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0. INTRODUCTION

In this note we will consider Rauzy-Veech-Zorich renormalization map for inter-
val exchange maps. The special case of interval exchange transformations on two
intervals simply corresponds to rotations on the unit circle, and in this case the
corresponding renormalization map reduces to the usual continued fraction trans-
formation. Thus, one might naturally view interval exchange maps on n intervals
as generalizations of circle rotations; and the renormalization map as a generaliza-
tion of the classical continued fraction transformation. It was shown by Masur and
Veech that their original renormalization map 7 possesses an absolutely continu-
ous ergodic invariant measure, and Zorich showed that for the accelerated version
7: there is a finite invariant measure.

A number of interesting statistical results already have already been established
for the renormalization map, and related transformations (e.g., Central Limit The-
orems and other Limit Theorems cf. [2], [1], [14]). The first aim of this paper is to
present an alternative approach to some of these results, and to give some simple
generalizations. Indeed, for dynamical systems in general there is a potential heirar-
chy of statistical properties that one may establish for such maps, beginning with
ergodicity; central limits theorems; functional central limit theorems, and finally
almost sure invariance principles. In this paper we will re-derive the central limit
theorem, the stronger functional central limit theorem, and establish the almost
sure invariance principle, from which the others then follow. A basic technique, fa-
miliar from other non-uniformly hyperbolic settings, is to induce a hyperbolic map
75> on a smaller set B in the domain of 77. In particular, statistical properties are
typically easier to establish for 73, and these can then be “lifted” to the map 72.
There is a well known application of related results to Teichmiiller flows for abelian
differentials, which can be modeled in terms of suspended flows over these maps.
The corresponding statistical properties for Teichmiiller flows can be deduced from
the properties of 75 by applying the methods of Melbourne-T6rok.

Theorem A. The transformations Ty and Ty satisfy the functional central limit
theorem. In particular, they satisfy the law of the iterated logarithm and the arcsine
law.
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The second aim of this paper is to describe a zeta function associated to 7s.
This is defined by analogy with the Ruelle zeta function for Axiom A diffeomor-
phisms. The poles of these zeta functions (and the residues of associated complex
functions) encapsulate dynamical information about the maps. Moreover, when
these invariants vanish then the zeta function takes a particularly trivial form.

We will initially follow Morita in studying a transfer operator associated to 75
acting on Lipschitz (or, more generally, Holder) continuous functions [14]. This
allows us to apply the method of MacKay and Tyran Kaminski [7,8], to give a
direct proof of the (Functional) Central Limit Theorem, and the method of Philipp-
Stout [16], as developed in the dynamical context by Melbourne and Nicol [12], to
show the almost everywhere invariance principles. Subsequently, we will consider a
transfer operator associated to 7o on a smaller space of an analytic functions and
study the complex function

Z n Z |detDT”()|

where f is an Dirichlet function.
Theorem B. The function ns(s) is entire.

As a corollary, we can apply a powerful approach of Ruelle [17] (cf also Mayer
[9,10]) based on Fredholm determinants to give an alternative expression for the
the top Lyapunov exponent.

The methods in this note will work for other multidimensional continued fraction
type algorithms, for which the (accelerated) Rauzy-Veech-Zorich algorithm forms a
topical example. In particular, a suspension flow for this map forms a well known
model for the Teichmiiller flow.

In section 1 we recall results on interval exchanges and their renormalizations.
In section 2 we introduce the transfer operator on Holder continuous functions and
recall the results of Morita on its spectra. In section 3 we prove the statistical
properties for the induced map 75. In section 4 we derive the statistical properties
for the Zorich map 7;. In section 5 we study the transfer operator on the smaller
space of analytic function, and in section 6 we use these results to study Lyapunov
exponents and zeta functions. Finally, in section 7 we describe the extension to
Teichmiiller flows.

1. INTERVAL EXCHANGE TRANSFORMATION

In this section we recall some of the basic constructions. We refer the reader to
the excellent surveys [20] and [21] for further details.

Interval exchange transformations 7" : [0,1] — [0,1] are piecewise isometries of
the unit interval. In the case of two intervals, this corresponds to a rotation of the
circle, i.e., a translation of the interval (modulo one). More generally, assume that
I is partitioned into n intervals Iy, --- , I,, of lengths Ay,--- , A, respectively, upon
each of which T acts isometrically. We can represent this partition as a vector A in
the standard (n — 1)-dimensional simplex

A== ) 0< Ay, Adn<land Adj+--+ A, =1}



Thus the transformation 7" is completely determined by these lengths, and by order
of the images of the original intervals. This latter information is encapsulated by a
permutation 7 on {1, -+ ,n}. In particular, every interval exchange transformation
corresponds to a pair (A7), where A € A and 7 is a permutation. Moreover,
corresponding to the natural assumption that T" doesn’t have contain an invariant
subsystem, we assume that 7 is irreducible if there is no 1 < [ < k such that
({1, 1) ={1,--- I}

The classical Keane Conjecture (proved by Masur and Veech, independently)
states that the transformation T is uniquely ergodic for almost all A € A. The
method of proof lead to the development of an important renormalization scheme
on such transformations, which we will briefly describe.

1.1 The Rauzy class of permutations. Given a permutation m, let us denote
by k = n~1(n) (i.e., m(k) = n). A key idea of Rauzy was to replace the permutation
7 by one of two new permutations: either

i) if1<x() <k () H1<j<n(n)
am(j) :=< 7w(n) ifj=k+1 orbr(j) =< w(j)+1 ifw(n)<w(j)<n
m(j—1) fk+2<j<n mn)+1 ifj=k

If we start from a given permutation we do not necessarily get all permutations
by these two operations. This leads to the following definition.

