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0. INTRODUCTION

Let M be a compact surface with curvature k = —1. Let 7 denote a typical
directed closed geodesic. Let A(7) denote the least period of 7. The Selberg zeta
function is defined by

2(s) =1 ﬁ (1 - e_(5+")>‘(T)) , (0.1)

T n=0

which converges for Re(s) > 1, and has an analytic extension to the entire complex
plane. The value s = 1 is a simple zero.

Theorem 1. We can write

00 2
Z'(s) 1 _12k:1a§c)

= (0.2)
Z(s) s—1 2 S aijl)

where afﬂl) and a,(f) can be explicitly defined in terms of the lengths of the finitely
many closed orbits having word length at most k.

In [9], Jorgenson and Kramer considered geometric estimates for (0.2) using spec-
tral methods. By contrast, I used we used dynamical methods introduced by Ruelle.

We present the proof of this theorem, along with the explicit expressions for a,(cl)

and a,(f) in section 2, based on a dynamical viewpoint contained in a fundamental
article of Ruelle [13].

Let f : M — R be a real analytic function (for example, an eigenfunction of
the Laplacian) and write A¢(7) = fo/\(T) f(@ex,)dt for the weighting of the orbit by
f. In 1972, Bowen proved a natural equidistribution result for the closed geodesics
that covers this case [3], i.e.,

Z)\(T)ST Ap(T
Z,\(T)gT A(T)

where p is the normalized Haar measure on M. Our second result shows that in
the present special case the integral of f can be explicitly expressed as a convergent
series in terms of all of the closed orbits.

)—>/fd,u, as T — +o0,
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Theorem 2. We can explicitly write | fdu as the ratio of two absolutely convergent

series Z
fdu_ Lak=1"F 1
/ Zk 1 Ck

where:

(1) ¢k can be explicitly defined in terms of the lengths of the finitely many closed
orbits having word length at most k;

(2) by can be explicitly defined in terms of the integral of the function f around
these finitely many closed orbits.

We present the proof of this theorem, along with the explicit expressions for by
and cg, in section 3.

The integral [ fdu can also be interpreted in terms of the residue of a suitable
function. More precisely, we can define a Dirichlet series by

—s)\(T)

ZE:Af 1_ e A1)’

which converges to an analytic function for Re(s) > 1. The value s =1 is a simple
pole with residue res(L¢, 1) = [ fdpu, i.e., in a neighbourhood of s = 1 we can write

J fdp
S

— T %),

Ly(s) =
where 1 (s) is analytic in a neighbourhood of s = 1. This characterization is a key
ingredient in Parry’s proof of Bowen’s equidistribution result [11].

For surfaces of constant negative curvature, the location of other poles on the
line Re(s) = 1, or in the interval [0, 1], is related to the spectrum of the Laplacian.
The (negative) Laplacian —A : L?2(M) — L?*(M) is a self-adjoint second order
differential operator with countably many eigenvalues 0 = A\g < A1 < Ag <
The zeros s, for Ly(s), are closely related to the eigenvalues by A, = 1 + 12 by
Sp = % + ir,. We can then carry out a similar analysis for the other residues. If
we assume, for convenience, that the value s = s, is a simple pole with residue
res(Ly¢, sp,) then we can write

res(Ly, sy,)
Ly(s) = — 1270 4 4 (s),
f(s) 5 — (%:tiT’n) (0 (S)
where 1,,(s) is analytic in a neighbourhood of s = 1 + ir,,.

Theorem 3. We can explicitly write the residues of simple poles for L(s) as the
ratio of two absolutely convergent series

Zk:l bk:

co  (n)
k=1 Ck

res(Ly¢, s,) =

where
(1) bin) can be explicitly defined in terms s, and the lengths of the finitely many
closed orbits having word length at most k;

(2) cén) can be explicitly defined in terms of s, and the integral of the function
f around these finitely many closed orbits.
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We present the proof of this theorem, along with the explicit expressions for b,gn)

and cén)

As before, we can estimate |b§€n)], ’C]gn)‘ < Cp0*, where C > 0 and 0 < 6 < 1.

As n increases there will be contributions to the residue from b,in), c,in) for larger
k before the super exponential decay becomes evident. More precisely, the bounds
on the constants C,, are of the form |C,,| = O(eP™) (cf. [7], [8]). More generally,
the poles of higher multiplicity and the trivial poles of negative integers can be
similarly treated and shown to have corresponding expressions.

, in section 4.

