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Abstract
Here we give a full description of the character table of SL2(Fq[2]/(2?)).

0 Introduction, Facts About [,

For all of this work we will take F, to be the finite field of order g where ¢ is prime and ¢ > 2. We will discuss
a few facts about Iy, firstly we have that the additive group of Fyn is cyclic generated by 1 and that (IFj.,-) the
multiplicative group is cyclic for any n € N, in the specific case where n = 1 we fix a cyclic generator of F; and call
it ¢ € F. We define z € F} to be square if Jy € F} s.t. z = y? and call = square free otherwise. It is easy to see
that the square elements form a subgroup of the multiplicative group of Fy and that if we multiply any two square
free elements the result is a square element. If we consider x € F; a square free element then we have /z ¢ F; and
this gives rise to a basis 1,/ of the quadratic extension of F, , F > and so we can view F, as a subfield of Fg2. It is
straightforward to see that the number of square and square free elements in F} are equal and hence there are q;zl
of each, if we fix a square free element ¢ € F}; we see that all the square elements are given by {a?|1 < a < ‘12;1} and

the square free elements are given by {a?e|l < a < q;—l} Any further results required about F, will be mentioned
when used later on, we are now ready to begin.

1 The Conjugacy Classes of SLy(F,[z]/(z%))

For this chapter let G = SLs(F,[2]/(2?)). In order to find the conjugacy classes of G it is first important to note
that G is a semi direct product of groups SLs(F,) and an abelain group N isomorphic to sla(F,) under addition
due to the following homomorphism:

¢ G — SLQ(]Fq

)
é T+ a1z x2+asz . xr1 X9
T3+ a3z Ta+ Qa2 T\ 23 w4

¢ acts as the identity on SL(F,) < G and has kernel
. x1t+ai1z X9+ asgz xr1 +a1z T2+ asz (10
Ker(¢) = {( T3+ a3z Tyt asz ) EG’¢<( T3+ a3z T4+ asz )) - ( 0 1 )}
. 1+a1z a2
{( asz 1+a4z>€G}
o 1+a1z asz 1+a1z asz
o asz 1+ aqz asz 1+ a4z

_ 1+az asz 2 _ )
— { < 0y 14 gz > ’ 1+ (a1 + aq)z + (a104 + aza3)z” = 1,0, € Fy

=1,a; € Fq}

But since we are over F,[2]/(2?) this becomes

_ 1+(l12 asz B 4
_{< asz 1+a4z)’1+(a1+a4)z_17azgpq}



and hence

. 1+a1z azz _ _
{< asz 1+a4z> (a1+a4)0,a2€IFq}

_{Id+<a1 @2 >zai€IFq}
a3 —a1

= {Id + xz|x € sla(Fy)}

This homomorphism means that G is a semi direct product of SLz(F,) (which we shall call H from now) and
the Ker(¢) . Multiplication in this kernel behaves very nicely, due to 22 being zero, as follows, if Id+xz,[d+yz €
Ker(¢) then (Id+ xz) - (Id 4+ yz) = Id + (x + y)z. This shows that the kernel is abelian and there is an obvious
isomorphism to the additive group of slo(F,). The Ker(¢) will be called N from now on, and G is thus the semi
direct product of N and H. We can easily determine that |N| = ¢* and less obviously |H| = q(¢® — 1) together giving

|G| = |H|-|N| = q¢*(¢*> — 1). The order of H can be determined by considering ( CCL Z

a matrix in H just needs to be any nonzero vector in F, x F, so ¢* — 1 choices, the second column of a matrix needs
to ensure ad — bc = 1 which gives q choices for the second column, thus a total of ¢(¢? — 1)

In order to define the conjugacy class representatives of G we shall take the following route, first we will find the
conjugacy class reps of N in G which will only split N into conjugacy classes as N is normal in G. Then we will find
the remaining conjugacy classes of G by looking at the conjugacy classes of H and and considering the semidirect
product.

As G is a semidirectproduct of N and H, finding the conjugacy classes of N in G comes down to finding
representatives of the orbits that partion N by the conjugation action of G on elements in N. So if n € N and
g € G then g can be uniquely written as g = h - 7 for some h € H and 7 € N and gng~! = hann 'h~! but
since N is an abelian group this is simply hnh~!. So we only need to consider the action of H on N to find its
conjugacy classes. Looking more closely at this action we see if n = Id+xz € N (i.e. x € sly(F,)) and y € H then
yny ' =y(Id+xz)y ' = Id+ yxy 'z, so is simply a case of finding orbit representatives of H acting on slz(F,)
by conjugation. It is important to note that any two elements in the same orbit must have the same eigenvalues
as they will be similar matrices, this means if two matrices have different eigenvalues they must represent different
orbits, this leads to our first set of conjugacy class representatives:

a 0 qg—1
(8 0 )elocfro 250

Each one clearly has different eigenvalues so they give distinct conjugacy classes with stabilisers by the action of H
of order ¢ — 1 as follows:

SmbH<Id+<(°)‘ _()a>z):{heH‘h(Id+<g _Oa>z>h—1zfd+<‘8‘ _Oa>z}
premp (5 5 ) =05 %))
) ) (8 505 0= ‘;@})}

- {( Ccl Z ) < H‘( “ﬁiﬁfﬁa —(a_de—bl?c)a ) - (

So we have a series of 4 equations that all need to be simulteanously satisfied

) € H ,the first column of

SR

—2aba =0 (1)

2¢da =0 (2)
ad —bec=1 (3)
ad+bc=1 (4)

and the number of solutions to these equations gives the order of the stabiliser. Notice (1)=- either a = 0 or b = 0,
if we assume a = 0 then (3) and (2) together imply d = 0 but this gives bc = 1 and bec = —1 so is a contradiction .'.
b= 0by (1). Then (2) and (3) together imply ¢ = 0 leaving ad = 1 in (3) and (4), for which there are ¢—1 solutions.



This means that we have ¢ — 1 elements in H and hence ¢®(¢ — 1) elements in G that fix our representative (which
we will call z for brevity) as if h € H fixes x then Vn € N hnz(hn)~! = hnzn='h™! = hah™! = z and |N| = ¢3.
Hence by the orbit-stabiliser theorem the size of each conjugacy class associated to one of the representatives above

’OTbG (Id+ ( 0 - )Z>‘ [ stabe <Id+|€|g N >Z) ) q;?’((q:—ll)) =da+)

Another set of conjugacy class representatives comes from looking at square free elements of Fy:

{Id+ ( (1) g‘ >z|aqu\A}

Where A = {z%|z € F,}. These matrices have eigenvalues ++/a ¢ F, hence give distinct conjugacy classes to those
found above, by considering /o over the quadratic extension and |F,\A| = q;—l tells us we have % conjugacy
classes of this type. Now to determine the size of these conjugacy classes as above,

0 « . 0 « -1 0 «
StabH<Id+(1 O>z)—{h6H‘h(1d+<1 0>z)h _Id+<1 0>z}
_ a b cH db—aca  a*a — b (0 «
B c d d*>—c*a —db4caa )]\ 1 0O

Again this results in 4 equations that need to be solved simultaneously:

db—aca=0 (5)
d*> - cca=1 (6)
a’a — b =« (7)
ad —be =1 (8)
assuming b # 0 (5) gives d = % putting this in equation (8) yields (a?a — b*)c = b and using (7) we get ¢ = g

and thus we have d = a, if we assume b = 0 this implies ¢ = 0 and we are looking at solutions of (7) so the number
of solutions simply comes from the total number of solutions to (7), this question can be answered by the following
theorem:

Theorem 1.1. ([1] 6.26. page 282) Let f be a nondegenerate quadratic form over F,,q odd, in an even number n
of indeterminates. Then for b € F, the number of solutions of the equation f(x1,---,x,) = b in Fy is

¢ ()" ()24
where ¥ is the quadratic character of Fy, A = det(f) and v is the integer valued function on F, s.t v(b) = —1 for

beF, and v(0) = g — 1. (the quadratic character ¢ is defined on Fg« as (c) = 1 if ¢ is a square of an element
in Fg« and ¢(c) = —1 otherwise)

We can view (7) as the non degenerate quadratic form over F,:

(s ) (5) =

Hence the number of solutions is simply ¢ + v(a)¥(a) = ¢ — ¥ (a) =g+ 1 so

‘StabH (1d+ (1) o >z>‘:q—|—1

@
0 >2)‘ =¢*(g+1)
and hence the size of the conjugcy class is:

ore 1+ (3 3>Z>‘:\Smbg(m+'?'0 D

and hence

—= O

Stabg (Id + (

10



All the remaining conjugacy classes in H come from matrices with 0 eigenvalues, the following three group

elements are the remaining conjugacy class representatives; a = Id + < 8 g )z, b = Id+ < 8 (1) )z and
0

c=1d+ 0 8 > z, where ¢ is some fixed square free element. It is easy to see that non of these are conjugate
to the previous conjugacy class representatives as the conjugation action of N preserves rank, this argument also
shows that c is not conjugate to a and b. So it is left to show that a is not conjugate to b and to find the

sizes of the classes that these elements represent. First we will show a is not conjugate to b, suppose they are
thenﬂ(z 2) € SLy(F,) s.t. (lcl Z)(g é) = (8 g)(i Z) which as before leads to a set of
simultaneous equations which are ¢ = 0, a = de and ad = 1(this comes from the determinant being 1 and c=0)
combining the last two gives a?/e = 1 which implies € = a? which is a contradiction as ¢ is square free, thus they
are not conjugate.

Now to find the size of the conjugacy classes, for c¢ the size is one as it is the identity element of the group, to
find the size of the class associated to a we will use a similar method to that above, and exactly the same method
applies in order to find the conjugacy class size of b yielding the same result.

s (1 (3 1))~ e (3 ) o= (3 1))
{( )enl(E 2)-(20))

Again this is simply a set of simultaneous equations, ¢ = 0, a®> = 1 and ad = 1, so there are two choices for a each
of which uniquely defines d, for each choice of a b can take any value hence:

0 1
‘StabH <Id+ ( 0 0 )z)’ = 2q
402 2
.'.‘OTbG(Id—l—(g é)z)‘: |G‘0 : :q(q241):q21
‘Stabg (Id+< >z>‘ 1

0 0

These are all the conjugacy classes in N as if we total the number of elements we have covered we have:

g—1 -1 -1
Q(Q+1)T+Q(Q*1)7+2

1=¢=|N
5 +1=¢"=|N]|

To construct the remaining conjugacy classes we will need the conjugacy classes of SLz(F,), the following table
is taken from [2] (page 71):

Representatives No.elementsinClass No.classes

(1) (é?) 1 |

(3) (1) 1 1 1

() S |

(5) o |
-1 3 2_q

(6) : 1
0 -1 2

z 0 _

(7) (O o ),a:#il a(g+1) =3

r oy - g—1

® (2 1)ern ala-1) 2

Now it is important to notice that (7) and (8) can be expressed in the form of cylcic elements which will be of
use later when discussing representations in order to construct the character table. Firstly (7) can be re-expressed



as;

{ ( CO an > ’ 1<n<(q—3)/2,( generates the cylcic group ]F;}

-1
This is possible as g xgl is conjugate to mo 0 . Now looking at (8),let L be the group ;6 Z ) € H}
can view this as a subgroup of the multiplicative group of IF;2,the quadratic extension of Fy. This can be done using
x Yy

the following homorphism ¢ : L — Fr. — x +y+/e. This homomorphism is injective as 1 and /¢ form

ye T
a basis of IF;2 over F, and hence L = Im(p) < Fzg. Now as ]FZ2 is cyclic and we have a subgroup of a cyclic group
we can conclude that L is cyclic, so is generated by some & € L. |L| = ¢+ 1 as L is simply

e 2l (o %)) =)

so by Theorem 2.1 we get |L| = ¢ +v(1)¥(e) = ¢ —¥(e) = ¢+ 1. So the conjugacy representatives of (8) can be
viewed as the following;

~1
as ( ry > is conjugate to ( Ty > = < Ty ) and Id and -Id are already accounted for.
ey —ey T ey x

Also to save some time later we can change the conjugacy class representatives of (3),(4),(5) and (6). Firstly

(5) and (6) will now have representatives ( :1 —01 ) and ( -1

e 1 ) respectively, these can easily be checked

to be conjugates by conjugating them by ( (1) Bl ) To change the representatives of (3) and (4) we will need a

short lemma.

