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0. INTRODUCTION

In the study of the statistical properties of dynamical systems there are a number
of important characteristics, e.g., entropy, Lyapunov exponents, etc. In this note
we want to concentrate on the variance o2 : C*(M) — R of Holder functions.

The variance appears in statistical properties for both hyperbolic maps and flows.
For a hyperbolic map T': M — M, a Holder continuous function f : M — R and a
Gibbs measure (for a Holder continuous function g) we can define

)=t (g fr) —n [ fdu) ), (0.1

where f € C*(M)[18], [14]. The variance is easily seen to be invariant under
adding a coboundary or a constant, i.e., if u : X — R is continuous and ¢ € R then
o%(f) =o*(f +uT —u+c). Let T : M — M be an expanding map on a compact
manifold of dimension d and let p be the unique (ergodic) equilibrium state for a
Hélder continuous (normalized) function g : M — R. Let f : M — R be a Hélder
continuous function. By the Birkhoff ergodic theorem we can write that for a.e.
(n)zeX

N-—1

1

N Z f(Imzx) — /fd,u, as N — 400,
n=0

as N — +oo. An important dynamical invariant is the variance 02 = o2(f) of
a function and measure. This appears in many statistical properties, such as the
Central Limit Theorem. More precisely, we can write

1 = " 1 z g
u{xeX:\/—N;<f(Tx)—/fdu)§z}—> 27m/_ooe dt,

as N — 4oo (cf. [7], [14], [12], [15]).

In some familiar examples it is possible to use (0.1) to give explicit expressions
for the variance. For example, let T : R¢ / 7¢ — R4 / Z% be a linear hyperbolic
toral automorphism. If a function on a torus is represented by a Fourier series
f(x) =3, cpa ane?™ ™2 then in this particular case, a direct calculation gives

o (f) = lanl*. (0.2)

nez
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A similar simple argument works for any system with countable Lebesgue spectrum,

although they may not always be so practical for the purposes of computation.
For simplicity, let us consider the case of expanding maps. Many of the results

in the invertible case can be reduced to this setting using Markov partitions or

Markov sections, etc. Let us denote ||f|l2 = (f|f|2du)1/2, I1flli = [|fldp and

£ llip = sup, ., G100

Proposition 1.

(1) There is a simple upper bound for the variance given by

o*(f) < A2+ CIAN e (1 + Bl f1]ip) (0.3)

where C,b > 0 are independent of f.

(2) Let B denote the Borel o-algebra. Let E(-|T~'B) : L?*(M,B) — L?*(M,B)
denote the conditional expectation operator. We can choose u : X — R such
that f := f +uoT — u satisfies

E(fIT~'B) = 0 and o*(f) = ||f]2- (0.4)

For completeness, we present the proof of Proposition 1 in sections 2 and 3. An
explicit expression for C' and b in Part (1) will be given later. We can consider the
following simple example to illustrate Part (2).

Simple Example (Doubling map). The map T : [0, 1] — [0, 1] defined by T'(z) = 10z
(mod 1) peserves the Lebesgue measure p. Fix i € {0,1,...,9} and let f =
x[ i G- Then for almost every x = 0 - xyx2x3--- we have from the Birkhoff

ergodlc theorem that

1
—Card{0<2<N—1 xn—z}HEaSN—Hkoo

for a.e. (u) =, with respect to Lebesgue measure. In this case, the Central Limit

Theorem holds and, since E(f|T~*B) = {, we have that

2

dx = )

100°

YT

7
45, (557

Unfortunately, typically E(f|T-1B) # 0 and we cannot expect the variance
o2(f) to have such a simple explicit expression as (0.4). Therefore, it is natural to
find methods for obtaining estimates on variance which can give arbitrarily good
results. Given m > 1, we can write f™(z) = f(z) + f(Tz) +--- + f(T™ 'x) and
g™ (z) = g(x) +g(Tz)+ -+ g(T™ 'x). It is not difficult to show that there exists
0 < 0 < 1 such that

> e = [ gau oem, (05)

as m — 4o0o. This can be compared with Bowen’s equidistribution theorem [3].
Moreover, this helps to motivate the following simple estimate.
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Theorem 1 (Numerical Estimates). Let f € CY(X). We can estimate

=1 Y (fm —m | fdu) @ L0, (0.6)

Tmyr=x
as m — +0o0.