1. BACKGROUND

The interpretation of the poles and residues in terms of the spectrum of the
Laplacian involves a number of different ingredients. This includes he Helgason-
Poisson transform for eigenvectors [6] and the Bowen-Series-Adler-Flatto [4], [15]
[1] coding. However, in addition to the coding the main ingredients in the proofs
is an approach to dynamical zeta functions due to Ruelle.

1.1 Symbolic dynamics and geodesics (following Bowen-Series, Adler-
Flatto). Let I = ]_[f:1 I; be a disjoint union of closed intervals in the real line. Let
T : I — I be a map which is real analytic on a neighbourhood of each component
I;. Assume that the map T is Markov, i.e., the image T'(I;) is a union of intervals
from {Iy,---,1I,} and expanding, i.e., inf ¢ |T"(x)| > 1.

The word length of a closed geodesic corresponds to the shortest presentation of
an element in its conjugacy class in terms of a fixed symmetric set of generators.
More precisely, let I'g be a symmetric set of generators for the fundamental group
m1(M). We define the word length of a curve ¢ € m (M) by

le| =min{k : ¢ =gy - gk, where g1, -+, gx € m1(M)}.

We define the word length of a geodesic 7 as the least word length of curves in the
conjugacy class corresponding to .

The word length of closed geodesics is merely a particularly convenient way to
explain the grouping of terms. In fact, since the proof uses symbolic dynamics there
are many alternative (but less canonical) ways to form the terms by, c.

We begin by recalling the following useful result on coding geodesics.

Proposition 1.1. To each surface we can associate a piecewise real analytic ex-
panding Markov interval map T : I — I such that:

(1) The closed geodesics T correspond to periodic orbits {z, Tz, -, T" 'z}
(2) The length of the closed geodesic is given by A\(1) = log |(T™) (z)|
(3) The word length is given by || = n.

The correspondence is one-one, except possibly for finitely many (prime) periodic
orbits {z, Tx,--- ,T" 'z} intersecting the boundary of the intervals {I;}. It may be
necessary to double up on finitely many prime orbits or redesignate their lengths.
We assume without loss of generality that this correspondence is a bijection on
closed orbits.

For our purposes it would be sufficient to associate to 7 the value |7| = n,
corresponding to the period of x in part (1). The interpretation in terms of word
length will play no further role in the proof.
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1.2 The meromorphic extension of zeta functions (afrer Ruelle). Following
Ruelle [13], we can formally define a dynamical zeta function! by

|‘S wf™(x
d(zsw-exp(Z Z 1—|T” )|_1€f() :

where z, s,w € C. This converges providing Re(s) > 1, |z| < 1 and |w| is sufficiently
small.

To study the function d(z, s,w) we need to introduce an appropriate linear op-
erator on functions. Let T; : T;(I) — I; denote the local inverse of T': I; — [
fori =1,---,n (ie., ToT;(x) = x, for x € I;). Assume that there are complex
neighbourhoods U; D I; such that T; has a complex analytic extension, which we
still denote by T; : ]_[chT(Ii) U; — U;. Let U =[], U; denote the disjoint union
of the neighbourhoods. By abuse of notation, we let |T"(z)| represent the complex
analytic extension to U of the real analytic function |77|: I — R.

Let H denote the Hilbert square integrable functions analytic functions on g :
U — C with the inner product

(1 o) = /U fi(@ + iy) Fale 1 i) dady.

Defintion. We can define a transfer operator L_g o5 |7/|4wy : H — H for each s € C
by

ewf(y)
L—slog\T’H—wfg Z |T, |sg y

Ty=x

This operator is well defined since we can write the y = T;x, for suitable preim-
ages. The following result is central to our analysis is a special case of a quite
general result of Ruelle.

Proposition 1.2.

(1) The function d(z,s,w) is analytic for all z,s,w € C. Moreover, we can
expand

d(z,s,w) =1+ Z di. (s, w)2"
k=1
where for on any bounded domain there exists D > 0 and 0 < 6 < 1 such
that |dy, (s, w)| < DO*" ;
(2) The zeros of z +— d(z, —slog |T'|+wf) are the reciprocals of the eigenvalues

{)\(s,w)} 0f£—slog|T’|—|—wf;
(3) We can write

oo Zm
d(z,s,w) = exp Z Etr( 2 log | T | +w )

m=1
for|z| < 1, where
ewf™ (x) 1

tr(L7 vog |7/ +wf) = Z T (x)]* (1= [(T) (x)| 1)

Tmxr=x

IThere is a possibility that the symbolic zeta function differs from the natural one by a finite
number of primes orbits. However, these make no contribution to the poles and residues of interest.
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Proof. All of these observations are special cases of work of Ruelle on transfer
operators acting on analytic functions, applied to symbolic dynamics for Anosov
flows with real analytic stable and unstable foliations [13] (cf. [7], [8]). O

In practise we can choose 6 arbitrarily close to (inf, [77(z)|)”". This, in turn,
can be related to e™!, where [ is the length of the shortest closed geodesic. In
particular, this has a direct bearing on the speed of convergence in the terms of the
series.