Lemma 1.2. (i)If ¢ = 1(mod4) and b € F} is a square (square free) element then —b is a square (square free)
element .
(i4)If ¢ = 3(mod4) and d € F}, is a square (square free) element then —d is square free (square).

Proof. (i) if ¢ = 1(mod4) then 3ay,as € F} s.t. af + a3 = ¢ and since the square elements form a multiplicative
subgroup of Fy generated by ¢% we get that b = wa? where x = y?, where y € F7. So we have b+ y?a3 =

y2a? + y%a3 = y?>q = 0, hence —b = y%a% = (yas)?. If b is square free then b = ca? for ¢ sqaure free and so we get

£a? + a3 = eq = 0 which gives us —b = —ea? = a%e and hence —b is square free.

(ii) If ¢ = 3(mod4) then ¢ = 1+ (¢ — 1), (¢ — 1) is square free, as suppose not, then we have x € F; with
2? = (¢—1) = —1 thus |z| = 4 in the group F,’ but this contradicts Lagrange’s Theorem as |F;| = ¢ —1 = 2(mod4).
Now given any square element b € F; we have b-1+b(q —1) =0 so —b = b(q — 1) and b(¢q — 1) is square free. Now
if b is square free we have —b = b(q — 1) but since both b and ¢ — 1 are square free we get that b(¢ — 1) = —b is a

square element. O

Now if we look at the following:

(e )G ) %)= (e 1)

So if ¢ = 1(mod4) so —1 is a square element we get that ( (1) i ) is conjugate to ( 1 (1) ) and ( (1) i ) is

conjugate to 1) Now if ¢ = 3(mod4) since —1 is square free we get ( é 1 > is conjugate to ( i (1) )
and ( (1) &1: > is conjugate to < } (1) ) Thus we will use the following four conjugacy class representatives for

1 1
The conjugation in G works as follows

(3),(4),(5) and (6) instead; i( 1 0 ) and i( i 0 >

C(Id+ c2)B(Id + bz)(C(Id + cz)) !

= C(B + (cB — Bc)z + Bbz)C™!



=CBC '(Id+ (CB '¢BC ™! — CcC! + CbC1)2)
So an element of the form B(/d+ bz) can only be conjugate to an element of the form A (Id+ az) if B is conjugate
to A in H. So given A(Id + az) € G then it is conjugate to B(Id 4+ az) for a unique B from the table above and
some b € sly(F,). So to define the rest of the conjugacy classes of G we have to find all of the b; € sl3(F,) for each
B in the table above such that B(Id+b;z) and B(Id+b;z) are not conjugate for i # j in G. We will work through
the above table from (1) to (8), (1) is simply the case in N which was dealt with at the start, the same procedure
also works for (2), this is all due to the fact that Id,-Id commute with everything.

1 0

Lemma 1.3. for (3) B = < 11

> the conjugacy classes are:

) (e () per)

+cz) €G sit.

(4 %) e

(1) > ( } (1) > C, this implies C is of the

Proof. suppose that two distinct elements are conjugate then 3C(I

(
C(Id—i—cz)(} ?)(Id-‘r((l) b11> )=(1 (1)

where by # by. Comparing the non z coefficients means that

o

+1
coefficients in the equation above gives:

(e )0 =)0 9)(
)G AN %)

r+y+1 y+ b
ct+wtcey—xz+1 cy—xz+(1+c)by—1

°(
form ( icl 0 ) for any ¢ € F,. If we assume C = ( (1) > and letting v = < f} —ya:

> comparing the z

which gives

_ 14+bc+z b +y ()

1+ (be—1l)c+(Q+e)z+w ba—14+(14+c)y—=
But this implies by = by due to the top right entries which is a contradiction. There is an almost identical argument
if we assume C = _Cl _01 thus showing non of the elements are conjugate, to finish the claim we need to

show we have covered all the possible elements A(Id + az) s.t. A is conjugate to B. This means we need to have

q- '122—71 as the total number of elements from all the conjugacy class representatives in the claim. This will follow
by looking at the order of the stabiliser of the conjugation action. The order of the stabiliser is the number of

solutions to (9) where b; = by plus the number of solutions to same system but where C = < _Cl —01 ) From

(9) we get 2 simultaneous equations:

y = be (10)
2 —b
_ ¢ +cy C (11)
2
. -1 0 . -
Solving the same system where C = c -1 leads to the following stabiliser:

1 b +1 0 4 c(24be=b) be
Stabg (B (Id—i— ( 0 -1 )z>> = {( ¢ 41 ) (Id-f- ( w2 :Fc(2+;)cfb) Z

Where ¢ and w are any elements of F,. Hence

(0013 )



and so:

’Orbc (B <1d+ ( i ) Z))‘ _ q‘*(q;q; ) q2(q22_ 3

And since we have ¢ of such conjugacy classes we have covered the required number of elements by the disjoint
conjugacy classes O

Lemma 1.4. For (4),(5) and (6) from the table there are identical results.

Proof. Simply follow the previous method. O

Lemma 1.5. For (7) we have B = ( g /6’91

(o oh ) (e (o 5 ) )wem)

Proof. As of the proof for previous conjugacy classes, first show no two of these representatives are conjugate and
4
then that they cover the % elements of the form A(Id + az) for any a € sly(F,;) and A conjugate to B. Now

suppose ( g 591 ) <Id+ ( 501 % )z) is conjugate to ( g 591 ) (Id—l— ( b02 % )z) by C(Id + cz)
—01 —b2
for by # be comparing non z coefficeints in the equation given by the fact these elements are conjugate implies

C satisfies CB = BC which implies C = ( (C) 091

> , B # £1 the conjugacy class representatives are:

> for some ¢ € F;. Comparing the z coefficients gives the

following equation

Wherec—<i _yx)IfC—<(C) 091 )Weget:

¢fby + cof ey _( Bhactacf ey o
- —bac™ 1ﬂ7 ( )

Cilwﬂ _blﬁflcfl _ 1’671[371 wcflﬂfl 1 _ xcflﬂfl

But this implies by the top left entry that b = by so contradiction, hence the elements cannot be conjugate. Now
to look at the size of the conjugacy classes by finding the size of the stabiliser, but this is simply ¢ — 1 times the
number of solutions to (12) where b = by = by (the ¢ — 1 comes from the options for C). The system leads to four
simultaneous equations:

¢Bb + cx8 = Bbec + xcf (13)

cyﬁ_l — cyﬁ (14)

clwp =we gt (15)

—bg et —ae BT = —be BT — eI (16)

These equtions have very simple solutions (14) and (15) imply y = w = 0 as 3 # £1or0 and ¢ # 0, « can be anything
in F, hence the size of the stabiliser is (¢ — 1)g. So the size of an orbit of one of our conjugacy class representatives
g Clat) ' (g+1)

2

i and for each fixed B we have ¢ of such conjugacy classes so covering =5 as required. O

T
€y

W ) (e (5 0)o)oeny

where (x,y) and (x,—y) are the same conjugacy class representative.

Lemma 1.6. For (8) we have B = (

are:

g ) ,x # +1 and € is square free the conjugacy class representatives



Proof. Following a similar route to the previous claims first we show that the conjugacy class representatives are not
conjugate to each other, we already know that if they have different leading terms that they cannot be conjugate
due to the conjugacy classes of SLo(IF,), first we will look at the form of elements we can achieve by conjugation in

N, so we are looking at elements of the form

(1d+az)(€”; Z>(1d+<8 8))(Idaz) (17)

where a = ( 79_ f@ ) putting this into (17) gives us:

( S ) (f“ ( B N AN Y >Z>

If we let & = y(pe — 7) and d = 20y and noting (22 — y%c) =1 as < o i > € H then we have

r oy xé—&—syd :Jcci—kyé—i—b
1d : ¢ |
< ey T > < + ( —e(xd +yé) —xé—eyd ‘ (18)

Now if we suppose that 3g = A(Id + az) € G s.t.

T R B C R I DD BT

ey «

Q ola

for some b # b then ABA™! = B implies A € H is of the form ( Ccl ) (of which there are ¢ + 1 of by theorem

1.1). Then
o( 5 0) (e (5 0)2)a
:A(Id—i—az)(;; z)<ld+(8 g>z)(1d—az)A_1

v > and using the substitutions as in equation (18) we have:

. 0
Letting a = < ¢ -0
Ty xé—l—ayd xd+y5+b 1
=A Id ~ ~ A

( ey ) ( + ( —e(xzd +yé) —xz¢—eyd :

z6+€yd xJ+yé+b

Yy -1
Id+ A 8 A
ey @ ) ( a ( —e(zd+ye) —axé—eyd ) Z)

which <

Qoo

as ABA™! = B. Substituting A = @ , r=xC+ syci and p = xd + yc we get:
c

2
azr—Qcap—acb—F% %—&—an—QC‘;—T—i—aQb

:( v y) Id—+ 2 |z
ay T 2cra — a’ep — 2p — b —a’r + 2cap + ac —%

And two final substitutions f = a?r — 2cap — acb + % and g = 2cra — a’ep — cp — b so,
_9 1 g2p_ <%
(5 ) (e )
gy g —f

but since A € H implies a? — é =1 finally giving

(5 ) (e (5 50



but this contradicts equation (19) as if g, f = 0 implies b = b hence non of the representatives are conjugate. Now
it is left to show we have covered ¢*(¢ — 1) elements for each B. This is simply a case of looking at the size of the

stabiliser of each B(Id + bz), where b = ( 8 8

) , which we will do by solving the following equation:
B(Id+bz) = A(Id + az)B(Id + bz)(Id — az)A™*
we know that B and A must commute, so

