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Problems One.

1. Let {x,} be a Cauchy sequence in a normed space (X, ||-1|). Show that
if xn has a subsequence that converges to some x € X, then x, — x.

Given € > 0 choose N such that ||z, — || < €/2 for all n,m > N. Then
choose J such that |z, — z| < ¢/2 for all j > J. Then for all n. > n,

[0 =2l < |2 = 2n, | + 20, -2zl <e

and so x, — .

2. Prove the polarisation identity
Az,y) = e+ yl* = llz =yl +illz + iyl? = illz — iy

i a complex inner product space.

Expand the right-hand side as inner products:
= llall + 2+ (2,9) + (y,2) + lyl* = (l=l* = (2,9) = (.2) + |ly]*)
+i(lel® + iy, @) =iz, y) + yl*) = i(lel® =iy, @) +i(z,y) + |yl*)
= 4(z,y).

*3. Suppose that x, — v and y, — y in H. Show that

(xna yn) - (l‘, y)

4. Consider C°([0,1]). Show that neither the supremum norm
[flloo = sup |f(z)|

z€[0,1]

nor the L' norm

1
I = [ If@)l o
can be derived from an inner product.

We have to find functions f and g for which the parallelogram law is
violated. For the sup norm, consider f(z) = |z — (1/2)] and g(z) = (1/2) —
f(@). Then [[flloc = llgllec = 1/2, [[f + glloo =1, and [|f — glloc = 1/2. So

5

1
1 = I gl 41 = gl* # 201 £1 + 1gl*) = 3



2

For the L! norm we can use the same example, since ||f|;1 = |gllz2 =
If —gllpr =1/4 and |[f + g = 1/2.

5. Show that UL is always a closed linear subspace of H.
If 2, € U with x,, — = then, using question 3, for any v € U

(2, u) = Tim (25, u) =0,

ie.xeU”L.
*6. Show that if U is a closed linear subspace of H then (U+)+ =U.

7. Show that if A is closed an %(.ﬁ +y) € A whenever x,y € A then A is
convet.

Take z,y € A and suppose that Az + (1 — \)y € A for every A € [0,1]
such that A\ = a27%, where a € N. Then given A = b2~ **1 with b € N and
b odd, clearly one has

A:%@-1p*“”+%@+1p*““.

It follows that Az + (1 — A)y € A for every A = b2~ (1) b e N. Now simply
use the fact that for any A € [0, 1], Az + (1 — X\)y can be approximated by
elements of the form A,z + (1 — A,)y, where A\, = a,27"; since A is closed,
it follows that Az + (1 — Ay € A.

8. A set {e;}7_; is orthonormal if

e 1 1=
(el?ej)ézﬂ{ 0 Z?éj

Show that an orthonormal set is linearly independent.

If 377, aje; = 0 then taking the inner product with e, (k = 1,...,n)
shows that ap = 0. Since this is true for each k, the set is linearly indepen-
dent.

9. (In this question life is much easier if you take H to be real.) The
space E spanned by {ej};‘:l consists of all elements of H of the form

n
E aje;j aj € K.
7=1



Show that the closest point to x in E is given by

= Z(x,ej)ej.

j=1

(You should try to do this (i) directly and (ii) using the fact that x — & € E+
— (i) will be much easier.)

(i) Directly: consider

n n n
lz = ajell” = (@ =D ajesz— > axer)
j=1 j=1 k=1
n n
= Jz)® = 2(2,> _aje;) + > oyl
=1 =1
n n
= [ll® =Dl e)? + Y 1@, e5)* — 2052, ¢5) + |y
=1 =1

= [l2ll* = > I, e+ > (. ;) — o],
i=1 j=1

This expression is clearly minimised when a; = (z, ¢;).

(i) & =377 aje; and v — & € E+ then for each k = 1,...,n we must
have

n
(=) ajej er) = (,ex) — o =0,
j=1

ie. ap = (z,ep).
10. Let X and Y be two normed spaces. Show that
ILllzxy)y= sup | Lzy.

zeX:||z||x=1

Denote M the right-hand side by M, and note that for any xz € X,

lzllx < Mllz[|x,

T
\Lally = HLH
xHX Y

so that ||L|| ¢(x,yy < M. Since ||[Lz|ly < [|L]|#x,v)llz[x for any z € X, it
is clear that M < [|L|| #(x,v)-



11. Show that the map T : 1> — (? defined by
T2 X3

?7 ?’ c )
is bounded, but that R(T), the range of T, is not closed. [Recall that
R(T) =“T(t*)"={y € (*: y =Tz for some x € (*}.

