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Introduction: Hilbert spaces and PDEs

To begin with, we outline a ‘simple’ approach to proving the existence and
uniqueness of solutions of Poisson’s equation with Dirichlet boundary con-
ditions:

—Au=f  with  u|pg =0, (1.1)

where 2 C R" is a smooth bounded domain. Our approach uses ideas from
the theory of Hilbert spaces, so we recall some of these ideas.

A normed vector space! is complete if every Cauchy sequence converges?.

A complete normed space is called a Banach space.

1.1 Inner products, norms, and Hilbert spaces

Examples of Banach spaces: R”, /7, LP(2), C°(Q), C°(Q), C%*(Q), WHFP(Q),
HE(Q)...

An inner product on a normed vector space is a map (+,-) : X x X - K
such that

(i) (z,z) >0 for all x € X, with equality iff z = 0;

L All vector spaces will be over K = R or C, and usually over R.

2 e A norm on a vector space X is a map || - || : X — [0, 00) such that (i) ||z|| = 0 iff x = 0; (ii)
[[Az|| = |Al||z|| for every A € K and € X; and (iii) ||z + y|| < ||z|| + ||y| for all z,y € X.
e A sequence {z,} € X is Cauchy if for every € > 0 there exists an N such that ||z, —zm| < €
for all n,m > N.
o A sequence {z,} in X converges to z € X if ||xn — z|| — 0 as n — oo.
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(ii) (x+y,2) = (z,2) + (y,2) for all z,y,z € X;
(iii) (ax,y) = a(z,y) for all @ € K, z,y € X; and

(iv) (z,y) = (y,2).

An inner product induces a norm via
lz]* = (2, ). (1.2)
Lemma 1.1 (Cauchy-Schwarz inequality) If (-,-) is an inner product
and || - || is defined as in (1.2) then
(@)l <=yl forall xyeX.

In particular, || - || defines a norm on X.

Proof Consider
lz = Myll? = (& = Ay, = Ay) = ||z[* = My, ) — Mz, y) + M [lyl* = 0;
setting A = (z,v)/||y||? yields

2 2
”33H2—2|(x7y)| + ’('Tay)| >0

lyl? lyll> —

and the inequality holds.
To show that || - || is a norm, properties (i) and (ii) are clear. To show
(iii), note that

lz +yl* = (@ +y, 2 +y) = 2l* + (2,9) + (y,2) + [ly]|*
]I+ 21(z, y)| + lyl* < [l + 2llz |yl + [yl

<
< (lll + llylh?*.

A complete inner product space is called a Hilbert space.

Every Hilbert space is a Banach space. The converse is not true, since in
a Hilbert space H the norm must satisfy the parallelogram law!

lz +yl* + llz = yI? = 2(|«|® + ly|*) ~ forall zyeH  (13)

In fact this characterises those norms that can be derived from an inner product. If a norm
comes from an inner product you can recover the inner product from the norm using the
‘polarisation identity’ 4(z,y) = ||z +y||? — ||z —y||? in the real case (the complex case is messier;
in both cases you prove the identity by expanding the norms as inner products). If a norm on
a real vector space satisfies the parallelogram law and you define a map (-,-) : X x X — R
using this polarisation identity, you will end up with an inner product (this is quite awkward,
if not difficult, to prove).
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(To prove simply expand both sides using the inner product.)

1.2 Closest points in closed linear subspaces

We now use the parallelogram law to show that in a Hilbert space, there is

always a ‘closest point’ in a closed linear subspace’.

Theorem 1.2 Let U be a closed linear subspace® of a Hilbert space H and
let x € H. Then there exists a unique a € U such that
|z —al| = inf{||xr —a| : a€U}.
Furthermore, © — a € UL, where
Ut ={ueH: (u,z)=0 forall  xe€U}.

The map P: H — U given by x + a s the orthogonal projection of x onto
U; P> =P and |Pz| < |z

Two elements x and y of an inner product space are said to be orthogonal
if (x,y) = 0. (We sometimes write z | y.) U+ is the orthogonal complement
of U.

Proof Set § = inf{||lx —a| : a € A} and find a sequence a,, € A such that
1
|z — an|? §52—|—E. (1.4)

We will show that {a,} is a Cauchy sequence. To this end, we use the
parallelogram law:

Iz = an) + (@ = am)|I* + |(z — an) = (& = am)|I* = 2|}z — anl* + |2 — am|]-

Which gives

2 2
2 2 2
27 — _ £,z
122 — (an + am)||” + ||an — aml||® < 40° + — +
m n
or

2 2
lan — am|* < 46% + = + = — 4l — L(a, + am)|?
m n

I Linear subspaces of infinite-dimensional spaces are not always closed. Can you find an example?
However, for any set U, UL is always a closed linear subspace: clearly linear, and closed since
if ,, — x with ,, € UL, then (z,u) = limp— (xn,u) =0 for every u € U.

2 There also exists a closest point in any closed convex subset of H: a set U is convex if for every
u,v €U, Au+ (1 —A)v €U for all X € [0,1].
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Since A is convex, a, +am € A, and so ||z — 1 (an +am)||> > 62, which gives
9 2 2
Han - am” S —+ —.
m n

It follows that {a,} is Cauchy, and so a,, — a. Since A is closed, a € A.

To show that a is unique, suppose that ||u — a*|| = § with a* # a. Then
lu— 3(a* 4+ a)|| > 6 since A is a linear subspace, and so, using the parallel-
ogram law again,

la* —a||? < 4y* —49% =0,

i.e. a* = a and a is unique.

Now consider v = = — a; the claim is that v € UL, i.e. that
(v,y) =0 for all y € U.
Consider ||z — (a — ty)|| = ||v + ty||; then
At) = llv+tyl* = (v +ty,v + ty)
= [[0l® + (ty, v) + (v, ty)) + |yl
= [[oll* + t(y, v) + t(y, v) + [t ]yl
= [lol* + 2Re{t(y, )} + [t ly]*.

We know from the construction of @ that ||v + ty|| is minimal when ¢ = 0. If
t is real then this implies that dA/dt(0) = 2Re{(y,v)} = 0. If ¢t = is, with
s real, then dA(is)/ds = —2Im{(y,v)} = 0. So (y,v) = 0 for any y € U,
i.e. v € Ut is claimed.

Clearly P? = P, and since

l2]* = llal* + 2(a, = — a) + [l — ||,
the inequality || Pul|| < ||u| is clear. O
Note that when U is a one-dimensional subspace!, the closest point can

be given explicitly: take any u € U with ||u|| = 1; then for the closest point
to be tu we need

(x —tu,u) =0 = (z,u) —tlul* =0 = t=(x,u), (1.5)
i.e. the closest point is (x,u)u.

1 This approach can be extended to any space spanned by a finite/countable collection of or-
thonormal vectors {e;}, with the closest point being given by > (z, e;)e;.
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1.3 Linear operators and dual spaces

Much of functional analysis concerns operators - particularly linear operators
- between different spaces. An operator L : X — Y is linear if

L(azy + Bxe) = aLzy + SLxo for all a,feK, x1,z9 € X.

A linear operator L : X — Y is bounded if there exists a constant M such
that

[Lxlly < Mlx]|x; (1.6)

we denote the space of all bounded linear maps' from X into Y by .Z(X,Y),
and define the operator norm of L (as an operator from X into Y') by

1Ll 2(x,y) = inf{M : |[La|y < Mlx|x}. (1.7)
(When there is no ambiguity this is often abbreviated to ||L]|.)

The space Z(X,Y) is a vector space (with the obvious definitions of
addition and scalar multiplication), and || - || #(x y) is a norm on this space.
What is a somewhat remarkable is that if Y is complete then so is £ (X,Y).

Theorem 1.3 If X is a normed space and Y is a Banach space, then
Z(X,Y) is complete (i.e. is a Banach space).

Proof Let {L,} be a Cauchy sequence in .Z(X,Y). We identify a candidate
L for the limit of the sequence {L,}, then show that this is an element of
Z(X,Y), and that L, — L (wrt the operator norm).

Since {L,} is Cauchy, for any € > 0 there exists an N such that

[ Ln — Linllz(x,y) <€ for all n,m > N.
It follows that for any fixed x € X,
[Lnw = Ly = [[(Ln = Ln)zlly < eflz], (1.8)
i.e. that {L,z} is a Cauchy sequence in Y. So for each xz € X we can define

Lxr = lim L,x.
n—oo

We claim that (i) L € £(X,Y) and (ii) that L, — L (wrt || - || #(x,v))-

I There are many unbounded linear maps; in particular, differential operators...
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To show (i), we first check that L is linear:
L(azy + pxe) = lim L, (ax; + Sra)
n— o0
lim [aL,z1 + BLp22]
n—oo
=a lim Lyx1 + B lim L,z
n—oo n—oo
= aLzy + BLxa,
and that L is bounded: take m — oo in (1.8) to obtain
|Lnz — Lz|ly < €||z]|.

This shows that L = (L — L,,) + Ly, is bounded, and that L,, converges to
L. O

The dual space of a normed space X (over K) is the space X* = Z(X, K).
We investigate the dual space of Hilbert space in the next section. When
not ambiguous for f € X* we write

11l = 11f e = 1Al 2 x k) -

1.4 The Riesz Representation Theorem

First we show that if H is a Hilbert space, from any y € H we can construct
an element of H* with the same norm, using the inner product.

Example 1.4 Let U be a Hilbert space. Given any y € H, define
ly(z) = (z,y). (1.9)
Then 1, is clearly linear, and
ly(@)| = |(z, )| < =[]yl

using the Cauchy-Schwarz inequality. It follows that I, € H* with ||| <
llyl|. Choosing v =1y in (1.9) shows that

L) = @) = lyl?
and hence ||i,]| = [ly].

The Riesz Representation Theorem shows that this example can be ‘re-
versed’, i.e. every linear functional on H corresponds to some inner product:
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Theorem 1.5 (Riesz Representation Theorem) For every bounded lin-
ear functional f on a Hilbert space H there exists a unique element y € H
such that

f(x) = (z,y) for all x € H,; (1.10)

furthermore ||yllg = || f|l =

Proof Let
K =Ker(f)={x € H: f(x) =0},

which is a closed linear subspace of H. [Clearly a linear subspace; closed
since if z,, € Ker(f) and z,, — x then

[f(@)] = 1f(z) = fzn)] = [f(& = zn)| < [ fllsllz = 2nll;

this holds for all n, hence |f(z)| = 0.]

If f =0 then K = H and we set y = 0.

Otherwise, if f # 0 then K # H; it follows from Theorem 1.2 that K= is
non-empty. In fact, K+ is a one-dimensional linear subspace of H. Indeed,
given u,v € K+ we have

F(f(w)o — f(v)u) = 0. (1.11)

Since u,v € K= it follows that f(u)v— f(v)u € K+, while (1.11) shows that
f(u)v — f(v)u € K. It follows! that

l(u)v —1l(v)u =0,

and so u and v are proportional.
Therefore we can choose z € K such that ||z|| = 1, and decompose any
r € H as?

x=(r,2)z+w with w e K.

(We are using Theorem 1.2 along with the observation in 1.5.) Therefore

l(x) = (x,2)l(2) = (x,1(2)2).

Setting y = (z)z we obtain (1.10).
To show that this choice of y is unique, suppose that

(z,y) = (z,7) for all x e H.
Then (x,y —§) =0 for all z € H, i.e. y —y € H- = {0}.

1 We always have U N U+ = {0}: if € U and = € U~ then ||z||? = (z,2) = 0.
2 If U is a closed linear subspace of H then (U1)1 = U, which we are in fact using here...
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Finally, the calculation in (1.4) shows the equality of the norms of y and
[ O

The map f +— y is known as the Riesz mapping. Note that it is a linear
isometry (this just means that || f||. = ||y||); as is its inverse. It follows that
H and H* are (isometrically) isomorphic (which we write as H ~ H™).

The following useful corollary is almost immediate. We say that a map
B : H x H— R is a bilinear form if B(u,v) is linear in both u and v, i.e.

B(oauy + Bug,v) = aB(ui,v) + fB(ug,v) forall «,8 €R, uy,us,v € H
and

B(u,avy + Bvg) = aB(u,v1) + BB(u,v2) forall «,8 €R, u,v1,vy € H.

Corollary 1.6 Suppose that B: H x H — R is a bilinear form that is

(i) bounded, i.e. there exists an o > 0 such that
| B(u,v)| < afjul|||v]| for all u,v € H,
(ii) coercive, i.e. there exists a 3 > 0 such that
B(u,u) > fB|ul? for all u€ H,

and
(iii) symmetric,

B(u,v) = B(v,u) for all u,v € H.

Then for any f € H* there exists a unique uw € H such that

B(u,v) = f(v) for all veH, (1.12)
and
Jul < 121, (1.13)

Proof B is an alternative inner product on H; from (ii) B(u,u) > 0 with
equality iff u = 0; B satisfies the linearity requirements of an inner product;
and B is symmetric by assumption. We can immediately apply the Riesz
Representation Theorem to deduce that existence of a unique u satisfying
(1.12). The bound on w in (1.13) follows immediately from (ii), since

Bllull® < B(u,u) = f(u) < || fll]lul]-
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In a theorem below (the Lax-Milgram Lemma) we will remove the re-
quirement that B is symmetric.

1.5 Poisson’s equation

We return to Poisson’s equation
—Au=f z€Q, ulaq = 0.

Multiply this equation by a C°° function ¢ that is zero on the boundary,
and integrate over ) to obtain

_ /Q () Au(z) do = /Q F@)p(a) da.

Now integrate the first term by parts' to obtain

/QVQD'VUdQ?:/QfQOdZL‘. (1.14)

We want to recast this in a form suitable to apply Corollary 1.6. To do
this we require an appropriate Hilbert space.

Let
B2(Q) = {f € () /Q F@)2 dz < oo};

we define the L?(Q) norm of f to be
1/2
191 = ([ 1 ac) (115

this is induced by the L?-inner product

(f.9)1s = /Q f(2)g() de. (1.16)

It is straightforward to check that (-,-)z2 is indeed an inner product (and

L This is the divergence theorem:

/ V- (pVu)dz = / pVu-ndsS;
Q a0
the right-hand side is zero since ¢ = 0 on 02, and the left-hand side is

/ Ve -Vudzr+ | pAudz.
Q Q
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hence that ||-|| ;2 is indeed a norm). The space L?(2) is in fact not complete
with respect to this norm (exercise: find a sequence in L?(Q) that is Cauchy
with respect to this norm but does not have a limit in L?(€)); its completion
is the Lebesgue space L?(Q) which we will study in some detail later.

We also let
A3(2) = {£ € C¥(@): flon =0, [ 1@ + [Vf(a)fdo < oo}
and define the H' norm of f to be given by

1F 117 = /Q [f@)P + [V f @) de = [IF1Z22 + IV FIIZ2

this can be induced by the inner product

((fv g))Hl = (f>g)L2 + Z(ajfﬁ ajg)LQ = (fvg)LQ + (vfa VQ)L2'

=1
Again, fI&(Q) is not in fact complete with respect to this norm; its comple-

tion is the Sobolev space Hg ().

We can now rewrite (1.14) as

(Vu,Vo)r2 = (f,9) 2.
We want to consider this as an equation in the Hilbert space HS to which

we can apply Corollary 1.6.

First we note that (f,)r2 maps H} C L? into R, and is clearly linear in
p; it is also a bounded mapping, since

(£ @)l < W Flleellellee < I Fllellelans

using the Cauchy-Schwarz inequality in L? and the definition of the H!
norm.

Now, if we define
B(u,v) = (Vu, Vv)2

for u,v € H}, then this is clearly a symmetric bilinear form. It is bounded
since

[B(u, 0)| = |(Vu, Vo) 2| <[Vl 2[[ Vol < lullgi ][] g,

again using the Cauchy-Schwarz inequality in L? and the definition of the
H' norm.
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However, the coercivity is more delicate. For this we require the following
Poincar’e inequality:
Lemma 1.7 (Poincaré’s inequality) Suppose that Q2 is bounded in one
direction, i.e. |v1| < d < co. Then for every f € H{}
£z < 2d[[V £ 12 (1.17)
(The result actually holds in H{ () with essentially the same proof, as we
will see; note that it follows from the proof that in fact we do not need

all the derivatives on the right-hand side, only the one derivative in the x;
direction.)

Proof The inequality is trivial if f = 0, so we assume that f = 0, and hence
that ||f|lz2 # 0. We integrate by parts in the z; variable:

2 . 2 _ i 2 2
152 = [ 1 1f@Pde == [ o1 1@P + [ aifuta)Pnds

where n; is the component of the outward normal in the z; direction. Using
the fact that v = 0 on OS2 the boundary term vanishes, and hence

112 = 2 [ w1(0) o f o)
<2 [ allf@l |5 1@
< 2d /Q F@IVF ()| do
<o [ rf<x>12dx)1/2 (f !Vf(:c)Ide>1/2

=2d||f|| 22|V f1|32,

where we have used the Cauchy-Schwarz inequality (in L?) and the fact that
|0f/0x1| < |V f]; (1.17) follows if we divide through by || f||z2. O

dx

Two norms || - ||; and || - ||2 on a space X are said to be equivalent if there
exist constants co > ¢1 > 0 such that

cillzlh < |zl < ez for all e X.