Definition. Given a permutation 7 the Rauzy class R consists of all permutations
that can be derived from 7 by repeatedly applying these two operations.

Thus the irreducible permutations are a union of a finite number of Rauzy classes.

1234
4321
class of 7 permutations. These are illustrated in the following diagram, where an

arrow labeled by a goes from 7 to am (and an arrow labeled by b goes from 7 to

br).
a0 (5351) (3373) 00
T \.b a )/ Ta
CHBEH A BRI
la 1b
(3373) (53%)

Ob Oa

Ezample 1 (n = 4). The irreducible permutation my = ( ) lies in a Rauzy

There are excellent descriptions of this procedure in [20].

1.2 The Rauzy-Veech renormalization 7. Consider some given 1 < k
n. We can then apply one of the following two operations on the vector A
(A, , An), to produce a new vector X = (A}, ,Al): Either

I IA

Case I (A > Mg ): Let A— XN = (A1, , Ap—1, Ap — Ag); oOr
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Case II (Ak > )\n) Let A= X = ()\1; T a)‘k}717)\k - )‘na )‘naAk+l7 e a)\nfl)~

Firstly, we would like to make a particular choice of case such that vector X is
strictly positive. The case A, = A, is therefore ambiguous, but atypical, and shall
be ignored. Secondly, we observe that the definition of A\’ is such that it does not
lie in the simplex A. However, this will soon be corrected by rescaling.

We can define a map 7y from A x R to itself (modulo some codimension one
planes, as described above, on which it is ambiguously defined). This will be a
renormalization map, in the sense that it associates a new interval exchange map
to an old one (with the same number of intervals, n). To be more precise, given
m € R we denote

A
A

3 34

{\m) e Ax{m}: Ay > A1, } and
{(A\7m) e Ax{n}: Ay < Ag-1p}-

We can define a transformation 75 : A x R — A X R a.e. by

o (X (Prfppdn=ted o) ifAeA;
m) = —_— T =
oA, V[ (()\17...7)\k,1,Ak—lAn,),\An,Ak+17...7)\,,,_1)’b7r> e At

where we divide by [[X'|[1 = ), A so as to rescale the image vectors to lie on the
simplex A.

Ezample 1 revisited. Let A = (A1, A2, A3, Ay). We can again consider the Rauzy class

4321
of the map to the simplex labelled by (; f i ;) Since k = 71(4) = 3 we have
that

R of m = (1 23 4) as described above. We can then consider, say, the restriction

%(()\1’)\2’)\37>\4)’<;f23>)
A X Ag Aa—dgy (1234)) .
((1—33’ R Tk T ) (3 14 2)) i Ay > As

A1 Ao Az—Mg A4 1234 .
((1—>\4’ 1=Ag7 1-Ag 7 1=y (4 132 if Ay < As.

Unfortunately, these transformations aren’t uniformly hyperbolic (as one can
readily see since some of the boundaries of the simplicies remain fixed (e.g., the
side A3 = 0 in the simplex). This will be partly remedied by replacing 7o by maps
which are “more hyperbolic”.

1.3 The Zorich accelerated remormalization 7;. Following Zorich, one can
consider a map 77 : A X R — A x R defined a.e. by Ty(\,7) = %n()\,w)(A7 m) where
n(\ ) =inf{k > 0: TF(\,7) € AT x R where A € AT}

and where we denote AT =J .o AT and A™ = J, .z Af.

The following elegant result was proved by Zorich.



Propostion 1.1 (Zorich). The transformation Ty preserves a finite absolutely

continuous invariant measure iy (i.e., 11 (A x R) < +00). Moreover, the restric-
tion T2 : AT — ATis ergodic (and T2 : A= — A~ is ergodic).

Previously, Masur and Veech had shown the existence of a sigma finite 7g-
invariant measure pg, which can be easily recovered from p;.

However, to gain more control over the distortion properties of the transforma-
tions one can induce on a smaller set, so as to get a transformation which has even
stronger properties.

1.4 The induced map 7; on a smaller set. Let P = {Af A7 : 7 € R} be the
natural finite partition of A then we can define the refinements

P =V L "P={P, N 'P,N---NT, "R, PP}

n—1
for any n > 1. Following a now standard approach we can can choose ng > 1 and
B € P,,, say, to be any image of an inverse branch of 7™ which is a contraction.*
Finally, we can then consider the induced map 75 : B — B defined by 73(\, 7) =
7,"*™ (X, ) where
n(\ ) = inf{k > 0: T"(\,7) € B}.
The following is immediate from the observation that the composition of projective

transformation remains projective.

Lemma 1.1. The induced map T3 : B — B is piecewise projective expanding map
of the general form

d d
0 A) o <Zj_1 ai;A; D1 Odj A >
1,°° "y A\n d Ty d
D GijA; D i et GijAij
on each of the pieces By, :={x € B : n(\,7) =n}, n>1.

We are now in a position to use familiar techniques for the study of hyperbolic
maps.