T& = (CCl,

Clearly
IT2lE = 5 B < Sy = a2,
=1 7 =

and so T is bounded. However, consider =, = (1,1,...,1,0,0,...), i.e. n 1s
followed by zeros. Then z,, € ¢2, and so is Tz, = (1,1/2,...,1/n,0,0,0,...).
But while Tz, — z with z; = 1/, there is no z € 0? with Tz = z, since
(1,1,1,1,---) ¢ 2

*12. Suppose that A : H — H is a bounded linear operator. Show that
there exists a unique A* : H — H, also a bounded linear operator, such that

(Au,v) = (u, A*v) for every wu,v € H.
The operator A* is known as the (Hilbert) adjoint of A.

13. Prowve the contraction mapping theorem in a Hilbert space: if f : H —
H is a map such that

[f(w) = f)| <blu—v|  foral —wveH
for some 0 < 1 then there exists a unique uw € H such that f(u) = u.
Note that

1F (@) = f @) < 0" (@) = £ (@)
< 0| f(z) — |,

and soif m >n

m—1
1F™ () = @)l < D 0 f () — =]
j=n

IN

D)~
j=n
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It follows that {f"(z)} is Cauchy; since H is complete, f"(z) — x* as
n — oo. Then

@) = f(Jim f1@) = lim /@) = o,

n—oo n—o0

so f(z*) = x* as required. If z* and y* are both fixed points of f then
[z =yl = 1/ (z") = fy")]| < Oll=™ =y

which is impossible unless z* = y*.

Problems Two.

*1. Show that /P, 1 < p < 0o, is complete.

2. Suppose that (X, - ||) is a complete normed space, and that A is a
subspace of X. Show that the closure of A in X, equipped with the norm
|l - |l, is a complete normed space. [One has x € A iff x = lim,_, a,,, with
anp € A.]

We need A to be a subspace of X (a subset will not do). Take a Cauchy
sequence {x,} € A. Then since this is also a Cauchy sequence in X it has
converges; since A is closed the limit must lie in A, and hence A is complete.

3. Show that cy (the subspace of £>° consisting of all sequences that con-
verge to zero) equipped with the £°° norm is separable.

We show that the set of all sequences with only finitely many non-zero
components, all of which are rational, is dense (this set is countable). Given
xz € ", there exists an N such that |z;] < €/2 for every j > N. To
approximate x to within € we therefore only need approximate the first
N components to within €/2. Clearly we can do this using rationals (choose
¢; € Q such that |¢; — z;| < €/2N for j =1,...,N).

4. Show that the product of a finite number of separable spaces is separable;
and that a closed linear subspace of a separable space is separable.

If {z;} is a countable dense subset of X and {y;} is a countable dense
subset of Y then clearly the set {(x;,yr} is a countable dense subset of
X x Y, and the result as stated follows by induction.

Now, if M is a closed linear subspace of X, start with a countable dense
subset {z;} of X. Fix € > 0, and for each x; for which B(z;,e/2) N M # 0,
choose an element m; € M. Then any m € M lies in one of the B(x}, €/2);
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since m; does too, it follows that m € B(m;, €). Apply this construction for
e = 2% for each k € N; the union of the resulting m;s provides a countable
dense subset of M.

5. Suppose that {f,} € C2(Q), and that {f,} is Cauchy in the sup norm.
Show that f, — f, where f € C%(Q) with f = 0 on 0. Show further that
any such f can be obtained as the uniform limit of functions in C2(2). [This
shows that C§(Q) - continuous functions on Q that are zero on the boundary
— is the completion of C%(Q) wrt the supremum norm.]

First, clearly f, € C%(Q), and since f, — f uniformly on €, f € C°(Q).
Furthermore if z € 992 then f,(z) = 0 for every n, whence f =0 on 9.

Now, suppose that f € C°(Q) with f =0 on 9Q. Let

f(z) |f(z)] > 2e
fe(z) =<0 |f(2)] <e
£(x) ['f@)' . 1} e < |f(x)] < 2e.

€

Then f. converges uniformly to f on €, and since f is uniformly continuous
on {2, given any € > 0 there exists a § > 0 such that |f(z)| < € whenever
dist(z, 02) < 4, so that f. has compact support.