=B(Id+A(B 'aB+b—-a)A™'z)

a
—bc®  —bac

Q ola

Lemma 1.7. If A =
where d € sly(Fy)

2
) € H (iff B and A commute) then AAA~' = b implies d = ( bac = ba >,

X

Q oo

Proof. Suppose AdA~! =b, d = —yx > € slp(Fy) and A = ( Z ) Then AdA~! = b is equivalent to

Ad = bA which gives the following four simultaneous equations:

az + <2 = be (20)
€
ay — L ba (21)
€
cr+aw =0 (22)
cy—ax =0 (23)
as A € SLy(IF;) we have either a or ¢ # 0. If we assume a # 0 (22) implies w = =% and (23) implies z = < so
w= —C;—Zy. Putting z = < into equation (21) gives:
2
ay — £y _ ba
ae
which is iff
2

(a2 - ?)y = ba’

and since a? — é = 1 we have y = ba? substituting this solution into (20) varifies this is a solution and hence this

is the unique solution. If ¢ # 0 the result follows from an almost identical argument. Using this solution gives the
matrix stated in the lemma. O

Now using this lemma on

B(Id+bz)=B(Id+ A(B'aB +b —a)A™'z)

—bc?  —bac ey g —e
following four simultaneous equations:

2
means B™'aB +b —a = ( bac = ba ) so as B = ( v Z ) and letting a = < e [ ) results in the

ex? 4+ xfey + ecy® — gyx — e = bac (24)
fa? +eyx — gy’ +eyxr — f +b = ba® (25)
—ceyx — fe2y? 4 ga® — ceyr — g = —bc? (26)
—ex? — xfey — ecy® 4+ gyx + e = —bac (27)
First notice that equation(24) = —equation(27) so they are linearly dependent, and rearranging (25) gives:
f(2® = 1) + 2eyx — gy* = b(a® — 1)
which using the following two facts, 22 — ey? = 1 and a? — % =1 gives
b 2
Fer? + 2eyr — gy = — (28)
€



and using the same ideas equation(26) becomes

—e(fey? + 2eyx — gy*) = —bc® (29)
So equation(29) = —eequation(28) which implies equation(26) is a scalar multiple of (25), so we have reduced the
system to just equations (24) and (25), which is
ey’ +22—-1 zey —yzx ; _ bac
—2eyz —e%y? gy? p —\ —bc?

If we can show the existence of one solution to this system then we have a linear subspace of solutions over [y i.e.
X

2
f =0 then we have the following two simultaneous equations:

q distinct solutions. First notice that y # 0 as B = ( i ) and = # £1 then we can construct a solution, let
(ey® + 2* — 1)e — yag = bac (30)
—2eyze + ey’g = —bc? (31)

using 22 — ey? = 1 (30) becomes
2e%e — yxg = bac

and since y # 0 we have e = % substituting this into (31) we get:

—2eyrbac  2ey’x3g

2 2

2ey? 2ey? eyt =—he

—2eyzxbac
2 2 2
ey” — = —bc* + ———
(o0 = at)g = b + =2
c

which gives us a solution for g since ey? — 22 = —1. Therefore for each A = 2 we have ¢ elements of the

form A + (Id + az) that stabilise B + (Id 4+ bz) and since there are q+1 choices for A we have:
|Stabg(B + (Id+ bz))| = q(g + 1)

and hence,
g*(¢* - 1)
a(g+1)

so for each B we have covered a total of ¢ - ¢3(q — 1) where the ¢ at the front comes from the g options for b [

[Orb(B + (Id + bz))| = =¢*(¢-1)

This all gives us:

Theorem 1.8. The following B(Id + zb) are conjugacy class representatives for SLo(F,[z]/(z?))

B b beF, No.elementsinClass

(1) +1Id 0 n/a 1

(2) +1d (8 _0b> 1<b< 4t q(g+1)

3) +1d 0 0)  VeeE, ala—1)

(4) +1d 8 8 n/a 1

(5) +Id 8 (1) n/a q22_1

©  =(; ! 5 any st

R R N )

(8) ( g “1 ),x;é:lzl 8 —Ob any ?(g+1)

(9) (;; i)w#il (8 8) any ¢*(g—1)



-1

where in (8) ( ?) :ﬁl ) and < 170 2 ) are the same, which in future will be represented by ( CO <9n ) , 1<

n < %, and in (9) (z.y) and (x,—y) are the same. Where € is some fized square free element in F,.

It will be important later to view the representatives of (11) in the following form &™ <I d+ z ( 8 8 )) where

¢ is a fixed cyclic generator of Hp . 1) (see Lemma 2.2).

A couple of quick checks can be done at this point, firstly it can easily be shown that the total number of
elements in all the conjugacy classes is equal to |G| and secondly the number of conjugacy classes we have is equal
to the total number quoted in [3].

2 Serre’s Induced Irreducible Characters of SLsy(F,[z]/(z%))

Now to find the representation of SLs(F,[2]/(2?)) we will follow the following method from [4] (8.2 page 62):
Let N and H be two subgroups of the group G, with N normal. Make the following hypothesis:
(i) N is abelian
(ii) G is the semidirect product of H by N
Since N is abelian its irreducible characters are of degree 1 and form a group X = Hom(N,C*). The group G
acts on X by
(sx)(a) = x(s"tas) forse€ G, xe X, ac N

Let (X:)iex/m be a system of representatives for the orbits of H in X. For each i € X/H, let H; be the subgroup
of H consisting of h such that hy; = x;, and let G; = N - H; be the corresponding subgroup of G. Extend the
function y; to G; by setting

xi(ah) = x(a) fora€ N, he H,.

Using the fact that hy; = x; for all h € H;, we see that x; is a character of degree 1 of G;. Now let p be an
irreducible representation of H;; by composing p with the cannonical projection G; — H; we obtain an irreducible
representation p of GG;. Finally, by taking the tensor product of x; and p we obtain an irreducible representation
Xi ® p of Gy; let 0; ,, be the corresponding induced representation of G.

Theorem 2.1. [}/
(a) 0, , is irreducible
(b) If 0; ,, and 8; v are isomorphic, then i =1i' and p is isomorphic to p'.
(c¢) Every irreducible representation of G is isomorphic to one of the 6; .

So using the notation from the previous chapter we have G = SLy(F,[2]/(z?)) is the semi direct product of N
and H where N is an abelian group thus allowing us to apply the above process, first we will look at the irreducible
reps/characters of N. Since N is abelian this is a very easy process we will set up the following notation to identify
the irreducible characters:

X(I,7.K) (Id+ ( f _yx >z> = WY W = Ity T oK

Where [I,J, K] € F, xF, x F; and w = exp (%) These are all the irreducible characters of N and the action

(sx1,0,x7)(a) = X[]’J’K}(S_las) fors e G, x € X,a € N if welet s = ( ; f ) (Id+bz) and a = Id +

h
( Ty ) z then,
v -

_ -1 _ Thex—Ifev+Ihgy+Ifgz+2Jhfa—Jf2v+Jh?y—2K gex+Ke?v—K g2
(SX[I,J,K])(G) _ X[I,J,K](S as) —w f gy+Ifg f f y g g7y

= X[I(he+fg)+2Jhf—2Kge, Thg+Jh?—Kg2,—Ife—Jf24+Ke?] (a)

Now we will look for orbit representatives of this action and find the stabilisers for these representatives.

f

We start by looking at x(7,0,0) (I # 0) then if s = ) We get $X(1,0,00 = X[I(eh+fg),Ihg,—Ife], there are

two points of interest here, when is x[1/ 9,0 in the orbit of x(;,9,0) and what is the stabiliser, H; oo}, in H. The first
question is simple, if sx(7,0,0] = X[I(eh+fg),Ihg,—Ife] = X[17,0,0) then we have the following system of equations:

() I(eh+ fg)=1" (2)Ihg=0 (3) —Ife=0 (4)eh— fg=1

11



where (4) is because ( ; / ) € H. The combination of (2),(3) and (4) imply either e = h =0 & fg = —1 or

h
J =9 =0& eh =1 this implies I" = £1 s0 x[1,0,0 lie in distinct orbits for 1 < I < ‘12;1. Now to look at the
stabiliser in H is given by the ( ; £ ) s.t. sX[1,0,00 = X[1,0,0) but from the above work this is

{(; £>|f=g=0,&eh:1}

Hence we have |H{; o0 = |Staby (X[1,0,01)| = (¢—1) and hence [Orby (x[1,0,01)| = q(¢+1). And now we will find the

).
irreducible representations of H{; . Noticing that H{; o0 = F, we can express each ( 8 691 ) as ( <0 CE)n )

where ¢ generate F; thus giving the irreducible representations as

"m0 . 27in
=ex
PI1,0,01.1 0 ¢ P =1
where 1 <[ <q—1.

Next we look at x(o,1,0], firstly we look at which x(o, 7o) we get from the action. We get sx(o,1,00 = X[2ns,h2,— 2]
-1

this means f = 0 so we can get the q;—l X[0,s,0) where J € {z|z = h? h € [y} by taking s = ( 0 }Ol . Now the
Stabp (X(0,1,0]) just requires f =0 and h? =1 so,
h=t 0
StabH(X[O’LO]): {( g h ) ’h2:1&g€Fq}
So we have [Stabp(X[o,1,0))] = 2¢ and so [Orbg(X[0,1,0))| = ‘122—_1. Now to look at the irreducible representations of

Hio 1,0) = Stabr (Xjo,1,07)- Its easy to see that every element can be uniquely expressed as (—Id)" ( ; (1) ), where

1<n<2and g€ F,, and that Hyg ;¢ is abelian so the representations are simply,

W10 . 2rigl
P[0,1,0],11,12 ((—Id) ( g 1 )> = (_1)l1 exp <qu) (32)

where [; € {0,1} and 0 < ly < ¢ —1.

Now if we look at x[o,,0) where € is some fixed square free element we get identical results in the same way as
those above and it is clear that they are not in the same orbit.

If we look at x[,0,0) We get that Stabm(X(0,0,0) = Ho,0,00 = H and hence we get |Orbg(X[o,0,0))] = 1 and the
irreducible representations are simply the irreducible representations of H which can be found in [2].

Finally if we look at x|o,,.,1) where x is some square free element first look at sX[0,2,1] = X[2(zhf—ge),zh?—g?,—a f24e2] =
5X[0,27,1] for some square free x’ # x, this gives us four equations;

zhf —ge=0 (33)
zh? —g* =o' (34)
e —xfi=1 (35)
eh—gf =1 (36)

It is straightforward to check there are no solutions if any of e, f,g or h = 0 so can assume they are all non zero
zh

so (33) gives f = £ substituting this into (36) gives e(h — %) = 1 but using (34) in this gives e = £} and so

zh
f = %, substituting these into (35) gives zh? — g* = zzj which using (34) implies « = 2’ which is a contradiction
hence there are no solutions so x|g,.,1) define distinct orbits. Now to look at the stabiliser of x|o ., 1) this is the set of
solutions to the above equations where x = 2’ | so (34) is now zh? — g2 = x. Notice (34) implies either g or h # 0,

assuming h # 0 this gives similar to before f = £ and e = h now if we assume that g # 0 we get exactly the same
result, hence:
2
n-L = }

T

h 9
H[O,mJ] = StabH(X[07m’1]) = {( g fl )

and by theorem 2.1 we have [Stabg(X[o,.»,1])| = ¢ + 1 and hence |Orbg(X[o,+,1])| = q(¢ —1). Now to find the
irreducible representations of Hjg , 1)-

12



Lemma 2.2. Hy, 1) is cyclic.

