 but 6 = 1). Give a formula for (1 + )" in Z[Cy).

Exercise 83. Let Cy = {1, 0} be a cyclic group of order 2 (i.e. 0% = 1).
Let R be a commutative ring. Show that R[X]/J = R[C5] where
J = (X? — 1)R[X] denotes the principal ideal of R[X] generated by
X? —1. (Hint: start by defining a homomorphism R[X]| — R[C,] and
then apply the Isomorphism Theorem).

Example 84. Write C,, for the infinite cyclic group generated by o,
thus C,, = {0" : n € Z}. Note that

l+o+o0>+---

is not an element of R[C] as infinitely many of the coefficients are

non-zero. However 30! 4 2 is an element of R[Cy]. Let « = 30~ + 2
and 8 =1— 0. Then

a+B=30"14+3-0, aB=30"1-1-20

Exercise 85. Let C,, be an infinite cyclic group (written multiplica-
tively) and let o be a generator. Thus Cy, = {0™ : n € Z}. Let R be a
commutative ring. Write J = (XY — 1)R[X, Y] for the principal ideal
of R[X,Y] generated by XY —1. A monomial in R[X, Y] is an element
of the form X"Y® with r, s > 0. Note that the monomials form an
R-basis for R[X,Y].
(i) Let h be a monomial. Show that there is some u > 0 such that
h—X"eJ or h—Y"eJ.
(ii) Show that R[X,Y]/J = R[C]. (Hint: let ¢ : R[X,Y] — R[Cy)]
be the homomorphism satisfying ¢(r) = r (r € R), ¥(X) =
(o), (V) = (071, and apply the Isomorphism Theorem. Don’t
bother giving the proof that ¢ is a homomorphism!)

Group rings are important in representation theory, and are relevant
to the Groups and Representations module. We shall say more about
this later in the course.

4. Quaternions

8= {(5 a) s oec)

where @ is the complex conjugate of «.

Exercise 86. Check that H is a subring of M,(C).

Let
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The ring H is called the ring of quaternions. An element of H is
called a quaternion.

Now write « = a + bi and 8 = ¢ + di where a,b,c,d € R. Then we
may express

a [\ . .
(—B a)-a 1+b-i+c-j+d-k

where

=) =68 () =)

Thus every quaternion maybe expressed uniquely as al + bi + ¢j + dk
with a, b, ¢, d € R. In other words, we may consider H as a real vector
space (instead of a ring), and then 1, i, j, k is an R-basis, so H is
isomorphic to R* as a real vector space, not as a ring. We shall usually
write 1 for 1, and express the quaternion as a + bi + ¢j + dk. It is easy
to check the following:

ij = —ji =k,
(8) o e .
Jk=-kj=1,
ki = —ik =j.

It is very important to remember that quaternion multipli-
cation is non-commutative! Using these rules it is now easy to
compute products of quaternions. For example,

(1+i+j)2—-j+k) =2+2i+2j—j—ij—j>+k+ik+jk
=242i+2j—j—k—(-1)+k—j+i
= 3+ 3i.

Quaternions are more commonly defined as expressions of the form
a + bi+ ¢j + dk where the coefficients a, b, ¢, d are real and the symbols
i, j, k satisfy the multiplication rules given in (8). This works but it
becomes painful to verify that multiplication is associative. We didn’t
need to do this, because with our definition we didn’t need to prove
that H is a ring, but only a subring of M(C), and for this we can
apply Lemma 4. We note that associativity in H is inherited from
associativity in M(C) because H sits inside M(C).

Exercise 87. Where is the mistake in the following argument? In Hi,
iZ?=-1=j Thusi®*—-j*=0. Thus (i—j)(i+j)=0. AsHisa
division ring (see Chapter 5 for a definition), either i—j = 0 or i+j = 0.
Hencei=jori= —j.
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5. Centres of Rings

Definition. Let R be a ring. The centre of R, denoted by Z(R), is
Z(R)={s€ R : rs=srforallre R}

Thus the centre consists of elements that commute with all other ele-
ments. Of course, R is commutative if and only if Z(R) = R.

Theorem 88. Let R be a ring. Then Z(R) is a commutative ring.
Proor. This is an easy exercise. O

Example 89. Let’s compute the centre of H (the ring of quaternions).
Any element of H can be written uniquely as an R-linear combination
of 1,1, j, k. Suppose a € Z(H) and write

a = a+ bi+ ¢j + dk, a, b, ¢, deR.
Observe that
a-i=ai—b—ck+dj
i-a=ai—-0b+ck—dj.
Since a-i =1« we see that ¢ =d =0 and so o = a + bi. Moreover,
a-j=aj+ bk
j-a=aj— bk.
Thus b = 0. Hence @ = a € R. Thus Z(H) C R. It is easy to check
the reverse inclusion from the definition of multiplication in H. Thus
Z(H) =R.
Exercise 90. Show that
Z(MyR))={a-I, : a R}
where [5 is the identity 2 x 2-matrix.
Exercise 91. Let Ry, Ry be rings. Show that
Z(R1 X Ry) = Z(Ry) X Z(Rs).

Exercise 92. Let R be a non-zero commutative ring. Let GG be a group
and Z(G) the centre of G, defined by

Z(G)={he G : hg=ghforall g € G}.

(i) Show that Z(G) is a subgroup of G;

(i) Z(R(G)) 2 RIZ(G)].
(iii) Let a € R[G]. Show that o € Z(R][G]) if and only if

a-(h)y =(h)-a.
for all h € G.
(iv) Let a = >"r,(g) € R[G]. Show that a € Z(R[G]) if and only if
rhflgh = ’I“g

for all g, h € G.
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(v) Show that for any n > 3
Z(R[Sn]) # R[Z(Sn)]-

Hint: you might find the following facts useful.
e Two elements of S, are conjugate if and only if they have the
same cycle structure.

o Z(S,) = {1}.






CHAPTER 4

Algebras

1. Definition and Examples

Definition. Let K be a field. A K-algebra A is a ring such that
K C Z(A). Observe that every K-algebra is also a vector space over
K. By the dimension of a K-algebra we mean its dimension as a
K-vector space.

Example 93. Let L, K be fields with K C L. Then L is a K-algebra.
In Galois Theory we write [L : K] for the dimension of L as a K-vector
space.

For example R C C and so C is an R-algebra. In fact C is a
2-dimensional R-algebra.

More trivially, C is a 1-dimensional C-algebra.

Example 94. If K is a field then K is a 1-dimensional K-algebra. But
the polynomial ring K[77] is an infinite dimensional K-algebra.

Example 95. By Example 89, Z(H) = R where H is the ring of
quaternions. Thus H is a 4-dimensional R-algebra

Example 96. Let GG be a group, with identity element 1. Let K be a
field. We think of K as contained in K[G] by indentifying a € K with
a(lg) € K[G]. With this identification, K C Z(K|[G]). Thus K[G] is
a K-algebra. Its dimension is #G.

Example 97. Let K be a field and n > 1. We think of K as contained
in M, (K) by identifying a € K with al,, € M, (K). With this identifi-
cation K C Z(M,(K)). Thus M, (K) is a K-algebra. Its dimension is

n?.

2. The Evaluation Map

Lemma 98. Let K be a field and f, g, h € K[X]| with f(X) =
g(X)h(X). Let A be a K-algebra and o« € A. Then f(a) = g(a)h(a).

ProoOF. Note the requirement that A be a K-algebra, i.e. that K C
Z(A). Let take a simple case where g, h are linear to try and under-
stand why we need K C Z(A).
Let g = a9+ a1 X, h = by + b1 X with a;, b; € K. Now
f(X) = Clob() + (a1b0 + aobl)X + a1b1X2.
33
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Hence
f(Oé) = agbo + (Cleo + (l()bl)& + a1b1a2.
However
gla)h(a) = (ap + arc0)(bo + brcv)
= aobo + CLgbla + alOéb() + alabloz.

Does g(a)h(a) equal f(«)? For this to be true we would want a;aby =
arbpor and aabio = a1bia®. But by and by belong to K which is
contained in the centre Z(A). So by, by commute with all elements of
A, including «, giving us ajaby = a1bpor and a b = a1ba?, and
completing the proof that g(a)h(a) = f(«).

We haven’t proved the lemma (or only proved it when g, h are
linear). But you now understand where the hypothesis K C Z(A) is
needed, and you can construct your own proof. U

We will use Lemma 98 repeatedly without necessarily acknowledg-
ing it.
Theorem 99. Let K be a field and A be a K-algebra. Let o € A.
Then the evaluation map

evy : K[X] — A, f(X) — f(a)

is a homomorphism. In particular, the image {f(a) : f € K[X]}
is a commutative subalgebra of A (i.e. a commutative subring of A
containing K in its centre).

Proor. This is an easy exercise. You will need Lemma 98. U

3. Minimal and Characteristic Polynomials
Lemma 100. Let A be a K-algebra. Let o € A. Define
Go A — A, ba(B) =a-p.
Then ¢ is a K-linear transformation.

PROOF. It is clear that ¢, (8 4+ 7) = ¢a(B) + dal(y). Now let a € K.
Then

¢a<a'ﬁ) :OJCL'B
=a-a-pf, since a € K C Z(A)
= a(ba(ﬁ)-
Hence ¢, is a K-linear transformation. U

Observe how important the assumption K C Z(A) is in the above
proof. Without it, ¢, would be a homomorphism of abelian groups,
but not a K-linear transformation.

Now suppose A has dimension n as a K-vector space. Let x,(X) €
K[X] be the characteristic polynomial of ¢, and m,(X) € K[X] the
minimal polynomial of ¢,. Recall the following
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® X, is monic of degree n. It is defined by . (X) = det(X1, —

Do)

® Xo(¢a) = 0 (this is the Cayley-Hamilton Theorem).

® my(do) = 0. Indeed m, is the monic polynomial in K[X] of
least positive degree satisfying this.

o If f € K[X] satisfies f(¢o) = 0 then m, | f.

® m, | Xo- Moreover, m, and y, have the same irreducible
factors; the multiplicities might be different.

Lemma 101. Let A be a K-algebra with dimg(A) =n. Let f € K[X]
and o € A. Then f(a) = 0 if and only if f(¢ps) = 0. In particular,
Xa(@) = mu(a) = 0. Moreover, m,, is the monic polynomial in K|[X]|
of smallest possible possitive degree such that my(a) = 0.

ProoF. Let f =ag+ a1 X + -+ a,X" be a polynomial with a; € K.
Let 8 € A. Then

f(d)a)(ﬁ):(a0+al¢a+"'+ar¢;)<ﬂ)
=ag - B+ a10a(B) + -+ + a, ¢, (B)
=ay-f4+a-a-f+---+a,-a" -0
= fla)- 8.

Thus if f(a) = 0, then f(¢o) is zero as a K-linear transformation
of A. Conversely if f(¢,) is zero as a K-linear transformation of A
then, applying the above with 5 = 1 show that f(«) = 0. The lemma
follows. O

Example 102. Let’s compute the characteristic polynomial for i € H.
We work with the R-basis 1,1, j, k. Note that

i-1=i=0-1+1-i+0-j+0-k
ii=—1=-1-140-i4+0-j+0-k

i-j=k=0-140-i40-j+1-k
i-k=-j=0-140-i—1-j+0-k.

Hence the matrix of i (or ¢;) with respect to this basis is

According to the convention we follow, the coefficients of the linear
combinations make up the columns of the matrix (and not its rows). If
you follow the opposite convention you will have the transpose of this
matrix.
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The characteristic polynomial is

X 1 0 0
Va(X) =det(XI— Moy = | 0 0 V= (x)2
0 0 -1 X

What is m;? Recall that m; is a divisor of x; with the same irreducible
factors. Thus m; = X% + 1 or m; = (X? + 1)%. However, i’ +1 =0 so

mi:X2+1.



CHAPTER 5
Division Rings

1. Definition and Examples

Definition. A ring D is called a division ring if D # 0 and every
non-zero element is a unit.

Example 103. e Recall the definition of a field: a field is a

commutative ring in which every non-zero element is a unit.
Hence a commutative ring is a division ring if and only if it is
a field. Thus Q, R, C are division rings.

e Moreover, Z/nZ is a division ring if and only if n is prime.

e 7 is not a division ring. For example 2 € Z is not a unit.

e R[X] is not a division ring. For example X € R[X] is not a
unit.

Lemma 104. Let D be a division ring. If rs =0 with v, s € D then
r=0o0rs=0.

PROOF. If 7 # 0 then it is a unit and so has an inverse r~!. Thus
s=r"lrs=0. O
Example 105. M,(R) is not a division ring for any ring R. For

example, note that (§4)% = 0.

Example 106. Recall that an integral domain is a non-zero commuta-
tive ring which has no zero divisors; i.e. if rs =0 then r =0 or s = 0.
A division ring which is commutative is an integral domain.

We saw above some examples of division rings but they were all
commutative. The quaternions H are an example of a non-commutative
division ring.

Theorem 107. H is a division ring.

PRrooF. This is an exercise. It is easier to do this if think of quaternions
as 2 X 2 matrices. ]

Exercise 108. Let D be a division ring, z € D, and y € Z(D). Show
that x? = ¢? if and only if x = +y. (c.f. Exercise 87.)

Exercise 109. Define the norm map on quaternions by
Norm : H — R, Norm(a+bi+cj+dk) = a®*+b*+c*+d?, a,b,c,d € R.

(i) Show that Norm(uv) = Norm(u)Norm(v), and if u # 0 then
Norm(u™') = Norm(u)~*.

37
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(ii) Let S be a subring of R (e.g. S =7, S = Z[V2], S = Q, etc.)
Let

H(S)={a+bi+cj+dk : a,bc,de S} CH.

Show that H(S) is a subring of H.
(iii) Let K be a subfield of R. Show that H(K) is a division ring.
(iv) Determine H(Z)*. Conclude that H(Z) is not a division ring.

Exercise 110. (i) Determine the elements of H* of order 1, 2.

(ii) Show that the elements of H* of order 4 are precisely the ones of
the form bi + ¢j + dk with b, ¢, d € R and b* + ¢* + d* = 1.