6. The Stone—Weierstrass Theorem states that if K is a compact space
and A is an algebra of real-valued continuous functions on K such that for
all x,y € K with x # y, there exists an f € A such that f(x) # f(y), and
for every x € K there exists an f € A such that f(x) # 0, then A is dense
in C(K;R). [An algebra is a set on which one can define multiplication and
addition.] Deduce that the space of polynomials is dense in C*(Q) for any
k > 0, where Q is a bounded subset of R™.

The space of polynomials is an algebra on Q. Given z,y € Q with z # y,
they must have at least one component, say the jth, distinct. So one can
consider the polynomial x;. For every x € Q) we can consider the polynomial
f = 1. The conditions of the theorem are then satisfied.

7. Show by induction that C*(Q) is complete wrt the C* norm.

We give the proof for k = 1, since the notation becomes significantly more
involved moving from C* to C¥*1. Since C°()) is complete, we know that
frn — f uniformly on €, and that 8;f,, — g; for some g; € C°(2) uniformly
on Q. We just have to show that g; =0;f.



Since f,, € C!, we know that

h
fn(x + hej) = fn(af) +/0 ijn(x + Tej) dr.

Since the integrand is continuous and converges uniformly, we easily deduce
that

h
f(x + hej) = f(x) +/ gj(x + rej)dr,
0
which implies that g; = 0; f as required.
8*. Show that if f € LP, g € L1, and h € L", where
1 1 1

S4+-+ =1,
p oq T

then fgh € L' with

/ Fohl < 1o llgloallhlor-

9. Suppose that p < r < q and

1 o 11—«
= - 4+ .

r p q
Show that if f € LP and f € LY then

Iz < IAIE A1

Write

[1sr = [1areisro-e

and us Holder’s inequality with exponents p/ra and ¢/r(1 — «), noting that
ra  r(l—a)
p q

[isr=(fur)™ (Jur) ™

which gives the required inequality.

= 1.

Then

10. Show that L™ is complete.



If {f,} is Cauchy in L* then there exists a measure zero subset A of
such that

[fu(@)| <[ falle and  [fa(z) = fm(2)] < [[fn = finllo

for every x ¢ A and every n,m € N. It follows that f,, converges uniformly
on Q\ A to a bounded function f; setting f(z) = 0 for every z € A we
obtain a function f € L*°(Q2) such that f, — f in L>(Q).

11. Show that WkP is separable for 1 < p < oco.
The map WkP — H0§|a\§k LP given by
u +— (8au)‘a|gk

is an isometry of W*P onto a closed subspace of H0<| aj<k LP. The space
H0<| al<k LP is a finite product of separable spaces, and so separable; so are
all its closed subspaces.

12. Suppose that f € WP and that |a| + |3| < k. Show that 0*(9° f) =
9tBf.

Take ¢ € C2°(); then 0% € C°(Q2), so we can write
J@nere = [ o
= (_1)|ﬁ\(_1)|a+ﬁl /(8a+ﬁf) 0

whence 1P f = 9%(9° ), by definition.

*13. Show that the function |z|~% € W1P(B(0,1)), where B(0,1) is the
unit ball in R™, iff s < (n — p)/p. Deduce that if v is a countable dense
subset of B(0,1), and s < (n — p)/p then the function

o

fla)y=> 27w —ry*

j=1
is in WYP(B(0,1)), but is unbounded on any open subset of B(0,1).

14. Use separation of variables to find a non-zero solution of the equation

Y (=pklg*er=o

0<]al<1



for a bounded open set ) C [—1,1]2.

First write the equation explicitly,

_fxm - fyy +f =0.
Set f(x,y) = X(x)Y (y) and then

— XY — XY, + XY =0 =
Put
Xz = AX and Yyy=1-NY;

with A = 1/2 we can take X(z) = e®/V2 and Y (y) = ¥/V2; then f(z,y) =
e(@+9)/V2 i5 a non-zero solution of the equation.

Problems Three.
We say that a sequence {¢,,} € C°(R™) converges to ¢ € C°(R") if there
exists a compact set K such that supp(¢,) C K for all n, and 0%¢, — 0%¢

uniformly on K for all ¢. A distribution is a bounded linear function f on
C2°(R™) such that whenever ¢,, — ¢,

f(on) = f(9).
We write 2'(R™) for the set of all distributions on R™.