Proof. Can view H| . 1] as acting on the quadratic extension of F, as multiplication as follows. Let e; = 1 and

€g = ﬁ then e; and e form a basis of the quadratic extension over F, then we can define the action of Hjy . 1) on

h
of the multiplicative group of the quadratic extension, as each element of Hyy , 1) acts as a unique element of the
multiplicative group. Hence H|g , 1) is the subgroup of the multiplicative group of the quadratic extension which is
cyclic and hence H|g 1) is also cyclic. O

g
the quadratic extension by < ;L z ) (aeq + bez) = (hey + gez)(aey + bez). So we can view H[g , 1) as a subgroup

Hence we have Hjg . 1) =< 1 > for some n € Hy 1) s.t. |[n| = ¢+ 1 and so the irreducible representations of

Hg 1) are simply pjo z,17,(n") = exp(%;ill") where 0 <1 <q+ 1.

We can now carry out a couple of quick checks , we can check that we have in fact found all of the orbit
representatives of X under the action of H by simply totalling the sum of the sizes of each orbit which will yield
¢® = | X| as required. We have not ignored the case G0,0,0 the required characters will be given a little later as we

will quote them from [2] and induce them at the same time.

3 The Irreducible Characters of SLy(F,[z]/(z%))

We are now in a position to induce the characters we have from the previous bit of work, throughout this section we

n
will use ” to denote exp(x). We start by inducing our characters of G; .0 = { ( CO an > (Id +z < ?; —ﬁa )) }

5 0 o B _ ol  2mial
X[I,o,o]®ﬂ[1,o,o],l<< 0 ¢ Id+ = N —a =ewle

We will induce this character (and all the other characters later) using the following [5](proposition 21.23) if
is a character of a subgroup H of G, and suppose that x € G.

(1) if no element of ¢ lies in H, then (¢ T G)(x) =0

(2) if some element of 2 lies in H, then

for 1 <7< 9t

(41 6)(0) = Calo)] (Gt + el

[Crr (1)) Cr(2m)|
Where H N 2@ splits into m conjugacy classes in H x1,--- ,x,, are the m conjugacy class representatives of

these classes and v T G is the induced character.
So in order to use this we need to determine the conjugacy classes of Gz 9,0 which will be our next step.

Lemma 3.1. The conjugacy classes of G| ,0) are the following

Rep var size |CG[1,0,O] |
4 (14 a 0 F g—1 243
2 1 _, a € lfy 2 q
(14 a 0 F q—1 243
2 . . aclig 2 q
a 0 3
+(Id+=z 0 —a aclF, 1 (¢—1)q
a 1 -1
c(aes( L)) | e w o oa
i(IdJrz( - )> c,a €T, =l 98
¢ 0 a 0 n 2 _
( I Id+z( o _, "#FELaeF, ¢ (¢—1)q



Proof. for the first five rows of the table we will only need to consider the case where =+ is 4, the negative case follows
due to —Id commuting with everything. On the first five rows conjugation acts as follows, if A(Id+az),Id+ zb €
Gir,0,0 then A(Id+az)(Id+2zb)(Id—az)A~! = (Id+zAbA~") so we only need to consider the conjugation action

of{(co Con)}onslg(]Fq).If<: ﬂa>€slg(]Fq)thenweget(C0 Con)<?; ﬂa)<c() Con>:
a 647271
( 1 —a
conjugate to each other using the fact that as ¢ is square free then so is a?c Va € [Fy. It is also clear from this action
that non of the first five rows can be conjugate to the last row. To show the sizes is a simple case of looking at the

stabilisers of each representative, for row three it is clear that everything in G; ¢, stabilises the rep, and for the
other top five rows we get the same stabiliser as the example below

thus it is (quite) obvious that the first five rows of representatives in the table are in fact not

1

‘StabG[,M (Id+z ( P

))’ = [{ (Id + za)[a € sly(Fy) }| = 2¢°

thus completing the first five rows. Now to look at the final row, these have a more complicated conjugation

action as follows, let A(/d + az),Id+ zb € G[1,9,0) where A(Id + az) = ( ¢ 0 ) (Id +z ( a 0 )) and

0 ¢ 0 —a
(Id + zb) = (Id+z< ‘C’ _ba >) then

(Id + zb)A(Id + az)(Id — zb) = ( CO” 49” ) (1d+z< (Czna_ e (¢ —1)b ))

—Q

B

and since (" # +1 we have (*2" —1 # 0 Hence we can produce any A (Id+cz) where c = ( : C ) for any 3,7 €

F, and o determined by a. Then noticing that by conjugateing the above result further by B = ( CO <9m )

yields no further conjugates as will simply commute with A and will not effect the value of « in ¢ (as was seen when
looking at the top five rows in the table) hence all of our representatives are not conjugate to one and another and
the size of each conjugacy class is simply the size of set of all the elements we can obtain by conjugation i.e.

{05 &) (= (5 2))prer]=e

Thus completing the conjugacy classes of Gz, O

Next we need to see how the conjugacy classes of G split across G;,9,g) in order to induce the characters, we
start by observing that where £ appears in the table of theorem 1.8 it will only be necesary to consider how the +
classes split as the — classes will split in an identical manner.
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Proof. The result about the identity is obvious, so we will start on the second row of the table, first observe that

b0\
(Id—l—z( 0 —b >> = {Id + zb| eigenvalues = +b}

This can be easily seen by noticing that the conjugacy class is generated by conjugating by elements in SLy(F,)
and there are no other conjugacy class representatives in G of the form Id+ zb with eigenvalues £b. Also recall this
conjugacy class in G has size q(¢+1). So we need to find all the conjugacy classes in G| o,o) where the representative
is of the form Id + zb with eigenvalues £b. These are simply all the representatives in the second row of the table
where f(a) = b*> — a? and g(a) = b22“2 to ensure we have the required eigenvalues. It can be seen that this is all
of them by observing that the total of all the sizes of the conjugacy classes that these represent in Gz ,9) gives us

q(q + 1) as required.

For the thrid row of the table we need to cover ‘122—_1 elements all with zero eigen values, to do this we look at

which elements in G we can achieve by conjugation, as before we only need to consider the action of SLy(F), thus

we get,
0 ¢\ —ace  a’¢
Id+z(0 0) :{Id+z(02€ cae)

where a and ¢ come from conjugating by

( LCL b ) € SLy(Fy). Uecer, (Id+ z( 062 ¢ )) are all distinct conjugacy class reps in Gpz,9,0) which

(@.0) % 0.0)]

d —c°e  —ce
0 €
0 0

at the case where a = 0 then if ¢ = 1(mod4) we have —c%¢ is square free and hence by choosing the right value for

(g—1)
qu2

are in Id+z ( > , these classes account for a total o . The remaining q;—l elements come from looking

0 0\ 0 e\°
¢ we have Id + z ( - 0 ) Cld+z ( 0 0 ) similarly if ¢ = 3(mod4) we have —c?¢ is square and hence

10 0 0
[ e ifqg=1(mod4)
hia) = { 1 if ¢ = 3(mod4)
An identical argument works for the fourth row of the table where
i(q):{ 1 if g =1(mod4)
e if g=3(modd) °
For the sixth row we follow a similar route to that of the second, first observe that

0 0o 0 e\
we get Id+z( ) CId+z< ) thus by defining

the third row is done.

G
(Id+z< (1) 8 )) = {Id + zb|eigen — values of b are + Vb}

and then by seeing that if we let j(c) = b — ¢ and k(c) = b—€c2 we have distinct conjugacy classes of Gr 0 in
0 b\\°
10

Finally to look at the last row of the table, it is clear from the conjugacy classes of G|; o ] that all of the classes in

G
- 0 b 0 ¢ 0 b 0
the table are distinct first we show that < 0 ¢ Id+z 0 —b € 0 ¢n Id+z 0 —b

G
¢™ 0 b 0 ¢ 0 b 0 .
and ( 0 ¢n Id+ =z 0 b € 0 ¢ Id+ =z 0 —b but the top one of these is clearly
0 1

-1 0

Id+z which cover the required ¢(q — 1) elements.

true and the bottom comes from conjugating in G by , so in total we have covered 2¢2 elements. To show

n G
these cover the required number of elements in Gz ¢,0j, we need to see what < CO C9" ) (Id +z < 8 _Ob )) N

+n 0

0o ¢t
term in the semidirect product, this fact comes straight from the conjugacy classes of SLy(F,), the only elements

G1,0,0] 18, firstly need to observe the only terms we can achieve in Gz o) must have ) as the leading

in SL(F,;) which we can conjugate by which keep us in G| o are of the form ( CO CE)m ) and
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( C9m 78 ) . Hence the only elements we can conjugate by are of the form ( C() CE)m ) (Id +z ( : fa ))

and < 0 —C ) <Id 42 ( 3 —Ba )), the first of the two yields the following:

o
S b ¢ (¢ = 1)8
(5 &) (e e on, 7))

Since (™ # £1 we have (72" — 1 # 0 # ¢?" — 1 and hence we can obtain a total of ¢> elements by choosing 3
and vy in IF,. If we conjugate by the second type of element we get

( < CO" ) (Id+z< _sz(_gn_ 1)8 _@m(an— v ))

giving us a further ¢ elements as before, so in total we have 2¢? elements in & N G1,0,0) and so we are done. [J

We are now ready to give the first portion of the charcater table of SLs(F,[2]/(2%)) by inducing the following
chracters of G1,0,0], O[1,0,01,1 ®X[1,0,0 using the formula for induction and the above proposition we have the following

Theorem 3.3. The following characters are the induced characters of pi10,01,1 ® X[1,0,0 o7 G[1,0,0) to G

Conjugacy class representative restrictions 5[1’0,0],1 ® X[1,0,0] e
1 n/a (g +1)
Pt n/a alg +1)(-1)’
Id+z< 8 —Ob> 1<b< 432 g re )
(=5 %)) L<b< ot (Dl e
0 b
0 b B
-\ fd+z 1 0 b¢F, 0
0 ¢
Id+ =z ( 0 0 > n/a q
0
0 1
Id+z< 0 0 ) n/a g
0 1
_<Id+z( 0 0 )) n/a (—1)lq
( C(; an > <Id+z( 8 Ob >) 1<n< a5t R 4 (TR

and is zero on all other conjugacy classes.

It is readily varifiable that all of these characters are irreducible by means of taking any ones character inner-
product with itself yielding 1 as would be expected due to Theorem 2.1.