(iii) Let w € H* have finite order n > 3. Show that there is some
0 < j < n/2 such that u? — 2cos(27j/n)u + 1 = 0. (Hint: you
know the factorization of X™ — 1 over C. Use this to write down
the factorization of X™ — 1 over R.)

The following theorem will become important later.

Theorem 111. Let R be a ring. The ring R is a division ring if and
only if it has no non-zero proper left ideals.

PROOF. Suppose R is a division ring and J is a non-zero left ideal.
Let a € J with a # 0. As R is a division ring, a has a multiplicative
inverse a=! € R. Thus 1 = a 'a € J as J is a left ideal. As 1 € J we
have J = R. Thus R has no non-zero proper left ideals.

Now let’s prove the converse. Suppose that R has no non-zero
proper left ideals. We want to prove that R is a division ring, meaning
that every non-zero element of R is a unit. Let a # 0 be an element
of R. To show that a is a unit we must prove the existence of b € R
such that ab = ba = 1. First note that Ra is a non-zero left ideal.
By our assumption Ra = R. Thus 1 € Ra, and so 1 = ba for some
b € R. We want to conclude that ab = 1 but we don’t want to assume
that R is commutative. We will use a trick! Since 1 = ba we have
a =a-1 = a(ba) = (ab)a by associativity. Hence (ab — 1)a = 0.
Consider the left annihilator of a:

Anng(a) ={c€ R : ca=0}.

Recall that this is a left ideal (Lemma 74). If 1 € Anng(a) then
a = la = 0 giving a contradiction. So Anng(a) is a proper left ideal. By
assumption Anng(a) = 0. But (ab—1) € Anng(a) since (ab—1)a = 0.
Thus ab — 1 = 0 giving 1 = ab as required. U

After going through the proof of Theorem 111 you’re probably won-
dering if there is there a ring R having elements a, b where ab = 1 but
ba # 1. The following exercise gives an affirmative answer to this
question.

Exercise 112. (i) Let V be a vector space over a field K. Let
End(V') be the set of all K-linear transformations 7" : V' — V
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(these are called endomorphisms of V). Let S, T" € End(V).
Define

S+T:V =V, (S+T)(v)=5Sv)+T(v),
and
ST:V =V, (ST)(v) = (SoT)(v)=S(T(v)).

Show that End(V) is a ring, specifying the additive and multi-
plicative identities.

(ii) Let V = {(a1,as,...) : a; € K} be the K-vector space of infinite
sequences with entries in K. Let 7' € End(V') be

T:V =V, T(ay,a9,as,...)=(0,a1,as,a3,...).

(a) Find S € End(V) such that ST = 1.
(b) Show that T'S # 1 for any S € End(V).

(iii) The vector space V in (ii) is infinite dimensional. Suppose now
that V' is a finite dimensional vector space. Let S, T € End(V)
satisfy ST = 1. Show carefully that T'S = 1. Hint: you could
translate this into a question about matrices and use determi-
nants.

2. Centres of Division Rings

Theorem 113. If R is a division ring, then Z(R) is a field. Hence R
is a vector space over Z(R), and so R is a Z(R)-algebra.

PROOF. We know that Z(R) is a ring, and by definition it is commu-
tative. A field is a commutative ring in which every non-zero element
is a unit (of that ring). Let r € Z(R), with r # 0. By definition of
Z(R), we know that rt = tr for all t € R. Hence t = r~'tr and so
tr=! = r=1t. Thus r=! € Z(R) too. So Z(R) is a field. O

A division algebra is just an algebra which is also a division ring.
Example 114. H is a 4-dimensional division algebra over R = Z(H).

It is natural to ask for division rings what the dimension of R over

Z(R) can be. Of course,
dimzp(R)=1 <= Z(R)=R <= Risafield
Can the dimension be 27 The following lemma say no.

Lemma 115. Let R be a division ring and write K = Z(R). Then

PROOF. Suppose dimg(R) = 2, and let & € R\ K. We easily see that
the set {1,a} is K-linearly independent and so must be a K-basis.
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Hence every element has the form A + pa where A\, p € K. But
a(A + pa) = al + apa
= \a + po? as \, p € K = Z(R)
= (A + po)a.
Hence a € Z(R) = K giving a contradiction. O

3. Minimal and Characteristic Polynomials in Division
Algebras

Let A be an n-dimensional K-algebra. Let a € A. Recall the
following:

e deg(xa) = n.

e m, is the monic polynomial of least possible positive degree
such that m,(«) = 0.

® M, | Xa- Moreover, m,, X share the same irreducible factors.

Lemma 116. Let A be an n-dimensional K-division algebra. Let o €
A. Then

(1) mq € K[X] is irreducible.

(11) xo = m!, for some positive integer r.
(111) deg(my,) | n.
PROOF. Suppose m,, is reducible. Thus m,(X) = f(X)g(X) where f,
g € K[X], and 1 < deg(f) < deg(ma), 1 < deg(g) < deg(m,). By
Lemma 98

0 = ma(e) = fla)g(a).

As A is a division algebra, f(a) = 0 or g(a) = 0, contradicting the fact
that m, is the minimal polynomial. Hence m,, is irreducible.

As x4 and m,, share the same irreducible factors, x, = m,, for some
positive integer 7. Also n = deg(x,) = rdeg(my), so deg(my) | n. O

Exercise 117. Let K be a field, and let p be a prime. Let A be a
division algebra over K of dimension p. Let « € A\ K. Write x, for
the characteristic polynomial of «, and m,, for its minimal polynomial.
(i) Show that xo = ma.
(ii) Deduce that 1,a;,--- ,aP~! are K-linearly independent.
(iii) Show that A is a field.

4. Complex Division Algebras

Theorem 118. The only finite-dimensional C-division algebra is C.

PROOF. Let A be a finite-dimensional C-division algebra. In partic-
ular, C € A. We want to show that A = C. Suppose a € A. By
Lemma 116 the minimal polynomial m,, is an irreducible element of
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C[X]. However, by the fundamental theorem of algebra, the only ir-
reducible polynomials of C[X] are linear. Thus m,(X) = X — a with
a € C. However, m,(a) =0 and so « = a € C. Thus A = C. O

Exercise 119. Let S be a C-algebra, and let J be a proper 2-sided
ideal of S. Suppose S satisfes the following property: for all a € S\ J
there is some b € S such that ab—1 € J and ba — 1 € J. Show that
either S/J = C or dimc(S/J) = oo.

Exercise 120. Let A be a finite dimensional algebra over a field K.
Suppose A has no zero divisors: this means that whenever rs = 0 with
r,s € A, thenr=0or s=0.

(i) Let 8 € A. Show that there is an irreducible polynomial g € K[X]
such that g(8) = 0.

(ii) Deduce that A is a division algebra. (Hint: Let g € A\ {0}.
Show that there is a polynomial h € K[X] such that 3 - h(3) =
nE)-f=1)

(ili) Let v € A, and let

B = Im(eva) = {f(a) = F(X) € K[X]}.
Show that B is a field.

5. Classification of Real Division Algebras

Lemma 121. Let f € R[X] be monic and irreducible. Then
(1) either f =X +a
(ii) or f = X?+ aX + b with a®> — 4b < 0.

PROOF. Let A € C be a root of f. If A € R, then (X — \) | f and so
f=X—-X 1ie f=X+awherea= —\. Thus we suppose A € C\R.
Then X is also a root, and A # A. We note that (X — A\)(X —)) =
X% 4 aX + b divides f where

a=—A+NER, b=AcR

Hence f = X? +aX + b. Moreover, as the roots of f are non-real, the
discriminant a? — 4b is negative. U

We saw that the only finite-dimensional complex division algebra

is C.
Lemma 122. The only odd-dimensional R-division algebra is R.

PRrOOF. Let A be an R-division algebra with odd dimension n. In
particular, R C A. We want to show that A = R. Suppose a € A. We
want to show that a € R. By Lemma 116, the minimal polynomial
ma(X) € R[X] is irreducible. By Lemma 121, m,, is either linear or
quadratic. However, again by Lemma 116, the degree deg(m,,) divides
n which is odd. Thus m, = X + a for some a € R. Since m,(a) = 0
we have « = —a € R. Thus A = R. U
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Theorem 123. (Frobenius) FEvery finite-dimensional division algebra
over R is isomorphic to R or C or H.

We prove the theorem of Frobenius in steps. Let A be a real division
algebra of dimension n < co. If n = 1 then we know that A = R. So
we suppose n > 1. Define the trace map

Trace : A — R, Trace(a) = Trace(dy)-

Example 124. Let o € H and write o = a + bi + ¢j + dk with a, b, c,
d € R. Let us write the matrix of a (or ¢,) with respect to the R-basis
1, 1, j, k. Note that

a-l=a-14+b-i+c-j+d-k

a-i=—-b-14a-i+d-j—c-k
a-j=—c-1—d-i+a-j+0b-k
a-k=—d-1+c-i—b-j+a-k

Hence the matrix of « (or ¢,) with respect to this basis is

a —b —c —d
b a —-d ¢
Mo = c d a b
d —c b a

Thus
Trace(a) = Trace(¢,) = Trace(M,) = 4a.

We now return to a general n-dimensional real algebra A.

Exercise 125. Show that Trace : A — R is a linear transformation of
real vector spaces. Moreover, if a € R C A then Trace(a) = na.

Hence if a € R then Trace(a/n) = a and so Im(Trace) = R. Let
V = Ker(Trace) = {v € A : Trace(v) = 0}.
Lemma 126. A =R ®V (as vector spaces over R). '

Proor. By the Rank-Nullity Theorem
dim(V) = dim(Ker(Trace)) = n — dim(Im(Trace)) = n — 1.

Let a € RN V. Then na = Trace(a) = 0 and so a = 0. Hence
RNV = {0}. Therefore R & V is a subspace of A. Moreover its
dimension is 1 4+ (n — 1) = n = dim(A). Hence R@ V = A. O

et us recall what direct sum means. Let V be a vector space and U, W be
subspaces. We say that V is the direct sum of U, W, and write V =U ¢ W if
) V=U+W(here U+ W ={u+w:uecl, weW}),
(i) UnW = {0}.
This is equivalent to the following: every v € V can be written uniquely as v =
u+w whereue U, weW.
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Exercise 127. Compute V for A = C and A = H. Check in both
cases that for @ € V we have o? is both real and < 0.

Lemma 128. Let o € V. Then o? € R and o® < 0. Moreover, a® =0
if and only iof o = 0.

PROOF. The last part of the lemma is true as V' C A, and A is a
division ring. Let v € V. If a € R then by the previous lemma, o = 0
and the result is trivial in this case. Thus we may suppose that o ¢ R.
It follows from Lemma 121 that

me =X>+aX +b
where a? — 4b < 0. From Algebra II we know that
Xa = X" — Trace(a) X" + -+ + (=1)"det(a).

But by Lemma 116, we have y, = m/, for some positive integer n. We
deduce that n = 2r by comparing degrees. Moreover, by comparing
the coefficients of X1 = X2~ on both sides of the equality x, = m.,
we have
ra = — Trace(a).

But a € V, and by definition, V' is the kernel of the trace map, so
Trace(a) = 0 and hence a = 0. It follows that m, = X? + b with
b > 0. As my(a) = 0 we see that a? = —b, showing that o € R and
a? < 0. U

Lemma 129. Let
—1
<7>:VXV—>R> <&75>:7(&ﬁ+5&>
Then (V,(, )) is a finite-dimensional Fuclidean space.

ProOF. Recall the definition of a Euclidean space: it is a real vector
space equipped with a positive-definite symmetric R-bilinear form. It
is clear that («, 8) = (5, «); i.e. {, ) is symmetric. To check that it is
R-bilinear we need to check that

(a1 + a2, B) = (a1, B) + (a2, B), i, ag, BEV
and
(ac, B) = ala, B), aeR, «a eV
These are easy exercises, but note that the proof of the second property
really uses the fact that a € Z(A). Finally, we want to check that ( , )
is positive definite: i.e. (a,a) > 0 for all & € V with o # 0. This

follows from Lemma 128 as (o, a) = —a?. O
By Gram—Schmidt we know that the Euclidean space (V, (, )) has
an orthonormal basis. Let us denote this by e, e, ..., e, (recall

dim(V) =n — 1 where n = dim(A).

Lemma 130. ¢ = —1 fori=1,...,n—1, and e; - ¢; = —e; - ¢; for
I<izj<n-1
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PROOF. As the basis is orthonormal, (e;,e;) = 1 and (e;,e;) = 0 for
i # 7. The lemma follows from the definition of ( , ). O

Lemma 131. Suppose 1 <i < j<k<n-—1. Then e, = x(e;-€;)"".
PROOF. Let u = e;ejex. We're going to compute u? using Lemma 130:
u® = ejejepeieier,

= —ejeepeiejey (eie; = —eje;)

= ejeie€iejey (€61 = —ere;)

= —¢jepejer (€] = —1)

= ejejepey, (ejer = —exe;)

=(-1)(-1)=1.
Thus (v —1)(u+ 1) = 0. As A is a division algebra, e;eje, = u = 1.
Hence e, = £(e;e;)~ " as required. O

Lemma 132. n =1, 2 or 4.

PrOOF. By Lemma 122, n # 3. Thus we need to show that n < 4.
Suppose n > 5. By the previous lemma, e3 = +(ejes)™! and eq =
+(ejez)™ !, and so ey = +e3. This contradicts the fact that eq, ..., e, 1
is a basis.

O

PROOF OF FROBENIUS’ THEOREM. Recall that A = R&V and dim(V') =
n—1. Ifn=1, then A =R.

Suppose n = 2. Then V = Re; and so A = R & Re;, and moreover
e? = —1. Thus A = C.