2. TRANSFER OPERATORS
Let w denote the natural volume form on B. We can formally define a linear

map L : L}(B,w) — L*®(B,w) associated to T : B — B by the identity

| £1@gte)duto) = [ £i@)g(Tar)duto), where £ € 11(B).g € L=(B)
B B

and we denote x = (A, m) € B. (The existence of such a Lf(z) € L>°(B) follows
immediately from the Riesz representation theorem). Moreover, we can use the
change of variables formula to formally write:

_ )
Lf(x)= yeglx 7|Jac(7’2)(y)\ a.e..

In fact, a simple calculation shows:

LAll of these transformations are projective, i.e., matrices act linearly on vectors, followed by
normalizing. Such a transformation is contracting in the projective matrix when the simplex is
mapped strictly inside itself, which happens when the matrix is strictly positive
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Lemma 2.1. Let A be the matriz such that T (x) = wamlll' We can write the
Jacobian as Jac(TF)(x) = ||Ax||}.

From this explicit formula for the Jacobian one easily sees that £(C°(B)) C
C°(B). In order to get stronger results on 75, we need to consider the operator
acting on smaller Banach spaces than C°(B). In section 6 we will consider the
operator acting on analytic functions. However, for the present we shall follow
the more classical approach of studying the operator acting on Holder continuous
functions.

Given 8 > 0 and a function w : B — C, we define ||w|| = |[|w||oo + ||w||g Where
||wHB = sup |’LU(I) — w(y)|
ary 2 —yll?

and let C?(B) = {w : B — C: ||w|| < oo}. When 3 = 1 these are simply
the Lipschitz functions. The next result can be used to show that L preserves
Holder functions. Let Q@ = {Q, : k > 1}, where Q,, := {z : n(z) = k}, and let
Qr = VIZ)T,7'Q. The following result is basically due to Morita [14]

Lemma 2.2.

(1) There exists C > 0 and © > 1 such that for anyn > 1 and x,y in the same
element of Q,, we have

|1L"2 = T y|| = CO"[Jx —yl;

(2) There exists C > 0 such that for anyn > 1 and x,y lie in the same element
of @, we have

log (%)‘ < OlT"e — Ty

(3) There exists D > 1 such that for any A € Q,, and any v € A we can

estimate
1 1(A)
—< L <D
D = |Jac(73") ()|

Proof. These results are based on the basic observation that the first return map
T> : B — B must be of the form 7(z) = ’Tlﬁ()"ﬂ) () = ’Tlﬁ(’\’”)_"" o 7" (x), where
’Tlﬁo"“)*n does not contract distances and 7;"° definitely expands them. Full details
can be found in [14]. O

Corollary 2.2.1. The operator L preserves the space of Hélder functions, i.e.,
L : CP(B) — CP(B) is well defined.

Many of the statistical results for 75 are related to the existence of a spectral
gap for £. In the case of the operator acting on analytic functions is essentially
automatic since the operator is compact (as we will see later). However, in the
present context of Holder continuous functions it remains true.



7

Lemma 2.3. The wvalue 1 is a simple eigenvalue with a positive eigenfunction
p > 0. The rest of the spectrum is contained in a disk of radius strictly smaller
than 1.

Proof. The proof follows a classical approach [15]. Given g € C#(B), we can
estimate for each z € B, we can bound

£ @) < llglle [ 3 J(Tl)(y) < Dllgllo

ffzny:x

by part (3) of Lemma 2.2. Thus [|£"g||cc < D||g]|co. Similarly, in the special case
g =1 we can see that D~ < £"(1) < D, for all z € B.

Given z1, 79 € B, assume that y; € (73*)"'z; (i = 1,2) are chosen in the same
inverse branch. With this convention, we write that

(L) (1) — (£"g) ()
1 1
= 2 <Jac<7;n><y1>Jaw<7;"><y2>>9(‘“)+ 2

T yi=x; T y2=x2

(9(y1) — g(y2))
Jac(73)(y)

Thus we can bound
I(L"g)(z1) — (L"g)(22)]

1 —n J3; n
< o (€07 1) ]| + O |y — 2] lgl]s )
o TeT ) * ’

Cligllo . llglls
gD(l—(9—1+(9n ey = ]

(2.1)
(This gives the well known Marinescu-Tulcea inequality)

In particular, the family {% Zﬁ:ol L"1}%°_, is equicontinuous and bounded, and
thus has a uniform accumulation point p € C?(B), say, where D~ < p(z) < D, for
all z. Clearly, Lp = p is a positive eigenfunction for the eigenvalue 1. To see that 1
is a simple eigenvalue, assume that £p’ = p’, and then choose the largest ¢ > 0 that
the eigenfunction p. := p+e€p’ > 0. Since we can find € B with p.(z) = 0, it then
follows from Lp. = p, that p.(y) =0, for all y € T{lx. Proceeding inductively, we
see that p.(y) vanishes on the dense set y € U2 (T, "z, and thus p’ = €p, i.e., 1 is

a simple eigenvalue. We can define £ : C8(B) — C?(B) by

Fu(e) = %ﬂﬁ(wp)(m).

then £1 = 1 (and Z*u = p) and again the Marinescu-Tulcea inequality holds for
L, ie., ||£A”w||g < Cllw||so + ©7"||w||g. Moreover, since for any w € C?(B) we
have w(z) > Lw(z) > L*w(z) > --- we can deduce from the equicontinuity that
there is a unique limit which, using that L1= 1, we conclude must be the constant
Jwdyp, ie., Lrw — J wdp and n — +o0.