Unfortunately, as will be illustrated in the next section, this approximation may
not converge particularly quickly. However, it is possible to improve on this result
in the case of analytic maps. More precisely, there is an alternative approximation
to o2(f), using the same information on weights of periodic orbits, which converges
far more rapidly.

Theorem 2 (Numerical Estimates: C% case). If all of the functions are real
analytic then we can write

02(f) = By + O (em““/‘“) : (0.7)
as m — +oo, where By, is explicitly given in terms of the periodic points of period

at most m.

The explicit form of B,, will be given later.

1. EXAMPLES

In this section we consider some simple examples which illustrate the estimates
in Theorems 1 and 2.

Ezample 1.1. Consider the linear expanding map Ty : [0,1) — [0,1) defined by
To(z) = 2z (mod 1). Let pg denote the associated T.-invariant Lebesgue measure.

In particular, we set g(x) = —log|Tj(z)] = —log2. Consider the test function
f(x) = cos?(2mx) — % then, in particular we have that f f(z)duo(xz) = 0. It is easy
to see using Proposition 1 that o?(f) = [ |f(z)|?dx =

The first five approximations to o? using Theorem 1 are given in table 1. Simi-
larly, the first five approximations using Theorem 2 are given in table 2.

N N approximation to o2(f)

0.1250
0.1875
0.1093
0.1171
0.1210

QU W N~

TABLE 1. Successive approximations to o2
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N N approximation to o2(f)

-0.250
0.000
0.125
0.125
0.125

QU W N

TABLE 2. Successive approximations to o2 using Theorem 2

In Example 1.1, the linearity gives untypically fast convergence in Table 2. The
comparison is fairer in the following nonlinear example.

Ezample 1.2. Consider the non-linear expanding maps 7T, : [0,1) — [0,1) defined
by T.(z) = 2z + esin 2z (mod 1). Provided || < 5= the map 7. is expanding. Let
1e denote the associated T.-invariant probability measure. Consider the particular
choice € = 4= and the map T'(z) := Ty (z) =2z + - sin(27z) on the unit circle.
The invariant density can be estimated by

p(z) =14 0.052458 cos 2wz + 0.004252 cos 47 + - - -

(cf. [9]). Thus we set g(z) = —log|T'(z)] = —log(2 + (1/2)cos(2wz)). We
can consider a test function such as f(z) = cos?(2mz) — [ cos?(2mx)dy for which
[ f(z)p(x)dz = 0. The first five approximations to 02 using Theorem 1 are given
in Table 3.

N N approximation to o2(f)

0.0995
0.2463
0.0478
0.1767
0.1341

QU s W N~

TABLE 3. Successive approximations to o2 using Theorem 1
Similarly, the first five approximations to o2 using Theorem given in Table 4.

N N approximation to o2(f)

0.3485
0.3551
0.2430
0.2146
0.2029

QU W N~

TABLE 4. Successive approximations to o2 using Theorem 2
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2. PROOF OF PROPOSITION 1 (A)
We begin with a well known result.

Lemma 2.1. We can write
() =Ifll2+2>_ p(n) (2.1)
n=1

where p(n) = [ f(T"z) f(z)dp(z).

The proof of this can be found, for example, in [10]. If we were to consider the
Fourier transform p(z) = Y - 2"p(n) then we see that (2.1) corresponds to the
value p(1).