Finally suppose n = 4. Then A = R@® Re; @ Rey @ Res. Let i = eq,
j = e2, k = ejes. We know from Lemma 130 and Lemma 131 that
iZ=j?=k*=—1,andi-j=k, j-i= —k etc. We simply check that
the relations (8) hold. Therefore A = H. d

6. An Infinite Dimensional Example

We have seen that the only finite dimensional complex division
algebra is C, and the only finite dimensional real division algebras are
R, C and H. What if we drop the restriction that the dimension is
finite. Are there any others that are infinite dimensional? The answer
is yes, there are plenty. Here we give two examples. A Laurent series in
variable x with coefficients in C is an expression of the form >~ >°  a,z"
where m € Z and a,, € C. For example,

o0
E "=t i —r  —ir L i 4
n=—4
is a Laurent series. But

o0
E "

n=—oo
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is not a Laurent series; in a Laurent series we can have infinitely many
terms with positive exponent, but only finitely many with negative
exponent. The set of Laurent series in x with coefficients in C is usually
denoted by C((z)). This is in fact a field if addition and multiplication
are defined in an obvious way. For example

. _1m2 —a _1m — V(1 4 iz + (i2) + (i) + - -
—r i —iat

Note that C((z)) is infinite dimensional division algebra over C as
1,z,22%,... are linearly independent.

You might be wondering if there are non-commutative examples,
and the answer is yes. Let 0 : C — C denote complex conjugation.
Instead of defining multiplication on the Laurent series in the obvious
way we let

xb = o(b)z, beC
and we extend distributively. It follows that z"b = o™ (b)z" for n € Z.
Observe that

o"(b)=9- . .
b if n is odd.

{b if n is even
For example,
(' +irH@ 2+ +i)r) =2z 22t (L +d)w +ir? - o2
+iz? - (1414)x
=z 4+o0 (1+i) -2 x4
+i-0?(1+4)-2° 2
=2+ (1—i)+i+i(l+i) 2°
=2 1+ (=1 +0)2

Addition (defined in the obvious way) and multiplication defined as
above make the set of Laurent series with coefficients in C into a ring
denoted by C((x;0)). Note that this ring has the same elements as
C((x)) and the same addition, but different multiplication. It is clear
that C((z;0)) is non-commutative (since x-i = —i-x). It can be shown
that C((x;0)) is a division ring, and it is clear that R belongs to the
centre of C((x;0)). Thus it is an infinite dimensional division algebra
over R.

Exercise 133. Determine the centre of C((z;0)).






CHAPTER 6

Wedderburn’s Little Theorem

1. Main Theorem

Theorem 134 (Wedderburn’s Little Theorem). Every finite division
ring 1s a field.

Recall that a division ring is a ring in which every non-zero element
is a unit, and a field is a commutative ring in which every non-zero
element is a unit. Thus to prove the theorem what we're required to
do is to show that every finite division ring is commutative. There are
infinite division rings that are not commutative and therefore not fields
(for example H), but the theorem is saying that all finite division rings
are fields.

You already know examples of finite fields: Z/pZ is a finite field for
any prime p. We shall see other examples of finite fields later.

2. Centralizers

Definition. Let R be a ring and x € R. We define the centralizer of
x to be the set

Co={reR : rx=uar}.
In other words, it is the set of elements of R that commute multiplica-
tively with z.

Lemma 135. C, is a subring of R. Moreover,
() C: = Z(R).
T€ER
Proor. This follows easily from the definitions. U

Exercise 136. Compute the centralizer of i + j in H.

Lemma 137. Let D be a division ring, and x € D. Then C, is a
division subring of D.

Proor. We know that C, is a subring of D by Lemma 135. Let u
be a non-zero element of C,. As D DO (j is a division ring, u has a
multiplicative inverse ! in D. We need to show that u=! € C,. But
by definition of C,

Ur = TU.
Multiplying both sides on the left and on the right by u=! we obtain

xu =t

47
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Hence u~! € O, are required. ]

3. Finite Division Rings and Centralizers as Vector Spaces

Recall (Theorem 113) that the centre Z(D) of a division ring D is
a field, and D is a vector space over Z(D).

Lemma 138. Let D be a finite division ring and write ¢ = #7Z(D).
Let n be the dimension of D as a vector space over Z(D).

(1) #D = q".

(ii) For every x € D, there is some d | n such that #C, = ¢°.

PROOF. Let vy,...,v, be a basis for D over F = Z(D). Then every
element of D can be written uniquely as ayvy +- - - +a,v, where a; € .
The number of possibilities for any «; is #F = ¢. Thus the number of
elements of D is ¢". This proves (i).

Let x € D. Then Z(D) C C,, and thus the division ring C, is a
vector space over Z(D). As above #C, = q? where d is the dimension.
We need to show that d | n. For this we will use the multiplicative
structure. As D, C, are division rings,

D* =D\ {0}, C; =C,\ {0}
Thus
HD* =" —1, #COF = ¢ — 1.

But C, is a subring of D and so C; is a subgroup of D*. By Lagrange’s
Theorem

(¢"=1) | (¢" - 1).

Using division with remainder we have n = md + r where 0 < r < d,
and m is a positive integer. Note that

qmd 1= (qd . 1)(q(mfl)d + q(m72)d NI 1).
Hence (¢ — 1) | (¢™? —1). But
"= 1=g"" = 1=q¢"(¢"" - 1)+ (¢ —1).

As (¢"=1) | (¢"—1) and (¢" = 1) | (¢"?—1) we have (¢ —1) | (¢"—1).
But 7 < d and so ¢" — 1 < ¢ — 1. Therefore ¢" —1 =0, so r = 0 so
n = md, giving d | n as required. O

4. The Orbit Stabilizer Theorem

We will need the orbit-stablizer theorem. Let G be a group acting
on a set X. Recall that this means there is an operation

GxX— X, (g,x) ~>gxx

such that

e 1xx =z forall z € X (here 1 is the identity element for G);
e gx(hxz)=(gh)+zforall x € X and g, h € G.
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Recall that the orbit of an element x € X is the set
Orb(z) ={gxz : g € G},
and the stabilizer of x € X is
Stab(z) ={g € G : g*z =x}.

Note that the orbit Orb(x) is a subset of X, and the stabilizer Stab(x)
is a subgroup of G.

Now suppose that G and X are finite. The orbit and stabilizer of
x € X are linked by the following useful formula, which is part of the
orbit-stabilizer theorem:

9) #G = # Stab(z) - # Orb(z).

Another part of the orbit-stabilizer theorem says that the orbits form a
partition of X. What this means is that every element = € X belongs
to an orbit (indeed x € Orb(x)) and if x, y € X then either Orb(z) =

Orb(y) or Orb(z) N Orb(y) = 0. If 21, @9, ..., x, are representatives of
the disjoint orbits, then

(10) #X = #0Orb(z1) + # Orb(xg) + - - - + # Orb(x,)

since the orbits form a partition. Using (9) we deduce that

_#G #G
#X = # Stab(z1) T # Stab(z,)

5. The Class Equation

Let G be a finite group. We let G act on itself by conjugation:
GxG— G, gxx = qgrg L.
Clearly 1%z = x, and for g, h € G we have
(gh) x = = (gh)x(gh)~" = ghah™'g"" = g * (h* z).

Thus we do have a group action. Note that the orbit of x € G is the
set of all conjugates of x, also called the conjugacy class of x.
We define the centre of G to be

Z(G)={x € G : gx=xg forall g € G}.

Lemma 139. # Orb(z) = 1 if and only if v € Z(G).
ProoF. Note that x = 1% 2. Thus x € Orb,. Hence

# Orb(xz) =1 Orb(x) = {z}
gxx=uxforall g e G
grg ' =z forall g € G
gr =uxg forall g € G
x € Z(G).

1reee
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Theorem 140 (The Class Equation). Let G be a finite group. Let

Y1, ..., Yk be representatives for the orbits of size at least 2 (for action
of G on itself by conjugation). Then
k
#G
11 G=#ZG —_—
(11) #G=#20)+ X oo

This identity is known as the class equation. '

PROOF. Let {z1},{22},...,{2¢} betheorbits of size 1. Then z1,..., 2,1, ...

are representatives of all the the orbits, and by (10)
#G = #Orb(z1) + - - - + # Orb(z¢) + # Orb(y1) + - - - + # Orb(yx).

But Orb(z;) = {z;}. Moreover, by the Lemma 139, Z(G) = {21, 22, ..., 2¢},
so ¢ = #7Z(G). Hence

#G = #Z(G) + # Orb(yy) + - - - + # Orb(ys).
Finally we apply (9) to obtain # Orb(y;) = #G/# Stab(y;). OJ

Corollary 141. Let D be a finite division ring of dimension n over its
centre Z(D), and write g = #Z(D). Suppose D is not a field. Then

n > 1 and there are positive integers dy,ds, ..., dy such that d; | n,
d; <n and
k -1
12 "—1=q-1 .

PRrROOF. The assumption that D is not a field is equivalent to saying
that the division ring D is not commutative. This is equivalent to
saying that Z(D) is a proper subset of D. Recall that #D = ¢"
(Lemma 138). Thus n > 1.

We shall apply the class equation where G = D* (acting on itself
by conjugation). Here #G = ¢" — 1. Moreover Z(D*) = Z(D) \ {0}.
Hence #Z(D*) = q — 1.

Let vy, ...,y be representatives of the orbits of size at least 2. If
k = 0 then from the class equation ¢" — 1 = ¢ — 1 contradicting n > 1.
Hence k£ > 1. Moreover,

Stab(y;) = {9 € D" : gyig™' =y} = {9 € D" : gy; = yig}.
It follows that Stab(y;) = C;. where C,, = {g € D : gy; = y;g} is the
centralizer of y;. By Lemma 138, #C,, = ¢% for some d; | n. Hence
# Stab(y;) = #C; = g% — 1. Substituting into the class equation
we obtain (12). To complete the proof we must show that d; < n.
However, if d; = n then # Stab(y;) = #D*. By (9), # Orb(y;) =
#D*/# Stab(y;) = 1, contradicting the choice of the y; as representa-
tives for the orbits of size at least 2. U

1As the action is given by conjugation, the orbit of y; is the conjugacy class of
y;. This is where the name comes from.

» Yk
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6. Cyclotomic Polynomials

Lemma 142. Let d | n, where d, n are positive integers. Then X¢—1
divides X™ — 1 (as elements of the polynomial ring Q[X]).

Proor. Write n = md. Then
Xt —1=Xm 1= (X4-1)(Xx0mDdp xOm=2d ... xd11).
Hence X% — 1 divides X™ — 1. U
Definition. We define the n-th cyclotomic polynomial
B X" —1
LCM{X¢—1 : d|n, d<n}
Exercise 143. Write down ®,(X) for 1 < n < 6. You should get

X—-1, X+1, X2+ X+1, X2+1, X'+ X34+ X2+ X +1 and
X2 - X +1.

(13) ®,(X)

Example 144. Let p be a prime. Then

o (X):Xp_1 = XPlyp xP24...41
P X -1 '
Example 145. Let » > 1. Then
X% —1
(er —
2 (X) LCM(X —1,X2—1,X4—1,...,X¥ ' —1)
X¥ -1
~Xr o1
=X¥ 41

Exercise 146. Let m be a positive integer. Show that
1\ 2 m—
Byn(X) = (X3’" 1) FxT L
Theorem 147. &,,(X) is a monic polynomial with coefficients in 7.

PROOF. We write X™ — 1 and each of the X% — 1 as products of irre-
ducible factors. By Gauss’ Lemma, we can take all these irreducible
factors as monic and with integer coefficients. As X4 — 1| X™ —1 for
all d | n all the irreducible factors appearing in the denominator also
appear in the numerator. Cancelling these we get ®,, as a product of
irreducible factors with integer coefficients that are monic. This shows
that ®,,(X) is monic with integer coefficients. O

Now we look at the factorization of ®,, over C.

Theorem 148. Let (, = exp(2mi/n). Then
o,(X)= [ x-a)

1<r<n,
ged(r,n)=1
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PROOF. The roots of X™ — 1 are the n-th roots of 1. These are

17Cn7<ﬁ7"'7cgil'

As these are distinct, and there are n of them, and X™ — 1 has degree
n, we know that
X -1= [ (x-q).
0<r<n
As @,(X) is a factor of X" — 1, its roots are among 1,(,,...,(" 1. To
obtain the roots of ®,,(X) we have to remove all (" which is a root of
X4 —1 for some d | n, d <n.

Claim: (’ is a root of X% — 1 with d | n and d < n if and only if
ged(r,n) > 1.

The claim immediately implies the theorem. Therefore it is enough
ot prove the claim. Let m = ged(r,n) and suppose that m > 1. Let
d=mn/m. Then d | n and d < n. Moreover n | rd. Hence ((")¢ =1 so
¢"is aroot of X4 —1 (d | n, d < n). Coversely, suppose ged(r,n) = 1
and (" is a root of X¢ — 1 for some d | n. Then ¢’ = 1 and so n | rd.
But ged(r,n) = 1. Hence n | d and so n = d. This proves the claim
and completes the proof. O

7. Proof of Wedderburn’s Little Theorem

We now prove Wedderburn'’s Little Theorem (Theorem 134). Let
D be a finite division ring of dimension n over its centre Z (D), and
write ¢ = #Z(D). Suppose D is not a field. By Corollary 141, we
know that n > 1 and there are positive integers dy, ds, . . ., dj such that
d; | n, d; <n and

k
q"—1
14 "1=g—1 .
(14) q q +Z§1qd"—1

We will use this to derive a contradiction. As &, (X) is monic with
integer coefficients, ®,(¢) is an integer. Since ¢ = #Z(D) and Z(D)
is a field and so contains 0, 1, we have ¢ > 2. The roots of &, (X)
are roots of unity, so ®,(q) is a non-zero integer. But the definition
(13) of ®,(X), we know that ®,(X) is a factor of X" — 1 and of
(X" —1)/(X% —1) fori=1,...,k. Thus ®,(q) is a factor of ¢" — 1
and (¢" —1)/(¢% — 1) for i = 1,..., k. From (14),

(15) ®n(q) | (g —1).