Finally, to show that the rest of the spectrum of L is contained strictly within the
unit disc it suffices to show the same for £ and, more particularly, £ : C (B)/C —



8

CP(B)/C has spectral radius strictly smaller than 1. However, the convergence of
L"w implies that ||[L™w + C||oc — 0 as n — 400 and thus two applications of the
Marinescu-Tulcea inequality gives

122" wlls < C (170 + Cllos + "1 £wl]5) +©7"|1£"w]ls

< O (II€"w0 +Clloo + ©7(C + 1) (Clloll + [[0]5077))

<1

for large enough n > 0, uniformly on the unit ball of C#(B)/C. The result follows
from the spectral radius theorem. [

As usual, the probability measure p which is the eigenprojection associated to 1

(i.e., Ly = p) is the unique absolutely continuous Za-invariant probability measure
on B.

Corollary 2.3.1.

(1) The transformation Ty : B — B is exponentially mizing on Hélder func-
tions, i.e., given F,G € CP(B) there erists 0 < 7 < 1 and C > 0 such
that

‘/F o %”.Gd,u‘ < Ct" for alln > 0.

(2) For almost all (u) © = (A\,m) € B we have that

ZlngF(TQ”(x,A)) - [ sau+o0 (leN)

Proof. For the first part, ssume that the spectrum of £ : C*(B)/C — C*(B)/C is
contained in a disk {z € C: |z| < 7}, where 0 < 7 < 1. Given G € C¥(B) with
J Fdp = [ Gdu = 0 can write [ F o T,'Gdu = fFE”Gdu = O(t"), showing the
transformation is exponentially mixing.

The second part follows immediately from the first part by a standard spectral
result [6]. O

3. STATISTICAL PROPERTIES FOR 75

Let dpu = p(z)dw(x) be the unique absolutely Zz-invariant probability measure on
B. This measure p is ergodic (cf. [2] or, alternatively, by part (1) of Corollary 2.3.1)
and so we can apply the Birkhoff ergodic theorem gives that for any f € L'(X, p)
and for a.e.(u) x € B we have that

n—1
o> 5T~ [ fdnasn oo,

n <
j=0

converges in distribution. In this section we want to discuss various generalizations
of this basic property.



3.1 The Central Limit Theorem and Functional Central Limit Theorem.

Definition. We say that 75 satsifies the Functional Central Limit Theorem whenever
for a Holder continuous function h € C?(B,R) (not equal to a coboundary plus a
constant) there exists o > 0 such that for 0 <t <1,

[nt]—1

1 )
hoT + (nt — [nt])h o T,
0

el = 5w

Jj=
converges weakly to the Wiener measure on C([0, 1], R).

This is sometimes called a weak invariance principle, in reference to the topology
of covergence.

The Central Limit Theorem could be deduced directly from the results on L
in the previous section, but, with no additional work we can deduce the stronger
Functional Central Limit Theorem.

Proposition 3.1. The Functional Central Limit Theorem holds for Ts.

Proof. By a quite general result of Mackey and Tyran-Kaminska [7,8] (cf. also [18])
if ho € L*(B, p) satisfies [ |ho|?dp = 0 and Lhy = 0, and

n—1

50 2
Z# /(Zﬁkh0> dp < o0,
n=1

k=0
then setting 0 = [ |ho|2dp gives

[nt]—1
1 A
wl(t) = — E ho o T3 — ow(t), for t € [0,1].
Vo=

(i.e., the Functional Central Limit Theorem for hg). More generally, given a Holder
continuous function h with [ hdp = 0, we recall from Lemma 2.3 that there exists
0 < 7 < 1 such that |[£"h]| = O(6™), and therefore v = > | L™h converges in
CP(B). Let u =Y, L"h and set hg := h—uoT+u then L(hg) = Lh—u+Lu = 0.
Since h and hg are cohomologous we can bound |w,,(¢) — w8 ()| < 2||u||o0/+/n and
thus deduce the Functional Central Limit Theorem for h. O

The following are standard corollaries using the Continuous Mapping Theorem
[4,5] beginning with the central limit theorem (where t = 1).

Corollary 3.1.1 (Central Limit Theorem). For y € R we have that

2ro

1 i ; 1 v 2 2
i . J —t%/20
nhm u a:eB.\/ﬁ]Elf(’TQx)<y = / e dt

The Central Limit Theorem (and much more besides) has already been proved
by Butetov [2] and Morita [14]. The approach of Bufetov involved studying the
rate of mixing of 73; and the method of Morita involved perturbation theory of the
transfer operator.

The following are other standard corollaries [4, 5].
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Corollary 3.1.2. For y > 0 we have that

V2

I €EB:— (Tor) <y p = —— —20% g
LN mlesfan S (aivd B

Corollary 3.1.3 (Arcsine Law). For 0 <y <1 we have that

N, () 2 _
1 B : i < = ——si 1
nﬂlriloo,u{xé - _y} \/Esm VY

where Ny (z) = Card{l <k<n : 2521 f(Tx) > O}

Corollary 3.1.4 (Law of the iterated logarithm). For a.e. (u2) v € B we

have '
i [(Tr)
limsup ———r=r—= =

n—+oo 0v/2nloglogn

Remark. There are a number of other statistical results which could be considered.
For example, Morita has shown that there is a local limit theorem for 75.

This completes the proof of Theorem A.

3.2 Almost Sure Invariance Principles. With only a little further work, we
next establish a class of stronger results, from which the preceeding (and several
others) can easily be deduced.

Given a Holder continuous function f : B — R with [ fdu = 0 we can associate

the summation f"(z) := Y7 f(T'x), for each n > 1.