1. Show that if f € P'(R™) then 0*f defined by
[0° f1(¢) = (=1)* f(0¢)
1s also a distribution.

Suppose that ¢, € CZ° converges to ¢; then 0%¢,, converges to 0%¢ in
C2°, and so

[0° f1(@n) = (1) f(97¢0) — (—1)* f(2°9)

since f is a distribution; but by definition the limit is [0 f](¢), and so 9% f
is a distribution.

2. Any f € L} (R") gives rise to a distribution via the definition

Li() = [ f@)o@)dz.
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Show that if g is the weak derivative 0;f, then O;Ly = Ly, i.e. ‘the distribu-
tion derivative agrees with the weak derivative when it exists’.

The equality of distributions 0L = L, means that for every ¢ € C2°(£2)
we have

OL1)(6) = ~L;0:6) = - [ 10,0) = [ 96 =Ly(6).
The bracketed expression says precisely that d;f = g (we know that weak
derivatives are unique).

3. Show that the approximating sequence used in Theorem 2.82 also con-
verges uniformly on Q if f € H*(Q) N C°%(Q) (use Proposition 2.9).

Note that f, = gn|q, where the g, are obtained by mollifying a function
g € H(])“(Q*) that is an extension of f; it follows from Proposition 2.9 that
the g, converge to g uniformly on compact subsets of 2*, and in particular
on Q. Since g = f on (, it follows that f,, converges uniformly to f on €,
as claimed.

*4. Show that the H*(R™) norm and the norm

([ avieriera)”

are equivalent. [Recall that (9*f) = (i&)*f and that ||f]|2 = || f|l 2]

5. Show that

1
fo T e <o
if and only if k > n/2.

We have

1 B R 1 _—
/M (L repF = /0 (e

and since

1 R R Tn—l R
d+ / r 2R qr < / g dr < ¢ —|—/ P lm2k
2 )1 o (1+7r?) 1

the integral is finite iff n — 1 — 2k < —1, i.e. iff & > n/2.
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6. Show that the unbounded function
1
f(x) =loglog (1 + m)
is an element of H'(B(0,1)), where B(0,1) is the unit ball in R2.

First note that

1\12 ol
/ [log log <1 + )} drdy = / / rloglog(l+ 1/r)drdé
B || 0 Jo

is finite, since the integrand is bounded.

Away from x = 0 the derivative of f is

9if(z) = gi(x)

1 T,
~log(1+1/]al) [ (1 + |2))”

whence

! 1 1
2
dedy =2 dr.
/B\g\ Ty 7r/0 log(1+1/r2) r(1 4 r)? "

With the substitution v = 1/r the integral becomes

o0 1 1 o0 1
d ——d .
/1 u+ (1/u) log(1 + u?) v /1 u(logu)? <00

It remains to check that g really is the weak derivative of f through-
out B(0,1): to this end take ¢ € CX(B(0,1)), and then away from the
singularity at z = 0 we have

/ faiw——/ gip + feon;dS,
B(0,1)\B(0,¢) B(0,1)\B(0,¢) |z|=e

where n; is the outward normal on 0B(0,€¢). The boundary term can be
bounded according to

/ fon;dS
|z|=¢

which tends to zero as € — 0, showing that g; is indeed the weak derivative

B:f.

*7. Show that if f € HF¥(R™) the for any 0 < o < min(k —n/2,1) there
exists a constant C such that

[f (@) = f(W)] < Cllfll el =yl

< lelloo /l _ loglog(1 +¢1)dS < Celoglog(l +¢71),
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8. In the proof of the Arzela-Ascoli Theorem, it is relatively straightfor-
ward to find a subsequence such that f,;(x1) converges for each k € N, where
the {zx} are points in K such that for every x € K and 6 > 0, there exists
an N such that

|z — 21| <O for some k € {1,...,N}.

(Can you prove the existence of such a collection of points? And of such a
subsequence?) Given this, use the equicontinuity of the {f,} to show that
fn,; converges uniformly on K.

We give the full proof. For each n € N we have

Kc | B(2™.
rzeK
since K is compact, a finite number of these balls still cover K, giving a
finite set of points such that any k € K lies within 27" of one of these
points. Taking the sequence of these points created with ever larger choices
of n gives the set {z}} in the question.