Corollary 1.8 If Q is bounded in one direction then the norms ||f|| g1 and
IV £llL2 are equivalent on HE(Q).
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Proof
IVAIZ2 < £ + IV FI52 < (4d® + 1)V ]2

lull2,,

We have therefore shown that B(u,u) is coercive on ﬁ&:

2 2
B(u,u) = ||Vul72 > WHUHHM

and hence all the requirements of Corollary 1.6 are satisfied, from which we
can deduce that there is a unique solution u € Hg(Q) of the problem

B(u,v) = f(v) forall ve€ H)
with [Jull g1 < ell 2.

There are some gaps/problems in this argument, mainly arising from the
fact that we haven’t defined any function spaces properly:

(i) We derived the equation
B(u, ) = (f,¢)

under the assumption that everything was smooth; in particular, that
© was a C* function zero on 0f).

(ii) The spaces L? and I:Ié are not complete, so not Hilbert spaces.

(iii) We would really like a classical (at least C?) solution of the problem,
but this method only gives us a u € H&.

1.6 ‘Variational formulation’

PDEs are closely related to certain problems in the ‘calculus of variations’
(i.e. minimisation/maximisation problems). Here we will show that the ab-
stract formulation of our PDE,

find w € H suchthat B(u,v)= f(v) forall veH, (1.18)
is the same as the following minimisation problem:
find we H suchthat J(u) <J(v) forall ve H, (1.19)
where J(u) = $B(u,u) — f(u).
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Theorem 1.9 Under the conditions on B and f imposed in Corollary 1.6
the two problems (1.18) and (1.19) are equivalent.

Proof First, suppose that we have a solution v € H of (1.18), and for an
arbitrary v € H write

J(v) = J(u+ (v - u))

= %B(u,u) — f(u) + B(u,v — u) —f(v—u)+%B(v—u,v—u)

= J(u) + [B(u,v —u) — f(v—u)] —f—%B(u—v,u — )

= 0 since u solves (1.18)
> J(u)
since B(u —v,u —v) > f]lu—v||?> > 0 using coercivity of B. So u minimises

J.
On the other hand, if v minimises J then for any v € H consider

1
J(u+tv) = 5B(u—i—tv,u%—tv) — f(u+tv)

= %B(u,u) — f(u) +t(B(u,v) — f(v)) + %tQB(v,v).

Since we must have J(u + tv) > J(u) for every ¢, it follows that
B(u,v) = f(v).
Since v € H was arbitrary this shows that u solves (1.18). O

Corollary 1.10 Under the conditions of Corollary 1.6, the minimisation
problem (1.19) has a unique solution v € H.

1.7 Non-symmetric B: the Lax—Milgram Lemma

We now prove the Lax—Milgram Lemma, a version of Corollary 1.6 valid
when B is not symmetric. In fact the argument is somewhat surprising in
the light of where we began, namely a linear PDE, which we could write as

Lu = f,

where L is some linear operator. By taking inner products we turned this
into an abstract problem involving a bilinear form B : H x H — R,

B(u,v) = f(v) for all veH.
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The main ‘trick’ in the proof of the Lax—Milgram Lemma is to turn this
problem back into a linear equation; properties of the bilinear form then
guarantee the existence of a solution of this linear equation.

Theorem 1.11 (Lax—Milgram Lemma) Suppose that B : H x H — R
s a bilinear form that is

(i) bounded, i.e. there exists an o > 0 such that
|B(u,v)| < allul|||v]] forall  w,veH

and
(ii) coercive, i.e. there exists a B > 0 such that

B(u,u) > Bl|ul? for all ue H.
Then for any f € H* there exists a unique uy € H such that
B(ug,v) = f(v) forall  veH. (1.20)
Furthermore

lugll < 87l (1.21)

in particular uy depends continuously on f, i.e.

lug = ugll < B7HIF = gl

Proof Once we have a solution it is clearly unique: if
B(u,v) = B(4,v) = f(v)

for every v € H then B(u — u,v) = 0 for every v € H (since B is bilinear)
and in particular for v = u — @, whence

Blu—al* < Blu—1,u—u) =0,

i.e. u = 4. The bound in (1.21) follows as before (set v = uy in (1.20)) and
the continuity result follows by considering

B(uy,v) — B(ug,v) = B(uy — ug,v) = (f — g,v)

and setting v = uy — uy. So only existence requires any work.
Fix u € H, and consider the map v — B(u,v). We claim that this defines
a bounded linear functional on H: it is clearly linear, since

B(u,avy + Bve) = aB(u,v1) + 8B(u, v2)
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be the linearity of B, and it is bounded since

Bl < [aful] ol

It follows from the Riesz Representation Theorem that there exists a w € H
such that

(w,v) = B(u,v) for all veH.
We define Au = w, i.e. by definition
(Au,v) = B(u,v),
and claim that this definition yields a bounded linear operator from H into
itself.
Indeed, for every v € H,
(A(aur + Bug),v) = Blauy + Buz,v)
= aB(u1,v) + B(u2,v)
= a(Au,v) + f(Aus,v)
= (aAuy + BAus,v).
Since this holds for every v € H, it follows' that
Alaus + Bug) = aAuy + Bug,
i.e. A is linear. To show that A is bounded, note that
[Au|l* = (Au, Au) = B(u, Au) < o|ul|| Aull,

so that ||Au|| < «af|lu|| and A is bounded.
Using the Riesz Representation Theorem in a standard way, we know that
there exists a ¢ € H such that

(p,v) = f(v)  forall wveH.
We can therefore rewrite our equation as
(Au,v) = (¢, v) for all v e H.

This implies that u satisfies (1.20) iff Au = ¢; we have regained a linear
equation from the formulation in terms of a bilinear form. We now have to
show that this equation has a solution.

LIf (u,v)

= (@, v) for every v € H, then (u—1a,v) = 0 for every v € H, in particular for v = u—1,
whence u =

U.
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Method 1: coercivity implies that A is invertible
Now, not only is A ‘bounded above’; the coercivity implies that it is also
bounded below:

Bllull* < Blu,u) = (Au,w) < [Aullllull = Bllul < [|Aul.

As a consequence A is one-to-one (if Au = Av then u = v since ||[u — v|| <
B71|Au — Av||) and onto. To show that A is onto, first note that

R(A)={Au: ue H}

is a closed linear subspace of H. It is clearly a linear subspace, and it is
closed since if v, € R(A) (so that v, = Au,, u, € H) and v,, — v, then

[un — uml| < ﬂil”Aun — Aup| = Bil”vn — V|

so that {uy} is Cauchy. Since H is complete, u,, — u € H, and since A is
bounded it is continuous: it follows that Au = v, i.e. v € R(A), so R(A) is
closed.

So now suppose that R(A) # H. It follows that there exists a non-zero
x € H with x € (R(A))*. Thus

2
Bllz||” < B(z,z) = (Az,z) = 0,
a contradiction. Since A is one-to-one and onto, it must have an inverse, i.e.
we can find a solution of Au = ¢ for any ¢ € H.

Method 2: contraction mapping argument
Clearly, for any o > 0,
Au=¢ & u=u—p(Au — ).
We use the contraction mapping theorem!, applied to the map
Tu =u— o(Au — ¢).
We have
|1Tu = To|? = [[(u = v) — 0A(u — v)||?
= [lu = o> = 20(A(u = v),u = v) + o*[| A(u - v)|?
= [lu —v[|* = 20B(u — v,u —v) + ¢*| A(u — v)|]?
< lu = of* = 208]ju — v||* + o*®|lu — v||?
= (1 =208+ 0°a®)|lu—v|?
I Let (X,d) be a complete metric space, and T : X — X a map such that d(Tx, Ty) < 0d(x,y)
for some # < 1. Then T has a unique fixed point, i.e. there exists a unique x € X such that
Tx = z; furthermore for any initial zg, the iterates Tkxo converge to the fixed point z. [To

prove this, show that {T*z} forms a Cauchy sequence, and use the completeness of X; the
limit is the fixed point.]
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where we have used the coercivity of u and the fact that A is bounded. It
follows that if we choose o sufficiently small, T" is a contraction. It therefore
has a unique fixed point, which provides our solution. O
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Function spaces

We now need to introduce various function spaces so that we can perform
our analysis rigorously.

2.1 Euclidean spaces

R™ consists of all n-tuples z = (x1,...,2,). We use the standard Euclidean

norm
1/2

n
2| = | Y fay?
j=1
and inner product

n
zoy=> zy;
j=1

R” is complete.

2.2 The sequence spaces /P

The sequence spaces P, 1 < p < oo consist of all sequences z = (21, z2,...)
for which the ¢ norm

1/p
[oe)

lzller := | Dl

j=1

18



2.2 The sequence spaces ¢P 19

is finite. In ¢2 the norm can be derived from the inner product
(o ¢]
(z,9) = > zy;.
j=1

The space ¢*° consists of all bounded sequences, with norm

||| goe = sup |z;5; (2.1)
J

this space is slightly ‘odd’ (as, in some ways, is £!). Some work is required
to show that these are norms.

We say that two indices 1 < p, ¢ < oo are conjugate if

1 1
S =1 (2.2)
p q

The following simple inequality is fundamental.

Lemma 2.1 (Young’s inequality) Let a,b > 0 and let (p,q) be conjugate
indices with 1 < p,q < oo. Then

p q
ab < C;—FI;. (2.3)

Proof The function e® is convex', i.e. e} T1=MY < \e® 4 (1 — X)e¥, and so

1 1
ab = exp(log a + log b) = exp < log a? + - log bq>
p q
< lelog(ap) + lelog(bq) _ + i
p q p q

O

Lemma 2.2 (Holder’s inequality in (P spaces) Let x € (P and x € (4
with p,q conjugate, 1 < p,q < oo. Then if z = (zv1y1, T2y, .. .), z € L1 with

o
Izl = lzjys] < llzllerlyllea- (2.4)
j=1

L A twice differentiable function on an interval (a,b) is convex on (a,b) iff its second derivative
is non-negative, see examples.
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Proof For 1 < p < oo, consider

2]yl =L aP 1yl
z <3 L e <.

1zller lyllea = <= llzllze  q llyllea

So for each n € N

n

> lziyil < llzlleollylles

J=1

and (2.4) follows. Forp=1, ¢ = 00

7j=1

n
Z!%%Kmaxwg DIzl | < lizleliyles.
j=1

O

Lemma 2.3 (Minkowski’s inequality in ¥ spaces) If z,y € (¥ then

z+y el and
lz 4+ yller < zlleo + [lyller-

Proof The cases p = 1,00 are easy. For 1 < p < oo let ¢ be the conjugate
exponent to p, and note that (p—1)g = p. Since |z;+y;|P < 2P(|z;|P + |y;|?)

clearly x +y € (P; now use Holder’s inequality to write

n n n
Sl il < gyl sl )l + P )

j=1 j=1 j=1
~ 1/q " 1/p
<Dy gyl > Lyl
j=1 j=1
n 1/q
< Dlei+yl | lzle + lylle),

and so
n 1—-(1/9)

> a4yl < Nler + |1ylles,
j=1

from whence the triangle inequality in #P follows.

n
>yl
j=1

1/p
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Proposition 2.4 For each 1 < p < 0o, the sequence space (P (equipped with
its standard norm) is complete.

For a proof see Problems 2.

Thus every /? is a Banach space, and ¢? is a Hilbert space. Every (infinite-
dimensional) separable Hilbert space is isometrically isomorphic to 2.

Since the norm on /2 is the natural generalisation of the norm on R”",
and since it is complete, it is tempting to think that ¢? will behave just like
R™. However, it does not have the ‘Bolzano-Weierstrass property’ (bounded
sequences have a convergent subsequence) as we can see easily by considering
the sequence {gj};‘il, where ¢; consists entirely of zeros apart from a 1 in
the jth position. Then clearly |||,z =1 for all j; but if i # j then

le; — %’H% =2,

i.e. any two elements of the sequence are always /2 away from each other.
It follows that no subsequence of the {gj} can form a Cauchy sequence, and
so there cannot be a convergent subsequence.

This is really the first time we have seen a significant difference between R"
and the abstract normed vector spaces that we have been considering. The
failure of the Bolzano-Weierstrass property is in fact a defining characteristic
of infinite-dimensional spaces.

2.3 Density and separability

A set A is dense in a normed space (X, || - ||) if every € X can be approx-
imated arbitrarily closely by an element of A: given x € X and € > 0 there
exists an a € A such that

|z —al <e.

When X is complete, this is equivalent to requiring that X = A, the closure
of A (wrt the norm || - |]).

If a space has a countable dense subset, it is called separable.

R™ and /P, 1 < p < oo are separable; however, {*° is not separable.

Proposition 2.5 ;1 < p < 00, is separable.
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Proof Let Q7 be the collection of sequence that have only a finite number of
non-zero terms, each of which is an element of Q. Then Q7 is countable (it
is a countable union of countable sets, i.e. those with < n non-zero terms),
and dense in /P: given z € /P and € > 0, choose N such that

(o)

x;P < el/2,
J

j=N+1

and then choose y € Q7 such that y; = 0 for j > N+1 and |y; —z;| < €’/2N
for j < N. It follows that ||z — ylw <e. O

Proposition 2.6 (> is not separable.

Proof Suppose that A is dense in £°°. Note that the uncountable set L =
{0,1}*° is a subset of ¢>°. Choose € < 1/2; then we claim that for every
element of L there exists a distinct element of A; indeed, if z,y € L with
z # y then there exists an index j such that z; # y;; wlog z; = 1 and
y; = 0. It follows that if a,b € A with

lla — || < € and and b —ylle= <€
then a; > 1/2 and b; < 1/2, i.e. aj # b; and hence a # b. It follows that A
is uncountable, and hence ¢*° cannot be separable. O
The subspace ¢y of £°°, consists of all sequences that converge to zero,
co={z: z; - 0}

equipped with the £°° norm is still complete, and is separable.

2.4 Spaces of continuous and differentiable functions
Let © be an open subset of R™ (which could be R" itself). We will be

interested in a variety of spaces of continuous functions (and functions with
continuous derivatives). Note that not all of these spaces are complete.

2.4.1 Spaces of continuous functions

The space C%(Q) consists of all (real-valued) continuous functions on Q.
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The space C°(Q) consists of all real-valued continuous functions on Q, the
closure of 2.

Theorem 2.7 The space C°()) is complete when equipped with the supre-
mum norm,

[fllco = sup | f(z)| = sup | f(z)]

e z€S
Proof Let {f,} be a Cauchy sequence wrt the sup norm. Then given € > 0,
there exists an N such that

sup | fn(x) — fm ()| < € for all n,m > N.
z€Q

It follows that for each = € (,
[fr(x) — fi(2)| < € for all n,m > N, (2.5)

i.e. {fn(z)} is a Cauchy sequence (but note that N does not depend on z).
Define a function f: Q — R by

Then f is in fact the uniform limit on the fx; letting m — oo in (2.5) shows
that for each fixed z € Q,

|fu(z) — f(2)] <€ for all n> N,
where again N does not depend on x, whence

sup | fn(x) — f(z)| <€ for all n > N.
z€Q

It is then standard that f (the uniform limit of continuous functions) is
continuous itself. O

The space C%(Q) is not complete with the sup norm.

Using the Weierstrass Approximation Theorem (polynomials are dense in
the space of continuous functions on a compact set, see Problems sheet), it
follows immediately that:

Theorem 2.8 The space C°(S)) is separable.



24 2 Function spaces
2.4.2 Multi-index notation and spaces of differentiable functions

A n-dimensional multi-index is an n-tuple a = (ayq, ..., ay,) of integers. We
write

lal = a1 +az + - 4 an.
If x € R" is a vector; or @ = (01,02, ,0y,) is a vector of operators (we

abbreviate 0/0x; to 0;) then

Hlal

o (&3] [0 77% o Q] An

=z 0% =0 00" = .
! " ! " ozt - dxpn

For example, in R2,

Zaaf:ﬂm &1

2 27

and Leibniz’s rule becomes

0*(fg)=">_ < g >(9“_ﬁf 0",

BLa
where
Q@ a!
( 8 ) " a-
al=o!apl,and f<aif B <a;foralli=1,...,n.

The space C*() consists of all real-valued functions
{f: Q= R[0°f € CQ), |o] <k},
i.e. all derivatives up to order k exist and are continuous on £2.

With a similar definition for C*¥(€2), it is relatively straightforward to show
that C*(Q) is complete wrt the C* norm

fler = D 110 Flloo-
|| <k
2.4.3 ‘Test functions’

Extremely useful are functions that are infinitely differentiable and have
compact support. The support of a function f : @ — R is the smallest
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closed set containing

{xeQ: f(x)#0}.

We write C®(Q) = Ng>0C*(Q) [and similarly for Q]. Then space C°(1)
of ‘test functions in Q (beware, this is not a terminology that is used in any
way consistently) consists of all C*® functions with compact support in 2 —
since ) is open, the support of f will be bounded away from 02 (and this
is often extremely helpful).

One could make similar definitions with less differentiability, e.g. C%(Q),
continuous functions with compact support in £2. This space is not complete
with the sup norm.

2.4.4 Mollification

We now introduce the important idea of mollification. Essentially this is
a way of obtaining a very smooth function from a less smooth function by
averaging. We choose a non-negative function p € C2°(R"™) whose support
is contained in B(0,1) = {z : |z| < 1} and which integrates to one, for
example

p(‘r):{ cexp (W%l)a ‘.T| Slvoa |(L”21, }7

where ¢ is chosen such that
/ p(z)dr = 1.

