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Introduction

In this course we will study the Navier-Stokes equations that govern fluid
flow. Having derived the equations we will introduce various tools from func-
tional analysis that we need in order to treat them mathematically, and then
look in some detail at the mathematical questions of existence and unique-
ness of solutions. That done we will concentrate of the two-dimensional
equations, viewing them as a dynamical system, and draw some physical
conclusions about ‘two-dimensional turbulence’.

The main reference throughout is ‘[R]’, which also contains many addi-
tional references:

J.C. Robinson (2001) Infinite-Dimensional Dynamical Systems (Cambridge
University Press)

Other useful books are

P. Constantin & C. Foias (1988) Navier-Stokes Equations (University of
Chicago Press)

C.R. Doering & J.D. Gibbon (1995) Applied Analysis of the Navier-Stokes
Equation (Cambridge University Press)

M. Renardy & R.C. Rogers (1992) An Introduction to Partial Differential
Equations, Texts in Applied Mathematics Volume 13 (Springer Verlag, New
York).
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Chapter 1

Physical derivation of the
Navier-Stokes equations

In this chapter we will give a brief summary of the physical derivation of
the Navier-Stokes equations, mainly to indicate that they are not an ad
hoc model, but derived from sound fundamental principles. We will try to
derive a model for a fluid moving in some region D ⊂ Rd (here we take
d = 3, although we will also consider d = 2 later). For another treatment of
the physical background leading to these equations, see Doering & Gibbon
(1995).

1.1 The continuum hypothesis

The main simplification made in deriving the Navier-Stokes equations, and
other models of solids or ‘non-Newtonian’ fluids, is that we consider the fluid
to occupy space continuously, rather than being made up of a huge (but
finite) number of interacting particles.

We want to be able to talk about the ‘fluid velocity’, the ‘fluid density’,
etc., at a point, and in reality these concepts do not really make sense. Phys-
ically we have to think of the ‘density at a point x’ as meaning the average
density over some small volume which is significantly larger than the molec-
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ular scale (∼ 10−8 m), but significantly smaller than the lengths associated
with the ‘large-scale motion’ of the fluid (e.g. 1 cm).

For example, Figure 1.1 shows schematically the result of measuring the
average density over volumes whose sides have differing lengths. For a range
of L away from the smallest and largest scales, these quantities appear to be
essentially constant and well-defined.

Figure 1.1: ‘Local averages’ of the density appear well-defined over a range
of length scales. (After a figure in G.K. Batchelor’s Fluid Dynamics)

1.2 Langrangian & Eulerian pictures

If we are prepared to accept this continuum hypothesis there are now two
ways to think of the fluid.

In the Lagrangian picture we think of the fluid as a collection of ‘fluid
particles’. Suppose that we label each particle with its initial position a ∈ D.
As the fluid moves, each fluid particle will move, with some velocity v(a, t);
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we can find the position x(a, t) of ‘particle a’ at time t by solving the ordinary
differential equation

dx

dt
= v(a, t).

If we assume that the particles all retain their own distinct identity then we
can also invert a 7→ x(a, t) if we want to find the initial position of the fluid
particle that is now at x, we denote this by a(x, t).

An alternative point of view, which is more useful for us, is to consider
quantities referred to coordinates that are fixed in the domain D. This
approach, ‘the Eulerian picture’, was pioneered by Euler and led to the first
derivation of the equations of motion for fluids. We will denote by u(x, t)
the fluid velocity at the point x, i.e.

u(x, t) = v(a(x, t), t).

Suppose that f(x, t) is any function of time and the Eulerian space coor-
dinates. If we look how f changes as we move with a fluid particle then we
need to consider

∂

∂t |
a

f(x(a, t), t) =
∂f

∂t |
x

+
d∑

j=1

∂f

∂xj

∂xj

∂t

=
∂f

∂t
+

d∑
j=1

uj
∂f

∂xj

=
∂f

∂t
+ (u · ∇)f

The final expression here is the ‘convective derivative’ of f ,

Df

Dt
:=

∂f

∂t
+ (u · ∇)f , (1.1)

reflecting both how f changes in time, and how it changes because the fluid
is in motion.

1.3 Conservation of mass

The first equation we need embodies the conservation of mass – as the fluid
flows around, mass in neither created nor destroyed. Suppose that V is a
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fixed volume in the domain D. Then the amount of mass in V can only
change as the fluid flows into and out of V :

d

dt

∫

V

ρ(x, t) dV = −
∫

∂V

ρu(x, t) · n dS

Using the divergence theorem we can rewrite the right-hand side of this as

d

dt

∫

V

ρ(x, t) dV = −
∫

V

∇ · (ρu(x, t)) dV,

and so ∫

V

[
∂ρ

∂t
+∇ · (ρu)

]
dV = 0.

Since this equation has to hold for any volume V , we can remove the integral,
and deduce the equation of mass conservation,

∂ρ

∂t
+∇ · (ρu) = 0. (1.2)

Exercise 1.1. Show that if f is continuous and∫

V
f(x) dV = 0

for any volume V , then f = 0.

We will concentrate in all that follows on incompressible fluids, in which
the density does not change, i.e. for which Dρ/Dt = 0, where D is the con-
vective derivative from (1.1). If we rewrite (1.2) we have

∂ρ

∂t
+ (u · ∇)ρ + ρ(∇ · u) =

Dρ

Dt
+ ρ(∇ · u) = 0,

and since we are assuming that Dρ/Dt = 0 this equation reduces to the
incompressibility condition

∇ · u = 0. (1.3)

1.4 Conservation of momentum

Now we will consider a small volume Vt that moves with the fluid. Momentum
conservation says that

d

dt

∫

Vt

ρu dV = forces on Vt. (1.4)
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1.4.1 The stress tensor

The forces on Vt arise due to the influence of the surrounding fluid, and will
act on the boundary of the volume Vt. We now show that these forces can
be derived from a symmetric stress tensor σij(x, t), so that the force on an
area A is given by

f =

∫

A

σ · n dA,

i.e.

fi =

∫

A

σijnj dA.

To see this, consider a small tetrahedral volume in the fluid, with three
of its faces aligned with the coordinate axes, as in Figure 1.2, with sides that
have length O(l).

Figure 1.2: A small tetrahedral element in the fluid, and the forces on it

The mass of this little volume will be O(l3), while the area of the faces
will be O(l2). Since the magnitude of the forces is proportional to the area
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of the faces, if the acceleration is not to become infinite as l → 0, the forces
on this volume must cancel. So we should have

f(n)δA + f(−e1)δA1 + f(−e2)δA2 + f(−e3)δA3 = 0

However, since δAj = nj δA, and using Newton’s third law (f(n) = −f(−n))
it follows that

f(n) = f(e1)n1 + f(e2)n2 + f(e3)n3,

or
fi(n) = σijnj

for some appropriate stress tensor σij.

If we now consider a small cube in the fluid with sides of O(l) then the
couple on the cube must be zero as l → 0 to prevent infinite torque: this
implies that σij = σji, i.e. that σ is symmetric. See Figure 1.3

Figure 1.3: The couple on a tiny cube must be zero.

1.4.2 The form of the stress tensor

We write the stress tensor in the form

σij = −p δij + Tij,

taking out the isotropic (direction independent) part to define the pressure
p, and leaving the ‘deviatoric stress’ Tij.
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We now make the assumption that the fluid is Newtonian: that the devi-
atoric stress depends in a linear way on the ‘rate of strain’ tensor, an object
that measures how much the movement of the fluid differs from a rigid body
motion (translation or rotation). The rate of change of a small line element
δx in the fluid is given by

d

dt
|δx|2 =

d

dt
(δx · δx)

=
d

dt

d∑
j=1

δxj δxj = 2
d∑

j=1

dδxj

dt
δxj

= 2
d∑

j=1

[uj(x + δx)− uj(x)] δxj

= 2
d∑

i,j=1

∂uj

∂xi

δxi δxj

=
d∑

i,j=1

δxi

(
∂uj

∂xi

+
∂ui

∂xj

)
δxj

=
d∑

i,j=1

δxi Eij δxj,

where Eij is the rate of strain tensor,

Eij :=
∂uj

∂xi

+
∂ui

∂xj

.

The most general linear isotropic (direction independent) relationship
that gives a symmetric tensor T from a tensor E is

T = µE + β Tr(E)I,

where Tr(E) denotes the trace of E, i.e. the sum of the diagonal elements,

Tr(E) = E11 + E22 + E33.

However, when E is the rate of strain tensor we have

Tr(E) = 2

[
∂u1

∂x1

+
∂u2

∂x2

+
∂u3

∂x3

]
= 2(∇ · u),
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and when the fluid is incompressible this is just zero. So for an incompressible
fluid, the stress tensor is just a term due to the pressure, plus a scalar multiple
of the rate of strain tensor:

σ = −pI + µE.

1.4.3 The equation of motion

We are now in a position to derive the equation of motion. Returning to
(1.4) we have

d

dt

∫

Vt

ρu dV =

∫

∂Vt

σ · n dS.

Taking the time derivative under the integral on the left-hand side gives us
the convective derivative, while using the divergence theorem on the right-
hand side will give as a volume integral:

∫

Vt

D

Dt
(ρu) dV =

∫

Vt

∇ · σ dV.

Now, since σ = µE we have

[∇ · σ]i =
d∑

j=1

∂σij

∂xj

= − ∂p

∂xi

+ µ

d∑
j=1

∂

∂xj

(
∂uj

∂xi

+
∂ui

∂xj

)

= [−∇p]i + µ

d∑
j=1

∂2ui

∂x2
j

+ µ
∂

∂xi

d∑
j=1

∂uj

∂xj

= [−∇p]i + µ ∆ui + µ
∂

∂xi

[∇ · u]

= [−∇p + µ ∆u]i,

using the incompressibility condition (∇ · u = 0) again, and defining the
Laplacian of a vector u by

[∆u]i := ∆ui :=
d∑

j=1

∂2ui

∂x2
j

.
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We therefore have
∫

Vt

[
D

Dt
(ρu)− µ ∆u +∇p

]
dV = 0,

and as before, since this should hold for any volume in the fluid we obtain

D

Dt
(ρu)− µ ∆u +∇p = 0. (1.5)

Finally, since we are assuming that the fluid is incompressible we have

D

Dt
(ρu) = ρ

[
∂u

∂t
+ (u · ∇)u

]
,

and so we obtain the momentum equation

ρ

[
∂u

∂t
+ (u · ∇)u

]
− µ ∆u +∇p = 0. (1.6)

1.5 The Navier-Stokes equations

We have now derived the Navier-Stokes equations for an incompressible, New-
tonian fluid:

ρ

[
∂u

∂t
+ (u · ∇)u

]
− µ ∆u +∇p = 0 and ∇ · u = 0. (1.7)

We will assume in what follows that ρ is constant.

The unknowns are the velocity u(x, t), a d-component vector and the
pressure p(x, t). We can specify the density ρ, and the viscosity µ. There are
d + 1 equations in (1.7), so we can at least hope that our model is solvable.
In what follows we will investigate when we can prove that this model has
physically meaningful solutions that are valid for all t ≥ 0.

First, however, we consider the effect of the various terms in the equation.
Note that it is very nearly a linear equation. Indeed, without expanding the
convective derivative (1.5) appears to linear. All our analytical problems will
arise because of the nonlinear term (u · ∇)u.
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The Laplacian term is our friend. It has the effect of dissipating energy
– it reflects the viscous effects in fluid motion, which serves to slow things
down. The pressure term (∇p) allows us to maintain the divergence-free
condition as the fluid moves. The presence of the pressure term also causes
problems, although we will be able to cope with these to some extent.

1.6 Boundary conditions

In physical settings our fluid lies in some spatial domain D with boundaries,
and almost all physical flows arise from forcing at the boundaries. ‘Physical
boundary conditions’ are Dirichlet, or non-slip boundary conditions: u = 0
on ∂D, i.e. fluids stick to boundaries.

However, in this course we will consider a problem that is mathematically
a little simpler, and allows us to avoid any consideration of boundaries. We
suppose that the fluid is in a region that has ‘periodic boundary conditions’:
we choose a box Q = [0, L]d, and insist that

u(x + Lej, t) = u(x, t) for j = 1, 2, 3, (1.8)

where ej in the unit vector in the direction of the jth coordinate axis. Since
there are now no boundaries at which we can apply forces to the fluid we
make the fluid move by imposing a ‘body force’ f(x, t) that acts, as if by
magic, throughout the fluid.

We will therefore study the equations

∂u

∂t
+ (u · ∇)u− ν ∆u +∇p = f(x, t) and ∇ · u = 0, (1.9)

where we have set ν = µ/ρ and renamed p. To further simplify matters we
will assume that the initial velocity and the forcing have zero average over
Q: ∫

Q

u(x, 0) dV = 0 and

∫

Q

f(x, t) dV = 0. (1.10)

Physically this means that the forcing f does not change the total momentum
of the fluid, and since this momentum is initially zero (by assumption) it
remains zero.

Exercise 1.2. Show that if (1.10) holds then u(x, t) = 0 for all t ≥ 0.
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1.7 Fourier representation

One great advantage of considering flows with periodic boundary conditions
is that we can use Fourier series in order to represent the solutions of the
equation. We can expand u(x, t) in terms of an infinite sum of complex
exponentials,

u(x, t) =
∑

k∈Zd
L

û(k, t)eik·x, (1.11)

where Zd
L is the set of all k in the form

(
2πn1

L
, . . . ,

2πnd

L

)
with nj ∈ Z,

and the coefficients û(k, t) are given by

û(k, t) =
1

Ld

∫

Q

u(x, t)e−ik·x ddx.

Exercise 1.3. If you are unfamiliar with Fourier series, suppose that you can
write u(x, t) as in (1.11). Multiply both sides by e−ik·x and integrate to find the
above expression for û(k, t).

In order for u(x, t) to be real we must have

û(k, t) = û(−k, t).

If we insist that
∫

Q
u(x, t) ddx = 0 then we must have û(0, t) = 0 for all t, so

in fact
u(x, t) =

∑

k∈Żd
L

û(k, t)eik·x, (1.12)

where Żd
L = Zd

L \ 0.

The derivatives of such a Fourier series are easy to calculate, assuming
that we can differentiate term-by-term: we have

∂

∂xj

u(x, t) = i
∑

k∈Żd
L

kjû(k, t)eik·x.
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We can rewrite the Navier-Stokes equations in terms of the Fourier coef-
ficients, assuming that

p(x, t) =
∑

k∈Żd
L

p̂(k, t)eik·x and f(x, t) =
∑

k∈Żd
L

f̂(k, t)eik·x.

The momentum balance equation becomes

d

dt
û(k, t) + i

∑

k′+k′′=k

[û(k′, t) · k′′]û(k′′, t) + ν|k|2k̂(k, t) + ikp̂(k, t) = f̂(k, t)

(1.13)
(in the sum we also have k′,k′′ ∈ Żd

L) while the incompressibility condition
is simply

k · û(k, t) = 0.

If we take the dot product of the momentum equation with k then we can
use the incompressibility condition to eliminate p̂k:

ik ·
∑

k′+k′′=k

[û(k′, t) · k′′]û(k′′, t) + i|k|2p̂(k, t) = k · f̂(k, t),

and so

p̂(k, t) =
i

|k|2
[
ik ·

∑

k′+k′′=k

[û(k′, t) · k′′]û(k′′, t)− k · f̂(k, t)

]
.

Note that if f is not divergence free then that part of f is absorbed by
the pressure term. In much of what follows we will therefore take f to be
divergence-free, i.e. k · f̂(k, t) = 0. In this case the second term in the
expression for p̂ drops out, and the momentum equation is therefore

d

dt
û(k, t) + i

(
I− kk

|k|2
)
·

∑

k′+k′′=k

[û(k′, t) · k′′]û(k′′, t) + ν|k|2û(k, t) = f̂(k, t)

(1.14)

Without the nonlinear term the equation would be very simple. The
Laplacian term causes û(k, t) to decay exponentially fast: with no forcing
term this would decay to zero. Note that the rate of decay increases as |k|
increases – high wavenumbers, corresponding to small lengthscales in the
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flow, decay more rapidly. However, the nonlinear term ‘mixes’ the Fourier
components of the flow: all scales between 0 and 2|k| can contribute to the
kth wavenumber component of the flow. Note that the rôle of the pressure is
to enforce the divergence free condition.

Exercise 1.4. For any choice of Fourier coefficients ck show that

∑

k∈Żd
L

[
ck − k · ck

|k|2 k
]

eik·x

is divergence free.
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Chapter 2

Solutions of ODEs

In this chapter we will consider how to prove the existence and uniqueness of
solutions of ordinary differential equations, using the Contraction Mapping
Theorem. First we recall the definition of a Banach space which we need to
state this theorem precisely [cf. Chapter 1 of [R]].

2.1 Banach spaces

A norm on a vector space X is a ‘length’ function ‖·‖ : X → [0,∞) satisfying

(i) ‖x‖ = 0 iff x = 0,

(ii) ‖λx‖ = |λ|‖x‖ for all x ∈ X, λ ∈ R, and

(iii) ‖x + y‖ ≤ ‖x‖+ ‖y‖ for all x, y ∈ X (the “triangle inequality”).

A normed space consists of a vector space X and a norm ‖ · ‖X : strictly a
normed space is a pair (X,‖ · ‖X), but most spaces have a “standard” norm
and we tend to drop this slightly pedantic notation.

Example: Rn with the standard Euclidean norm | · | is a normed space.
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A sequence {xn} ∈ X is Cauchy if for any ε > 0 there exists an N such
that

‖xn − xm‖ < ε for all n,m > N.

A space X is complete if every Cauchy sequence in X converges to another
element of X. Rn is complete.

A Banach space is simply a complete normed space: Rn is the simplest
example.

Two norms on X, ‖ · ‖1 and ‖ · ‖2 are said to be equivalent if there exist
constants α1 and α2 with 0 < α1 < α2 such that

α1‖x‖1 ≤ ‖x‖2 ≤ α2‖x‖1.

If a sequence converges in the ‖ · ‖1 norm iff it converges in the ‖ · ‖2 norm,
hence the idea that they are “equivalent”. (All norms on Rn are equivalent,
see Theorem 1.1. in [R].)

2.1.1 Continuous functions

Suppose that Ω ⊂ Rn, and X is a normed space. Then a function f : Ω → Y
is continuous at x if for every ε > 0 there exists a δ > 0 such that

|x− x̃| < δ ⇒ ‖f(x)− f(x̃)‖X < ε,

and f is continuous if it is continuous at every x ∈ Ω.

The collection C0(Ω, X) of all continuous functions from Ω to X has a
standard norm,

‖f‖∞ = sup
x∈Ω

‖f(x)‖X .

With this norm C0(Ω, X) is complete: any Cauchy sequence converges, and
its limit (the uniform limit of continuous functions) is also continuous. Thus
C0(Ω, X) is a Banach space.
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2.2 Local Existence

We now consider an ordinary differential equation on Rd,

dx

dt
= f(x) x(0) = x0, (2.1)

and investigate when we can prove the existence and uniqueness of solutions.
Chapter 2 of [R] has more details.

The first step is to change this into a problem which is easier to analyse.

Lemma 2.1. Assume that f is continuous from Rd → Rd. Then solutions
of the differential equation

ẋ = f(x) x(0) = x0 (2.2)

are equivalent to solutions of the integral equation

x(t) = x0 +

∫ t

0

f(x(s)) ds (2.3)

for which x(t) is continuous.

Proof. That solutions of (2.2) give solutions of (2.3) is obvious by integration
from 0 to t. If x(t) is continuous then f(x(t)) is continuous, and then

∫ t

0

f(x(s)) ds

is C1 and has derivative f(x(t)). Clearly (2.3) satisfies the initial condition.

2.3 The contraction mapping theorem

A solution of (2.3) is a fixed point of the operator J :

(J [x])(t) = x0 +

∫ t

0

f(x(s)) ds. (2.4)

To guarantee the existence of such a fixed point we will use the Contraction
Mapping Theorem.
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Theorem 2.2. (The Contraction Mapping Theorem). Let X be a closed
subset of a complete normed space (Y, ‖ · ‖), and h : X → X a function
satisfying

‖h(x)− h(y)‖ ≤ k ‖x− y‖ for all x, y ∈ X, (2.5)

where k < 1 (we say that h is a contraction, or contraction mapping, on X).
Then h has a unique fixed point x∗ in X, i.e. there is a unique x∗ ∈ X with
h(x∗) = x∗.

See [R] for a proof (Theorem 2.2).

We now assume that f is locally Lipschitz, i.e.

|f(x)− f(y)| ≤ L(x, y)|x− y|,

where L(x, y) can be chosen uniformly for all x, y in any bounded set B:

|f(x)− f(y)| ≤ L(B)|x− y| for all x, y ∈ B. (2.6)

We will show that equation (2.1) has a unique solution, at least on a small
time interval [0, T ].

We will look for a solution that is an element of C0([0, T ],Rd), i.e. a
continuous function from [0, T ] into Rd. We will use the notation

‖x‖∞ = max
0≤t≤T

|x(t)|

to denote the maximum value of |x(t)| on the interval [0, T ].

Theorem 2.1. Suppose that f is locally Lipschitz as in (2.6). Then there
exists a T , which depends on x0, such that

dx/dt = f(x) with x(0) = x0

has a solution on [0, T ].