We now perform the famous ‘diagonal argument’. Since f,(x1) is a
bounded sequence of real numbers, we can take a subsequence of { f,}, call
it fin, such that fi,(x1) converges. Now observe that fi ,(x2) is a bounded
sequence of real numbers, so we can take a subsequence of fi 5, call it fs,,
such that fa,(x2) converges. Note that fa,(z1) is a subsequence of f1 ,(z1);
since fi,(x1) converges, fa,(x2) still converges. Now observe that fa,(x3)
is a bounded sequence of real numbers... We continue inductively, obtaining
nested subsequences f},,, such that

frn(x;) converges as n — oo for every j =1,... k.
The ‘diagonal subsequence’ f; = f,  is such that f(x;) converges for every

jeN.

We can now answer the question as posed. Choose € > 0; since the f, are
equicontinuous, there exists a § > 0 such that for every n € N

r—yl<d = |fil@) - L] <e

We know that there exists an M such that for every x € K there is an x;
with ¢ < M such that |z — x;| < §. Now take N large enough that

[ fo(xi) — fr(zi)] < €/3 for all m,n>N and i=1,...,M.
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Then for any = € K choose an x; such that i < M and |z —z;| < 0; it follows
that

|fa

&
|
%

()]
< |[fo(@) = fol@)| + [fo(mi) — folz)| + | fr () — fr(2)]
<e/3+e/3+¢/3=c¢

S

which shows that {f}} is Cauchy in the sup norm and hence uniformly
convergent on K.

9. Suppose that f,g,h € H'(R?). Show that
} / fgVhdz

Note that if f,g,h € H*(R?) then f,g,h € LP(R?) for any 2 < p < 6. So
first we use the the result of question 8 on Problems 2 with exponents p = 3,
q =6, and r = 2, to give

< cll s gl (121 -

] [ 19 9has| <1l ol 19

Now use the fact that ||g||;s < c|lg||gr and that | V|2 < ||h||g to give
the required inequality.

*10. Reinterpret Poisson’s equation
—Au=f ulpn =0
as an abstract variational problem
(u,$)p = f(¢)  for all g € Hy()

with f € H™', and show that given f € H™' the equation has a unique
solution u € H}.

Problems Four.

1. LetV be the subspace of H*()) consisting of functions with zero integral
over 1,

V={feHY(Q): /sz()}.

Arguing by contradiction, use the fact that H*(Q) is compactly embedded in
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L%(Q) to show that there is a constant C > 0 such that
[fllzz < CIIV iz forall feV.

(You may assume that if Vf =0 almost everywhere then f is constant.)

Suppose that the result is not true; then there exists a sequence f,, € V
such that

[fnllL2 = nlIV fall L2
Replacing fp, by fn/||fnllL2 We obtain a sequence with || fy,||z2 = 1 such that
IV fall e < n™

In particular f, is a bounded sequence in H', and so has a subsequence that
converges in L? to some g € H' with ||g|l;2 = 1 and [g = 0 (since V is
closed in the L? norm).

However, for any ¢ € C2°(Q2) we have

/gﬁjqbdx: lim /fnajgbdac: — lim /(8jfn)¢da::0

since f,, — g in L? and |V f,||2 < 1/n. It follows that g is constant on €,
contradiction [ g =0 and ||g||z2 = 1.

2. Examine the argument used to prove Theorem 3.2 and convince yourself
that the following is also true: If f € L*(), andu € H'(Q) satisfies Lu = f,
then for every Q' CC Q" CC Q there exists a constant cqr o such that

[ull 20y < cor(lull gy + 1 £l L2 @r))-

*3. Suppose that u € H}(Q) is a solution of
(Vu, Vo) = (f,v) for all v € H(Q).

Show that if f € H*(Q) then u € H*2(Q') for any ' cc Q. [Take
w € CX(), which is dense in HE(Q), and consider the test function v =
(=1)ll9%w, where |a| = k. You could do the same analysis with a more
general B(u,v) as in the notes, but it takes longer to write down./

*4. Poisson’s equation with Neumann boundary conditions is: find u such
that

—Au=finQ and Vu-nlpa =0,
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(where n is the outward normal). By taking the inner product with a test
function ¢ € C™(Q) derive the weak form of the equation: find u € H'(£2)
such that

/Vu'Vvda::/fvdx for all v e HY(Q).
Q Q

*5. Show that
—Au+du=f inQ and Vu-nlpa =0,

has a unique weak solution u € H'(Q) (i.e. solution of the weak form of the
equation) u € H*(Q) for every A > 0.