Definition. We say that 75 : B — B satisfies the Almost Sure Invariance Principle
if for any such function f : B — R there exists a sequence of random variables S,
which for a.e. (u2) = agrees with f"(x) in distribution and thete exists € > 0 such
that S, = W,, + O(n=~¢) as n — +oo.

The following result is a strengthening of Proposition 3.1.

Theorem 1 (Almost sure invariance principle for 75). If f is Holder contin-
uous then T3 : B — B satisfies the Almost Sure Invariance Principle.

Proof. The standard approach is to deduce this from an application of a result
of Phillipp and Stout [16] (cf. [12] for a dynamical reformulation). In particular,
we only need to establish that the hypotheses there hold. More precisely, given a
B-Holder function f: B — R with [ fdu = 0 we observe that:

(1) f € L**9(B), for any § > 0 (since v is automatically bounded);
(2) for any n > 1,

[ 157 au=na* +011)

(by expanding the Left Hand Side and bounding the cross terms using Part
(1) of Corollary 2.3.1);
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(3) for any k > 0,
B(f - BUIVES T QP Vi T570Q) < 17 - BUI VS T QI
< (||Iflls sup diam(a))>*°

a€Qy

< (Iflls07%)**°,
(where, as usual, E(-| V¥ 7,7°Q) = EaeT{iQ ﬁ J, -dp); and, finally,

(4) given any A; € V¥, 075 'Q and any Borel measurable set A, C B, and for
any n,k > 0, we can bound

(A T M Ay) — (A u(Ay)]
= |/XA1 (XA, OTQk+n)dN*/XA1dﬂ~/XAsz|
I/E )(xa; © Ty )dp — /C XAldM/XAQOTdM|

= I/ L¥xa, _/LkXAﬂ] (xa, © T3")dp]

= I/ [Ekxfn —/Z’“XAI} (x4, 0 T3")dp|
= I/E” {E’“Xm —/E’“xfn} XA dp]

[ . 2 e 3
(e fe]fa) ()

< O7"||L¥xa, oo (A2) 7,
for some C' > 0, using the Cauchy-Schwartz inequality, that E,u = p and
(agam) that 0 < 7 < 1 is a bound on the modulus of the second eigenvalue
of L . Finally, we can observe that Ekx 4, = 1 and so the bound can be
taken to be C'1".

We can then apply Theorem 7.1 in [16] (cf. Theorem A.1 in [12]) to deduce that
the Almost Sure Invariance Principle holds for 75. O

4. STATISTICAL PROPERTIES FOR 7T;

The statistical properties of 75 described above can be used to establish analo-
gous results for the original Zorich map 77 : A xR — A xR, with respect to 1, by
viewing it as a suspension. More precisely, we can associate to the map 75 : B — B
and the return time 7 : B — ZT a suspension space

B" :={(z,k) e BXZ:0<k<n(z)—1}
where we identify (A, 7;7(x)) and (72(A, 7);0). We can also define the natural map
Tf : B™ — B™ on this suspension space by
_ Jk+1) H0<k<n(z)-2
TP (k) = { (x ) 1 i n(z)
(T2, 0) it k=n(z)—1.

There is a natural 7, -invariant measure dpg x dN/ J ndpsa, where dN corresponds
to the usual counting measure. The following result is standard.
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Lemma 4.1. The map U : B" — A* defined by U(z, k) = T,"(x) is:
(1) a semi-conjugacy, i.e., T, oW = W o T, and
(2) an isomorphism (with respect to dus x dN/ [ndps and dpy ).

We can deduce the almost sure invariance principle for the Zorich map 77 : A —
A, by applying a result given in a paper of Melbourne and Nicol [12] (which is for-
mulated from the results of Melbourne-Torok [13]). The other statistical properties
follow as a direct consequence.

The main technical condition we require is the following:

Lemma 4.2. For any § > 0 we have that

> pp{z=(\m)€B : afx) =k} < +oo.
k=1

Proof. By an estimate of Avila-Bufteov [1, Lemma 1], there exists C' > 0 and
0 <60 <1such

p{z € B :n(Am) >k} <CO”, foralln > 1.
Thus 0% p{z € B: (A7) =k}’ <O, 0%k* < 400, O

We now describe a general class of function for which the results will be estab-
lished. Let f : A — R be Holder continuous and satisfy [ fdu; = 0. We can
associate to f a function f : B — R defined a.e.(juz) by

fi(z)—1

f@)= > f(Tlo).

=0

In particular, we have that f fduy = 0. If, in the interests of expediency, we make
the hypothesis that the function f : B — R is Holder continuous, then we can lift
the results for 75 in Theorem 3.2 (with respect to f) to those for 7; (with respect to
f). More generally, we can assume that f is Holder continuous and the associated
function f satisfies a weaker “local Holder” condition that if 7i(z) = n(y) = n, say,
then |f(z) — f(y)| < n||fl|sl|lx — y||®. However, following [12] we can then consider
the slightly larger Banach space B with respect to the norm

- f@) = fly
||h||B:Zn sup || ( ) (ﬁ)H?
=1 Ax)=n(y)=n ||z — yl|
zFy
for which the proofs of Lemma 2.3 and Theorem 3.2 readily generalize.
To extend the almost sure invariance principle from 75 to 77 we need to check
the hypotheses of the theorem of Melbourne and Torok [13]. In particular,
(1) by the Lemma 4.2, we can choose § > 0 so that 7 € L?>T9(B, uo), and
(2) by the analogue of part (2) of Corollary 2.3.1 we have that

N-1

1 P . 1

N E (i) = /nd,u—i—O (Nle) a.e. (u2) © € B.
—

7

In particular, we can now conclude that the almost sure invariance principle holds
for 7; with variance 02 =52/ [ ndus.
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Theorem 2 (Almost sure invariance principle for 7). The almost sure in-
variance principle holds for Ty and .