Proof. If f(x0) = 0 then

x(t) = x0 for all t ∈ R

18



is clearly a solution, and we can take any T > 0. So assume that f(x0) 6= 0.

We will choose T to ensure that the solution cannot move too far from
its initial condition. Let B = B1(x0), the ball of radius 1 centred on x0,

B1(x0) = {x : |x− x0| ≤ 1}.
Since f is locally Lipschitz there exists a constant Lx0 such that

|f(x)− f(y)| ≤ Lx0|x− y| for all x, y ∈ B1(x0). (2.7)

We apply the Contraction Mapping Theorem in the space

X = {x ∈ C0([0, T ],Rd) : ‖x− x0‖∞ ≤ 1},
which is a closed subset of the Banach space C0([0, T ],Rd).

We have to show that J maps X into itself and is a contraction. It is
clear that whatever choice we make for T , if x ∈ C0([0, T ],Rd) then so is
J [x]. Our first task is therefore to choose T such that

|J [x](t)− x0| ≤ 1 for all 0 ≤ t ≤ T.

We have

J [x](t)− x0 =

∫ t

0

f(x(s)) ds,

so we want to make sure that∣∣∣∣
∫ t

0

f(x(s)) ds

∣∣∣∣ ≤ 1

if ‖x− x0‖∞ ≤ 1. We can write
∣∣∣∣
∫ t

0

f(x(s)) ds

∣∣∣∣ =

∣∣∣∣
∫ t

0

f(x(s))− f(x0) + f(x0) ds

∣∣∣∣

≤
∫ t

0

|f(x(s))− f(x0)|+ |f(x0)| ds

≤
∫ t

0

Lx0|x(s)− x0| ds + t|f(x0)|
≤ t[Lx0 + |f(x0)|]
≤ T [Lx0 + |f(x0)|],
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since t < T , and we have assumed that x(t) remains in the set B1(x0), where
f has Lipschitz constant Lx0 [as in (2.7)].

So we will take

T =
1

Lx0 + |f(x0)| , (2.8)

which ensures that ‖J [x]− x0‖∞ ≤ 1 as we wanted.

Now we want to show that J is a contraction on X. To do this, take
x, y ∈ X. Then we have

J [x](t)− J [y](t) =

∫ t

0

f(x(s)) ds−
∫ t

0

f(y(s)) ds

=

∫ t

0

f(x(s))− f(y(s)) ds,

and so, using the Lipschitz property of f on the ball B1(x0) we have

|J [x](t)− J [y](t)| ≤
∫ t

0

|f(x(s))− f(y(s))| ds

≤
∫ t

0

Lx0|x(s)− y(s)| ds

≤
∫ t

0

Lx0‖x− y‖∞ ds

≤ Lx0t‖x− y‖∞
≤ Lx0T‖x− y‖∞.

Since the bound on the right-hand side does not depend on t, we can deduce
that

‖J [x]− J [y]‖∞ ≤ Lx0T‖x− y‖∞. (2.9)

Now, by our choice of T

k := Lx0T =
Lx0

|f(x0)|+ Lx0

< 1.

It follows that J is a contraction on X, and hence has a unique fixed point
in X.
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There remains a subtle but significant point to deal with. We have shown that
there is only one solution that remains in B1(x0) for t ∈ [0, T ], but it is conceivable
that there might be other solutions that do not remain in B1(x0) for t ∈ [0, T ].

However, since any solution satisfies the integral equation (2.3), following the
analysis above we must have

|x(t)− x0| =
∣∣∣∣
∫ t

0
f(x(s)) ds

∣∣∣∣ ≤ t [Lx0 + |f(x0)|] (2.10)

while |x(t)−x0| ≤ 1. Suppose that |x(t)−x0| > 1 for some t ∈ [0, T ]. Since x(t) is
continuous there must exist a maximum T ∗ < t such that |x(t)−x0| ≤ 1 on [0, T ∗],
and in particular |x(T ∗) − x0| = 1. However, since |x(t) − x0| ≤ 1 for t ∈ [0, T ∗],
(2.10) implies that

|x(T ∗)− x0| ≤ T ∗ [Lx0 + |f(x0)|] =
T ∗

T
< 1,

a contradiction.

So all solutions must stay in B1(x0) for t ∈ [0, T ], and hence we have the
unique solution of the equation.

We note the following useful corollary.

Corollary 2.2. The time of existence, T , in Theorem 2.1 can be taken to be
uniform for initial conditions contained in any bounded subset X ⊂ Rd.

Proof. Without loss of generality assume that X is closed. A continuous function
on a closed subset of Rd is bounded, so we must have |f(x0)| ≤ M for all x0 ∈ X.
Also, since f is locally Lipschitz, there exists an L such that

|f(x)− f(y)| ≤ L|x− y| for all x, y ∈ B1(X),

where (in an abuse of notation) the bounded set B1(X) is defined by

B1(X) = {y : |y − x| ≤ 1 for some x ∈ X.}.
In particular, it follows that Lx0 ≤ L for all x0 ∈ X, and so

1
|f(x0)|+ Lx0 |

≥ 1
M + L

,

and so we can take T = 1/(M + L) for all x0 ∈ X.
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2.4 Gronwall’s Lemma

We have proved the existence and uniqueness of a solution, at least on a
short time interval. We now show that the solution depends continuously on
its initial condition. In order to prove this we will use the following simple,
but fundamental, result.

Lemma 2.3. (Gronwall’s Lemma). Let y(t) ∈ R+ satisfy

dy/dt ≤ ay + b y(0) ≤ y0. (2.11)

Then

y(t) ≤
(
y0 +

b

a

)
eat − b

a
.

Proof. Multiply both sides of (2.11) by the integrating factor e−at

d

dt
(ye−at) ≤ be−at

and integrate between 0 and t:

y(t)e−at ≤ y(0) + b

∫ t

0

e−as ds,

so that

y(t) ≤ y0e
at +

b

a
(eat − 1),

which gives the result.

Exercise 2.1. By following the same integrating factor method from the proof
above, show that if x(t) ≥ 0 satisfies the differential inequality

dx

dt
≤ g(t)x + h(t)

then

x(t) ≤ x(0) exp[G(t)] +
∫ t

0
exp[G(t)−G(s)]h(s) ds,

where

G(t) =
∫ t

0
g(r) dr.

22



The following observation is also useful. If dx/dt = f(x) then

d

dt
|x| ≤ |f(x(t))|. (2.12)

Assuming that |x(t)| 6= 0 this is easy to see, since

d

dt
|x|2 = 2|x| d

dt
|x|

and also
d

dt
|x|2 =

d

dt
(x · x) = 2x · dx

dt
.

Equating the right-hand sides of these two expressions gives

2|x| d
dt
|x| = 2x · dx

dt
,

and provided that |x(t)| 6= 0 we can divide by 2|x| to give

d

dt
|x| = x

|x| ·
dx

dt
≤

∣∣∣∣
x

|x|

∣∣∣∣
∣∣∣∣
dx

dt

∣∣∣∣ = |f(x(t))|.

With a little care the problem that occurs when |x(t)| = 0 can be overcome,
see Lemma 2.7 in [R].

Theorem 2.3. The solution found in Theorem 2.1 depends continuously on
the initial condition x0. In particular, if the solution x(t) of

dx/dt = f(x) with x(0) = x0

exists on [0, Tx] and

dy/dt = f(y) with y(0) = y0

exists on [0, Ty] then there exists an L such that

|x(t)− y(t)| ≤ |x0 − y0|eLt for all 0 ≤ t ≤ min(Tx, Ty).

Note that this theorem gives an alternative proof of uniqueness, since if
x0 = y0 we have x(t) = y(t) on [0, T ].
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Proof. Since x(t) and y(t) are continuous functions on bounded intervals they
are bounded. In particular they lie within a bounded set B. Since f is locally
Lipschitz, there exists an LB such that

|f(x)− f(y)| ≤ LB|x− y| for all x, y ∈ B.

If we consider z = x− y then

dz

dt
=

dx

dt
− dy

dt
= f(x)− f(y),

and so

d

dt
|z| ≤ |f(x)− f(y)|

≤ LB|x− y|.

Gronwall’s Lemma implies that

|x(t)− y(t)| ≤ eLBt|x1(0)− x2(0)| for all t ∈ [0, T ].

Exercise 2.2. Suppose that f is globally Lipschitz,

|f(x)− f(y)| ≤ L|x− y| for all x, y ∈ Rd.

If x(t) is the solution of

dx/dt = f(x) x(0) = x0

and y(t) is any one of the solutions of

dy/dt = g(y) y(0) = x0

(they may not be unique unless g is Lipschitz) use Gronwall’s Lemma to show that

|x(t)− y(t)| ≤ ‖f − g‖∞
L

(eLt − 1).
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2.5 Global Existence

The global existence of solutions (for all t ≥ 0) is not automatic. Indeed, the
solution of

dx/dt = x2 x(0) = x0 > 0

is
x(t) =

x0

1− x0t
,

and so x(t) →∞ as t → x−1
0 .

Definition 2.4. We say that [0, T ∗) is the maximal interval of existence for
a solution x(t) if there is no solution y(t) on a longer time interval [0, T+),
T+ > T ∗, with x(t) = y(t) on [0, T ∗). In other words, we cannot extend the
solution x(t) beyond the time T ∗ so that it remains a solution. If the solution
exists for all time then its maximal interval of existence is [0,∞).

To show existence for all time (“global existence”), it is enough to ensure
that the solution does not “blow up” in finite time.

Lemma 2.5. A solution x(t) of Equation (2.1) has a finite maximal interval
of existence [0, T ∗) iff |x(t)| → ∞ as t → T ∗.

Proof. Clearly, if |x(t)| → ∞ as t → T ∗ then there can be no continuous
extension of x(t) to an interval containing T ∗. Conversely, suppose that the
solution is bounded on [0, T ∗), i.e. the solution x(t) lies within a bounded set
X for all t ∈ [0, T ∗).

Now use Corollary 2.2 to find a time T such that for any initial condition
in X we can find a solution defined on [0, T ]. If we use the existence result
with initial condition x(t) (0 ≤ t < T ∗) this will give us a solution defined
on [0, t + T ], which must agree (by uniqueness) with our previous solution of
[0, T ∗). If we take t > T ∗ − T we obtain a contradiction.

Note that it does not follow that a solution which exists for all time must
be bounded (e.g. the solution x(t) = et of dx/dt = x with x(0) = 1).
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Lemma 2.4. If f(x) is globally Lipschitz, i.e. if

|f(x)− f(y)| ≤ L|x− y| for all x, y ∈ Rd,

then solutions are defined for all time.

Proof. We have

d

dt
|x| ≤ |f(x(t))|

≤ |f(x(t))− f(0)|+ |f(0)|
≤ L|x(t)|+ |f(0)|,

and hence by Gronwall’s Lemma

|x(t)| ≤
(
|x(0)|+ |f(0)|

L

)
eLt,

which is always finite.

Exercise 2.3. Show that if f(x) is bounded then solutions are defined for all time.

2.6 A dynamical system

A dynamical system in continuous time consists of two elements,

(X, {T (t)}t∈R),

the phase space X and the flow T (t). The phase space represents all possible
configurations of the system (or some distinguished subclass of these), while
T (t) describes the dynamics of the system: if the state of the system at time
0 is x, then its state at time t is T (t)x. In particular, we must have T (0) = id.

Requiring that solutions are unique – which they must be if we want to
have a deterministic model – means that T (t) must also satisfy

T (t + s) = T (t)T (s) = T (s)T (t).
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In many examples, one can also show that the state of the system at time
t depends continuously on its state at time 0, so that

T (t)x depends continuously on x

for each t.

We have just seen that for globally Lipschitz ODEs, and for locally Lip-
schitz ODEs which do not blow up, we can use the solutions to define a
dynamical system by setting T (t)x0 = x(t; x0).

For globally Lipschitz ODEs, we can define T (t) for all t ∈ R, and we end
up with a classical dynamical system.

In the case of locally Lipschitz f , is we know that solutions do not blow
up for t ≥ 0 we can, a priori, only define T (t) for t ≥ 0. This is similar to
the situation we encounter in the PDE case, and gives rise only to a semi-
dynamical system, where we must have t ∈ R+. (Later on we will use the
notation {S(t)}t≥0 to distinguish this case from a “full” dynamical system.)

2.7 Continuous f

When the nonlinearity f(x) is continuous but not locally Lipschitz, our ap-
proach will be to approximate the problem

dx/dt = f(x) x(0) = x0 (2.13)

by a sequence of problems

dxn/dt = fn(xn) xn(0) = x0,

where every fn(x) is Lipschitz. We can already find a unique solution xn to
each member of this sequence using Theorem 2.1. The idea is to show that
some subsequence of these solutions converges to give a solution of (2.13).
We will use a very similar method to construct solutions of PDEs.
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2.7.1 Approximation by smooth functions

Mollification provides an explicit way of finding a smooth function which
approximates a given less regular function. We choose an infinitely differen-
tiable function ρ(x) which satisfies

ρ(x) = 0 for all |x| ≥ 1

and ∫

Rd

ρ(x) dx = 1. (2.14)

(One example of such a function is

ρ(x) =

{
c exp

(
1

|x|2−1

)
|x| ≤ 1

0 |x| ≥ 1,

where c is chosen so that (2.14) holds.)

The mollification of u, uh, is

uh(x) = h−m

∫

Q

ρ
(x− y

h

)
u(y) dy. (2.15)

Proposition 2.6. Let u ∈ C0(Rd) (i.e. let u be a continuous function on
Rd). Then uh ∈ C∞(Rd), and uh → u as h → 0 uniformly on any compact
subset of Rd.

For a proof see Proposition 1.6 in [R].

2.7.2 The Arzelà-Ascoli theorem

The result we will use to extract a convergent subsequence from the ap-
proximate solutions {xn(t)} is known as the Arzelà-Ascoli theorem. This
characterises the compact subsets of C0(X,Rm) as sets of bounded equicon-
tinuous functions. If S is such a subset and {fn} is a sequence in S, then
there is a subsequence of {fn} which is uniformly convergent.
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Theorem 2.7. (Arzelà-Ascoli). Let X be a compact subset of Rm1, and
{fn} a sequence of continuous functions from X into Rm2. If fn is uniformly
bounded, i.e. there exists an M such that

‖fn‖∞ ≤ M for all n,

and equicontinuous (“uniformly uniformly continuous”), i.e. for every ε > 0
there exists a δ > 0, independent of n, such that

|x− y| ≤ δ ⇒ |fn(x)− fn(y)| ≤ ε,

then {fn} has a subsequence which converges uniformly on X.

See [R], Theorem 2.5, for a proof.

A prime example of a family of equicontinuous functions is the space of
Lipschitz functions on some closed set K.

2.7.3 Local existence for continuous f

We now use this theorem to give an existence result for the case when we
only know that f is continuous.

Theorem 2.8. Let f(x) be a bounded continuous function. Then for any
T > 0 there is at least one solution of the equation

dx/dt = f(x) x(0) = x0 (2.16)

on [0, T ].

Proof. We approximate a solution of (2.16) by a sequence of solutions of
Lipschitz equations, for which Theorem 2.1 guarantees a solution. We set

fn(x) = nd

∫

Rd

ρ(n(y − x))f(y) dy,

(this is the mollification from before, with h = 1/n), and note that

|fn(x)| ≤ nd

∫

Rd

ρ(n(y − x))‖f‖∞ dy,
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and so fn(x) is also bounded, ‖fn‖∞ ≤ ‖f‖∞. We also know from Proposition
2.6 that for any R > 0,

sup
|x−x0|≤R

‖fn − f‖∞ → 0.

Now consider the solutions xn(t) of the equations

dxn/dt = fn(xn) xn(0) = x0; (2.17)

since fn is (locally) Lipschitz, the solutions of (2.17) exist locally, by Theorem
2.1. Furthermore, we know that solutions cannot blow up, since, using the
integral formulation from Lemma 2.1 we have

sup
t∈[0,T ]

|xn(t)− x0| ≤ T‖f‖∞.

So, from Lemma 2.5, all the solutions exist on [0, T ]. In particular, this shows
that {xn} is uniformly bounded,

‖xn‖∞ ≤ |x0|+ T‖f‖∞.

We can also show similarly that

|xn(s)− xn(t)| ≤ ‖f‖∞|s− t|,

the {xn} are a uniformly bounded equicontinuous sequence of functions from
[0, T ] into Rd. As such, the Arzelà-Ascoli theorem guarantees that they have
a uniformly convergent subsequence, {xnj

}, with

sup
t∈[0,T ]

|xnj
(t)− x∗(t)| → 0

as j →∞.

The function x∗(t) is clearly a candidate for a solution of (2.16); to show
that it is one, consider the integral form of (2.16) from lemma 2.1,

xnj
(t) = x0 +

∫ t

0

fnj
(xnj

(s)) ds.
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Since xnj
converges uniformly to x∗ on [0, T ], and fnj

converges uniformly to
f on |x− x0| ≤ T‖f‖∞, all the terms converge uniformly on [0, T ], to give

x∗(t) = x0 +

∫ t

0

f(x∗(s)) ds,

so that x∗ is indeed a solution of (2.16) on [0, T ].

The lack of uniqueness is not just an artefact of the proof, as the following
simple example shows. The equation

dx/dt = x1/2 x(0) = 0

has, for t ≥ 0, an infinite family of solutions which can be parametrised by
c ≥ 0,

xc(t) =

{
0 0 ≤ t ≤ c

(t− c)2/4 t > c.
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Chapter 3

Global attractors

We now consider a general semidynamical system (X, {S(t)}t≥0), where S(t)
is a semigroup,

S(0) = I
S(t)S(s) = S(s)S(t) = S(s + t)
S(t)x0 is continuous in x0 and t.

Definition 3.1. The global attractor A is a compact invariant set

S(t)A = A for all t (3.1)

that attracts all bounded sets,

dist(S(t)B,A) → 0 as t →∞. (3.2)

The distance in (3.2) is the distance between two sets,

dist(X,Y ) = sup
x∈X

inf
y∈Y

|x− y|.

Equation (3.1) says that if you start in A you stay in A, while (3.2) says
that A attracts all orbits, at a rate uniform on any bounded set.
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3.1 An existence result

The existence of a global attractor follows from the existence of a compact
absorbing set.

Definition 3.2. A set B is absorbing if for any bounded set X there exists
a t0(X) such that

S(t)X ⊂ B for all t ≥ t0(X).

Definition 3.3. The ω-limit set of a bounded set X, ω(X), consists of all
the asymptotic limit points of the trajectory of X:

ω(X) := {y : ∃ tn →∞, xn ∈ X with S(tn)xn → y},
or equivalently

ω(X) :=
⋂
t≥0

⋃
s≥t

S(s)X.

Exercise 3.1. Show that these two definitions of ω(X) are equivalent.

Theorem 3.4. If S(t) has a compact absorbing set K then A = ω(K) is the
global attractor for S(t).

Proof. First we show that A is non-empty, compact, and invariant, and then
we show that it attracts all bounded sets.

The sets ∪s≥t0(B)S(s)K are a sequence of non-empty and compact sets
decreasing as t increases, and so their intersection (A) is non-empty and
compact.

To show invariance, suppose that x ∈ A. Then there exist tn → ∞ and
xn ∈ K with

S(tn)xn → x,

and so
S(t)S(tn)xn = S(t + tn)xn → S(t)x,

since S(t) is continuous. So S(t)A ⊂ A. To show equality, for tn ≥
max(t, t0(K)), the sequence S(tn−t)xn is in K and so possesses a convergent
subsequence

S(tnj
− t)xnj

→ y,
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so y ∈ ω(K). But since S(t) is continuous,

x = lim
j→∞

S(t)S(tnj
− t)xnj

= S(t)y,

so A ⊂ S(t)A. Thus S(t)A = A for all t ≥ 0. If S(t) is injective on A (as it
is always for ODEs) then there is a backwards trajectory also and S(t)A = A
for every t ∈ R.

Now suppose that A does not attract all bounded sets. Then there is a
bounded set X, a δ > 0 and tn →∞ with

dist(S(tn)X,A) ≥ δ,

and so there are xn ∈ X with

dist(S(tn)xn,A) ≥ δ/2. (3.3)

As X is bounded, S(tn)xn ∈ K for n large enough. As K is compact, there
is a subsequence with

S(tnj
)xnj

→ β ∈ K.

But

β = lim
j→∞

S(tnj
)xnj

= lim
j→∞

S(tnj
− t0(X))S(t0(X))xnj

,

and setting βj = S(t0(X))xnj
notice that βj ∈ K, and thus β ∈ A, contra-

dicting (3.3).

Exercise 3.2. Show that if Y is a compact invariant set then Y ⊆ A, and that
if Z attracts all bounded sets then A ⊆ Z. [A is the ‘maximal compact invariant
set’ and the ‘minimal set that attracts bounded sets’. You can find A referred to
as both the ‘maximal attractor’ and ‘minimal attractor’ in the literature.]

Exercise 3.3. Show that the global attractor is connected, i.e. there do not exist
two disjoint open sets O1 and O2 such that

Oj ∩ A 6= ∅ and A ⊂ O1 ∪O2.
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Exercise 3.4. Show that there exists a global attractor iff there is a compact
attracting set, i.e. a compact set K such that

dist(S(t)X, K) → 0 as t →∞
for all bounded sets X. First show that ω(K) is non-empty, invariant, and attracts
K, and then deduce that A = ω(K). You may assume without proof that if K is
compact and {xn} is a sequence such that dist(xn,K) → 0 as n → ∞ then there
is a subsequence that converges to some x∗ ∈ K.