2. PrRooOr OF THEOREM 1.

The Selberg zeta function defined in (0.1) can be studied a a special case of
Proposition 1.2. In particular, the symbolic approach to Z(s) is based on the
identification

Z(s) =d(1,s,0), (2.1)

which follows directly from Proposition 1.1.

By Part (2) of Proposition 1.2 the zeros for Z(s) correspond to the poles for
L_10g|77|- To briefly recall the connection with the spectrum of the laplacian, the
zeros for s +— Z(s) = d(1,s,0) correspond to L_,1og 7| having 1 as an eigenvalue.
Equivalently 1 is an eigenvalue for the dual operator Cislog v On suitable distri-
butions on I. Furthermore, I essentially represents the boundary of the Poincaré
disk. In particular, the fixed points £* | o |T/|Vs = Vs correspond to the Helgason
distributions associated to the eigenfunctions, suggesting the connection between
the spectral theory and the symbolic dynamics. Therefore, at least in principle, we
can use the convergent series

o =S+ +A (7))

Z(s) = Z Z (=)™ (1— e—A(n)) (11— 6—A(Tm))

m=0 \ |71 |+ +]7m| =k

to characterize the zeros of the Selberg zeta function, and thus the eigenvalues of
the Laplacian.

The zeta function has a simple zero at value s = 1 and so we can expand it
locally as

Z(s)=(s—1)Z'1)+0((s—1)%).
The next result gives an explicit expression for Z/(1) in terms of closed orbits.

Proposition 2.1. We can write
(a) Z'(1) = pey a,(cl) where

1 - M)+ -+ XN
V= 3yt (6)\((7-1()_)1)...<6>\(7('m))_)1); an

{Tl [ 7Tm}
72+ =k

(b) Z2"(1) =31, a,(f) where

mas AT 4 4 A(Tm))?
a,(f) = Z (-nm* (A1) —1) ... (eArm) — 1)

{Tla”' 77'm}
fra - =k
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where in each case the absolutely convergent summations are over all possible fi-
nite sets {11, -+ ,Tm} of closed orbits whose word lengths sum to k. Moreover,

|a](€l)|, |a,(f)| < COF, where C >0 and 0 < 6 < 1.

Proof. Rocha and the author gave the formula for the first derivative Z’(1) in [12].
The formula for the second derivative Z”(1) is proved similarly. [

If Z(s) = ¢(s)(s—1) then the logarithmic derivative takes the form Z'(s)/Z(s) =
1/(s = 1) +(s) where ¢(s) = ¢'(s)/¢(s). In particular, we can write

Z'(s) 1

Z6) ~Gon Y

In [9], Jorgenson and Kramer estimates were given for ¢/(1) in terms of the geometry
of the surface. Theorem 1 follows from the following explicit formula.

Corollary. We can write
oo (2)
P(1) = %ZIZOZI a?l)
D=1
Proof. Since Z'(s) = ¢'(s)(s — 1) + ¢(s) and Z"(s) = ¢"(s)(s — 1) + 2¢'(s) we can
write Z'(1) = ¢(1) and Z”(1) = 2¢/(1). The result then follows from Proposition
2.1. 0O

In principle, the value of Z’(1) and (1) can be estimated numerically using
information on the length of closed orbits. The effectiveness of this method is
restricted by the difficulty in manipulating the information on closed orbits lengths.