We write pp(z) = h™"p(x/h) (the support of pj, is contained in a ball about
the origin of radius h, and it still integrates to 1), and define the mollification
of f, fn, as the convolution of pp with f,

fule) = ns i) =17 [ o (50 fw)

[If we start with a function u € C%(Q), say, then we simply extend u by zero
outside §2; equivalently, we restrict the range of integration to €2.]

Proposition 2.9 (Mollification of functions in C%(Q).) Let f € C(Q).
Then fr, € C(R) if h < dist(suppu,dQ), and fr, — f uniformly in Q as
h — 0.
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Proof If h < dist(supp f, 9Q) then (i) we can differentiate under the integral
sign with respect to x to show that f;, is in C°°, and (ii) the support of f,
must be contained within an A-neighbourhood of the support of f, and hence
within a compact subset of 2.

To show convergence note that

)= 1) =1 [ o (552 ) - sl
since [ pp = 1. Then clearly
[fu(z) = f(@)] < sup [f(y) — f(2)].

ly—z|<h

Since the support of f is compact, f is uniformly continuous on €2; given an
€ > 0 there exists a § > 0 such that |z —y| < § implies that |f(x) — f(y)| <€,
and hence for h < ¢, |fn(x) — f(x)| < €, uniformly over Q. O

2.5 The Lebesgue integral on R
Here is a very cursory outline of the construction of the Lebesgue integral

on R. For more details see Priestley’s book Introduction to Integration or
my Functional Analysis I notes.

A subset U of R has zero measure if for every e > 0 there exists a collection
of intervals (a;, bj) such that

U C U (aj, bj)
j=1
and

oo
Z b —aj| <e.
j=1

The class L5*P(R) of step functions consists of all those functions s(x) that
are non-negative and piecewise constant on a finite number of intervals, i.e.

s(z) = Z cix[](x),
j=1

where ¢; > 0, each I; is an interval, and x[A] denotes the characteristic
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function of A,
1 reA
dam={ g 15

We define the integral of s(x) by

n
o= el
j=1

where |(a;,b;)| = (bj — a;). It is tedious but elementary to check that this
gives a well-defined integral on L5*P(R).

Now, if {s,,} is a monotonically increasing sequence of functions in L5*P(R),
i.e. spt1(x) > sp(z) for each x € R then the sequence

[

is also monotonically increasing. So provided that these integrals are bounded
above,

lim Sn
n—o0

must exist. A key point — whose proof is fairly technical — is that under
these conditions, the functions s, converge almost everywhere, i.e. except
on a set of measure zero, to a function f.

Denote the set of all functions that can be produced in this way (the
almost everywhere limit of an increasing sequence of step functions whose
integrals are uniformly bounded above) by L"¢(R); for every f € L"°(R),
with f(x) = lim,, e sn(z) almost everywhere, we define

/ f=lim [ sp,.

n—oo
Again, one has to show that this definition is unambiguous (and this is not
straightforward).

Finally, we let L'(R) be the collection of all functions f = g — h, where
g,h € L'"(R), and for such an f define

1o

We have to check that this is well-defined (this time it’s easy), and can then
show that this integral — the Lebesgue intergal — has the following desirable
properties.
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(L) (Linearity) If fi, fo € L(R) and A € R then f; + Afz € L*(R) and

/f1+)\f2=/f1+/\/f2~

(P) (Positivity) If f € L'(R) and f > 0 almost everywhere then [ f > 0.
(M) (Modulus property) If f € L*(R) then® |f| € L'(R) and

‘/f‘gflf!-

(T) (Translation invariance) If f € L'(R) and fy(x) = f(x + d) then f; €
L'(R) and [, f = [ fa-

Theorem 2.10 (Monotone Convergence Theorem) If f,, € L*(R) with

0< fi(z) < folz) < --- for a.e. relR

JEE

for some M > 0 then there exists an f € L*(R) such that f,(x) converges
to f(x) almost everywhere and

Jr=tm [

Suppose that f > 0 and [ f = 0. Consider f,(z) = nf(x); then fr41 >
fn,and [ f, =n [ f =0, so by the MCT f,(z) — g(x) almost everywhere,
with g(z) € L'. Since g(z) = +o0o where f # 0, and g is defined almost
everywhere (since it is in L'), it follows that f = 0 almost everywhere.
This shows that if [|f| = 0 then one can only deduce that f = 0 almost
everywhere.

and

Theorem 2.11 ((Lebesgue’s) Dominated Convergence theorem) If
fn € LY(R) converge pointwise almost everywhere to f, and there is a func-
tion g € LY(R) such that |f,(z)| < g(z) for every n and almost every x € R,
then f € LY(R) and

1 This does imply that there are some functions whose ‘integral’ exists in some sense, e.g.
J7° L sina da, which are not in L(R).
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We say that f € L'(a,b) if f|qp = fx[(a,b)] € L'(R).

Note that any integrable function f € L'(R) is given as f = g — h where
g,h € L"(R). We have g = lim, .o gn and h = lim, .o, where {g,}
and {h,,} are monotonic sequences of functions in L5*°P| converging almost
everywhere. This implies, trivially, that f is the limit almost everywhere of
the (not necessarily monotonic) sequence of step functions f, — g,. Such
a function (the almost everywhere limit of a sequence of step functions) is
called measurable.

2.6 The Lebesgue spaces LP

The Lebesgue space LP(£2) consists of all those functions that are measurable
and whose pth power is Lebesgue integrable;

LP(Q) = {f : f is measurable and / lfIP < oo},
Q

and is a Banach space when equipped with the LP norm

\UMPI(KﬂﬂgUE (2.6

We now show (i) that this is a norm and (ii) that L is complete wrt this
norm.

The space L>°(2) consists of all measurable functions on 2 such that
[fllzee = ess sup,eq|f(2)] < o003
where the essential supremum is

inf{M : |f(z)| < M for all x € Q\ E, where E has measure zero}.

Lemma 2.12 (Holder’s inequality) Let 1 < p,q < oo be conjugate in-
dices. Suppose that f € LP and g € L. Then fg € L' and

Ifgllzr < [ Fllzellgllza- (2.7)

Proof For 1 < p,q < oo,

@) lg@)| _ 1 [F@P 1 [lg@l _1 1
e olze =2 178 Tad ol =2 q
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For p =1, ¢ = oo the inequality is clear:

/If(fﬂ)llg(x)l < IIgIILoo/If(w)I =[£Iz llgllzee-
0

One can generalise Holder’s inequality to treat the product of three or
more functions. The three-term version is sometimes useful: if f € LP,
g€ L9 and h € L" with p~' + ¢ ' +77! =1, then fgh € L' with

[ 1761 < 111l ]
For a proof see the examples sheet.

The LP interpolation inequality is also useful: take p < r < g with

1_a,1-a

r . p q

then if f € LP and f € L9,
e < WIS I

Again, the proof is a simple application of Holder’s inequality (see examples).
Lemma 2.13 (Minkowski’s inequality) For 1 < p < oo, f € L? and
g€ L? then f 4+ g€ LP and

1f +gllze < Ifllze + lgllzr-
Proof First note that |f(x)+g(z)P < 2P(|f(x)|P+|g(x)[P), since f+g € LP.

Also, if (p,q) are conjugate then (p — 1)g = p; so we can apply Hoélder’s
inequality to obtain

I + gl =/|f+9!p S/!f!\f+glp1+/lg|!f+glpl

<A lleollf + g5 + gl llf + gl
< (11w + llgllzo) I1F + gl

dividing both sides by || f + 9||%q yields the result, since

1
q q
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We now show that LP is complete.

Theorem 2.14 LP(R) is complete.

Proof Suppose that {f,} is a Cauchy sequence in LP. Choose n; < ng < ---
such that

an_fm”LP <27k for n7m2nk;
then the subsequence f;,; satisfies
anj+1 - fnjHLP < 27j-

It follows that

k k k
Z|fnj+1_fnj‘ SZ||f"j+1 _fnj”LP §Z27j S 1.
7j=1 Lr j=1 7j=1

If we define

k
Z fn3+1 fnj( )|

then it follows from the Monotone Convergence Theorem that vy, — v almost
everywhere for some v € LP; in particular the series

wa — fuy ()

converges absolutely almost everywhere. Since the partial sums of this series
are just fn,,, (¥)— fn, (7), it follows that f,,, (z) converges almost everywhere;
at these points we set

f(z) = lim fp, (z)

J—00

and define f however we like elsewhere. All that remains is to show that
f € LP(R) and that ||f, — f||lzr — 0.
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Now consider
P

k
f = Faa P = |(F = Fun) =D (Fayir = fny)
7j=1

o p
= Z (fnj+1 - fnJ)
j=k+1
0 p
g Z |fnj+1 - fn]|
Jj=k+1
< vl

where v € LP. Tt follows that f — f,, , € L? and hence, since fp,_ , € LP,
that f € LP.
Finally, note that we can use the dominated convergence theorem to ob-

tain
k
1f = ol = |[f = fur = D> (Fujer = fny)
j=1 Lr
= Z (fnj-t,-l - fnj)
j=k+1 o
< Z anj+1 - f'ﬂjHLP
j=k+1
< 2—(/?—1)’

so that f € LP (since f = (f — fn,.,) + fn,,, and both the terms on the
right-hand side are in LP) and f,, — f in LP. We have already seen (in the
first problems sheet) that if a subsequence of a Cauchy sequence converges
then the entire sequence converges, and the proof is complete. O

The following useful corollary is contained in the proof.

Corollary 2.15 Suppose that f, — f in LP. Then there is a subsequence
{fn;} such that f,,, — f almost everywhere.

The following observation, which follows from the definition of L', is fun-
damental.
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Lemma 2.16 The space C2(S2) is dense in LP(Q) for 1 < p < oo.

Proof (Sketch) Given f € LP(Q2) and € > 0 find a compact subset K of §
such that

If = Fxsllir < €/2.

The problem reduces to approximating fxx € LP(K). Write fxx = f1— fo
with f1, fo € L'"°(K). The problem reduces to approximating f; to within
€/4.

If f € L' then it is the limit of an increasing sequence s, of step func-
tions. Since s, (x) < f(x) it follows that s, € LP, and since (u(z)—s,(z))? <
u(z)P it follows that s, — w in LP using the DCT.

Any step functions can be approximated arbitrarily closely in the LP norm
by continuous functions, which completes the proof. O

By mollification we immediately obtain:
Corollary 2.17 The space C°(Q2) is dense in LP(Q2) for 1 <p < co.

Proof (Sketch) The uniform norm on any compact set K dominates the LP
norm on K:

/ F@)Pdz < |K|[fIZ.
K

So approximate f to within €/2 by a function g € C2(Q); then mollify. [

Furthermore it follows from the separability of C°(Q) that the ‘nice’ LP
spaces are separable:

Theorem 2.18 LP(Q) is separable for 1 < p < oo.
Proof (Sketch) Write
o0
o={Jq,
j=1

where
Qj ={zeQ: dist(z,002) > 1/j and |z| < j}.

Use the facts that (i) C°(Q;) is separable for each 7, (ii) the sup norm on Q;
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dominates the LP(2;) norm, and (iii) a countable union of countable sets is
still countable. O

2.7 Locally integrable functions

We say that a function f is locally in LP in Q, or f € L{, (Q), if f € LP(K)
for every compact subset K of Q. We say that f,, — f ‘locally in LP(Q) if
fn — fin LP(K) for every compact subset K of Q [usually 2 = R” for such

local spaces].

Recall that the mollification fj of f is given by

_ _ _ .—"n r—y
o) =ons i) = [ e =nian=n [ () fwan

h
(2.8)

n

Lemma 2.19 (Mollification of functions in L ) If f € L? (), 1 <

loc loc

p < oo, then fr € LT (Q) and fr, — f in LI (). Furthermore, f; €

loc

C>®(Q), and if f has compact support in Q and h < dist(supp f, Q) then
fn € CX(Q).

Why can this result not hold for p = co0?

Proof First we show that if K is a compact subset of €2, then there is another
compact subset K’ of  such that

[ fnllzecrey < N flle -

Take h < 3 dist(K,99), and then change variables in (2.8) with z = z — y
to give
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Since [ pp = 1, using Holder’s inequality

P
()P = ( /| S =2) dz)

|z|<h
So
/|fh !pdx<//||<h 2)|f(z - 2)]Pdzdz
= /| ) JAICEEIREE
] (v
- [ I

where

K={y=z+z2: z€K, |2|<h}.

To complete the proof we use the density of C2(£2) in LP(£), and mollifi-
cation of functions in C%(Q): given e > 0, choose ¢ € C?(f2) such that

1f = dllro) < €/3.

Choose h small enough that ||¢ — ¢ullr(x7) < €/3 (the sup norm on K’
dominates the LP(K’) norm); then

1f = fuller iy < N = Blloery + 10 — Sullr(iy + 160 — fulloe ()
<2¢/3+|¢ — fllLe(xry < e
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2.8 Sobolev spaces
2.8.1 Weak derivatives

Suppose that f is differentiable on €. Then for any test function ¢ € C2°(£2),
one can integrate by parts to obtain

—¢d / [ (2.9)

using the fact that ¢ has compact support in £ (so the boundary term
vanishes). Repeating this process || times yields

Lernsds=-vel [ fooda

for any multi-index a.

Now, while the left-hand side of (2.9) makes sense only if 0f/0x; exists,
the right-hand side makes sense for any f € L, since we always have 9;¢ €
L*>. For a function f € LL (), we say that g is the weak derivative of f
with respect to z;, and write 9;f = g, if g € L{ (Q) and

/Qggbda::—/gfajgbda:

for every ¢ € C2°(Q2). Similarly, f has weak derivative 0% f = g if

/di)dx:(—l)o"/ﬂfaagbda:.

The following lemma is fundamental.
Lemma 2.20 When they exist, weak derivatives are unique.

Proof 1t suffices to show that if g € L] _(Q) and

/ngsdx:o

for every ¢ € C2°(Q2) then g = 0 almost everywhere.
Fix ' cC Q and € > 0; then g € L'(Q’)) and we can approximate g in
L' (€Y) by a smooth function § € C%°(Y') with
lg — gl <e€/3.
Write ¢ = sgn(g); then || < 1, and so ¢ € L'(Q'); since § has compact
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support in €', so does 1. Approximate 1) by its mollification v, with h
chosen small enough that supp(¢,) C ' and

19 = ¥nll <
" 319l Hoo

Note that
e r—\/ph _ ) dy‘ [ot-ole@lay < [ oi-ray=1

Then — noting that the support of 1y, is a subset of ', and that gy = |g],

02/99%2//9%

=/gw 36 — ¥n) + (g — 3

/\g\ /Igllw Un| — /!9 |1l

= lgllzr = gllsc /¥ — ¥nllzr — llg — Gl
- € €
> gl = llg = gl — 5

3 3
and so for any € > 0,
gl iy < e

ie. [lgllLiy = 0, g = 0 almost everywhere in Q'; since Q' CC Q was
arbitrary, this shows that g = 0 almost everywhere in 2. O

As an example, consider first the function

x, O<ax<1
f1(:c){1 l<z<2.

Then for any ¢ € C2°(0,2)

- /02 fi(@)¢d' (z) do = — /01 x¢/(z) dw — /12 ¢ (z)

1
1 JR—
+ /0 o(z) dz — 6(2) + $(1)

:/01 é(z) dz

since ¢(2) =0 (as ¢ € C2°(0,2)). So fi has weak derivative

o(@) = 1, O<x<1
10 1<z<2.
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However, if we perform the same calculation starting with the function

x, O0<ax <1
fQ(x)_{z l<z<?2

we end up with

2 1 2
| p@s@ar=- [awae—2 [ s
1
——led()lh + | ola)do — 20(2) + 20(1)
0

1
:A¢mm+wm

There is no v € L{ (0,2) such that

loc

2
| v@ta) az = o)
Indeed, choose a sequence of ¢, € C°(0,2) such that 0 < ¢,(x) < 1,
on(1) =1, and ¢,(x) — 0 for all © # 1. Then, using the DCT,
2

1= lim ¢,(1) = lim v(x)pn(x)de =0

n—oo n—oQ 0

(to use the DCT: v(z)¢n(z) — 0 almost everywhere, |v(z)pn(z)| < |v(x)|,
and v € Li (0,2)).

loc

2.8.2 Sobolev spaces

Definition 2.21 The Sobolev space W*P(Q) is defined as
WHP(Q) = {f: 0°f € LP(Q), 0 < |a| <k},

with norm
1/p

I f e = | D 10°FI5s
0<]a|<k

Lemma 2.22 W5P(Q) is a Banach space, and separable if 1 < p < co.

Proof If {f,} is a Cauchy sequence in W*P?(Q) then {0%f,} is Cauchy in
LP(Q) for every multi-index a with 0 < |a| < k. So for each such «, there
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exists an f, € LP such that 0%f — f, in LP. It remains to show that

8af0 = fa‘
To do this, take ¢ € C°(2); then

[ too =t [(@p)0 == tim [ 070 =~ [ f@°0)
- [

ie. fo = 0°f, and f € WFP(Q). [To justify swapping the sum and the
integral, note that if f,, — f in LP and g € L9 then

‘/fng /fg‘ - ‘/(fn f>g] < lfn— Flluslalzs,

Le. [ fng— [ fg.]
For separability, see the problems sheet. O

We write H¥(Q)) = WH"2(Q). This is a Hilbert space with the inner
product
(f 9 = Y, (0%f,0%)r2.