3.2 A global attractor for the Lorenz equa-

tions

As an example, it is simple to show that the Lorenz equations

dx/dt = −σx + σy
dy/dt = rx− y − xz
dz/dt = xy − bz,

with σ, r, b all positive have a global attractor. By Theorem 3.4, all we need
to show is the existence of a compact absorbing set. In a finite-dimensional
space it is enough to show the existence of a bounded absorbing set: here we
show that a large enough sphere centred on (0, 0, r + σ) is absorbing.

Consider
V (x, y, z) = x2 + y2 + (z − r − σ)2,

which satisfies

dV

dt
= −2σx2 − 2y2 − 2bz2 + 2b(r + σ)z

= −2σx2 − 2y2 − b(z − r − σ)2 − bz2 + b(r + σ)2

≤ −αV + b(r + σ)2,

where α = min(2σ, 2, b). Then by the Gronwall lemma

V (t) ≤ 2b(r + σ)2

α

when t is large enough. It follows that there is a bounded absorbing set, and
hence a global attractor. This is shown in Figures 3.1 and 3.2.
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Figure 3.1: The global attractor for the Lorenz equations, computed by
Oliver Tearne.

Figure 3.2: Another view of the Lorenz global attractor.
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Chapter 4

Banach & Hilbert spaces

This is an abbreviated version of Chapter 1 of [R].

We have already met Banach spaces (complete normed spaces) at the
beginning of the previous chapter. We now give some more examples, and
cover some basic theory of Hilbert spaces.

4.1 Spaces of continuous functions

To simplify matters throughout this course we will study problems only on
periodic domains, i.e. functions on d-dimensional “boxes” [0, L]d, which are
L-periodic in all directions as in (1.8). This enables us (i) to avoid any
problems that arise from considering domains with boundaries (and there
are many) and (ii) to use Fourier series.

Always we will use Q to denote the box [0, L]d. The space C0(Q) consists
of all continuous functions on Q, the space C0

p(Q) consists of all continuous
functions on Q which are L-periodic as in (1.8). Since functions in either of
these two spaces are bounded, we can equip these spaces with the supremum
(“sup”) norm,

‖u‖∞ = sup
x∈Q

|u(x)|. (4.1)

C0(Q) and C0
p(Q) are both Banach spaces (they are complete), and consist
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of functions which are uniformly continuous on Q.

4.1.1 Multi-index notation

Other spaces of continuous functions involve higher orders of differentiability.
Multi-index notation is an elegant way to express mixed partial derivatives.
We will use the notation Dj to denote ∂/∂xj, so that, for example,

|∇u|2 =
d∑

j=1

|Dju|2. (4.2)

A multi-index α is a vector consisting of m non-negative integers (α1, . . . , αm);
we write |α| for the sum of the entries,

|α| = α1 + . . . + αm.

For any vector k = (k1, . . . , km), we define kα by

kα = kα1
1 . . . kαm

m .

We also set
Dα = Dα1

1 . . . Dαm
m ,

(as if D were the “vector” (D1, . . . , Dm)) so that we have

Dαf =
∂|α|f

∂xα1
1 . . . ∂xαm

m

.

If we define
α! = α1! . . . αm!

then we can write, for example, Taylor’s theorem as

f(x + h) =
∑

|α|≤k

Dαf(x)

α!
hα +

∑

|α|=k+1

Dαu(x + th)

α!
hα some t ∈ (0, 1).
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4.1.2 Differentiable functions, Cr(Q) and Cr
p(Q)

Cr(Q) consists of functions f all of whose derivatives up to and including
order r are continuous,

Cr(Q) = {f : Dαf ∈ C0(Q) for all |α| ≤ r}.

This space has norm

‖f‖Cr =
∑

|α|≤r

sup
x∈Q

|Dαf(x)|,

which makes it a Banach space.

C∞(Q) consists of “smooth” functions which are infinitely differentiable
on Q,

C∞(Q) =
∞⋂

r=0

Cr(Q).

There is no norm that makes C∞(Q) into a Banach space.

Cr
p(Q) and C∞

p (Q) are defined as above, with the obvious addition of the
p suffix on the right-hand side also.

4.2 The Lebesgue spaces Lp(Q)

In this section we introduce the Lebesgue spaces Lp(Q) as the completion
of spaces of continuous functions with finite Lp norm; this is the approach
adopted in Renardy & Rogers’ book.

4.2.1 The pseudo-Lebesgue spaces L̃p(Q) for 1 ≤ p < ∞

The “energy norm”

‖u‖L2 =
(∫

Q

|u(x)|2 dx
)1/2
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is part of a whole family of integral norms, the “Lp norms”, given by

‖f‖Lp =
(∫

Q

|f(x)|p dx
)1/p

. (4.3)

Let us consider first the normed space “pseudo Lp(Q)”,

L̃p(Q) = (C0(Q), ‖ · ‖Lp),

i.e. the vector space C0(Q) equipped with the Lp norm1. First we want to
show that (4.3) does indeed define a norm on L̃p(Q).

Axiom (i) (‖f‖ = 0 iff f = 0) is straightforward; axiom (ii) (that ‖λf‖ =
|λ|‖f‖) is even simpler, but the triangle inequality (iii) requires some work.
We will reach this via two other useful inequalities - Young’s inequality and
Hölder’s inequality.

Lemma 4.1. (Young’s inequality). If a, b ≥ 0, p, q > 1 with p−1 + q−1 = 1,
then

ab ≤ ap

p
+

bq

q
. (4.4)

Sometimes we will use “Young’s inequality with ε”,

ab ≤ εap + ε−q/pbq, (4.5)

which follows from (4.4) applied to ab = [(ε)1/pa][(ε)−1/pb] since p, q > 1.

Proof. Consider the function

f(t) =
tp

p
+

1

q
− t.

Then for t ≥ 0 this has the minimum value f(t) = 0 when t = 1. Setting
t = ab−q/p it follows that

apb−q

p
+

1

q
− ab−q/p ≥ 0,

1As vector spaces, L̃p(Q) = C0(Q), but as normed spaces they differ (since they have
different norms).
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which simplifies to give

ap

p
+

bq

q
≥ ab−q/pbq = ab.

When p and q are as in the above lemma we say that they are “conju-
gate indices” (sometimes it will be convenient to write “(p, q) are conjugate
indices”).

Lemma 4.2. (Hölder’s inequality). Let (p, q) be conjugate indices with 1 <
p < ∞, and suppose that f ∈ L̃p(Q) and g ∈ L̃q(Q). Then fg ∈ L̃1(Q), with

‖fg‖L1 ≤ ‖f‖Lp‖g‖Lq .

A more general version of this inequality is given in the problems.

Proof. Consider ∫

Q

|f(x)|
‖f‖Lp

|g(x)|
‖g‖Lq

dx,

so that Young’s inequality (lemma 4.1) gives

∫

Q

f(x)

‖f‖Lp

g(x)

‖g‖Lq

dx ≤
∫

Q

1

p

|f(x)|p
‖f‖p

Lp

+
1

q

|g(x)|q
‖g‖q

Lq

dx =
1

p
+

1

q
= 1,

as required.

Using Hölder’s inequality, we can now establish the triangle inequality for
the L̃p spaces, which is important enough that it has its own name.

Lemma 4.3. (Minkowski’s inequality). If f, g ∈ L̃p(Q), 1 ≤ p < ∞, then
f + g ∈ L̃p(Q), with

‖f + g‖Lp ≤ ‖f‖Lp + ‖g‖Lp .
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Proof. We integrate the inequality

|f(x) + g(x)|p ≤ |f(x) + g(x)|p−1|f(x)|+ |f(x) + g(x)|p−1|g(x)|
and use Hölder’s inequality on each of the two terms on the right-hand side
to obtain∫

Q

|f(x) + g(x)|p ≤
(∫

Q

|f(x) + g(x)|p
)1/q

(‖f‖Lp + ‖g‖Lp),

which yields, on dividing, (since 1− q−1 = p−1)

‖f + g‖Lp ≤ ‖f‖Lp + ‖g‖Lp .

So (L̃p, ‖ · ‖Lp) is a normed space. However, it is not complete, as the
following example shows.

The sequence fn(x) : [−1, 1] → R defined by

fn(x) =




−1 x < −1/n
nx |x| ≤ 1/n
1 x > 1/n,

converges in the norm (4.3) to the discontinuous step function that is sgn(x).
The mathematical solution is to add to C0(Q) all functions that can be
obtained as the limits of convergent sequences under (4.3). First we need to
say a little about the notion of a property which holds “almost everywhere”.

4.2.2 Measure and integration

The measure of the cuboid

I =
d∏

j=1

[aj, bj]

in Q (or Rd) is defined just as one would expect,

µ(A) =
d∏

j=1

(bj − aj).

A general subset A of Q is said to have measure µ(A) if
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1. for any countable collection of cuboids Ik such that

A ⊂
⋃

k

Ik (4.6)

we have µ(A) ≤ ∑
j µ(Ij), and

2. given any ε > 0 there exists a countable collection of cuboids Ik such
that (4.6) holds and

∑
j

µ(Ij) < µ(A) + ε.

In particular, since µ(Ij) > 0, a set has measure zero if, for any ε > 0,
there exists a countable collection of cuboids Ik such that (4.6) holds and

∑
j

µ(Ij) < ε.

E.g. any countable collection of points X = {xj}∞j=1 has zero measure,
since we can find a cuboid Ij of measure ε2−j which contains xj; then

X ⊂
∞⋃

j=1

Ij

and ∞∑
j=1

µ(Ij) =
∞∑

j=1

ε2−j = ε.

If A ⊂ B, a bounded set in Rd, we say that A has full measure in B if
B \ A has zero measure

A property which holds at all points in Q except for a set which has
measure zero is said to hold almost everywhere.

Exercise 4.1. Suppose that each of the properties Pn, n ∈ Z, holds almost ev-
erywhere in Q. Show that ∩n∈ZPn holds almost everywhere in Q (i.e. they hold
simultaneously a.e. in Q).
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The Lebesgue integral ∫

Q

f(x) dx

is defined in a similar way, starting with “simple” functions that are piecewise
constant on blocks Ij which are disjoint (except for their edges),

s(x) =
n∑

j=1

cjχ[Ij]

(χ[A](x) is the indicator function of A, 1 if x ∈ A and zero otherwise). There
can be little argument that a sensible definition of the integral of s is

∫

Q

s(x) dx =
n∑

j=1

cjµ(Ij).

Integrals for more general functions f are then defined using a limit process.

As such, it is perhaps little surprise that if f(x) = g(x) almost everywhere,
then their integrals are equal,

∫

Q

f(x) dx =

∫

Q

g(x) dx.

4.2.3 The Lebesgue spaces Lp(Q), 1 ≤ p < ∞

A fundamental result from the theory of Lebesgue integration guarantees
that if {un} is a Cauchy sequence in L̃p (and in fact in Lp itself) then a
subsequence of the un converges almost everywhere to a function u(x), and
‖un − u‖Lp → 0. We now define Lp(Q) as the set of all such functions which
can be arrived at as the limit in the Lp norm of Cauchy sequences in L̃p(Q).
Since C0(Q) = L̃p(Q) as a vector space (they contain the same functions) we
make the following definition.

Definition 4.4. Lp(Q) is the completion of C0(Q) with respect to the norm
(4.3)2.

2Strictly speaking, elements of X, the completion of a space X with respect to a norm
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A corollary of the definition is that C0(Q) is dense in Lp: we say that
subset Y of a Banach space X is dense in X if every element of X can be
approximated arbitrarily closely by an element of Y , so that for any ε > 0
there exists a y ∈ Y such that ‖x− y‖X < ε. In particular it follows that if
x ∈ X we can find a sequence yn ∈ Y such that

yn → x ∈ X as n →∞,

i.e. such that ‖yn − x‖X → 0 as n →∞.

Since ‖f − g‖Lp = 0 if f = g almost everywhere, the Lp norm does not
satisfy ‖f‖ = 0 iff f = 0 (and so is not a bona fide norm) on Lp(Q), unless
we identify functions which agree almost everywhere. Thus strictly we have
to view each element of Lp not as a function, but as an equivalence class of
functions which agree almost everywhere. In practice this distinction causes
few problems, but we must always bear in mind that “u = 0 in Lp(Q)” means
only that u = 0 almost everywhere in Q.

We will see later (using Fourier series) that C∞
p (Q) is dense in L2(Q) (a

result which is in fact valid for all the Lp(Q) spaces with 1 ≤ p < ∞).

Exercise 4.2. Use Hölder’s inequality to show that if r > s then Lr(Q) ⊂ Ls(Q),
and

‖f‖Ls ≤ Lm(r−s)/rs‖f‖Lr . (4.7)

4.2.4 The Lebesgue space L∞(Q)

f ∈ L∞(Q) if its essential supremum, given by

‖f‖∞ = ess supQ|f(x)|, (4.8)

is finite. The right-hand side of (4.8) denotes the smallest value which bounds
f almost everywhere,

ess supQ|f(x)| = inf{sup
x∈S

|f(x)| : S ⊂ Q, with Q \ S of measure zero}.

‖ · ‖ are equivalence classes of Cauchy sequences in X, where

{xn} ' {yn} if ‖xn − yn‖ → 0 as n →∞.

You can see that every element x of X has a natural representative in X, namely the
constant sequence xn = x, so that by this identification X ⊂ X.
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In particular |f(x)| ≤ ‖f‖∞ almost everywhere, and it follows that if f ∈
C0(Q) then the essential supremum of f is the same as its supremum (which
explains the notation in (4.1)).

E.g. consider the function f : [0, 1] → R+ defined by

f(x) =

{
q x = p/q (a rational given in its lowest terms)
x x ∈ [0, 1] \Q.

Then f(x) = x almost everywhere in [0, 1], and ‖f‖∞ = 1.

Hölder’s inequality can be extended to cover the case p = 1, q = ∞ (these
indices are clearly still conjugate):

∣∣∣
∫

Q

f(x)g(x) dx
∣∣∣ ≤

∫

Q

|f(x)||g(x)| dx

≤ ‖f‖L∞

∫

Q

|g(x)| dx

= ‖f‖L∞‖g‖L1 .

However, note that C0(Q) is not a dense subset of L∞(Q), since C0(Q)
is complete in the L∞ norm (which is the same as the sup norm).

Exercise 4.3. Use the standard Hölder inequality together with induction on n to
prove the generalised Hölder inequality: if p1, . . . , pn are such that

n∑

j=1

1
pj

= 1

and fj ∈ Lpj (Q) then f1 . . . fn ∈ L1(Q), with
∫

Q
f1(x) . . . fn(x) dx ≤ ‖f1‖Lp1 . . . ‖fn‖Lpn . (4.9)

4.3 Hilbert Spaces

Rd not only has a notion of length, but also a notion of the angle between
two elements, derived from the dot product x · y =

∑d
j=1 xjyj. This is the

most familiar example of an inner product.
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An inner product on a general vector space X is a map (·, ·) : X×X → C,
such that3

(i) (λx + µy, z) = λ(x, z) + µ(y, z),

(ii) (y, x) = (x, y) for all x, y ∈ X, and

(iii) (x, x̄) ≥ 0 for all x ∈ X, with equality iff x = 0.

Note that there is a natural norm associated with the inner product,

‖x‖ = (x, x̄)1/2. (4.10)

The Cauchy-Schwarz inequality,

|(x, y)| ≤ ‖x‖‖y‖,

follows almost immediately from the axioms, and provides the triangle in-
equality for the norm defined by (4.10).

Exercise 4.4. (i) By considering ‖x + λy‖2 show that the Cauchy-Schwarz in-
equality holds, and deduce the triangle inequality.

(ii) Show that the parallelogram law

‖u + v‖2 + ‖u− v‖2 = 2‖u‖2 + 2‖v‖2

holds.

A complete inner product space is called a Hilbert space.

The canonical example of an infinite-dimensional Hilbert space is l2, the
space of square summable real sequences,

l2 =
{
x = {xn}∞n=1 :

∞∑
n=1

|xn|2 < ∞
}

.

3We will always be considering spaces of real functions, so the inner product will be
a map into R rather than into C. However, we will be using a complex Fourier basis
for L2(Q) (complex exponentials which combine the sine and cosine functions), and inner
products of individual terms in the series may be complex.
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An element x of l2 is essentially an infinite-dimensional “vector”, and indeed
the inner product and norm are just like those on Rd,

(x,y)l2 =
∞∑

n=1

xnyn ‖x‖l2 =
( ∞∑

n=1

|xn|2
)1/2

.

Exercise 4.5. Prove that l2 is complete, i.e. that any Cauchy sequence x(n) of
elements in l2 converges to some element x ∈ l2. That x(n) is a Cauchy sequence
in l2 means that given ε > 0 there exists an N such that for all n, m ≥ N ,

‖x(n) − x(m)‖lp ≤ ε,

i.e. ∞∑

i=1

|x(n)
i − x

(m)
i |2 ≤ ε2.

Deduce that for each fixed index i, x
(n)
i → xi for some xi. Now show that x ∈ L2,

and that ‖x(n) − x‖l2 → 0 as n →∞.

The example that we will make most use of, however, is the Lebesgue
space L2(Q), for which the inner product is given by the integral

(f, g)L2 =

∫

Q

f(x)g(x) dx.

Note that, for p = q = 2, Hölder’s inequality (lemma 4.2) becomes the
Cauchy-Schwarz inequality in L2,

|(f, g)L2| ≤ ‖f‖L2‖g‖L2 .

We will write (f, g) and |f | for (f, g)L2 and ‖f‖L2 in what follows, only being
specific when care is needed to distinguish this norm from the modulus.
Context should usually make it clear which is meant, since generally we will
write |f | for the L2 norm of the function f , and |f(x)| for the modulus of
f(x).

4.3.1 Bases in Hilbert spaces

In Rd we can write any vector in terms of a finite set of basis elements, for
example the coordinate basis

{(1, 0, . . . , 0), (0, 1, . . . , 0), . . . , (0, . . . , 0, 1)}.
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We now want to investigate when we can find a countable basis for an infinite-
dimensional Hilbert space, in terms of which to expand any point in H. A
set of vectors is orthogonal (in H) if

(ei, ej) = 0 i 6= j,

and orthonormal (in H) if

(ei, ej) = δij =

{
1 i = j
0 i 6= j.

Definition 4.5. An orthonormal set {ej} is a basis for H if

u =
∞∑

j=1

(u, ej)ej (4.11)

for every u ∈ H.

In particular, this means that we can find the norm of u in H using the
coefficients in the expansion:

Lemma 4.6. Let {ej} be an orthonormal basis for H. Then

‖u‖2 =
∞∑

j=1

|(u, ej)|2 for all u ∈ H. (4.12)

Proof. If {ej} form a basis then for any finite n

∥∥∥
n∑

j=1

(u, ej)ej

∥∥∥
2

=
n∑

j=1

|(u, ej)|2,

and (4.12) follows by taking limits, since the sum (4.11) converges in H.

4.3.2 A Fourier basis for L2(Q)

Fundamental for the analysis that is to come is the following simple result
from the theory of Fourier series. For a proof see Renardy & Rogers.

Theorem 4.1. The complex exponentials

L−d/2eje
ik·x k ∈ Zd

L, j = 1, . . . , d

form an orthonormal basis for L2(Q).
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4.3.3 The orthogonal projection onto a linear subspace

If M is a subset of H, then the orthogonal complement of H, M⊥, is given
by

M⊥ = {u ∈ H : (u, v) = 0 for all v ∈ M}.
When M is a closed linear subspace of H we can decompose any vector
uniquely into an element of M plus an element of its orthogonal complement.

Proposition 4.7. If M is a closed linear subspace of H, then every x ∈ H
has a unique decomposition as

x = u + v u ∈ M, v ∈ M⊥.

For the proof see [R], Proposition 1.21. The idea is to choose u to be the
point in M that minimises the distance between x and u.

One can use this proposition to define the orthogonal projection of x onto
M , PM , by

PMx = u.

Clearly P 2
M = PM , and it follows from the definition of u that

‖x‖2 = ‖u‖2 + ‖x− u‖2,

thus ensuring that
‖PMx‖ ≤ ‖x‖,

i.e. the projection can only decrease the norm.

4.3.4 Non-compactness of the unit ball

Since l2 shares many properties in common with Rd, it is tempting to think
of it as “R∞”. However, there is one very large caveat. Unlike Rd, closed
bounded sets are not compact. Recall that in a metric space compactness is
equivalent to sequential compactness: X is (sequentially) compact if every
sequence {xn}∞n=1 in X has a convergent subsequence.

Proposition 4.8. The unit ball in an infinite-dimensional Hilbert space is
not compact.
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The same result is true, with a harder proof, for general infinite-dimensional
Banach spaces.

Proof. We give the proof in a Hilbert space which admits a countable (or-
thonormal) basis. For any sequence {wn}∞n=1 of orthonormal elements we
have

‖wn − wm‖2 = 2

if n 6= m. It follows that no subsequence of {wn} is Cauchy and thus the
unit ball cannot be compact.