Next we shall induce the characters from

G[o,Lo]{(l)”(!l] (1))<Id+z(3 —ﬂa >) nG{O,l},a,ﬂ,'y,gGIFq}
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Lemma 3.4. The conjugacy classes of Go 1,0] are the following:

Rep var size  |Cgyy, 4
+1Id n/a 1 2q4

i<ld+z( Ob>> beF: ¢ 2

:I:(Id+z< Bolb ﬁb)) 1<b< L= ﬁGF* q 2¢°

0
+(Id 0 ﬁ F* vVb¢F 2¢°
+Z _ 71b 0 ﬁe q° ¢ q q q
0 *
= I 0 g peF; q 2¢3
0 0 " 4
+ | Id+ 2z 3 0 ﬂqu 1 2q

1 0 * 2 2
:I:(g 1><Id+z( 1 )) geF,bel, q 2q

Proof. The first row is obvious, the second row it is clear that b and b are not conjugate where b # —b as they

give different eigenvalues, if b = —b could only be conjugate by an element of the form < ; (1) ) but this im-

plies b = —b (see by assuming they are conjugate) but this is a contradiction as b € Fy. It is easy to see that
CGior 0 <Id +z ( 8 _Ob )) = {=£(Id+ zb)|b € slz(F,)} which has size 2¢> and so the conjugacy class is of size

|Glo,1,01 _
2q3 -
To see the elements in the second row are not conjugate to those in the third row if we simply look at what

conjugation by + ( !lJ (1) ) does to a general element of the form Id + zb where b = ( ?; fa ) € sly(Fy),

10 a @ 1 0\ a—gpB g
(9 1)(”“(7 —a ))(g 1)_Id+z(29a+vg2ﬂ gﬂa)

noticing that the top right entry is fixed under conjugation this shows that the representatives in rows two and
three cannot be conjugate. This also shows that none of the entries in row three are conjugate to each other as if
they have the same value of b then different values 3 fix the top right entry and the value of b determines the eigen

values of the matrix. Again we get that Cq, , (Id +z ( —ﬁo—lb ﬁob >> ={£(Id+ zb)|b € slz(F,)} which has
size 2¢° and so the conjugacy class is of size % =gq.

The forth row is not conjugate to any of the previous rows due to the eigen-values and no two elements in the
fourth row are conjugate to each other due to the fact that the top right entry is fixed under conjugationa and the
eigen-values of the matrices.

The fifth and the sixth rows of the table all have zero as there eigenvalues, to see none of these elements are
conjugate to one another simply looking at the conjugation action above it is clear that they cannot be conjugate
and the stabilisers are very straightforward calculations.

Finally looking towards the last row we look at the effect of conjugating by ( ; (1) > (I d+z ( : _ﬂ o ))

10 1+ g8 — b b
(g 1)(Id+z<§(2+2gﬁ—§b)—g(2a+gﬁ) gb—1- g8 ))

So it is clear that the leading matrix is fixed under conjugation, as would be expected as they form a cyclic group
and the second matrix in the expression the top right entry is fixed, thus all the conjugacy class representatives are

distinct. Now notice we can obtain any element of the form ( ; 0 ) (Id + z ( g _bd )) by choosing § = 0

this gives us

1
and picking [ s.t. the top left entry is &, this is always possible as g # 0, and then choosing « so that the bottom
left entry is 7 so we have the conjugacy class is of size ¢> completing the table. O
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Proof. From the equivalent result for G|; o o) rows two and five follow simply by considering eigenvalues and checking
the total numbers of elements involved. The first row is an obvious result. The third row follows by looking at

_ _ 2
( Z Z ) ( 8 8 ) ( _dc ab ) = ( _ZQCE Zci ), where ad —bc = 1 so we can see clearly that all the following

G G
. 0 v (0.1,00 0 € . . -1
conjugacy classes U, e, (Id +z ( 0 0 )) Cld+=z ( 00 ) by altering the value of a (to give the 45~

possible values of a? and letting b = ¢ = 0. This accounts for q% of the 44 L elements required. The remaining

elements come from looking at the conjugation where a = d = 0 and b = —c¢~! which returns Id + z ( —225 8 >

G G .
0 0\ O 0 € 1 if g =1(mod4) .

vf(g) 0O ) Cd+z ( 0 0 ) where f(g) = { e if g=3(modd) ° This
gives a further further % elements, giving us the required total and thus completing the third row. The fourth
row follows an identical argument.

The final two rows follow very similar arguments to each other so we will only deal with the last row. First look

-10 . v 1 0 1 z72
. where z € F3 this gives us 2 1 Id+ z 0 -1
and so we have

x
10 1 vy GO 10 b W\
Ubqu,v;«éo square ( ve 1 ) (Id—i— z ( 0 U,1 >) - 1 Id+ =z 0 —1 This gives us a

0
3
total of % elements in total, adding this to the identical amount from the row above and the previous rows
(taking into account we can put +1 at the front of any of the class representatives to give the negative conjugacy

classes) gives us a total of 22 - (=1 +2¢3 = |G | O
) [0,1,0]

which shows that U, ser Id+2 (

at the effect of conjugating in G by (

We now have all the information in order to induce the character and so we have the following theorem:

Theorem 3.6. The following characters are the induced characters of pjo,1,01,1,,1, @ X[0,1,00 07 Glo,1,0] Lo G

Conjugacy class representative | restrictions P0,1,01,01.02 @ X[0,1,0] | G
Id n/a ‘122—4
2_
—Id n/a 3 L—1)h
b 0 _ _
Id+z<0 _b> 1<b< 4t it
Id b0 1<b< et L1k
- +z 0 —b <b< LG 7 (—1)
O b \[ q+1
0 b
_ <1d+ 2 ( L0 ) Vb ¢ T, L (_q)ht1
0 ¢ _ 27if8
Id—l—z(o 0) n/a qu—i-qZ\/Bwqe q

2mif

(13 +4E pgr, € )-8

2mief3

n/a %14-(]2\/5@76 a

2wief3

nfa (G4 e e ) (=10

27ifly  2mxiB " 1b

5 )
<(i V) Ge(o 2))

Z\/Be]Fge e

2mifly  2miB " Lo

b (S ]Fq Z\/BGIF* e « e q (—l)ll
q
2miBel mig 1
bel, > JBer- € e
q
2mifBel mig 1
beEF,  Lopeme o€ o (-1)b
q

The induced characters take the value zero on any other conjugacy classes

Proof. Simply apply the induced character formula to the previous two propositions.
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If we take a closer look at this induced character, we know by theorem 2.1 that the characters inner product
with itself is necesarily 1 as it is irreducible, if we carry out this lengthy calculation we come up with the following

result of possible interest:

2mi(u—v) 27mi(u—v)e

1
) = 1)

2 Jagr, 2 /ogr, (€ 7 e

By copying the above steps exactly we get another set of induced characters given below from G|o . g,

Theorem 3.7. The following characters are the induced characters of pio.e,01,1,,1 @ X[o,e,00 O Glo,c,0) to G

Conjugacy class representative | restrictions Bo.c.0Ltsits ® Xpo.c.0, T G
Id n/a ‘]22;1
_Ibd 0 n/a T (-1)h
Id+z<0 —b) 1<b< ot a1
b 0 q—1 g—1 L
— | Id+ = 0 —b 1<o< 4= T(_D
0 o 1
Id+z( 1 0 > Vb ¢ T, _aft
0 b
_ (Id+z< 1o )> Vb ¢, L (_q)h+1
O ° 2mwifBe
Id+z(o 0) n/a g agr, €
0 ¢ 27ife
_ (Id+z< 0 0 )> n/a ( 21 +‘JZ¢E¢F e e )(=1)h
0 1 B s
Id+z<0 0) n/a =+ ad yaer, € °
0 1 - s
_<Id+z< 00 )) n/a (5 + 92 g, ¢ * (=D
o Lob 2miBly  2mif~lbe
11 Id+z<0 1 > bel, Z\/BGJF;G Pl 2mio
Y Lo 2mifly 2mif~lbe
Y (e (20N ] ver, S
! L0 2mifely  2mif " lbe
(5 (1) Id—l—z( 0 —1 )> beF, Z\/BEF;E sety 2mis Ly
L Lo 2mifely  2mif~lbe
N T | B

Where again the induced characters take the value zero on other conjugacy classes.
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(Fpow)e = b J1

(Fpow)T=Db f1 1
(ppow)e=b f1 n— | _ . (gpow)g=bfr a— | _ . 7 _¢ oo Fpow)e=bfr o s— | - (gpow)e=bfr 31— | _ .z g _ .
(ppow)1=b fr a [ # (ppow)r=bf1 n [ oA TIT AT (ppouyr=hbfr 3 [ i (gpow)T=bf1 s [ 5 pmp T T OPUMN
< 4 0 0 T— (o dzo+ 1o dzo)— 0 1 s=( 7 fiz
(u—()+.(-)N-  G_()+.(0-))— AnTE Tz u i x
4 4 50
0 0 PG R o E GBI 0 ey 070+ gepdee 1 A S v
1 3
n 103 S —)— — _
/ / / A 0 NAH ) NQ ) T A 0 1 v
T 2
M M s 7 0 - T T A 01 v
T 1
" a p e 0 (1) (1) I A b v -
: n “ S - H (0 )
BQMSI BQMEI % % b NAH|VCH - @v NAM|VAH + @v T pPI—
5 ) 4D TP b 1—b 1+5 1 PI
uX X uM M A HS1S1X LSSt 0T doy

(°q)%7g Jo I930RILYD O[QIONPILIT F + b SUIMO[[O]
oy oary om [g] wogy og (P1)%s > e pue (Pq)e7g > v omoym (v)d = ((ez +p1)Vv)H | 000X ® ¢ oxey A[duns [[Im om SIOORIBYD POONPUL 8} J08 03 UL} pue
(P1)%7 8 3o s1e30vIRYD S[qIONPOLI oY) peou Ajdurs om os [0°0°0IX @ d oq Ajduuts [[im 5 | (000X @ ¢ jo 1e30RIRYD poonput oy woyy (Pg)é7g JO 1030RIRYD S[qIONPOLI
ue oq [0°0°0lg o1 om J1 08 5 = [0°0°0l5) os pue (Py)e7g = [0°0°0z7 oney om 1e3deys snorerd oyy woiy [0°0°0l5 woxy oaey om sI0JORIBYD O PONPUL [[IA OM JXON
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In order to induce the final set of characters, those arising from Gg , 1) where \/z ¢ F, we will have to consider
two cases seperately, where ¢ = 1(mod4) and g = 3(mod4) we will deal firstly with ¢ = 1(mod4).
a b 2 _ 12, _
b a ) (Id+ zb)|a* — b’z =1,b € slg(Fq)} We
will start by finding the conjugacy classes of the form Id + zb so in total we will need to cover ¢> elements. As
G0,2,1] is a semi direct product to find the conjugacy classes of the form Id+ zb we only need to consider the action