0<a|<k

This inner product gives rise to the H¥-norm defined by

IFIe = > 10°FI17:

0<|or|<k

(as above).

2.8.3 Completions

Given any normed space (X, ||-||), there is an abstract method of constructing
its ‘completion’ (X, || - |lx) — essentially, the ‘smallest’ complete normed space
that contains (X, || - ||) (or, in fact, an isometrically isomorphic copy) as a
subset. One would like to ‘add limits of Cauchy sequences to X’, but if we
only have X we don’t have these limits (unless they're already in X). So
instead, elements of X consist of equivalence classes of Cauchy sequences in
X (where X ~ Y if lim,, o0 || X, — Y3 || = 0). With some care — much of the
work is in coping with the notation — you can show that the resulting space
is complete, and that there’s a copy of X (consisting of (equivalence classes
of) the constant sequences with X; = x for every j) inside X.
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However, the situation is much more straightforward when we already
have a space (X, || -||), and we want to find the completion of a subspace in
X. Suppose that Y is a subspace of X; then the completion of YV in X is
simply the closure of Y in X, i.e.

Y={ze€X: z= lim y,, for some y, € Y}.
n—oo

In this case we really can ‘add the limit of any Cauchy sequence’, since if
{yn} is Cauchy we know that the limit exists and lies in X. It is simple to
show that (Y,|| - ||) is complete.

Note that if Y is dense in X, then the completion of Y in X is all of X,
by definition; we have already seen, for example, that C2°(2) is dense in
L?(9), and so the completion of C°(Q2) in L?(Q) is L3(9).

However, C°(Q2) is not dense in H¥(Q) if & > 1. Suppose that f is a
smooth non-zero solution of

Z (_1)\a|620¢f -0

| <k

on €; in particular f € H*. [Solve the equation using separation of variables
on a parallelepiped containing 2, then restrict this to €2.]

Since f # 0, |[f[|5x # 0. Now suppose that there is a sequence ¢; €
C>(9) such that ¢; — f in H*. Then

(F, Fas = Jim (f,5)
= lim > (9°f,0%¢;)r2

J—00
k| <er

= lim Y (-1, ¢;)12

— 00
77 kl<a

_ _lelg2ar 4
—}EEO D> (—p)lloPe ¢
|k|§a L2

:07

a contradiction. [Note: since (f, )+ defines a bounded linear functional on
H*. this shows that there are non-zero bounded linear functionals on HF,
that nevertheless vanish on all test functions.]

The completion of C2°(Q2) in H ¥ is very useful, and we denote this space
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by HE(£). Heuristically, this space consists of functions in H¥ with 9%f = 0
on 0N for |af <k —1.

In light of this the following version of the Poincaré inequality is perhaps
unsurprising.
Lemma 2.23 Suppose that 2 is bounded in one direction in o strip of width

d. Then for every f € H}(),

1fllze < dlIV fllze- (2.10)

Proof We have already seen that if f € C2°(Q2) then the inequality holds.
Now take f € HE(Q), and write f = lim, 00 fi, With fx € C2°(Q) and the
limit taken in the H! norm. This means in particular, that fi, — f in L?
and 9 fr, — 0;f in L?; so

||f”L2 = klim ||anL2
—00
and

VAR =D 10511172 = Jim > 110 fallfz = IV full 2,
j=1

J=1

whence (2.10). O

The space H~*(0) is the dual space of HE () [i.e. the space of all bounded
linear functionals on HE(Q)]. (We do not want to have non-zero elements
of the dual that vanish on all test functions, as we did above.)

2.8.4 Density results for H*(Q)

However, C* (1) is dense in H*, which will follow from the following pleasing
result — mollification and derivatives commute.

Lemma 2.24 Suppose that f € LL () and that the weak derivative 8* f
exists. Then provided that h < dist(z, 02),

O fn(x) = (0% f)n(x).
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Proof Using the definition of fj and differentiating under the integral sign,
we have, integrating by parts

0% fu(z) = /Q % on(z — v)F(y) dy
— (~ 1)l /Q O on(z — ) f(y) dy

- / o — 1)0° F(y) dy
Q

= (0“f)n.
O

We define the space HF

loc
for every Q' CC Q, and f,, — f in HE_
O cca.

(Q) in the obvious way: f € HF (Q)if f € H¥(SY)
(Q) if f,, — f in H*(Q') for every

Corollary 2.25 If f € HE () then fr, € C®(Q) N HE (Q) and fn, — f in
HIIZC<Q)'

Given this, we require one other technical device, and the proof that
C>(9) is dense in H*(Q) is then ‘easy’. This device is known as a ‘partition
of unity’.

Theorem 2.26 Let  be an open subset of R", and {U;} a countable collec-
tion of bounded open subsets of R™ that cover (2, with the additional property
that every compact subset of ) intersects only finitely many of the {U;} (the
cover is ‘locally finite’). Then there exists a partition of unity subordinate
to the covering {U;}, that is a set of functions {1;} € C:°(R™) such that

(i) 0 <y <1,
(i1) suppy; C Uj, and
(i) 3 52, ¥j =1 on a neighbourhood of Q.
For a proof see Theorem 5.14 in [JCR].
Theorem 2.27 C®(Q) N H*(Q) is dense in H*(S).

Proof Set
Q ={zxecQ: dist(z,00) >1/j and |z]| <j}
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Then € CC ;11 and Q = U32,Q;. Let {¢;} be a partition of unity
subordinate to the covering Q41 \ ;.
Fix f € H*(Q) and € > 0. For each j choose

hj < diSt(Qj, an+1)
such that
||(¢ju)hj - wjuHH’f(Q) < 27j6.

By the choice of h; and v, only a finite number of the functions (1ju)p;
are non-zero on any compact subdomain of €2; it follows that the function

o0

u = (¢Uu)hj

<
Il
—

is in C*°(Q2). Furthermore
o e}
lu —allgry =D 1| Dy | u—al
=1 \j=1
<Y Nl @hju)n, — wjul
j=1

o0
< Z 27 Ve =e.
j=1

Note that there are minimal assumptions here on €.

We can use this result to prove the following ‘approximation up to the
boundary’ in a half space.

Theorem 2.28 The space C®(R7T) is dense in H*(R™).

We denote by 73, f the ‘shifted function’ 7, f(z) = f(2/, z, + h) (note that
this shifts the values of the functions ‘downwards’).

Proof Take f € HF(R"). Then we know that there exist f, € C°°(R%)
such that f, — f in H*(R"). Now consider the shifted functions

M) = a2 ),
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where 2’ = (21,...,2n-1). Clearly 7y, f, is defined for all ,, > 1/n, and
ao6(7—1/nfn) = 7-l/naafw

Denote by f, the restriction of 71 /nfn to R7. Then fn € H*R?)NC=(RY),
and for any o with 0 < || < k,

0%(f — fn)HLQ(Rg) < [0%(f — fn)”L%Ri) + [|0%(fn — JFn)HB(Ri)-

The first term tends to zero by our choice of f,; the second tends to zero
since for any g € L*(R"),

||7'h9—9\|L2(R1) — 0 as h — 0.

(You can prove this using step functions, see examples.) O

2.8.5 Extension theorems

First, extending functions in H* (R%), where
RY ={z € R": z, > 0}.

We show that if u € H¥(R") then the is a linear operator Ej : H*(R") —
HF(R™) such that

| Ex[u]ll e rny < crllullgegn)-

We then use a change of coordinates to treat sufficiently smooth bounded
domains.

Theorem 2.29 Let k > 0 be an integer. Then there exists a bounded linear
mapping Ey, : H*¥(R?) — H*(R™) such that

Elfllen =f  forall  feH'RY)

and

1B N ey < crllfluigy)y  foradl G =1,....k.

Proof First we consider how to extend functions in H*(R%) N C*(R"), and
: k
then we use a density argument to treat any f € H"(R").
To make f continuous across x,, = 0 we could simply define

f@ zn) = f(@', —xn) for all xn > 0,
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i.e. ‘reflect’ in x,, = 0. But this would cause problems with the first deriva-
tive; to get round these we could try

f(-f’, l‘n) = 3f($/’ —J)n) - Qf(l'/, —2.Z'n),

which now matches by f and f’ across z,, = 0. To match derivatives up to
order k, try a combination of the form

k+1

f(ﬂ?/, xn) = Z ijf(l‘/, —jl‘n)
=1
For the first k derivatives to agree requires
S (—jYaj=1 forall i=0,....k

This equation for {a;} always has a solution: to see this, consider the matrix
equation

Ja=1,

where J is the k+1 x k+ 1 matrix with J;; = (—5)""!. Now, J is invertible:
if not there must be some non-zero d such that Jd = 0. But this implies
that the degree k£ polynomial

k
Z diy12"
=0

has k + 1 roots, —1,...,—(k+1).
That’s it. O

Let U and V be open subsets of R”. A function ® : U — V is a Ck-
diffeomorphism if

(i) ® and @1, and their derivatives of order up to k, are bounded and
continuous on U and V respectively, and

(ii) there are positive constants k1 and k2 such that
k?l S ’detV‘I’(l‘)’ S k?g

forall z € U.
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Suppose that we have a function f : U — R. If we change coordinates we
produce a new function f*:V — R, given by

) = f(@ ')

This is the ‘pullback of f under @1, (d~1)*f = f o ®~!. Note that 1
acts on points in V; (®~1)* acts on functions defined on U. Similarly, a
function defined on V' gives rise to a function defined on U via the pullback
operator ®*,

(@%g)(x) = g(®())-

The following lemma — whose proof we omit — shows that if f € H*(U)
then (®~1)*f € H*(V), and similarly if g € H*(V) then ®*g € H*(U).

Lemma 2.30 If & : U — V is a C*-diffeomorphism then (®~1)* and ®*
are bounded linear maps from H*(U) to H*(V), and vice versa, i.e. for
f e HU) and g € HY(V),

H(‘I’_l)*fHHk(V) < CHf”Hk(U) and H‘I’*gHHk(U) < CHQHH’C(V)'
Now we suppose that  is a C* domain: this means that at each point

zo € OS) there exists an € > 0 and a C* diffeomorphism ® of B(z,¢) onto
a subset B of R" such that

(i) ®(z) =0,
(ii) ®(B(xg,e) N2) C RY, and
(iii) ®(B(zo,€) NON) C IR

Theorem 2.31 If Q is a bounded C* domain, then for each open set *
with Q CC Q* there exists a bounded linear extension operator E such that
if f € HH(Q) then E[f] € HE(Q*) and

IE[ U axoxy < Crox || fl mx(0)- (2.11)
(In fact (2.11) holds for each H’ with 0 < j < k.)

Proof At each z € 92 find an €, such that there exists a C* diffeomorphism
of B(z,e,) onto a subset of R™ as above, and such that B(z,e,) CC Q*.
Since 2 is bounded so is 0f), which is therefore compact: choose a finite
collection of the balls B(z,¢€,), call them {B;}; = 1™, that cover an open
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neighbourhood of 9€2, and corresponding functions ®;. Write U; = QN B;
and VJ = (I)J'(Qj)
Let {¢;} be a partition of unity subordinate to the {B;}. Then

> wif
j=1

is equal to f in a neighbourhood of 92, and the function defined within {2
as

F=r=>Y_uf
j=1
has compact support within €2. Clearly within 2 we have
F=F+> uf.
j=1

For each j consider the function ff € H F(R7) defined by
i = (@7 (W),
which is zero outside V;. By Lemma 2.30,
17 ey < €ills f ey
and since for any ¢ € C°(R"), U C R" and f € H*(U) we have
[l mx @y < COON ey,
it follows that
17 ey < e,y < GllF e )-
Now, we know that the function f; can be extended to a function Ey[f}] =
fj € H¥(R™), such that
1fill ey < Crll £5 1 ey < Nl ()

Now multiply f; by a C°(R"™) cutoff function 6;, that is equal to 1 on
®;(supp(tj)) and has compact support within ®;(B;). Then the pullback
function

G
is equal to ¢ju on Uj, has compact support within B; (and so within Q*),
and satisfies

195 (05 f) | 0y < Cjll f Il e ) (2.12)
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Since f has compact support within €2, its extension by zero — which we
still write as f is in H*(Q).
So now consider the composite function

E[f] = f+)_ ®;(0;f))-
j=1

This extends u to a function in HY(Q*), and on summing the estimates in
(2.12) has

IE M ax ey < Cell £l ee-

Now we can prove...

Theorem 2.32 If ) is of class C* and 9 is compact, then C>®(Q) is dense

Proof Take Q* such that Q CC Q*, and given f € H¥(Q) extend to a
function E[f] € HE(Q*). Then there exists a sequence of functions g, €
C>®(*) N H*(Q*) such that g, — E[f] in H*(Q*). Set f, = gn|Q; then

fn € C®(Q) and

£ = Fllar@) < llgn — Elflllare) — 0

as n — 0o. ]

2.9 The Fourier transform and Sobolev spaces

Before proving various Sobolev embedding theorems we give a (very) brief
treatment of the Fourier transform (FT).

Let . (R™) be the class of all complex-valued C*° functions on R™ such
that |z|*|0f(x)| is bounded for every k € N and every multi-index a.

The Fourier transform of any f € .(R") is defined as

f(6) = (2m) /2 / eIE% (1) da,

n

It is relatively easy to show that if f € .#(R") then f € .7 (R").
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If g € Z(R™) then there exists a unique f € .#(R") such that f=g,and

f(z) = (2m) 2 / € 7g(z) dr,

ie. f=(g9)", where g(z) = g(—x).
The FT is particularly useful because it ‘converts’ derivatives into ‘mul-
tipliers’:
(0°f) = (i€)* .
Also, the FT preserves the L? inner product: if f,g € .7 (R") then
(f,9) = (f,9);
in particular

e = I1f1 2z

Since the FT is linear, this enables us to define the FT for functions
f € L*(R") using a limit procedure. Take f € L?(R"); then since . (R") is
dense in L?(R") (we know that C2°(R") functions are dense in L?(R"™) and
these are a subset of functions in . (R™)), we can find f, € .#(R"™) such
that f = lim,_,o0 fn (Where the limit is taken in L?), and then define

f= lim
where again the limit is taken in L2(R"). [So if f € L?, f € L]

If f € H*(R"), then the derivatives % f are in L?(R") for 0 < |a| < k; it
follows that

(i6)*f e L2 (R™)  forall 0<|a| <k,
which we can combine to give a characterisation of H* in terms of the FT,
HYRY) = {f € L*(R"): (1+[¢)2f e LA(RM)}, (2.13)

and it is straightforward to show that the norm
100+ 1632 iz = [ 0+ PP e

is equivalent to the norm in H¥(R"). [Note that there is no reason why &
should be an integer in (2.13), and this gives a way to define Sobolev spaces
with non-integral exponents.]
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Theorem 2.33 Let f € HX(R™) with k > n/2. Then there exists a constant
Chn such that

[flloo < Chnll fll e @ny,

and f is equal almost everywhere to a function in CO(R™).
Actually the argument here shows also that the FT maps L' to L.

Proof First take f € Z(R™) N H*(R™); then
I/lle = sup (27) "2
reR™
<m” [ 151
_ —n/2 1 1\k/2|
= m) " [ e Rl
1/2 R
<en ([ o) ([ariepriera)

= Crnll fll e (gn),

[ e

using the fact (see exercises) that

1
- 4
/Rn A repr e <

if and only if & > n/2. The same inequality follows for f € H*(R"™) by
taking limits. But also, this shows that f is the L limit of a sequence
of continuous functions; it must therefore be equal almost everywhere to a
continuous function, and the result follows. O

Corollary 2.34 If f € H*(Q) with k > n/2 + s then f € C%(Q) with
[flles < [f e

Proof Take f € H¥(Q): then there is an extension of f to R", E[f], such
that

IEf 1 e rny < CEN i (oy-
By the previous theorem, E[f] € C°(R") with

IE[fllloo@ny < Cunl E[f)lr@ny < CronCill 1l anoy-
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Clearly, therefore, f € C°(Q) with

||f||CO(Q) < CQ,k,n ‘f“H"(Q)

The results for higher derivatives follow by considering each 0“f in turn.
U

Actually we can do better, and show that f must be Holder continuous.

Theorem 2.35 If f € H*(R") with n/2 < k < n/2+ 1 then there is a
constant C such that

1f(@) = F@)] < Crll fllgele —y|F=""2 forall  z,y € R™

Proof See examples. O

2.9.1 Compact embeddings

We say that space X is compactly embedded in Y if a bounded set in X is
a precompact subset of Y, i.e. if any bounded sequence that is bounded in
the norm of X has a subsequence that converges in the norm of Y. The
prototype such theorem for us is the Arzela-Ascoli Theorem — for a proof
see the examples.

Theorem 2.36 (Arzela-Ascoli Theorem) Let K C R™ be compact and
let {fn} be a sequence in C°(K) that is

(i) bounded, i.e. || fnllococ < M for some M >0, and
(ii) equicontinuous, i.e. for every e > 0, there exists a 6 > 0 such that
|z —y| <6 = |fn(z) = faly)| <€
for every x € K, and for every n € N.

Then {fn} has a subsequence that converges uniformly on K.