The compactness of bounded sets in Rd is extremely useful, and we lose
this in infinite-dimensional spaces. However, there is a weaker property,
“weak compactness”, which we can often use instead. We introduce this in
the next chapter.
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Chapter 5

Linear Functionals & Dual
Spaces

Linear maps from a normed space X into R are called linear functionals on
X. In this chapter we study the space of bounded linear functionals on X,
the dual space of X. This essentially a watered-down version of Chapter 4 of
[R].

A linear functional on X is bounded if

|f(x)| ≤ k‖x‖X for all x ∈ X, (5.1)

and the norm of f , ‖f‖X∗ , is the smallest value of k for which (5.1) holds.

Proposition 5.1. Let f : X → R be a linear functional. Then f is contin-
uous iff it is bounded.

Proof. If f is bounded then

|f(xn)− f(x)| = |f(xn − x)| ≤ ‖f‖X∗‖xn − x‖X ,

which gives continuity. If f is continuous but unbounded then for every n
there exists a yn such that |f(yn)| > n2‖yn‖X . Then

xn = yn/(n‖yn‖X) → 0

but |f(xn)| > n, so that f is not continuous at the origin, a contradiction.
Thus continuity implies boundedness.
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5.1 Dual Spaces

Definition 5.2. Let X be a real normed space. The space of all linear func-
tionals on X, is denoted X∗ and is called the dual space of X.

Theorem 5.3. X∗ is a Banach space.

Exercise 5.1. Prove Theorem 5.2:

(i) Write down exactly what “{An} is a Cauchy sequence in X∗” means

(ii) Show that for every fixed x ∈ X the sequence {Anx} is a Cauchy sequence
in R.

(iii) Define the operator A by
Ax = lim

n→∞Anx.

Show that A is linear.

(iv) By taking appropriate limits in what you wrote for (i), show that A ∈ X∗

and that An → A in X∗.

When no confusion can arise, the simpler notation ‖f‖∗ will sometimes
be used for ‖f‖X∗ .

Theorem 5.4. (Hahn-Banach Theorem). Let X be a Banach space and M
a linear subspace of X. Suppose that f is a linear functional on M , such that

|f(x)| ≤ k‖x‖ for all x ∈ M. (5.2)

Then there exists an extension F of f to all of X, such that

|F (x)| ≤ k‖x‖ for all x ∈ X. (5.3)

We give the proof only for the case when X is a Hilbert space. The
Banach space proof is much more involved; it can be found in [R] (Theorem
4.3).
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Proof. For u ∈ X write u = m + d, where m ∈ M and d ∈ M⊥, and define

F (u) = f(m).

Then clearly F extends f , and

|F (u)| = |f(m)| ≤ k‖m‖ ≤ k‖u‖,
since

‖u‖2 = ‖m‖2 + ‖d‖2.

As an indication of why studying dual spaces can be expected to yield
interesting results, we apply the Hahn-Banach theorem to show that if f(x) =
f(y) for all f ∈ X∗ then x = y.

Lemma 5.5. Let X be a Banach space. If x, y ∈ X and f(x) = f(y) for
every f ∈ X∗ then x = y.

Proof. If x = y = 0 then we are done, so without loss of generality assume
that x 6= 0. Let Z be the linear space spanned by x and y. If x and y are
linearly dependent then set

f(αx) = α‖x‖; (5.4)

otherwise set
f(αx + βy) = α‖x‖ for all β ∈ R. (5.5)

In both cases f(x) 6= f(y). Now extend f to an element F ∈ X∗ using the
Hahn-Banach theorem, and clearly F (x) 6= F (y).

The proof of this lemma included the additional factor of ‖x‖ in the
definitions (5.4) and (5.5) so as to provide the following immediate corollary
(f in the statement below is just F from the proof of Lemma 5.5).

Corollary 5.6. Let x ∈ X, a non-trivial Banach space. Then there exists
an f ∈ X∗ such that f(x) = ‖x‖ and ‖f‖X∗ = 1.

Exercise 5.2. Show that if Y is a proper linear subspace of a Banach space X
then there exists a non-zero linear functional in X∗ which vanishes on Y .
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5.2 Examples of dual spaces

Before we turn to how dual spaces can be used in analysis, we will first give
several examples.

5.2.1 The dual space of Rd

We now characterise the dual space of Rd. Standard linear algebra shows
that any linear map from Rd to Rd can be expressed as a 1 × m matrix,
i.e. for every L ∈ (Rd)∗, there exists an l ∈ Rd such that

Lx =
(

l1 l2 . . . lm
)



x1

x2
...

xm


 = (l, x).

We now show that the norm of this element of Rd is the same as the norm
of L in (Rd)∗.

First, observe that
|Lx| = |(l, x)| ≤ |l||x|

using the standard Cauchy-Schwarz inequality in Rd. It follows from the
definition of ‖L‖(Rd)∗ that

‖L‖(Rd)∗ ≤ |l|.
Now, if we set x = l then in fact we have

|Ll| = |l|2,
and so no constant k < |l| will work in

|Ll| ≤ k|l|.
Thus

‖L‖(Rd)∗ = |l|.

Since it is clear that any l ∈ Rd gives rise to an element of (Rd)∗ by
defining

Lx = (l, x)
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we have shown that (Rd)∗ is isometrically isomorphic to Rd: i.e. they are
isomorphic, and this isomorphism is actually an isometry, i.e. it preserves
the norm. We write (Rd)∗ ' Rd (and you will often see “Rd is the dual of
Rd).

5.2.2 The dual space of Lp, 1 < p < ∞

We first consider the Lebesgue Lp spaces, with 1 < p < ∞, and observe that
if f ∈ Lq(Q), with (p, q) conjugate indices, we can define a linear functional
Lf on Lp via

Lf (g) =

∫

Q

f(x)g(x) dx, (5.6)

since Hölder’s inequality gives

|Lf (g)| ≤ ‖f‖Lq‖g‖Lp .

Certainly, then, ‖Lf‖(Lp)∗ ≤ ‖f‖Lq , and if we consider

g(x) = |f(x)|q−2f(x)

then we have

‖g‖Lp =
(∫

Q

|f(x)|(q−1)p dx
)1/p

=
(∫

Q

|f(x)|q dx
)1/p

= ‖f‖q/p
Lq ,

and

|Lf (g)| =
∣∣∣
∫

Q

|f(x)|q dx
∣∣∣ = ‖f‖q

Lq .

In this case, therefore,
|Lf (g)| = ‖f‖Lq‖g‖Lp ,

showing that in fact
‖Lf‖(Lp)∗ = ‖f‖Lq .

This shows that the map f 7→ Lf is an isometry from Lq into (Lp)∗.

In fact this map is onto, i.e. every element of (Lp)∗ can be realised as Lf

for some f ∈ Lq. Thus Lq and (Lp)∗ are isometrically isomorphic, which we
will write as Lq ' (Lp)∗. Since it is therefore natural to identify (Lp)∗ with
Lq via (5.6), you will often see Lq = (Lp)∗ (a convenient abuse of notation).
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5.2.3 The dual spaces of L1 and L∞

We are still left with the spaces L1(Q) and L∞(Q). It is easy to see that
every element of L∞ can be used to define an element of (L1)∗ via (5.6), and
one can show that

‖Lf‖(L1)∗ = ‖f‖L∞ .

In this case, as with the Lp spaces above, every element of the dual space
of L1(Q) can be obtained, via (5.6), from an element of L∞(Q). (Since
L∞ ' L1, one way of defining L∞ is as the dual space of L1.)

However, L1(Q) is not the whole dual space of L∞(Q), which is much
more complicated to characterise (see Yosida (1980) for example).

Exercise 5.3. (i) For f ∈ L∞(Q) define Lf by

Lf (g) =
∫

Q
f(x)g(x) dx.

Show using Hölder’s inequality that

‖Lf‖(L1)∗ ≤ ‖f‖L∞ .

(ii) Set g(x) = |f(x)|p−2f(x): by finding ‖g‖L1 and |Lf (g)| deduce that

‖Lf‖(L1)∗ ≥
‖f‖p

Lp

‖f‖p−1
Lp−1

.

(iii) Now use the result that

‖f‖L∞ = lim
p→∞ ‖f‖Lp

to deduce that
‖Lf‖(L1)∗ ≥ ‖f‖L∞ ,

and hence that ‖Lf‖(L1)∗ = ‖f‖L∞.

5.3 Dual spaces of Hilbert spaces

Since (Lp)∗ ' Lq, if p = q = 2 this shows that the dual of L2 is identifiable
with L2 itself. This is a particular case of a more general result valid for
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any Hilbert space, the Riesz representation theorem. This shows that any
linear functional l on H can be represented as an inner product with some
appropriate element xl of H itself (5.7), and that the norm of l (in H∗) and
of xl (in H) are the same.

Theorem 5.7. (Riesz Representation Theorem). For any Hilbert space H,
H∗ ' H. In particular, for every x ∈ H

lx(y) ≡ (x, y) (5.7)

is bounded and has norm ‖lx‖H∗ = ‖x‖. Furthermore, for every bounded
linear functional l ∈ H∗ there exists a unique xl ∈ H such that

l(y) = (xl, y) for all y ∈ H,

and ‖xl‖H = ‖l‖H∗. It follows that l 7→ xl is continuous.

Proof. The first part of the theorem is straightforward, since (5.7) provides a
linear functional lx associated with x. The Cauchy Schwarz inequality gives

|lx(y)| = |(x, y)| ≤ ‖x‖‖y‖

so that lx ∈ H∗ with ‖lx‖H∗ ≤ ‖x‖, and the choice y = x shows that in fact
‖lx‖H∗ = ‖x‖.

The second part of the theorem involves a little more work. Suppose that
l ∈ H∗. Then the kernel of l, K = {y ∈ H : l(y) = 0}, is a closed subspace
of H. The subspace K⊥ of vectors orthogonal to K is a one-dimensional
subspace of H, since if u, v ∈ K⊥ we have

l[l(u)v − l(v)u] = 0,

and so l(u)v− l(v)u ∈ K. Since u and v are orthogonal to all elements of K
so is l(u)v − l(v)u, which implies that l(u)v − l(v)u = 0, and so u and v are
proportional.

Now choose a unit vector z in K⊥. We can decompose every y ∈ H as
y = (z, y)z +w, where w ∈ K. Then l(y) = (z, y)l(z), so if we set xl = l(z)z,
we have

(xl, y) = (l(z)z, y) = l(y).
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It is immediate that ‖l‖H∗ ≤ ‖xl‖, and if we take y = xl then ‖xl‖2 ≤
‖l‖H∗‖xl‖, giving equality of the norms. Uniqueness follows since if

(x, y) = l(y) and (x̃, y) = l(y) for all y ∈ H

then (x− x̃, y) = 0 for all y ∈ H, which implies that x = x̃.

5.4 Reflexive spaces

If H is a Hilbert space the Riesz Theorem shows that H∗ is isometrically
isomorphic to H. The situation in a general Banach space X is somewhat
more complicated. For an element x ∈ X one can define a linear functional
Gx on X∗ (i.e. an element of X∗∗ ≡ (X∗)∗) by

Gx(f) = f(x) for all f ∈ X∗. (5.8)

Noting that
|Gx(f)| ≤ ‖f‖X∗‖x‖,

one has
‖Gx‖X∗∗ ≤ ‖x‖.

We saw in corollary 5.6 that given an x ∈ X there is an f ∈ X∗ with
‖f‖X∗ = 1 and f(x) = |x|; this shows that in fact

‖Gx‖X∗∗ = ‖x‖, (5.9)

and so A is an isometry from X onto a subspace of X∗∗. When this isometry
is onto, i.e. when X ' X∗∗, then X is called reflexive.

The Riesz Representation Theorem shows that all Hilbert spaces are re-
flexive; the Lebesgue spaces Lp(Q), with 1 < p < ∞ are also reflexive. How-
ever, the Lebesgue spaces L1(Q) and L∞(Q) are not reflexive: (L∞)∗ 6' L1.

5.5 Notions of Weak Convergence

As the final topic of this chapter we introduce the extremely powerful notion
of weak convergence, which will enable us – to some extent – to circumvent
the problem that the unit ball is not compact in an infinite-dimensional space.
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5.5.1 Weak convergence

Since we know from Lemma 5.5 that linear functionals can distinguish ele-
ments of X, we will define a notion of convergence based on the application
of linear functionals.

Definition 5.8. Let X be a Banach space. A sequence xn ∈ X converges
weakly to x (in X)

xn ⇀ x in X,

if f(xn) → f(x) for every f ∈ X∗.

First we will motivate the terminology. Another terminology for the stan-
dard convergence in the norm of the space (xn → x) is strong convergence of
xn to x – we will show that this “strong” convergence implies weak conver-
gence, but not vice versa.

Lemma 5.9. If xn → x (strong convergence) then xn ⇀ x (weak conver-
gence).

For some more properties of weak limits, see the problems.

Proof. Every element of X∗ is a bounded linear functional and hence contin-
uous, thus f(xn) → f(x) for every f ∈ X∗, which is precisely xn ⇀ x.

However, there are simple examples of weakly convergent subsequences
which do not converge strongly. For example, let {ej} be an orthonormal
basis in a separable Hilbert space. Then we know that the {ej} have no
convergent subsequence (Proposition 4.8), but we can show that ej ⇀ 0. In-
deed, using the Riesz Representation Theorem (Theorem 5.7) every element
l ∈ H∗ has a representation as (xl, ·) for some xl ∈ H, and so it suffices to
consider sequences (xl, ej) for each xl ∈ H. Since {ej} is an orthonormal
basis,

‖xl‖2 =
∞∑

j=1

|(xl, ej)|2,

and so |(xl, ej)| → 0 as j → ∞. But this is exactly l(ej) → 0 for every
l ∈ H∗, and so ej ⇀ 0.
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For another example consider the space of continuous functions C0(Q).
Then if gn ⇀ f in C0(Q) it must converge pointwise to g, since the map

δx : g 7→ g(x)

is a bounded linear functional for each x ∈ Q, and so we must have

δx(gn) → δx(g) i.e. gn(x) → g(x).

[The linear functional here is δx and it acts on a g ∈ C0(Q). Do not confuse
f(x) which we use above to mean the result of applying f ∈ X∗ to x ∈ X
with g(x) here, which is the value of the function g at x.]

The following fundamental result is a consequence of lemma 5.5, and so
ultimately of the Hahn-Banach theorem.

Proposition 5.10. Weak limits are unique.

Proof. If xn ⇀ x and xn ⇀ y then from the definition we must have f(x) =
f(y) for all f ∈ X∗. Lemma 5.5 shows that this implies that x = y.

The example of the orthonormal basis {ej} with |ej| = 1 for all j but
ej ⇀ 0 shows that taking weak limits can decrease the norm. However, the
following result shows that it can never increase it.

Lemma 5.11. If xn ⇀ x in X then

‖x‖ ≤ lim inf
n→∞

‖xn‖. (5.10)

Proof. If xn ⇀ x, choose f ∈ X∗ such that f(x) = ‖x‖ and ‖f‖∗ = 1 (see
corollary 5.6). Then

‖x‖ = ‖f(x)‖ = lim
n→∞

‖f(xn)‖ ≤ lim inf
n→∞

‖f‖∗‖xn‖ = lim inf
n→∞

‖xn‖,

and (5.10) follows.

Exercise 5.4. Suppose that M is a linear subspace of a Banach space X, and that
{xn} is a sequence of elements of M which converges weakly to x in X.

(i) Show that if f(x) = 0 for every f ∈ X∗ which is zero on M then x ∈ M .
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(ii) Deduce that x ∈ M .

(iii) Deduce further that there exist coefficients {cj} such that

x =
∞∑

j=1

cjxj .

Exercise 5.5. Let H be a Hilbert space. Show that if xn ⇀ x in H, and ‖xn‖ →
‖x‖ then xn → x in H.

5.5.2 Weak star convergence

We could also apply the definition of weak convergence to elements of X∗.
By definition, fn ⇀ f in X∗ provided that

G(fn) → G(f)

for every element G ∈ X∗∗. However, a more useful type of weak convergence
for elements of X∗ is weak-* convergence, which treats their effect on elements
of X.

Definition 5.12. A sequence fn ∈ X∗ converges weakly-* to f , written

fn
∗
⇀ f,

if fn(x) → f(x) for every x ∈ X.

We now prove that weak-∗ limits are unique. One of the problems dis-
cusses the relationship between weak and weak-* convergence.

Lemma 5.13. Weak-* limits are unique,

Proof. Uniqueness for weak-* limits follows immediately from the definition,
for if f, g ∈ X∗ with f(x) = g(x) for all x ∈ X then f = g.

Exercise 5.6. (i) Show that fn ⇀ f in X∗ implies that fn
∗
⇀ f in X∗. [Recall

that for each x ∈ X you can define an element Gx ∈ X∗∗ by

Gx(f) = f(x)

for all f ∈ X∗.]
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(ii) Show that fn
∗
⇀ f in X∗ implies that fn ⇀ f if X is reflexive. [Recall that

if X is reflexive then any element G ∈ X∗∗ can be written as

G(f) = f(x) for all f ∈ X∗

for some x ∈ X.]

5.6 The Alaoglu compactness theorem

The real power of the theory of dual spaces and weak convergence comes
from the following compactness theorem. Recall that the unit ball in an
infinite-dimensional space is not compact (Proposition 1.25). However, the
following result and its corollary show that these balls are weakly compact
– in particular, we will see that a bounded sequence in a reflexive Banach
space has a weakly convergent subsequence.

A space is separable if it contains a countable dense subset. (The Lp

spaces with 1 ≤ p < ∞ are separable, as are the spaces Cr(Q).)

Theorem 5.14. (Alaoglu weak-* compactness). Let X be a separable Banach
space and let fn be a bounded sequence in X∗. Then fn has a weakly-*
convergent subsequence, i.e. a subsequence fnj

such that

fnj
(x) converges for each x ∈ X.

See [R] (Theorem 4.18) for a proof. We give a direct proof of the corollary
on weak convergence for Hilbert spaces below.

As an example, L∞ ' (L1)∗. So a bounded sequence fn ∈ L∞(Q) has a
weakly-* convergent subsequence fnj

: there exists an f ∈ L∞(Q) such that

∫

Q

fnj
(x)g(x) dx →

∫

Q

f(x)g(x) dx

for each g ∈ L1(Q).

The following corollary of Theorem 5.14 will be extremely useful.
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Theorem 5.1. (Reflexive weak compactness). Let X be a reflexive Banach
space and xn a bounded sequence in X. Then xn has a subsequence which
converges weakly in X.

Exercise 5.7. Prove the above theorem as a corollary of of Theorem 5.14 under
the assumption that X∗ is separable.

We will give a direct proof of Theorem 5.1 when X = H is a separable
Hilbert space (recall that all Hilbert spaces are reflexive), since it contains
at least elements of the idea behind the Alaoglu Theorem and its corollary.

Proof. Take a bounded sequence {xn} ∈ H, and assume that |xn| ≤ M . Let
{ej}∞j=1 denote a countable basis for H. Since H is a Hilbert space, any linear
functional f ∈ H∗ has a representative uf ∈ H such that

〈f, x〉 = (uf , x),

so in order to show that xnj
⇀ x it is enough to show that

(u, xnj
) → (u, x) for all u ∈ H.

Now consider (xn, e1): since

|(xn, e1)| ≤ M

this is a bounded sequence in R and so has a convergent subsequence, xn1,j
.

Now consider (xn1,j
, e2). Again, this is bounded and so has a convergent sub-

sequence xn2,j
such that (xn2,j

, e2) converges, as well as (xn2,j
, e3). Continuing

in this way we obtain subsequences xnk,j
such that

(xnk,j
, es) converges for all s = 1, 2, . . . , k.

Finally, set nj = nj,j, so that (xnj
, ek) converges for every k.

Now set
xk = lim

j→∞
(xnj

, ek).

We want to define

x =
∞∑

k=1

xkek,
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for then
(x, ek) = lim

j→∞
(xnj

, ek)

by definition. First we have to check that
∑ |xk|2 < ∞ so that this definition

of x makes sense. But this is easy: for each N < ∞,

N∑

k=1

(xnj
, ek)

2 ≤ |xnj
|2 ≤ M2,

and letting j →∞ gives
N∑

k=1

|xk|2 ≤ M2.

Now we can let N →∞ to deduce that
∑ |xk|2 ≤ M2, and so |x| ≤ M .

We now deduce that (xnj
, u) converges for any u ∈ H. If

u =
∞∑

k=1

ckek

then choose N large enough that
∥∥∥∥∥u−

n∑
j=1

cjej

∥∥∥∥∥ < ε/4M

for all n ≥ N . It follows that

|(xnj
, u)− (x, u)| ≤ |(xnj

− x,

n∑
j=1

cjej)|+ |(xnj
− x, u−

n∑
j=1

cjej|

≤
n∑

j=1

cj|(xnj
− x, ej)|+ ε/2,

and since (xnj
, ek) → (x, ek) for each k, it follows that for j large enough

|(xnj
, u)− (x, u)| < ε.

Exercise 5.8. Show that a Hilbert space is separable iff it has a countable basis.
[Hint: use the Gram-Schmidt process to construct an orthonormal basis from the
countable dense subset.]
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Chapter 6

Sobolev spaces

Sobolev spaces are a family of spaces of functions akin to Cr(Q), in that
they consist of functions with conditions on their derivatives. Rather than
requiring the derivatives to be in C0(Q), we require them to be elements of
L2(Q). This means that the Sobolev spaces are all Hilbert spaces, which
makes them much easier to use in our analysis.