We can carry out a similar analysis for other zeros of Z(s). Assume that s, =
5 + iry is another zero for Z(s) of order r > 1 then we can write Z(s) = (s —

sn)"Z") () /1! + O ((s — sp)™+1). We can then write Z((s,,) = Y5, a](;) where

(r) _ Cpymtr A F AT (i) A )
ay’ = >, (1) () — 1) (M) — 1)° ’ '

{7'17"' aTm}
[l =k

If Z(s) = ¢(s)(s — sp)", where ¢(s) is a non-zero analytic function in a neigh-
bourhood of s = s,,, then the logarithmic derivative takes the form

Z'(s)  k .
Z(s)  (s—sn) +9(s)

where 1)(s) = ¢'(s)/é(s). Since Z(s,) = kl¢(s,) and Zt(s,) = 2k!¢ (s,,).
We can write

o) r+1
1 D k=1 al(c :
2 220:1 al(cr)

Remark. A similar analysis applies in the case of the Modular surface [10]. In
this case, the weights e=7) take the form [ny,--- ,ny] and |7| = 2I. The main

(1)
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distinction is that the summations over orbits with |7| = 2[ are now infinite (but
still convergent). We can write

e W
Z'(1) = Z ay,
k=2

k even
where
m
(1) log Hi:l [n21i+17 e 7n21i+1]
a;’ = g T ; and
m
15 M2 (1 A+ Alym) H’i:l <[7’L21i+1, e 7n2li+1] — 1)

Z"1) =31y aff) where

2
m
(2) (log Hi:l [n2lz‘+17 T 7n2li+1]>
A = Z m I
15 M2 (g 4+l Hi:1 ([ani-i-l, e 7n21i+1] - 1)
2(s14+sm)=k
3. PROOF OF THEOREM 2

We can adapt the basic approach used in the previous sections to get the formula
for the reside in Theorem 1.

Theorem 2 (explicit form). We can explicitly write [ fdu as the ratio of two
absolutely convergent series

i (Ap(r) ++-4 Ay (7))
. _1\m f\T1 + -+ f\Tm
br, = { Z } (1) () — 1) (eXrm) — 1) and
ra - =k
_ A7) + 4 Alrn)
w2 O ER e
fra b o =k
where both summations are over all possible finite sets {1, -+ ,Tm}, with m > 1,

of closed orbits whose word lengths sum to k.

Moreover, we can find C' > 0 and 0 < 6 < 1 such that |bg|, |ck| < CO**, for all
k > 1. In particular, as a consequence we can approximate

N

Zk:l bk
N

Zk:1 Ck

:/fdu+0<0N2), for N > 1.

To begin the proof of Theorem 2, we can use Proposition 1.1 to write

d(Z7 37U]) = H H (1 _ Z|T|e—(s—|—n))\(7—)+w)\f(7_)) '

T n=0
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and using Proposition 1.2 can expand

d(z,s,w) =1+ Z dp. (s, w)z". (3.2)
k=1

We then get, by comparing coefficients in (3.1) and (3.2) for |z| < 1, that
e*S(}\(Tl)+.‘.+)\(Tm))ew(>\f(T1)+...+Af(7'm))

dk(S;w) - Z (_1) (1 —6_}‘(7—1))"'(1 —6_)‘(7—’”)) 5 (33)
|71+ ..+ |Tm |=k
for any s, w. We can now use (3.2) to write
a oo
%d(z, S, W) |w=o = de(s)z”, (3.4)
k=1
where we see from explicit expression for di(s,w) in (3.3) to write that
0
di(s) = a—wdk(s,w)|w:0
_ Z (—1)™ (Af(zl() ;i‘ et )\f(Tn;()) ) o= ST+ AA(Tm)) (3.5)
71 [t 7o =k (1—em ) (1 = em2rm))
We can use Cauchy’s theorem (with r > 0 sufficiently small) to write
0
|di(s)] = |%dk‘(saw)|w:0|
(3.6)

1 Dq ;2
S [ B Dope
e |€|=r 5 r

for suitable Dy > 0, by Part (1) of Proposition 1.2.
The following lemma relates these series to the function Ly (s).

Lemma 3.1.

B
50 108 d(1,s,w)|w=0 = Ly(s) +n(s)

where n(s) is analytic on Re(s) > % (except possibly at s = %), and thus 8% logd(1,s, w)|w:0I
and Ly(s) share the same residue at s = 1.