Using this result, the Holder continuity above implies that if €2 is bounded,
the embedding of H*(Q) into C°(€2) is compact, i.e. a bounded sequence in
H*(Q) has a subsequence that converges uniformly on Q.

The following result is similar, but arguably more important.
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Theorem 2.37 If Q is bounded and 9S) is C* then H*T1(Q) is compactly
embedded in H*(Q).

Proof Choose Q* with Q CcC Q*. Take a sequence {f,} that is bounded
in HF1(Q), [ full o1y < M, and extend to E[f,], bounded in HEL(QF)
with || E[fp]|| gs+1@ny < M'. For any g € HM1(Q), let

9r = F ' xj¢1<rl;

then there exists a constant C' such that

C
lg — grllgr < EHQHHHI;

Indeed,

lg - grll2 < © / (1+ €2 13(6) 2 de
|€|>R

B C
1+ R2?

C 2
< WHQHHMH-

/ (1+ €2+ (e 2 de
|€|>R

Similarly, gr € H'(R") for every | € N;
lorlmey <€ [ 1+ Il ag
lEI<R

< C(1+ R3)-D) /Ig e ag

= Crullgll3is1-
So
l9rllcr@ny < Crallgllmrr

It follows that if U is any bounded open set containing Q*, then (E[f,])r
has a subsequence that converges in CF(U), and hence in H*(U). apply-
ing a standard diagonal argument, we can obtain a subsequence such that
(E[fn,;])™ converges in HF¥(D) for every m.

From this it follows that E|[fy;] is Cauchy in H F(U): given e > 0, first
choose m such that

Ve vour

Bl < S

IE[fi] = Elfilmll g < <e€/3.
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Then choose N such that
I E[fnilm — E[fnj]mHHk(U) <e€/3 for all i,7 > N.
It follows that

||E[fm] - E[fnj]HHk(U) < ||E[fm] - E[fni]mHHk(U) + ||E[fm]m - E[fnj]m”Hk'(U)
+ ”E[fng]m - E[fnj]HHk(U)
<e for all i,7 > N,

and so {E[fn,]} is Cauchy in H*(U). It follows that f,,, is Cauchy in H* (),
and since H¥(Q) is complete, {f,.} converges. O

2.9.2 Sobolev spaces and LP spaces

What happens if f € H* with k& < n/2? To consider this, we need the fact
that the Fourier transform maps LP into L4, with (p, q) conjugate, such that

I £lle < Cpll fllLa (2.14)

This is certainly not obvious; it follows ‘by interpolation’ from the fact that
it maps L? to L? and L' to L.

Theorem 2.38 If f € H*(R") with k < n/2 then f € LP(R™) for any
P E [2,:%5)-

Proof Using (2.14) we have (for f € H* n.7(R"))
17195 < Cpll 1l e
=y [1f©nm i
— 1 1 2\kq/2| £ (£)|9
=3 [ gL P A ag

1 2/(2—q) (2—q)/2 _ ) q/2
<a([aremm ) ([Jarieprizorse)

1 (2—q)/2 .
_
=G (/ (11 [P/ df) 11 ey

< Gl
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The condition
1 2k +n

il >n = <
2—q 2 q 2n

ensures that the first integral is finite; this translates to

P 2n

1 1 2k +n N < 2n
p n—2k’
O

Note that if k¥ = n/2 this shows that f € LP for any 2 < p < co. When
k < mn/2 the result is also true for the endpoint p = 2n/(n — 2k), which is
the most useful; this requires the ‘death by Young’s inequality’ approach.

Corollary 2.39 If f € H*(Q) with k < n/2 then f € LP(Q) for p €

2
[27 r%k)

Proof Extend f € H*(Q) to E[f] € H¥(R"), apply the above result, then
restrict back to Q; clearly || f||zr) < [E[f]ll Lo ®n)- O

2.9.3 Scaling and inequalities

We have (almost) shown that if f € H¥(R") then f € LP(R") with p =
2n/(n — 2k). Why is this what we should expect?

Suppose that we do have an inequality

1fllze < ClLf -

What happens if we rescale the function f(x) and consider instead fy(z) =
f(Az). This should satisfy the same inequality

[allze < Cllfxll g

Now,

5l = [ 1oa)rde =3 [ ifera,

Rn
and so

IAlee = X2 £l oo
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Each derivative also brings out a factor of A, and so
—n/2
10° 1l 2 = A2 £ -
Putting |a| = k, we would expect

po_n
2 p
which gives p = 2n/(n — 2k).

2.9.4 Boundary values and the trace operator

If 2 is a bounded C* domain then we say that f € H*(99Q) if
((I)j—l)*(w]f) c Hk(Rnfl)
for every j, where v; is a partition of unity as constructed in the proof of

Theorem 2.27, and define

m

Hf”?{k(ag Z wj ||Hk Rn—1)*

(One can show that any choice of ®; and 1; will give equivalent norms.)

Theorem 2.40 Suppose that Q is a bounded C' domain. Then there exists
a bounded linear operator

T:HY Q) — L*(09Q)
such that for every f € HY(Q) N C%Q), Tu = ulsq.
Proof We first prove the result for f € H'(R'}) and show that there is a

bounded linear operator from H'(R")NCY(R™) into L*(R") = L*(R"1).
For any f € H'(R}) N C'(R%) such that f(z) — 0 as z,, — oo, we have

/ (' 0)da’ = - / On(|f1?) da
OR™ R”

+

:—/n 2f0, f dx

< / 2+ 0 f P da

< 17 @ay-
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Now for f € H(2) N C(Q), we use the partition of unity and the above
result for R} so that || f|[z2a0) < |fll#1(q)- Define T'f = flaq.

Given any f € H'(Q), there is a sequence f, € C°°() that converges
to f in H'(Q); in particular f, € HY(Q) N C(Q), so we can define T'f by
taking limits. Since f,, — f uniformly on {2 (see examples) the result holds
as stated. O

Theorem 2.41 f € H}(Q) iff f € H(Q) and Tf = 0.
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Elliptic PDEs

We now prove existence and uniqueness result for the weak formulation of
the elliptic problem

Lu=f ulag =0, (3.1)

where

Lu=— Z (‘)a:c, (%j(:t)(,ii) + Z bz'(ﬂf)g; + c(z)u. (3:2)

i,j=1 i=1

For simplicity we will suppose that the coefficients (a;;, b;, and ¢) are smooth
functions of x.

First we want to recast this equation in a weak form. If we multiply the
equation by a function ¢ € CZ°(Q2) and integrate by parts we obtain

n

> (ai0ju, 0ip) + Y (bidu, @) + (cu, ) = (£,).

2,7=1 =1
Write
B(u’ QD) = Z (aijajuv al(p) + Z(blalu) 90) + (cu, 90)7
ij=1 i—1

and note that for a fixed smooth u, the left-hand side defines a linear map

57
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from C2°(Q2) into R, such that

n n
1Bu, )] < > llaidjull 20l r2 + > bidsull z2llpllzz + el 2ol 2
ij=1 i=1

n n
< > llaggllellOgull ellllan + ) 1bill e 05l 2 ol + llel poe llull 22 @]l
ij=1 i=1
< Claiz, by, o) ||lull g |l -
Note also that if f € L? (say) then

(£ o)l < M llzzllelie < 1Fllzallell ar-

Thus if B(u, ) = (f, ) for every ¢ € C°(Q2) then it also holds for every
¢ € H}(Q), using the density of C°(Q) in H ().

So we have shown that if u is a smooth solution of (3.1), then in fact we
must have

B(u,p) = (f,o)  forall o€ H(Q), (3.3)

which is the weak form of (3.1). One can show — see examples for a simpler
case — that if u is smooth and (3.3) holds then u satisfies (3.1) in the classical
sense. We can weaken (3.3) just a little further, by noting that the right-hand
side in fact defines a linear functional on H}(f2), and choosing to consider
instead the problem

B(u,p) = F(p) for all ¢ € HH(Q)
for some F' € H~(Q).

The problem is now in the right form to apply the Lax—Milgram Lemma.
We have already shown that our B is bounded from Hj x H& into R; all
that is left is to show that B is coercive, i.e. that there exists a f > 0 such
that

B(u,u) > Bllull?m for all  we Hg(Q).

This isn’t quite true; but we will show that there is a constant A > 0 such
that B(u,v) + A(u,v) is coercive.

In order to do this we will require the assumption that L is uniformly
elliptic: there exists a 6 > 0 such that

n

> aij(2)&g > 01¢1% (3.4)

1,j=1
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So now
n
|B(u,u)| >0 [[0ul7. — <m?X||bi||Lo<>> IVull c2llull L2 = llellzoe [l 72
j=1
We use “Young’s inequality with €”,
€ 1
b< —a®+ —b?
ab < 2a + 9

on the second term,

0 1
OIVullzzllulze < S1Vul® + 50 ullZe,

20
so that
0

B, w)| = 5 [[Vulfz = NullZ2, (3.5)

where
1 2
= - ; oo oo .

¥ = g5 (il )+ el

So finally

0
| B(u,u)| = §IIUH§11 — ollull7z,

where \g = N + (6/2). (We could also use Poincaré’s inequality to get a
better constant in front of the [|u||2, term.)

We therefore obtain the following theorem:
Theorem 3.1 Let L be a uniformly elliptic operator, and B the associated

bilinear form. Then there exists a constant Ag > 0 such that for any X > Ao
the equation

B(u, ) + Mu,0) = (f,¢)  forall @€ Hy(Q)

has a unique solution u € H}(?), and

[ull g < ell fll-r-

Proof The Lax—Milgram Lemma can be applied to the bilinear form B'(u,v) =
B(u,v) + Au,v). O
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Note that if b; = ¢ = 0 then we can take A\g = 0 in the previous theorem
(and we would only need to use the Riesz representation theorem rather
than the full Lax-Milgram Lemma).

But we should be able to better if f is nicer...

3.1 Elliptic regularity

Suppose that f € L?(2) and consider again Poisson’s equation —Au = f.
Suppose that u is smooth; then we can take the inner product of the equation
with 62u and write

/Q (Au)(9fu) dx = Z /Q (02u) (9}u) da
_—Z/ (8yu) (8;07u) d:v—i—Z/ (8;u)(07u)n; AS
= 1 u2 T
—;/Q@ak ?d

n

+ Zl/ (@U)(a,%u)nl — (Oju)(0;0ku)ny dS,

o0

Summing over k this yields

n
Z 10;0kul|32 = ||Aul|32 + boundary terms,
i,k=1

i.e. the second derivatives are controlled by the Laplacian. Since —Au = f
this yields

Z 10%u||25 = || f||22 + boundary terms.
|a|=2

3.1.1 Interior regularity

It is relatively easy to show that if Q' CC Q then the H?(Q) of u is bounded
by the L?(Q) norm of f (‘interior regularity’). We give a less-than rigorous
proof, which nevertheless contains the main idea.
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Theorem 3.2 If f € L*(Q), and u € H}(Q) satisfies Lu = f, where L is a
uniformly elliptic operator as in (3.2) (plus (3.4)), then for every Q' CC Q
there exists a constant cqy

lull 20y < cor(lull o) + [1FllL2()- (3.6)

Of course, if we know where u comes from (for example, Theorem 3.1),
then we already have ||ul|g1(q) < c||f|lz2(q), and (3.6) becomes

lull 20y < Carll fllL2(02)- (3.7)

Another remark is in order; if one looks carefully at the proof, we do not
in fact need the L? norm of f on the whole of 2, but only on a compact
subset of 2, say  that contains €. This means that if f € C%(€), then
f e L2(€), and hence u € H2(Y). This observation will be useful below in
Corollary 3.4.

Proof Here is a non-rigorous proof for the simple case of Poisson’s equation.
Take Q' CC 2, and choose a cut-off function ¢ € C2°(2) such that 0 < ¢ <1
and ¢ =1 on Q. Now, assuming that u is smooth,

/ <21Au|2dx—2 / (0Fu)(@u)¢" dx
:_Z/ (05w) (00%w) ¢2dx—22/ (0ju) (05u)C(0:¢) dz
:Z (9;0;u)¢? dx
7,7 /Q ’

+2Z/ (0 (B:0u)C(050) — () (BPu)((OiC)

(Note that this is the same as multiplying by the n ‘test functions’ §28]2u
and then summing over j.) The left-hand side is bounded by

/§2|Au2dx§/ yAude:/ [ da,
Q Q Q
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so we just have to estimate the messy looking terms (with derivatives of ().
Since ( is fixed and smooth, we have ||9;¢||2 < ¢, s0

/Q (051) (0:05)C (9;C)

< ||5jC||L°°/Q|3iu|\3iaju||C|d$
§2n|]6jCH%oo/ |5‘Z-u]2d:c+1/(8¢8ju)2g2dx;
Q 8n Jo

we've used ab < 2na? + b?/8n on the integrand here.

So we have

1
> [ @002 de < |+ 3 denldualiaey + - [ @002
1,) 2y}

1
2 2 2
+;4cn||aiu||m(m+M/Q(aju)g dz
1
< 1oy + Senllulfny + 5 [ Oy,

from which it follows that

D M8aulZaiory = D 10:05ul72

|a|=2 1,7=1
<> / (8;0;u)*¢% da
— JQ
l?.]

<2

1220 + 16en2 ([l -

and the result follows since

[ullf2iry = D 10atilF2ry + llullfo)-
|or|=2

O

The lack of rigour is due to the fact that our solution u does not satisfy
the equation —Au = f, but the weak form (Vu,Vv) = (f,v) for every
v € H} (), and that as far as we know u is only in Hg () and isn’t smooth.
How do we get round this? We want to do something like choosing v = (?Au
as a test function, but since we only have u € H&, this isn’t smooth enough
(we’d have v € H™1, in fact).



8.1 Elliptic reqularity 63

In order to deal with this we use difference quotients; given a function u
we define
u(z + he;) — u(x)
h )
where e; is a unit vector in the i*! direction. Then one can show that if
u € H'(Q), for any Q' cC Q

Dhu(zx) =

1D ull p2gary < [105ullr2(0

i.e. ‘differences look like derivatives’, and more importantly that if Q' cC Q
and for every h < dist(', 9Q) we have

| DM ul| 2 gory < C,
then d;u € L?(€Y') and
[0iull L2y < C.

In other words, we can recover weak derivatives by the same sort of limiting
process that we can define classical derivatives.

In the rigorous version of the proof one takes the n test functions v =
D "(¢?Dpwv) with k = 1,...,n; note that these are elements of H}(Q) if
h is small enough. Essentially one then repeats the estimates in the above
theorem in this setting, showing that the estimates are uniform when h is
sufficiently small.

If f is smoother, then u is smoother:

Theorem 3.3 Let u € H} () satisfy Lu = f, as in the above theorem. If
fe H*(Q) thenu € Hﬂ;Q(Q), for any ¥ CC Q there exists a constant cqy s
such that

[ull s +2 )] < el fll s (o)

Proof Again, we dispense with rigour: suppose that —Awu = f. Then the
derivative 0“u satisfies

—A(8%u) = 0°f.

If fe H3Q), 0°f € L?(Q) for any a with |a| = s; so 9%u € H*(Q) by
the preceding interior regularity result. In the rigorous version, one chooses
test functions v = (—1)/*9%w with w € C(Q) and with |a| = s+ 1, see
examples. O
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Corollary 3.4 If f € C*(Q) and u € H} () is a weak solution of Lu = f
then u € C*(Q).

Proof Take Q' cc Q" cc Q. If f € C®(Q) then f € C®(Q"). It follows
that f € H*(Q) for every k € N. It then follows that v € H**2(Q') for
every k € N, and hence in C"(€’) for every r. Since this holds for every
Q'cCcQ,ueC®09N). O
Corollary 3.5 If u € H}(Q) satisfies the weak form of
Lu = Au
then u € C*°(Q), and hence is a classical solution of Lu = \u.
Proof Suppose that v € H"(Q) for any ' cC Q. Now pick a particular

Q' cc Q, and find Q" such that Q' cc Q" cc Q. We know that u €
HT(Q"), and then u € H™2(Q). Induction finishes the proof. O

3.1.2 Boundary regularity

To show that if f € L?(f2) then in fact u € H?(Q) requires more work; but
the idea is clear if one considers the simple case of —Awu = f in the upper
half plane, which we treat now.

Suppose that u is smooth and has compact support in R, contained in
Dt = B(0,R) NR%, and that u satisfies

(Vu, Vo) = (g,v) forall —wve Hy(D"),
where D% is B(0, R) NR’.. Then
lull 2y < cllglre-

Take v = 8,3u as a test function. If £ # n then note that v is still zero on
xn = 0, so is still an allowable test function. Then

/ngﬁku—Z/ (D) (9;07u) dx
-y / (030 (B:Bpu) da
i VRY
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where we have integrated by parts with respect to xp. Since k # n, we do
not include any terms from the boundary x,, = 0; the boundary terms that
we would pick up vanish.

Now use Cauchy-Schwarz:

> 0kdiulZageny < lgllzzqen) 10Rull 2

< llgllr2n) (Z ||ak3iU\L2(R1)> ;

whence
Z ||5k8iUH%2(R1) < llgllz2n)-

This shows that every second partial derivative apart from 92w is in L*(R"}).
But the equation —Awu = f shows that
n=1
2 2
Ofu=f->Y du.

j=1

Since each term on the right-hand side is in LQ(R:”_), so is the left-hand side.