6.1 The weak derivative

We first introduce the “weak derivative”, which has to be an element of
L1(Q). Suppose that u is differentiable (u ∈ C1

p(Q)). Then for any “test
function” φ ∈ C∞

p (Q), the identity

∫

Q

∂u

∂xj

φ dx = −
∫

Q

u
∂φ

∂xj

dx, (6.1)

holds, after an integration by parts in the xj variable (the boundary terms
vanish since the integrand is periodic). Repeating this process |α| times, we
have similarly ∫

Q

Dαuφ dx = (−1)|α|
∫

Q

uDαφ dx, (6.2)

for any multi-index α.
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The weak derivative is defined by analogy with (6.1): for a function u ∈
L1(Q), we say that v is the weak derivative of u with respect to xj, written
v = Dju, if v ∈ L1(Q) and

∫

Q

v φ dx = −
∫

Q

u
∂φ

∂xj

dx (6.3)

for all φ ∈ C∞
p (Q). The requirement that u and v are elements of L1(Q) is

natural, since u, v ∈ L1(Q) ensures that both integrals make sense.

We can also define, inductively, higher order weak derivatives: if u, v ∈
L1(Q) then v is the αth weak derivative of u, v = Dαu, if

∫

Q

v φ dx = (−1)|α|
∫

Q

uDαφ dx.

As an example, consider the L1(−2, 2) function

u(x) =




−x/2 −2 < x ≤ 0

x 0 < x ≤ 1
1 1 < x < 2.

(6.4)

For any φ ∈ C∞
p (−2, 2) we have

−
∫ 2

−2

uφ′ dx =

∫ 0

−2

1
2
xφ′ dx−

∫ 1

0

xφ′ dx−
∫ 2

1

φ′ dx

=
[

1
2
xφ

]0

−2
−

∫ 0

−2

1
2
φ dx−

[
xφ

]1

0
+

∫ 1

0

φ dx− φ(2) + φ(1)

= −1
2

∫ 0

−2

φ dx +

∫ 1

0

φ dx,

(since φ(2) = φ(−2)) and so u has weak derivative

v(x) =





1
2
−2 < x < 0

1 0 < x ≤ 1
0 1 < x < 2.

(6.5)
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6.2 Sobolev spaces of periodic functions

6.2.1 Hs(Q)

Roughly, the Sobolev space Hs
p(Q) consists of periodic functions whose gen-

eralised derivatives up to (and including) order s lie in L2(Q) (the “roughly”
is because it is not clear how to characterise “periodic functions” when they
may not have point values). The norm is given by the sum of the L2 norms
of all these derivatives,

‖u‖Hs =
(∑

|α|≤s

|Dαu|2
)1/2

.

To give a proper definition we proceed by analogy with our definition of
L2(Q) spaces, and define Hs

p(Q) as the completion of C∞
p (Q) in the Hs norm.

Since we will always deal with spaces of periodic functions from now on, we
will drop the p suffix on Sobolev spaces.

Definition 6.1. Hs(Q) is the completion of C∞
p (Q) in the Hs norm.

Hs(Q) is a Hilbert space when equipped with the inner product

((u, v))Hs =
∑

|α|≤s

(Dαu,Dαv).

For a more useful characterisation we enforce the periodicity of the func-
tion u by writing it as a formal Fourier series,

u =
∑

k∈Zd
L

ûke
ik·x with û−k = ûk.

For any function u ∈ C∞
p (Q), this Fourier series is uniformly convergent, and

the derivatives of u are given by

Dαu(x) = i|α|
∑

k

ûkk
αeik·x.
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It follows that
|Dαu|2 = Ld

∑

k∈Zd
L

|ûk|2k2α. (6.6)

Proposition 6.2. There exist constants C1(s, d) and C2(s, d) such that

C1‖u‖Hs ≤
(∑

k∈Zd
L

(1 + |k|2s)|ûk|2
)1/2

≤ C2‖u‖Hs

for all u ∈ Hs(Q), i.e. the Hs norm and

(∑

k∈Zd
L

(1 + |k|2s)|ûk|2
)1/2

are equivalent.

See Appendix A of [R] for the proof.

The completion of C∞
p (Q) in the Hs norm is therefore the same as its

completion in the norm

‖u‖Hs
f

=
( ∑

k∈Zd
L

(1 + |k|2s)|ûk|2
)1/2

,

and we can identify Hs(Q) with the collection of all formal Fourier series
such that the norm Hs

f is finite.

Proposition 6.3. The Sobolev space of periodic functions Hs(Q) is the same
as {

u : u =
∑

k∈Zd
L

ûke
ik·x, ûk = û−k,

∑

k∈Zd

|k|2s|ûk|2 < ∞
}

. (6.7)

Corollary 6.4. C∞
p (Q) is dense in Hs(Q).

6.2.2 Hs
0(Q)

Sometimes we will be able to restrict our attention to functions which have
zero average over Q, ∫

Q

u(x) dx = 0
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(in terms of Fourier series this reduces simply to û0 = 0). The Sobolev
spaces of periodic functions with this condition we label Hs

0(Q). These can
be particularly useful, primarily because of the following result, known as
Poincaré’s inequality.

We write Du for the vector of first partial derivatives, so that

|Du|2 =
∑

|α|=1

|Dαu|2. (6.8)

Lemma 6.5. (Poincaré’s inequality). If u ∈ H1
0 (Q) then

|u| ≤
( L

2π

)
|Du|. (6.9)

Proof. Since

u =
∑

k∈Żd
L

ûke
ik·x

we have
Du =

∑

k∈Żd
L

ikûke
ik·x.

It follows that

|u|2 = Ld
∑

k∈Żd
L

|ûk|2 and |Du|2 = Ld
∑

k∈Żd
L

|k|2|ûk|2,

and so

|u| ≤
( L

2π

)
|Du|

as claimed.

In this situation |Du| is a norm equivalent to the standard H1 norm. This
follows since

|Du|2 ≤ ‖u‖2
H1 = |u|2 + |Du|2 ≤ (1 + C)|Du|2.

Because of this, we think of |Du| as the standard norm on H1
0 (Q), and write

‖u‖H1
0

= |Du|.
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This norm can be derived from the H1
0 inner product

((u, v))H1
0

=
∑

|α|=1

(Dαu,Dαv). (6.10)

Note that following the argument of Proposition 6.2 we can show that in
this case 

 ∑

k∈Żd
L

|k|2|ûk|2



1/2

is an equivalent norm.

The situation is similar in the higher order spaces Hs
0(Q): an induction

argument shows that

‖u‖2
Hs ≤ C

∑

|α|=s

|Dαu|2 for all u ∈ Hs
0(Q).

6.2.3 H−s(Q)

Finally we introduce Sobolev spaces Hs with negative s:

Definition 6.6. The space H−s(Q) is the dual space of Hs
0(Q).

We can characterise H−s(Q) in just the same way as Hs(Q).

Proposition 6.7.

H−s(Q) =



φ =

∑

k∈Żd
L

φ̂ke
ik·x :

∑

k∈Żd
L

|k|−2s|φ̂k|2 < ∞


 .

With this characterisation we understand the result 〈φ, u〉 of applying φ
to u as being (φ, u), i.e. the L2 inner product understood in terms of the
Fourier coefficients of φ and u.

To prevent too clumsy a notation we assume in what follows that all sums over
k are for k ∈ Żd

L.
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Proof. We first show that such a φ is an element of H−s(Q). Take u ∈ Hs
0 , and

then

〈φ, u〉 =
∑

k

φ̂k ck

≤
∑

k

|φ̂k||ck|

≤
(∑

k

|k|−2s|φ̂k|2
)1/2(∑

k

|k|2s|ck|2
)

≤ C

(∑

k

|k|−2s|φ̂k|2
)1/2

‖u‖Hs .

Now, given a φ ∈ H−s(Q), the Riesz representation theorem shows that there
exists a v ∈ Hs

0(Q) such that

((v, u))Hs
0

= 〈φ, u〉.

If we use the Fourier version of the inner product on Hs
0 we have

((v, u))Hs
0

=
∑

k

|k|2svkuk = 〈φ, u〉,

where
φ =

∑

k

(|k|2svk)eik·x ≡
∑

k

φ̂keik·x.

Since v ∈ Hs
0(Q) it follows that

∑
|k|−2s|φ̂k|2 =

∑
|k|2s|vk|2 < ∞

as claimed.

6.3 The Sobolev embedding theorem

In this section we investigate the relationship between the spaces Hs(Q),
Cr(Q), and Lp(Q). We first find conditions to ensure that a function in
Hs(Q) is in fact continuous, and then investigate its integrability properties.
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6.3.1 Conditions for Hs(Q) ⊂ C0
p(Q)

We will show that if s > d/2 then Hs(Q) ⊂ C0
p(Q), i.e. that if a function is

in Hs then it is in fact continuous1.

Theorem 6.8. If u ∈ Hs(Q) with s > d/2, then u ∈ C0
p(Q) and

‖u‖∞ ≤ Cs‖u‖Hs .

Proof. Write

u =
∑

k∈Zd
L

ûke
ik·x,

and then

‖u‖∞ ≤
∑

k∈Zd
L

|ûk|

≤
∑

k∈Zd
L

1

(1 + |k|2s)1/2
(1 + |k|2s)1/2|ûk|

≤
( ∑

k∈Zd
L

(1 + |k|2s)|ûk|2
)1/2 ∑

k∈Zd
L

1

(1 + |k|2s)
.

Now, ∑

k∈Zd
L

1

(1 + |k|2s)
= Cs < ∞

provided that s > d/2. Therefore

‖u‖∞ ≤ Cs‖u‖Hs ,

and the absolute convergence of the coefficients yields the uniform conver-
gence of the Fourier series and hence continuity of u.

Exercise 6.1. Prove that if s > d/2 + j and u ∈ Hs(Q) then u ∈ Cj
p(Q) and

‖u‖Cj ≤ C‖u‖Hs .

1Strictly, if u ∈ Hs(Q) with s > d/2 then u “has a representative which is equal to a
continuous function”. Since the Hs(Q) norm is defined by an integral, functions which
agree almost everywhere are “the same” in Hs.
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Exercise 6.2. Use the Fourier expansion to show that if u ∈ H2
p(Q), where Q =

[0, L]2, then
|u(x)− u(y)| ≤ c‖u‖H2 |x− y|1/2.

[You may assume that

|eik·x − eik·y| ≤ C|k|λ|x− y|1/2.

You can prove this easily by considering the two cases |k||x−y| ≤ 1 and |k||x−y| >
1 separately.]

6.3.2 Integrability properties of functions in Hs

The summability properties of the Fourier coefficients of u and its integra-
bility properties are related in the following way. We say that c = {ck} ∈ lp

if

‖c‖lp =
(∑

k

|ck|p
)1/p

< ∞.

Then, for 1 ≤ p ≤ 2,

u =
∑

k

cke
ik·x ∈ Lq,

(p and q conjugate) with
‖u‖Lq ≤ α‖c‖lp . (6.11)

The proof is not straightforward, and relies on complex variable methods
(cf. Rudin (1974), Theorem 12.11). (To make this seem at least reasonable,
observe that

‖u‖L2 ≤ α‖c‖l2 and ‖u‖L∞ ≤ α‖c‖l1 ,

so that (6.11) holds at the two “extreme” values of p.)

Theorem 6.9. If u ∈ Hs(Q) with s < d/2 then u ∈ Lp(Q), with

p ∈
[
2,

d

(d/2)− s

)
.

If s = d/2 then the embedding holds for all p < ∞ (but not p = ∞). In
particular if s = 1 or 2 then H1(Q) ⊂ Lp(Q) for every 1 ≤ p < ∞.
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We show the result for the half-open interval, but in fact it holds for the
closed interval. This requires other methods.

Proof. It is immediate that Hs(Q) ⊂ L2(Q) with |u| ≤ ‖u‖Hs , so we prove
the embedding only for p > 2. Then, using (6.11),

‖u‖Lp ≤ α
( ∑

k∈Zd
L

|ûk|q
)1/q

≤ α
( ∑

k∈Zd
L

(1 + |k|2s)q/2(1 + |k|2s)−q/2|ûk|q
)1/q

≤ α
[( ∑

k∈Zd
L

(1 + |k|2s)|ûk|2
)q/2( ∑

k∈Zd
L

(1 + |k|2s)−q/(2−q)
)(2−q)/2]1/q

≤ α‖u‖Hs

( ∑

k∈Zd
L

(1 + |k|2s)−q/(2−q)
)(2−q)/2q

.

The sum in this final expression is finite provided that qs/(2 − q) > d/2,
i.e. provided that q > 2d/(2s + d). Since p−1 + q−1 = 1, this requires

p <
d

d
2
− s

,

as in the statement of the theorem.

6.4 The Rellich-Kondrachov theorem

Theorem 6.10. H1(Q) is compactly embedded in L2(Q).

Proof. Consider a sequence {un},
un =

∑

k∈Zd
L

ûnke
ik·x

bounded in H1. Then, for some M ,
∑

k∈Zd
L

(1 + |k|2)|ûnk|2 ≤ M. (6.12)
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In particular, each Fourier component is uniformly bounded in n, so one
can extract a subsequence un1j

such that ûn1jk1 converges. From this take a
subsequence un2j

such that ûn2jk1 and ûn2jk2 converge. Continue in this way
with subsequences unlj

such that ûnljk1 , . . . , ûnljkl
all converge. Now take the

diagonal sequence ũj = unjj
, and write ûjk for the corresponding Fourier

coefficients. Then, for each k, ûjk converges to a limit û∗k. From (6.12) we
know that ∑

k

(1 + |k|2)|û∗k|2 ≤ M.

Thus ∑

k

(1 + |k|2)|ûjk − û∗k|2 ≤ 2M.

Now,

|ũj − u∗|2 =
∑

k

|ûjk − û∗k|2

=
∑

|k|≤K

|ûjk − û∗k|2 +
1

K2

∑

|k|≥K

|ûjk − û∗k|2|k|2

≤
∑

|k|≤K

|ûjk − û∗k|2 +
2M

K2
.

Given ε > 0, choose K large enough that the second term is ≤ ε/2, and j
large enough that the first term is too. Then uj → u∗ in L2.

Corollary 6.11. Hs+1(Q) is compactly embedded in Hs(Q).

Exercise 6.3. Using Theorem 6.10 prove this corollary: show that if un is bounded
in Hs+1(Q) then there is a subsequence unj such that

Dαunj → uα

in L2, for some uα ∈ L2. Writing u for the limit in L2 of unj , by considering
∫

Q
Dαu φdx = (−1)|α|

∫

Q
uDαφ dx = (−1)|α| lim

j→∞

∫

Q
unjD

αφ dx

show that in fact uα = Dαu and deduce that unj → u in Hs(Q).
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Chapter 7

The Stokes Operator

This chapter contains material from Chapters 6 and 9 of [R].

At last we return to the Navier-Stokes equations, or at least a simplified
version of them. If we only keep the linear terms we end up with

−ν∆u +∇p = f and ∇ · u = 0. (7.1)

The problem still consists of two coupled equations, one involving the ve-
locity u and the pressure p, and the other (the incompressibility condition)
involving only the velocity. We will restrict to f , u, and p with zero average
over Q = [0, L]d.

Since we are considering the case of periodic boundary conditions, we can
use Fourier series, bearing in mind that the function u is not a scalar, but a
vector valued function.

We first define a space of smooth functions which incorporate the peri-
odicity and the divergence-free condition,

V = {u ∈ [Ċ∞
p (Q)]d : ∇ · u = 0}, (7.2)

i.e. V consists of d-component divergence-free vectors, each component of
which is in Ċ∞

p (Q). Since we will be using spaces like V consisting of d-
vectors throughout the next few chapters, we will use the notation

L2(Q) = [L2(Q)]d and Hk
p(Q) = [Hk

p(Q)]d,
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where, for example, the norm of u = (u1, . . . , ud) ∈ L2(Q) is

‖u‖2
L2(Q) =

d∑
j=1

|uj|2L2(Q).

We now take the inner product of the first equation in (7.1) with an
element v of V, to obtain

−ν

∫

Q

[∆u(x)]v(x) dx +

∫

Q

∇p · v dx =

∫

Q

f(x) · v(x) dx.

If we integrate the first term by parts and use the fact that u and v are
periodic we get

−
∫

Q

d∑
i,j=1

[D2
i uj(x)]vj(x) dx =

d∑
i,j=1

∫

Q

Diuj(x)Divj(x) dx =

∫

Q

∇u : ∇v dx,

(7.3)
where the colon means that we sum over all derivatives and all components
(as in the central term of the above equality). Now, if we integrate the p
term by parts we obtain

∫

Q

∇p · v dx =

∫

Q

p (∇ · v) dx = 0, (7.4)

since v ∈ V and so ∇ · v = 0. The pressure term has dropped out, and we
are left with ∫

Q

∇u : ∇v dx =

∫

Q

f(x) · v(x) dx. (7.5)

Exercise 7.1. Consider Poisson’s equation

−∆u = f(x)

where now u and f are scalar functions of x ∈ Q. Impose the addition conditions
that

∫
Q u =

∫
Q f = 0. Show that

∫

Q
∇u · ∇v dx =

∫

Q
f(x)v(x) dx

for all v ∈ C∞
p (Q).
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If u ∈ C2
p(Q) is divergence free (∇ · u = 0) and f ∈ C0

p(Q) one can show
that (7.5) implies that u is a classical solution of (7.1).

Exercise 7.2. For the simpler example of Poisson’s equation in Exercise 7.1 show
that if u ∈ C2

p(Q) and f ∈ C0
p(Q), and
∫

Q
∇u · ∇v dx =

∫

Q
fv dx

for all v ∈ C∞
p (Q) then in fact −∆u = f .

However, (7.5) as it stands only requires u to be a C1 function. We will
see that this can be weakened further. We choose to write the left-hand side
of (7.5) as a(u,v), i.e. we define

a(u,v) =

∫

Q

∇u : ∇v dx,

and then we have

ν a(u,v) = (f ,v) for all v ∈ V. (7.6)

Now, note that a : C∞
p (Q)×C∞

p (Q) → R is a bilinear form on C∞
p (Q)×

C∞
p (Q) that satisfies (using the Cauchy-Schwarz inequality)

|a(u,v)| =

∣∣∣∣∣
d∑

i,j=1

∫

Q

(Diuj)(Divj) dx

∣∣∣∣∣

≤
d∑

i,j=1

|Diuj||Divj|

≤
d∑

j=1




(
d∑

i=1

|Diuj|2
)1/2 (

d∑
i=1

|Divj|2
)1/2




=
d∑

j=1

|Duj||Dvj|

≤
(

d∑
j=1

|Duj|2
)1/2 (

d∑
j=1

|Dvj|2
)1/2

= |Du||Dv|.
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We have shown that
|a(u,v)| ≤ |Du||Dv|, (7.7)

and so a is continuous in the H1
0(Q) norm.

We denote by V the completion of V in the H1
0(Q) norm,

V = {u ∈ H1
0(Q) : ∇ · u = 0}. (7.8)

V is a Hilbert space with the H1
0 inner product

(Du, Dv) =
∑

|α|=1

(Dαu, Dαv)

and corresponding norm

∑

|α|=1

|Dαu|2 ≡ |Du|2.

It follows that C∞
p (Q) is dense in V , and that a can be extended to a con-

tinuous bilinear form from V × V into R.

Exercise 7.3. Suppose that X is a Banach space (with norm ‖ · ‖), and X is a
dense subspace of X. Let f be a linear functional from X into R which satisfies

|f(x)| ≤ M‖x‖ for all x ∈ X.

Show that f has a unique extension to a continuous function

F : X→ R

(i.e. F (x) = f(x) for all x ∈ X), and that F satisfies

|F (x)| ≤ M‖x‖ for all x ∈ X.

Exercise 7.4. Show that the bilinear form

a(u, v) =
∫

Q
∇u · ∇v dx

from Exercise 7.2 can be extended to a bilinear form on H1
0 (Q)×H1

0 (Q).
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In fact, (7.6) makes sense for all v ∈ V whenever u ∈ H1
0(Q) and f is

contained in the dual of V , V ∗ = H−1(Q), provided that we understand the
derivatives in a weak sense. So we can re-pose the original problem in its
weak form: given f ∈ V ∗ find u ∈ V such that

a(u,v) = 〈f ,v〉 for all v ∈ V, (7.9)

where 〈f ,v〉 denotes the pairing between f ∈ V ∗ and v ∈ V .

Note that a(u,v) is just (6.10), the inner product on H1
0(Q) obtained

using Poincaré’s inequality. The problem is therefore equivalent to finding a
u ∈ V such that

((u,v))V = 〈f ,v〉 for all v ∈ V. (7.10)

Now, the Riesz Representation Theorem (Theorem 4.9) immediately tells
is that there exists a unique u ∈ V such that (7.10) holds, and that the map
f 7→ u is continuous.

Theorem 7.1. For f ∈ V ∗, the weak form of the Stokes problem (7.6) has a
unique solution u ∈ V , and

|Du| = ‖f‖∗.
Exercise 7.5. Write down the weak form of Poisson’s equation (from the previous
three exercises) and deduce that this equation has a unique weak solution.