Proof. Considering the derivative on the domain of convergence (and using the
Taylor expansion for log(1 — z)) we can use (3.1) to write

0 0 >
i - = _ ATl o= (s+n)A(T)+wAs (T) B
5 log d(z, s, w)|w=0 " % E log (1 Z"le > lw=0

a Z Z Z Z|T\m — s+n)mA(T)+wm)\f(T)|
w

T n=0m=1

o e—smA(T)—l—wm/\f(T)
- = E [7|m
5w 2 .~ [ lw=0 (3.7)
7| )\ fsm)\(r)
=2 Z 2T mAg (T 1 e—mra(n)
T m=1
sA(T)

_ Z Irl)\f T +1(s)
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Setting z = 1 completes the identity. It only remains to observe that since the

geodesic flow is weak mixing there can be no poles for 7(s) on Re(s) = %, except
possibly at s = % U
Using (3.2) and (3.4) we can write the logarithmic derivative
0 2 d(z, 8,w)]| > zkd
—log d(z, 8, w)|w=0 = 2 ( N0 _ _ Dy 7 d(s) (3.8)

ow d(z,s,0) 1+ 2R (s, 0)

In particular, by Lemma 3.1 the pole at s = 1 for Ly(s) is a zero for s — 1+
> pe di(s,0). Furthermore, since s = 1 is a simple pole we can write L(s) =
¥(s)/ (s — 1), where 1(s) is analytic and non-zero in a neigbourhood of s = 1.
The residue for L¢(s) at s = 1 is therefore (1) or, equivalently, the derivative of
L¢(s)™! at s =11is ¢(1)~'. In particular, by Lemma 3.1 and (3.8) we can write

o= (& () )

- (% <1 +§%}dﬁ§0)) |S_1>_1 (3.9)
:( 220:1 dk >_1
22021 di(1)

where we can use (3.3) to explicitly write

0
i = 5 -di(5,0)] =1
_ Z (—1)™ (A(T1) + -+ A(Tm)) o~ )+ A () (3.10)
(1 —e=2r)) ... (1 — e~ AlTm))

|71+ F|Tm =k

As before, we can use Cauchy’s theorem (providing r > 0 is sufficiently small) and
(3.3) to bound

0
I = =-di(5,0) 41

0s

1 dk(évo) Dl 2
S 1S5 ge < ZLgm

21 /§—l|=7" 2 f_ T2 ’

for suitable Dy > 0 by Part (1) of Proposition 1.2. Comparing (3.9), (3.5) and (3.1)
completes the proof of Theorem 2.

4. PROOF OF THEOREM 3

The method from the previous section can be applied at other poles for L¢(s)

on Re(s) = 3.
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Theorem 3 (explicit form). We can explicitly write the residues of simple poles
for L¢(s) as the ratio of two absolutely convergent series

oo b(n)
res(Ly, ) = =Lk
> ke Ci
with
n Apm) 4+ X))
B _ Qs ira T+ +A ) g
k { Z } ) b)) smh (A () € an
O
n A e AT _i
C](€ ) _ Z (_1)m ( (Tl)_l_ + (T )) N irn (A(T1) 4+ A (Tm))
( y 2sinh(A\(71)) - - - sinh(A\(7,,,))
1 T
[71]++|Tm |=k
where both summations are over all possible finite sets {1, -+ , T}, with m > 1,

of closed orbits whose word lengths sum to k.

Moreover, there exists 0 < 6§ < 1 and, for each n a constant C,, > 0, such that
we can estimate |b§€n)], ]c]gn)\ < C,0%°, for k > 1. As n increases one expects the
contributions to the residue from bén), c,in) for larger k£ before the super exponential
decay becomes evident. (More precisely, the bounds on the constants C,, are of the
form |C,| = O(eP™) (cf. [7], [8]).)

To begin the proof of the theorem, we recall from (3.7) that we can write

o % logd(1,s,w)[w=0 > pey di(s)

“log d(1, s, w)]w—o = = <
Jw 8 (1,5, w)w=0 d(z,s,0) 1+ > 521 di(s,0)

(4.1)

for all s € C. In particular, the poles s, = % + iry, for Ly(s) correspond to the
zeros for s — 14 > 7 di(s,0). If s, is a simple pole then we can write Ls(s) =
¥(s)/ (s — (3 +irn)), where ¥(s) is analytic and non-zero in a neighbourhood of
s = $p. By analogy with (3.8) the residue of L(s) at s = s,, is

() (i (ga)e)
(5 (s ) w2
X dils)
220:161(cn)

where we can use (3.3) to explicitly write

‘s:%—i—i?“n

n 0
el = 52 di(s,0)
— 3 (—1ymH+ A1)+ AMTm))  —(Gtir) M)+t A ()
(1 — e*A(Tl)) . (1 — e*)\(Tm))

|T1|—|—+|Tm‘:k

(4.3)
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As in the previous section, we can use Cauchy’s theorem (provided r > 0 is suffi-
ciently small) and (3.3) to bound

ey = 2alk(S, 0)

s |s:%—|—irn

1 dr.(€) Dy 2 (4:4)
—_ 2 df S —29 5

21 fie— (3rir)=r & r

for suitable Dy > 0, by Part (1) of Propostion 1.2. Comparing (4.2), (4.3) and (3.5)
completes the proof of Theorem 3.