6. Show that
—Au=f Vu-nlgo =0

has a solution uw € HY(Q) iff [ fo =0. [Hint: use question 1]

If (Vu, Vo) = (f,v) for every v € H(Q) then one can choose v = 1 on
Q to show that one must have [ f = 0. In the previous exercise we needed
an extra A|ul|? with A > 0 to show that u is coercive; in lectures we used a
Poincaré inequality for the case of Dirichlet boundary conditions, and then
we didn’t need this additional factor - we can recover something similar here.

Note that if [ f =0 then

o= (0= [0,

since [v is a constant and (f,1) = 0. Also

(Vu, Vo) = (VU,V(U - / v))

since V¢ = 0 for any constant ¢. The weak form of the equation is therefore
equivalent to

(Vu, Vv) = (f,v) for all vev,

where V is the space from question 1. If we now work in V rather than H'
then we have a Poincaré inequality ||ul/z2 < |[Vul/z2, and we can immedi-
ately deduce that for u € V' we have

B(u,u) > [ Vul7z2 > cllulF

and B is coercive. It follows that the equation has a unique solution in V/,
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and hence at least one solution in H' (and in fact if u is a solution then
u — ¢ is a solution for any ¢ € R).

7. Show that any compact operator is bounded. (Consider the image of
the closed unit ball.)

If T:X — Y is compact then TBx(0,1) is compact. Any compact set
is bounded, so TBx(0,1) C By (0, M) for some M; it follows immediately
that |7 2(x,y) < M.

8. Check that the Gram—Schmidt process produces an orthonormal set.

Suppose that €1, ..., €, are orthonormal. Given e, 1, we construct
- é
~ ~ 0\ ~ ~ n+1
€ntl = €nt+1 — Z(6n+1, €;)€; and ent+l = 7= .
— [rsy|
J=1
Clearly ||én+1]] = 1; we only have to check that é,4; is orthogonal to

€1,...,6n. Fix k € {1,...,n}; then

n

. . 1 R
(Ent1, k) = ol entl — Z(6n+17€j)6j,€k
n+1 j=1
1 - ~
= m[(%-&-h €k) - (€n+1; ek)] =0,
n
since {éy,...,€,} are orthonormal.

9. Show that if T € L (H, H) is invertible (i.e. the equation Tx =y has a
unique solution for every y € H) then Ker(T) = {0}. Show that the reverse
implication does not hold.

If Tz = y has a unique solution for any y € H but Ker(7') contains a
non-zero element z then T'(z 4+ az) = Tz = y for any o € R. So invertibility
of T implies that Ker(7) = {0}. The problem with the converse is that
while T' can be such that Tx = y has a unique solution for every y € T'(H),
it may be the case that T(H) # H even if Ker(T) = {0}. One example is
the right-shift operator on £2:

o(x1,x2,x3,...) = (0,21,22, T3, ...).

Clearly Ker(o) = {0}, but o is not onto.

10. Suppose that f € L*(Q) is such that (f,v) = 0 for every v € HL().
Show that f = 0.
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We know that C2°(Q) is dense in L?(Q); and that C°(2) C H (). So
given any v € L?(Q), write v = lim,,_, o0 vy, where v, € HZ () and the series
converges in L%(Q). Then (f,v) = 0 for every v € L?(Q2), in particular for
v = fi which shows that ||f||?, = 0 and hence f = 0 (in L?, i.e. almost
everywhere).

11. Show that two eigenfunctions u and v of our elliptic problem with
distinct eigenvalues are orthogonal in H} () (and not just in L%(2)).

This is in the notes. ??7? JUST LAPLACIAN

12. Take f € H™' and consider the equation
B(u,v) = f(v) for every v € H},

where B : H} x H} — R s bilinear and bounded (|B(u,v)| < allul| g1 ||v]| 1)
Define a linear operator A : H& — H™! such that this equation can be written
as

Au =,

an equation in H~'. How does this relate to the argument we used in the
proof of the Lax—Milgram Lemma?

Note that for each fixed u € H} the map g: Hi — R

9(v) = B(u,v)
is linear and bounded (|g(v)| < [a|u||g1]||v]|z2) it follows that g € H~1(€).
We define Au = g; then A is linear and since

[Aull -1 = llgll a1 < allullm

it follows that A is bounded with || A[| (g1 g1y < a. We can therefore write
the equation as Au = f.