We shall show that |®,(q)] > ¢ — 1. This will contradict (15), and
complete the proof. If n = 2 then ®5(q) = ¢+ 1 > ¢ — 1 giving the
required contradiciton. So suppose n > 2. Note that (, is a root
of ®,(X) so it has degree > 1. Let A be any root of ®,(X). This
is a root of unity, so we can write A = a + bi where a, b € R and
a’ + b* = |\|> = 1. Moreover A # +1, since these are roots of X — 1,
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X% —1and n > 2. Hence b # 0, and so a> = 1 — b?> < 1 and hence
a < 1. Now

la—=A* = [(g—a)+bi]”

= (q—a)* + b
= ¢* —2aq+ (a® + V?)
= ¢ —2aq+1
> ¢*—2¢+1 a <1so—2aq > —2q
= (¢- 1)
Hence |¢ — A| > ¢ — 1, for all roots A of ®,,(X). It follows that
()l = ] la—¢l>(q—1)*=®CD > ¢ -1,
1<r<n
ged(r,n)=1

completing the proof.

Exercise 149. Let R be aring, and let J be a proper 2-sided ideal of R.
Suppose there are elements ay, as, ..., a, € R satisfying the following
two properties:
e for every a € R there is some 1 < i < n such that a — a; € J,;
e for every 1 <1 < n, either a; € J or there is some 1 < 57 <n
such that a;a; —1 € J and aja, — 1 € J.

Show that R/J is a field.






CHAPTER 7

Modules

1. Definitions and First Examples

Definition. Let R be a ring. A left R-module is an additive abelian
group (M, +,0) equipped with an operation

Rx M — M, (r,m) — rm (scalar multiplication)

that satisfies the following properties:
(a) 1-m =m for all m € M,
(b) (r-s)-m=r-(s-m)forall r, s € Rand m € M,
(c) (r+s)- m=r-m+s-mforalr, se€ Rand m € M,
(d) r-(m+n)=r-m+r-nforalreRand m,ne M.

There is also a notion of a right R-module, with scalar multipliction
written as M x R — M, (m,r) — mr and the definition is adjusted
accordingly.

Example 150. Let K be a field. A K-module is exactly the same as
a K-vector space.

Example 151. A Z-module is exactly the same as an additive abelian
group.

Example 152. Let R be a ring. A left ideal of R is a left R-module,
and a right ideal is a right R-module.
For example, in Exercise 25, we saw that

(7)) wecc)

is a left ideal of the matrix ring My(C). It is therefore a left My(C)-
module.

Example 153. Let R be a ring and n > 1. Then (R",+,0) is an
abelian group. Here we think of the elements of R™ as column vectors

1
T2

T'n

Given a matrix A € M,,(R) (this is an n X n matrix with entries in R)
we can form the product Ar. This is n X 1 matrix with entries in R

55
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(i.e. a column vector) and so belongs to R™. So we have an operation
M,(R) x R" — R", (A,r)— A-r,

which we think of as scalar multiplication. Recall that M, (R) is a ring.
From the usual properties of matrix operations we conclude that R" is
a left M, (R)-module.

We can also think of R" as a right M,,(R)-module if we regard the
elements of R™ as row vectors. If we think of elements of R™ as column
vectors then multiplication by n x n matrices on the left is not defined.

Important Remark. Usually when we speak of modules we mean
left modules.

Example 154. Let K be a field and V' a vector space. Let ¢ : V — V
be a K-linear transformation. We shall use ¢ to make V' into a K[X]-
module (where K[X] is the ring of polynomials in X with coefficients
in K). Let

fX)=a+u X+ +a, X", a; € K
and v € V. We define “scalar multiplication” f(X) v by
(a0 + a1 X + -+ anX") -V = agV + a1¢(V) + a20* (V) + - - - + an¢"(v),

where ¢? = ¢po ¢, ¢* = popo¢ and so on. It is an easy exercise to see
that this makes V' into a K[X]-module.

Conversely, let V' be a K[X]-module. Then as K C K[X] we see
that V is also a K-module which is the same as a K-vector space
(remember that K is a field). Define

p: V=V, pv) =X v
where X - v simply means multiplication of v € V' by the scalar X €
K[X]. If A€ K and v € V then

d(Av) =X - (Av) definition of ¢

= (X)) v condition (b)

=(A\X)-v K[X] is commutative

=NX-v) condition (b) again

= Ap(v).
Also condition (d) of the definition of a module tells us that

dv+w) =X -(v+w) =X - v+ X -w=0¢(Vv)+ d(w)

for all v, w € V. Thus ¢ is a K-linear transformation of the K-vector
space V.

We conclude the following: there is one-one correspondence between
K-linear transformations of a K-vector space V, and K[X]-module
structures on a K-vector space V.
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Example 155. We can make the previous example more explicit. Re-
call that a finite-dimensional K-vector space is isomorphic to K™. Now
any K-linear transformation ¢ : K™ — K™ is represented by a square
matrix; i.e. an element A € M, (K). Fix such a matrix A € M, (K).
Let f(X)=ay+ a1 X+ -+ a,X™ € K[X] and v € K". Define

(16) (ag+a1 X+ +anX™) v = agv+a Av+as A*v+- - +a,, A"v.

Note that multiplying an element of K™ by X is equivalent to multi-
plying that element by A; we say that X acts as A on K". It is easy
to check that K™ becomes a K[X]-module with this scalar product. In
fact, we don’t need to check this. We can apply the previous example
with ¢ : K™ — K™ given by ¢(v) = Av. As usual, we are thinking
of vectors v as being column vectors so that we can apply matrices on
the left.

Exercise 156. Let G be an additive abelian group and let n > 2.
Suppose nG =0 (i.e. ng =0 for all g € G). Define

Z/nZ x G — G, (@, g) — ag.

Show that this operation is well-defined and that, with this as scalar
multiplication, G is a Z/nZ-module.

Exercise 157. Let R be a ring and a a 2-sided ideal. Let M be an
R-module. Suppose aM =0 (i.e. am = 0 for all @ € a and m € M).
Define

R/ax M — M, (r+a,m) — rm.

Show that this operation is well-defined and that, with this as scalar
multiplication, M is an R/a-module.

2. Submodules, Quotients, Direct Products,
Homomorphisms

Definition. Let R be aring and M an R-module (recall our convention
that R-modules mean left R-modules). An R-submodule of M is a
subgroup (N, +,0) of (M, +,0) that satisfies r-n € N for all r € R
and n € N. It is easy to see that an R-submodule is an R-module.

Example 158. Let K be a field. Recall that a K-module is the same
as a K-vector space. Let V be a K-vector space. A K-submodule of
V' is the same as subspace of V.

Example 159. Recall that a Z-module is the same as an additive
abelian group. A submodule of a Z-module is just a subgroup.

Example 160. Let R be aring. We can think of R as a left R-module.
Then a submodule of R is the same as a left ideal. For example 77Z is
a Z-submodule of Z. The left ideal of M,(C) given in Example 25 is
an M, (C)-submodule of My(C).
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Example 161. Here is a more sophisticated example. Let K be a field,
A € M,(K). We saw in Example 155 that K™ becomes a K[X]-module
by defining scalar multiplication by (16). Let A € K be an eigenvalue
for A and u € K™ be a corresponding eigenvector (recall this is a non-
zero vector that satisfies Au = Au). Let U = {au : « € K} be the
span of u. This is a K-subspace of K". Now let a; € K. Then

(ap+a1 X+ +an,X™)-(au) = (apa + araX + - - - + a,aN™) -u € U.
~ ~

N S

eu €K
Hence, not only is U a K-subspace of K™. It is also a K'[X]-submodule.
Conversely a K[X]-submodule U of K™ must be a K-subspace
(since K C K[X]). It doesn’t have to be 1-dimensional as a vector
space, but let’s suppose it is. So it is generated by one non-zero vector
w U={au:a€ K}. Now X -ueU (as X € K[X] and u € U and
U is a K[X]-submodule). Thus Au € U. But U is generated by u, so
Au = Au. Thus u is an eigenvector of A.

Definition. Let M be an R-module and N be an R-submodule of
M. We define the quotient module M/N to be the set of cosets
m + N with m € M. Addition and scalar multiplication are given in
the natural way

(my 4+ N)+ (mg+ N) = (my +mz) + N, my, ma, m € M,
r-(m+ N)=rm+ N, reR.

It is easy to check that these operations are well-defined and that
M/N is an R-module. The definition of quotient module generalizes the
definition of quotient group for additive abelian groups (from MA136).

Example 162. Recall that R? is an M;(R)-module. Now Z? C R? is
a subgroup of R?, but not an M;(R)-submodule. For example,

A= (162 (1)) € MyR), v=— ((1]) €7, Av= <1(/]2> ¢ 72,

Thus Z? is not an My(R)-submodule of R?.
However, R? is also an My(Z)-module, and Z? is an My(Z)-submodule.
Hence the quotient R?/Z? is an My(Z)-module.

Lemma 163. Let M, N be R-modules. Then
M x N={(m,n) : me M, ne N}
1s an R-module where addition and scalar multiplication is defined by
(my1,n1) + (M2, ng) = (M + ma, ny + na), r-(m,n) = (rm,rn).
Proor. Easy verification. U

The module M x N is called the direct product of the modules
M, N. We can iterate this construction: if M, ..., M, are R-modules
then the direct product M; x --- x M, is also an R module, with
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the operations defined in the obvious way. In particular, if M is an
R-module and n > 1 then M"™ is an R-module.

Example 164. Note that M x 0 = {(m,0) : m € M} and 0 x N =
{(0,n) : n € N} are R-submodules of M x N.

Definition. Let M, N be R-modules. A map ¢ : M — N is a homo-
morphism if

¢(m1 +ma) = ¢(mn) + ¢(ma), ¢(rm) = reo(m).
An isomorphism is a bijective homomorphism.
Example 165. Let K be a field. Recall that M, N are K-modules

if and only they are K-vector spaces. Then ¢ is a homomorphism of
K-modules if and only it is a linear transformation.

Example 166. Recall that a Z-module is the same as an abelian group.
A homomorphism of Z-modules is the same as a homomorphism of
abelian groups.

Given a homomorphism of R-modules ¢ : M — N we define the
kernel and image in the usual way
Ker(¢) ={m e M : ¢(m) =0},  Im(¢) ={¢(m):m e M}.

Theorem 167 (The Isomorphism Theorem). Let ¢ : M — N be a
homomorphism of R-modules.

(1) Ker(¢) is an R-submodule of M.
(ii) Im(¢) is an R-submodule of N.
(iii) The induced map

~

& M/ Ker(¢) = Im(9),  é(m +Ker(s)) = ¢(m)
1s an isomorphism of R-modules.

PRrooOF. Routine verification. O

Exercise 168. Let ¢ : M — N be a homomorphism of R-modules.
Show that ¢ is injective if and only if Ker(¢) = 0.

Exercise 169. (The Correspondence Theorem) Let R be a ring,
M a left R-module and N a submodule of M. Let A be the set of
submodules of M containing N. Let B be the set of submodules of the
R-submodule M/N. Let

T : M — M/N, m(m)=m+ N
be the quotient map. Show that the map
v:B—=A (T =7YT)

gives a bijection from B to A.
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3. Direct Sums

Let M be an R-module and let N;, Ny be two submodules. The
sum of Ny, Ny is

N1+N2:{ZL’1+132 Al GNl, ZL’QENQ}.
It is easy to check that this is an R-module. We say that this sum is
direct if Ny N Ny = {0}.

Lemma 170. The sum Ny + Ny is direct if and only if every element
x € Ny + Ny can be decomposted as x = x1 + x9 with x1 € Ny, x9 € Ny
M a UNIQUE Way.

PROOF. Suppose the sum is direct. We already know from the defini-
tion that x = x1 + x5 with x; € N;. Suppose x = y; + yo with y; € N,.
From xy + 22 = & = y; + y» we deduce

T =y =y — 22 € N1 NNy = {0}.
N Y=
€N, €Ng

As N1 N Ny =0 we have x1 = y; and x5 = y establishing uniqueness.
Now suppose the sum N7 + Ny is not direct and so Ny N Ny # 0.
Let z € N; N Ny — {0}. Observe

z +(-2) = 0 = _0 4+ 0 .
€Ny €N, €Ny €Nz
Thus uniqueness fails if the sum is not direct. U

When the sum N; + N, is direct we write Ny @ N, for the sum. We
say that M is the direct sum of N;, Ny and write M = Ny & Ny if
M = N; + Ny and Ny N Ny = {0}. Thus the concept of direct sums of
modules is just a trivial generalization of that of direct sums of vector
spaces.

More generally, if Ny, ..., Ni are submodules of M we say that the
sum Ny + --- + Ny is direct (and write N; @ - -+ @ Ny, for the sum) if

Nj N (N4 Ny + -+ Njoy + Ny + -+ + Nig) = {0}
for all 5. The following is the obvious generalization of Lemma 170.

Lemma 171. The sum Ny + --- 4+ Ny s direct if and only if every
element v € N1+ ---+ Nj can be decomposed as x = x1+ - - - + x, with
x; € Nj in a unique way.

PROOF. The proof is left as an easy exercise. O
Example 172. Let V = R%. Then V = V; @ V, where
Vi={(z,0) : zeR},  Va={(0,y) : yeR}

Now let V3 = {(z,2) : x € R}. Then V3N (V) + V5) = V3 # 0. Thus
the sum Vj + V5 + V3 is not direct.
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4. Span, Linear Independence, Bases and Freeness

Definition. Let M be an R-module. Let X = {z1,...,2,} be a finite
subset of M. We define the R-span of X to be

Spang(X) ={rizy +---+rx, : 1 €R, x; € X}.
If X is infinite then we define
Spang(X) = U Spang(Y).
Y finite subset of X

This the set of all finite linear combinations of elements of X with
coefficients in R. We say a subset X of M spans (or generates) M
as R-module if M = Spang(X).

We say that M is finitely generated if it is the span of a finite
subset X C M.

Exercise 173. Show that Spang(X) is an R-submodule of M.

Note that if R is a field, and so M is an R-vector space then the
span of X has the same meaning as in linear algebra.

Example 174. R" is finitely generated as an R-module: for example
it is spanned by

e; = (1,0,0,...,0,0), ey=1(0,1,0,...,0,0),..., e,=(0,0,0,...,0,1).

Of course, this is not the only possible spanning set. For example,
el+827 €9, €3,...,€,
also spans R" as an R-module.