This theorem has several consequences, including the the analogues of Corollaries
3.1.1- 3.1.4 for T7;.

There is an immediate application to return times for 7. Given any set A
we denote by 74 : A — N the first return time to A, ie., ra(z) = inf{n >
1: 732 € A}. In particular, the value defined inductively by 73(4") (x) = 7‘2”71) (x)+
TA(TT(AWU(””)) is the nth return time. Using Kac’s theorem on return times we have
that

1
= for a.e. .
n—-+00 n /L(A) or a.e ('u2)

For the particular choice A = B we can consider the function rg(x) = (A, 7) and
by Kac’s theorem [ rpdus = 1/pa(B). It is easy to see that the variance is non-zerp
and thus this leads, for example, to the following corollary:

Corollary 2.1. There exists o > 0 such that

. [N 1 Y 2202
[ < - _ -
lim  po {x ~N'B (z) y} =7 /_ e dt
fora <b.

5. TRANSFER OPERATORS AND ANALYTIC FUNCTIONS

To take advantage of the transformation 75 being piecewise analytic, we can also
consider the transfer operator acting on a space C* of analytic functions. Let us
denote A = (A1, , An), & = (&1, ,&,) € R™. For sufficiently small € > 0 we
denote

n
BE={)eR": Z/\jzland|/\—B|<e
j=1

and consider a complexification of the form

BE=QA+ifeC": A=B|<e> \=1> &=0and|{] <

Jj=1 Jj=1

Let 75 : B — C™ also denote the analytic extension from B to Bc.
In order to show that £ preserves a space of analytic functions on this space we
can use the following simple lemma.

Lemma 5.1. Providing e > 0 is sufficiently small we have that To~ " BE C int(BE).
Moreover, for x = A+ i§ € BE we have that

1
2 | T

Proof. Since the inverse branches of 75 : B — B are uniformly contracting, we can
choose € > 0 sufficiently small and 0 < 6 < 1 such that the 7, 'Bi. C BE. We
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can show that their compexifications have a similar property with respect to Be
To begin, observe that the linear action of any of the positive matrices A corre-
sponding to an inverse branch of 75 act on both the real and imaginary coordinates
independently, and the complexification of the linear action is again a linear action:

()\17 7)\n)+l(€17 7571) HA(Alv 7)\n)+2A(§1, 7571)

The image under the projective action comes from dividing by 3, (AA);+i 3, (A);
(i.e., the complexification of ||AA]]) to get:

A)\(Z (A49),)°

AN +iAg _ A =, @),)
(A +92,(40; — 250A0; | (5,0, (A + TG
Z (Ag); >, (A9,
H(Af( ISy ) — A )

(>°,(A§);)?
> (AN); + T, (A0;)

In particular, for ¢ = (1 4 6)/2 and € > 0 sufficiently small we can deduce that
T, 'BE C B§,,. This completes the proof of the first part of the lemma.
For the second part of the lemma, we firt observe that for A +i{ € BE we that

1 1 1

(22 (AN); +432;(A )" (32;(AX);)" <1+ %) -

1
= ((Zj(A)\)j)"> (14 0O(e)).
Moreover, given )\, \" € BX we can estimate
1 )n_ 1 )n <12 (ZJ(AA)])n 1
(22;(44); (A" |~ (2, (AX) )| | (32;(AN);)" 52)
, .
=l | <

for some C' > 0. However, by the formula for the transfer operator we know that
for A € B:

=@, | <% (5:3)

Comparing (5.1), (5.2) and (5.3) completes the proof. [

We can apply the lemma to deduce that the operator £ : C¥(BS) — C¥(BY) is
well defined . In particular, that the series expression for Lw(x) converges to an
analytic function for z € BI'C follows from Montel’s theorem.

The main importance of this is that we can now consider the operator L :
C¥(BY) — C“(B%) on the Banach space of bounded analytic functions on B
with respect to the supremum norm || f[| = supge [ f(2)]-

| 1
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In particular, it leads to the following result.

Definition. Any bounded linear operator L : B — B on a Banach space B with
norm || - || is called nuclear (of order «)if there exist:
(i) vectors u, € B (with |Ju,|| = 1);
(ii) linear functionals l,, € B* (with ||l,]| = 1); and
(iii) a sequence (p,) such that > >~ |pn|* < 400 such that

L(v) = Z Pnln(V)uy, forallv e B.
n=0

We say that L has order zero, if property holds for any a > 0.

In particular, a nuclear operator is automatically a compact operator, for which
the non-zero eigenvalues are of finite multiplicity (and the dual spaces are of finite
multiplicity).

Proposition 5.1. The operator £ : H(BS) — H(BC) is nuclear (of order zero).