To prove Part (a) of Proposition 1, it now suffices to get suitable explicit bounds
of the form

/f(Tnl‘)f(x)du(lE) < K[ fll2r (1 + bl| f]]Lip)©" (2.2)
for some C' > 0 and 0 < © < 1. Then by (2.1) we have that

2K

o*(F) < fll2+ 7—g 11l (L + b1 flluip)

Although general estimates of the form (2.2) are well known, we recall a method
which gives particularly contrete estimates on the constants. For simplicity we shall
restrict attention to a suitable expanding map 7" : I — [ on the unit interval.

Lemma 2.2 [13]. Assume that inf |T'| > X\ > 2, say, then (2.2) holds with

_ \T"<£>|} -
?é?{w(s)rz T2 TO
A
PEaoy
A
“Z 12
1
b:a—B
~ [log(2a)
N—[—log)\ ]H
2 A
=3t a

() - ()

~ max{l+o,1+a01}
min{1 — o1, 1/(2[[T"[|X)}

1/N
© — tanh (%)

K= (eA@*N@—N) O|1g]]oc
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The proof of Lemma 2.2 comes from the classical estimates on Birkhoff Cones,
a method which gives fairly explicit bounds on K and ©. This is originally due to
G. Birkhoff, and was used for transfer operators by Ferrero and Schmitt [6]. More
recent accounts appear in [13], [1], [20].

Remark. There are other explicit bounds on C' and © due to Rychlik [2] and
Bandtlow-Jenkinson [12].

3. PROOF OF PROPOSITION 1 (B)

Let us associate to the expanding map T : M — M the linear transfer operator
given by
Low(z) = Z eI W (y).
Ty=x
We recall the following classical result due to Ruelle [18] (cf. [5]).

Proposition 3.1 (Ruelle Operator Theorem). The operator L, : C*(X) —
C*(X) has a mazimal simple positive eigenvalue A and associated positive eigen-
function h > 0.

The maximal eigenvalue is often written as A = e'(9) where P(g) denotes the
pressure of f. By replacing g by § = g + logw — logw o T') — log A we can assume
without loss of generality that P(g) =0 and L5l =1, i.e., 1 is a simple eigenvalue
with constant functions as eigenfunctions. The dual operator satisfies Lzu = p.

Ezample (Gauss map). Consider the Gauss transformation 7" : [0,1) — [0,1) given
by Tx = {1/z}, the fractional part of 1/x, if x # 0, and T(0) = 0. Let g =
(z+1)

Gim@engn then Lzl =1 and p is the Gauss measure.

Corollary. The operator Ly : C*(X) — C*(X) is quasi-compact ( i.e., Lg =
1+ Uy, where limy, 4 oo [|Un| V™ = p < 1).
The following alternative characterization of the variance is useful.

Proposition 3.2. Let A\(g+tf) be the mazimal eigenvalue of the operator £§+t?.

The wariance o = o2(f) is equal to 0? = %h:o. Equivalently, 0% =
d*(X(g+tf)~h)
— @ =0
Proof. Tt is well known that o?(f) = %h:() [18], [14]. We can first write
9eP(tf+9) _ T OP(tf +79)
ot ot
and then
_P(tF+g =\ 2 -
PP PTHD — oP(T+7) 9P(tf +9) + eP(tﬂa)w
ot? ot ot? '
Since %WHIO = [ fdu =0 and e’ = 0 we have that
2P+ 92P(tf +7)
e
d*(X(g+tf)~")

and the result follows. The correspond result for lt=o follows simi-

larly. O
We need the following result.

dt?
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Proposition 3.3. Assume that [ fdu = 0.
(1) We can find a Holder continuous function u : M — R such that f o=
f+u—uoT satisfies Lgf =0,
(2) o*(f) =o*(f) = [IfIdp

Proof. For the proof of part (1), we can define u = 7| L2 f. This converges
because of the spectral properties of the operator (i.e., the spectral radius of £, — p
is strictly small than p < 1, say, and thus there exists C' > 0 such that [|[L2v[|o <

C’(pTH)”HvHa, for n > 0). Moreover, from the definition of u we have that

Since L5l = 1 we have that L3Ur = I, where Urf = foT. In particular,
Lsf = Lgf + Lg(u — Uru), but since Lg(u — Uru) = Lgu —u = —Lgf, by (3.1),
we see that ng = 0.