In the proof of the Lax—Milgram Lemma we instead viewed the equation
in H} using the Riesz Representation Theorem; every element of H~! can
be derived from an element of H& via an inner product, so any inequality
in H* can be viewed as a corresponding equality in H (one switches to and
fro via the ‘Riesz map’ u — (-,u) and its inverse).

Problems Five.

*1. We say that f : (0,T) — X 1is integrable if the function (L, f(t)) :
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(0,T) — R is integrable for every L € X*, and there exists a y € X such
that

T
(L,y) :/0 (L, f(t)) dt for all Le X

i this case we define

T
| rae=y
0

Show that if X is reflexive and

T
AHﬂmk&<w

then such a y exists and is well-defined.

2. Show that if f: (0,T) — X is integrable (as in the previous exercise)

then
T T
L/f@aHs/\wmuﬁ
0 X 0

Lemma 6.2 shows that given any y € X there exists an L € X* such that

|IL||x+ =1 and (L,y) = |ly||x. Using the definition of the integral from the
previous exercise it follows that

T T
\MXZ@MZA(LﬂW&SAIWWx&
since ||L]|x+ = 1.

3. Show that if X is complete and reflexive then L?(0,T; X) is complete.
[Hint: take a sequence {f,} € L*(0,T; X), and for each L € X* show that
(L, fo(t)) € L*(0,T) is Cauchy in L?. A Cauchy sequence has a subsequence
that converges almost everywhere; follow an argument similar to that of
question 1, i.e. working in X**, to obtain a candidate limit f € L*(0,T; X);
finally show that fp, — f.]

First, observe that (L, f,(t)) € L*(0,T), since

T T T
/|w¢w»%ﬂs/uw%wumim=w&5/nn@ﬁ&.
0 0 0

The same argument shows that (L, f,(¢)) is a Cauchy sequence in L?(0,T).
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By completeness of L2(0,7), it follows that there is a function fr(-) €
L?(0,T) such that

<L7fn> — fL

in L2(0,T). Tt follows (Corollary 2.15) that there exists a subsequence In;
such that <L, ey (t)> converges to fr(t) for almost every t. At these ¢t define
a linear map I(t) : X* — R by

(10),2) = fu(¢) = lim (L. fu, (1))
Then I € L?(0,T; X**), since for almost every ¢ we have
| (1(t), L) | = Yim [ (L, f;(8)) | < LIl fy () ]
Jj—oo
i.e.
[Z(8)||x= < lim || fn; (8)[] x,
j—oo
and so

T T
/me%ma/'mwmwﬁmSM
0 0 J—00

since {f,} is Cauchy in L?(0,7T;X). Since X is reflexive, we can find an
7(t) € X such that (I(t),L) = (L, f(1)). Since [f(B)]x = |T(®]lx--, it
follows that f € L%(0,T; X). Since (I(t), L) = f1(t) by definition, it follows
that

(L, fn) = (L, f)
in L2(0,7), i.e. (L, fn — f) — 0in L%(0,T).
I can’t finish the proof at the moment...

4. Show that if X is a Hilbert space then L*(0,T;X) is a Hilbert space.

We have completeness from question 3. The norm on L?(0,T; X) can be
derived from the inner product

T
(ﬂ@ZA(ﬂWme%

which shows that L?(0,T;X) is a Hilbert space. (It is easy to check that
this is an inner product.)

5. Show that if f € C°([0,T)) and f € LY(0,T) is the weak time derivative
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of f, then for any ¢ € C1([0,T]) N C>(0,T)

T T
/0 F(yp(t)di = — / () dt + F(T)e(T) — £(0)(0).

(This is what lies behind the argument about the initial condition being at-
tained when using weak convergence methods; cf. our Lemma 5.2.)

First note that if f has weak derivative fand g € C([0,T)) then fg has
weak derivative fg+ fg, since for any ¢ € C°(0,7)

[ o+ fare = [(rae + g
= [ 1o - t9e = - [ 195

where we have used the fact that gp € C2°(0,T) (one could remove the
requirement that ¢ € C° by approximation). We can therefore apply the
argument of Lemma 5.2 with X = R (and using L' rather than L?) to fg,
since now fg € L'(0,7T) and the weak derivative of fg is also in L(0,7), to
deduce that the above equality holds as stated.