Example 175. M = Spang(M) for any M-module R.

Example 176. Let G be a group and R a ring. The group ring R[G]
is an R-module spanned by the set

{{9) : g€ G}.
In particular, if G is finite, then R[G] is a finitely generated module.
Exercise 177. Let M be an R-module. Show that M is finitely gen-

erated if and only if there is a surjective homomorphism ¢ : R* — M
for some n > 1.

Definition. A subset X of M is R-linearly independent if whenever
rri+ -+ 1y, =0

with r;, € R, x; € X then r; =ry =--- =r,, = 0. A subset X which
both spans and is independent is called an R-basis. An R-module M
is called free if it has an R-basis. Sometimes an R-basis is called a
free R-basis to emphasise its independence.
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Example 178. Recall the notation
G={(X1,...,%X | V1,...,Vs)

from Algebra I. This denotes the abelian group generated by x1, ..., X,
subject to the relations vy,...,v,. Thus xi,...,X, spans G as a Z-
module. However, if s > 1, and any of the v; are non-zero then this
spanning set will not be free (i.e. it will not be independent), since
that particular v; gives a linear dependence.

For example, in the group

G = (x1,X2,X3 | X1 — X + 2X3 )

the set {x1,X2,x3} spans but is not free, since we have the linear de-
pendence x; — Xy + 2x3 = 0. However, since x; = Xy — 2x3 then we can
eliminate x; from our spanning set and we would still have a spanning
set: {x3,x3}. This is now a basis. Thus G is free, even though our
original spanning set was not free.

The word free, when applied to a set of elements of a module, means
not subject to any (non-trivial linear) relations. Therefore independent.

Example 179. {ey,...,e,} is an R-basis for R" and so R" is a free
R-module.

Example 180. If R is a field, then an R-basis for M as a module is
exactly the same as an R-basis for a M as a vector space. You know
from linear algebra that every finitely generated vector space over a
field has a finite basis. Therefore every finitely generated vector space
over a field is free. In fact every vector space over a field has a basis
and is therefore free, but this basis might be infinite.

Example 181. Let R be a ring. Then the set
{1, T, 7% ...}

is a basis for R[T] as an R-module. Therefore R[T] is free as an R-
module.

Example 182. If GG is a group and R is a ring, then the set

{(9) : 9 G}
is an R-basis for R[G]. Thus R[G] is a free R-module.

Example 183. Recall that a module over Z is the same as an abelian
group. Let m > 2. Consider the abelian group (Z/mZ,+) as a Z-
module. The set {1} spans Z/mZ:

Spany(1)={a-1: a€Z}={a : a € Z} =Z/mL.

However {1} is not Z-linearly independent, since m # 0 but m -1 = 0.
In fact Z/mZ does not have any non-empty Z-linearly independent
subset. If X is a non-empty subset of Z/mZ, let T € X. Then m-T = 0
but m # 0, so X is Z-linearly dependent.
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Now let’s think about Z/mZ as a Z/mZ-module (i.e. R = M =
Z/mZ). Now

Spang,.z(1) ={a-1 : @€ Z/mZ} = Z/mZL.

Let’s check that the set {1} is Z/mZ-linearly indepdendent. Suppose
@ € Z/mZ and @-1 = 0. This means that @ = 0. Thus {1} is Z/mZ-
linearly independent and is therefore a Z/mZ-basis.

Important Summary: Z/mZ is free as a Z/mZ-module. It is not
free as a Z-module.

Example 184. Let R be a ring. Then R is free when considered
as an R-module. Indeed {1} is an R-basis. This is a special case of
Example 179 with n = 1.

Example 185. Recall from Algebra I that every finitely generated
abelian group A is isomorphic to

1" X L7 X L[nsZ X - -+ X L)nyZ

where n; are positive integers and ny | ng | -+ | ng and n; > 2;
moreover the integer r (called the rank) and sequence ny | ng | -+ |
ny is unique. This is called the fundamental theorem of finitely
generated abelian groups.

If £ =0 then A= Z" and therefore free. Let’s prove the converse.
Suppose A is free as a Z-module. Then A = Z™ for some m. By the
uniqueness part of the fundamental theorem, » = m and k£ = 0. Hence
a finitely generated abelian group is free as a Z-module if and only if
it is isomorphic to Z" where r is the rank.

Example 186. Recall that R™ is an M,,(R)-module. Let n > 2. We
show that R™ is not free as an M,,(R)-module. Let X be any non-empty
subset of R”. We show that X is not independent. Let v € X (which
we think of as a column vector). Now let w # 0 such that w-v =0
(i.e. w is orthogonal to v). Let A be the n x n-matrix whose rows are
all equal to the transpose of w. Then A # 0 and Av = 0. Then X is
not independent. Thus R" is not free as an M, (R)-module.

Theorem 187. Let R be a ring and M an R-module. A set{x; :i € I}
1s an R-basis if and only if every element x € M can be written as a

sum
Tr = E a;T;

icl
such that both the following hold:
(i) the a; are unique;
(i) all but finitely many are zero.
ProOF. This is an easy and very important exercise. U

If we start with a spanning set instead of a basis then uniqueness
of the coefficients a; is no longer true. Write down an example!
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Exercise 188. Let R[X] be the R[T]-module where multiplication is
given by
(do+ar T+ +aT")-f(X) = aof (X)+arf (X)Faof"(X)+ - Fan f (X);
here f™ (X)) denotes the n-th derivative of f(X) with respect to X.

(i) Compute (1+ 7T — T2 —37°) - (X + 3X?).

(ii) Show that Spangyy(X™) = Spang(1, X, ..., X").
(iii) Show that R[X] is not free as an R[T] module.

5. Hom and End
Let M, N be R-modules. We define
Hompgp(M,N)={h : h: M — N is a homomorphism}.
We let
Endg(M) = Homg(M, M).

The elements of Endg(M) are endomorphisms of M: an endomor-
phism of M is nothing more than a homomorphism from M to itself.

Let f, g € Homg(M, N), and let r € R. We define f + g by

(f+g9) : M= N,  (f+g)(m)= f(m)+g(m).

If f, g € Endgr(M) then we define the product f - g to simply be the
composition

(f-g9): M— M, (f-g)(m) = (fog)(m)= f(g(m)).

Theorem 189. Homg(M, N) is an additive abelian group, where the
additive identity is trivial homomorphism 0 : M — N, 0(m) = 0.

Endg(M) is a ring, where the additive identity is as above, and the
multiplicative identity is 1 : M — M, 1(m) = m.

We refer to Endg (M) as the endomorphism ring of M. The unit
group of Endg(M) is called the automorphism group of M and is
written as Autg(M) = Endg(M)*. An element of Autg(M) is called
an R-automorphism of M and is simply an isomorphism M — M as
an R-module (recall that only bijective maps have inverses).

Sometimes we write End(M) for Endg(M) when R is clear from
the context.

Exercise 190. Let T' € Endz(Z?) be given by

2 9 a\ (2a
romaz (- (Z)
Show that ST # 1 for all S € Endy(Z?).

Exercise 191. If R is commutative, then it is possible to make Hompg (M, N)
into an R-module by defining

(rf) «: M= N, (rf)(m) =r- f(m).
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Check that rf € Homg(M, M) if R is commutative, making clear where
you have used commutativity.

Example 192. If M is isomorphic to N then End(M) is isomorphic to
End(N). This is really common sense, but it is instructive to figure out
the isomorphism explicitly. Let ¢ : M — N be an isomorphism. Let
f € End(M). Thus f: M — M is a homomorphism. I want to obtain
from this an element of End(/N), that is a homomorphism N — N. We
look at the diagram

M-L-N
|1
@
M—N
We want an arrow that goes from N to N. We can do this if we
remember that the arrow M — N is reversible. What does that mean?
It means that, as ¢ : M — N is an isomorphism it has an inverse

¢ : N — M. We look again at the diagram but now with the top
arrow reversed

-1
M N
|1
M- N
It should now be clear how we contruct a map N — N. We follow
¢! then f then ¢; i.e. we simply take ¢ o f o ¢~!. This will be
a homomorphism as ¢, f, ¢~ are isomorphisms. We leave it as an
exercise to check that the map

End(M) — End(N), frsopofop !
is an isomorphism of rings.

Exercise 193. Let M, N be R-modules and suppose Hom(M, N) = 0.
Show that Hom(M", N*) =0 for r, s > 1.

Exercise 194. Let V' be a Q-vector space. Show that Endg(V) =
EndZ(V)

Exercise 195. Let

01 10
=) el
Let M = R? be the R[X]-module where (see Examples 155 and 161)
scalar multiplication is given by
(ap+ a1 +axX*+ - +a,X")-v=av+aAv+- - +a.AV.

Let N = R? be the R[X]-module where scalar multiplication is given
by

(ap+ay +axX*+ - +a,X")-v=ayv+aBv+--+a.Bv.
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(i) Compute
(1-3X +X?). (;)

in M and in N.
(ii) Let w € R2. Define

bw:M =N, by (Z) = (a+b)w.

Show that ¢w € Homppx)(M, N).
(iii) Let ¢ € Homppx(M, N). Show that ¢ = ¢y, for some w € R?.

Exercise 196. Let M, N be as in Exercise 195 but with

2 0 10
Show that Homgx)(M, N) = {0}.

6. Where do matrices come from?

Let M be an R-module. We know that End(M) is the set (ring
actually) of all homomorphisms f : M — M. But how do we describe
the elements of this ring in terms of the M. This is a complicated
question that doesn’t have a complete answer. However, we can give a
complete answer when M is free with finite basis. Suppose vyq,...,v,
is an R-basis for M. Every element v € M can be written uniquely
as a linear combination

V=a1vyi+ -+ a,Vy, a; € R.
Let f be a homomorphism. Then
f(V) = alf(vl) +eeet anf(vn>‘

Thus to specify f all we have to do (beyond know that it is a homomor-
phism) is to specify what f(vy),..., f(v,) are. But these are elements
of M. So I can write each as a linear combination of the basis elements:

(17) f(Vj) =1,V + Qg Vo + -+ 4 Qy jVp, 7=1,...,n.

Hence specifying a homomorphism f : M — M is equivalent to spec-
ifying the coefficients «a; ; with ¢,7 = 1,...,n. We associate to f the
matrix Ay = (o, ;) € M,(R). Here «;; is the element at the intersec-
tion of the i-th row and j-th column. Note that coefficients for f(v,)
in terms of the basis vy,..., Vv, gives us the j-th column of A;. The
choice of A; depends on the choice of the basis. If we change the basis
we conjugate the matrix, but let’s not worry too much about that.
Now f, g € End(M). Write Ay = (a;;) and A, = (5;;). What
is Asig? The j-column of this matrix is simply the coefficients of
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(f + g)(v;) written as linear combination of vy,...,v,. But
f(Vj) = ozl,jvl + O[Q’jVQ + 4 Oén’jVn,
g(vj) = B1;vi+ Pojva+ -+ BV
Thus
(f +9)(vj) = (1 + Brj)vi + (o + Boj) Ve + - + (g + Bnj) Vi

Hence Ay, gy = Ay + A, predictably enough.
What is Ay,. We are asking for the matrix for the composition
fg = fog. To aid our sanity let’s put n = 2. So we can write

a1 Qe 1,1 PL2
Ar= (062:1 042:2) ’ Ay = (g2:1 §2:2> '
Now (deep breath!)
(f9)(v1) = f(g(v1))
= f(Br1vi + B21v2)
= B f(v1) + B2 f(v2)
= fr1(a11vi + ag1Va) + Bo1(0q 2v1 + g ova)
= (Praa11 + Beioa2)vi+ (Lo + Poiass)va.

and
(f9)(v2) = f(g(v2))
= f(BraVv1 + B22V2)
= Braf(v1) + Baaf(va)
= fr2(a11v1 + a21Va) + Boa(0q 2v1 + g ova)
= (L2011 + Bopai2)vi + (Bioae1 + Bapos)Vo.
Thus
(18) Ay = (51,1011,1 + faiop Brpoig + /82,2041,2) .
Bricey + Paicas Biatsi + Bootss

For the moment suppose R is commutative. Then we can
swap the as and s to get

a1 F o221 a1iBie 4+ B
Apy = ( = AsA,.

a1B11 + aafer o1Bie 4 2229

This is true for general n, not just n = 2. If you're pedantic you can
have a go at writing this out. In fact this is precisely the reason why
matrix multiplication is defined the way it is. Matrices are just ways
of assigning coordinates to linear transformations (or R-module homo-
morphisms) and matrix multiplication is defined so that the product of
the matrices to two homomorphism is the matrix of their composition.

In first year linear algebra you saw a horrible proof of matrix asso-
ciativity that involved interchanging the order of some double summa-
tion. Let’s prove matrix associativity the easy way! We want to check
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Ap(AgAL) = (ApAy)Ap. The left hand-side is Ajfo(gon) and the right
hand-side is A(fog)on. So we want to check that fo(goh) = (fog)oh.
Let v € M. Then

(folgoh))(v) = f((goh)(v) = f(g(h(v)),  ((feg)oh)(v) = (fog)(h(v)) = f(g(h(v))),
giving fo(goh) = (fog)oh, and so matrix multiplication is associative.
The point of the above discussions is to convey where matrices come
from and why matrix multiplication is defined the way it is, and also
to convince of the truth of the following theorem.

Theorem 197. Let R be a commutative ring, and M a free R-module
of rank n. Then End(M) = M, (R) as rings.

ProoOF. We haven’t done all the steps of the proof, but you can fill in
the gaps if you like.
What is important is you know:
e the isomorphism End(M) = M,(R) depends on a choice of
basis for M;
e given f € End(M) how do you write down the corresponding
matrix;
e given a matrix how to you write down the corresponding en-
domorphism.

g

What happens with a general ring (i.e. one that is not commuta-
tive)? We assumed that R is commutative because the multiplications
in (18) are the wrong way round and we wanted to swap them over.
For general ring R the problem is fixed by defining another ring R°PP,
called the opposite ring to R. The elements of R°PP are the same as
the elements of R. Addition in R°PP is exactly the same as the addition
of R, but the multiplication is given by

axf=0-a.