To make this work rigorously, one uses a cutoff function, a partition of
unity, and a straightening of the boundary. Note that when one uses the
coordinate transformation to straighten the boundary, one necessarily intro-
duces other terms in the equation (even if we start with just the Laplacian,
we end up having to consider a more general elliptic equation). We state
the theorem, including the higher regularity result.

Theorem 3.6 Suppose that Q is a bounded domain with a C™? boundary.
Then if u € HE(Q) is a weak solution of Lu = f and f € H" () then in
fact w € H™T2(Q) and

ull g2y < clllullgri@) + 1 fllz2@)-

Corollary 3.7 Suppose that for some A > 0, there exists a solution u €
HZ(Q) of the eigenvalue problem

Lu = Au.
Then u € C™(Q).
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Eigenvalues, eigenfunctions, and bases in Hilbert
spaces

4.1 Eigenvalues and the spectrum

Let H be a Hilbert space and T' € B(H, H), then the point spectrum of T
consists of the set of all eigenvalues,

op(T) = {A € C: Ta = Az for some non-zero x € H }.

If A is a linear operator on a finite-dimensional space V' then A € C is an
eigenvalue of A if

Ax = A\x for some non-zero x € V.

In this case A is an eigenvalue if and only if A — AI is not invertible (recall
that you can find the eigenvalues of an n x n matrix by solving det(A—\I) =
0). However, this is no longer true in infinite-dimensional spaces, and the
spectrum of A is potentially larger than the set of eigenvalues.

Definition 4.1 The resolvent set of T', R(T), is
R(T)={A € C: T — X has a bounded inverse defined on all of H}.
The spectrum o(T") of T € B(H, H) is the complement of R(T'),

o(T) = C\ R(T),

i.e. the spectrum of T 1is the set of all complex \ for which T — A\l does not
have a bounded inverse defined on all of H.

66
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A bounded linear operator T € Z(H, H) is symmetric iff
(Tu,v) = (u, Tv) for all u,v € H.

For compact symmetric operators, the spectrum of T’ consists only of the
eigenvalues of T' (and perhaps zero). We will not prove this here, and content
ourselves with investigating the eigenvalue problem.

4.2 The spectrum of a compact symmetric operator

Theorem 4.2 Let T € £ (H,H) be symmetric. Then all the eigenvalues
of T' are real and the eigenvectors corresponding to distinct eigenvalues are
orthogonal.

Proof Suppose that Tx = Az with £ # 0. Then
Mzl = Az, z) = (Tz,2) = (2, T*z) = (x,Tz) = (x, \x) = N|z|?,
ie. A=A\
Now if A and p are distinct eigenvalues with Tz = Az and Ty = py then
0= (Tz,y) = (z,Ty) = (A, y) = (2, py) = (A = p)(z,y),

and so (z,y) = 0. O

It is not immediately obvious that the following result has anything to do
with eigenvalues.

Theorem 4.3 Let H be a Hilbert space and T € L (H,H) a symmetric
operator. Then

(a) (Tx,z) is real for all x € H and
(b) IT]| = sup{[(T,2)| : =€ H, |z[| =1}.

Proof For (a) we have

(Tx,z) = (x,Tx) = (Tx, z),

and so (Tz,z) is real. Now let M = sup{|(Tz,z) : = € H, |z|| = 1}.
Clearly

(T, 2)| < || Tzl < | TIH)* = 7]



68 4 Eigenvalues, eigenfunctions, and bases in Hilbert spaces
when ||lz|| = 1, and so M < ||T.
For any u,v € H we have
4(Tu,v) = (Tw+v),u+v)— (T(u—v),u—0v)
M (Jlu+v]? + flu—v]?)
< 2M([full + o))

IN

using the parallelogram law. If Tu # 0 choose

to obtain, since ||v|| = |Ju||, that
Al Tull < 4M Jul?,

i.e. || Tul| < M|u||. This also holds if Tw = 0. It follows that ||7'|| < M and
therefore that ||T']] = M. O

Clearly |\ < ||T||op for any A € 0,,(T'), since if Te = Az then
Alllzll = Az = [[Tz]| < [[Tlop[l]-

We now consider eigenvalues of compact self-adjoint linear operators on a
Hilbert space. It is convenient to restrict attention to Hilbert spaces over C,
but this is no restriction, since we can always consider the ‘complexification’
of a real Hilbert space’.

1 Let H be a Hilbert space over R, and define its complexification Hc as the vector space
He={z+iy: =,y € H},

equipped with operations + and * defined via

(z+1iy) + (w+iz) = (x +w) +i(y + 2), z,y,w,z €V
and

(a+1b) * (z + iy) = (az — by) + i(bx + ay) a,beR, z,yeV.
Then equipped with the inner product
(w +iy,w+ iZ)HC = (Ir w) + l(yrw) - I(CL‘, Z) + (yv Z)
Hc is a Hilbert space. Just as we can complexify a Hilbert space H to give Hc, we can
complexify a linear operator T that acts on H to a linear operator I that acts on Hc: given
T € B(H, H), extend T to a linear operator T : Hc — H¢ via the definition
T(x +iy) = Tz + iTy z,y € H.

Then T € B(Hc, Hc), any eigenvalue of T is an eigenvalue of T, and any real eigenvalue of T
is an eigenvalue of T'. If T" is symmetric then 7" is symmetric.
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Let’s think again about the weak formulation of the elliptic problem; given
f € L2 find u € H}(Q) such that

B(u,v) = (f,v)  forall ve& HNQ).

We could define a ‘solution mapping’ for this problem: if f € L?(£2) then
Tf = u, where u is the solution.

‘We can observe that

(i) T is linear; and
(ii) T maps L?(2) into H}(Q) continuously, i.e.

1T 20 < el fllzz@)-

(In fact our elliptic regularity tells us more, than 7" maps L? into H?
continuously.)

Since H} () € L?(Q2), T is clearly a linear map from L? into itself, with
the additional property that a bounded set in L? is mapped into a bounded
set in H&. Since H' is compactly embedded in L?, this means that a bounded
set in L? becomes a (pre)compact set in L? (precompact means that its
closure is compact). T is therefore an example of a compact map:

Definition 4.4 A map T : X — Y is compact if whenever U is a bounded
subset of X, the closure of T(U) is a compact subset of Y. Equivalently,
if {xn} is a bounded sequence in X, then {Tx,} has a subsequence that
converges in Y .

Note that a compact operator must be bounded, since otherwise there
exists a sequence in H with ||z,| = 1 but [|Tz,| — oo, and clearly {T'z,}
cannot have a convergent subsequence.

If T € £(H,K) has finite-dimensional range then 7' is compact, since
any bounded sequence in a finite-dimensional space has a convergent subse-
quence.

We now show that any compact symmetric operator has at least one
eigenvalue.

Theorem 4.5 Let H be a Hilbert space and T € £ (H,H) a compact sym-
metric operator. Then at least one of £||T||op is an eigenvalue of T
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Proof We assume that T' # 0, otherwise the result is trivial. From Theorem
4.3,

||T”0p: sup ](T:c,x)]
[|lz[|=1

Thus there exists a sequence x,,, of unit vectors, such that
(Txn, xn) = £||T|lop = .

Since T' is compact there is a subsequence z,; such that Tz, is convergent
to some y. Relabel z,,; as x;, again.
Now consider

| Tz + o — 20(T 2, )

| Tz, — az,|? =
< 202 = 20(Tp, z0);

by the choice of z,, the right-hand side tends to zero as n — oco. It follows,
since T'z,, — y, that

ATy — Y,

and since a # 0 is fixed we must have x, — x for some x € H. Therefore
Tz, — Tx = ax. It follows that

Tr = ax

and clearly z # 0, since ||y|| = |o||z|| = ||T||lop # O. O

Note that since any eigenvalue must satisfy |A\| < ||T]|op, it follows that
for compact symmetric operators

1T llop = sup{|A] : A € op(T)}-

Proposition 4.6 Let T' be a compact self-adjoint operator on a Hilbert space
H. Then op(T) is either finite or consists of a countable sequence tending
to zero.

Proof Suppose that T has infinitely many eigenvalues that do not form a
sequence tending to zero. Then for some € > 0 there exists a sequence of
distinct eigenvalues with |\,| > e. Let z;,, be a corresponding sequence of
eigenvectors with ||z,| = 1; then

| Tz — Txml|* = (Txp — Tm, Ton — Tm) = | Al + [An]? > 26

since (Tp,xm) = 0. It follows that {T'z,} can have no convergent subse-
quence, which contradicts the compactness of T'. O



4.8 Bases in Hilbert spaces 71

4.3 Bases in Hilbert spaces

In an infinite-dimensional separable Hilbert space the best that we can hope

for in terms of a basis is to find a countable set {e; }‘;‘;1, in terms of which

to expand any = € H as potentially infinite series’,
oo
x = Zajej. (4.1)
j=1

A set {e;}32, is a basis for H if every x € H can be written uniquely in the
form (4.1) for some a; € K. If in addition {e;}72, is an orthonormal set (i.e.
(€i,ej) = 6;5) then we refer to it as an orthonormal basis. We concentrate
on orthonormal bases.

Lemma 4.7 Let H be a Hilbert space and {e]} °, an orthonormal sequence
in H. Then for any x € H

oS
Dol e < l=)?
7=1

(‘Bessel’s inequality’); consequently for any x € H the series

oo

Z(m, €n)én

n=1

converges to some y € H with ||y||* = > e | (@, en)|?.

For {e,} to be a basis we need (of course) y = z.

Proof Let us denote by xj the partial sum
k k
o= (ze))e;  with  [lag]? =D [(z,e5)]
J=1 Jj=1
Therefore
lz —zx* = (2 -z —23)

= |l2l® = (zk, @) — (2, 2%) + Hﬂc‘kH2
k

el =Y ween) -

j=1 7=1

(2, ¢5) + o ]®

= Jal® = llzl*.

I equality here means that the partial sums converge to z in the norm of H
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It follows that for every k

(@, e)* = llawll? < llz)l* = lle - zx]|* < [l

k
=1

<

Thus if m > n

2
m m
2 _ 2
lzm —zall? = || D (@ej)ei|| = Y (@)
j=n+1 J=n+1

which shows that {z,,} is a Cauchy sequence converging to sum y; the
expression for the norm follows since the norm of the limit is the limit of
the norms. O

We now show give criteria for {e,} to form a basis for H.

Proposition 4.8 Let E' = {e;}32, be an orthonormal set in a Hilbert space
H. Then the following are equivalent to the statement that E is an orthonor-
mal basis for H:

(a) x =377 (z,en)en for allxz € H;

(b) ||zl = 3202, (2, en)? for allz € H; and

(c) (x,en) =0 for all n implies that = 0.

(d) the linear span of {en}>2 (the set of all finite linear combinations)
is dense in H, i.e. for any € > 0 there exist N and oj, j =1,...,N,

such that

N
o =3 agesll < e
j=1
Proof If E is an orthonormal basis for H then we can write

o0 n
T = E ajej, ie. x= lim E aje;.
Jj=1 Jj=1

Jj—00

Clearly if £ < n we have
n
O ajej en) = oy,
j=1

and using the properties of the inner product of limits we obtain oy, = (x, ey)
and hence (a) holds. The same argument shows that if we assume (a) then
this expansion is unique and so F is a basis.
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(a) = (b) is immediate from Lemma 4.7.
(b) = (c) is immediate since ||z| = 0 implies that = = 0.
(c) = (a) Take x € H and let

o0
y=x— Z(w, ej)e;.
=1
For each m € N we have, using the continuity of the inner product,

n

(y7em) = (xvem)_nlln;o Z;(x7ej)ejﬂem
‘]:

= 0

since eventually n > m. It follows from (c) that y = 0.

Finally, it is clear that (a) = (d). We show that (d) = (c): suppose that
(x,ej) = 0 for every j, and choose x, contained in the linear span of the
{e;j} such that x, — z. Then

2 _ _ . _ . _
lall? = (z.2) = (2. lim x,) = lim (z,2,) =0,

since x,, is a finite linear combination of the {e;}. O

Lemma 4.9 (Gram—Schmidt orthonormalisation) If {e;}32, is a lin-
early independent set, then there exists an orthonormal set {€;}32, such
that

span(éy,...,€;) = span(ey,...,ex)

for every k € N,

Proof The proof is inductive. Suppose that we have already found {éy, ..., é,}.
Then set

n

X N . €n+1
€nt+l = €ntl = Z(e"“’ €;)€; then é,41 = An+ .
2 ental
It is easy to check that the new set {é1,...,€,4+1} has the desired properties;
and the induction starts with é; = e1/|[|e1]|. O

Proposition 4.10 A Hilbert space H is separable iff it has a countable
orthonormal basts.
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Proof Given a countable orthonormal basis, consider finite linear combina-
tions with rational coefficients. This is countable and dense.

Given a countable dense subset, remove elements so that {wj}?i1 is a
linearly independent set whose closed linear span (elements that can be
approximated by finite linear combinations) is all of H. Then apply the
Gram—Schmidt process to produce an orthonormal set whose closed linear
span is still all of H. O

Theorem 4.11 Any infinite-dimensional separable Hilbert space is isometric
to 2 (i.e. there exists a linear isomorphism that preserves the norm,).

Proof H has a countable orthonormal basis {ej}?‘;l. Given x € H, z =

> e (x,ej)ej, and lz|? = P |(x,e)|?. Set z; = (x,¢;), and consider

the sequence i(x) = x = (v1,%9,23,...). Clearly x € ¢? and ||z, = ||z].
The map i is linear and invertible, with i~!(z) = >l Te;. O

4.4 Eigenfunctions as basis elements; the Hilbert—Schmidt
Theorem

We can use the Gram—Schmidt idea to show:

Lemma 4.12 If T € £ (H, H) is compact and symmetric, then every non-
zero eigenvalue has only a finite number of linearly independent eigenvectors.

Proof Suppose that for some eigenvalue A = 0 there exists an infinite num-
ber of linearly independent eigenvectors {w; }j’il Using the Gram—Schmidt
process we can find a countably infinite collection of orthonormal eigenvec-
tors {e;}72, (any linear combination of the wj; is still an eigenvector with
the same eigenvalue, since T'(3_; ayw;) = >, a;Twy = A3, ajwj). The
proof now follows that of Proposition 4.6. O

In order to prove the main theorem on eigenvalues and eigenfunctions of
compact symmetric operators we will require the following simple lemma.

Lemma 4.13 Let T € Z(H, H) be symmetric and let S be a closed linear
subspace of H such that TS C S. Then TS+ C S+.
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Proof Let x € S+ and y € S. Then Ty € S and so (Ty,z) = (y,Tz) =0
forall y € S, ie. Tx € S+ O

Theorem 4.14 (Hilbert-Schmidt Theorem). Let H be a Hilbert space and
T € B(H,H) be a compact self-adjoint operator. Then there exists a finite
or countably infinite orthonormal sequence {wy} of eigenvectors of T with
corresponding non-zero real eigenvalues {\,} such that for all x € H

Tz = Z)\j(m,wj)wj. (4.2)

Consequently there exists an orthonormal basis for H consisting of eigen-
vectors of T', i.e. a set {e;} such that every x € H can be written

x = Z(x,ej)ej.

J

Proof By Theorem 4.5 there exists a w; such that ||wi|| = 1 and Tw; =
+||T’||wy. Consider the subspace of H perpendicular to wy,

L
H2:w1.

Then since T is self-adjoint, Lemma 4.13 shows that T" leaves Hy invariant.
If we consider T5 = T'|p, then we have Ty € B(Hs, Hy) with T5 compact;
this operator is still self-adjoint, since for all x,y € Hs

(xngy)::(x#Ty)::<7wx7y)::(1&5y)::(jbx7y)

Now apply Theorem 4.5 to the operator T on the Hilbert space Ho find
an eigenvalue \y = +[|T3|| and an eigenvector wy € Hy with [|we| = 1.
Continue this process as long as T}, # 0.

If T, = 0 for some n then for any x € H we have

n—1
yi=x— Z(x,wj)wj € H,.
j=1
Then
n—1 n—1
0=Tw=Ty=Tx — Z(x,wj)ij =Tx — Z Aj(x, wy)w;
j=1 j=1

which is (4.2).
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If T;, is never zero then consider

= Z T w] wj € Hy.
Then we have

n—1
21> = llyal® + D (@, w;)I,

j=1
and so ||y, || < ||z||. Tt follows that
n—1
T =3 M@, wi)w;|| = [Tyl < 1 Tallllynll = Aalll2],
j=1

and since |A,| — 0 as n — oo we have (4.2).

Finally, let {e;} be an orthonormal basis for KerT’; each e; is an eigen-
vector of T with eigenvalue zero, and since Te; = 0 but Tw; = \jw; with
Aj # 0, we know that (wj,e;) = 0 for all j, k. So {w;} U{e;} is a countable
orthonormal set in H.

Now, (??7) implies that

o0
T |z— Z(x,wj)wj =0,
j=1

i.e. that z — 322, (v, w;)w; € Ker T, and therefore

(o ¢]
T — E (x,wj)w; = E QaLeg,
j=1

since {ey} is a basis for Ker T'. It follows that {wj} U{ex} is an orthonormal
basis for H. 0

Note that it follows that when Ker T is trivial, i.e. when T is invertible,
that the eigenvectors corresponding to non-zero eigenvalues of 1" span H.