Part (2) follows from differentiating the eigenvalue equation £, 7w (t) = A(t)w(t)|]
and and using the characterization of the variance in Proposition 1.2. Let us fix
the normalization [w(t)du = 1. The first derivative is:

Lo (gu(t) +w' (1)) = N (Ew(t) + AE)uw'(2). (3.2)

At t =0, we have X' (0) = [ fdu = 0, w(0) = 1 and A(0) = 1 and so (3.1) reduces
to
Lg(w'(0)) = Lg(f +w'(0)) = w'(0), (3.3)

using part (1). Since 1 is a simple eigenfunction for Ly, with constant functions as
eigenfunctions, w’(0) is a constant function. Moreover, the normalization implies
that [ w'(0)dp =0, i.e., w'(0) = 0. Differentiating (3.1) again gives that

Lo g (Fw(®) + 27w/ (8) + w" (1)) = X' (#)w(t) +2X (' () + AOw" (1), (3.4)

We can first evaluate this second expression at ¢ = 0 and then integrate both sides

with respect to p. Since p = LZp we have that

[ 00) + 270 (© + " ()
(3.5)
_ / (N (0)w(0) + 2N (0)w (0) + A(0)w” (0))dps

Since A(0) = 1 we can cancel the last terms on each side. since w’(0) is constant
we know (by considering the first order term) that w’(0) = 0, which eliminates an
extra term on each side and leaves:

—2
_ [ fw(0)dp
Jw(0)du
However, by hypothesis we have that w(0) = 1, thus (3.6) gives the result. [

We recall that E(w|T~'B) = (Lgw) o T ([Wa], [Le]), from which Proposition 1
(b) now follows.

N (0) (3.6)
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Ezample 3.1. Consider again the family of maps T, : [0,1) — [0,1) defined by
T.(z) = 2z + esin(2rz) (mod 1) on the unit circle, where |¢| < 5=. There is an
associated a conjugating homeomorphism 7. : [0,1] — [0,1] such that 7. o Ty =
T. o m. The conjugating map has an analytic dependence on € and so can write
me(x) = x + enM(x) + O(e?). The function 7 (z) therefore satisfies 7(1)(2z) =
20 (M (2) + sin(277(M (2)) and thus takes the form

o0

1
M (z) = — Z SIS sin(2m2"z).

n=0

In particular, we can then write
—log |Te(me(x))| = —log(2 + 2me cos(2mme(x)))
= —log2 + log (1 + mecos(2n [z + eV (z) + 0(62)])>

= —log2 + log(1 + O(?))
= —log2 + O(é?).
We can fix a C? function f : [0,1) — R then
f(me(x)) = flz +en'D(z) + O(e*))
() + f' (@) (en™ (@) + +O(e?)
(2) + ¢ (f ()7 (@)) + O(e).

f
f
We can expand

P(—logT! om. +tf o)

—p (- log2 + [f(:c) te (f’(:v)w“)(:v)) + O(GZ)D (3.7)

= t[f@) + e (F@rD@) + o).

In particular, if o2(fom,) is the associated variance for T, then it comes from second
derivative of (3.7), from which we see that

o2 (fom) =a(f) +2e0”(f,nV [') + O(?).

For example, if f(z) = cos?(2rz) — 1 then we have

oo

: . n
f(x). 7Y (z) = 2m sin(47x) 2} ST sin(2m2"x)
and thus
1
o2(f, 7V = 27r/sin(47rx) (Z IS sin(27r2nx)> dx
n=0
= g/sin2(47rx)d9: = %

Thus we conclude that

o2 (fom) = o (f) + Fe+ O().
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4. PROOF OF THEOREM 1

Theorem 1 follows easily from The Ruelle Operator Theorem. We can use Propo-
sition 3.1 and analytic perturbation theory to write that

Loy =D gy +0(0™)

for m > 1, where we choose 6 to satisfy limsup,,_, o ||U,||*/™ < 6 < 1. Moreover,
the implied constant in the error term is uniform in |¢| < §, say. The following
easily follows.