You can convince yourself that R°PP is a ring, and if R is commutative
then R°PP = R.

Theorem 198. Let R be a ring, and M a free R-module of rank n.
Then End(M) = M,,(R°?) as rings.



CHAPTER 8

Zorn’s Lemma

1. Partial and Total Ordering

Definition. Let P be a set and < be a relation on P. We say that
=< is a partial ordering on P if it is reflexive, antisymmetric and
transitive. Recall the meaning of these terms:

e < is reflexive if x < x for every x € P.

e = is antisymmetric if for all x, y € P
r=yandyzr = z=y.

e = is tramsitive if, for all z, y, z € P,
r=yandyz = Xz

A total ordering on P is a partial ordering < which also satisfiesz < y
or y X z for all z, y € P (this condition is called comparability).

Example 199. < is a total ordering on R, but < is not even a partial
ordering (not reflexive).

Example 200. Let A be a set and P(A) be the power set of A (the
elements of P(A) are the subsets of A). Then C is a partial ordering on
P(A). If #A > 2 the C is not a total ordering on P(A). For example,
take element a # b of A, and note that comparability fails for {a},

{b} € P(A).
To aid intuition we will sometimes denote partial orderings by <
regardless of the nature of P.

Definition. Let < be a partial ordering on a set P. A nonempty subset
C C P that is totally ordered is called a chain. An upper bound for a
chain C is an element x € P such that y < x for all y € C. An element
x € P is called maximal if there is no y € P, y # x with z < y.

Example 201. Take P = P(N) and order by inclusion (i.e. A < B
means A C B). Let

(19) C={{1},{1,2},{1,2,3},... }.
This is a chain. An upper bound for this chain C is N, since N € P(N)
and every element of C is contained in N. However, the set

C'={{1}. {2}, {3},...}

is not a chain, since it is not totally ordered. Also N is a maximal
element of P(N).

69



70 8. ZORN’S LEMMA

Example 202. Now take P = {A € P(N) : #A < oo}, again ordered
by inclusion. Let C be as in (19). Then C is again a chain in P. It
doesn’t however have an upper bound in P. Any upper bound must
contain all of the elements of C and so must be infinite.

The partially ordered set P has no maximal elements, since if A
is in P we can find n € N\ A, and we can take AU {n} € P which
satisfies A < AU{n} (i.e. AC AU{n}) and A # AU {n}.

Theorem 203. (Zorn’s Lemma) Let P be a non-empty partially or-
dered set. Suppose that every chain C of P has an upper bound belonging
to P. Then P has at least one maximal element.

Zorn’s Lemma is equivalent to the Axiom of Choice, and so does
not have a proof. It is one of the axioms (basic assumptions) of math-
ematics that most mathematicians are willing to assume.

Here is a lemma that is often useful when applying Zorn’s Lemma.

Lemma 204. Let P be a partially ordered set, and let {z1,...,x,} be
a finite chain in P. Then there is some 1 < j < n such that x; X x;
forall1 <i<n.

Proor. We can do this by induction. If n = 1 we just take 7 = 1.
Suppose it is true for n = k. Let {x1,..., 211} be a finite chain. Then
{z1,..., 2} is a finite chain. By the inductive hypothesis there is some
1 <y < ksuch that z; < xj for all 1 < i < k. If 2341 =X xj then
let j = j', otherwise let j = k + 1. In either case we have x; < x; for
1 <1 < k+ 1, completing the proof of the inductive step. Il

Note that any finite subset of a chain is a finite chain.

2. Maximal Ideals

Let R be a commutative ring. Recall that a maximal ideal m is
a proper ideal that is not contained in any other proper ideal.

Theorem 205. Let R be a non-zero commutative ring. Then R has a
mazimal ideal.

PRrROOF. Let P be the set of all proper ideals b of R. Since R is non-
zero, the ideal (0) is proper and so belongs to P. Hence P # (). We
order P by inclusion. The statement that R has a maximal ideal is
equivalent to the statement that P has a maximal element. We will
use Zorn’s Lemma to show this.

Let C = {b; : i € I} be a chain in P. This means that the b; are
proper ideals of R, and that for every ¢, j € I either b; C b; or b; C b;.

We let
b=[Jb.
i€l
We claim that b is an ideal of R. Clearly 0 € b as it is contained in
any b;. Let € b and r € R. Then « € b; for some ¢ and as b; is an
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ideal, ra € b; C b. Now let a, € b. We need to show that o+ 3 € b.
It is here that we must use the fact that C is a chain. By definition of
b, € b;, B € b, for some i, j € I. As C is a chain, we may suppose
without loss of generality that b; C b;. Thus «, 8 are both in the ideal
b; and so a + 3 € b; C b. This proves that b is an ideal. Also all b;
are proper, and so 1 ¢ b; and so 1 ¢ b and so b is proper. We have
shown that b € P. Since b; C b for all ¢ € I, the element b € P is an
upper bound for C.

By Zorn’s Lemma, P has a maximal element m. This completes
the proof. O

Important Remark. It is not true that a union of ideals has to be
an ideal. Most of the time it isn’t. Consider for example 2Z U 3Z. This
is a union of two ideals of Z, but it isn’t an ideal, since it contains 2,
3 but not 5 = 2+ 3. However, the union of a chain of ideals is an
ideal as we saw in the proof.

Exercise 206. Let R be a ring (not necessarily commutative). A
maximal left ideal m of R is a proper left ideal that is not contained
in any other proper left ideal. Use Zorn’s Lemma to show that R must
have a maximal left ideal.

Exercise 207. Let R be a commutative ring and a a proper ideal of
R.

(i) Use Zorn’s Lemma to show that a is contained in a maximal ideal.

(ii) Instead of using Zorn’s Lemma directly, deduce that a is con-
tained in a maximal ideal immediately from Theorem 205 and
the Correspondence Theorem (Theorem 73).

Exercise 208. Let R be a ring and M an R-module. Let Ny be a
submodule of M. Let P be the set of submodule N of M satisfying
N N Ny = {0}, and order P by inclusion. Show that P has a maximal
element.

Exercise 209. Let G be a group with identity element 14, and let
k € G\ {lg}. Let P be the set of normal subgroups H of G not
containining k, and order P by inclusion. Show that P has a maximal
element.

Exercise 210. Let R be a ring and M a left R-module. A maximal
submodule of M is a proper submodule that is not contained in any
other proper submodule. In this exercise you will show that the Z-
module Q has no maximal submodules. Let N be a non-trivial proper
submodule of Q.

(i) Show that there is some integer ¢ > 1 such that ¢ € N.
(i) Show that there is some integer b > 1 such that ; € Q \ N.
(iii) Let N' = N+Z (%) Show that N’ is a Z-submodule of Q properly
containing N.
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(iv) Show that =5 ¢ N'.

(v) Deduce that that Q has no maximal Z-submodules.

(vi) Let P be the set of all proper Z-submodules of Q, ordered by
inclusion. The above says that P has no maximal element. If you
try to use Zorn’s Lemma to show that P has a maximal element
where does the argument break down?

3. Existence of Bases

Theorem 211. Let D be a division ring. Let M be an D-module.

(i) M has an D-basis.
(i1) Every D-linearly independent subset S C M can be extended to a
basis.
(i11) Every spanning set S C M contains a basis.

Recall that fields are commutative division rings. Thus the theorem
immediately implies the following corollary.

Corollary 212. Let K be a field. Let V' be a K-vector space.

(i) V has an K -basis.
(ii) Every K-linearly independent subset S C 'V can be extended to a
basis.
(111) Every spanning set S C'V' contains a basis.

You already know these results for finitely generated vector spaces.
The point now is that Zorn’s Lemma allows us to deal with infinitely
generated settings.

PROOF OF THEOREM 211. Let’s prove (ii) first. So let S be an D-
linearly independent set. Let P be the set whose elements are subsets
T C M satisfying

e SCT;

e T'is D-linearly independent.
The set P is non-empty as S € P. We order P by inclusion. Let
C ={T,:i € I} be a non-empty chain in P. Let

T=JT.
iel
Clearly S € T. We want to show that T is D-linearly independent.
Suppose vi,...,v,, € T and ay,...,q, € D satisfy

061V1+"'+Oéme:0.

Since T is the union of the T;, each v; belongs to some T;, with i; €
I. As C is a chain, the subset {T},,...,T;, } is a finite chain. By
Lemma 204 one of Tj,, ..., T;, contains all the others. Without loss of
generality, suppose that this is 7;,. Thus vy,...,v,, € T;,. AsT;, € P,
it is linearly independent, thus aq,...,a,, = 0. It follows that T is
linearly independent. Hence T' € P and T' is an upper bound for C. By
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Zorn’s Lemma P has a maximal element. Let’s write T for this maximal
element. This is linearly independent and contains S. We will complete
the proof of (ii) by showing that T spans M and so is a basis. Let
v € M. We want to write v as a finite linear combination combination
of elements of T" with coefficients in D. Since T is maximal, T'U {v}
does not belong to P and hence is linearly dependent. Thus there are
Vi,...,V;, €T and oy, ..., q,,a € D, not all zero, such that

avy+ -+ ap vy, +av = 0.

If a = 0 then we have linear dependence among vy, ...,v,, € T which
is a contradiction. Thus a # 0. As D is a division ring, o has an
inverse a~!. Hence

v=—a'lagv, - —a ta,v, € Span(T).

It follows that 7" is a basis. This completes the proof of (ii).

To prove (i) apply (ii) with S = 0.

Let’s prove (iii). We now let P be the set whose elements are subsets
T C M satistying

e I'CS;
e T is linearly independent.

Note ) € P so P # (. Following almost the same steps as before,
we can prove that every chain in P has an upper bound belonging to
P. By Zorn’s Lemma, P has a maximal element 7. This is linearly
independent and is contained in S. We want to show that Span(7") =
M. We know that Span(S) = M. Hence it is sufficient to show that
S C Span(T'). Let v € S. If v € T then v € Span(T') and we’re done.
So suppose v ¢ T. Note T C T U{v} C S. By maximality of T in
P we see that T'U {v} must be linearly dependent. Hence there are
Vi,..., Vv, €T, and ay,...,q,,,« € D, not all zero, such that

ai1vy+ -+ ap vy, +av = 0.

If a = 0 then we have linear dependence among vy, ...,v,, € T which
is a contradiction. Thus o # 0. As D is a division ring, « has an
inverse a~!. Hence

v=—a'tagv, — - —a ta,v, € Span(T).

Hence S C Span(7T’) and so M = Span(S) C Span(T"). So Span(7) =
M. This completes the proof. U

Important Remark. The union of linearly independent sets need not
be linearly independent. For example {i,j} and {i+j} are two linearly
independent sets in R? but their union {i, j,i+j} is linearly dependent.
However, the union of a chain of linearly independent sets is
linearly independent, as we saw in the above proof.



74 8. ZORN’S LEMMA

Exercise 213. A function f : R — R is called additive if

fl@+y)=[f@)+ f(y)
for all z, y € R.

(i) Let f be additive. Show that f(nz) = nf(z) for all x € R and
n € Z.

(ii) Show that f(qz) = qf(z) for all z € R and ¢ € Q. Thus f is a
linear transformation when considered as a Q-vector space.

(iii) Suppose f is a continuous additive function. Show that f(z) = ax
where a = f(1).

(iv) We now drop the continuity assumption on f. Show that there
exists an additive function f : R — R such that f(1) = 1,
f(v/2) = 0, f(m) = log2. You may suppose that 1, v/2, 7 are
Q-linearly independent.

Exercise 214. Let M, N be R-modules. Let P be the set of pairs
(L, f) where L is an R-submodule of M and f: L — N is a homomor-
phlSIIl We write (Ll, f1> '_< <L27 f2) if L1 Q L2 and f2|L1 = fl-

(i) Take R= M = N =Z, and Ly = 27Z. Let f; : L1 — 7Z be given
by f1(2z) = x for x € Z. Show that (L4, f1) is a maximal element
of P.

(ii)) Take R=M = N = Z, and Ly = 27Z. Let f; : Ly — Z be given
by fi(2z) = 4z for x € Z. Show that (Lq, f1) is not a maximal
element of P.

(iii) Show that every chain C of P has an upper bound.



CHAPTER 9

Simple Modules

1. Definitions and First Examples

Definition. An R-module M is simple (or irreducible) if M # 0
and the only submodules of M are 0 and M.

Example 215. If M, N are non-zero R-modules then M x N is not a
simple R-module (e.g. M x {0} is a proper non-zero R-submodule).

Example 216. Let K be a field. Recall that K-module is the same
as a K-vector space. Note that a K-vector space V is simple as a
K-module if and only if dimg (V) = 1.

Example 217. Z is not simple as a Z-module. For example, 2Z is a
submodule which is equal to neither 0 nor Z.

Example 218. Let m > 2. We shall show that Z/mZ is simple as a
Z-module if and only if m is prime. Thus Z/mZ is simple if and only
if it is a field.

By the correspondence theorem, the submodules of the Z/mZ are
of the form I/mZ where I is a Z-submodule of Z (i.e. [ is an ideal)
containing mZ. As Z is a PID, I = nZ for some positive integer n.
However, mZ C nZ if and only if m € nZ which is equivalent to n | m.
Hence the Z-submodules of Z/mZ have the form nZ/mZ where n | m.
If n =1 then nZ/mZ = Z/mZ. If n = m then mZ/mZ = 0. If n # 1,
m then nZ # Z, mZ, and so nZ/mZ # Z/mZ, mZ/mZ.

We conclude that Z/mZ is simple as a Z-module if and only m is
prime.

Exercise 219. Let K be a field and f € K[X]| have degree > 1.
Show that K[X]/fK[X] is simple if and only if f is irreducible. i.e.
K[X]/fK|X] is simple if and only if it is a field.

Lemma 220. Let M # 0 be an R-module. Then M is simple if and
only if M = Rv = Spang(v) for every non-zero v € M.

PROOF. Suppose M is simple. Let v € M be non-zero. Then Rv is a
non-trivial submodule of M and so Rv = M.
Let’s prove the converse. Let N be a non-zero submodule of M.