First we need to find the conjugacy classes of G|g ;1] = { (

of < bc; 2 >, where a? — b%z = 1. It is interesting to see that the conjugation action on our three dimensional
. . b
space, V = {Id + zb|b € sl5(FF;)} is a representation over the field F, of Hjy ;1) = bC; a a? —b%r =1, }

i.e. is a modular representation. Unfortunatley though since our field is not algebraically closed it may not
be possible to fully decompose our representation into three one dimensional (as the group we are representing
is abelian) subrepresentations, which would be possible over an algebraically closed field by Mashke’s theorem.
It is straightforward to decompose into a one dimensional and a two dimenaional representation by considering

the following basis of our vector space. Let e; = ( 2 (1) ), ey = < Px (1) ) and e3 = ( (1) 701 ) then we

a b a b\' a b a b\ "
get the following ( b )el < ) = ey, < > e < ) = —2abxez + (b*x + a?)ey and

a br a br a bx a
a b a b

-1
b a )P\ bz a

V = {(e1) @ (ea, e3). We can now use this decomposition to find the conjugacy classes of elements in V. First notice

that ae; is conjugate only to itself so all class representatives we are looking for will be of the form ae; + v where

v € (eg, e3) for every o € Fy. If v = 0 then we have ¢ conjugacy class representatives of the form ae; each of size

1. Now if we suppose that v # 0 we will show that (es is not conjugate to Bes where 3 # 3, if we assume they are

then we get

= (a® + b%z)e3 — 2abes Hence we have split our representation into the following

br a

( a b ) Bea ( _L;x ;b ) = B(—2abzes + (b’ + a*)es) = Bes

for some a? — b%x = 1, but this means ab = 0 which implies b = 0 as ¢ = 1(mod4) and hence a? =1 and hence we
get a contradiction as 3 = 3, hence they are not conjugate in Gg, 1. Now if we look at the stabiliser of Bes for

8 # 0 we get
(G el (G ) (o )= (5 o) (i o)

where the ¢® comes from conjugating by A (Id+ za) € Gl0,2,1) and the fact that all the Id + za will commute. It is
easy to see that from the above we get that b = —b and so b = 0 thus a = £1 and hence, |Stabg,, , ,,(Be2)| = 2¢°.
And so we have q(¢—1) (8 # 0, a, 8 € Fy) conjugacy class representatives of the form I'd+ z(ae; + fes) with classes
of size %1 to go with our ¢ classes of size 1 of the form I'd + zae;.

Now we will show that fey is not conjugate to vyes for v, 3 € Fy, this comes from supposing that they are, then

a b
we have for some < br a ) € SLy(F,)

|StabG[o,m,1] (662)‘ = q3

( a b > Bea ( _C;m _ab ) = B(—2abzes + (b’ + a®)es) = yes

bxr a

but this implies that (b?x + a?) = 0 but this is impossible as ¢ = 1(mod4) hence they are not conjugate. Similar

to above it is straightforward to show that Id + zves for v € F, are all distinct conjugacy classes of size %1. So
far we have the following conjugacy class representatives, Id + zae; of size 1, Id + z(«ae; + Bes) of size % and

Id+ z(aeq +yes) of size q;—l for a € Fy, 8,7 € Fy, hence we have covered a total of ¢* elements of the form Id+ za
which is all of them. We get an identical result when looking at elements of the form —(Id + za)

Now we will look at the terms of the form ( bC; Z ) (Id+ za) where a # +1, then we get the following
conjugacy class representatives ( b(; 2 ) (Id +z ( 8 g )), c € F, non of these are conjugate by Lemma 1.6
and the fact that the leading term is invariant under conjugation in Gig 1) so (a,b) is not conjugate to (a,—b).

The stabiliser of our class representatives is found in the same way as the proof of Lemma 1.6 and has the same
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size as will be contained by Gg 1] so we have
a b 0 ¢
’Stabc[(),m,l] (( br a > <Id+z( 0 0 >)>’:q(q+1)

Lemma 3.8. The conjugacy classes of Gg ,,1) are the following

and hence the following

Rep var size |Cgyy, |

i([d—f—z(o?x ‘8‘)) aeF, 1 ¢3lg+1)
R ) Boa € Fy B0 o g
i<1d+z(07x - )) 7,0 €Fqy #0 STk

(& 0)(wee(5 ) Jonceropemrasss ¢ wrey

Theorem 3.9. The induced character of pjo u2e,1),0 @ X[0,u2¢,1] 18

Conjugacy class representative restrictions 5[07#2571]71 ® X[o,u2e,1] e
" n/a q(q —1)
—Id n/a q(q — 1)(—1)!
Id—l—z(g _Ob) 1§b§q%1 0
<Id+z(8 —0b>) 1§b§‘I;21 0
(9 g) VB¢ E, Cq (5 4 7
_ (Id+z ( 0 )) VB4F, (e e
Id+ = ( 8 (g) > n/a »
_ (1d+z( 8 0 )) n/a (-1
Id+z ( o > n/a .
“(rr=(0 0 ) n/a ~g(-1)
< (I‘” : ( 8 8 ) 1<n<Glbel, M B TN

where Ky = % €F, and x = p?c s01 < p < q;21. The character takes the value 0 on any other conjugacy classes
of G.

Proof. The proof will be structured as follows, only rows 1,3,5,7,9 and 11 will be proved as the others follow as are
just multiples of —Id. These rows will be proved in a similar method to the previous induced characters but the
conjugacy classes of G' will split differently over G| . 1) depending on the value of ;1 so how the conjugacy classes
split and the induced characters will be dealt with at the same time one row at a time.

Row (1) follows simply from the formula for inducing characters.

Row (2) we know that

b0 )\
<Id+z( 0 —b >) = {Id + zb| eigenvalues = +b}

so we simply need to find all the conjugacy class representatives of the form Id + zb with eigenvalues +b so we
will look at the eigenvalues of our representatives. We will refer to the reps of the form Id 4+ zb simply as b so our
reps will simply be written as aey, ae; 4+ fBes and ae; + yes which give rise to the following eigenvalues respectively
+valz, £/(a? — f?)x and £4/92% 4+ o?x. From this we see that we don’t need to consider elements of the form ae;
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as these have eigenvalues not in Fy as x is square free. For a fixed value of a then either 38 € Fy s.t. ae; + ez has
eigenvalues +b or 3y € F} s.t. ae; + yes has eigenvalues +b, both cannot happen at the same time. If we suppose
that they both happen at the same time then we get that b2 = a?z — 3%z and b? = o2z +~? but if we take one away
from the other we get v2 + 3%z = 0 but this is impossible as ¢ = 1(mod4). One of these must happen as follows,

(w2 %))

following may have a solution b? = o?x — 8%, b?> = a®x 42, if one of these has a solution for 3 or v then —3 or —v
will also be a solution (we can’t have 8 = 0 or v = 0). So in total we have a maximum of 2¢g possible solutions, but

the conjugacy class size means the maximum number of elements we can cover is Zq%l but this is the number of
elements we need to cover hence for each value of « one of the two options must have a solution. We will now show
that for a fixed value of « it doesn’t matter which of the two options is true, firstly suppose we have b? = o?x — 3%z
27i(z(a—B)+(a—pB)x) Ticax

a — ¢ but if the second option

Admiax

happens instead i.e. we have v € Fy s.t. b? = oz + 72 we have Plo,u2e1],l @ X[o,u2e,1)(Id + z(aey +ve3)) = e«
Now we are in a position to induce the character on these conjugacy classes, so we have:

we need to cover = ¢q(q¢ + 1) elements and we have ¢ choices of o where only one of the

for some (3 € F; then po 2217, @ Xjo,u2e,1)(Id + 2(aer + Bea)) = e

3

- q(q — 1 driawz

Plo,u2e,1],0 @ X[0,u2e,1] T G(Id + Zb) = (qu) Z 2¢ ¢ =0
a€lf,

2 (b) > (i.e. row 5). First we will look

to see how this conjugacy class splits over our subgroup. As before the conjugacy class in G is simply the elements
Id + zb s.t. b has eigenvalues +v/b where Vb ¢ F,. Following a similar route to that of the previous row we need

to find the set of aey, ey + fes and we; + yes s.t. they have eigenvalues +v/b. Looking firstly at the ones of the

We will now look at the conjugacy classes in G represented by Id + z (

form ae; have the following eigenvalues +v a2x and letting o = +ky = :l:% € [, we obtain two solutions of the
form +kpe;. These are clearly the only solutions of this form. So far we have covered 2 elements and in total we
need to cover g(¢ — 1). Now if we look at elements of the form ae; + fes and aey + ves to find the rest, we know
that a # £k; otherwise we have either 3 ¢ Fy* or v ¢ [ so there are at most ¢ — 2 possibilities for a and as before
if for a fixed a 33 € F} s.t. b= (a? — B%)z then Py € Fy s.t. b= o’z ++? and visa versa just as before. Hence for
any fixed o # +r; we have at most two solutions of b = (a? — 3?)x or b = a?x + 2, where the two solutions come
form the fact that if 8 or 7 is a solution then so is —3 or —v (we cannot have ¥ =0 or 8 = 0). Now as before we
see that the maximum possible number of elements we can cover in this process is %Q(q —2) =q¢*—q— 2 (where
the ¢ — 2 is for the choices of @ # +k) and if we add this to the two elements we have already covered we see that
the maximal number we can cover is ¢(¢ — 1) which is the size of the conjugacy class in G hence every choice of
a # +kp must have some pair either 3 s.t. b = (a? — (£3)?)z or some pair +7 s.t. b = oz + (&7)? and if we
look at the value our cahracter takes on any fixed value of o # +k;, we see as before it doesn’t depend on which
form we need (i.e ae; + Bes or aey + ves) hence the induced character is:

Plop2e]l @ X[o,u2e,1) 1 G(Id 4+ zb) =

Aminy, —dminy, 9 driza Arin —dmin
q3(q+1) <e 4 te a + a#:t*;bqge a >=—q(e qb+e q b)Whereb:(O b)

¢3(q+1) 1 0

Next we will look at the conjugacy class represented by Id + z ( 8 (E) ) (row 7 in the table) from before we

G

know that Td+ = ( 0 € ) = {rass( 79 ) (00 w2 {0} } from this we see that the top right
ow a z 0 0 = z —C2€ cae a,c q N O S we see a € 1op rig

entry of the matrix and the bottom left are both square free (as ¢ = 1(mod4)) or zero, never both zero. It is not
possible for an element of the form Id+ z(ae; +es) to satisfy this as it has either 2 zeros along the reverse diagonal
or a square free element, hence all conjugacy class reps in G[g ;1) must be of the form Id + z(ae; + Bez), so for an
element of this form to be in our conjugacy class in G we see that either a or ¢, but not both, must be zero. So

2
we are look at either I'd + z ( 0 a’e > (*) or Id + = < 0 0 ) (**). There are % of each type and to get

0 0 —c% 0
each one we simply need to take o = § = % for type (*) and a = -8 = %ja for type(**), in total the conjugacy
classes in GJg ;1] which these elements represent account for 2‘1;—1% = q—;l, which is the size of the conjugacy
class in G. Thus using the formula for induced characters we have the following result:

Amiax

~ Za o € a 0 19
Plo,u2e,1],0 @ X[0,p2¢,1] T G(Id + Zb) = 2q4 (%) = —¢, where b = ( 0 0 )
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For row (9) we have an identical result which follows from an identical method giving us:

- 0 1
Plo,u2e]l ® X[o,u2e,1] 1 G(Id 4+ zb) = —q, where b = ( 0 0 )

0 b )\
)) splits over Gpg 2.4 for 1 < n < =L First

Now we need to turn to look at how &™ (Id—l— z < 0 0 5

we will look into the relationship between £ which is a fixed generator of { ( gg A )’aQ — (e = 1} ~ Cut1
a? — (ub)?%e = 1} if € = ( o g ) then we will show that it is conjugate to two

«
b
and Houeen) = { ( e a ) g

elements of Hiy 2. 1) in SLy(F,). First consider the eigenvalues of £ in Fy> the quadratic extension of I, we get that

5( \1& ) = (a+ BvE) ( k ) andg< —1ﬁ ) — (a— B7) ( —1@ ) similarly for a ( b;gg 2 ) € H ooy

we get eigenvalues a + bu+/c and a — bu/e. So we see that if this elements are going to be conjugate in G we must
have @ = o and by = £ due to the fact that 1,/c form a basis of Fp2 over F,. Claim that £ is conjugate to

B

« +=

( 4 fe i ) This is where the argument splits into two subcases:
o

0 VEL 0 = =
If v is square then we have ( VEn ) < « f ) ( O,u 1 ) = ( “ i ) = i?séﬂ "
0 VEp Be « i +uef « m «

using the fact that p?c = z. As conjugate elements in SLy(F,) must have the same order we see that since

(

n= ( ; g ) and so Hjy ;1] = (n). This results in the following:

14

0, 0 b VER 0N L 0 2
Vo ) (e (5 0)) (0 ) e (e (0 5)
(Id—i—z

0 b GOG o (1d+ 0 % Glo,u2e,1) Onr (1d4 0 ,717 Glo,u2e,1)
00 (0.2, 1] =11 “Lo o n Lo 0 ,
qg—1

for 1 <n < 45~ and b € Fy, this follows by considering how many elements we need to cover in Gjg 2. 1), We
need to cover (¢ — 1)¢® elements with the classes above, i.e. all the elements we haven’t previously covered, but

0 b Glo,u2e,1) 0 —b Glo,u2e,1)
n" ([d+z<0 16 )> un™" <Id+z(0 /6 )> = 2¢? and we have 45 choices of n
and for each choice of n we have a further ¢ choices of b hence we have covered the required number of elements so
we are done. And hence by the formula for induced characters we have pjg 422111 ® Xjo,u22,1] T G("(Id + zb)) =

q(g+1) 2;_:‘_7111 27riq5ub 7311,171,1 727rqi5ub . 0O b
a1y \ € e +e e , where b = 00 )

|€] = ¢ + 1 we have = ¢+ 1 and hence is a cyclic generator of H{g , 1} so from Lemma 2.2 we define

Q Tlw

=g e

ISy

I claim &

for each

£8
o 8
If 11 is square free we follow a very similar line of argument where we find £ is conjugate to < g " ) where
==
n

(where ¢ = 0 gives the + and ¢ = 1 gives — in the %)

V=1 ‘ 0 =1
we conjugate by ( 0 1 \/0_—1 ) he

) ;—51 0
a B
hence we can definen=| 5, * |. Then we find that
e
I
G Gy .2 Gy .2
n 0 b a 0 0 Onfey 0 0 [0.4%e.1]
¢ (Id+z ( o )) Glopen =7 (Id+z( o )) Un (Id+z( O ))
and we get the induced character from the formula as required. O

Hence by Theorem 2.1 we have completed the character table for ¢ = 1(mod4).
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Theorem 3.10. For q = 3(mod4) the induced character of pio 2e 1)1 @ X{o,u2e1] 1 G is the same as when q =
1(mod4).

Proof. Unfortunately as in the case where ¢ = 1(mod4) we cannot find explicit conjugacy class representatives of our
group Go, ,2¢,1] quite so straight forwardly so we shall take a slightly indirect route to inducing the character. First
we will induce the character on most of the conjugacy classes of G with representatives of the form Id 4 zb where
b € sly(F,;). In order to understand how these conjugacy classes split over our subgroup as before we only need to
consider the action of Hyg ,2. 1) on {Id + zblb € sl2(F,)} by conjugation. As before this gives us a representation
of Hig 2 1) over sla(IF,), which can be split into a direct sum of subrepresentations exactly as before using the

following basis of sls(F,), e1 = ( 2 (1) ), ey = ( _Ox (1) ) and eg = ( (1) _01 ) we have sly(F,) = (e1) @ (e2, €3)

as representations, where e; is stable under the action of Hyy ;2. 1j. Since we know that e; is stable under the action
we know we will have conjugacy class representatives of the form ae; +b where b € (es, e3). So we will concentrate
on trying to find the conjugacy classes of (ez, eg). First if we have aes + fes ((a, §) # (0,0)) then we have

|Stab,, , ., (Id + z(aes + Bes))| = ‘{( e g ) € Hyoz11 ( o 2 )(%2 +Bes) = (aea + fes) ( b Z )H B

a b cH af —baxr ac— b0 _ Ba + abr 8b + aa _ a 0 cH
br a 0.2\ b8z —acx bra—aB )~ \ —aaz — Bbx —abx — Ba a 0 a [0,,1]

So we have |Stabp, , ,,(Id + z(aez + Bes))| = 2 and so [Orbp, , ,(Id + z(aez + Bes))| = %1. Looking at our

a b

subrepresentation of sly(Fy) w.r.t. our basis es, es the conjugation action of ( bax a ) is given by the matrix

b2z + a? —2ab

—2abz b’z + a?
lines will be deonted by L1 = [es], Ly = [e2], L3 = [e2 + €3], -+, Lgt1 = [e2 + (¢ — 1)e3], we want to see what
the stabiliser of a line is under our action. Firstly we will look to see for what values of a,b we can diagonalize

2 2

bj;::bi bQ;Qfl;Q ), we see that the tr(A) = 2(b%x + a?) and
det(A) = (a® + b*x)? — 4ab?z and hence the characteristic polynomial Ca (\) = A% — tr(A)\ + det(A) and looking
at the discriminant D of this equation we get D = tr(A)? — 4det(A) = 16a?b?z which is square free unless either
b =0 or a =0, so from this we can see if a,b # 0 then our line will be mapped off itself. If we let b = 0 then

. Now if we will look at the set of lines in (eq, e3), of which there are ¢ + 1, where these

our action, i.e. diagonalize the matrix A = (

we have a = +1 as a® — bz = 1 and so our action is given by ( 10 > which stabilises all lines, and if we let

0 1
a = 0 we get —b%x = 1 which has 2 solutions ¢ for some ¢ € [y since ¢ = 3(mod4) and so our action is given by
-1 . . - . . .
( 0 —01 ) which again stabilises all the lines, hence we have |Stabg,, , ,,(L:)| = 4. Now if we look at the orbit
of a fixed line L;, this will lead to q;—l orbits in (eq, e3) as we can only map ages + ages to —(ages + agez) within
L;, and each line has ¢ — 1 non zero points. Now if we have a point ases + ages on our line I; and it is mapped to
another line L; = [f2es + f3e3] then it is straightforward to see that every point on L; will be covered by mapping
q+1

from the points on L;. So given a line L; this gives rise to % conjugacy classes of size 5= so a given line leads

to us covering % elements in (eq,e3), and so to cover the ¢ — 1 non zero elements in (eq,e3) we simply need
to select 4 lines which are not mapped onto each other by our action. Only needing to pick 4 lines which all have
orbits of the same size tells us that each line maps to % other lines (including the original line).

We cannot explicitly pick the 4 lines but if we have a line L; = [ages + ages] and we look at any two points
on our line, p; = \;(aaea + agzes) we see that det(p;) = M2det(agez + ages), so we can say a line is square or
square free depending on whether the determinant of a representative of the line is square or square free and since
our action is by conjugation and so preserves determinant we see that a square(free) line can only be mapped to
square(free) lines. Hence we have split the 4 lines we need to find into two sets, square and square free, next

is to show that these two sets of lines must both be of size 2. If we fix the representatives of our lines as the

following L1 = [e3], Lo = [ea], Ls = [e2 + €3], -+ , Lg+1 = [e2 + (¢ — 1)es] then these can be expressed as L1, Lo and
Lo = [e2 + ae3] where a € Fy, then we get det(L1) = —1 which is square free, det(Lz) = x which is square free
and det(Ly) = —a? + x. In order to find the number of a € F7 s.t. —a? + x is square or square free is just an

application of theorem 1.1, as follows, suppose —a? + 2 is sqaure so we have —a? +x = 32 where 3 must be non zero
(a zero solution is impossible anyway so this is not a restriction) then rearanging gives us a nondegenerate bilinear
form o2 + 32 = x and so this has ¢ 4 1 solutions by the theorem, we know a # 0 # /3 so for any fixed o which we
obtain a solution this gives us two solutions +3 and so the number of « s.t. there exists a 8 s.t. —a? +z = (% is
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q';—l hence we have %1 lines which are square and 2 + % = % lines which are square free. So since a line will
map to %1 other lines then 2 of the lines we pick must be square and 2 must be square free in order to ensure all

the lines are covered. Now let Ly, Ly, L3, Ly be our line representatives where 1 and 2 are square and 3 and 4 are
square free. If we let f1, fa, f3, f4 be some fixed representatives of our lines we now have the following conjugacy
class representatives of {Id + zb|b € sly(F,)} in Gg 41,

Class representative ‘ Variables Class size A2
Id+ zaeq acly 1 oZx
Id+ z(aer + Bf;) |aeF,1<p< L 1<i<4 el oz — F2det(f;)

Where A are the eigenvalues of b in Id + zb.
We are now in a position to induce our characters. Observe that x[g . 1)(ce1 + Bfi) = X[0,2,1)(ce1).
Firstly we see that the induced characters of £Id will be exactly the same as for ¢ = 1(mod4), so the first

b
0
we see how one of these classes splits over G|g 1. It is clear that none of the classes of the form Id + ze; are
required as these have eigenvalues not in Fy, so we know that all the classes that make up the g(¢ + 1) elements

G
conjugacy classes to look at are <Id + z < —Ob >) = {Id + zb| eigenvalues = +b}, where 1 <b < %1. Now

G
in (Id + z < g _Ob )> have size %1 hence we need a total of 2¢ classes in G[g . 1j. Consider a fixed a € F,

then of the 4 equations a?x — 32det(f;) = b*> we can have at most 2 which have solutions, this can easily be shown
by repeating the following argument for all the possible combinations, suppose we have oz — 3%det(f;) = b* and
o’z — 2det(f3) = b? or o’x — Bidet(f4) = b2, then this implies S%det(f1) = B2det(f3) or B2det(f1) = B3det(fs) but
both of these options are impossible as det(f1) is square whereas det(f3) and det(f4) are square free. So for each
b
0
B2det(f;) = b only one of the 443 solutions is needed as they lie in the same class), and since we need a total of 2q
conjugacy classes of this form we have that for any fixed o either Id+z(cey+31 f1)C10= 10 and Id+z(cey + B fo) G021
b
0