6. Suppose that f € L? and that g € H&. Show that f € H™', in the
sense that

F(g) == (f,9)r2
defines an element F € H=1. (This is what it means that say that F € H~!
is also in L?.)

We have

[E(9)| = [(f; Dzl < \Iflle2llgllze < [ fllz2llgll e

so F' is a bounded linear functional on H&.

7. Given f € H™Y, extend f to a linear functional F € (H')*, such that
F(z) = f(x) for all x € H} and IE g1y = [1fllg—1- [Hint: use the Riesz
Representation Theorem. This allows one to extend the proof of Lemma 5.3
to the case f € L*(0,T; H'), fe L2(0,T; H=Y), which is useful for higher
reqularity of solutions.]

Given f € H™!, the Riesz Representation Theorem guarantees that there
exists a u € HO1 such that

f) = (u,v) g for all vE H& and Wl g-1 = |||z
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If we define a linear map F : H' — R by

F(v) = (u,v) g

with the u above the clearly this agrees with f for v € HS; it is linear, and
it is bounded on H'! since

[E ()] < flull g llvll -

It follows that ||[F||(g1)« < ||f||g-1, and since Hy C H', we have equality
here.

8. Suppose that f € L?*(0,T; H}) and that fe L20,T;H™"). Ifug €
H¢ N H? show that u € CY([0,T); H~Y). [Hint: consider the equation for
v =1, and use the Sobolev embedding H*(0,T; H=') c CY([0,T]; H™!) (we
have not explicitly proved such a result).

Lemma 5.3 implies that f € C°([0,T]; L?). Consider the equation for

v = U, which is
b — Av = f(t) v(0) = Aug + f(0).

This is an equation for v in our standard parabolic form, since our assump-
tions mean that f € L?(0,7;H ') and v(0) € L?. Tt follows that the
equation has a unique solution v € L?(0,7; H') and v € L?(0,T; H™ '), i.e.
ve HY(0,T; H-'). Since the solutions are unique, we must have v = , and
hence @ € L2(0,T; HY)NH'(0,T; H~'). Tt follows that u itself is an element
of H%(0,T; H~'), and hence of C*([0,7]; H~1).

9. Prove the Hahn-Banach theorem in a Hilbert space. [Show first that f
extends to the closure of U if U is not closed; then consider U and (U)*.]

If f is a bounded linear functional on U and = € U, one can write z =
limy, o0 T, where x,, € U. One can define

flx) = lim f(z,).

n—o0

The limit exists since f is bounded and linear, and is well-defined. Clearly
@)1 < Y [ £llleall < 1]l

so the norm of f is not increased. So assume that U is closed. In this case
one can decompose any € H as = u + v, where v € UL. For any € H
define
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Then F is an extension of f, and [F(z)| = [f(u)] < [[f[l[lu] < [If]l/l=]
since [|ul| < ]

*10. Suppose that x and y are linearly independent elements of X. Show
that there exists a constant ¢ such that

|z 4 Be| < [|ax 4 Byl

for every a, f € R. [If you can prove this you can prove the Hahn—-Banach
Theorem... more or less.|

*11. It is relatively easy to show that any element ¢ of the sequence space
(> gives rise to a linear functional on ¢ via

Ly(x) = Z P
k=1

with || Lg||(¢1y+ = ||@lle=. Show that any L € (£')* can be written as Ly for
some ¢ € (°°, and hence that ((1)* = (°°. [Hint: let {er}2, be the basis for
0% where ey, consists of all zeros apart from a 1 in the k™ position and write
x=> po xper. What is La?]

12. Show that weak convergence in X* implies weak-* convergence; and
that if X* is reflerive then weak-* convergence implies weak convergence.

In general we know that any element of X gives rise to an element of X**

via
Gz(f) = f(x) for all feXr.
So if fp, = fin X*, i.e. G(fn) = G(f) for every G € (X*)* = X**, then in
particular for any x € Xthis holds for G = G, so that
Go(fn) = fulz) = Gu(f) = f(x) for all x e X,

ie. f, = fin X*.

If X is reflexive then any element G € X** can be written as G, for some
x € X; so given G € X** we have

G(fn) = Gu(fn) = fu(z) = f(z) = G2(f) = G(f),

which is weak convergence in X*.