Lemma 4.1. We can write that
emP(f+tg) — ( Z e(9+tf)m(w)) (1+0(0m) (4.1)
Tmy=x

where the implied constant in the error term is uniform in |t| <.

We can differentiate the left hand side of (4.1) twice to write

§2emP(f+t9) OP(f +tg)\* = O*P(f+1tg)\ mp
T:<(mT> +mT emPla+tf) (4.2)

Evaluating (4.1) at t = 0 and using that W’tzo = 0 gives

aQemP(f+tg) aQP 4t
— mg2(f)emP(g+tf)

The second derivative of Z,,(t) = > pm,_, e9HH" @) ig

027, (1)

D IR0 i (1.3)

Tmx=x

We can deduce from (4.2) and (4.3) and the fact that P(g) = 0 that

ma?(f) = Y (9"(x)%es" ™)

Tmyr=x
a?emP(f—l—tg) aQZm(t)
om0 g e

1 emP(f+£g) Zom (€) )
— — d
Ly /5|_5 ( &3 £3 :

C om
< 53¢

(4.4)

for suitable 0 < § < 1 and C > 0. In particular, we can deduce from (4.4) that

*(f)=— > (M@)o em).

Tmr=x

1
m
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This completes the proof of Theorem 1.

In practise, we can estimate the pressure, and thus the derivatives of the pressure,
by using piecewise constant functions f,, and g, to approximate f and g. More
precisely, let A = {A;,---, Ax} be a Markov Partition for the expanding map
T :M — M. For n > 1, we can consider the refinement A = AVT-1AV...V
T-(=1 A, We then denote

[ flloe = sup [f(x)]

fllx= sup ———F——+
Il = sup HELZE
zH#Y
AeA

where 1 < X\ < ||D,T(v)||, for x € M and v # 0. The following result follows easily
from an estimate of Ruelle [18] (and an account appears in [14]).

Lemma 4.2. We can approxzimate f, g by locally constant functions f,, g, such
that

(1) H(f‘l'tg) - (fn +tgn)Hoo g an +tgn|\,\>\_’;; and
(2) II(f +1tg) = (fa +tgn)llx < IIf +tglla <)\7> ,for 1< X <A

We can then consider the operator Ly, 14, as a matrix and compute its maximal
positive eigenvalue e’ (/»t9n) and so approximate e’ (/9 | Finally, using analytic
perturbation theory we see that similar estimates hold for the derivatives. We first
recall the following result.

Lemma 4.3. The map w — P(w) is analytic in a neighbourhood {w : |lw— f||x <
€} (of the complexification).

In particular, we see that |P(f +tg) — P(fn+tgn)| < C (’%) . Moreover, since

the analytic domain 0 € U C C of t — f,, +tgn, f + tg can be chosen uniformly we
can deduce that

O*P(f +tg) 0*P(fn+tgn)

ot? ot?2

1 P(f+1g)  Plfu+t tgn>)
) /|£|_5 ( &3 &3 ®

/ n
O X
— 02 )\
for suitable 6 > 0 and C > 0. Thus we conclude that we can estimate the variance
using the locally constant approximations.

|o*(f) = o (fu)l =

5. PROOF OF THEOREM 2

The proof of Theorem 2 is based on estimates that arise in the study of certain
analytic functions. It is based on a cycle expansion method (a la Cvitanovic) which
was previously used by Jenkinson and the present author in the context of estimates
on Hausdorff Dimension and Lyapunov exponents [8].
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We can formally define

e9™ (@) +tf" (@) )

D(z,t) —exp< Z Z 1—|T" P
= H lo_o[ (1 — Z )‘(T)‘H)‘f('r)"‘n)\log\T/\(T))

The following result is well known.