Let v € N be a non-zero element. By assumption, M = Rv. However
Rv C N and so N = M. Thus M is simple. O
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Example 221. Here is a much more interesting example. Let K be
a field and n > 1. Recall that K™ is an M, (K )-module. Let v € K™
be a non-zero vector. Write v = v;. By first year linear algebra,
v1 can be extended to a K-basis vi,vq,...,v, for K. Now let w be
any other non-zero vector in K", and extend that to a K-basis wy =
W, Wa, ..., w,. We know that there is a matrix B € M, (K) (called a
change of basis matrix) such that Bv; = w;. In particular, w = Bv
and so w € M,(K) -v. As this is true for any non-zero w, we have
K" = M,(K) -v. By Lemma 220, K™ is a simple M, (K )-module.

The following theorem generalizes the example.

Theorem 222. Let D be a division ring. Then D™ is a simple as an
M, (D)-module.

Proor. We use Lemma 220. The proof is actually simpler than the
one we gave in the example. Let v € D™\ {0}. We want to show that
D" = M, (D) -v. Let w € D™. Write

U1 w1
%) Wa

V= . 5 W = . , Vi, Wy € D.
Un Wp,

As v # 0, there is some j such that v; # 0. As D is a division
ring, this v; has a multiplicative inverse v]-_l. Let A € M,(K) be the
matrix whose j-th column has entries wlvj’l,wgvj’l, e ,wnvj’l, and

whose other entries are 0. Then Av = w. This completes the proof. [J

2. Schur’s Lemma

Theorem 223 (Schur’s Lemma I). Let f : M — N be a homomor-
phism of simple R-modules M, N. Then either f = 0 or f is an
1somorphism.

PROOF. Recall that Ker(f) is a submodule of M and Im(f) is a sub-
module of N. Observe that

f=0 <« Ker(f)=M and Im(f)=0.

Suppose f # 0. Thus Ker(f) is a proper submodule of the simple mod-
ule M. Therefore Ker(f) = 0. Hence f is injective. Moreover, Im(f) is
a non-zero submodule of the simple module N, therefore Im(f) = N.
Hence f is surjective. Thus f is an isomorphism. O

Theorem 224 (Schur’s Lemma II). Let M be a simple R-module.
Then Endgr(M) is a division ring.

PRrROOF. Let f € Endg(M) \ {0}. We want to show that f is a unit of
Endg(M). As M is simple, Schur’s Lemma (Theorem 223) tells us that
f is an isomorphism. Thus there some isomorphism g = f~*: M — M
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such that gof = fog = I; (which is the identity element of Endg(M)).
Hence f is a unit in Endg(M). O

Exercise 225. Let
0 1
= (1)

Let M = R? be the R[X]-module where X acts as A. Show Endgxj(M)

is a division ring.
1 0
=6 )

Let M = R? be the R[X]-module where X acts as A.
(i) Determine the R[X]-submodules of M.

(ii) Let
e o()-(3)

Show that ¢ € EHdR[X](M>
(iii) Deduce that Endgpx)(M) is not a division ring. Why does this
not contradict Schur’s Lemma?

Exercise 226. Let

3. Characterisation of Division Rings

Theorem 227. Let R be a non-zero ring. The following are equivalent.
(i) Every R-module has a basis.
(i1) R is a division ring.

Lemma 228. Let R be a non-zero ring. Suppose there exists a non-

zero left R-module which is both simple and free. Then R is a division
TIng.

PROOF. Let M # 0 be a left R-module which is simple and free. As
M is free it has an R-basis {v; : ¢ € I}. This basis is non-empty as
M # 0. Let v be any element of this basis. Then {v} will be R-linearly
independent; thus if a € R and av = 0 then a = 0. In particular v # 0
(as 1 € R). By Lemma 220, M = Rv. Let

¢:R— M, = TU.

Then ¢ is a homomorphism of left R-modules. As {v} is linearly in-
dependent, ker(¢) = 0 and so ¢ is injective. Moreover, ¢ is surjective
as Im(¢) = Rv = M. Hence ¢ is an isomorphism of left R-modules.
Now M is simple, therefore R is simple as an R-module; i.e. R does
not have any left R-submodules. But a left R-submodule of R is the
same as left ideal of R. Thus R has no left ideals. By Theorem 111, R
is a division ring. O
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PROOF OF THEOREM 227. We know that (ii) implies (i) by Theo-
rem 211. Let’s do the reverse implication. So suppose (i); i.e. suppose
that every R-module is free. By Zorn’s Lemma, R has a maximal left
ideal m. Consider the module R/m. Note that this does not have to be
a ring since m is not assumed to be a 2-sided ideal. However it is the
quotient of the left R-module R by the left R-module m and hence a
left R-module. By the correspondence theorem (Theorem 73), the left
submodules of R/m are in 1 — 1 correspondence with the left submod-
ules of R containing m. As m is a maximal left submodule of R, the
only submodules of R containing it are R itself and m. Thus the only
left submodules of R/m are R/m itself and m/m = 0. Hence R/m is a
simple R-module. We are supposing that every R-module is free. Thus
R/m is an R-module that is both simple and free. By Lemma 228, the
ring R is a division ring. This completes the proof. Il



CHAPTER 10

Semisimple Modules

1. Definition and Examples

Definition. Let R be a ring. An R-module is called semisimple if,
for every submodule U, there is a submodule W such that M = UgW.
Sometimes we say that W is complementary to U.

A ring R is called a semisimple ring if it is semisimple when
regarded as a left R-module.

Example 229. Let K be a field. Then every K-module is semisimple.
To see this let M be K-module and U be a submodule. Note here
that M is really just a vector space over K and U is a subspace. Let
{u; : i € I'} be a basis for U. We can extend this to a basis

B={u:iclfu{w;:jeJ}
for M. We let W = Span({w; : j € J}). It is easy to see that
U+ V = Span(B) = M, and from the linear independence of B that
UNV ={0}. Thus M =U @& V. Hence M is semisimple.

In fact, the same argument works if you replace K by a division
ring.

Example 230. Let’s convince ourselves that Z is not a semisimple ring.
Here we are viewing Z as a Z-module. A submodule is just an ideal.
Let U = 2Z. We want to see that U does not have a complementary
ideal. Let V' be some other ideal. The ideals of Z are just 0 and nZ
withn =1,2,.... But 0 ® 2Z = 27Z so 0 is not complementary to 2Z.
Also 2Z NnZ 2O 2nZ, and so non-zero for all n = 1,2,.... Hence 27Z
has not complementary ideal. Therefore Z is not a semisimple ring.

Exercise 231. Show R[X] is not a semisimple ring.

Example 232. Let M = R[X]/(X?). This is an R[X]-module. By the
correspondence theorem (Exercise 169) its submodules are in 1 — 1-
correspondence with the ideals a of R[X] containing (X?). As R[X] is
a PID, any ideal is principal, so we can write a = (f(X)) where we
may suppose that the polynomial f is monic. Now (X?) C (f(X)) if
and only if f(X) | X? which is equivalent to f(X) = 1 or X or X2
Thus a = R[X] or (X) or (X?). Hence, by the correspondence theorem,
the submodules of M are of the form a/(X?) where a is one of these
possibilities; i.e. these are

0= (X)/(X?),  U=X)/(X?), M =RX]/X?).
79



80 10. SEMISIMPLE MODULES

Note that the submodule U does not have a complementary submodule.
Hence M = R[X]/(X?) is not semisimple as an R[X]-module.

Exercise 233. Let K be a field, and let M = K[X]/(X?+ 1), consid-
ered as a K[X]-module.

(i) If K =R, show that M is simple.
(ii) If K = C, show that M is not simple, but is semisimple.
(iii) If K =y, show that M is neither simple nor semisimple.

Exercise 234. Let
1 1
A (O 1).

Let M = R? be the R[X]-module were
(ap+ a1 X + -+ a, X")Vv=ayv+aAv+ - +a,A"v.

(i) Determine the R[X]-submodules of M (there are 3 of them).
(ii) Deduce that M is not semisimple as an R[X]-module.

Lemma 235. Let M be a simple module. Then M is semisimple.

PRrROOF. The only submodules of M are 0 and M. If we take U = 0 we
can take W = M, and if we take U = M then we let W = 0. In either
case M =Ua®W. U

Example 236. Let D be a division ring. Then D has no non-zero
proper left ideals. Therefore D is simple as a left D-module. Therefore
D is semisimple as a left D-module. Hence D is a semisimple ring.

Exercise 237. Let Ky, K5 be fields. Let R = K; x K,. Determine
the ideals of R. Show that R is a semisimple ring.

Lemma 238. Let M be semisimple. Let N be a submodule of M. Then
N s semaisimple.

PRrOOF. Let U be a submodule of N. Then U is a submodule of M. As
M is semisimple, there is a submodule V' of M so that M = U@ V. Let
W =VNN. Then W is a submodule of N. We claim that N = U W.
Note that UNW Cc UNV = {0} as U @ V is a direct sum. Hence
UNW ={0}. Letne€ N. Thenne M =U @ V. So we can write
n=u-+v whereu €U and v € V. However, v=n—u. Asn € N
and u € U C N then v € N. Hence ve NNV = W. Thus every
element n € N can be written as u+v where u € U and v € W. Thus
N =U @ W. It follows that N is semisimple. O

Exercise 239. Let R[X]| be the R[T]-module where multiplication is
given by
(bo+0:1 T+ -+b0,T")- f(X) = bof(X)+bi f(X+1)+---+b, f(X +n).

(a) Show that R is an R[T]-submodule of R[X].
(b) Compute (-14+7) - (X +3X?).
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(c) Let f(X) € R[X] have degree m > 1. Show that (—1+T) - f(X)
has degree m — 1.

(d) Show that R[X] is not free as an R[T]-module.

(e) Show that R[X] is not semisimple as an R[T"]-module.

(f) Let f(X) € R[X]\ {0} have degree m > 0. Show that

SpanR[T](f(‘X)) = SpanR(17X7 S 7Xm)

Exercise 240. Let R be a commutative ring, and let a, b, ¢ are pairwise
distinct proper ideals satisfying bN¢ = a and b+ ¢ = R. Suppose that
the only ideals containing a are a, b, ¢ and R.

(i) Show that R/a is not simple.
(ii) Show that R/a is semisimple.
(iii) Let K be a field, and let g, h € K[X] be irreducible and monic,
with g # h. Show that K[X]/(gh) is semisimple.

2. Semisimple implies direct sum of simple modules

Now we will take K to be a field and A a K-algebra. Recall that
this is simply a ring whose centre contains K. Since K C Z(A) C A,
an A-module V is also a K-module and thus a K-vector space.

Theorem 241. Let V' be an A-module which is finite dimensional when
considered as a K-vector space. Suppose V' is semisimple as an A-
module. Then V' s the direct sum of finitely many simple A-modules.

PROOF. Let V be a semisimple A-module which is finite dimensional
as a K-vector space. The proof is by induction on dimg (V). Suppose
first that dimg (V) = 1. Any A-submodule of V' is also a K-subspace
and so has dimension 0 or 1 over K. Thus the only A-submodules of
V are 0 and V so V is simple, so already a direct sum of one simple
A-module.

Now for the inductive step. Again if V' is simple then we’re finished.
So suppose V' is not simple. Then there is a A-submodule 0 C U C V.
Hence 1 < dimg(U) < dimg(V) — 1. As V is semisimple, we have
V = U@ W where W is an A-submodule. Moreover dimg (W) =
dimg (V) —dimg(U), so 1 < dimg (W) < dimg(V)—1. By Lemma 238,
U and W are semisimple. By the inductive hypothesis, U = U1&- - -®U,
and W = W, @ --- @ W, where the U; and V; are simple. Thus V' =
UaeW=U,&---pU, W, & - W, is the direct sum of simple
submodules. O

3. Artin—Wedderburn

Theorem 242 (Artin-Wedderburn). Let K be a field. Let A be a finite
dimensional semisimple K -algebra. Then

A= ﬁ M, (D;)
=1
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for some positive integers ny, . .., n,, and K-diwision algebras Dy, ..., D,,.
Moreover, the factors M, (D;) are unique up to reordering.

We omit the proof.

4. The Centre of a Group Ring

Recall that for a ring R, the centre of R, denoted by Z(R), is
Z(R)y={se€ R : rs=usrforalre R}
For now K is a field and G is a finite group. We would like to under-
stand Z(K|[G]).
Lemma 243. Let ¢ be an element of K|G|. Then 1 € Z(K|[G]) if and
only if hiph™ = h for all h € G.

PROOF. If ¢ € Z(K[G]) then hiph™' = hh=') = for all h € G. We
want to prove the converse.

Suppose hiph~! = 1) for all h € G. This is equivalent to hy) = ¥h
for all h € G. We want to show that ¢y = ¢ for all ¢ € K[G]. But

$=Y by-h b EK.

heG
So

¢'¢=¢-(th-h> - (th-w-h)

heG heG
()= () e
heG heG

Lemma 244. Let ¢ be an element of K[G], and write

@ZJ:ZCLQ'Q-

gelG

Then ¢ € Z(K[G]) if and only if ag = ap-14, for all g, h € G.
PROOF. By Lemma 243 we know that ¢ € Z(K|[G]) iff hiph™! = 1 for

all h € G, i.e.

Zag -g = Zag - hgh™'.

geG geG
Let k € G and let’s compare the coefficient of £ on both sides of this
equality:

e On the left, the coefficient of k is ay.

e On the right, the coefficient of k is a, where hgh™' = k. This
is the same as g = h~'kh. Thus, on the right, the coefficient
of k is Ap—1kh-

Hence ¢ € Z(K|[G]) iff ar, = ap-1p, for all k, h € G. O
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Lemma 245. Let C1,Cs,...,C, be the conjugacy classes of G. For
1=1,2,...,r we let

¢ = (Z g) € K[G].

geC;
Then ¢1, ¢, ..., ¢ is a K-basis for Z(K[G]).