There is another way to consider equation (7.10), which will become more
useful later. Observe that for each fixed u ∈ V the map

v 7→ a(u,v)

is a linear functional on V . It follows that we can define a linear operator
A : V → V ∗ by

〈Au,v〉 = a(u,v) for all v ∈ V. (7.11)

Observe that (7.7) shows that A is a bounded operator from V into V ∗. We
can now write the equation a(u,v) = 〈f ,v〉 as an equation which has to hold
in V ∗:

νAu = f .
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7.1 Higher regularity

To investigate further regularity for the Stokes problem we want to consider
the smoothness of u when f ∈ L̇2(Q). We will use the Fourier expansion.
We take ν = 1 and solve

Au = f ,

expanding f as

f =
∑

k∈Żd
L

eik·xf̂k,

where now each f̂k ∈ Rd, and we have f̂0 = 0 and
∑

k |f̂k|2 < ∞ (since

f ∈ L̇2(Q)). If we similarly expand u as

u =
∑

k∈Żd
L

eik·xûk,

(with uk ∈ Rd) and p as

p =
∑

k∈Zd
L

eik·xp̂k,

(note that p is a scalar, so p̂k ∈ R), we have

−∆u =
∑

k∈Zd

eik·x|k|2ûk

and
∇p = i

∑

k∈Zd
L

keik·xp̂k.

Equating coefficients in (7.1) now gives

|k|2ûk − ikp̂k = f̂k (7.12)

and the divergence free condition (∇ · u = 0) becomes

k · ûk = 0. (7.13)

Taking the scalar product of (7.12) with k gives an expression for p̂k when
k 6= 0,

p̂k = −i
(f̂k · k)

|k|2 , (7.14)
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and so one obtains the following expression for ûk when k 6= 0,

ûk =
1

|k|2
(
f̂k − k(k · f̂k)

|k|2
)
.

To fix u and p we set û0 = 0 and p̂0 = 0, which is fine since we required
f̂0 = 0 in the first place (and we want u0 ∈ V ).

It follows that
‖u‖2

Ḣs+2 ≤ C‖f‖2
Ḣs , (7.15)

and so in particular if f ∈ L̇2(Q) then u ∈ Ḣ2
p(Q). Thus the domain of A,

i.e. all u such that Au ∈ L2(Q), is given by

D(A) = {u ∈ Ḣ2(Q) : ∇ · u = 0} = H2(Q) ∩ V.

Finally, if we define

H = {u ∈ L̇2(Q) : ∇ · u = 0}, (7.16)

i.e. the space of all u ∈ L̇2(Q) whose Fourier coefficients satisfy (7.13), then,
if f ∈ H the solution of the Stokes problem is given by the function u with
Fourier coefficients

ûk =
f̂k
|k|2 . (7.17)

This expression is exactly the same as (7.19) from Exercise 7.6 (below), which
gives the solution of Poisson’s equation, except applied to each component
of ûk in turn. So we can deduce that

Au = −∆u for all u ∈ D(A). (7.18)

Note that this particular result (7.18) is only true in the case of periodic
boundary conditions.

Exercise 7.6. Solve Poisson’s equation using Fourier series, and show that

ûk =
fk

|k|2 . (7.19)

Deduce that if f ∈ Hs(Q) then u ∈ Hs+2(Q) and

‖u‖Hs+2 ≤ ‖f‖Hs .
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Exercise 7.7. Show that the functions

wj,k :=
(
ej − kjk

|k|2
)

eik·x with j = 1, . . . , d, k ∈ Żd
L

are eigenfunctions of the Stokes operator, i.e. for some p and λj,k 6= 0

−∆wj,k +∇p = λj,kwj,k and ∇ ·wj,k = 0,

or more concisely
Awj,k = |k|2wj,k.

Assuming that ejeik·x form a basis for L2(Q), show that {wj,k} form a basis for
the space H defined in (7.16).
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Chapter 8

The Navier-Stokes equations

This chapter has material from Chapters 7, 8, and 9 of [R].

We will now consider the Navier-Stokes equations

∂u

∂t
+ (u · ∇)u− ν∆u +∇p = f and ∇ · u = 0,

and we will assume further that f does not depend on time. This is important
if we want to use the equations to define a dynamical system.

We will also make the same restrictions as in the first chapter, namely
that

∫
Q

u(x, 0) =
∫

Q
f = 0. Since this implies that

∫
Q

u(x, t) = 0 for all t ≥ 0,
this allows us to work in a space of periodic functions with zero integral, in
which we can make use of the Poincaré inequality (see Lemma 5.40)

|u| ≤ λ
−1/2
1 |Du|, with λ1 =

4π2

L2
. (8.1)

We say that a function v of space of time is in Lp(0, T ; X) if

‖v‖Lp(0,T ;X) =

(∫ T

0

‖v(s)‖p
X ds

)1/p

< +∞.

Exercise 8.1. Show that any element of φ ∈ Lq(0, T ; X∗) gives rise to an element
in the dual space of Lp(0, T ; X) via

[φ, u] =
∫ T

0
〈φ(t), u(t)〉dt,

85



where 〈ψ, x〉 is the pairing between ψ ∈ X∗ and x ∈ X.

8.1 The weak form of the NSE

We now take the inner product of

∂u

∂t
+ (u · ∇)u− ν∆u +∇p = f

with an element v of V (see (7.2)), to obtain

d

dt
(u,v)− ν

∫

Q

∆u ·v dx+

∫

Q

[(u ·∇)u] ·v dx+

∫

Q

∇p ·v dx = (f ,v). (8.2)

We dealt in the previous chapter with the pressure term (it vanishes) and
the Laplacian term, which becomes the bilinear form

a(u,v) :=

∫

Q

∇u : ∇v dx :=
d∑

i,j=1

∫

Q

(Diuj)(Divj) dx.

If we also define a trilinear form

b(u,v,w) =

∫

Q

[(u · ∇)v] ·w dx =
d∑

i,j=1

∫

Q

ui(Divj)wj dx

we can rewrite (8.2) as

d

dt
(u,v) + a(u,v) + b(u,u,v) = (f ,v) for all v ∈ V. (8.3)

As we did with the bilinear form a(u,v) in the previous chapter, we can
extend the definition of b(u,v,w) from V×V×V to V ×V ×V respectively,
where (recall (7.8))

V = {u : u ∈ H1
0(Q), ∇ · u = 0}.

In order to extend b we have to show that it is continuous with respect to
the norm in V (|Du|). This is the context of the next lemma.
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Lemma 8.1. If u,v,w ∈ V then

|b(u,v,w)| ≤ k

{ |u|1/2|Du|1/2|Dv||w|1/2|Dw|1/2 d = 2
|u|1/4|Du|3/4|Dv||w|1/4|Dw|3/4 d = 3.

(8.4)

Proof. To prove the inequality for b(u, v, w) we will need the following, known
as Ladyzhenskaya’s inequality,

‖f‖L4 ≤ c

{ |f |1/2|Df |1/2 d = 2
|f |1/4|Df |3/4 d = 3.

(8.5)

Now, we consider

|b(u,v,w)| ≤
d∑

i,j=1

∣∣∣∣
∫

Q

ui(Divj)wj dx

∣∣∣∣

≤
d∑

i,j=1

|ui|L4|Divj|L2|wj|L4

using the generalised version of Hölder’s inequality proved as an exercise in
Chapter 3 (or just use Cauchy-Schwarz twice). Now we use Ladyzhenskaya’s
inequality to get

|b(u,v,w)| ≤ c

d∑
i,j=1

|Divj|
{ |ui|1/2|Dui|1/2|wj|1/2|Dwj|1/2 d = 2
|ui|1/4|Dui|3/4|wj|1/4|Dwj|3/4 d = 3.

Since |ui|L2 ≤ ‖u‖L2 , for each fixed i, j we can bound the terms in the sum
by the same expression without the suffix, and so we finally obtain (8.4).

Exercise 8.2. Prove the 3d Ladyzhenskaya inequality for f ∈ H1
0 (Q),

‖f‖L4 ≤ C|f |1/4|Df |3/4.

[Hint: use Hölder’s inequality and the embedding H1 ⊂ L6, i.e. ‖f‖L6 ≤ c|Df |.]

In particular, because of the Poincaré inequality, (8.4) shows that

|b(u,v,w)| ≤ c|Du||Dv||Dw|.

87



It follows that b is continuous from V×V×V into R wrt the H1
0 norm. Since

V is dense in V , it follows that we can extend b to functions in products of
V .

In this way, if (8.3) holds for all v ∈ V, it must also hold for all v ∈ V :

d

dt
(u,v) + a(u,v) + b(u,u,v) = (f ,v) for all v ∈ V. (8.6)

One can check that if u(t) is in [C2
p(Q)]d and f ∈ C1(0, T ; C0(Q)) then (8.6)

implies that u satisfies the original Navier-Stokes equation. However, note
that (8.6) also makes sense if we take f ∈ V ∗ = H−1.

Now, the linear operator A from V into V ∗ associated with the bilinear
form a(u,v),

〈Au,v〉 = a(u,v), for all v ∈ V (8.7)

is the Stokes operator of the previous chapter. By analogy with this way of
defining A we can define a bilinear operator B(u,v) from V × V into V ∗

which is associated with b(u,v,w): we set

〈B(u,v),w〉 = b(u,v,w) for all w ∈ V. (8.8)

Now, we can rewrite equation (8.6) as

du

dt
+ νAu + B(u,u) = f , (8.9)

using (8.7) and (8.8). If we assume that f ∈ V ∗, then we can expect that
(8.9) will hold as an equality in V ∗.

In fact we will prove something a little weaker, that the equation holds
in an integrated form: this implies in particular that it holds as an equality
in V ∗ for almost every t ∈ [0, T ].

To analyse (8.9) we will need two additional properties of the nonlinear
term b(u,v,w). We derive these in the next section before proceeding to the
questions of existence and uniqueness of weak solutions.
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8.2 Properties of the trilinear form

The next result contains two useful “orthogonality” identities.

Proposition 8.2. If d = 2 or d = 3, then for u, v, w ∈ V ,

b(u,v,w) = −b(u,w,v), (8.10)

whence
b(u,v,v) = 0. (8.11)

For the case d = 2 (and only with periodic boundary conditions)

b(u,u, Au) = 0 for all u ∈ D(A). (8.12)

Proof. (8.10) follows from an integration by parts. Taking u,v,w ∈ V,

b(u,v,w) =

∫

Q

d∑
i,j=1

ui(Divj)wj dx

= −
∫

Q

d∑
i,j=1

Di(uiwj)vj dx

= −
∫

Q

d∑
i,j=1

(Diui)wjvj + ui(Diwj)vj dx

= −b(u,w,v),

since
∑

i Diui = ∇ · u = 0. (8.10) follows immediately using the density of
V in V .

The proof of (8.12) is tedious; see Proposition 9.1 in [R].

8.3 Two “pseudo Sobolev” results

We could define Sobolev spaces in this context too: if du/dt ∈ L2(0, T ; X)
and u ∈ L2(0, T ; X) we could say that u ∈ H1(0, T ; X). An argument similar
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to that of theorem 6.8 will then show that u ∈ C0([0, T ]; X). However,
generally we will find only

u ∈ L2(0, T ; H1) and du/dt ∈ L2(0, T ; H−1).

The next result, which we quote without proof, shows that from this we can
still deduce that u ∈ C0([0, T ]; L2), and a limited amount of information on
the derivative of u.

Theorem 8.3. Suppose that

u ∈ L2(0, T ; H1(Q)) and du/dt ∈ L2(0, T ; H−1(Q)).

Then

(i) u is continuous1 from [0, T ] into L2(Q), with

sup
t∈[0,T ]

|u(t)| ≤ C(‖u‖L2(0,T ;H1) + ‖du/dt‖L2(0,T ;H−1)), (8.13)

and

(ii)
d

dt
|u|2 = 2〈du/dt, u〉 (8.14)

for almost every t ∈ [0, T ], i.e.

|u(t)|2 = |u0|2 + 2

∫ t

0

〈du/dt(s), u(s)〉 ds.

(By applying this component by component we can replace L2 by L2, etc.)

Another result along similar lines is a compactness result which would
hold from the standard theory of Sobolev spaces if {un} were a bounded
sequence in H1(0, T ; L2), but is not so straightforward if un is bounded in
L2(0, T ; H1

0 ) and dun/dt is bounded in L2(0, T ; H−1). Nonetheless, the con-
clusion is the same – that there is a subsequence of {un} which converges
strongly in L2(0, T ; L2).

Theorem 8.4. Suppose that un is a sequence which is uniformly bounded
in L2(0, T ; H1), and dun/dt is uniformly bounded in Lp(0, T ; H−1), for some
p > 1. Then there is a subsequence such that unj

→ u strongly in L2(0, T ; L2).

1With caveat that it may have to be adjusted on a set of measure zero.
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8.4 The Galerkin expansion

In our existence proof we will expand everything in a basis for H formed by
the eigenfunctions of the Stokes operator. These are

(
ej − kjk

|k|2
)

eik·x,

with eigenvalues λj,k = |k|2 (see Exercise 7.7). It will be more convenient to
denote this countable basis by {wn}∞n=1. With Awn = λnwn we order the
eigenfunctions so that that λn+1 ≥ λn.

If u =
∑∞

j=1 cjwj then we define the projection of u onto the space
spanned by the first n eigenfunctions, Pnu, by

Pnu =
n∑

j=1

cjwj.

Note that
(Pnu,v) = (u, Pnv) = (Pnu, Pnv).

Using the orthonormality of the eigenfunctions and the definition of the
norm in the various spaces it is not hard to prove the following result (see
Lemma 7.5 in [R]):

Lemma 8.5. For X = L2, H1, or H−1, we have: if u ∈ X then

‖Pnu‖X ≤ ‖u‖X and Pnu → u in X.

8.5 Existence of weak solutions

With the above preparations behind us, we can now begin to investigate
existence and uniqueness for the Navier-Stokes equations.

We will show the following result, valid for both d = 2 and d = 3. Note
that the theorem says nothing about uniqueness.
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In the statement of the theorem, H is our phase space, consisting of
divergence free L2 functions with zero average,

H = {u ∈ L2(Q) :

∫

Q

u = 0, ∇ · u = 0}.

The norm on H is just the L2 norm.

Theorem 8.6. (Weak solutions). Let f ∈ H−1. Then if u0 ∈ H, there exists
a weak solution u(t) of

du/dt + νAu + B(u,u) = f

i.e. a function u such that, for any T > 0,

u ∈ L∞(0, T ;L2) ∩ L2(0, T ;H1
0),

and for each v ∈ V

d

dt
〈u,v〉+ νa(u,v) + b(u,u,v) = 〈f ,v〉 (8.15)

for almost every t ∈ [0, T ]. Furthermore

du/dt ∈ Lp(0, T ;H−1),

with p = 2 if d = 2 and p = 4/3 if d = 3.

Proof. We look at the finite-dimensional equation obtained by keeping only
the first n Fourier modes, the n-dimensional Galerkin approximation,

un =
n∑

j=1

unj(t)wj.

The equation for un is

dun

dt
+ νAun + PnB(un,un) = Pnf . (8.16)

We try to find a bound on |un| uniform in n.
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To bound |un| we take the inner product of (8.16) with un, and obtain

1
2

d

dt
|un|2 + ν(Aun,un) + (PnB(un,un),un) = 〈Pnf ,un〉,

which, noting that (since un ∈ PnH)

(PnB(un,un),un) = (B(un,un), Pnun)
= (B(un,un),un) = b(un,un,un),

and using (8.7) and the orthogonality property (8.11), becomes

1
2

d

dt
|un|2 + ν|Dun|2 = 〈f ,un〉 ≤ ‖f‖H−1|Dun|.

Using Young’s inequality on the right-hand side, we obtain

1
2

d

dt
|un|2 + ν|Dun|2 ≤ ν

2
|Dun|2 +

‖f‖2
H−1

2ν
,

so that
d

dt
|un|2 + ν|Dun|2 ≤ ‖f‖2

H−1

ν
.

Now integrate both sides between 0 and t, to obtain

|un(t)|2 + ν

∫ t

0

|Dun(s)|2 ds ≤ |un(0)|2 +
‖f‖2

L2(0,t;H−1)

ν
.

Since |un(0)| = |Pnu0| ≤ |u0| (Lemma 7.5), we have the bounds

sup
t∈[0,T ]

|un(t)|2 ≤ K = |u0|2 +
‖f‖2

L2(0,T ;H−1)

ν
,

and ∫ T

0

|Dun(s)|2 ds ≤ K/ν,

uniformly in n. Thus un is bounded uniformly (in n) in

L∞(0, T ;L2) and L2(0, T ;H1
0). (8.17)
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To apply the two “pseudo-Sobolev” results, we also need to obtain bounds
on the derivatives, dun/dt. Here we find a difference between d = 2 and d =
3. For d = 2 we can show that dun/dt in uniformly bounded in L2(0, T ;H−1),
whereas for d = 3 we can only obtain a bound in L4/3(0, T ;H−1). We set
p = 2 in the case d = 2 and p = 4/3 if d = 3.

Since
dun/dt = −νAun − PnB(un,un) + Pnf ,

we need to show that each term on the right-hand side is uniformly bounded
in Lp(0, T ;H−1). This follows for Aun since un is uniformly bounded in
L2(0, T ;H1

0) and A is a continuous linear operator from H1
0 into H−1. Clearly

Pnf is also bounded in this sense, since we have assumed that f ∈ H−1. It
only remains to verify the same kind of bound for PnB(un,un), and this is
where the difference arises between the cases d = 2 and d = 3.

The following bounds on ‖B(u,u)‖H−1 are a consequence of (8.4):

‖B(u,u)‖H−1 ≤
{

k|u||Du| d = 2
k|u|1/2|Du|3/2 d = 3.

(8.18)

Indeed, for any v ∈ V we have

|〈B(u,u),v〉| = |b(u,u,v)| = |b(u,v,u)|,
using (8.10), and so, using the bounds on b(u,v,w) in (8.4) we get

|〈B(u,u),v〉| ≤ |Dv|
{

k|u||Du| d = 2
k|u|1/2|Du|3/2 d = 3,

and (8.18) follows immediately from the definition of the norm in H−1.

Since we also have (see lemma 8.5)

‖PnB(u,v)‖H−1 ≤ ‖B(u,v)‖H−1

we have

‖PnB(un,un)‖2
L2(0,T ;H−1) ≤

∫ T

0

‖B(un(s),un(s))‖2
H−1 ds,

so that for d = 2

‖PnB(un,un)‖L2(0,T ;H−1) ≤ k

∫ T

0

|un(s)|2|Dun(s)|2 ds
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≤ k‖un‖2
L∞(0,T ;L2)‖un‖2

L2(0,T ;H1
0),

and for d = 3

‖PnB(un,un)‖4/3

L4/3(0,T ;H−1)
≤ k

∫ T

0

|un(s)|2/3|Dun(s)|2 ds

≤ k‖un‖2/3

L∞(0,T ;L2)‖un‖2
L2(0,T ;H−1).

Since un is uniformly bounded in L∞(0, T ;L2) and L2(0, T ;H1
0), see (8.17),

PnB(un,un) is uniformly bounded (in n) in L2(0, T ;H−1) if d = 2 and
L4/3(0, T ;H−1) if d = 3. This gives the same bounds on dun/dt,

dun/dt is uniformly bounded in

{
L2(0, T ;H−1) d = 2

L4/3(0, T ;H−1) d = 3.

Due to these uniform bounds we can use the Alaoglu Compactness The-
orem (Theorem 5.14) to find a subsequence (which we shall relabel un) such
that

un
∗
⇀ u in L∞(0, T ;L2)

and, extracting a further subsequence with Corollary 5.1 (and relabelling
again)

un ⇀ u in L2(0, T ;H1
0),

with
u ∈ L∞(0, T ;L2) ∩ L2(0, T ;H1

0).

We can now use the bound on un in L2(0, T ;H1
0) and on dun/dt in Lp(0, T ;H−1)

and apply the pseudo Rellich-Kondrachov Compactness Theorem (Theorem
8.4) to guarantee that there is a further subsequence {un} (after relabelling)
which converges to u strongly in L2(0, T ;L2). Finally we use the bound on
the time derivative of un to end up with a subsequence that converges in all
the above senses and for which

dun/dt
∗
⇀ du/dt in Lp(0, T ;H−1).

Now take the scalar product of the Galerkin equation

du

dt n
+ νAun + PnB(un,un) = Pnf
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with a v ∈ V and integrate with respect to t between t0 and t:

(un(t),v) + ν

∫ t

t0

(Dun(s), Dv) ds +

∫ t

t0

b(un(s),un(s), Pnv) ds

= (un(t0),v) +

∫ t

t0

(Pnf ,v) ds.

Since un → u in L2(0, T ; H), there is a subsequence such that un(t) → u
in H for almost every t ∈ [0, T ]: denote by GT the set of such t. Take
t0 ∈ GT .