4.5 Eigenvalues and eigenfunctions for elliptic PDEs

Consider the operator

- Z Oi(aij(:n)ﬁju), (4.3)

3,j=1
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where a;; = a;;, and the weak form of the equation Lu = f,

B(u,v) = E / a;j(z)(Oju)(0v) doe = /fvd:c = (f,v) forall ve HJ(Q).
— JQ
Z?]

We know that B is symmetric.

We have already observe that the solution mapping v = T'f is compact.
To show that it is symmetric, take f,g € L?(Q2) and let u = T'f and v = Tg.
Then u,v € H}(Q) are both allowable ‘test functions’, and so

(f,Tg) = (f,v) = B(u,v) = B(v,u) = (g,u) = (9,Tf).
Lz:;f Lv=g

Corollary 4.15 If L is a second order elliptic operator (i.e. (3.4) is satisfied)
as in (4.8) with a;; = aj; then there exists a finite or countably infinite
sequence of C*°(Q) eigenfunctions {uy,} satisfying

Lu, = Aun,

where A, — 00 as n — 0o. These eigenfunctions form an orthonormal basis

for L*(Q).

Proof We know that T is a compact symmetric operator from L?(f2) into
itself; let us show in addition that KerT'= {0}. Suppose that f € Ker T}
this means that T'f = 0, i.e. that

0=B(0,v) = (f,v) forall ve H}Q),

which implies that f = 0'. It follows that 7" has a countable set of eigen-
functions w, with Tu, = A,u,, where A\, — 0 as n — oo, which form an
orthonormal basis for L%().

Since T'u,, is the solution of the weak form of the equation for f = w,, we

have
B(Aup,v) = (up,v) for all v e HYQ),
so that
B(up,v) = (?,v) for all v e HHQ);
set p, = At Corollary 3.5 shows that u € C*(Q). O

I This is not entirely straightforward, since f € L?(Q) but we have to take v € Hé (2); see
examples.
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Linear parabolic problems

We now want to consider linear parabolic problems, the model of which is

% — Au = f(x,t) ulog =0 (5.1)

subject to the initial condition

u(z,0) = up(z).

What sort of solution do we expect? Assuming that u is smooth, if we
multiply by u and integrate over 2 then we obtain

/Q we(z, yu(z, t) dz + /Q Ve, )2 dz = / F Oz, t) da,
so that
3 [t [ [Dute 0 de < 150t Ol
i.e.
5 7 1uC D720y + VUl D172y < el FC Oz I Val )l 2 @),

using Poincaré’s inequality (||ul|z2 < ¢||Vul|z2). Now we can use Young’s
inequality (2ab < a? 4 b%) on the right-hand side to obtain

d
G D2y + VU, 0720y < PISCOIF2()-

Integrating this equation from 0 to t gives
-, D122 ) HVU )220y ds < [luo ()72 +¢? Hf )72
(€) () @)

78
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This tells us that if ug € L?(Q) and

T
|1y ds < o

(we will weaken this second condition), then we should expect a solution
u(z,t) for which u(z,t) € L?(Q2) for every ¢ > 0,

T
sup 1) ey < M o= () + ¢ [ 1769 ds
0<t<T 0

and such that the H! norm of u is square integrable in time,

t
Auwmm@@®SM

Writing this more compactly, we expect u € L>(0,T; L?) N L*(0,T; H').
Moreover, since

ur = Au+ f(z,t),
and
|(Au,v)| = |(Vu, Vo)| < [[Vul| 2 [[ Vo]l 2,
implies that ||Aul|gz-1 < ||Vulz2, it follows that u, € L?(0,T; H™1).

A weak solution of (5.1) will be a solution u € L?(0,T; H}) with u; €
L?(0,T; H~1); as we will see, other properties of u (like u € C°([0,T]; L?))
will follow from this.

5.1 Banach-space valued function spaces and ‘Sobolev-type’
results

Notation becomes much easier if we suppress the x dependence, i.e. we
think of a solution w(z,t) as a map w : [0,7] — X, where X is some space
of functions on €. Then the fact that u(t) € X expresses the fact that for
each t, u(t) depends on X.

We now make the LP(0,T"; X') notation more explicit. Let X be a Banach
space. We say that a function f: (0,7) — X is in LP(0,7; X), 1 < p < o0,
if the map ¢ — || f(t)||x is measurable and

T
A!ﬂm&&<w



80 5 Linear parabolic problems

the norm in LP(0,T; X) is

T 1/p
£l zeco.sx) = (/0 Ilf ()] x dt> )

We have f € L*°(0,T; X) is the map ¢ — || f(¢)|| x is measurable and the

1l oo (0,7:x) = ess supg<i<p |l f (1)l x

is finite.

If X is complete then LP(0,T; X) is complete. If X is a Hilbert space
then L?(0,T; X) is a Hilbert space. (See examples.)

The space C°([0,T]; X) consists of all functions that are continuous into
X, i.e. for which

1f@) = f(s)lx =0 as  s—t

Just as we had to deal with weak spatial derivatives, we now also have to
deal with weak time derivatives: if u € LL (0,T; X) then u, € LL _(0,T; X)
is its weak time derivative if

T T
/ utgodt:—/ u @y dt
0 0

This is a little bit naughty, since we haven’t discussed integration of
Banach-space valued functions; the definition of L'(0,7;X) only involved
integrating norms of f(t). If X is reflexive (see later) then provided that f
is integrable (can be approximated by step functions) and f € L'(0,T; X)
one can define the integral of f. Assuming that

‘/(]Tf(t)dtHXS/OTHf(t)ledt,

we can readily prove the following useful lemma.

for every ¢ € C2°(0,T).

Lemma 5.1 Suppose that u, has weak time derivative 1,, and that
Up — U and Up —> in L'0,T;X).

Then v = 1.
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Proof Taking ¢ € C2°(0,T), we have
T T
/ Up pdt = —/ Up, @y dt. (5.2)
0 0

Consider the left-hand side. We have

/OT(un — ) @dtHX < /OT I (ttn — v) (1) x dt

T
< [ ool = vlx

T
<lpllomi |l —vlxat
and so the left-hand side of the equality (5.2) tends to

/vgodt.

Similarly, the right-hand side tends to

/ugpt dtv

whence v = @ as claimed. |

We now want to prove some ‘Sobolev’ type results for Banach-space valued
function spaces. The first is a generalisation of H!(0,T) c C°([0,T7).

Lemma 5.2 Suppose that f € H'(0,T;X), i.e. that f € L*(0,T;X) and
f € L*0,T;X). Then

f(t):f(8)+/tf(T)dT forall 0<s<t<T, (5.3)
we have f € C°([0,T); X), and

sup [[f(t)|lx < C”fHHl(O,T;X)' (5.4)
0<t<T

If you look carefully at the proof, f,f € LY(0,T; X) is sufficient for all
these results.

Proof Extend u to be zero outside [0, 7], and then mollify with respect to
t to give a function wy, : [0,7] — X that is smooth in ¢, and is such that

Up, Up, — U, U in L*0,T;X).
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Now, for h > 0 we have

t
up(t) = up(s) —|—/ Up(7) dr,
S
and a variant of the argument of Lemma 5.1 gives (5.3). That f(¢) is con-

tinuous into X follows since the integral of an L' function is continuous.
For the norm bound, observe that it follows from (5.3) that

1F®)lx < 1O)1x + /0 dot f(r)]x dr

< [17(0)llx + (/OT d¢>1/2 (/Dt 1F)I% dT)

= [|f(0)llx + T1/2Hf||L2(O,T;X)7

1/2

and also

t .
Hf(O)HxﬁHf(t)HXJF/O IfOlxdrll < 1 Olx + T2 fll20,r:x)-

Integrating this inequality with respect to ¢ from 0 to 7', to obtain

1 (T .
[£(0)]|x < T/o ILf ()] x dt+T1/2||f||L2(o,T;x)

1 T 1/2 L i
< i ([ 100xa) 4720 o,

whence (5.4) follows. O

In the light of our heuristic discussion of weak solutions, the following
lemma will be more useful. We use (f,g) to denote the pairing of and
f € H ! with a g € H} (we have previously written this f(g)).

Lemma 5.3 Suppose that f € L*(0,T; H}) and fe L?(0,T; H™1). Then
(i) f€C°([0,T];L?),
(it)
d 9 :
SIF®IE = 2(f.5).
and
(iii)

< ; o '
OiltlgT IFl=c (HfHLQ(O,T;H&) + 1 fll 220,71 1))
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Note that (iii) shows that if f, — fin L2(0,T; HY), fn — fin L2(0,T; H™Y),
then in fact f, — f in C°([0,T); L?) (i.e. fu(t) — f(t) in L?, uniformly for
all ¢t € [0,T].)

Proof Extend f by zero outside [0, 7] and mollify to give f;, such that
fo— fin L2(0,T;H)  and  fy — fin L2(0,T; HY).
Then for any h > 0 and any t* € [0, T, since f} is smooth in time
t .
01 = W) +2 [ () ) s

Now choose t* € [0, T] such that

T
| fn(t)|2, = ;/0 £ (2)]|% dt.

Then
2 e 2 o
a0 < 7 [ 1RO+ [N Auls) i .
i.e.
2 )
sup ||Uh(75)||L2 <C (||fh||L2(o,T;H1)2 + Hfh”L?(O,T;H*l)) :
0<t<T
Letting h — 0 gives (iii), (ii), and (i). O

5.2 Weak solutions of parabolic problems

Assume that w is smooth, and take the inner product of (5.1) with some
fixed v € C2°(Q); then for each fixed ¢ we obtain

(utvv) - (Auvv) = (f(t),v),
and integrating by parts we obtain
(w1, 0) + (T, Vo) = (f(8), 0). (5.5)

Arguing as before, using the density of C2°(Q2) in H}(£2), we expect (5.5) to
hold for every v € H}(2). We have made the equation ‘weak in space’. We
make it ‘weak in time’ by allowing u; to be the weak time derivative .

We have therefore reformulated the problem as: given ug € L?(Q) and
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f(t) € L*(0,T; H1(Q)), find w € L?(0,T; H}()) with w € L*(0,T; H1())
such that u(0) = ug, and

(1, v) + (Vu, Vo) = (f(t),v) forall v HMQ)

and for almost every ¢t € (0,7") (since changing a function on a set of measure
zero will not affect its weak derivative).

This formulation is equivalent to the following, which will prove useful in
our existence/uniqueness proof: find u with the regularity above such that

u— Au = f(t)
as an equality in L?(0,T; H™1).

5.3 Galerkin approximations

We show the existence and uniqueness of weak solutions using the Galerkin
method — we approximate the original infinite-dimensional problem by a se-
quence of finite-dimensional problems, and then take the limit. In order to
do this we will use the orthonormal basis of L?(2) given by the eigenfunc-
tions {w;}72, of the Laplacian on £ with Dirichlet boundary conditions (as
in Corollary 4.15). In fact these eigenfunctions are also an orthogonal basis
for H}(Q); they are a basis since L?(2) D H{(Q), and they are orthogonal
since

(Wi, wi) g1 = (Wi, wy) g2 + (Vwg, Vwj) 2 = 65 + (wg, (—A)wy)
= 5j + )\j(wk, wk) = (1 + )\j)(Sjk.

Now, if we take v € L?(£2) then we can approximate u in the space spanned
by the first n eigenfunctions,

n

Pu= Z(u,wj)wj.

Jj=1

The same definition works for u € HE(2) (we still take the inner product in
L?), and for f € H~1(2) we define P, f by

(Pofou) = (f,Pyu)  forall  ue€ H}Q).

Note that for u,v € L?,
(u7 an) = (Pnu> v) = (Pnua an)
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and similarly in H} (see examples).

We now have the following.

Lemma 5.4 Let X = H}(Q), L*(Q), or HY(Q), and take f € X. Then

IPufllx <[ fllx and — P,f — f in X.

Proof If X = L? then since {w, }321 is an orthonormal basis,
f=2 (frw)wyandflFe =D |(Fwp)l,

which implies the result. For X = H}(Q), we have
(VL VE) = (f,=0F) =3 Ml(fw))P,
j=1

and again the result follows. For X = H~1(Q), for the norm bound we have

| (Pafs0) | = [ {fs Pav) | < ([ fla=2[Pavll gy < =2 l[ollmg

so that || P, f|lz—1 < ||f|gz-1. For the convergence, use the Reisz Represen-
tation Theorem to find a ¢ € H} such that

(f,v) = (cp,v)Hé for all v € Hy.

Then
| Pnf = fllg-1 = sup  [(Puf = f0) ],

’UEH&Z [l 1 =1
and for ||v||z =1,
](Pnf—f,v>|=|<f,an—v)\
= ’<¢7PHU_U)H5‘
— (P — 0 0)
< 1 Pup— gl ol
- HP’TLSO - SDHH17

ie. ||Pof — fllg-1 — 0 as required. O
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We now find approximate solutions wu,(t) contained in the linear span of

{wy, ..., wy},
U (t) = Zunj(t)wj.
Jj=1

Note that since each w; is a smooth function of z, each of the u, is a smooth
function of z (for each fixed t). So we can integrate by parts, etc., rigorously.

We have two ways of viewing the equations for u,, which are

(U, wj) + Blun,w;) = (f(t), w;) j=1,...,n

First, as a set of n ODEs for the coefficients w,;, which form a vector
Qn E Rn’

ﬂn]’ + Ajun]’ = fj(t) = <f(t), wj> 5 (56)
or as a PDE for the (smooth) function wu,,
Ouy,

The initial condition is u,(0) = P,up.

Using standard theory for ODES, the n ODEs in (5.6) have - at least for a
short time - a unique solution wu,(t). Problems with this solution only arise
if the solutions ‘blows up’, i.e. if its norm tends to infinity. Since

n
lanlBe = 3 ftnsl? = un 20y,

=1

we could also show that the L? norm of the function w,, remains bounded.
This is probably easier; in fact, we have already done these calculations in
our ‘heuristic’ analysis: take the inner product of (5.7) with u,, and integrate
by parts (we and do this because u,, is smooth), so that
 lunllZe + [Vl = (Paf (1), )
——||u up||* = U
9 dt nil 12 n n )y Yn
= (f(t)a Pnun> = <f(t)yun>
< F @Ol - llun |
< NFOl -1 Vun| 2.

Using 2ab < a? + b? we obtain

d
gluellze + 1Vual* < SO
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and hence, integrating from 0 to t,

t t
e (£)]122 + /0 IVt ()2 ds < [fun ()22 + 2 /0 17()[ - ds

T
< ol + & /0 1F()I2 ds,
for all ¢ € [0,T].

So we have an approximate solution u, that is bounded in L>(0,T’; L?)
and L?(0,T : H}) with the bound independent of n. Arguing as we did
before, we also have a bound on 1, in L?(0,T; H~!) that does not depend
on n.

We now need to show that these approximate solutions in fact converge to
some u as n — oo, and that this u satisfies the equation. These are separate
issues; it is possible to have u, converges to u but not in a strong enough
sense that u actually satisfies the limiting equation (this will, fortunately,
not be the case here).

In this simple linear case we can show the convergence directly: consider

duy,
;Lt — Au, = Pnf(t) un(o) = Phug
and
du,
% — At = Puf(t)  um(0) = Pruo.

We want to show that {u,} (and also {w,}) is Cauchy. To do this, consider
Whm = Uy — U, With n > m. Then w,,, satisfies

d nm
lst — A = (Py — Po) f(t) wpm(0) = (P — P )uo.
If we repeat the calculations above we obtain
1d
§&|’wnm”%2 + ||anm||%2 = ((Pn = P) [ (1), Wam)
< cll(Pn = Po) ()|l -1 [ Vwnm | 2,
and so

d
Enwan%Q + ”VU’an%Z’ < |(Pn — Pm)f(t)H%{—l'

Integrating from 0 to 1" we obtain

T T
le0nm (T)][%+ /0 1V ()2 ds < [ (0)][20+ /0 |(PaePo) F(8) 3 .
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Choose € > 0. Then we can make |[wnm(0)|7, as small as we wish, since
Pyug — ug in L2. We show that P,f — f in L%(0,T; H™!'), from which
it follows that {P,f} is Cauchy in the same space, and hence that wy,, is
Cauchy in L%(0,T; H'). Consider

T
/O 1Paf(t) — FO)I- dt. (5.8)

We know that P, f(t) — f(t) in H~! for each fixed t, i.e. that ||P,f(t) —
J(@)||F;-1 — 0 for each fixed ¢; and we also know that

1Puf(t) = FOIF-2 < (IPuf Ol g1 + I F@)l)* < 4l fON1F-2 € 10, T).

So we can use the Dominated Convergence Theorem to show that (5.8)
converges to zero.

So u, converges to some u in L?(0,T;H') (and also in L>(0,T};L?,
but we will soon do better than this). It follows that —Awu, — —Au in
L?(0,T; H™1); since we have already seen that P,f — f in L2(0,T : H™1),
it follows from the equation

Up = —Auy, + P f(t)

that w, — v in L?(0,T; H~'). Since u, — w in L?(0,T; H') implies that
u, — u in L2(0,T; H~'), we can use Lemma 5.1 to deduce that v = 1.

We have therefore shown that every term in the equation converges to its
appropriate limit in L2(0,7; H '), so w € L?(0,T; H), w € L?(0,T; H™1),
and u satisfies

u— Au = f(t)

as an equality in L2(0,7; H~'). We remarked already that this was equiva-
lent to the weak form (5.6).