Proposition 5.1 (Ruelle [17]). The function D(z,t) converges to an analytic
function in a neighbourhood of the disk |z| < eP’tf+9) . Moreover, there is a simple
zero for z v ((z,t) at z = 2(t) := e~ Pt/ +9),

By Proposition 2.1 the zero z(t) := e~ P9+f) satisfies D(z(t),t) = 0. Differenti-
ating in ¢ gives that

9 oD 02(t) D
0= 5 D((1),1) = = (2(0), ) 5 2 + S (:(0),1)

Differentiating again in ¢ gives

_ 92D 0:(t)\* , ,0°D 0=(t)
0= at2D( z(t),t) = 922 (Z(t)’t)< ot ) +28t6z(z(t)’t)( ot ) (5.1)
oD 0%z(t) 0°D

+ S0, ) T+ S (3(0), )

Let by, (t) = 2> 7., €9 @FT @ then from the definition of D(z,t) we have

that
%f (z,t) = D(z,1) —an(t)nz”1>
0°D —(2,t) = D(z,t) —ib’ (t)z”)
otoz ’ — "

%tZ (z,t) = D(z,1) (Z%(t)ﬂ) SO

where in the second expression we use %—? = 0. The convergence of these series is

easily checked (as in the proof of Proposition 5.3, below).
We can write ag—(zt) = z(t)%. Recall that 8'2(;5)\1&:0 = [fdp = 0 and
2(0) = 1, thus evaluating (5.1) at t = 0 gives

( Zb )(81&2 = 0)+ <Zb;(0)> A ONE (5.2)

n=1

The following result is essentially contained in [17]. A detailed account of the
ideas appears in [§].
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Proposition 5.2. We can write D(z,t) =1+ ) b,(t)z" where
(1) We can explicitly write

b?’L (t) = Z eAg(Tl)‘f't)‘f(Tl) e eAg(Tk)_'_t)‘f(Tk)

|71+ +|Tk|=n

a+

(2) There exists C > 0 and 0 < 6 < 1 such that |a,(t)] < CO™" (and,
moreover, these hold uniformly in a d-neighbourhood of t in the complex
plane).

In particular, we see that z — D(z,t) is an entire function.
We can now deduce the following.

Proposition 5.3. We can write

522 (o0 4, (0))7 = Y002, b12(0)
o?(f)m = ((%2 1= 0) = - ( 5= 50 ) . (5.3)

where
(_1)ke>\g(ﬁ) o era(TE)

S
3
—~
]
=
I

|71 |4 +|TK[=n

0= Y (PO e Ap(m))e ) ()
|71|++|TR]|=n
i) = D> (DFO(m) o Ap(m) et () el

71l | =n

and there exist C > 0 and 0 < 6 < 1 such that |ay|, |by], |cn] < com.

Proof. The identity (5.3) comes from rearranging (5.2). The convergence of the
series in (5.3) uses the bounds on b, (t) and Cauchy’s theorem, i.e.,

1 ba(§)de
21 |€]=6 52

7 _ 1 bn(f)df 28up|£\:5|an(€)|
D R e e

_ SUPlgj=s [an (©)]
- 0

, and

17, (0)] =

The result follows. O

Proof of Theorem 2. By truncating the series in (2.1) we can write

. (St + 0@ H) + T, o) + 00 )
<3t2 - O> o (S0 ba(0)n + OV 1))
() + £00) 1

- oD o

(5.4)
Writing B,, for the first term on the right hand side of (5.4) the result follows. [
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6. FINAL REMARKS

Let us first consider the connection between uniformly expanding maps and other
systems.

6.1 Geodesic and Anosov Flows. The results for discrete maps can be applied
to geodesic flows on surfaces of negative curvature, and other Anosov flows. Let
¢ : M — M denote the flow. For a Gibbs measure p and a Hoélder function
F : M — R we can associate the variance

o2 = TETOO %/ (/OT F(T'z) — T/qu)zdu(x).