With t, t0 ∈ GT we now show convergence of all the terms in the equation
as n →∞. The term coming from the Laplacian converges since Dun ⇀ Du
in L2(0, T ; H), and Dv ∈ L2 (since v ∈ V ). The term arising from the
forcing converges since Pnf → f in H, and we are left with the nonlinear
term. To show that this converges is simple but a little messy. First observe
that

b(un,un, Pnv)−b(u,u,v) = b(un,un,v)−b(u,u,v)+b(un,un, Qnv), (8.19)

where Qnv = v − Pnv. First we deal with the last term:
∣∣∣∣
∫ t

t0

b(un,un, Qnv) ds

∣∣∣∣ ≤
∫ t

t0

|b(un(s),un(s), Qnv)| ds

≤
∫ t

t0

|Dun|2|DQnv| ds

≤ |DQnv|
∫ t

t0

|Dun(s)|2 ds

= |DQnv|‖un‖L2(t0,t;V ),

and so, since un is bounded in L2(0, T ; V ) and Pnv → v in V , this term
tends to zero. We rewrite the first two terms on the right-hand side of (8.19)
as

b(un − u,un,v) + b(u,un − u,v) = b(un − u,un,v)− b(u,v,u− un),

and so (we use the weaker 3d version of the inequality (8.4) for b)
∣∣∣∣
∫ t

t0

b(un(s)− u(s),un(s),v) + b(u(s),v,un(s)− u(s)) ds

∣∣∣∣
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≤
∫ t

t0

|b(un(s)− u(s),un(s),v)|+ |b(u(s),v,un(s)− u(s))| ds

≤ k

∫ t

t0

|D(un(s)− u(s))|3/4|un(s)− u(s)|1/4|Dv|
[
|Dun(s)|+ |Du(s)|

]
ds.

Using Hölder’s inequality with (8, 8/7) we can bound this by

k

(∫ t

t0

|un(s)− u(s)|2 ds

)1/8

×
(∫ t

t0

(
|D(un(s)− u(s))|3/4

[
|Dun(s)|+ |Du(s)|

])7/8

ds

)8/7

.

Although this looks hideous, the second term is bounded, since un is uni-
formly bounded in L2(0, T ; V ), and the first term converges to zero since
un → u in L2(0, T ; H).

We have therefore shown that, for t0, t ∈ GT ,

(u(t),v) + ν

∫ t

t0

(Du(s), Dv) ds +

∫ t

t0

b(u(s),u(s),v) ds

= (u(t0),v) +

∫ t

t0

(f ,v) ds,

which implies that (8.15) holds for almost every t ∈ [0, T ].

(It follows from Lemma 7.5 in [R] that in fact the equation holds as an
equality in L2(0, T ; V ∗).)

8.6 Unique weak solutions in 2d

In the two-dimensional case we can obtain much better results: continuity of
the solution into H, and uniqueness of the weak solution.

Theorem 8.7. (Unique weak solutions in 2d). If d = 2 then the weak solu-
tion u(t) whose existence is guaranteed by Theorem 8.6 depends continuously
on the initial condition u0. In particular the solution is unique. Furthermore
u ∈ C0([0, T ]; H).
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Proof. The inequalities for b(u,v,w) play an important rôle in the proof,
and this is what makes this analysis inapplicable to the 3d case.

We consider two solutions u and v of (8.9), and write the equation for
their difference w = u− v. Then w satisfies

dw/dt + νAw + B(u,u)−B(v,v) = 0,

which we rewrite, using the bilinearity of B,

B(u− v,u) + B(v,u− v) = B(w,u) + B(v,w),

as
dw/dt + νAw + B(w,u) + B(v,w) = 0. (8.20)

Now if we take the inner product of this equation with w using theorem 8.3
and use the orthogonality property of b (8.11), we obtain

1
2

d

dt
|w|2 + ν|Dw|2 = −b(w,u,w). (8.21)

Thus, using (8.4),

1
2

d

dt
|w|2 + ν|Dw|2 ≤ |b(w,u,w)|

d

dt
|w|2 + ν|Dw|2 ≤ k2

ν
|Du|2|w|2.

Neglecting the term ν|Dw|2, we see that

d

dt

{
exp

(
−

∫ t

0

k2

ν
|Du(s)|2 ds

)
|w(t)|2

}
≤ 0.

We can rewrite this as

|w(t)|2 ≤ exp
(∫ t

0

k2

ν
|Du(s)|2 ds

)
|w(0)|2, (8.22)

and since Theorem 8.6 guarantees that u ∈ L2(0, T ;H1
0), the integral in the

exponential is finite. Thus if we have w(0) = 0 then w(t) = 0 for all t ≥ 0,
which gives uniqueness of the solution.

The continuity of the solution into H follows from u ∈ L2(0, T ;H1
0) and

du/dt ∈ L2(0, T ;H−1), using Theorem 8.3.
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The results of this section show that, when f is independent of t, for the
2d NSE we can define a semi-dynamical system on H,

(H, {SH(t)}t≥0),

where SH(t)u0 = u(t), and SH(t) is a C0 semigroup, i.e. it satisfies

SH(0) = I
SH(t)SH(s) = SH(s)SH(t) = SH(s + t)

SH(t)x0 is continuous in x0 and t.

We will see in the next section that V is also a suitable phase space for this
problem.

Uniqueness of weak solutions is an open problem in 3d.

8.7 Strong solutions in 2d

We will now see that while weak solutions exist for all time for both the 2d
and 3d equations, we can only obtain existence of strong solutions for all
time in the 2d case. We will then see that the existence of strong solutions
implies the existence of classical (smooth) solutions.

First we treat the 2d case.

Theorem 8.8. (Strong solutions in 2d). Take d = 2. If u0 ∈ V , and f ∈ H
then for any T > 0 there is a unique strong solution of

du/dt + νAu + B(u,u) = f

i.e. a function u such that

u ∈ L∞(0, T ; V ) ∩ L2(0, T ;H2); (8.23)

in fact u ∈ C0([0, T ]; V ). Furthermore the solutions depend continuously on
the initial condition u0.

Proof. The idea is essentially the same as in the proof of weak solutions,
except that we now take the inner product with Aun rather than with un:

(dun/dt, Aun) + ν|Aun|2 + (PnB(un,un), Aun) = (Pnf , Aun).

99



Since un ∈ H and is smooth, Aun = −∆un, and so

−
∫

Q

∆un
∂un

∂t
dx =

m∑
i=1

∫

Q

∂un

∂xi

∂2un

∂t∂xi

dx = 1
2

d

dt
|Dun|2. (8.24)

Therefore we have

1
2

d

dt
|Dun|2 + ν|Aun|2 + b(un,un, Aun) ≤ |Pnf ||Aun|.

Since for 2d periodic boundary conditions we have b(u,u, Au) = 0 this can
be rearranged to give

d

dt
|Dun|2 + ν|Aun|2 ≤ |Pnf |2.

It now follows that un is uniformly bounded in

L∞(0, T ; V ) and L2(0, T ; D(A)).

We can also estimate the time derivative and show that dun/dt is uniformly
bounded in L2(0, T ; H). The same kind of limiting argument as before now
applies (extract various subsequences) to show that there is a solution u as
in the statement of the theorem.

A version of the pseudo-Sobolev result (Theorem 8.3) gives continuity
into V , and a variant of the uniqueness proof used in the proof of Theorem
8.7 gives the continuous dependence on initial conditions.

Note that uniqueness of these solutions follows from the uniqueness of
weak solutions, since a strong solution is also a weak solution.

Therefore, when f does not depend on time, we can also define a semi-
dynamical system on V ,

(V, {SV (t)}t≥0).

Because solutions are unique, this is the restriction of the semi-dynamical
system SH(t) to V , as so we denote both simply by S(t).
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8.8 Strong solutions in 3d

We now treat the 3d case, in which we only know how to prove a much weaker
result.

Theorem 8.9. (Strong solutions in 3d). Take d = 3. If u0 ∈ V and f ∈ H,
then there exists a T > 0 depending on |Du0|, ν, and |f |, such that there is
a unique strong solution u ∈ L∞(0, T ; V ) ∩ L2(0, T ;H2).

Proof. If we proceed as in the 2d case then we reach

1
2

d

dt
|Dun|2 + ν|Aun|2 + b(un,un, Aun) ≤ |Pnf ||Aun|,

but now we cannot simply cancel the nonlinear term. Instead we have to
estimate it, and hope that it is small enough to be dominated by the |Aun|2
term. However, we only have

|b(u,u, Au)| ≤ c|Du|3/2|Au|3/2,

so this gives

1
2

d

dt
|Dun|2 + ν|Aun|2 ≤ 1

ν
|Pnf |2 +

ν

4
|Aun|2 + c|Dun|3/2|Aun|3/2

≤ 1

ν
|Pnf |2 +

ν

4
|Aun|2 +

ν

4
|Aun|2 +

c̃

ν3
|Dun|6.

Therefore
d

dt
|Dun|2 + ν|Aun|2 ≤ 2

ν
|Pnf |2 +

c̃

ν3
|Dun|6. (8.25)

In order to derive bounds on un that are uniform in n we will have to restrict
T . Writing X(t) = |Dun(t)|2, φ = 2|Pnf |2/ν and k = c̃/ν3 we have (dropping
the ν|Aun|2 term)

dX

dt
≤ φ + kX3.

In order to deduce bounds from this differential inequality divide both sides
by (1 + X)3, and then

dX

(1 + X)3
≤ (φ + k) dt
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(since (1 + X)3 ≥ 1, and (1 + X)3 > X3). Integrating both sides of this new
inequality we obtain

1

(1 + X(0))2
− 1

(1 + X(t))2
≤ Kt

where K = 2(φ + k). Therefore

|Dun(t)|2 ≤ 1 + |Dun(0)|2√
1−Kt(1 + |Dun(0)|)2

.

This bound is only finite while Kt(1 + |Dun(0)|2) < 1; if we choose T satis-
fying

T <
1

K(1 + |Du(0)|2)
then it follows that un is uniformly bounded in L∞(0, T ; V ) and L2(0, T ; D(A)),
and the proof proceeds as in the 2d case.

Exercise 8.3. Suppose that f = 0. Show that if the initial condition u0 satisfies

|Du0|2 ≤ c̃−1/2ν2λ
1/2
1

then
|Dun(t)|2 ≤ c̃−1/2ν2λ− 11/2 for all t ≥ 0

and hence that in this case the equation has a strong solution that exists for all
positive times. [Hint: use (8.25) to show that d

dt |Dun|2 ≤ 0.]

8.9 Uniqueness of 3d strong solutions

To end this chapter, we show that strong solutions of the 3d equations are
unique in the class of weak solutions:

Theorem 8.10. Let u be a strong solution of the 3D Navier-Stokes equations,
i.e.

u ∈ L∞(0, T ; V ) ∩ L2(0, T ;H2),

as in (8.23). Then u is unique in the class of all weak solutions.
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We need to use another inequality for b(u,v,w),

|b(u,v,w)| ≤ k|Du||Dv|1/2|Av|1/2|w| (8.26)

Exercise 8.4. Prove (8.26) for d = 3. You will need to use the generalised Hölder
inequality, the embedding H1 ⊂ L6, and

‖u‖L3 ≤ c|u|1/2|Du|1/2

(which you may assume).

Proof. Once again we consider the equation for the difference of two solutions,
w = u − v, where u is a strong solution and v is a weak solution. We take
the inner product with w, and obtain as before (8.21)

1
2

d

dt
|w|2 + ν|Dw|2 = −b(w,u,w). (8.27)

[This proof is only formal, since we do not have dw/dt ∈ L2(0, T ; V ∗) which
we need to justify this step rigorously; however, it can be made rigorous using
the Galerkin procedure.] We now apply the inequality (8.26) for b(w,u,w),
to obtain

1
2

d

dt
|w|2 + ν|Dw|2 ≤ k|Dw||Du|1/2|Au|1/2|w|

≤ ν

2
|Dw|2 +

k2

2ν
|Du||Au||w|2.

Rewrite this as

d

dt
|w|2 + ν|Dw|2 ≤ k2

ν
|Du||Au||w|2,

and ignoring the ν|Dw|2 term (as before) gives

|w(t)|2 ≤ exp
(k2

ν

∫ t

0

|Du(s)||Au(s)| ds
)
|w(0)|2. (8.28)

Since ∫ t

0

|Du(s)||Au(s)| ds ≤ ‖u‖L2(0,T ;V )‖u‖L2(0,T ;D(A)),

and both these quantities are finite, we have uniqueness.

Exercise 8.5. Show that if u ∈ L4(0, T ;V ) is a solution of the 3d Navier-Stokes
equations then it is unique in the class of weak solutions. (Use inequality (8.4).)
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8.10 Strong solutions are regular

We now give an indication of why we have concentrated on the problem of
strong solutions: essentially, if a solution is strong then it will be as smooth
as the forcing function f and the initial condition allow.

The easiest way to prove the result relies on the introduction of the notion
of fractional powers of the operator A. If u ∈ D(A) is given by

u =
∑

k

ûke
ik·x

(recall that all such functions are divergence free, so we must have k · ûk = 0)
then

Au =
∑

k

|k|2ûke
ik·x.

We therefore define
As/2u =

∑

k

|k|sûke
ik·x.

Note that
|As/2u|2 =

∑

k

|k|2s|ûk|2 = ‖u‖2
Hs

and that
(Asu,v) = (As/2u, As/2v).

We denote by D(As/2) all those u for which |As/2u| < ∞. In the case of
periodic boundary conditions, D(As/2) = Hs(Q) ∩ V .

The following inequality, valid only for periodic boundary conditions, is
proved in Constantin & Foias (Lemma 10.4):

|As/2B(u,v)| ≤ c|As/2u||A(s+1)/2v| for s > d/2.

Theorem 8.1. Suppose that u0, f ∈ Hs(Q) ∩ V with s > d/2. Then any
strong solution is in fact in L∞(0, T ; Hs(Q)) ∩ L2(0, T ; Hs+1(Q)).

Proof. We first show that if

u ∈ L∞(0, T ; D(A(k−1)/2)) ∩ L2(0, T ; D(Ak/2))
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and d/2 < k ≤ s then

u ∈ L∞(0, T ; D(Ak/2)) ∩ L2(0, T ; D(A(k+1)/2)).

Take the inner product of

du

dt
+ νAu + B(u,u) = f

with Aku. Then

1
2

d

dt
|Ak/2u|2 + ν|A(k+1)/2u|2 ≤ |Ak/2u||Ak/2f |+ c|Ak/2u|2|A(k+1)/2u| (8.29)

and so, using Young’s inequality and the Poincaré inequality

d

dt
|Ak/2u|2 ≤ c|Ak/2f |2 + c|Ak/2u|4.

The more general version of Gronwall’s Lemma (see Exercise 2.1) now gives

|Ak/2u(t)|2 ≤ |Ak/2u0|2eG(t) + c|Ak/2f |2
∫ t

0

eG(t)−G(s) ds,

where

G(t) =

∫ t

0

|Ak/2u(s)|2 ds.

Since u ∈ L2(0, T ; D(Ak/2)) it follows that G(t) < ∞ and so in fact u ∈
L∞(0, T ; D(Ak/2)); (8.29) then shows that u ∈ L2(0, T ; D(A(k+1)/2).

Now, observe that a strong solution has u ∈ L2(0, T ; D(A)); in particular
this gives u ∈ L2(0, T ; D(A2/2)), and since 2 > 3/2 (and 2 > 2/2) we can use
induction to prove the result.
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Chapter 9

Global attractors for the NSE

We start this chapter by summarising the existence and uniqueness results of
the previous chapter. When f is independent of time, the 2d Navier-Stokes
equations can be used to generate a semi-dynamical system either on H (if
f ∈ V ∗) or on V (if f ∈ H). In the 3d case we have no way to define a
dynamical system, since we cannot prove uniqueness of weak solutions, nor
existence (for all time) of strong solutions.

The general result on the existence of global attractors that we proved in
Chapter 3 only requires the existence of a compact absorbing set. We now
show that such a set exists for the 2d Navier-Stokes equations.

9.1 A global attractor for the 2d NSE

We show the existence of an absorbing set in L2 and in H1
0. The first cal-

culation is rigorous really should be justified using the Galerkin method (an
“exercise”).
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9.2 Absorbing set bounded in L2

The existence of an absorbing set in L2 is straightforward.

Proposition 9.1. For the 2d Navier-Stokes evolution equation there exists
an absorbing set that is bounded in L2(Ω).

[This result is also valid for the weak solutions in 3d that result as limits of
the Galerkin procedure.]

Proof. We take the inner product of

du

dt
+ νAu + B(u,u) = f (9.1)

with u to obtain

1
2

d

dt
|u|2 + ν|Du|2 + (B(u,u),u) = (f ,u).

Since (B(u,u),u) = 0 this gives

1
2

d

dt
|u|2 + ν|Du|2 ≤ ‖f‖−1|Du|. (9.2)

We now use Young’s inequality on the right-hand side to write

1
2

d

dt
|u|2 + ν|Du|2 ≤ ν

2
|Du|2 +

1

2ν
‖f‖2

−1.

Tidying this up gives

d

dt
|u|2 + ν|Du|2 ≤ 1

ν
‖f‖2

−1, (9.3)

and now if we use the Poincaré inequality on the |Du| term,

|Du| ≥ λ
1/2
1 |u|

we have
d

dt
|u|2 + νλ1|u|2 ≤ 1

ν
‖f‖2

−1.
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Gronwall’s inequality gives

|u(t)|2 ≤ |u0|2e−νλ1t +
‖f‖2

−1

νλ1

(1− e−νλ1t).

So for t large enough (depending only on ε and |u0|)

|u(t)|2 ≤ ρ2
0 :=

2‖f‖2
−1

νλ1

. (9.4)

The number 2 could be replaced by 1 + ε for any ε > 0.

9.3 Absorbing set bounded in H1

The existence of an absorbing set in H1 is the crucial ingredient for proving
the existence of a global attractor, and is (essentially) the missing estimate
that would allow us to prove regularity for the 3d equations.

Proposition 9.2. The 2d Navier-Stokes equations have an absorbing set that
is bounded in H1(Ω).

Before proving the proposition we make an additional estimate from

1
2

d

dt
|u|2 + ν|Du|2 ≤ |f ||u|.

(this was (9.2)). Integrating both sides between t and t + 1 we obtain

|u(t + 1)|2 +

∫ t+1

t

|Du(s)|2 ds ≤ |u(t)|2 + |f |
∫ t+1

t

|u(s)| ds.

Since |u(t)| ≤ ρ0 for t large enough, for all such t we also have

∫ t+1

t

|Du(s)|2 ds ≤ I1 := ρ2
0 + |f |ρ0. (9.5)

Although in the proof we use the orthogonality condition b(u,u, Au) = 0,
which is only valid for periodic boundary conditions in 2d, the same result
(with a slightly more involved argument and weaker estimates) holds for
Dirichlet boundary conditions.
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Proof. To prove the existence of this absorbing set we use a ‘trick’, which
can be formalised as the ‘uniform Gronwall lemma’ (see Temam (1988), for
example, although the statement of this as a formal lemma tends to hide the
underlying idea). We take the inner product of (9.1) with Au to give

1
2

d

dt
|Du|2 + ν|Au|2 + b(u,u, Au) = (f , Au).

We now use an orthogonality condition (8.12), b(u,u, Au) = 0 and the
Cauchy-Schwarz inequality to rewrite this as

1
2

d

dt
|Du|2 + ν|Au|2 ≤ |f |2

2ν
+

ν

2
|Au|2. (9.6)

Dropping the |Au|2 terms we have

1
2

d

dt
|Du|2 ≤ |f |2

2ν
.

We integrate this equation between s and t+1, with t ≤ s < t+1, which
gives

|Du(t + 1)|2 ≤ |f |2
2ν

+ |Du(s)|2

(since 0 < t + 1 − s ≤ 1). We now integrate both sides with respect to s
between t− 1 and t, and obtain

|Du(t + 1)|2 ≤ |f |2
2ν

+

∫ t+1

t

|Du(s)|2 ds.

We can now use (9.5): if t is large enough then we have

|Du(t + 1)|2 ≤ ρ2
1 :=

|f |2
2ν

+ I1.

Theorem 9.1. If f ∈ H then the dynamical system on H generated by the
2D Navier-Stokes equations has a global attractor AH , and the solutions on
AH are strong solutions of the original equation.
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9.4 The 3d Navier-Stokes equations

At present we cannot show that the 3D Navier-Stokes equations generated
unique weak solutions, nor could we show that the strong solutions, which
are unique, exist for all time. Trying to investigate the existence of attractors
without the guarantee of a sensible semigroup seems futile.

However, the result given here shows that if we are prepared to assume
that the equations generate a semigroup on V , i.e. if we assume the existence
of strong solutions, then we can show that the equations must have a global
attractor. In fact the result here just shows the existence of an absorbing set
bounded in V , and to show that there is a global attractor we would need an
absorbing set that is compact in V . A relatively straightforward argument
can be used to prove the existence of an absorbing set that is bounded in
D(A) once we have the absorbing set in V , and hence of a global attractor.

What we are doing here is making a physically reasonable assumption in
a mathematically precise way, and then deducing an entirely mathematical
consequence. It allows us to consider the asymptotic regimes of the “true”
Navier-Stokes equations, and so fully-developed turbulence, within a mathe-
matical framework.

Another way to view this theorem, which does not require us to make
any “unjustified” assumptions, is as a description of the way in which the
3D Navier-Stokes equations must break down if they are not well-posed.
The theorem shows that existence and uniqueness fail only if there is some
solution u(t) such that |Du(t)| becomes infinite in some finite time.

Theorem 9.2. Suppose that the 3d Navier-Stokes equations are well-posed
on V , so that for any f ∈ H and u0 ∈ V ,

du/dt + Au + B(u,u) = f

has a strong solution u(t), i.e. a solution u with

u ∈ L∞(0, T ; V ) ∩ L2(0, T ; D(A))

for all T > 0. Then there exists an absorbing set in V .