G
choice of o we have at most 2 conjugacy classes that are in (Id + z < _Ob )) (note we don’t get 4 as if o’z —

G
or Id+z(ae1+ﬁ3f3)a[°’“’” and [d+z(ael+54f4)6‘[o,w,1] are in (Id+ z ( —Ob )) , never both of the options but

G
always one. Now if for a fixed o we have Id+z(cey + B f1)C0=1, Id+z(cer + Bo fo) G011 C (Id+z< b _Ob ))

0
dmiax

then po, u2c. 1)1 ® X[o,u2e,1)(Id + 2(ae1r + B1f1)) = Plouze,1)0 @ X[o,u2e,1)({d + 2(aer + Baf2)) = e« if instead for

0
Admiax

Plo,u2e 1], @ X(o,u2e, 1) (Td+ z(aer + B3 f3)) = Plo,uze,11,0 @ X[o,pu2e,1)([d+ z(aer + B4 fa)) = e« . So of the two options
which can happen we get the same character and hence we have

G
our fixed a we have Id + z(ae; + B3f3)C10=1 Id + z(aey + Byfs)C0=1 C (Id—l—z ( b _Ob )) , then we get

~ b 0 amian
P1o,p2e,1],0 @ X[0,12¢,1] TG (Id +z ( 0 —b )) =(¢g—-1) Zaqu 2¢ 1 =10
Now to induce our character on classes of the form Id+ z (1) g where b is some square free. So as before we

need to see how one of these conjugacy classes splits over our subgroup. These conjugacy classes are just the set of
elements of the form Id+ zb where b has eigenvalues ++/b, which has size q(g—1). First we see that we have look at

the following elements , Id+ zae; we see that if a = :I:\/% = Ky then ae; has the required eigenvalues and hence we
0 b

10
of conjugacy class we see that for a given o # +x;, we have either Id+z(aey + 61 f1)C0=11, Id+2z(aey + B2 f2)Fo=11 C

G
(Id +z < (1) 8 >) or Id+z(aey + B3 f3)C0w1 Id+z(aey + Bafs)Flo=1 C <Id +z (1) 8
(where the §; ensure correct eigenvalues), and since the character is not effected by which of the options is true for

a given « we get that

) 0 b e47m'mb 6747ri*€b Za " 26477210 Amirg —dmiky
p[O,p,QE,l],l®X[0,u2€,1] T & (Id+ z ( 10 )) = q3(Q+1) ( qq3(4:1+1)q + #+ 2bq3 = —q (6 ¢ +e « )

G
have Idj:zm,ef[o'“’” c Id+z ( > . Now if we consider o # +x; and follow the procedure of the previous type

G
>) but never both

0 0 27
b € F,. First observe that in the preamble to Lemma 3.8 to find the conjugacy classes of Gg, 1) in the dis-

Next we will induce our character on elements of the form &" | Id+ z 0 b >) where 1 < n < &2
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cussion of the last row of the table we don’t assume anything about the values of g(mod4) hence the bottom
row of the table of conjugacy classes is still valid for ¢ = 3(mod4). First we see that if £ = ( gag g )
L 0 b\ . . o ! 0 b
then if p is square we have " [ Id + z 0 0 is conjugate in G to Ba Id+ =z 0 6 and
“w

o —B n abcx a?b 1 0
_Tﬁ”” (/; Id+ z —cixzb —cﬁ)cx where conjugation is by < \6’7 Vi > and

o

Q Tlw

1

0

“ ¢ Vi respectively, where —a? + ¢?>x = 1 (there are such matrices by considering the-
—cr —a 0 \//j

orem 1.1). From identical reasoning about the numbers of elements as in the proof of theorem 3.9 we have

0 b\\° 0 b \\Conze abex a2b Clou2e,11
gn (Id+z( 0 0 )) ﬂG[O,ﬂzs,l] :7771 (Id+z< 0 6 )) UT]—" Id+ 2 —ch2b —al;)c:c
“w

N

QO Tl®

!
where as in the proof of theorem 3.9 we let n = | 5, be the cyclic generator of Hyg ;1. Hence when p is

I
square free we have the following

- " 0 b 2minl  2mibe —ominl  2mi(—c2zta)br
Plo.u2e1l @ Xouzen) TG [ Td+2( =eatl ¢ na +e il e "

2winl 2mwibx —2winl —27wibx 2minl 2mibep —2minl —2mwibep

—eatl ¢ ra 4 e e+l e ra —=e atl ¢ 4 +e afl e q

as —a? +c?r =1 and z = p’e.

. 0 b\\. . .. a £\ 0 =t
If p is square free we find " ( Id + 2 is conjugate in G to e Id+ z K
0 0 e 0 0

o

a B n —abcz —a’b 1 0
and o h Id+2z| by b where conjugation is by ( \/67 Vi ) and
H T T K

@

a c 7\/1— 0
— . 2 2. :

Cer —a ) ( 0 JE ) respectively, where —a® + ¢“x = 1. Following the process as for p square we get

- 0 b 2minl 2mibep —2minl —2mibep
p[O“u?s,l],l & X[O“u‘2571] T G é’n Id + z 0 O =e atl ¢ 4 + e atl e P

Now all is left is to look at the conjugacy classes in G given by Id + z ( 8 é > and Id + z < 0 > The

0 ¢

G
0 0 ) and hence we

first thing to note is that as ¢ = 3(mod4) we will have that I'd + z ( 8 701 ) eld+z (

0 0 0
classes in G have zero eigeinvalues, in the z coefficient and the z coefficients are all non zero. So the only way
we can acheive zero eigenvalues with non zero matrices from our conjugacy class representatives is by considering
elements of the form ae; + Gf3 and aey + Bf;y where 1 < § < ‘12;1(this ensures the choice of (3 is unique as we
know ae; + Bf; is in the same conjugacy class as ae; — 3f;) and a # 0 (as we require a?z — 3%det(f;) = 0 or
a’?z = 0) . For a fixed value of o # 0 then we get one conjugacy class of each of the two types (with either
f3 or fy) available to us with zero eigenvalues and non zero, hence we have a total of 2(¢ — 1) conjugacy classes
which have z coefficients with zero eiginvalues but which are themselves non-zero. By considering the size of

must have for any character y (Id +z ( O g )) =X (Id + 2z ( 01 )) All the elements in these conjugacy

each of these conjugacy classes we see that we need ¢ — 1 of them to make up each of Id + z ( 8 (E) > and

G G
Id+ =z < 8 (1) ) . So we have that Id + z ( 8 g ) is some union ¢ — 1 conjugacy classes, define S; to be the
set of ¢ — 1 conjugacy class representatives of the form ae; + 8fs and ae; + fy (¢ #0 and 1 < 8 < %) s.t.
G G
Id+ 2 < 8 (1) ) = USeslsc[Oﬂl*l] and Sy similarly s.t. Id+ z 8 g = USESQSG[O’I‘1]~ Now we can define

¢ :S1USs — Fy by ¢(5) = ¢(aer + Bfi) = a and we can observe that since for each a # 0 we get two conjugacy
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. 27igp(S) 2mia Amic Anip(S)

class representatives we have that } ¢.q g, € ¢ = ZaEJF; 2 ¢ =-2= ZQE]F; 29 =) gcgu8, € °
.. . 4mig(S) )

Now it is important to notice that x[o,»1)(S) =e~ ¢«  and hence we have by the induced character formula

2¢*(¢*>—1
- 0 1 2_ Amip(S) amig(S)
Plou2e ]l © Xjouzen) TG <1d+2( 00 )> = #ﬁll) doe v =a)y e ¢
g+l SeS; Ses;
_ 0 ¢ amig(s)
Plo,pu2e,1],1 ®X[O,u2e,1] TG <Id+z < 0 0 >) =4q Z e 1
S€ES,
and so we see that
. 0 1 N 0 ¢ Amip(S)
p[O,u2s,1],l®X[0,ﬂ25,1] TG (Id+z ( 0 0 ))+p[07p25,1],l®X[0,;¢26,1] TG (Id+Z ( 0 0 )) =q Z e 4 = _2q

S€ES1US2

We will abbreviate some of the notation for the next section, let x = pjo,u2,1)1 ® X[o,u2e,1) T G and denote W =

ZSGSleMif(S) Sowehavew+W:—27sincex(1d—|—z(8 8))+X(1d+z<8 é)):x([d-f—Z(g é))-‘r

X (Id +z ( 8 (1) )) = q(W 4+ W) = —2q. Now all is left to show is that W = —1, we will do this by taking the

inner product of our character with itself, since we know it is irreducible we must have (x, x) = 1. We get that
Aming —dmirg, 2 -
¢* (¢ = 1) = G0 X) = 2¢° (0 — 1)> +24(g = 1) X g, a°(e™ %+ 7 )?+ T2 (4P WW)

2winl 2mwieb —2minl —2wieb

+q3(q —1) Zbqu Zlgng%l (eatl e 0 e afl e q*)Q = q6 _ 3(]4 + 2(]2 + 2((]2 _ I)QQWW

Hence we must have WW = 1, combining this with W +W = —2 we get W2+ 1 = —2W which is (W +1)2 =0
and hence W = —1 thus by Theorem 2.1 completing the character table and varifying that the character is the
same for ¢ = 3(mod4). O

So to recap we have from Theorem 2.1 the irreducible characters of SLy(F,[z]/(2?)) are the following

Chracter ‘ Variables
Piroot @ Xoo 1 G [1<I<TH1<1<qg-1
P0,1,00,11,2 @ X[o,1,00 T G 1< £2,1<1:<q
P10,e,0],01,12 @ X[o,e,0) T G 1< §1271 <ly<gq
p~[0,u2£,1],l®X[0,u25,1] TG 1 <p< %71 Sl§q+1

together with the irreducible characters of SLs(FF,) which have all been described in this last chapter.

References

[1] Lidl,R., and Niederreiter, H.,Encyclopedia of mathematics and its applications 20 Finite Fields,Cambridge
University Press, Cambridge, UK, 1997.

[2] Fulton, W., and Harris, J.,Representation theory: a first course (Graduate texts in mathematics 129),Springer
Verlag, Harrisonburg, VA USA, 1991.

[3] Stasinski, A.,Representations of Reductive Groups Over Quotients of Local Rings, arXiv:math/0311243v1
[math.RT],Nov 2003.

[4] Serre, J.-P.,Linear Representations of Finite Groups (translated by L.L.Scott)(Graduate texts in mathematics
42),Springer Verlag, New York, USA, 1977.

[6] James,G., and Liebeck, M., Representations and Characters of Groups,Cambridge University Press, Cambridge
UK, 2001.

30