Proof. The proof follows the same lines as that in [10,11] Let H(BE) denote the
Frechet space of analytic functions on B(EC, with the compact open topology. We
observe that £ : H(BS) — C“(BY) is a bounded linear operator and recall that the
space H(BC) is nuclear [3]. In particular, the operator £ is nuclear (or order zero)
[3] (cf. [10, proof of Lemma 3]). Finally, we can compose £ with the continuous
inclusion H(BS) ¢ C*(BY) to deduce that £ : H(BS) — H(BY) is nuclear (of
order zero). [

Many of the statistical results for 75 are related to the existence of a spectral
gap for L. In the analytic context this is essentially automatic since the operator
is compact. Moreover, one can apply a result of Mayer [10, p.12] to recover that
the value 1 is a simple eigenvalue of maximal modulus, and that eigenfunction p is
real analytic.

We can recover the following:

Corollary 5.1.1. The invariant density of Ta (and thus T1) is real analytic.
We can again define £ : C*(B) — C¥(B) by

Lw(z) = ! L(wp)(z).

p(x)
then £1 = 1 and E*u = L.

6. ZETA FUNCTIONS AND LYAPUNOV EXPONENTS

We begin by considering the largest Lyapunov exponent © for these transforma-
tions. Let E;; denote the m x m matrix with entries 1 on the diagonal and in the
(i,4)th place and let P, denote the permutation matrix associated to 7. Consider

the matrices A(m,a) = (I + Ly-1p,m).P(r™ ™) and A(,a) = E + Ly p—1,. We
then define a matrix valued function B(A, 1) on Urer AT UA™ by
B\, ) = A\, m)ATy(A, 7) - AT; M 7H A ).

The leading Lyapunov exponent for this matrix is

1
6 = inf { [ 108180 mBT O -~BTl”(A,7T)Idu1}.
n

n>1

We recall the following elegant result of Zorich [22, Theorem 4].
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Proposition 6.1 (Zorich).

0= 3 [ (loa(1 = A) ~log(1 = Ao-1)) ()

TER

:72/ log |det DTy [dp1(N).

TER

In view of the induced transformation 75 : B — B we can immediately rewrite

this as
Z/ log | det DT5|dpua ()

TrER

We shall now describe an approach to the Lyapunov exponents using complex
functions. The connection between zeta functions and the both the standard and

multidimensional continued fraction transformations was explored by Mayer in [10]
(cf. also [11])

Defintion. We can associate to 73, and an analytic function f(z), a complex func-
tion d(z, s) in two variables defined by

d(z,s) = exp Z Z | det(DT) (z)| et @

T c=x

where we interpret the periodic points as points in the disjoint union. This converges
for |z| and Re(s) sufficiently small.

The main technical result on such functions is the following.

Proposition 6.2.
(1) If |s| is sufficiently small, then d(z,s) is an entire function in z;
(2) Moreover, if we expand d(z,s) = 1+ " | nan(s)z"™, then there exists ¢ > 0
such that |a,| = O(e="""“"™");
(3) The zeros zy for d(z,1) correspond to eigenvalues X\ = 1/zy. In particular,

1 is the zero of smallest modulus; and

(4) We can write
Bd ad(1,s) |

8d(z o)| B /f Jdpa(x

Proof. This follows from the method of Ruelle [17] and Grothendieck [3]. The only
additional feature is that the operator has infinitely many inverse branches but, as
n [10,11], this presents no additional complications to the proof. [

We can apply the theorem with f(z) = log|det DT75|. In principle, this gives an
alternative expression for Lyapunov exponent.

Corollary 6.2.1. We can write
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where [ba| = O(e="""""") and [e,| = O(e=on" 7).

Proof. We can write

od(1,s 0o n
D S A (1)

n=1"n

%b:l o PO (1)

(—):

Using the expansion exp(z) = Y.~ , 2™ /n! we can write that

-1 exp (s> " ki (g,
an(s) = Z =D Z p (s D1y fr(x:))

.o k!
b M1 B L (T det DT (20)])

and thus

-1y i

b, =nan(0) =n Z —_ Z
[ | k 1
ot T B b (TT | det DT ()

and

_ _ i >ict fri ()
Cp, —an(o) - Z kll"'k’l‘! Z k d DTkl i
ki+-+kr=n 7—;:7'-/171,:1:1 Hi:l | et 1 (xl)|

Using the bounds on a,(s) we get bounds on a,(0) using Cauchy’s theorem, i.e.,

jaf, ()] < 2| fiei_. an(€)€2dg] = O "7)
serve to bound b,,. [

and the bounds on |a,(0)] also

We can define formally define
" f"(x)
W =25 2 [T

By the estimate in Part (2) of Proposition 6.2 we see that d(z, 1) is an entire func-
tion of order 1. In particular, if {z,(¢)} are poles of d(z,t) then by the Hadamard
Weierstrauss theorem we can write

d(z,t) = eAO=B) H (1 - - Z(t)) T

_ Ologd(z,t)
- ot

In particular, we observe that 7¢(z) |t=o and then we can write

2z (0) ’
e = B0+ iy (40 ).

for which the poles are {z,} and the residues are j;gg;

of Theorem B. Moreover, the poles also correspond to the values i, (f), where p,
are eigendistributions associated with the eigenvalue 1 for the transfer operator
associated to z. This leads to the following simple observation.

. This completes the proof

Corollary 6.2.2. Assume that pu,(f) = 0 for every eigendistribution p, then
n¢(2) =0 for all z € C.

Of course, this is equivalent to % Z?;nxzx % =0 for each n > 1.
) (x
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7. AN APPLICATION: TEICHMULLER FLOWS

For completeness, we briefly describe in this final section the relationship with
Teichmitiller flows.