Remark. More generally, we can consider the case that s = s, = % + ir, is a
pole of order » > 1. The poles s, for L¢(s) correspond to the zeros for s +—

1+ >0 di(s,0). Let
Ly = v/ (5 (5 + ))

The residue is 9 (s, ) and we can write

1L o N_[(1Lo (1 -
()= et o)

(107 (14302 di(s,0) ’ !

T\ 3 di(s) s=4+ir, (4.5)
Z;ozldk(sn)

22 (A6 0y, )

=l

where

% (d,@ (s,0) |S:%+irn)

_ 3 (_1ymtr AT 4o 4+ )" o= B ir) AT+ A A ()
(1-— e—/\(n)) (1= e—/\(Tm))

|71+ ..+ Tm |=k

5. GENERALIZATIONS

5.1 Schottky groups. The principle restriction to the method we have described
is in choosing a suitable symbolic dynamics. For any convex cocompact hyperbolic
manifold we can formulate analogues results to Theorems 1,2 and 3, if we replace
the word length by the somewhat less satisfactory notion of the number of times
a closed orbits crosses a Poincaré section in the associated symbolic dynamics for
the geodesic flow. Since the Poincaré sections are not canonical, neither is this
particular ordering of closed geodesics.

However, a particularly simple setting in which the same analysis applies is that
of Schottky groups. More precisely, we can choose disjoint circles C1q,---,Cop,
n > 2, in C and linear fractional transformations g; which map the interior of C;
to the exterior of C, ;. Let I' be the group of isometries of three dimensional
hyperbolic space H? corresponding to the free group generated by ¢;, i =1,... ,n.
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The cyclically reduced words g;, - - - g;,, are in one-one correspondence with closed
geodesics 7 on the infinite volume manifold H3/T'. 'We then define || = n, the
number of generators. The same method of proof described in this paper applies.
The only difference is that we now consider the transfer operator on the space H
of analytic functions on a neighbourhood of the complexification of []7_; int(D;).
The corresponding Selberg Zeta function now has its largest real zero at s = 9,
where ¢ is the Hausdorff dimension of the limit set. The analogues of Theorem 1
and 2 hold in this case. The main technical difference is that in this case the terms
in the convergence series are O(HkB/Q), cf. [5], [7], [8]-

5.2 Real analytic metrics. Theorem 1 has an extension to the case of real an-
alytic metrics, using an approach of Rugh. In this case we can consider a real
analytic surface M and a geodesic flow ¢; : SM — SM on the unit tangent bundle
of M. Let Ty, ---,T) be a family of Markov sections for the flow. The transfer
operator described by Rugh on analytic distributions on ]_[le T; is of trace class
and its determinant naturally leads to the study of zeta functions of the general

form -
€—S>\(T)
g 1 -
¢(s) 1:[ ( det (D¢,\(7)($T) - I)>

where 2, denotes any point on 7 (and D¢ (,)(x,) corresponds to the determinant
of the Poincaré map on a transverse section) [Ru].

In particular, the residues for poles of this zeta function can be analyzed using the
same methods we described earlier. However, in this case the value |7| is described
in terms of the number of times the orbit traverses a section, which is less than
canonical.

5.3 Relation with Quantum Chaos. There is apparently an interesting connec-
tion between these residues and problems in Quantum Chaos. Let ¢,, denote a nor-
malized eigenfunction for —A, i.e., Ad, = =\, by, for n > 0, with [ |¢,[2du = 1.
Consider the Wiener measures defined by dW,, = |¢,|?du. The following very
elegant result has been announced by N.Anarathaman and S. Zelditch [AS].

Anarathaman-Zelditch Correspondence. L¢(s) has a meromorphic extension

to C. Let s, = % + ir, denote the poles on the line Re(s) = % with residue

res(Ly, sn). Thenres(Ly,s,) ~ [ fdW, as n — +oo.

In particular, if [ fd(Vol) = 0 then Quantum Unique Ergodicity is equivalent to
res(L¢,s,) — 0 as n — +o00. It is known that that this is true for a density one
sequence. However, this is not at all apparent from the dynamical viewpoint.
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