Ezxample 6.1. Let M be a compact surface of constant negative curvature. We
can identify the unit tangent bundle SM = SL(2,R)/T", where I' is a discrete
subgroup. We can write L*(M) = &%, H,,, where H,, correspond to irreducible
components of the canonical representation g — R, : L*(M) — L*(M) given by
Ryf(h) = f(g~*h). In particular, for f,g € C(M) we can write f = Y fn,
g =2, 9n and then

pra®) = pp.gn(t).

Let © be the normalized Haar measure. We thus deduce that
o*(f) = o(fa).

However, Moore showed that |pf,4(t)] < Cyl|f]|.]lg||e”*"* and then we deduce that
o*(fn) < CullfI1?2 5~ emomtdt

More generally, for any Anosov flow we can associate an expanding map T :
X — X, as follows. Consider Markov sections N = U, N; for the flow and associate
the Poincaré map S : N — N on the sections. Using the local product we can write
each N; as the local product of a piece of stable manifold 5; and unstable manifold
U;. The Poincare map induces an expanding map on X = U;U;. Let R: N — R
correspond to the return time function. This induces a function r : X — R.

The following results are well known [4], [16], [17].

Lemma 6.1.

(1) If ¢ is a geodesic flow on a surface of constant negative curvature then the
associated expanding map T and function r are analytic

(2) If ¢ is a geodesic flow on a surface of variable negative curvature then the
associated expanding map T and function r are C*.

We can associate associate a suspension space defined by
X" ={(z,u): 0<u<r(z)}

where we identify (z,7(z)) and (T'z,0). Let ¥ : X" — X" be the semi-flow defined
by ¥¢(z,u) = (z,u +t), for t > 0, subject to the identifications. Let F' : X" be a
function defined on the suspension space. We can associate a function f : X — R
by

r(z)
flx) = /0 F(x,u)du.

If dm = du x dt/ [ rdp then we can relate the variance of the flow to that of the
expanding map.
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Lemma 6.2. We can relate )
()
[rdp

Example 6.2. We recall that an Anosov flow synchronised flow if the measure
of maximal entropy p is equal to the Sinai-Ruelle-Bowen measure (i.e., h(p) =
[ E“(z)du(z), where E%(z) := limy_log||D¢:||/t)du. Any C? hyperbolic flow
can be reparameterised to give a C flow which is synchronised (where C'* is the
regularity of the stable foliation). For example, for a geodesic flow on a surface of
negative curvature we can always assume the foliation is C1T®. In the particular
case of such synchronised flows we can consider the associated C'*t% expanding
map and let r(z) = log |T"(z)].

Let us then consider the special choice F' : M — R given by F' = E* and let
0%(F) denote the associated variance. For the associated interval map let f(x) =
g(z) = —log |T"(z)| and then let o2(f) denote the associated variance. Then by
Lemma 6.2 we can write

o*(F)

2 wy 02(f) _UQ(f)
7D = Thedn = W)

6.2 Induced maps and Rohlin Towers. Closely related to the idea of suspended
flows is that of Rohlin Towers. We will illustrate the general principle with a specific
example. Fix 0 < o < 1. Consider the Manneville Pomeau map 7" : [0,1) — [0, 1)
defined by

Te=2"t"+2 (mod1).

Let 0 < b < 1 be the largest value such that 417 4 b = 1. We can associate an
expanding map S : [b,1) — [b, 1) defined by S(x) = T™*®)(z) where n(z) = inf{n >
0:Trx € b 1)}

This map has the advantage that it is uniformly hyperbolic, although it has the
disadvantage that it has infinitely many branches. There is a natural S-absolutely
continuous invariant measure g supported on [0, 1) which gives rise to an absolutely
continuous 7T-invariant measure p supported on [0, 1].

Given a C* function F' : [0,1] — R we can associate a function f : [b,1] — R

defined by f(x) = Z?:("g)_l F(T'z). We can relate the variances of these two
functions, for the respective transformations, by

o2 _ 02(F)
)= Jn(@)dpo
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