There is a close connection between interval exchange maps and flat metrics on
surfaces. A particularly convenient presentation of a flat surface is as a union of
into n rectangles based on the intervals I; and of height [;, for ¢ = 1,--- ,n. Thus
the information we need to reconstruct the flat torus begins with

(a) The lengths A; of the intervals I; (i =1,--- ,n);

(b) The heights h; of the rectangles (i =1,--- ,n).
Since we will assume that the surface has unit area we can write that A\jhy +--- +
Anhy, = 1. In addition in order to attach the tops of the rectangles back to X in
the correct order we need:

(¢) The permutation 7 on {1,---,n} which tells the change in order in which
we reattach the tops of the rectangles.

In addition, to define the flow and invariant measure it is convenient to introduce
two other coordinates (which obviously depend on those above):
(¢) d; =a;—1 —a;, for i =1,--- ,n with the convention ag = a,+1 =0
and the heights of other singularities (which lie in the sides of the rectangles); and
(d) ag,- - ,an, which are actually dependent on the other variables by h; —a; =
h—1(x(iy+1) — Qr—1(n(i)+1)—1 for t =0, n.

Let Qr denote the space of all unit area (zippered) rectangles for which the
associated permutation m € R, say. This a natural volume d\; - - - dA,dd1 - - - d6,,.
Let p denote the normalized measure. A Teichmiiller flow T} : Qg — Qg is defined
locally by Tiy(\, h,a,7) = (et\,e"th,e"ta, ) (i.e, flattening the rectangles from
above) and this preserves the volume. There is a natural projection from Qx to
the moduli space of flat metrics M and the corresponding semi-conjugate flow
St : M — M is the Teichmiiller flow. We can consider the cross section

Y= {(A,h,a,w) €eOg : ZAi:1}

i=1

to the flow T;. Under the natural identification on Qg corresponding to different
presentations of surfaces as rectangles: the return time function to ) corresponds
to the natural extension of the map 7; and the return time function is simply
r(A,m) = log(1 — min{A,, A\;-1,}). In particular, the Teichmiiller flow T} is a
finite-to-one factor of the natural extension of the suspended semi-flow associated
to the map 7y and the function r, i.e., let

(AXR) =< (Am,u) e AXRXxR: 0<u<r(\mr)
N

=T

where we identify (z,7(x)) = (7o(),0) and we define the semi-flow (7p)} : (A X

R)" — (A x R)" locally by (79); (x,u) = (z,u +t), subject to the identifications.
Since inducing on B gives the map 7 : B — B, we can also represent this

semi flow as a suspension semiflow over 75 : B — B with respect to a function
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rg : B — R, ie, let B = {(z,u) € BxR:0<u<r(z)} where we identify
(z,r2(x)) = (T2(x);0) and we define (72);? : B" — B7 locally by (72);2(z,u) =
(z,u + t), subject to the identifications.

The following lemma was established by Bufetov [2].
Lemma 7.1.

(1) ro € LY(B, ua), for every v > 1; and

(2) if F: Qr — Ris Holder and f : B — R is defined by f(x) := fow(x) F(Stx)dtl

then there exists § > 0 such that f € L**°(B, us).

We now recall the continuous analogue of the Almost Sure Invariance Principle.

Definition. A flow ¢, : X — X is said to satisfy the Almost Sure Invariance
Principle with respect to an invariant probability p if for a Hoélder function ¥ :
X — R such that [ Wdy = 0 there is a € > 0 and a random variable {S;} and a

Brownian motion B with variance o2 such that fot O (tht)dp is equal in distribution
to random variables S; and S, = By + O(t'/?~¢).

The result for Teichmiiller flows corresponding to Theorem 1 is the following.
Theorem 3. The Teichmiiller flow satisfies the almost sure invariance principle.

Proof. 1t suffices to show the result for the associated semi-flow (the result for the
natural extension requiring a standard argument involving changing functions by a

coboundary). Let ® : B™ — B be a Holder function with ¢(z) = fOT(gc) D (py))dt

(i) 72 € L**8(B, uy), for some 3 > 1 (by part (1) of Lemma 7.1)
(ii) ¢ € L?>T9(B, ug), for some § > 0 (by part (2) of Lemma 7.1); and
(iii) 73 : B — B satisfies the Almost Sure Invariance Principle (by Theorem 1)

The Teichmiiller flow then satisfies the Almost Sure Invariance Principle by the
results of [13]. O

The following are standard corollaries.

Corollary 3.1.1 (Central Limit Theorem). For y € R we have that

li ! /T (Tya)dt < ! /y —t8/29° gt
1m xr . — X = (&
T~>+oou VT Jo K =Y 2r0 J o

The central limit theorem for Teichmiiller flows was proved by Bufetov [2].

Corollary 3.1.2. For y > 0 we have that

1 ¢ 2 (Y _2p,e
lim p {x : / O (¢rx)dt < y} = V2 e /20— 1
0

T—+oco ﬁ 1rélta§XT ﬁd oo

Corollary 3.1.3 (Arcsine Law). For 0 <y <1 we have that

lim u{x : NTij) < y} = %sin_1 NG

where Nr(x) = Leb {O <t<T : fot D (YPyx)dp > O}
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Corollary 3.1.4 (Law of the iterated logarithm). For a.e. (1) x we have

T
) d
lim sup —fo (e)dpe -
T—+o0o 0V 21 loglogT

In the study of the Teichmiiller flow one can consider the suspended flow over

the transformation 75 using the functon f(z) = log|det D7s|.
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