All that is left is to check that u satisfies the initial condition and is unique.
Since u, is Cauchy in L2(0,7T; H') and 4, is Cauchy in L?(0,7T; H 1), it
follows from Lemma 5.3 that in fact u, is Cauchy in C°([0,T];L?). In
particular, u(0) = lim,, o0 Uy (0) = limy, 00 Prug = ugp, as required.

Finally, for uniqueness we again use Lemma 5.3, which ensure that if

du dv
E—Au:f(t) and E—Av:f(t)
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with ©(0) = v(0) then w = Aw and
1d 4,
2dt

whence [lw(t)]|3, = 0 for all ¢ > 0, i.c. the solutions are unique.

w][72 = (w,w) = (Aw,w) = —||[Vw|F. <0,

Combining this, we have proved the following:

Theorem 5.5 Given ug € L? and f € L?(0,T; H™1), the equation
—Au= f(t) ulog =0 u(0) = ug

has a unique weak solution u, with u € L*(0,T;H}) N C°([0,T); L?) and
w € L*(0,T; H™Y), such that u(0) = ug and

i — Au = f(t)
as an equality in L*(0,T; H1).

One can also obtain higher regularity of solutions assuming higher regu-
larity of ug and f, for example: if ug € H}(Q) and f € L?(0,T; L?) then in
fact u € L?(0,T; H*) N C°([0,T); H}) and @ € L?(0,T; L?). (The equation
then holds as an equality in L2(0,7T; L?), and in particular almost every-
where in (0,7") x Q). To prove this rigorously one performs the following
heuristic computations using the Galerkin approximations and then takes
limits; but essentially the result follows from the following ‘formal estimates’
(‘formal’ here means ‘assume that everything is smooth enough to carry out
any manipulations you like’). Take the inner product with —Aw to give

/Qut (—Au)dz + || AulFe = (£(8), —Au) < || £ ()] g2l Au| 2

The first term is

Z/@tu] 6u]

3,j=1 z]l

/(")tﬁu] (Osuj) = thZ/\au]]

2
= 2 ZIvul?,

SO

< Il + Aul < £ el e

which using Young’s inequality gives

d
1 Vull® + 1Aul* < I F(B)IIZ-
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Integrating from 0 to ¢ we obtain

t t
IVu(t)]2s + /O |Au(s)[2, ds < [[Vu(0)]2 + /0 1F($)]22 ds.

Since ug € H and f € L?(0,T;L?) this shows that we should expect
u € L>®(0,T; HY) and

t
/ | Au(s)|72 ds < oo.
0

Since the theory of elliptic regularity shows that when —Au = f then
lullz2 < c|lfllz2, i-e. that

[ull > < ellAull g2

it follows also that u € L%(0,T; H?). Now, if u € H?, then Au € L?. So
from @ = Au + f(t) we expect u € L*(0,T; L?).

We know that if f € L2(0,T; H}) and f € L2(0,T; H') then f € C°([0, T); L?).
One can in fact show - with just a little more work - that the same result hold
if f € L2(0,T; H') (H! now, not H}). Using this (which we haven’t proved),
one can show that the increased regularity of v and @ implies that u is contin-
uous into H': indeed, if u € L?(0,T; H?) then for any j = 1,...,n, we have
dju € L*(0,T; H') and 9;u € L*(0,T; H™'). So then d;u € C°([0,T]; L?),
which shows that u € C°([0,T]; H').

There are of course even higher regularity results, e.g. if ug € H* and
f € L?(0,T; H*=1) then u € L2(0,T; H*'), & € L?(0,T; H*1), and u €
CY([0,T]; H*). See Evans (****) for details. One can also prove regularity
in time with additional assumptions on f; see the examples.



6

Nonlinear equations, weak convergence

In our previous analysis we first obtained uniform estimates on the Galerkin
approximations: we showed that u,, was bounded in L>(0, T'; L?) and L?(0,T; H}),
and the 1, was bounded in L?(0,7; H'), with the bounds independent of

n.

Because the equations were linear, we could then in fact show directly that
{un} was Cauchy in these spaces. But more generally we cannot proceed di-
rectly: we require some compactness results to guarantee that boundedness
of u,, allows us to find subsequences that converge in some sense. We now
introduce such a notion of convergence, and prove the required compactness
theorem.

6.1 Dual spaces, the Hahn—Banach Theorem, and weak
convergence

We have briefly introduced dual spaces earlier, and we now consider them
in a little more detail.

Recall that if X is a Banach space, its dual space X* consists of all
bounded linear functionals from X into K (although we restrict to the case
K = R here), i.e. X* = Z(X,K). The norm on X* is the Z(X,K) norm

(‘operator norm’),
[fllx-= sup  |f(z)].
zeX: ||zl x=1

The following theorem is somehow the first and central result in the study

91
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of dual spaces. It shows that a linear functional defined on a subspace of X
can be extended to a linear functional defined on the whole of X without
increasing its norm.

Theorem 6.1 (Hahn—-Banach Theorem) Let X be a Banach space, and
U a subspace of X. Suppose that f : U — R is a linear functional on U
such that

|f(x)| < M|z for all xeU.

Then there exists an F' € X* that extends f (i.e. F(z) = f(x) forallz € U)
and does not increase its norm,

|F(z)] < M|z forall xeX.

For a simple proof in a Hilbert space see the examples. The result in full
generality relies on Zorn’s Lemma, i.e. on the Axiom of Choice. Although it
looks fairly innocent, it has some interesting consequences (see examples).

As an immediate application, we prove the existence of a particularly
useful class of linear functionals, and show therefore that understanding
linear functionals is in some way enough to understand elements of X.

Lemma 6.2 Let x € X. Then there exists an f € X* such that || f]|x~ =1
and f(z) = ||z]|.

Proof Define f on the linear space U spanned by z as

flaz) = allz].
Then f(z) = ||z| and |f(2)] < ||z| for all z € U. Extend f to an f € X*;
then || f|x- =1 and f(z) = f(z) = ||z||. O

Corollary 6.3 Let z,y € X. If f(x) = f(y) for every f € X* then z = y.

Proof If x # y then by the previous lemma there exists an f with || f||x- =1
such that f(z) — f(y) = f(z —y) = [lz —yl| # 0. O

We say that {z,} € X converges weakly to z € X, and write z,, — x, if

flxn) = f(x) for all feX*
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If x, — x then x,, — z; for any f € X*

[ (@n) = f(@)] < ([l x-

Tn—xl|x =0 as n— 0.

Note that in a Hilbert space, where every linear functional is of the form
(y,-) for some y € H, x, — z if

(Tn,y) = (z,y) for all ye H.

This provides an easy example of a sequence that converges weakly but does
not converge; pick a countable orthonormal set {e;}3%,. Then for any y € H

Bessel’s inequality
[e.e]

> e < llyll?

J=1

shows that the sum converges; it follows that (y,e;) — 0 as j — oo, and
hence that e; — 0. But the sequence {e;} does not converge (any two
elements are a distance v/2 apart).

Lemma 6.4 If x, — x then

||| < liminf||z]|,.
n—oo

Proof Choose f € X* with || f||x+ = 1 such that f(z) = ||z|. Then

lall = £(2) = lim f(z),
SO

]| < liminf | f(zy)] < liminf || f[]x«[[zn ] x;
n—00 n—00

the result follows since || f||x+ = 1. O

In fact any weakly convergent sequence is bounded; this is not straight-
forward (see examples).

Lemma 6.5 Weak limits are unique.

Proof Suppose that x, — = and x, — y. Then for any f € X*, f(x)
limy, o0 f(zn) = f(y). So by Lemma 6.3, x = y.

ol

The following result is often useful.
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Lemma 6.6 Suppose that X,Y are Banach spaces, with Y compactly em-
bedded in X. Then if yp, =~y inY, yp >y in X.

Proof First, observe that y, — y in Y. Take f € Y™, then Y is a linear
subspace of X so there is an F' € X™* such that F = f on Y, and so

f(yn) = F(yn) - F(y) - f(y)

Now, if y, /4 y in X, then there is an € > 0 and a subsequence (which we
relabel) y,, such that ||y, — y||x > € for every j. Since {y,} is a bounded
sequence in Y, and Y is compactly embedded in X, it has a subsequence
(which we relabel) that converges to some z € X. If y, — z in X then
Yn — 2z in X; but weak limits are unique, so z = y, a contradiction. O

There is another notion of weak convergence, weak-* convergence, which
deals with sequences of elements of X*. If {f,} € X* then f, converges
weakly-* to f, fn, — f if

fu(z) = f(x) for all r e X.

Theorem 6.7 Suppose that X is separable. Then a bounded sequence in X*
has a weakly-* convergent subsequence.

Proof Let {x}} be a countable dense subset of X, and { f;} a sequence in X*
such that || fj||x= < M. A standard diagonal argument yields a subsequence
of the {f;} (which we relabel) such that f;j(x)) converges for every k. To
show that in fact fj(x) converges for every x € X, given € > 0 find z, such
that ||z — zx|| < €/3M, and write

|fi(x) = fi(@)] < |fi(x) = filz)| + [ filzr) = fi(ze)| + | fi(zx) — fi(@)]
< | fillx=llz — zill + | fi(zx) — fi(z)|l + [1fillx[lox — 2]

< % + | filzk) — fi(ze)]-

Since {fj(zx)} is Cauchy, one can find an N such that the second term is
< €¢/3 for all 4,7 > N. One then shows as in the proof of Theorem 1.3 that
f defined for each x € X by f(z) = lim,,— fn(z) is an element of X* with
[fllx« < M. O

We can convert this into a compactness result for bounded subsets of X
under a condition that relates the second dual of X, (X*)*, to X itself...
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Since X* is a Banach space (Theorem 1.3), we can consider its dual, (X*)*
(usually written just X**). We already have a large collection of elements
of X** to hand; given any z € X, define

L.(f) = f(x) for all feX™
Then L, is linear in f, and since

[ La(N] = [f(@)] < [ Fllx- ]l x
and if f € X* has f(x) = ||z|| and ||f||x+ = 1 then

(Lo ()] = [f(2)] = llzll = [1f ]l 1]l x

it follows that ||L;|/x+ = ||z||x. The map x — L, maps X isometrically
onto a subspace of X**. If this map is onto, i.e. if for every G € X**
there exists an z such that G = L,, then X is called reflexive. Loosely, X is
reflexive if X = X™**; but the equality here has to be understood in the sense
that the two spaces are isometrically isomorphic under the map = — L.

Examples: any Hilbert space is reflexive (since H* ~ H). Every LP space
with 1 < p < oo is reflexive, since (LP)* ~ L9 with p, ¢ conjugate: that every
f € LY(R) gives rise to a linear functional on LP(Q) follows from Hoélder’s
inequality: define

Lilo) = [ 1@t s
and then

1Ly < I Fllzallgllzr-

To show that [|Ly[|(zpy« = ||f||lLe, observe that if f € L7 then the function
g = f|f|7% € LP, since for (p,q) conjugate p = q/(q — 1), so that

loler = ([ r2r) " (f17) =nrne

With this choice for g, we have

Lyl = [ 171

= [[fllzallgllzr,

- -1
= £1%0 = IF ol 15" = £ wallglys 7

which shows that ||Ly||(zr)- = [|f][Le as required. Some more work is re-
quired to show that every such linear functional can be written as Ly for
some f.
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The dual of L' is L>; the dual of L™ is not L'. So L' is not reflexive.
Neither is L™, since X is reflexive iff X* is reflexive (a simple but head-
spinning proof). (However, L' is separable, so we can apply Theorem 6.7 to
deduce that a sequence bounded in L> = (L!)* has a weakly-* convergent
subsequence. )

We can now prove the following more comfortable compactness result.

Theorem 6.8 Let X be a reflexive Banach space with X* separable. Then
any bounded sequence in X has a weakly convergent subsequence.

The result is still true (with a more complicated proof) dropping the
requirement that X is separable.

Proof Take a bounded sequence {z,,} € X. Consider the sequence G,, € X**
with

Gn(f) = f(zn) for all feX™

Then ||Gy| x* = ||zn||x, so Gy, is a bounded sequence in (X*)*. Theorem
6.7 implies that there is a subsequence that converges weakly-* in (X*)* to
some G € X™**.

Since X is reflexive, there exists an x € X such that G = L,, i.e. such
that

G(f) = f(x) for all feXxr.
That G, = G in (X*)* says that
f(zn) = Gu(f) = G(f) = f(2) for all feX™

This is precisely z, — z. O

6.2 Weak compactness and our linear parabolic PDE

If we return to our uniform bounds on the Galerkin solutions of our PDE
ug — Au = f(t)

we have u,, bounded in L?(0,T; H}) (also L>(0, T; L?)) and 1, bounded in
L2(0,T; H™Y).
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Using the above compactness theorems, we can find subsequence such that

Up, =u in L*(0,T;Hp)
unjﬁu in  L>(0,T; L%
p, =v in L*0,T;H').

Some comments are in order here: L?(0,T; H}) is a Hilbert space, hence
reflexive, so we can use Theorem 6.8 to find a subsequence for which u,;, — u
in L2(0,T; HY).

L>(0,T; L?) is not reflexive. But it is the dual space of L'(0,T;L?),
which is separable. So we can use Theorem 6.7 to find a sub-subsequence
(a subsequence of the first subsequence) for which (relabelling) we also have
Up, X in L®(0,T; L?). L*(0,T; L?) is a Hilbert subspace of both these
two spaces, S0 up; — u and up, Xow in L2(0,T; L?); in a Hilbert space (in
fact in any reflexive space) weak and weak-* convergence are equivalent, so
by uniqueness of weak limits u = w.

The space L*(0,T; H~1) is the dual of L?(0,T; H}), so we can use Theo-
rem 6.7 again to find a weakly-* convergent subsequence (we take a further
sub-sub-sub-sequence so as not to lose the two ‘convergences’ that we had
already).

What is, for example, weak-* convergence in L?(0,T; H})? This is the
dual space of L2(0,T; H~1); so given any o € L*(0,T; H}),

T T
| im0t at = [ oo, 0(0) at.
0 0

Similarly, weak convergence of u,; to u in L*(0,T; H}) means that for any
p e L*0,T; H™Y),

T T
/ {p(t), un, (t)) dt — / (p(t), u(t)) dt.
0 0

This is already enough to sort out one of our problems, whether v = .
Take v € H} and 9(t) € C°(0,T), then, since vi)(t) € L2(0,T; HY),

T T
[ im0, 000) @t = [ w0000 at.
0 0
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But

/0 " i, (6),06(0) < /0 D (D0 (0) v>
. </OT n, (0(8) dt,v> _ /OT (ua, (1) (210 ) dt.

Now certainly 9 (¢t)v € L?(0,T; H™'), so using the weak convergence of un,
to u in L%(0,T; H}), this expression converges to

T
- /0 (u(t), (1)) dt.

We therefore have, for every v € H&,

T T
/0 (0(t), vp() dt = — / (u(t), D(t)0) dt.

This implies that

</0Tv(t)z/)(t) dt,v> = <—/OT u(t)(t) dt,v>

for every v € H&, i.e. that

as an equality in H~!, so v = .
We want to show that every term in
Up — Auy, = Py f(t)

converges weakly-* to its limit in L?(0,7; H~'). We have, at least, that
Up, — v in this sense; and we showed before the P, f(t) — f(t) strongly
in L2(0,T; H'), and hence weakly. For the Laplacian term, take ¢ €
L?(0,T; H}); then

T T
/ (—Aun(t), (1)) dt = / (n(t), —Dp(t)) dt
0 0
T
= [ tule) Ao ar
T
- /O (—Au(t), o(t)) dt,

since A¢(t) € L2(0,T; H1) and u, — u in L?(0,T; H}).
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It follows that
u— Au = f(t)

as an equality in L2(0,T; H™1), withu € L?(0,T; H}) and w € L*(0,T; H™1).
We therefore have u € C°([0,7]; L?), and it only remains to check that
u(0) = uo.

Last time we used the uniform convergence of u,, to u (i.e. convergence in
C°([0,T); L?)), but we need a more roundabout argument now.

First, since we have
u— Au = f(t)
in L2(0,T; H™'), choose v € H{, and then z € C1([0, T); HY) < L%(0,T; H})
with z(T") = 0 and z(0) = v. Then
T
| )20+ (Vute), Vat0) = (501,260 dt = .

Integrating the first term by parts (since u is the weak time derivative) we
have

T
/0 (u(t), =2(t)) + (Vu(t), Vz(t) — (f(t), 2(t)) dt = (u(0),v).

(We are not just using the definition of the weak time derivative, but also
the result of Lemma 5.2; see the examples.)

For the Galerkin approximations we have
Uy, — Auy = Pnf(t);
taking the inner product with 2z and integrating in space and time yields
T
/ (un(t), =2(t)) + (Vun(t), Vz(t)) — (Pnf(t), 2(t)) dt = (Pauo,v).
0

Using the fact that u, — u in L*(0,T; H}) and P,f — f in L?(0,T; H™'),
we let n — oo to obtain

T
/0 (u(t), =2(t)) + (Vu(t), Vz(t) — (f(t), 2(t)) dt = (uo,v).

This shows that (u(0),v) = (ug,v) for every v € Hi. So u(0) = ug as
required.