For a proof see Theorem 12.10 in [R].
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Chapter 10

Finite-dimensional attractors

10.1 Fractal (box-counting) dimension

The “fractal” dimension, which we will write as df (X), is based on counting
the number of closed balls of a fixed radius ε needed to cover X.

We denote the minimum number of balls in such a cover by N(X, ε). If
X were a line, we would expect N(X, ε) ∼ ε−1, if X a surface we would
have N(X, ε) ∼ ε−2, and for a (3-) volume we would have N(X, ε) ∼ ε−3.
So one possible method for obtaining a general measure of dimensions would
be to say that X has dimension d if N(X, ε) ∼ ε−d. Accordingly, we make
the following definition. (The fractal dimension is also known as the (upper)
box-counting dimension1 and the entropy dimension.)

Definition 10.1. The fractal dimension of X, df (X) is given by

df (X) = lim sup
ε→0

log N(X, ε)

log(1/ε)
, (10.1)

1At least in the finite-dimensional spaces Rd definition 10.1 is equivalent to the “upper
box-counting dimension”. The idea here is take a grid of cubes of side ε which cover Rd,
and let N(X, ε) be the number of cubes which intersect X. The dimension is then defined
exactly as in 10.1. Although these definitions coincide in Rd, the “unit cube” [0, 1]∞ in an
infinite-dimensional Hilbert space has elements with arbitrarily large norm, so one cannot
“count boxes” in this context.
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where we allow the limit in (10.1) to take the value +∞.

Note that it follows from the definition that if d > df (X), then for sufficiently
small ε,

N(X, ε) ≤ ε−d. (10.2)

The fractal dimension has the following properties:

Proposition 10.1. (Properties of fractal dimension).

(i) Stability under finite unions:

df

( N⋃

k=1

Xk

)
≤ max

k
df (Xk), (10.3)

(ii) if f : H → H is Hölder continuous with exponent θ, i.e.

|f(x)− f(y)| ≤ L|x− y|θ, (10.4)

then df (f(X)) ≤ df (X)/θ,

(iii) df (X × Y ) ≤ df (X) + df (Y ), and

(iv) if X is the closure of X in H, then df (X) = df (X),

See Proposition 13.2 in [R] for a proof.

10.2 Dimension estimates

There is an analytical method by which we can estimate the fractal dimension
of the global attractor. The idea is to study the evolution of infinitesimal
n-dimensional volumes as they evolve under the flow, and try to find the
smallest dimension n at which we can guarantee that all such n-volumes
contract asymptotically. We will not give the analysis in detail, but merely
in outline.
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We will consider an abstract problem, written as

du

dt
= F (u(t)) u(0) = u0,

with u0 contained in a Hilbert space H, whose norm we denote by | · |. We
assume that the equation has unique solutions given by u(t; u0) = S(t)u0,
and a compact global attractor A.

We want to start off with an orthogonal set of infinitesimal displacements
near an initial point u0 ∈ A, and then watch how the volume they form
evolves under the flow.

To study the evolution of this volume we have to study the evolution of
a set of infinitesimal displacements δx(i)(t) about the trajectory u(t). We
suppose that the evolution of these displacements is given by the linearised
equation

dU

dt
= F ′(u(t))U(t) U(0) = ξ,

which we write as

dU

dt
= L(t; u0)U(t) U(0) = ξ. (10.5)

The validity of such a linearisation is one of the main points to check
when applying this theory rigorously. To this end we make the following
definition:

Definition 10.2. We say that S(t) is uniformly differentiable on A if for
every u ∈ A there exists a linear operator Λ(t, u), such that, for all t ≥ 0,

sup
u,v∈A; 0<|u−v|≤ε

|S(t)v − S(t)u− Λ(t, u)(v − u)|
|v − u| → 0 as ε → 0 (10.6)

and sup
u∈A

‖Λ(t, u)‖op < ∞ for each t ≥ 0.

Although this is straightforward to check for ordinary differential equa-
tions, its proof in the PDE will often involve technical difficulties.

Heuristically speaking the growth rate of each infinitesimal displacement
δx(j) will be related to the eigenvalues of L. In particular, the length of an
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infinitesimal displacement in the λ-eigendirection is eλtδ(0) at time t: the
growth rate is λ, attached to the eigen-direction of L with eigenvalue λ. The
size of a small 2-volume with sides in two different eigendirections would be

e(λ1+λ2)t,

and so the growth “rate” is λ1 + λ2. The growth rate of an n-volume made
of infinitesimal directions in n eigendirections would be

λ1 + . . . + λn.

If we can makes sure that this growth rate must be negative then we know
that n-volumes contract. It is true, although by no means immediate, that if
all n-volumes contract then the dimension of the attractor must be smaller
than n. In the finite-dimensional setting this result is due to Douady &
Oesterlé (1980), while in the infinite-dimensional case it was proved by Con-
stantin & Foias (1985) and Constantin et al. (1985).

To extract the “growth rate”, we consider

n∑
j=1

(φj, L(t; u0)φj), (10.7)

over all possible orthonormal collections of n elements {φj}n
j=1 of H. The

idea is, essentially, that the maximum over all choices of φj gives the largest
possible growth rate, i.e. the sum of the n largest eigenvalues of L. A more
compact notation for (10.7) is

Tr(L(t; u0)P ),

where Tr denotes the trace in H and P is the orthogonal projection onto the
space spanned by the {φj}n

j=1.

The following theorem is given in a form suitable for calculations. We
denote by 〈f〉 the time average of f(t), namely

〈f〉 = lim sup
t→∞

1

t

∫ t

0

f(s) ds.
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Theorem 10.2. Suppose that S(t) is uniformly differentiable on A, and
there exists a t0 such that Λ(t, u0) is compact for all t ≥ t0. If for some n we
have

sup
u0∈A

〈
sup

{φj}n
j=1

n∑
j=1

(φj, L(u(t))φj)

〉
< 0

for any choice of n orthogonal elements {φj} of H, then df (A) < n. [Here
u(t) is the solution through u0.]

A proof, due to Hunt, is given in Appendix B in [R].

Before we apply this result to give dimension bounds for the Navier-Stokes
equations, we will need an auxiliary lemma which gives a lower bound on

n∑
j=1

(φj,−∆φj),

valid for any choice of n orthogonal elements of H.

Indeed, we use exactly this idea in the next lemma, which gives a bound
on this quantity over all choices of φj when L(t; u0) = −∆.

Lemma 10.3. For any choice of n orthogonal elements {φj}n
j=1 of L2(Q),

n∑
j=1

|Dφj|2 =
n∑

j=1

(φj −∆φj) ≥ CL−dn(d+2)/d. (10.8)

The same result is also valid for any bounded C2 domain Ω ⊂ Rd.

Proof. Write A = −∆, and denote its orthonormal eigenfunctions as wj, with
corresponding eigenvalues λj ordered so that λj+1 ≥ λj. We show first that

n∑
j=1

(φj, Aφj) ≥
n∑

j=1

λj. (10.9)

We rewrite the left-hand side of (10.9), expanding the φj in terms of the
eigenbasis {wj}, and obtain

Tr(APn) =
n∑

j=1

∞∑

k=1

λk|(φj, wk)|2
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=
∞∑

k=1

λk

( n∑
j=1

|(φj, wk)|2
)
.

Now, since |φj| = 1 we have

n∑
j=1

∞∑

k=1

|(wk, φj)|2 = n,

and since {φj} are orthonormal but do not span H we have

n∑
j=1

|(wk, φj)|2 ≤ 1.

(10.9) now follows.

The explicit bound in (10.8) follows easily, using the property of the
eigenvalues of the Laplacian

cj2/d ≤ λj ≤ Cj2/d,

since then
n∑

j=1

λj ≥ c

n∑
j=1

j2/d ≥ cn(2/d)+1 = cn(d+2)/d.

10.3 Dimension estimate for the 2d NSE

We first state the differentiability result.

Theorem 10.3. The solutions of the Navier-Stokes equations in 2d satisfy
(10.6) with Λ(t;u0)ξ the solution of the equation

dU

dt
+ νAU + B(u, U) + B(U,u) = 0 U(0) = ξ. (10.10)

Furthermore, Λ(t;u0) is compact [maps bounded sets into compact sets] for
all t > 0.
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See Theorem 13.20 in [R] for a proof.

With the differentiability ensured we can apply the trace formula to find
a bound on the dimension.

Theorem 10.4. The attractor for the 2d periodic Navier-Stokes equations
is finite dimensional, with

df (A) ≤ c

λ
1/2
1 ν

〈|Du|2L2〉1/2. (10.11)

The result, due to Constantin et al. (1985), is also valid as stated for
Dirichlet boundary conditions.

Proof. The correct form of the linearised equation is given in (10.10), and so

L(u)w = νAw −B(w,u)−B(u,w).

Thus the time-averaged trace 〈PnL(u(t))〉 is bounded by

〈PnL(u)〉 =
〈 n∑

j=1

(L(u)φj, φj)
〉

= −
〈 n∑

j=1

(−ν∆φj, φj)
〉
−

〈 n∑
j=1

b(φj, u, φj)
〉
.

In order to bound the contribution from the nonlinear term we could
proceed using the standard bound on b(u,v,w) in (8.4), which leads to an
estimate similar to (10.11) but with a factor of ν2 rather than ν.

However, a better estimate can be obtained as follows. Note that we have

n∑
j=1

b(φj,u, φj) =

∫

Ω

n∑
j=1

2∑

i,k=1

φji(x)
∂uk

∂xi

(x)φjk(x) dx,

and we have for each x ∈ Q

∣∣∣∣∣
2∑

i,k=1

φji(x)
∂uk

∂xi

(x)φjk(x)

∣∣∣∣∣ ≤
(

2∑
i=1

n∑
j=1

φji(x)2

)(
2∑

i,k=1

∣∣∣∣
∂uk

∂xi

(x)

∣∣∣∣
2
)1/2

.
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It follows use the Cauchy-Schwarz inequality that

|
n∑

j=1

b(φj,u, φj)| ≤ |Du||ρ|L2 ,

where

ρ(x) =
2∑

i=1

n∑
j=1

φji(x)2.

An inequality due to Lieb & Thirring (1976), adapted appropriately to this
case (details are given in Temam, 1988) allows us to bound |ρ|L2 by

|ρ|2L2 ≤ c

n∑
j=1

|Dφj|2.

It follows that

PnL(u) ≤ −ν

n∑
j=1

|Dφj|2 + c|Du|
(

n∑
j=1

|Dφj|2
)1/2

,

and so, using the Cauchy-Schwarz inequality we obtain

PnL(u) ≤ −ν

2

n∑
j=1

|Dφj|2 +
c

ν
|Du|2.

Now taking the time average and using lemma 10.3 we obtain

〈PnL(u)〉 ≤ −ν

2
n2 +

c

ν
〈|Du|〉2.

We therefore have 〈PnL(u)〉 < 0 provided that n > λ
−1/2
1 ν−1〈|Du|2〉1/2 as

claimed.

In order to make the dimension estimate more explicit, we define the
dimensionless Grashof number G, which measures the relative strength of
the forcing and viscosity by

G =
|f |L2

ν2λ1

,
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and estimate 〈|Du|2〉 in terms of G.

Returning to the equation (9.2) that we obtained on the way to finding
an absorbing set in L2,

1
2

d

dt
|u|2 + ν|Du|2 ≤ |f ||u| (10.12)

we can use the Poincaré inequality and Cauchy-Schwarz inequalities on the
right-hand side to obtain

1
2

d

dt
|u|2 + ν|Du|2 ≤ λ

−1/2
1 |f ||Du| ≤ |f |2

2νλ1

+
ν

2
|Du|2,

and so
d

dt
|u|2 + ν|Du|2 ≤ |f |2

νλ1

.

Integrating between 0 and t we obtain

ν

∫ t

0

|Du(s)|2 ds ≤ (|u(0)|2 − |u(t)|2) +
t|f |2
νλ1

,

which gives

lim sup
t→∞

〈|Du|2〉 ≤ |f |2
ν2λ1

.

Therefore

df (A) ≤ c

λ
1/2
1 ν

|f |
νλ

1/2
1

= c
|f |

ν2λ1

= cG.

We have shown:

Theorem 10.5. The global attractor for the 2d Navier-Stokes equations is
finite-dimensional, and

df (A) ≤ cG.

This is the best bound in the case of Dirichlet boundary conditions. By
working with the equation for ω = ∇∧u and using the identity (B(u,u), Au) =
0, Constantin et al. (1988) were able to improve this for periodic boundary
conditions to

df (A) ≤ cG2/3(1 + log G)1/3. (10.13)

This bound is known to be sharp (see Babin & Vishik (1988), Liu (1993),
Ziane (1997)).
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10.4 Reflecting the scales in the forcing

Note that G reflects only the amount of energy being put into the flow, and
says nothing of the scales at which the energy is supplied. The following
simple calculation, inspired by the paper of Olson & Titi (2003), shows that
it is in fact possible to improve on the estimate in the Dirichlet boundary
condition case, and on the estimate (10.13) in the periodic case when the
forcing is at very small scales, by making a small modification to the above
argument (see Robinson 2003). If we estimate 〈|Du|2〉 from

d

dt
|u|2 + ν|Du|2 ≤ ‖f‖2

−1

ν
.

(this was (9.3)) rather than from (10.12) as above, then we obtain (the ar-
gument is similar)

〈|Du|2〉 ≤ ‖f‖2
−1

ν2
= λ1ν

2G2
∗,

where now we have defined an alternative Grashof number G∗ based on ‖f‖−1,

G∗ :=
‖f‖−1

ν2λ
1/2
1

.

It follows that
df (A) ≤ cG∗.

Exercise 10.1. Use the Fourier expansion of f to show that ‖f‖−1 ≤ λ
−1/2
1 |f |L2,

and hence that G∗ ≤ G.

10.4.1 The ‘effective lengthscale’ of the forcing

If we expand f as a Fourier series,

f =
∑

k

f̂ke
ik·x

then

|f |2L2 =
∑

k

|f̂k|2 and ‖f‖2
−1 =

∑

k

|f̂k|2
|k|2 .
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It follows that
‖f‖2

−1

|f |2 =
∑

k

|k|−2 |f̂k|2∑
j |f̂j|2

The ratio ‖f‖2
−1/|f |2 appears as an average of squared lengthscales, weighted

according to the amount of energy injected at each scale. Accordingly, it is
natural to define an effective lengthscale of the forcing by

leff = ‖f‖−1/|f |,
in which case the relationship

G∗ =
leff
lref

G (10.14)

is essentially a tautology.

This implies that the dimension of the attractor is less than one if the
forcing is applied at sufficiently small scales. Since the attractor is a compact
connected set, this in fact implies that the attractor is a point (Falconer,
1985), so that the dynamics is trivial (no matter how ‘complicated’ the forcing
is at these scales).

10.5 Physical interpretation of the attractor

dimension

One way of interpreting the physical significance of an attractor is as a means
of giving a rigorous notion of the number of independent “degrees of freedom”
of the asymptotic dynamics of the system.

One way of making this precise is the following result. Essentially it
says that if k is large enough (roughly twice the dimension of the attractor),
then the attractor can be embedded into Rk. This result can be considered
in two ways. Firstly, the idea is that we can take the attractor “out” of
the infinite-dimensional space and map it, using some linear map L, home-
omorphically onto a subset of Rk. This makes sense of the idea that A is
a finite-dimensional set. Secondly, and perhaps more importantly, it follows
that L−1 provides a way of parametrising the attractor using a finite set of
coordinates.
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10.5.1 Embedding subsets of RN

First we give a proof of the corresponding result for finite-dimensional subsets
of finite-dimensional spaces.

Theorem 10.6. If X is a compact subset of RN with df (X) ≤ d (d ∈ N)
then there exists an orthogonal projection P , of rank 2d+2, which is injective
on X.

The theorem is a corollary of the following result.

Proposition 10.7. If Y is a compact subset of RN with df (Y ) ≤ k ≤ N − 3
then there exists an orthogonal projection P , of rank k + 2, with

Ker P ∩ Y = {0}.

Given this proposition, the proof of Theorem 10.6 is straightforward:

Proof (Theorem 10.6). Let

Y = X −X = {x1 − x2 : x1 ∈ X, x2 ∈ X}.

Then since df (X) ≤ d, we have df (Y ) ≤ 2d (using Proposition 10.1). By
Proposition 10.7 there is an orthogonal projection P , of rank 2d + 2, with

ker P ∩ Y = {0}.

Thus, if x1, x2 ∈ X, P (x1 − x2) = 0 implies that x1 − x2 = 0, i.e.

Px1 = Px2 implies that x1 = x2.

so P is injective on X.

To prove Proposition 10.7 we need the following simple lemma.

Lemma 10.8. Let Y be a compact subset of RN with df (Y ) ≤ N − 3. Then
there exists a unit vector b such that b /∈ RY (i.e. b 6= αy for any α > 0,
y ∈ Y ).
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Proof (Lemma 10.8). df (RY ) ≤ N − 2, but df ({b : |b| = 1}) = N − 1.

Proof (Proposition 10.7). By Lemma 10.8, there exists a unit vector a /∈ RY .
Then if

Q1 = I − aa∗, where (aa∗)x = a(a, x),

suppose that y ∈ ker Q1 ∩ Y ; this means that

(a, y)a = y.

But a /∈ RY , so y = 0. Thus

ker Q1 ∩ Y = {0}.
We now proceed by induction. Suppose that we have an orthogonal projector
Qm of rank N −m, with

ker Qm ∩ Y = {0}
and k ≤ N −m−3. We apply Lemma 10.8 to QmRN ' RN−m, so that there
is a unit vector a /∈ R[QmY ], and consider

Qm+1 = Qm − aa∗.

Again, if y ∈ ker Qm+1 ∩ Y , we have

Qmy = (a, y)a,

and as before this implies that y = 0, so that

ker Qm+1 ∩ Y = {0}.
Thus we obtain, by induction, a projection as in the statement.

10.5.2 Embedding subsets of H

Theorem 10.4. Let X be a compact subset of H, with df (X) < d, d an
integer, and let k ≥ 2d + 1. Then if L0 is a bounded linear map into Rk, for
any ε > 0 there exists another bounded linear map into Rk, L = L(ε), such
that L is injective on X and

‖L− L0‖op ≤ ε.
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Corollary 10.5. Let X be a compact subset of H, with df (X) < d, d an
integer, and take k ≥ 2d+1. Then there exists a continuous parametrisation
of X using k coordinates.

Proof. To show that the inverse is continuous, suppose not. Then there
exists an ε > 0 and a sequence {xn} ∈ L(X) with xn → y ∈ L(X) but
|L−1(xn) − L−1(y)| ≥ ε. However, L−1(xn) ∈ X, and since X is compact
there exists a subsequence xnj

such that L−1(xnj
) → z. Since L is continuous

(it is a bounded linear map), it follows that xnj
→ L(z). Since L is injective,

it follows from L(z) = y that z = L−1(y), which is a contradiction. So L−1

is continuous on L(X).

10.6 Physical implications

To obtain a more physical conclusion from the attractor dimension, we as-
sume that it is a good indication of the number of “degrees of freedom”, and
use this to relate df (A) to a possible fundamental length-scale of the original
problem.

Assume that the original equation is posed on some domain Ω ⊂ Rd, with
volume |Ω|. Suppose that there is a smallest physically relevant length-scale
l in the problem, the idea being that interactions on scales of less than l do
not affect the dynamics (for example, in fluid mechanics the viscosity has
a large effect on the very small scales, and we hope that this means that
fluctuations on these scales have negligible effects). A heuristic indication of
the number of degrees of freedom would then given by how many “boxes” of
side l fit into Ω,

nheuristic ∼ |Ω|l−m.

If we assume that nheuristic is a good estimate of the true number of degrees
of freedom, and in turn (!) that this is well estimated by the attractor
dimension, we can isolate a length scale, given in terms of df (A) by

l ∼
( |Ω|

df (A)

)1/m

. (10.15)
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Notice that tighter bounds on df (A) raise the estimate of the smallest
length scale. The best current estimates of the attractor dimension for the
2d NSE are

df (A) ≤ cG2/3(1 + log G)1/3 (10.16)

in the case of periodic boundary conditions, and

df (A) ≤ cG

in the case of Dirichlet boundary conditions, both due to Constantin, Foias
& Temam.

What is remarkable about the bound in (10.16) is that, using our “very
heuristic” estimate in (10.15), it corresponds to a length scale l which satisfies

l

L
∼ G−1/3, (10.17)

to within logarithmic corrections (L denotes the size of one side of our 2D
periodic domain). The length scale in (10.17) is precisely the “Kraichnan
length”, derived by other (also heuristic) methods as the natural minimum
scale in two-dimensional turbulent flows (see problems). This links the rigor-
ous analytical bound on the attractor dimension with an “intuitive” estimate
from fluid dynamics.

Exercise 10.2. The Kraichnan length scale Lχ is the only quantity with dimen-
sions of length which can be formed from the viscous enstrophy dissipation χ and
the viscosity ν. The quantity χ is defined by

χ =
ν

L2
lim sup

t→∞
sup
u0∈A

1
t

∫ t

0
|Au(s)|2 ds

(it is the rate of decrease of |∇u|2). Use the estimate in (9.6) to show that

χ ≤ ν3L−6G2,

and hence that Lχ satisfies
Lχ

L
≥ G−1/3. (10.18)

Compare this with (10.17).
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