PROOF. Recall the following facts from Algebra II.

e Two elements g, ¢’ € G belong to the same conjugacy class C;
if and only if g = h™1¢'h for some h € G.

e The conjugacy classes C1,Cs,--- ,C, form a partition of G.
Thus

G=C,UCyU---UC,,
and
CinC; =0  whenever i # j.
Let ¢ € K[G]. Can write

T

¢=Zag-g=ZZag-g, ag € K.

geG i=1 geC;

By Lemma 244, ¢ € Z(K|G]) if and only if a, = a, whenever g, ¢’
belong to same C;. Thus ¢ € Z(K|[G]) if and only if

g€eC;

Hence Z(K[G]) = Span(¢y, ..., ¢,). It remains to show that ¢y, ..., ¢,
are linearly independent. If > a;¢; = 0 then

=1 g€C;
Note that each ¢ € G occurs exactly once in the double sum, with
coefficient a; where i is the unique index such that ¢ € C;. So a; =
0. O

Example 246. From Algebra II we know that two elements in S,, are
conjugate if and only if they have the same cycle structure. Therefore
the conjugacy classes in S3 are

Cy={id}, Cy,=1{(1,2),(1,3),(2,3)}, C3=1{(1,2,3),(1,3,2)}.

%(elt 512; <id>a P2 = <(172)> + <(173)> + <(273)>> ¢3 = <(1’273)> +
’B;f Lémma 245, ¢1, ¢a, @3 is a basis for Z(K[S3]).
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5. Centres of Matrix Rings

Let R be a ring and n > 1. The purpose of this section is to
understand the centre of the matrix ring M, (R). Let e; ; € M,,(R) be
the matrix with the entry 1 in the (i, j)-th position, and 0 everywhere
else. Note that these n? elements ei; with 1 <4, j < n are a basis for
M, (R) as an R-module. Thus every matrix A € M, (R) can be written
uniquely as

(20) A= Z ;5 €5, ai j € R.
1<i, j<n
Indeed, the coefficients a; ; are just the entries of this matrix. We note
the following property of these matrices:
1 5=r
0 j#r.
Here 0, is called the Kronecker delta. Formula (21) is easy to check.
In fact we shall need the following more general formula

(22) (Oé ' ei,j) : (5 : er,s) = (5]',7" o B) *€is
for any «, § € R.
Lemma 247. Let A € M, (R) be as in (20). For any 1 <wu, v<n

(21) €ij Crs = 5j,r * €is) 5j,r = {

Ay * In - Z €k A- Eu,k-
k=1
PROOF. The proof is really easy. We start with the formula (20). From

this we have
A- Euk = E E Qi €55 €Cyk-

1<i<n1<j<n
Note that e; ;- e, = 0if j # v by (21). Thus in the inner sum we can
restrict to 7 = v. We get

A- Cuk = E Qv iy Cuk = E Qiy * Cik

1<i<n 1<i<n

again using formula (21). Hence
Chu Aok =D epu(aiy-ein).
1<i<n

Here the summand is zero except when ¢ = u. Thus

€k A- €k = Quu * Ckk
by (22). Now

n
g €k A- Eok = Quo ° (el,l + €22 + -+ en,n)
k:1 TV

In
completing the proof. O
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Lemma 248. Let R be a ring. Suppose A = (a; ;) € Z(M,(R)). Then
Ay = 0 whenever u # v.

PROOF. Suppose A € Z(M,(R)) and u # v. Then

n

up - I, = Z ehu A epp by Lemma 247

k=1
n

= Zekm C ek A as A € Z(Mn(R))
k=1
=0 by (21) since u # v.

g

Lemma 249. Let R be a ring. Let A € Z(M,(R)). Then A =a- I,
for some a € R.

PROOF. Suppose A = (a;;) € Z(M,(R)). By Lemma 248 we know
that a,, = 0 whenever u # v. Thus

n
A= E Qi * Cie
i=1

We compute Ae,, and Ae,, and compare. Note

Aeu,v = § Aiq €4 Cun
i=1
= Quu * Cup " Cuw using (21)
= Quy * Cuw using (21)

and
n
eu,vA = g Cup Qg €
i=1

= Cyv " Ay " Cyo USiIlg (22)
= Qyy - Cup using (21).

But A € Z(M,(R)), so Ae,, = e,,A. Hence, by the above calcula-
tions, Gy * Cuw = Qup * Cuws SO Qyy = Gy, for all u, v. Write a,,, = a.

Then

n

A = aZem:a-In.

=1

Lemma 250. Let R be a ring. Then

a

s a€Z(R)

< O OO

oo O
oo & O
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PROOF. Let A € Z(M,(R)). By Lemma 249 we have A = al,, for some
a € R. Letb € R. Since A € Z(M,(R)), the matrix A = al,, commutes
with the matrix B = b[,,. This is equivalent to ab = ba. Thus a € Z(R),
and so A € Z(R) - I,. We have proved that Z(M,(R)) C Z(R) - I,,.

The reverse inclusion is an easy exercise. U

6. Maschke’s Theorem

Let K be a field and G a group. Since K C K[G], a K[G]-module
is also a K-module, or in otherwords a vector space over K. Maschke’s
Theorem is one of the two big theorems of representation theory that
we see in the course; the other one is Schur’s Lemma.

Theorem 251 (Maschke’s Theorem). Let K be a field and G a finite
group. Suppose that #G - 1 # 0x. Let V be a K[G]-module. Then
V' is a semisimple K|G| module. In particular K|[G] is a semisimple
K-algebra.

Example 252. Let G be a finite group, and K a field. If K = C or R,
then #G - 1x = #G # 0, so can apply Maschke’s theorem to deduce
that K[G] is semisimple.

Example 253. Let G = S5. Then #G = 120. Note that #G -1 =0 in
Fy, F3, F5, so we cannot apply Maschke’s theorem to the group rings
Fo[Ss], F3[Ss), F5[S5]. But #G -1 # 0 in F,, for all primes p > 7, so can
apply Maschke’s theorem to deduce that IF,[G] is semisimple for p > 7.

Exercise 254. Let V' be an R-module and let 7 : V" — V be an R-
module homomorphism satisfying 72 = 7 (i.e. 7 om = 7). Show that
V' = ker(m) @ Im(7). Hint: Show that v —n(v) € ker(r) forall ve V.

Exercise 255. Let K be a field and G a group. Let V be a K[G]-
module. Let 7 : V — V satisfy the following:

e 7 is K-linear;
e m(hv) = hr(v) forall ve V and h € G.

Show that 7 is K[G]-linear.

PROOF OF MASCHKE’S THEOREM. Let U be a K[G]-submodule of V.
Then U is a K-subspace of V. By Example 229, there is a K-subspace
W' such that V= U @ W’. Note that we’re not finished by any means.
If W' is a K[G]-submodule then we would be finished, but in general it
does not have to be. However every v € V' can be decomposed uniquely
as v=u+w with u € U and w' € W’. We let ¢ be the projection:

¢:V =V, dlu+w') = u, (ueU, weW).

This ¢ is a K-linear transformation which satisfies ¢(u) = u for any
u e U, and Im(¢) =U.
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Let
m:V =V, (v :—Zg o(gv).

gelG

Note that this does not make sense if #G is zero when regarded as
an element of the field K, which is why we imposed the condition
#G - 1 # Ok.
We claim the following;:
(i) 7 is a K[G]-homomorphism.
(i) 72 = m;
(ili) Im(m) = U;
Let’s assume these claims for now. Let W = ker(w). By (i), 7 is a K[G]-
homomorphism and so W is a K[G]-module. Also by (ii), 72 = m and
so by Exercise 254, V' = Im(7) @ ker(n) = U @ W by (iii). Thus we
found a complementary submodule to U and so V is semisimple as a
K[G]-module. All that remains is to prove claim (i), (ii) and (iii).
Let u € U. Since U is a K[G|-submodule, we know that gu € U
for all g € G. Hence ¢(gu) = gu by the definition of ¢. Now

7(u) #Gnglg Zu—u

geG gEG

In particular U C Im(w). Let v € V. By definition of ¢ we know that
o(gv) € U. Since U is a K[G]-module, w(v) € U. Hence Im(7) = U.
This proves claim (iii).

For claim (ii), let v € V. We said that w(v) € U, and that 7(u) = u
for all u € U. Hence 72(v) = 7(w(v)) = 7(v).

It remains to check (i). Since ¢ is K-linear, is is easy to see that
7 is K-linear. By Exercise 255, to show that 7 is K[G]-linear it is
enough to show that w(hv) = hn(v) for all v € V and h € G. From
the definition of 7,

m(hv) Z g o(ghv).
# geG

Write £ = gh. Note that as g runs through the elements of G so does
k = gh. Moreover g~ = hk~—!. Thus

m(hv) = th o(kv) = hr(v).

kEG

This completes the proof. U

7. Examples of Artin—-Wedderburn and Maschke in Action

Theorem 256. Let G be a finite group. Let m be the number of conju-
gacy classes of G. Then there are positive integers ni,na, ..., Ny, such
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that

(23) cc] = [ M. (©).
i=1

Moreover,

#G =nl+n3+--+n’.

PrOOF. By Maschke’s theorem, C[G] is a semisimple C-algebra, and
so by Artin—Wedderburn,

m

ClG) = [] M, (D)

where D; are finite dimensional C-division algebras. But, by Theo-
rem 123 the only finite dimensional C-division algebra is C. Thus (23)
holds, for some value of m and some positive integers nq,...,n,,. Com-
puting dimensions on either side of (23) gives

#G = dime(C[G)) = ) dime (M, (C)) = nf + -+ +nl,.
=1

It remains to check that m is the number of conjugacy classes. By
Exercise 91,

Z(Cla) = HZ(Mm(C))-

However, from Lemma 250, Z(M,, (C)) = C. Thus

Z(C[G]) = C™.
Hence m = dim¢(Z(C[G])). By Lemma 245, this dimension is the
number of conjugacy classes of G. O

Example 257. Let us apply Theorem 256 to G = S3. Note that #S55 =
6, and (see Example 246) the group S; has 3 conjugacy classes. Thus
we are looking for positive integers ny, ng, nz such that n?+n3+n3 = 6.
The only possibility (up to reordering) is n; = ny = 1 and ng = 2. Thus

C[Ss] 22 C x C x My(C).

Exercise 258. Write down the corresponding theorem to Theorem 256
where C is replaced with R. Hint: you will need Frobenius’ Theorem.

Exercise 259. Write down the corresponding theorem to Theorem 256
where C is replaced with F,. Hint: you will need Wedderburn’s Little
Theorem.

Exercise 260. Let G be a finite group, and suppose

R[G]ZR xR xR xR x H.

(i) Determine the order of G.
(ii) Determine the number of conjugacy classes of G.
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(iii) Explain why G is non-abelian.
(iv) Write C[G] as a product of matrix rings.






CHAPTER 11
Simple Rings

1. Definition and First Examples
Definition. A ring R is simple if its only 2-sided ideals are 0 and R.

Example 261. Z is not simple. e.g. 27Z is a proper non-zero 2-sided
ideal.

Example 262. Recall that the only ideals of a field K are 0 and K.
Thus every field is a simple ring.

Theorem 263. Division rings are simple.

ProOF. By Theorem 111, a division ring has no non-zero proper left
ideal. Any 2-sided ideal is a left ideal. Thus division rings are simple.
O

Example 264. Recall that fields are division rings. Thus Theorem 263
is a generalization of Example 262. In particular, the quaternions are
a division ring and thus simple.

Exercise 265. Let

2a  2b
J = {(20 Qd) : a,b,c,dEZ}.

Show that J is a 2-sided ideal of M(Z).

Exercise 266. Let R be a non-zero ring. Suppose R is non-simple.
Show that Ms(R) is non-simple.

Exercise 267. Let R be a non-zero commutative ring. Show that R
is simple if and only if R is a field.

2. Matrix Rings of Simple Rings are Simple
Theorem 268. Let R be a simple ring. Then M, (R) is simple.

Example 269. Theorem 268 gives us lots of examples of simple rings.
For example, R is a simple ring (we said fields are simple), thus Ms(R) is
a simple ring. But we can iterate the process to deduce that My (M, (R))
is a simple ring. What’s My(M>(R))? It’s the ring of 2 x 2 matrices
whose entries are 2 x 2 real matrices. But also H is a simple ring (we
said division rings are simple) and so Ms(H) is a simple ring and so
M7 (Msy(H)) is a simple ring . ..

91
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Let’s start thinking about proving Theorem 268. Recall what it
means for a ring R to be simple. It means that the only 2-sided ideals
are 0 and R itself.

PROOF OF THEOREM 268. Let J be an 2-sided ideal of M,,(R). Sup-
pose J # 0. We want to show that J = M,,(R), and for this it is enough
to show that I, € J. As J # 0, there is a matrix A € J with A # 0.
Thus one of the entries a,, of A is non-zero. From Lemma 247 and
the fact that J is a 2-sided ideal, we have a,,, - I, € J. We haven’t yet
shown that I,, belongs to J, but we’ve shown that a non-zero multiple
of it belongs to J. We need to use the fact that R is simple to show
that I, € J.
Consider the maps

¢:R— My(R), ¢(r)=rl,  ¢:MJ(R)— M,R)/J, B~ B+lJ

It’s easy to see that ¢ is a homomorphism, and 1) is just the natural
quotient homomorphism. Thus 1 o¢ is a homomorphism, and its kernel
is a 2-sided ideal of R. Moreover, (1) 0 ¢)(aun) = Y(ay, - I,) = 0 as
Ay - I, € J. Thus the 2-sided ideal ker(y o ¢) contain the non-zero
element a,,. As R is simple, ker(¢) o ¢) = R. Thus

I+ J=9(In) = (o d)(1) =0
giving I,, € J and completing the proof. O

Exercise 270. Let K be a field and V' be a countably infinite di-
mensional K-vector space (this means that V' has a countably infinite
K-basis vi,va,vs,...). Let R = Endg (V) (this is the endormphism
ring of V', but recall that an endomorphism of a K-vector space is the
same as K-linear transformation V' — V).

(i) Let I be the set of endomorphism 7" € Endg (V') with finite rank.
Show that I is a 2-sided ideal of R. (Recall that the rank of a
linear transformation 7" is the dimension of the image.)

(ii) Show that R/I is a simple ring.
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